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Npepncnosune

HInporxo masecTHmit cupaBoyHHK M. f. Briroackoro
COJEP?KHUT OCHOBHbIE pPa3/ieNibl 3JIeMEHTAPHOM MATEMATH-
K1 — apUdMeTHKY, anrebpy, FeOMeTPHIO, TPHIOHOMETPHIO,
GyHKUMHU U rpadHKU, & TAKKEe MaTeMaTHYeCKHe Tabauib!.

Kuura gaet GakTHYeCKYIO CIPABKY: YTO TAKOE HAH-
Bonsmnit 061Ut genuTeNh, KAK MOCTPOXATE IPAaBUALHBIHR
NATHYTOJNLHUK, 10 KaKoi (popMyJie MOXKHO PEHIUThL KBaj-
paTHoe ypaBHeHHe U T. II. Takasa cnpaBra HAXOAUTCH MoO-
MeHTaNbHO Gnarosapsa nNpeAMeTHOMY yKasaTesalo ¥ MoA-
POOGHOMY COAEPKAKUMIO.

Bce onpenenennd, npasnia, GOPMYJILI H TEOPEMEI CO-
NPOBOXKAAIOTCA PA3HOOGDABHEIMU NMPHMEPAaMY H IOSICHE-
HHUAMH; YKA3hIBAETCH, B KAKUX CIYYaAX U KaK HYIKHO NIPH-
MEHATH IIPaBHJIO, KAKHUX olInboK Hago uaberaTb U T. .

Iocofue MoxxeT 6hITh MCIIOAB30OBAHUE AJA MOBTOPE-
HMA Kypca 3/leMEHTapHOH MATEeMATHKH, a TakKe JAiad
MEePBOTO 03HAKOMJIEHHS C IPEMETOM.

B cnipaBounuKe pasbACHAIOTCA OCHOBHbIE MMOHATHA U
BAJKHEHIIINEe METOAbI 3JIeMEHTAPHOH MAaTeMaTHKH. 3ayeM
BBEJICHbl B MaTEMAaTHKY OTPHLATENbHbIE WMJIH MHHMBIE
yucna? IloueMy, YMHOXAA OTPULATENbBHOE YHCIO HA OT-
pHLIATENIBHOE, MBI TIOJIyYaeM MonokuTenbHoe uucno? Kax
BhLIYHCJIeH bl TAGanL LI TorapudMos? Bonpockl Takoro poga
B UMIKONABHBIX y4yeGHUKAX, KAK TIPABMJIO, HE 3aTparuBa-
IOTCA; MO3TOMY UM YAeJeHO MHOTO BHUMAaHUSA.

KHHra cogepKHUT NCTOPHYECKHE CBEAEHHA O PA3BUTHH
apudmMeTHKH, anrebpel, reOMETPUUY M TPUTOHOMETPHH, He-
ofXOAVMEIe A/ TTOHMMaHUA U3JIaraeMbIX B Hefl BOIIPOCOB.

WanoxxeHune maTepuana cokaToe, HO C TAKOH CTENMEHBIO
TIOAPOOGHOCTH, YTOObI UM MOT IIOJL3OBATLCH H TOT, KTO HE
3HAKOM C TeM HJIM HMHbLIM pasgenom. Ho, kax npasuno,
31eCh HET AOKA3ATENbCTB ¥ BBIBOJOB — 3THM CTIPABOYHHK
OTJIMYAEeTCHA OT yHeOHUKOB.

Bnpodem, nHOrZAa AAIOTCA M BLIBOALI. DTO CAENAHO B
TeX CAydasaX, KOTAa B IUKOJBHLIX YyueDHMKAX COOTBETCT-
ByIOUM€ BOHPOCHI HE PACCMOTPEHHI.

Kuura agpecoBaHa ydyauwMMcsa ¥ ydyuTensaMm obOmieob-
PAa30BATENBLHEIX YYPEXKICHUH, KONJIeAKe U1 JHIIees.



TABJinLUbl

§ 1. HexoTropble YacTo BCTpevaloimecs

NOCTOSIHHbIE
Beanunna n lgn Bennunsa n ign
n 3,1416 | 0,4971 || 3/1:xn 0.6828 |1,8343
2n 6,2832 | 0,7982 || /16 0,8060 | 1,9063
3n 9,4248 | 0,9743 || 3/3.4n | 06204 [1,7926
in 12,5664 | 1,0992 || /g2 2,1450 | 0,3314
4n:3 4,1888 | 0,6221 e 2,7183 | 0,4343
m:2 1,5708 | 0,1961 c? 7,3891 | 0,8686
n:3 1,0472 | 0,0200 Jo 1,6487 |0,2171
n:4 0,785¢ | 1,8951 A 1,3956 | 0,1448
n:6 0,5236 | 1,7190 1:e 0,3679 | 1,5657
n:180 | 0,0175 | 2,2419 || 1:e? 0,1353 | 1,1314
2:n 0,6366 | 1,8039 | J1:e 0,6065 |1,7829
180:n | 57,2958 | 1,7581 || 3/1:¢ 0,7165 | 1,8552
10800: 7 [3437,7467| 3,5363 | M =1ge [ 0,4343 | 1,6378
648000 | 206264,81 | 5,3144 nlfln 10| 2,3026 |0,3622
1:n 0,3183 | 1,5029 21 2
1:2n 0.1592 | 1,2018 3t 6
1:3n 0,1061 | 1,0257 4! 24
1:4n 0,0796 | 2,9008 5! 120
n? 9,8696 | 0,9943 6! 720
2n2 19,7392 | 1,2953 7 5040
Jn 1,7725 | 0,2486 8! 40320
J2n 2,5066 | 0,3991 9l 362 880
Jn:2 1,2533 | 0,0081 10! 3628 800
Jin 0,5642 | 1,7514 111 |39916 800
2 0.7979 | 1,9019 12t |479001 600,
J3:n 0,9772 | 1,9900
Jan 1,1284 | 0,0525
afn 1,4646 | 0,1657




§ 2. CteneHn, KOpHU, 06paTHbie BeNNUYMHbI, ANINHbI OKPYXXHOCTEH,
NNowaamn Kpyros, HaTypanbHble Norapudmbl

(JI1s TPeX3HAYHKIX HMCEN MOXHO NPUMEHHTL HKTEpOOaAL IOl
TIPY 3TOM BO3MOXKHA HeCoabiaa oirubKa B NoCAeJHEM 3KAKE,)

2
n| n%j nd Jn J10n i/n $/10n | 3/100n % n L‘f— In n?
1 1 1] 1,000 3,162 | 1,000 | 2,154 4,642 | 1,000 3,14 0,785 0,00000
2 4 81 1,414 4,472 | 1,280 | 2,714 5,848 | 0,500 6,28 3,142( 0,69315
3 9 271 1,732 5,477 | 1,442 | 3,107 6,694 | 0,333 9,42 7,089| 1,09861
4| 16 64( 2,000 6,325 | 1,587 | 3,420 7,368 | 0,250 | 12,57 12,566 1,38629
5| 25] 125| 2,236 7,071 | 1,710 | 3,684 7,937 | 0,200 | 15,71 19,635| 1,60944
6| 36| 216| 2,449 7,746 | 1,817 | 3,915 8,434 | 0,167 | 18,85 28,274 1,79176
7| 49| 343]| 2,646 8,367 | 1,913 | 4,121 8,879 | 0,143 | 21,99 38,484 1,94591
8| 64| 512} 2,828 8,944 | 2,000 | 4,309 9,283 | 0,125 | 25,13 50,265| 2,07944
9! 81| 729] 3,000 9,487 | 2,080 | 4,481 9,655 | 0,111 | 28,27 63,617| 2,19722
10| 100} 1000| 3,162 | 10,000 | 2,154 | 4,642 | 10,000 { 0,100 | 31,42 78,540| 2,30259
1112141331 3,317 | 10,488 | 2,224 | 4,791 | 10,323 | 0,091 | 34,56 95,033 2,39790
12| 144 1728| 3,464 | 10,954 | 2,289 | 4,932 | 10,627 } 0,083 | 37,70 | 113,097| 2,48491
13| 169} 2197| 3,606 | 11,402 | 2,351 | 5,066 | 10,914 | 0,077 | 40,84 | 132,73 | 2,56495
14| 1967 2744| 3,742 | 11,832 | 2,410 | 5,192 | 11,187 | 0,071 | 43,98 | 153,94 | 2,63906
15| 225{3375| 3,873 | 12,247 | 2,466 | 5,313 | 11,447 § 0,067 | 47,12 | 176,72 | 2,70805

1} 06 nurepnonsauuu cM. I1, § 50.

2) In — marypanbHblii sorapudm (em. 111, § 64).
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[1podonxcenue

2

n | n? n? Jn /107 | ¥n | ¥/10n | 3/100n % nn % Inn

16§ 256 4096 (4,000 (12,649(2,520| 5,429 | 11,696 | 0,062 | 50,27 [201,06 | 2,77259
171 289} 4913|4,123|13,038(2,571| 5,540 | 11,935 | 0,059 53,41 |226,98 | 2,83321
18 324 | 5832|4,243|13,416}2,621} 5,646 | 12,164 | 0,056 56,55 | 254,47 | 2,89037
19| 361| 6859|4,359]13,784}2,668] 5,749 | 12,386 | 0,053 59,69 | 283,53 | 2,94444
20| 4007 8000 (4,472|14,142}2,714 5,848 | 12,599 | 0,050 62,83 | 314,16 | 2,99573
21 441| 9261 |4,583| 14,491 2,759 5,944 | 12,806 | 0,048 65,97 | 346,36 | 3,04452
22| 48410648 |4,690( 14,832 2,802| 6,087 | 13,006 | 0,045 | 69,12 | 380,13 | 3,09104
23| 529112167|4,796| 15,166 | 2,841 6,127 | 13,200 | 0,043 72,26 415,48 | 3,13548
24| 576113824(14,899}15,492|2,8841 6,214 { 13,389 | 0,042 75,40 | 452,39 | 3,17805
25| 625115625|5,000; 15,811 2,924 6,300 | 13,572 | 0,040 78,54 | 490,87 | 3,21888
26| 676117576|5,099) 16,125}2,962} 6,383 | 13,751 | 0,038 81,68 | 530,93 | 3,25810
27| 729|19683|5,196( 16,432 3,000| 6,463 | 13,925 | 0,037 84,82 |572,55 | 3,29584
28 | 784/21952[5,292|16,733|3,037] 6,542 | 14,095 | 0,036 87,96 | 615,75 | 3,33220
29| 841 24389(5,385]17,029|3,072| 6,619 | 14,260 | 0,034 91,11 |660,52 | 3,36730
30| 900|27000}5,477 17,321 (3,107| 6,694 | 14,422 | 0,033 | 94,25 | 706,86 | 3,40120
31| 961|29791|5,568| 17,607 3,141 6,768 | 14,581 | 0,032 97,39 { 754,77 | 3,43399
32 (1024 32768 | 5,657} 17,889 |3,175( 6,840 | 14,736 | 0,031 | 100,563 (804,25 | 3,46574
33 (1089 |35937)5,7451 18,166 | 3,208 [ 6,910 | 14,888 | 0,030 | 103,67 |855,30 | 3,49651
34 (1156 | 39304 {5,831 | 18,439 | 3,240 ( 6,980 | 15,037 | 0,029 | 106,81 | 907,92 | 3,52636
351225|42875( 5,916 | 18,708 ( 3,271 | 7,047 | 15,183 | 0,029 | 108,96 [962,1 3,55533

19aNnUgvL



ITpodonxerue

2

n | n? n3 Jn 10n in | 3/10n | 3/100n % nn % Inn

3611296 | 46656 |6,000) 18,974 3,302 | 7,114 | 15,326 | 0,028 | 113,10 | 1017,9 | 3,58352
3711369 50653 6,083 (19,235 3,332 | 7,179 | 15,467 | 0,027 | 116,24 | 1075,2 | 3,61092
381444 54872 |6,164 19,494 | 3,362 | 7,243 | 15,605 | 0,026 | 119,4 | 1134,1 | 3,63759
3911521 | 59319|6,245)19,748 (3,391 | 7,306 | 15,741 | 0,026 | 122,5 1194,6 | 3,66356
4011600| 64000|6,325|20,000( 3,420 7,368 | 15,874 | 0,025 | 125,7 1256,6 | 3,68888
4111681 | 68921|6,403 | 20,248 3,448 | 7,429 | 16,005 | 0,024 | 128,8 |1320,2 | 3,71357
4211764 | 74088|6,481 (20,494 ) 3,476 | 7,489 | 16,134 { 0,024 | 131,9 1385,4 1 3,73767
4311849 79507|6,557| 20,736 3,503 | 7,548 | 16,261 | 0,023 | 135,1 1452,2 | 3,76120
44 11936 | 85184 6,633 |20,976 | 3,530 | 7,606 ; 16,386 | 0,023 | 138,2 1520,5 | 3,78419
4512025| 91125|6,708[21,213} 3,657 | 7,663 | 16,510 0,022 | 141,4 1590,4 | 3,80666
46 12116 | 97336 |6,782 21,448 {3,583 | 7,719 | 16,631 | 0,022 | 144,5 1661,9 | 3,82864
47 | 2209103823 | 6,856 | 21,679 3,609 | 7,775 | 16,751 | 0,021 | 147,7 1734,9 ] 3,85015
4812304 (110592 (6,928 | 21,909 | 3,634 | 7,830 | 16,869 | 0,021 | 150,8 | 1809,6 | 3,87120
4912401117649 7,000 22,136} 3,659 | 7,884 | 16,985} 0,020 | 153,9 | 1885,7 { 3,89182
50| 2500]125000| 7,071} 22,361 3,684 | 7,937 {17,100 0,020 | 157,1 | 1963,5 1] 3,91202
5112601132651 7,141 22,583 (3,708 { 7,990 {17,213 | 0,020 | 160,2 2042,8 | 3,93183
52 | 2704} 140608 | 7,211 | 22,804 3,733 | 8,041 [ 17,325 0,019 | 163,4 | 2123,7 | 3,95124
53 12809148877 | 7,280 23,022 3,756 | 8,093 | 17,435 | 0,019 | 166,5 {2206,2 { 3,97029
5412916} 157464 | 7,348 | 23,238 | 3,780 { 8,143 | 17,544 | 0,018 | 169,6 | 2290,2 | 3,98898
55 (30251166375 | 7,416 | 23,452 | 3,803 | 8,193 | 17,652 | 0,018 [ 172,8 2375,8 | 4,00733

‘U 'L U 19HAKNURE 319HIRdQO ‘MHdON 'MHBUAL) 7 §
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{Ipodoaxerue

ne

n3d

J10n

410n

¥100n

3=

nn

nn?
4

Inn

3136
3249
3364
3481
3600

3721
3844
3969
4096
4225
4356
4489
4624
4761
4900

5041
5184
5329
5476
5625

175616
185193
195112
205379
216000

226981
238328
250047
262144
274625

287496
300763
314432
328509
343000

357911
373248
389017
405224
421875

7,483
7,550
7,616
7,681
7,746

7,810
7,874
7,937
8,000
8,062

8,124
8,185
8,246
8,307
8,367
8,426
8,485
8,544
8,602
8,660

23,664
23,875
24,083
24,290
24,495

24,698
24,900
25,100
25,298
25,495
25,690
25,884
26,077
26,268
26,458

26,646
26,833
27,019
27,203
27,386

3,826
3,849
3.871
3,893
3,915

3,036
3,958
3,979
4,000
4,021

4,041
4,082
4,082
4,102
4,121

4,141
4,160
4,179
4,198
4,217

8,243
8,291
8,340
8,387
8,434

8,481
8,527
8,573
8,618
8,662
8,707
8,750
8,794
8,837
8,879
8,921
8,963
9,004
9,045
9,086

17,758
17,863
17,967
18,070
18,171
18,272
18,371
18,469
18,566
18,663
18,758
18,852
18,945
19,038
19,129
19,220
19,310
19,399
19,487
19,574

0,018
0,017
0,017
0,017
0,017

0,016
0,016
0,016
0,016
0,015
0,015
0,015
0,015
0,014
0,014

0,014
0,014
0,014
0,013
0,013

175,9
179,1
182,2
185,4
188,5

181,6
194,8
197,9
201,1
204,2

207,3
210,5
213,6
216,8
219,9

223,1
226,2
229,3
232,5
235,6

2463,0
2551,8
2642,1
2734,0
28274

2922,5
3019,2
3117,2
3217,0
3318,3

3421,1
3525,6
3631,7
3739,3
3848,4

3959,2
4071,5
4185.4
4300,8
44179

4,02535
4,04306
4,06044
4,07754
4,09434

4,11087
4,12713
4,14313
4,15888
4,17439
4,18965
4,20469
4,21951
4,23411
4,24850

4,26268
4,27667
4,29046
4,30407
4,31749
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IIpodoamenue

2z
i Inn

n2 n3 Jn 10r | 3m | %107 |%/100R .

R
a
b1

5776| 438976( 8,718)27,568| 4,236 | 9,126|19,661(0,013| 238,8 | 4536,5 [ 4,33073
5929| 456533| 8,775!27,749 | 4,254 | 9,166(19,747(0,013| 241,9 | 4656,6 |4,34381
6084 | 474552| 8,832|27,928 4,273 | 9,205|19,832{0,013] 245,0 | 4778,4 | 4,35671
6241| 493039| 8,888|28,107|4,291 | 9,244|19,916 0,013} 248,2 | 4901,7 | 4,36945
6400| 512000| 8,944( 28,284 | 4,309} 9,283(20,000{0,012¢{ 251,3 | 5026,6 | 4,38203

6561| 531441| 9,000| 28,460 {4,327 | 9,322] 20,083 |0,012} 254,5 { 5153,0 | 4,39445
6724| 551368| 9,055 28,636 | 4,344 | 9,360( 20,165 (0,012 257,6 { 5281,0 | 4,40672
6889| 571787| 9,110| 28,810 4,362 9,398|20,2470,012| 260,8 | 5410,6 | 4,41884
7056 592704 9,165| 28,983 | 4,380 | 9,435[20,328|0,012| 263,9 | 5541,8 | 4,43082
7225| 614125| 9,220(29,155|4,397| 9,473}20,408|0,012| 267,0 | 5674,5 | 4,44265
7396| 636056| 9,274| 29,326 |4,414| 9,510)20,488|0,012| 270,2 | 5808,8 | 4,45435
7569| 658503 9,327| 29,496 | 4,431 | 9,5461 20,567 |0,011| 273,3 | 5944,7 | 4,46591
7744| 681472| 9,381| 29,665 | 4,448 | 9,583} 20,646 |0,011| 276,5 | 6082,1 | 4,47734
7921| 704969 9,434| 29,833 | 4,465 | 9,619)20,724|0,011( 279,6 | 6221,1 | 4,48864
8100| 729000| 9,487/ 30,0001 4,481 | 9,655|20,801|0,011) 282,7 (6361,7 | 4,4993.
8281| 753571| 9,539 30,166 | 4,498 | 9,691|20,878|0,011{ 285,9 [ 6503,9|4,51086
8464| 778688| 9,592]30,332 | 4,514 | 9,726(20,954|0,011 289,0 | 6647,6 | 4,52179
8649 804357| 9,644|30,496 [ 4,531 9,761|21,029|0,011| 292,2 | 6792,9 | 4,53260
8836 830584| 9,695| 30,659 | 4,547 | 9,796(21,105|0,011 | 295,3 | 6939,8 | 4,54329
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,79[(6166 6180|6194 | 6209|6223 |6237 62526266 (6281]6295(1 3 4|6 7 910 11 13
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28 I. TABNALBI
§ 5. Jlorapu¢mbi TPUroHOMETPUYECKUX BENNHUH
(B cronbuax, oaarTaBNCHHLIX cBepXy lg sin, 1g tg u 1g cos,
BCC XaPaKTCPHCTRKH yBeaHdeHs! Ha 10)
°} “lgsin| d. { lgtg |d.c.|lgetg(d. Ig cos
ol of —o | = [ -0 | = | Foo 10,0000 | o[90
10(7,4637] 51 ,(7.4637( 5, ,[2,5863] | 9,999998 | 50
20(7,7648] % 7c017,76481 1 7c112,2352] | 9,99999 |40
30(7,94081 1 5,017,940911 5 1512,0591| | 9,09998 |30
40/8,0658/ 1 ¢2018.0658( ' 55011,9342 | 9,99997 |20
508,1627 8,1627 1,8373) | 9,9999 |10
1| ols,2419) 792 |g 2419 292 1,7581 9,9999 0!89
10(8,3088| 669 |3,3089| 670 {1 6911 9,9999 |50
208,3668| 980 |g.3669| 980 |1 6331 9,9999 |40
30l8,4179| 511 18,4181 | 312 11,5819 | | 9,9999 130
40l8.1637| 458 18,4638 | 457 |1,5362) ~ | 9,9998 (20
50(8.5050( 413 |8.5058| 115 |1,4947) | 9.9908 |10
2| olg,5428] 378 ig 5431|378 11,4569{ 1 | 9,9997 0/88
1018.5776) 348 18 57791 348 |1 4001 9,9997 |50
20(8.6097| 321 |8 6101|322 |1,3800| 1 | 9,0906 |40
30/8,6397) 300 18'6401| 390 |1,3599( . | 9,0096 |30
40i8,66771 280 |3 6682 | 281 |1,3318] 1 [ 9,9905 {20
50|8.6940] 263 15,6945 | 263 |1,3055) | 9,9995 |10
3| o|s,7188] 248 |g,7194 249 11,2806] ! | 09,9994 ols7
108,7423] 235 (g 7429 235 |1 2571| 1 | 9,9093 |50
208,7645] 222 |8,7652| 223 [1,2348] 1| 09,0003 |40
30/8,7857( 212 |8.7865| 213 |1,2135) 1 | 09,0092 |30
40/8.8059] 202 |8'8067| 202 |1,1933| 1 | 9,9991 |20
50(8,8251| 192 [3,8261 | 194 |1,1739] | 9,9990 {10
4} 0|8,8436] 185 I3 8446 | 185 11 1554 1 | 90,9989 0|86
10/8,8613{ 177 |g.8624| 178 11,1376] | 9,9989 (50
20(8.8783| 170 |8 8795 | 171 |1,1205] 1 | 0,0088 |40
30(8,8946{ 163 I3 '8960| 165 |1,1040] 1| 9,9087 |30
40(8.9104| 158 ig'9118| 158 |1 0g82| ! | 90,0086 |20
50(8,9256| 152 g 9272 194 [1 0728{ 1] 9,9985 |10
5| 0l8.9403] 147 |8.9420| 148 |1 0580/ 2 | 9,0083 | 9185
lgecos| d. jlgectg |d.c.| lgtg {d. lg sin Tte

1} Criocof nonb3oBaHUs TABIHLCH CM.

Vv, §§ 9—11.



§ 5. Nlorapndmbl TPUIOHOMETPHUYECKUX BERUYHUH 29

Hpodoarnenue
°|l “|lgsin | d. | lgtg |d.c.| lgctg |d.| lgcos
5| 0]8,9408] 4, [8.9420] 43 [1,0580( ; [9.9983 | 0]85
10[8,9545 | 137 [8:9563| 135 |1,0437 [ | |9.9982 | 50
20(8.9682 | 134 (8.9701 | ;35 |1,0299 | | |9,9981 | 40
30(8,9816 | 159 |8.9836] 130 1.0164 1 |9,9980 |30
40{8,9945| 152 [8.9966 157 [1,0034 | 5 (99979 |20
50(9.0070 9.0093 0.9907| “ [9.9977 | 10
6| o|o.0192]1229,0216(123 10 9784| 1 |0,0976 | 0|84
10[9,0311 112 19,0336| 120 109664 1 |9,9975 | 50
b M
409,0648| 199 19,0678 111 10/9322 | } [9,9971 | 20
50(9.0755 9.0786 0.9214| 2 [9.9969 | 10
7| 0l9,0859| 194 10,0891]19° 10,9100| } [9.9968 | o83
10[9,0961 | 192 [9,0995 09005 | 2 19,9966 | 50
20[9.1060| 29 19,1096 101 |0,8904 | 29,9964 | 40
30(9,1157 37 |9;1194| 93 |o,8806 1 [9,9963 |30
409,1252{ 95 19,1291 970,8709| 2 19,9961 (20
50(9.1345 9.1385 0.8615| 2 [9.9959 | 10
8| ofo,1436| 22 [9.1478| 93 |0,8522(3 |9,9058 | o|s2
10(9)1525| 53 |9.1569| 21 10.8431| 2 09956 |50
BRI S e
s 84 (> 86 | % PRES
401971781 | 8%19'1831| 3% lo'8169| 2 (9.9950 |20
50(9.1863 9.1915 0.8085 | 2 |9.9948 | 10
9| 0l9,1943 f‘,g 9,1997 gf 0,8003| 29,9946 | 0|81
10]9.2022 9.2078 0.7922| 2 [9.9944 | 50
20(9,2100( 78 [92158| 82 107842| 2 9/9942 |40
30|9,2176| 18 |072236| 15 |0,7764 2 19,9940 (30
10(9.2251 75 19,2313 T710,7687| % 19,9938 | 20
50{9.2324 9.2389 0.7611| 2 |9.9936 {10
10{ 0[9,23071 73 (9.2463| 7%10,7537| 2 [0,9034 | 0|0
10(9.2468| 10 (972536| I3 [0]7464| 3 919931 |50
o] R i 2 B
40]9.2674| 98 |9.2750] 70 [0.7250] 3 |9.9924 (20
. 66 |2 69 |& 2|9
50(9,2740 9,2819 0.7181| 2 |0.9922 | 10
11| ol9,2806| 96 |9,2887| ©80,7113|3 |9.9010| o]79
lgcos | 4. |lgectg [d.c.| lgtg |d.| lgsin | "} °




I. TABJIULIbI

Hpodonxeenue
lgsin | d. | lgtg |d.c.| lgetg |d.| lgcos
11] 09,2806 ¢4 [9,2887| g |0,7113 | 5 [9,9919 | 0[79
10{9,2870 | og (9,2953( gr 10,7047 | 5 919917 |50
20{9,2034 | o5 [9:3020| o5 [0,6980( 3 |9,9914 |40
30(9,2997 | o7 [9,3085| gy 0,6915] 5 19,9912 |30
40/9,3058 | o1 [9:3149( ¢a 10,6851 | ; [9,9909 |20
50(9,3119 9.3212 0.6788 |  |9.9007 | 10
12| 0l9,3179| 89 1o 3275| 93 |0,6725| 3 |9,9904 | 0|78
1019,3238 | 39 193336 | 81 |0)6664 2 19,9901 |50
2019.3206 | 35 19'3397| &1 10/6603 | 2 199899 |40
3019,3353 | 37 (9,3458] 51 10,6542 3 19,9896 |30
10{9,3110| 57 |073517| 33 |0l6483 | 3 19]9893 |20
50(9.3466 9.3576 0.6424| % 99890 | 10
13| 0]9,3521 gi 9,3634 g?, 0,6366 g 9,9887 | 0f77
10/9.3575 | 34 1973691 37 106309 | 3 9/9884 |50
209:3620 | 22 9:3748| 27 |0,6252 | 3 |99881 |40
309,3682 | 25 (9,3804| 2% |0.6196 | 3 19,9878 |30
40(9,3734 | 32 |9:3850| 22 10,6141 | 3 19]9875 |20
50(9.3786 9.3914 0.6080 | % |9.9872 | 10
14| 0[9,3837 31 |0,3068| 37 10,6032 3 19,9869 | 0|76
10(9,3887 | 30 19.4021 33 105979 | 3 199866 |50
20(0,3937 | 30 |07074| 33 105026 | 3 19,9863 |40
309,3086 | 40 [0:4127| 23 |0/5873 3 99859 |30
109,405 | 12 19.4178| 51 |0'5822 | 3 199856 |20
50(9.4083 9,4230 0.5770 | 3 |9.9853 |10
15 09,4130 | 17 |9,4281 g(l) 0,5719 | 3 19,9849 | 0[75
10{9,4177 | 42 94331 30 |0'5669 | 3 |9/9846 |50
209,4223 | 32 [9.4381| 20 10,5619 | % 19,9843 |40
309,4269 | 4% |9/4430f 13 [0.5570 3 (99839 |30
10914314 | 43 19/4479| 49 |015521 | 3 1919836 |20
50|09 4359 94527 0.5473 | 4 [0/9832 | 10
16| 0[9,4403 | 35 10,4575 45 l0,5425| 2 |0,0828 | 0} 74
10(9,4447 | 4 |9'a622| 47 [0,5378| 3 |09825 |50
209,4491 | 42 10/4669| 17 1015331 | § [9,9821 |40
30{9.4533 | 32 (0/4716| 44 10,5284 | 3 [9,9817 {30
10(9,4576 | 43 97762 45 05238 | 3 |09814 |20
50(9.4618 9.4808 05192 | 4 [9,0810 | 10
17| 0(9,4659| 41 {9,4853| 4° |0,5147| % |9,9806 [0 |73
lgcos | d. | lgectg {d.c.| lgtg |d.| lgsin | " | ©




§ 5. NlorapnMe! TPUFOHOMETPUHECKHMX BENTUYMH 31
IIpodonxenie
°1 7| lgsin | d.| lgtg id.c.| lgctg |d.]| lgcos
17| 0]9,4659 |, |9.4853] ,- |0,5147| , | 9.9806 | 0] 73
10| 9,4700 | 11 9,4898| 42 0’5102 | § | 9,9802 |50
20| 9,4741 | 40 (9:4943] 45 10,5057 | § | 9,9787 140
30| 9,4781 | 50 |914987| 14 [0.5013| 49,9794 |30
40 9]4821 | 40 975031| 41 [0,4969 | 49,9790 |20
50| 94861 9.5075 0,4925| 4| 0.9786 |10
18 0| 9,4900 | 39 [9,5118] 43 |0,4882| | 9,0782 | 072
10( 9,4939 | 39 19’5161} 43 |0,4830| 7 | 99778 |50
20| 9,4977 | 38 1915203] 12 014797 §|9,0774 |40
30| 9,5015 | 3% 19.5245| 45 10,4755 2 19,9770 |30
40| 09,5052 | 57 |9)5287| 42 10,4713 | % [ 99765 |20
50{ 9,5090 9,5329 0.4671| 4| 9,9761 |10
19| 0| 9.5126 | 38 10,5370| 41 [0,4630| % |0,0757| 0171
10{ 09,5163 | 37 19/5411| 37 [0.4589 | > [9,9752 |50
20| 9,5199 | 38 1075451| 10 014549 | £ |9,9748 |40
30| 9,5235 | 38 19'5491] 40 10,4500 3 [ 979743 {30
40| 9,5270 | 321975531 | 50 10,4469 | £ 19,9739 |20
50| 9.5306 9.5571 0,4420| 5 10,9734 |10
20| 09,5341 |35 10,5611] 39 |0,4380| £ |9,9730| 0|70
10] 915375 | 3% (9/5650] 39 [0,4350 | > [9,9725 |50
20| 9,5409 | 3% 1015689] 39 |0,4311 | £ |9,9721 |40
30{ 9:5443 | 3%10/5727| 38 1014273 3| 9/9716 |30
40/ 9,5477 | 3219157661 32 04234 | 2 | 99711 |20
50| 9.5510 95804 0,4196 | 9 { 9.9706 |10
21] 0] 9,5543 | 33 10,5842] 38 |0,4158| & {9,0702| 0|69
101 95576 [ 55 |9,5879| 37 [0l4121 | 2 109697 |50
20| 975609 | 33 19'5017| 38 J0,4083| 3 | 9]0€02 |15
30| 9,5641 | 32 19.5054| 37 (04046 | 2 19,9687 |30
40| 9,5673 | 52 10,5901| 37 10,4009 | > [ 9,9682 20
50{ 9.5704 9.6028 0.3972| 5 | 0.0677 |10
22| 0| 9,5736 | 3210,6064] 38 |0,3036 | 3 | 9,0672 .0 |68
10] 95767 | 31 19'6100] 36 03900 2 | 919667 |30
20{ 9,5798 | 31 19:6136] 36 10.3864| & 1 9]9661 (39
30| 9,5828 | 37 |0'6172| 38 103828 | 3 19/9656 |30
10| 9:5859 | 31 10'6208| 38 f013702| % [9,0651 |2
50| 9,5889 9.6243 0.3757| 9 | 9.9646
23| o] 9,5019 |30 |9,6279} 36 |0,3721|% |9,9640| 0|67
lgcos {d.{lgetg |d.c.| lgtg [d.| lgsin | 7| ©
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IIpodoancenue
lgsin | d. | lgtg |d.c.| lgctg |d.] lgcos
23] 0] 9,5919 | 5 [9.6279] 5 [0,3721 | 5 | 9,0640| 067
10| 9,5948 | 50 19,6314 | 54 |0.3686 | ¢ | 9:9635 |50
20[ 95078 | 59 |9.6348] 35 {0,3652( ¢ |9,9629 |40
30| 9,6007 | 59 [9.6383| 53 |0,3617! ¢ {9.9624 |30
10| 9,6036 | 50 [9.6417| 55 |0.3583] [ 9.9618 |20
50| 9.6065 9.6452 0.3548| ° | 9.9613 (10
24| 0]9,6093 | 28 19,6486 gi 0,3514 3 19,9607} 0|66
10] 9,6121 | 28 |9'6520( 33 10,3480 2 1919602 (50
20| 9,6149 | 2819'6553| 32 103447 3 | 99596 |40
30| 9.6177 | 28 1076587| 31 10,3413 ] & | 919590 |30
10| 9,6205 | 28 1976620| 32 1073380 & | 9]9584 {20
50} 9.6232 9.6654 0.3346 | ® 9.9579 |10
25 0] 9,6259 | 27 lo,6687| 33 10,3313( & 19,9573 | of6s
10| 9,6286 | 27 9.6720( 33 03280 & | 979567 (50
20{ 96313 | 27 |0l6752( 32 10,3248 | & | 99561 |40
30] 9:6340 | 27 lo'6785| 33 10,3215 & | 99555 {30
10| 96366 [ 20 1916817| 32 103183 | & | 9.9549 |20
50| 9,6392 9.6850 0.3150| 8 {9.9543 |10
26| 09,6418 | 25 9 6882| 32 |0,3118( & | 09,9537 0|64
10| 96444 | 25 9'6914| 52 10,3086 | I {99530 (50
20| 96470 | 25 19'6046| 32 10,3054 & 99524 |40
30| 9,6495 | 23 |9}6077| 31 (0.3023| & | 9,9518 |30
10| 9:6521 | 28 |9]7000| 3% |0/2001| 5 | 9/9512 |20
50| 96546 9.7040 0.2960| 7 9.9505 |10
27| 0} 9,6570 | 23 19,7072| 32 10,2028 § 9,9499| 0|63
10| 9,6595 | 52 19.7103( 57 |0,2807 79,9492 |50
20| 9:6620 | 2% [9]7134| 31 10,2866 5 | 9,9486 |40
30| 96644 | 219,7165| 31 |0,2835| [ [9,9479 130
401 9.6668 | 24 1017196 31 10,2804 5 | 90947320
50| 9.6692 9.7226 0.2774| 7 | 9.9466 | 10
28! 0| 9,6716 | 23 |9,7257 35 10,2743/ T 9,9450 | of 62
10] 9,670 | 23 19.7287| 30 [0,2713| § 19,9453 |50
20| 9,6763 | 23 97317} 39 10,2683 | T 99446 [40
30| 9,6787 | 23 |917348| 31 l0.2652 7 19,9439 |30
10| 96810 | 23 fo'7378| 30 102622 7 | 019432 |20
50| 9.6833 90,7408 0.2502( 7 | 9.9425 {10
20| ol 9,6856 | 23 [9,7438] 30 [0 2562{ 7 | 9,9418| 0|61
lgcos | d. | lgetg |d.c.| lgtg |d.| lgsin { " | °




§ 5. Noraprdmbl TPUrOHOMETPUYECKUX BENUUMH 33
Hpodorxcenue
°r | lgsin |d.| lgtg [d.c.| lgetg |d.| lgcos
29[ 0] 9,6856 | 5, |9,7438| 99 |0,2562| ;| 9,0418 | 0] 61
10 96878 | 55 9.7467| 30 |0,2533| + | 9,9411 |50
20| 9,6901 | 55 |9,7497 5o |0,2503 7 | 9.9404 [40
30| 9,6923 | 53 19,7526 | 50 |0,2474 | 7 | 9,9307 |30
40| 9,6946 | 55 |9,7556 | o |0,2444| ; | 9,9390 |20
50| 9.6068 9.7585 0.2415| ' | 9.9383 )10
30| 09,6000 [2219,7614| 23 0,2386| 3 | 9,9375 | 060
10 9,7012 | 2297644 | 39 10,2356 T | 9,9368 |50
20| 9,7033 | 21 |0,7673| 22 |0,2327| T | 09361 |40
301 9,7055 | 22 19,7701 28 1012200} & | 019353 |30
40 9,7076 | 21 19,7730| 25 0,2270] [ | 9:9346 {20
50| 9.7097 9,7759 0.2241| 8 | 9.9338 |10
31| of9,7118 |21 19,7788/ 29 10,2212 g 9,0331 | 0|59
10| 9,7139 | 21 10]7816 | 53 |02184 | § | 99323 [50
201 9.7160 | 2119/7845| 22 |0}2155| 7 | 9,9315 |40
30| 90,7181 | 27 19,7873 | 28 10/2127| T {99308 |30
40| 97201 | 29 19.7902| 52 |0.2008| ¢ | 9:9300 |20
50{ 9,7222 9,7930 0.2070| 8 [9,9292 |10
32| 09,7242 | 20 10,7958| 28 10,2042| 8 | 9,9284 | 0|58
10| 97262 [ 50 |9,7986| 55 0,2014/ § | 919276 {50
20 9,7282 | 50 19:8014| 23 10,1986 g | 9.9268 |40
30( 9,7302 | 20 9.8042| 28 10,1958 | & | 9.9260 |30
10| 9,7322 | 20 19'8070| 22 10,1930/ 5 | 99252 |20
50] 9,7342 9,8097 0,1903| 8 | 9.9244 |10
33| o] 9,7361 ig 9,8125 gg 0,1875| 3 19,9236 | of 57
10| 9,7380 | 13 (9:8153| 57 |0.1847| 5 | 9,9228 (50
20 9,7400 | 49 19:8180| 27 |01820| 3 | 9:9219 |40
30(9,7419 | 1919.8208| 22 1011792 & { 99211 |30
40 9,7438 | 19 9:8235| 21 [0:1765 5 | 9.9203 |20
50| 9.7457 9.8263 0.,1737| 2 | 9.9194 {10
34| 0]9,7476 | 129,8290| 27 |0,1710| 3 | 9,9186 | of 56
10| 9,7494 | & 1938317| 27 f0]1683| 3 | 9,9177 |50
20( 9,7513 | 12 [978344| 27 10,1656 | § | 9:9169 {40
30 9,7531 | 15 9:8371| 27 [0/1629| J | 99160 |30
40| 9,7550 | 1219:8398| 27 1071602 3 | 9:9151 |20
50| 9.7568 9.8425 0.1575| 9 { 9.9142 110
35| 0]9,7586 | 18|9,8452| 27 |0,1548| B | 9,9134 0|55
lzcos | d. | lgetg [d.c.| lgtg |d.] lgsin j ' [ °

2 Buiroackai M.A.
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1. TABAIUUBI

HpoGoaxcenue

lg sin

lgtg

lg ctg

d.

lg cos

35

36

37

38

39

40

9,7586
9,7604
9,7622
9,7640
9,7657
9,7675

9,7692
9,7710
9,7727
9,7744
9,7761
9,7778

9,7795
9,7811
9,7828
29,7844
9,7861
9,7877

9,7893
9,7910
9,7926
9,7941
9,7957
9,7973

9,7989
9,8004
9,8020
9,8035
9,8050
9,8066

9,8081

9,8452
9,8479
9,8506
9,8533
9,8559
9,8586

9,8613
9,8639
9,8666
9,8692
9,8718
9,8745

9,8771
9,8797
9,8824
9,8850
9,8876
9,8902

9,8928
9,8954
9,8980
9,9006
9,9032
9,9058

9,9084
9,9110
9,9135
9,9161
9,9187
9,9212

9,9238

0,1548
0,1521
0,1494
0,1467
0,1441
0,1414

0,1387
0,1361
0,1334
0,1308
0,1282
0,1255

0,1229
0,1203
0,1176
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9,8169
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9,8213
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9,8297
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9,8338
9,8351
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9,8391
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9,9238
9,9264
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9,9366

9,9392
9,9417
9,9443
9,9468
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9,9519

9,9544
9,9570
9,9595
9,9621
9,9646
9,9671

9,9697
9,9722

9,9949
9,9975
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0,0481

0,0456
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0,0329

0,0303
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0,0228
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0,0177

0,0152
0,0126
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0,0076
0,0051
0,0025

0,0000

9,8843
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9,8756
9,8745
9,8733
9,8722

9,8711
9,8699
9,8688
9,8676
9,8665
9,8653

9,8641
9,8629
9,8618
9,8606
9,8594
9,8582

9,8569
9,8557
9,8545
9,8532
9,8520
9,8507

9,8495
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0,9205
0,9272
0,9336

0,9397
0,9455
0,9511
0,9563
0,9613

0,9659
0,9703
0,9744
0,9781
0,9816

0,9848
0,9877
0,9903
0,9925
0,9945

0,9962
0,9976
0,9986
0,9994
0,9998
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0,9346

0,9407
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0,9520
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0,9667
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0,9750
0,9787
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0,9907
0,9929
0,9948

0,9964
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0,9793
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0,9886
0,9911
0,9932
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0,9967
0,9980
0,9989
0,9996
0,9999

0,9239
0,9304
0,9367

0,9426
0,9483
0,9537
0,9588
0,9636

0,9681
0,9724
0,9763
0,9799
0,9833

0,9863
0,9890
0,9914
0,9936
0,9954

0,9969
0,9981
0,9990
0,9997
1,0000

0,9250
0,9315
0,9377

0,9436
0,9492
0,9546
0,9596
0,9644

0,9689
0,9730
0,9769
0,9805
0,9838

0,9868
0,9894
0,9918
0,9939
0,9957

0,9971
0,9983
0,9992
0,9997
1,0000

0,9261
0,9325
0,9387

0,9446
0,9502
0,9555
0,9605
0,9652

0,9696
0,9737
0,9775
0,9811
0,9843

0,9872
0,9899
0,9922
0,9942
0,9959

0,9974
0,9985
0,9993
0,9998
1,0000

0,9272
0,9336
0,9397

0,9455
0,9511
0,9563
0,9613
0,9659

0,9703
0,9744
0,9781
0,9816
0,9848

0,9877
0,9903
0,9925
0,9945
0,9962

0,9976
0,9986
0,9994
0,9998
1,0000
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1 |[0,0175]0,0204|0,0233|0,0262(0,0291(0,0320(0,034%( 88 31619 (12|15(17]|20(23|26
2 |/0,0349|0,03780,0407{0,0437|0,04660,0495)|0,0524]| 87 3|1619(12|15[(17(20]|23(26
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34 |/0,6745(0,6787(0,683040,687310,6916(0,6959|0,7002|[ 55 [l4|9 [13|17]|21(26|30{34|39
35 |/0,7002(0,7046 (0,708910,7133|0,7177(0,722110,7265| 54 419 (13|18|22(26|31|35|39
36 |/0,7265)0,7310)0,7355(0,7400|0,7445|0,7490{0,7536( 53 1519 |14(18|23)|27(32136|41
37 |0,7536/0,7581|0,7627(0,7673|0,7720|0,7766{0,7813|| 52 |[5{9 |14(19|23)|28(32]37|42
38 |(0,7813(0,7860 0,7907 (0,7954 | 0,8002 (0,8050{0,8098|l 51 |[5]|9 [14(19|24(28|33{38|43
39 ||0,8098|0,8146(0,8195(0,8243|0,8292|0,8342|0,83911 50 ((5]|10|15|20724|29|34{39 44
40 0,8391(0,8441(0,8491|0,8541|0,8591 |0,8642|0,8693} 49 (5|10(15{20(25(30|35(40|45
41 10,8693(0,8744(0,8796(0,8847|0,889910,8952(0,9004) 48 |[5|10(16{21|26(31|36]|41}47
42 |(/0,9004|0,9057|0,9110(0,9163|0,9217}0,9271(0,9325] 47 |[5|11|16721|27{32(38|43|48
43 [(0,93250,9380(0,9435|0,9490|0,954510,9601|0,9657| 46 (6|11(17;22]128]33|39(44|50
44 |(/0,9657{0,9713|0,9770(0,9827|0,988410,9942(1,0000( 145 |[6|11|17]23]29{34(40|46|51

60’ 507 40’ 307 20’ 10’ 0’ Ppa- 117(27| 347|587 |6"[7"|8"|9"

e RYCHI
KOTAHTEHCHI

1) Crioeob nonsasosanna rabauneit cM. V, §§ 6, 7.
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IIpodonxenue

TAHTEHCbI
I'pa ; , ; ) 40’ ' 0 IlonpaBxu
AYChI S 10 20 30 50 6 1'12°[3"[4'[57[6° [T 819
145 1(1,0000(1,0058}1,011711,0176{1,0236(1,0295|1,0355] 44 {6 |12]18(24(30136(41[47! 53
v46 |[1.0855]1,041611,047711,0538(1,0599(1,0661|1,0724| 43 | 6 |12[18}25|31!37(43|49]| 55
47 1(1,07241,0786(1,0850|1,0913|1,0977|1,1041|1,1106/ 42 | 6 |13};19}25|32{38|45|51]| 57
48 [11,110611,117111,1237}1,1303/1,13691,1436:1,1504| 41 [l 7 |13)20{27|33]40|46|53] 59
49 (1,1504(1,157211,1640{1,1708{1,177811,184711,1918( 40 7114|21|28|34(41[48155} 62
50 1(1,191871,19881,2059(1,21311,2203]1,2276|1,2349) 39 7114122129(36143(50(57) 65
51 [11,2349]1,242311,249711,2572{1,2647{1,272311,2799| 38 | 8 j15123(30(38]45|53|60} 68
52 [11,2799]1,287611,2954]1,3032 8 116(23|31|39(47(55{62{ 70
1,3111(1,3190|1,3270} 37 |[8 {16|24|32(40(48|56|64| 72
53 ([1,3270(1,335111,3432(1,3514 8116(24(32(41[49|57(65f 73
1,3597(1,3680(1,3764( 36 {8 [17{25)33]|42(50|58|67| 75
54 |(1,3764)1,3848(1,3937)1,4020 9117:26[34(43151|60(68] 77
1,41061,419311,4282( 35 |[9[17{26|35|44|52|61{70} 79
55 ([1,4282(1,4370)1,4460(1,4550 9 |18127|36(45(54(63|72!( 81
1,4641|1,4733|1,4826| 34 9 118|28|37(46(55(64{74] 83
56 |/1,4826;1,4919)1,5013|1,5108 9 119128|38|47|56(66(75( 85
1,5204(1,5301(1,5393( 33 |110(19]|29|39|48|58|68|78| 87
57 ||1.56399;1,5497(1,5597|1,5697 10(20{30}40(50/60|70180| 90
1,5798(1,5900|1,6003| 32 |[10|20{31{41|51i61|71!82! 92
58 [11,6003|1,6107/1,6212]1,6318 10)21|31142]52163|73|84] 94
1,642611,653411,6643( 31 [[11122)32]|43|54)/65)|76{86} 97
59 |11,6643|1,6753|1,6864(1,6977 11(2233|44|55|67|78(89|100
1,709011,7205|1,7320] 30 |l11|23134|46(57(69|80(92)|103
60 |[(1,7320]1,7438]1,755611,7675 12(24135]47(59(71|83]94|106
1,7796 (1,7917|1,8040( 29 {|12|24}37(49|6173|85]98!110

19NMUavL



1,804 1,816 | 1,829 | 1,842 | 1,855 | 1,868 | 1,881 || 28
1,881 | 1,894 { 1,907 | 1,921 | 1,935 [ 1,949 | 1,963 || 27
1,963 | 1,977 | 1,991 | 2,006 1 2,020 | 2,035 | 2,050 | 26
2,050 | 2,066 | 2,081 | 2,097 | 2,112 | 2,128 | 2,145 | 25
2,145 | 2,161 | 2,177 | 2,194 | 2,211 | 2,229 | 2,246 || 24

2,246 | 2,264 | 2,282 | 2,300 | 2,318 | 2,337 | 2,356 || 23
2,356 | 2,375 | 2,394 | 2,414 | 2,434 | 2,455 | 2,475 | 22
2,475 | 2,496 | 2,517 | 2,539 | 2,560 | 2,583 | 2,605 || 21
2,605 | 2,628 | 2,651 | 2,675 [ 2,699 | 2,723 | 2,747 (| 20
2,747 | 2,773 | 2,798 | 2,824 | 2,850 | 2,877 { 2,904 || 19

2,904 | 2,932 | 2,960 | 2,989 | 3,018 | 3,047 | 3,078 || 18
3,078 | 3,108 | 3,140 | 3,172

[ar—
RN BOOX-A DT

3,204 | 3,237 | 3,271 | 17
3,271 | 3,305 } 3,340 | 3,376
3,412 ) 3,450 | 3,487 || 16

3,487 | 3,526 | 3,566 | 3,606
3,732 13,776 | 3,821 | 3,867

3,647 | 3,689 | 3,732 || 15

S0M0 1300 O 00w W

U R RO WEORI RN RO R
s EE o0 03 O
WO RN =

—

w

3,914 | 3,962 | 4,011 T14

Oxonyanue Tabnu bl TAHMEHCOB M KOTAHIEHCOB
(Ans aHAYEHWMH YIia Yyepes KaXX gyl MHHYTY) — Ha c. 44 —47.

60" 507 40’ 30’ 207 10’ 0’ Tpa- 11-|27(3" |4’
— | Aycwt

KOTAHIEHCb!

193HIIHBLON W 19DHaIHE) 'L §
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IIpodoaxcenue

TAHIEHCbI
A 0’ 1’ 2’ 3’ 4° 5’ 6’ 7 8’ 9’ 10°
76°00° | 4,011 (4,016 | 4,021 } 4,026 | 4,031 4,036 | 4,041 | 4,046 | 4,051 {4,056 | 4,061 30’
107| 4,061 4,066 | 4,071 | 4,076 | 4,082 | 4,087 { 4,092 | 4,097 | 4,102 | 4,107 { 4,113 40’
204,113 14,118 4,123 4,128 | 4,134 (4,139|4,144 (4,149 (4,155|4,160|4,165 30’
30"|4,165(4,171 14,176 4,181 | 4,18714,192 (4,198 |4,203 | 4,208 | 4,214 (4,219 20’
40714,219 (4,225 4,230 4,236 (4,241 | 4,247 | 4,252 4,258 | 4,264 | 4,269 | 4,275 107
50’ 14,275 (4,280 (4,286 | 4,292 (4,297 [ 4,303 | 4,309 ( 4,314 | 4,320 | 4,326 | 4,331 || 13°00"
77°00° | 4,331 } 4,337 (4,343 {4,349} 4,355 (4,360 | 4,366 | 4,372{4,378 4,384 | 4,390 50’
10°|/4,390 | 4,396 | 4,402 | 4,407 | 4,413 | 4,419 | 4,425 | 4,431 4,437 4,443 | 4,449 40’
20’ 114,449 | 4,455 | 4,462 | 4,468 {4,474 (4,480 | 4,486 | 4,492 | 4,498 4,505 { 4,511 307
307114,5114,517 (4,523 | 4,529 | 4,536 | 4,542 | 4,548 | 4,555 | 4,561 | 4,567 ( 4,574 20°
40°1(4,574 14,580 | 4,586 | 4,593 | 4,599 | 4,606 | 4,612 4,619 |4,625]4,6324,638 10’
50| 4,638 | 4,645 (4,651 | 4,658 | 4,665 | 4,671 | 4,678 | 4,685 |4,691|4,6984,705| 12°00’
78°007 (4,705 [ 4,711 14,718 | 4,725 4,732 (4,739 4,745 4,752 | 4,759 | 4,766 [ 4,773 50’
107 (14,773 | 4,780 | 4,787 | 4,794 | 4,801 | 4,808 | 4,815 | 4,822 | 4,829 | 4,836 | 4,843 40’
20| 4,843 4,850 (4,857 (4,864 |4,872(4,879|4,886|4,893(4,9014,908]|4,915 30’
30714,915| 4,922 14,930 (4,937 | 4,945 [ 4,952 | 4,959 | 4,967 [ 4,974 | 4,982 | 4,989 207
40'|(4,989 (4,997 5,005 | 5,012 | 5,020 5,027 | 5,035 | 5,043 | 5,050 | 5,058 | 5,066 10°
50’ 5,086 | 5,074 | 5,081 | 5,089 5,097 | 5,105 5,113 | 5,121 {5,129(5,137 [ 5,145 11°00"
79°00° | 5,145|5,153 15,161 {5,169 |5,17715,185|5,193 5,201 ( 5,209 (5,217 | 5,226 50’
107 5,226 | 5,234 | 5,242} 5,250 | 5,259 | 5,267 | 5,276 | 5,284 | 5,292 | 5,301 | 5,309 40’

144
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205,309 (5,318 | 5,326 | 5,335 5,343 | 5,352 5,361 | 5,369 | 5,378 | 5,387 | 5,396 30’
30'| 5,396 | 5,404 | 5,413 | 5,422 | 5,431 | 5,440 | 5,449 | 5,458 | 5,466 | 5,475 | 5,485 20’
40’ (15,485 5,494 | 5,503 | 5,512 5,521 | 5,530 | 5,539 | 5,549 | 5,558 { 5,567 | 5,576 10°
50| 5,576 | 5,586 | 5,595 5,605 5,614 5,623 | 5,633 | 5,642 (5,652 5,662}5,671| 10°00’
80°00’ (5,671 | 5,681 | 5,691 (5,700} 5,710(5,720|5,730| 5,740 ( 5,74915,759 | 5,769 507
107| 5,769 (5,779 5,789 | 5,799 [ 5,810 5,820 | 5,830 | 5,840 | 5,850 5,861 | 5,871 40’
20(5,871|5,881|5,89215,902|5,912 | 5,923 | 5,933 | 5,944 | 5,954 | 5,965 | 5,976 30°
30'|5,976 ; 5,986 | 5,997 |6,008{6,019 | 6,030 | 6,041 6,051 (6,062 | 6,073 | 6,084 20’
40| 6,084 (6,096 (6,107 (6,118 6,129 6,140 (6,152 (6,163 (6,174 6,186 6,197 10°
50'|6,197 | 6,209 | 6,220 6,232 | 6,243 | 6,255 | 6,267 | 6,278 | 6,290 6,302 | 6,314 11 9°00°
81°00°|(6,314 | 6,326 | 6,338 | 6,350 | 6,362 | 6,374 } 6,386 | 6,398 | 6,410 | 6,423 | 6,435 507
10°| 6,435 { 6,447 {6,460 ( 6,472 ( 6,485 6,497 | 6,510 | 6,522 | 6,535 | 6,548 | 6,561 40’
20°6,561)6,573 6,586 |6,599|6,6126,625|6,638|6,651 |6,665!6,678|6,691 30’
30"46,691|6,704 6,718 6,731 |6,745(6,75816,7726,786 |6,799 : 6,813 ] 6,827 20’
40’16,827 16,841 | 6,855 | 6,869 | 6,883 | 6,897 16,911 | 6,925 6,940 6,954 ] 6,968 10’
50| 6,968 } 6,983 | 6,997 (7,012 (7,026 | 7,041 |7,056|7,071}7,08517,100}7,115| 8°00’
82°00°(7,115,7,130}7,146|7,161|7,176 7,191 |7,207}7,222| 7,238 7,253 | 7,269 50’
107 47,269 7,284 7,300} 7,316 |7,332{7,348|7,364(7,3807,396 (7,412 (7,429 40’
20717,429|7,445|7,462)7,478(7,495(7,511 7,528 {7,545} 7,562 (7,579 (7,596 30°
30’ 17,596 7,613 |7,630|7,647|7,665|7,68217,700}7,717|7,735|7,753|7,770 20’
40°7,7707,788 | 7,806 | 7,824 | 7,84217,861 | 7,879 7,897 7,916 7,934 7,953 107
50’ 7,953 |7,972 7,991 8,009 (8,028 | 8,048 | 8,067 (8,086 |8,105|8,125|8,144}% 7°00’
10’ 9’ 8’ 7 6’ 5 4’ 3’ 2’ 1 0’ A
KOTARFEHCbI
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Hpodonxcenue

TAHTEHCbI
A 0’ 1’ 27 3’ 4’ 5 6’ 7 8’ 9’ 10°
83°00’ || 8,144 8,164 | 8,184 8,204} 8,223 8,243| 8,264| 8,284 | 8,304} 8,324| 8,345( 50’
10’ | 8,345 8,366 8,386 8,407 8,428 8,449| 8,470 8,491| 8,513 8,534/ 8,556| 40°
20" { 8,556! 8,577| 8,599} 8,621 8,643| 8,665| 8,687| 8,709| 8,732| 8,754| 8,777 30’
30”1 8,777} 8,800 8,823 8,846 8,869 8,892 8,915( 8,939( 8,962| 8,986| 9,010/ 20’
4071 9,010{ 9,034y 9,058) 9,082| 9,106| 9,131 9,156| 9,180( 9,205] 9,230 9,255 10’
50° 1 9,255 9,281 9,306 9,332( 9,357| 9,383 9,409] 9,435| 9,461| 9,488( 9,514( 6°00’
84°00’ | 9,514| 9,541| 9,568| 9,595| 9,622| 9,649| 9,677] 9,704 9,732 9,760| 9,788} 50’
10’| 9,788 9,816 9,845| 9,873| 9,902| 9,931| 9,960| 9,989(10,02 |10,05 |10,08 40’
20’ (10,08 |10,11 |10,14 (10,17 |10,20 |10,23 |10,26 (10,29 |10,32 |10,35 |10,39 30’
30’|[10,39 |10,42 [10,45 (10,48 |10,51 |10,55 10,58 (10,61 10,64 |10,68 |10,71 207
40’|10,71 |10,75 |10,78 (10,81 |10,85 |10,88 |10,92 (10,95 }10,99 |11,02 |11,06 10’
507|11,06 |11,10 |11,13 (11,17 |11,20 |11,24 (11,28 111,32 |11,35 |11,39 |11,43 [ 5°00’
85°007|i11,43 |11,47 |11,51 |11,55 |11,59 {11,62 |11,66 |11,70 11,74 (11,79 (11,83 50"
10’ 11,83 (11,87 (11,91 {11,95 }11,99 {12,03 (12,08 (12,12 |12,16 {12,21 (12,25 40’
20|(12,25 12,29 12,34 (12,38 {12,43 |12,47 12,52 (12,57 |12,61 |12,66 |12,71 30’
30 (12,71 12,75 (12,80 |12,85 (12,90 (12,95 §13,00 (13,05 (13,10 (13,15 |13,20 20
40’ 113,20 113,25 (13,30 |13,35 |13,40 |13,46 (13,51 {13,56 |13,62 |13,67 |13,73 10’
50”113,73 (13,78 113,84 {13,89 |13,95 |14,01 (14,07 [14,12 |14,18 (14,24 }14,30 |[ 4°00’
86°00° 114,30 114,36 (14,42 (14,48 |14,54 (14,61 (14,67 |14,73 (14,80 |14,86 14,92 507
10° 14,92 14,99 15,06 (15,12 |15,19 |15,26 15,33 |15,39 |15,46 |15,53 ]15,60 40’
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§ 7. TaHreHcbl U KOTaHreHCbl
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L. TABIVIUbI

§ 8. MepeBoA rpaayCHOR Mepbl B paanaHHyo?

I anHLI AYT OKPYXHOCTH pagnyca 1

T'paaycsr

Paanansr

Paauannl

agratbl
ayra)

P
(

T'pagycu

Paauaust
(ayra)

ot
QOX-IQO WO

o
[

—
(=]
(=]
w
o
oo
R 5 (ayra)
[ R=]

=2 =]

349|137 ] 0,6458
0,0524 [ 38 | 0,6632
0,0698 || 39 | 0,6807
0,0873 [|40 | 0,6981
0,1047 |41 [ 0,7156
0,1222 (142 0,7330
0,1396 |[43 | 0,7505
0,1571 {44 | 0,7679
0,1745 (145} 0,7854
0,1920 (| 46 | 0,8029
0,2094 147 | 0,8203
0,2269( 48 ) 0,8378
0,2443 149 | 0,8552
0,2618( 50 [ 0,8727
0,2793 {51 | 0,8901
0,2967)52|0,9076
0,314215310,9250
0,3316((54 ] 0,9425
0,3491(15510,9599
0,3665(56{0,9774
0,3840(57 [ 0,9948
0,4014((58)1,0123
0,4189(5911,0297
0,4363(160 11,0472
0,4538(16111,0647
0,4712162(1,0821
0,4887(163 | 1,0996
0,5061(64(1,1170
0,5236(65|1,1345
0,5411/66 (1,1519
0,5585(67|1,1694
0,5760((68 11,1868
0,5934((69]1,2043

&= | (ayra)
RN

1,
1,
1,2566
1,2741
1,2915
1,3090
1,3265
1,3439
1,3614
1,3788
1,3963
1,4137
1,4312
1,4486
1,4661
1,4835
1,5010
1,5184
1,5359
1,5533
1,5708
1,5882
1,6057
1,6232
1,6406
1,6581
1,6755
1,6930
1,7104
1,7279
1,7453
3,1416
3,4907
5.2360
6,2832

n N

© 0010 oo~ || Paayest

0,0000
0,0003
0,0006
0,0009
0,0012
0,0015
0,0017
0,0020
0,0023
0,0026
0,0029
0,0032
0,0035
0,0038
0,0041
0,0044
0,0047
0,0049
0,0052
0,0055
0,0058
0,0061
0,0064
0,0067
0,0070
0,0073
0,0076
0,0079
0,0081
0,0084

0,0087
0,0090
0,0093
0,0096
0,0099
0,0102
0,0105
0,0108
0,0111
0,0113
0,0116
0,0119
0,0122
0,0125
0,0128
0,0131
0,0134
0,0137
0,0140
0,0143
0,0145
0,0148
0,0151
0,0154
0,0157
0,0160
0,0163
0,0166
0,0169
0,0172

1 Criocob monraopaunsa Tabnauueit cm. V, § 4.




§ 9. NepeBop, paanaHHON Mepbl B rpagycHyro!
Paau- | Tpagycn | Paau- | Tpaaycew |[Pean- | T'pagycwt | Pagn- | Muny- || Paau- | Muny-
AHBl | MMUEYTH || 8HBl | M MMHYTHI || BHEl | M MHHYTH | 8HBI ThI aHBI THI
1 57°18’ 0,1 5°44° 0,01 0°34’ 0,001 | 0°03" ||0,0001| 0°00’
2 114°35° 0,2 11°28’ 0,02 1°09’ 0,002 | 0°07” |{0,0002| 0°01’
3 171°53° 0,3 17°11° 0,03 1°43’ 0,003 | 0°10” |/0,0003| 0°01°
4 229°11° 0,4 22°55’ 0,04 2°18’ 0,004 | 0°14 |/ 0,0004} 0°01’
5 286°29’ 0,5 28739’ 0,05 20527 0,005 | 0°17° 10,0005} 0°02°
6 343°46° 0,6 34°23° 0,06 3°26’ 0,006 | 0°21’ |/0,0006| 0°02’
7 401°04’ 0,7 40°06° 0,07 4°01’ 0,007 | 0°24’ | 0,0007| 0°02°
8 458°22° 0,8 45°507 0,08 4°35° 0,008 | 0°28° {0,0008| 0°03"
9 515°40° 0,9 51°34° 0,09 5°09’ 0,009 | 0°31° (10,0009 0703’

1) Crioco6 noabaosauns Tabauueit cm. V, § 4.

TR

olAvdAeds a 19daw uoHHewuted Togada

(14
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I. TABSIUGE

§ 10. Tabnwvua npocTbIX YKcen,
He npeeocxoasawmx 6000

193
197
199
211
223
227
229
233
239
241
251
257
263
269
271
277
281
283
293
307
311
313
317
331
337
347
349
353
359
367
373
379
383
389
397
401
409
419
421
431
433
439
443

449
457
461
463
467
479
487
491
499
503
509
521
523
541
547
557
563
569
571
577
587
593
599
601
607
613
617
619
631
641
643
647
653
659
661
673
677
683
691
701
709
719
727

733
739
743
751
757
761
769
773
787
797
809
811
821
823
827
829
839
853
857
859
863
877
881
883
887
907
911
919
929
937
941
947
953
967
971
977
983
991
997
1009
1013
1019
1021

1031
1033
1039
1049
1051
1061
1063
1069
1087
1091
1093
1097
1103
1109
1117
1123
1129
1151
1153
1163
1171
1181
1187
1193
1201
1213
1217
1223
1229
1231
1237
1249
1259
1277
1279
1283
1289
1291
1297
1301
1303
1307
1319

1321
1327
1361
1367
1373
1381
1399
1409
1423
1427
1429
1433
1439
1447
1451
1453
1459
1471
1481
1483
1487
1489
1493
1499
1511
1523
1531
1543
1549
1553
1559
1567
1571
1579
1583
1597
1601
1607
1609
1613
1619
1621
1627

1637
1657
1663
1667
1669
1693
1697
1699
1709
1721
1723
1733
1741
1747
1753
1759
1777
1783
1787
1789
1801
1811
1823
1831
1847
1861
1867
1871
1873
1877
1879
1889
1901
1907
1913
1931
1933
1949
1951
1973
1979
1987
1993

1997
1999
2003
2011
2017
2027
2029
2039
2053
2063
2069
2081
2083
2087
2089
2099
2111
2113
2129
2131
2137
2141
2143
2153
2161
2179
2203
2207
2213
2221
2237
2239
2243
2251
2267
2269
2273
2281
2287
2293
2297
2309
2311

2333
2339
2341
2347
2351
2357
2371
2377
2381
2383
2389
2393
2399
2411
2417
2423
2437
2441
2447
2459
2467
2473
2477
2503
2521
2531
2539
2543
2549
2551
2557
2579
2591
2593
2609
2617
2621
2633
2647
2657
2659
2663
2671
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2677
2683
2687
2689
2693
2699
2707
2711
2713
2719
2729
2731
2741
2749
2753
2767
2777
2789
2791
2797
2801
2803
2819
2833
2837
2843
2851
2857
2861
2879
2887
2897
2903
2909
2917
2927
2939
2953
2957
2963
2969
2971
2999
3001

3011
3019
3023
3037
3041
3049
3061
3067
3079
3083
3089
3109
3119
3121
3137
3163
3167
3169
3181
3187
3191
3203
3209
3217
3221
3229
3251
3253
3257
3259
3271
3299
3301
3307
3313
3319
3323
3329
3331
3343
3347
3359
3351
3371

3373
3389
3391
3407
3413
3433
3449
3457
3461
3463
3467
3469
3491
3499
3511
3517
3527
3529
3533
3539
3541
3547
3557
3559
3571
3581
3583
3593
3607
3613
3617
3623
3631
3637
3643
3659
3671
3673
3677
3691
3697
3701
3709
3719

3727
3733
3739
3761
3767
3769
3779
3793
3797
3803
3821
3823
3833
3847
3851
3853
3863
3877
3881
3889
3907
3911
3917
3919
3923
3929
3931
3943
3947
3967
3989
4001
4003
4007
4013
4019
4021
4027
4049
4051
4057
4073
4079
4091

4093
4099
4111
4127
4129
4133
4139
4153
4157
4159
4177
4201
4211
4217
4219
4229
4231
4241
4243
4253
4259
4261
4271
4273
4283
4289
4297
4327
4337
4339
4349
4357
4363
4373
4391
4397
4409
4421
4423
4441
4447
4451
4457
4463

4481
4483
4493
4507
4513
4517
4519
4523
4547
4549
4561
4567
4583
4591
4597
4603
4621
4637
4639
4643
4649
4651
4657
4663
4673
4679
4691
4703
4721
4723
4729
4733
4751
4759
4783
4787
4789
4793
4799
4801
41813
4817
4831
4861

4871
4877
4889
4903
4909
4919
4931
4933
4937
4943
4951
4957
4967
4969
4973
4987
4993
4999
5003
5009
5011
5021
5023
5039
5051
5059
5077
5081
5087
5099
5101
5107
5113
5119
5147
5153
5167
5171
5179
5189
5197
5209
5227
5231

5233
5237
5261
5273
5279
5281
5297
5303
5309
5223
5333
5347
5351
5381
5387
5393
5399
5407
5413
5417
5419
5431
5437
5441
5443
5449
5471
5477
5479
5483
5501
5503
5507
5519
5521
5527
5531
5557
5563
5569
5573
5581
5591
5623

5639
5641
5647
5651
5653
5657
5659
5669
5683
5689
5693
5701
5711
5717
5737
5741
5743
5749
5779
5783
5791
5801
5807
5813
5821
5827
5839
5843
5849
5851
5857
5861
5867
5869
5879
5881
5897
5903
5923
5927
5939
5953
5981
5987
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§ 11. HexoTopble MaTematuueckue 0b6o3HaveHUs
3uak 3naucHHC Ipumep
= PaBHO a=2"b
# He PaBHO a*xb
= npubIHINTENBHO PABHO a=b
>, < |6osbuie, MeHBIIC 5>2,3<10
> fonbuIe AU paBHO a=b
< MCHBIIC MJIH PABHO asb
| | laBcomiornas sennumnna ]
af KOpEHh - CTeeHn 1fg =2
! daxTopman 5!=1-2-3-4-5=120
log, |norapudm npu ocHoBaHuH b log,8=3
lg NIOrapudM JCCATHYHKIA lIg100=2
In norapudmM HATypanbHbIH
const |mocroarHan BennunHA
¥ cyMMa
A TPCYTrONBHUK A ABC
Z yroa L ABC
v |ayra AB
| napanieasHo ABI| CD
1L NepreHARKYAAPHO AB I CD
© noxobxo AABC~ A DEF
. OTHOUICHUE JAHHEKI
OKPYXKHOCTA K JRAMCTDY
° rpagyc
’ MHUHYyTa 10°30°35"
” ceKyHAA 1
sin CUHYC sin 30° = 2
cos KOCHHYC cos g =0
tg TaHIeHC tg 40° = 0,8391
ctg KOTAHTeHC ctg 25°10° = 2,128
sec cexaHe sec 60° =2
COSCC |KOCCKAHC cosce 90° =1
arcsin |apkcuunyc arcsin % = 30°
arccos ApKKOCHHYC arccos 0= g
arctg |apxrarresc arctg 0,8391 = 40°
arcclg |apkroTaHTreHC arcctg 2,128 = 25°10°
arcsec {apKCeKaHC arcsec 2 = 60°
arccosee |apKKOCeXaHC arccosec 1 = 90°
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§ 12. MeTpuueckan cuctema mep

EZuHENO B AJMHDL
1 xunomerp (kM) = 1000 meTpam (M)
1 meTp (M) = 10 gemmnerpam (am) = 100 caaTameTpan (cm)
1 reumerp (gM) = 10 cauTrmMeTpam (cM)
1 canTumerp (cM) = 10 MuaIHMCTPaM (MM)

EaxnHunse naomagu
1 xsaapaTeLIl KH10MeTD (KMZ) =
=1 000 000 kpagpaTHLHIX McTpoB (M2)
1 kBagpaTHbti MeTp (M2) = 100 KBagpaTHBIM AelBMeTPaM {(am2) =
= 10 000 KBafpATHEIX CAHTHMETPOB (CM?)
1 rekTap (ra) = 100 apam (a) = 10 000 kpagpaTubix meTpos (M2)
1 ap (a) = 100 kBagpaTHrIM MeTpaM (m2)
Eavenngu ob6bmemMa
1 Ky6uyecknii metp (M%) = 1000 ky6uueckux geunamerpos (am?) =
=1 000 000 kybnyeckux caaTHMCTpOS (cM?)
1 kybnueckuit genpumerp (aM3) =
= 1000 xy6udeckux cantnMerpos (cm¥)

1 nutp (1) = 1 kybudueckomy AenumMerpy (amd)
1 rexTonuTp (ra) = 100 antpam (1)

EJHHHOW Maccsl
1 TorHa (T) = 1000 KknjaorpammaM (Kr)
1 nenraep (u) = 100 kunorpaMmam (Kr)
1 xunorpamm (kr) = 1000 rpammam (r)
1 rpaMm (r) = 1000 munnurpammam (Mr)

§ 13. HekoTopble cTapbie pycckue eAnHULIb
EAMHHALL AJNUHK

1 Bepcra = 500 caxkcrsam = 1500 apmuirnam = 3500 pyram =
=1066,8 M

1 caxceHr = 3 apmneam = 48 sepmkam = 7 pyram =
= 84 noitmam = 2,1336 M

1 apmus = 16 pepmrkam = 71,12 cm

1 Bepuiok = 4,450 cM

1 dyr =12 mofimam = 0,3048 m

1 goitm = 2,540 cm

1 mopckas Muana = 1852,2 m

EAMHEHUB MAacCChl

1 nya = 40 dyuran = 16,380 kr
1 dyur =0,40951 kr
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§ 14. NatuHckuin andasut

Meyar- Pyko- |Haasauuej| ITeuar- Pyxo- | Hasesanue
HBIC ITUCHEIE HbIC IIHCHLIE
OyxBbl | OYyKBBI OYKBBI GYKBRI
Aa la a Nn A 3H
Bb D 6c Oo Oo o
Cc Ce ue Pp S e
Dd Ld e Qq V4 Ky
Ee & e Rr K ap
Ff .F/ ad Ss R4 ac
Gg fgy re (3xe) Tt St Te
Hh Jh xa (am) Uu Wor y
Ii Ji u Ve 7 Be
Jj g/ fdorxn) | Ww Ko | ayb6nb-se
K&k JAL Ka Xx A HKC
L1 ¥t ann Yy 7% HIpeK
Mm oAl M Zz sy aeT (n3er)
§ 15. 'peveckun andaeut
Aa anwda Nv HIO (HHN)
BB ©Gera =% kKcH
'y raMma 00 OMMKpOH
A& penwsTa Mn ou
Ee SNCHJIOH Pp po
2L psera Y6 curma
Hn sta Tt Tay
0% rara Tv HIICUJIOH
I ifora b u
Kx  kanna Xx xn
AA  nambzpa Yy ncu
Mp ™m0 (MH) Qw omera



1. APUODMETUKA

§ 1. NpeameT apudmeTKK

Apupmemura — 3TO0 Hayka o 4ducigax. Haasauue
«apuPMETHKA» IPOUCXOAUT OT MPEYECKOTC CJACBA «APUT-
MOC» (110 APYroMy IPOH3HOLIEHHIO ¢apHGMOC»), UTO 03-
HavaeT «4YHCI0». B apudpMeTHKe H3YyHaOTCA IPOCTEHIII e
CBOHCTBA YHCEJ H IpaBHJa BIYHCIeHH. Bosee rnyboxue
CBOMCTBA YyHCeJ HAYYAKOTCA B MeEopLL LUCeT.

§ 2. Lenbie (HaTtypanbHble) yuwa

Ileperie npeAcTarieHNA O YHUCIe OPHOGPETEHH JIIOAL-
MH B He3aNaMATHOM APeRHOCTH (M. § 3). OHM BOZHHKNAHK M3
cueTa JIJei, XHBOTHBIX, IJICAOCE, PAa3/IHYHBIX M3IEMUN
YyesIoReKAa U APYPHX npeamMeros. PeayakTaToM cuerta ABAA-
10TCS YHCJ1a OTMH, 1BA, TPH H T. A. ITH YHCJA HA3HIBAIOTCA
Teneps HamypatbHbimil. B apudMeTHKe HX Ha3bIBAIOT TAK-
JKe yeabtMy ynciaMu (HAUMEHOBAHHME «I[€10€ YHCAC» UMe-
€T B MaTeMaTHKe H Gonee mHpoxkHi cMeich; cm. 111, § 3).

IlonATHe 0 HATYPAJILHOM UYHMCJIe ABJAAETCA OJAHUM M3
NMPOCTEHIIMX TOHATHH. Ero MOMXHOC NOACHHTL JHIUb
npumepom?),

PaAx ueasix yucen

1, 2,3,4,5, ...

IIpoAoJuKaeTCA GECKOHEUHO; OH HAJBIBAETCS HAMypaiv-
HblM DAGOM.

Y faxmig (3 B. fo H, 3.) OIpCAe/IAN YHC0 (HATYpAILHOC) KAK
«MHOMCGCTBO, COCTADJICHHOC U3 CANHHIL» ; TAKOTO POJiA ONPCACHC-
HHA MOXKHO HafTH M BO MHOIMX HBIHCIUHUX yucOHMKax. Ho cio-
BO ¢« MHOXECTBO» {MJIH «COOpAHMC» MU «COBOKYIIHOCTb» I T, T.)
OTHIOAL HC [IOHATHEC CIORA «UHCN0»,
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§ 3. Fpanunubl cyera

Ha paHHHX CTyIIeHAX PasBHTHA oblecTBa JOAUM HOYTH
He yMeNnH cuuTaTb. OHU OTIIHYAJIM ADYT OT APYTa COBOKYI-
HOCTH JIBYX M TPeX IPeAMETOB; BCAKAA COBOKYITHOCTD, COAEP-
>KaBIaA GoNpIIEe YUCIIO IPEAMETOB, 00BEANHAIACH B TOHA-
THH ¢«MHOTr0» . 3T0 Gb1JI €II|E€ HE CYET, A JIUIITH eT'0 3aPOAKIII,

BrnocnegcTBHH cnioco6HOCTE OTJIMYATD JPYT OT Jpyra
HebosbIIMe COBOKYIIHOCTH Pa3BHBATHCh; BOSHAKAJH CJI0-
Ba ana o0003HAYEHHMM TIOHATHH ¢YeThIpE», «MATHY,
«II€CTh», «CeMb». [loCeHEE CIOBO AJUTEIBHOE BPEMSA
0003HAYANIO TAKXKE HEOTIDeAeIeHHO 60J1b1110€ KOIUYeCTBO.
Hamu nocnoBMUK COXpaHHJIH naMATh 00 3TOM aroxe
(«cemb pa3 oTMepb — OJHH pa3 OTPEXb»s, ¢y CEMH HAHEK
auTA 6e3 raasy», «cemb 681 — OJUH OTBET» H T. 4.).

C ycnoxHeHHeM XO3AHCTBEHHON AEATEJbHOCTH JI0-
Jeil MoHaAoOUIoCH BECTH c4eT B Gosee obumpHRIX npeae-
nax. [as 3TOro 4eJIOBeK NOJb30BAJICA OKPYMKABIIHMH €r0
npeMeTaMH KAK HHCTPYMEHTAMH CUETA: OH JIesIan 3apy6-
KH Ha TIaJTKaX U Ha AePeBbAX; 3aBA3LIBAJN Y3Jbl HA BEpeB-
KX, CKJAAJbIBAJT KAMEIIKH B KY4KH H T. .1

Ocof0 BaXKHY10 POJb Urpan NPHPOARBIA HACTPYMEHT
4eJOBeKa — eP0 NAJbLIK, JTOT MHCTPYMEHT HE MOr [JJIH-
TeJLHO XPAHHUThL PE3YJbTAT C4yeTa, HO 3aTO Becerjga OGbla
HaIMIO H oTamvalica GosblIoH NOABHMXHOCTBIO. Sabik
MepBOOKITHOrO YeJoBeKa Obia GefleH; JecTbl BO3Memanu
HeJlOCTATOK CJIOB, M YHC/A, AJA KOTOPbIX euje He 6bLI0 Ha-
3BaHHH, ¢MOKa3bLIBAJHMCh» Ha HNaNbIax (MEI ToXe npube-
raeM K MOKady YHMCeJ Ha Nakslax, Koraa 06’bACHAEMCH C
YeJIOBEKOM, He BHAXIIINM Halllero A3RIKA).

EcTtecTBeHHO, YTO BHOBb BO3HMKABIUNE Ha3BaHUA

1} OT cueTA C TOMOIILIO KAMEIIKOB BEAYT CBOC HAYANO pas-
JUUHBIC YCOBECPIICHCTBOBAHHLIE HHCTPYMCHTHI, KAK, HAIIDUMEP,
PYCCKHC CYCTHI, KHTaHCKHC CYETHI «CYAH-ITAH», ADEBHCETHIIET-
cknit «abak» (AOCKA, PAIACICHHAS Ha IOJOCH, KYAa KAANHCh
MKCTOHBI). AHAJNOrHYHbIE MHCTPYMEHTHI CYLICCTBOBAIN ¥ MHOIHMX
HapoaoB. B JJATHHCKOM A3LIKC NOHATHC «CUYCT» BRIDAMKACTCHA CJIO-
BoM calculatio (oTcl04a HaIE CAOBO «KANBKYJIALAAS); OHO IPO-
HCXOAHT OT ¢10Ba calculus, 03HAYAOLIETO «KaMEIIeK».
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«DOJBIINMX» YHCEJ YacTO CTPOHJMCh HA OCHOBE 4YMCIA
10 — o KoNMYeCTBY NaJbIEB HA PYKAaX; Y HEKOTOPbIX Ha-
POACB BO3HMKAJH TaK)Ke HA3ZBAHMA YHCEJ Ha OCHOBe
yucsa 5 —— [0 KOJMYEeCTRY NAJLIEB HAa OHOH PYKE UJIH HA
ocHose vucaa 20 — 0 KOAMYeCTBY majklUes Ha pyKax u
Ha Horax (cM. § 4).

Ha mepBrIx nopax pacluy¥peHue 3amaca YHCEJ IPOUC-
xonuno MeaneHno. CHavuana JIOAH OBJafesNy CYETOM B
npefenax HeCKOMLKUX NEPBhiX AECATKOB U JTHIUB NIO3AHEE
AOILJIH A0 COTHH. ¥ MHOTHX HapoaoB wHuciao 40 monroe
BpeMs OBIJIO IIPEAEeJIOM cYeTa M Ha3BAHHEM HeolpeReseH-
Ho GosbilOro KosMyecTBa. B pyccKoM A3LIKe CJI0BO «COPO-
KOHOMKKa» HMEET CMEICJ «MHOTOHOXKA»;, BBIpAXKEHUE
«COPOK COPOKOB» 03HAaYaJIO0 B CTADHHY YHUCJIO, IPEBOCXO-
Afniee Bcakoe Boobpakenue. ToT ke cMbICT HMEET CJA0BO
«COPOK» B PAJAE PYCCKHX NOCJOBHLU M [IOTOBOPOK (¢ M OAHMK
ryias, a 30poK, He HAJ0 ¥ COPOK », «CUJeJIa COPOK JIET, Bhl-
cHAesia COPOK perns U Ap.).

Ha cneaywomeit cryneny c4eT JOCTUTAeT HOBOI'O Npe-
Aena: AecATH AECATKOB, W CO3AAETCH HasdBaHHe IJA
ymucaa 100. Bmecre ¢ Tem cJ0OBO «cTO» Inpnobperaer
CMLICST HeonpelesienHo 6onpiioro yncaal), Takoi cmbich
OHO HMeeT, HATIpUMEp, B 3arafKe: CTOUT NON HU3OK, HA
HeM cTe pH30K (kKanycra). Tako#i ke CMBICI MOTOM IIPH-
06PETAIOT NOCTEA0BATEABHO YHCAA TRICAYA, AECATH TRICAY
(B cTapuHY 3TO YUCJIO HAZKIBAJIOCH « ThMA» ), MUJIJIMOH.

§ 4. lecaTyHan cuCTeMa CHUCTEHUA

B cOBpEMEHHOM DYCCKOM fA3bIKE, 4 TAKXKe B ASKIKAX
APYFHX HAPOJAOB HA3BAHMA BCEX YMCeJ A0 MUJJIHOHA CO-
craBnstorea us 37 caos, obosHavawIux ydcna 1, 2, 3, 4,
5,6,7,8,9,10,11,12,13,14,15, 16,17, 18, 19, 20, 30,
40, 50, 60, 70, 80, 90, 100, 200, 300, 400, 500, 600, 700,
800, 900, 1000 (HanpuMep, AEBATHCOT BOCEMHAALATE ThI-
CsIY CEeMECOT COPOK IRa). B CBOKW oyepeanr Ha3RAHMSA ITUX

1) B HeKOTOPBIX A3BIKAX OAHO M TO 3Ke CJIOBO o3HadaceT H 40 i
100; cp. crocky ? na c. 58.
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37 yucen, KaK npaBuia0, 00pa30BaHbI M3 HAZBAHUA YHCe
nepsoro gecarka{l, 2, 3,4, 5,6, 7, 8, 9) u uucen 10, 100,
1000 (Hanpumep, 18 = BoceMs Ha fecaTs, 30 = TpuaeCATS,
T. e. TpU fecATka, 300 = Tpucra, T. e. TPU COTHH). B ocHO-
BE€ 9TOT0 CJA0BOOOpa30BAHUA JexkUT ydcao 10, n HoTOMYy
HalUla CHCTeMa HauMeHOBAHHH HA3bIBAETCA JeCAMUNHOU
cucmemoil cuucrenus. UCKIOYUTENBHAA DOJb, IPHHA]-
nexaman yucny 10, o6bACHAETCA TeM, YTO HA PYKaxX y
Hac 10 nansues (cm. § 3).

¥Is yrnoMaHyTOro npaEnsia B PasHLIX A3BIKAX HMEKTCH
pasNIMYHbIe HCKAIOYeRN A, 00 BACHAWIIMECT HCTOPHYECKHMHU
0co6EHHOCTAMM DA3BUTHA cyeTa. B pycckom AabIKe eAHUHCT-
BEHHBIM MCKJIIOYEHHEM HABIACTCA HAKMEHOBAHHUE «COPOK»
(pexje HapAAY ¢ HUM YIIOTPeGAANOCH M CJIOBO <YeThIpefe-
CAT» ). ITO UCKIIKOYEHHE MOXKHO MMOCTABUTH B CBA3B C TEM, YTO
uncno 40 urpasnoe Hexoraa ocodylo poib, 03HaYasA Heonpeze-
neHHo Goaburoce KoawuecTso (cM. § ).

B ToOopKCKHX nA3nKaXx (asepbadpasxkaHcKoM, y30ex-
CKOM, TYPKMEHCKOM, Ka3aXxCKOM, TaTAPCKOM, TYDeIKOoM
¥ AD.) HCKJXOYEHUE COCTABNAIT HAMMEHOBAHHA YHCEN
20, 30, 40, 50, rorza kark HazsaHusa yucen 60, 70, 80, 90
o6pasoBaHel U3 HaMMeHoBaHHM# aaa 6, 7, 8, 92, B Mon-

1} CnoBom «copoK» (HHAYC, «copOuyKas) B Jipesueis Pyen Ha-
apIBaJH GONBINONH MCIIOK, KYAA YKIAAKIBAIHCDH LICHHbIE cO6OMU-
Hble MIKYDKH.

CnoBo «ACBAHOCTO» HC MPEACTABNSET UCKIIOYEHNUS U3 YIIO-
MSIHYTOrO Npagnja, HO OHO 06pa3oRAHO APYTHM crocofom (Jc-
BATH A0-CTa). 3TUM e crocoboM COCTABAAIOTCA YHCINTENbHBIC
80 x1 90 B TIOPKCKHX SI3bIKAX (CM. CJEAYIOILYIO CHOCKY) ¥ UUCIH-
TenwHeie 70, 80, 90 B roTckoM (ApeBHErepMaHCKOM) A3bIKE
(sibuntehund, 1. . «cemb mog cTO» K T. A.). B pycckom sabIke Ha-
PAAY CO CIOBOM «ACBSAHOCTO» YUOTPEOIANIOCH TPEXAC U CJIOBO
«ICBAThACCHT» .

2) B TATAPCKOM S3bIKC YHCJ/A IEPBOr0 ECATKA HAIBIBAIOTCH
6ep (1), uké (2), cu (3), A’'pr (4), 6uw (5), aatst (6), wuaé (7),
eurés (8), Tyriis (9), yu (10). JeCcATKH e HMEHYIOTCA: erepMé
{20), yteis (30), keipbik (40), nnné (50}, anTmemu (60), xuTMEIT
(70), cukccx (80), Tykcan (90).

Hapsay c HA3BAHKCM «HC3» AN uucenunTtenbroro 100 cymecr-
BYCT HAMMCHOBAHHC «CaH»; 3TO e CJIOBO MOKCT 03HAaYATh U 40,
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PONBCKOM A3bIKe, HaofopoT, HaUMEHOBaHUA unucen 20,
30, 40, 50 caeayioT obiemy NpaBUIy, 8 HAHMEHOBAHRUA
60, 70, 80, 90 cocrasnAwT ucknwdeHue. Bo dppanuys-
CKOM f3bIKE€ COXPAHM/IHCb HEAECATHYHLIC HABBAHUA 4H-
cen 20 u 80, npuuem 80 umenyerca quatrevingt, T. e. «ue-
ThIpE ABajUaTb». 3HECH MLl UMEEM OCTATOK /JPEBHEro
JABaAUaATEPUUYHOrO CUMCAEHNA (110 YMCHY NaJibLEB HA py-
Kax M Horax). B sjaTMHcKOM #A3KIKe HauWMeHOBaHHe
yucaa 20 Toxke HepecsaTHyHoe (viginti), Ho HaumMeHoBa-
nue 80 (octoginta) — gecATHYHOE; OHO IPOH3IBEACHO OT 8
(octo). BaTo HaumeHoBaHu s yucea 18 u 19 o6pasosansl u3
Hazpanusa 20 ¢ moMomib0 BeiuMTanudA: 20 — 2 u 20 - 1
(duodeviginti, undeviginti, T.e. «aBa oT gBaguaTH»,
<OQUH OT JBAAIATH? ).

Haumenosanus uncen 200, 300, 400, 500, 600, 700,
800, 900 BO Bcex COBPEMEHHBIX A3BIKAX HOCTPOEHH! Ha Je-
CATUYHON OCHOBE.

§ 5. PasBuTne noHATMA Yncna

npl{ cyeTe OTAeNBbHBIX NIpeAMETOB €JUHMIAa €CTh Ha-
HMEeHbUIEeEe YUCAO: AEJUTS €€ HAa JOJH HE HYXKHO, 4 HacTo i

HEeJb3A (npu cueTe KaMHe npubaBIeHe K IBYM KaMHAM
TOJOBUHEI TPEThEro AaeT 3 KAMHSA, a He 2-;- , 4 H3OpaTb

1
TMPpE3UAHUYM B COCTaBe 2§ YEJNOBEK — HEBO3MOMHO | . 011-

HaKO IeJIUTh e IMHMIY Ha A0JH IPUXOAUTCA y2Ke IIPH Ipy-
BBIX usMepeHusX BeJNYWH, HANDUMED NPH H3IMEPEHHH

DJIHHBI THATAMH (2% mara H T. ;1.) . [Tostomy y»xe B oTAA-

JIEHHBIE 3MI0XM TIOABUAOCH TOHATHE JpobHOz0 Hucla
(cm, §16 u § 31). B pannueitineM okazanocs HeobXoaH-
MbIM enle §ojiee paCIIMPUTL NOHATHE YHCJIA; NOCAeJ0Ba-
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TeJbHO MOABHIYMChL uHMcaa uppayuoxarvivie (111, § 27),
ompuyamenvuvie (111, § 3) u romnaexcuvie (111, § 28 u
111, § 34).

JloBONBbHO MO3JHO K CEMbE YHCEN IIPUCOENUHHICS
#yas. [lepBOHAYAIBHO CJIOBO «HYJIb» 03HAYAJIO OTCYTCT-
BHe uncaa (OyKBanbHBIH CMBICA JIATHHCKOIO CJ0Ba
nullum — ¢HH4YTO»). JeficTBUTENLHO, €CAH, HATTPHMED,
OoT 3 OTHATH 3, TO He OocTaeTcA HUYero. na Toro 4Todnl
3TO «HHYEro» CYUTAThL YHUCJIOM, MOABHJINCH OCHOBAHUS
JUIIBb B CBASH C PACCMOTPEHHEM OTDHIATEJLHEIX YHCEN

(cm. 111, § 3).

§ 6. Lindpeoi

Iugpa — 3to nuceMeHHHIH 3HAK, H306paKAIOMIHT
YyYUCA0 (MepBOHAYaJNbLHO CJOBC ¢UMPpas HMMeJo APYroH
cMbich; cM. § 7, . 6). B gpesueiiune BpemeHa uncaa obo-
3HAYaJUCh NPAMOJMHEMHBIMH TOMETKaMH (¢MajloyKa-
MH»): OfHa majoyka ulolbpaxkana eAUHUNY, JABe
MaJoYK4d — ABOHKY H T. A. OTOT CIOCO0 3aIMHCH MPOHCXO-
auT oT 3apy6ok. OH U NOHBIHE COXPAHUJICA B ¢ DUMCKMX
uHbpax» (§ 7, n. 5) A1a uzobpaskenuna uucen 1, 2, 3.

IO na u3obpaskeHUusa CKONbLKO-HNBy AL GONbIINX YNCeN
aToT crnocob Ou1n Henmpuroged. IToaToMy IOABUINUCEH OCO-
Oble 3HaKH AnA 4ucaa 10 (B cornacuu ¢ AeCATHYHBLIM
cueToM, cM. § 4), a Yy HEKOTOPbIX HApOJAOB U /1A YHcaa 5
{B COOTBETCTBHMH C MATEPUYHLIM CYETOM, TI0 YUCAY NaNb-
1eB Ha ofHO pyKe). ITozgHee ObINM CO3MAHBI 3HAKH A4
BOnBIINX yKucen. 3BHAKH 3TH ¥ pa3HuIX HAPOAOB MUMeJH
pa3Hyo GOpMY ¥ C TEUHEHUEM BPEMEHH BUAOUSMEHANUCD.
Paznnudsl 6RIAN 1 cucmeMmvt HyMepaylill, T. €. CIoCoObI
coeuHeHHA mUdp AN u3zobpaskeHUA GOJbIINX YHCE.
OpHako B OGOJLIIMHCTBE CUCTEM HYMEpAIlMM OCHOBHOE
3HAUYRHME HMeEeT AECATHYHAA OCHOBA B COOTBETCTBHU
¢ npeobragaHMeM AeCATHYHOH CHCTEMB! CUHCIEHUSA

(§ 4)-
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§ 7. CucTemMbl HymepaLMKn HEeKOTOPbIX HAPOA OB

1. JpeBHerpeveckas HhyMepauusa. B apesHeiuee
Bpema B I'peniyn 6ulia pacupocTpaHeHa TAK HA3blBAEMAR
ammudeckas nymepayua. Yucna 1, 2, 3, 4 oGo3HavaIHCh
aeproukamu |, I, [Il, [lll. Uucao 5 sanmuceisanocs snakom [
(npeBHee HauepTaHHe GYKBBI «IM», C KOTOPOH HauMHAET-
Csl CJIOBO «TeHTes — IATh); uucna 6, 7, 8, 9 obosnaua-
aucs 1L T, T, Pl Yacso 10 o6oanavanocs A (ua-
yaJbHOM GYyKBO# ca0Ba sJeKka» — gecArb). Yucna 100,
1000 u 10 000 obosnavanucs H, X, M — navansubivu
6yKkBaMM COOTBETCTBYIOWHX cjaoB. Yucaa 50, 500, 5000
obo3Hauaanch KomOuHanuaAMH sHakoB 51 10, 51 100, 5
u 1000, a umenno: [V, [, M. Ocranbasle uucna s npeaenax
TEePBOro AECATKA ThICHY 3aNUCHIBATHCh TAK:

HHPM = 256, X XPl= 2051,
HHHPFAAAII= 382, P XXPHHH = 7800

HT.A.
B TpeTheM BeKe [0 H. 3. ATTHUECKas HyMepanus 6e1aa
BRITECHEHa TaK HAaj3kIBaeMOH UOHUICKOL cucmeMmoil.
B mei yucna 1—9 o603navyaoTca MEPREIMH AeBATHIO OyK-
pamu aadasural):
a=1,=2,y=3,.8=4,£=5,¢=6,{=7,1=8,9=9;

ynucaa 10, 20, 30, ..., 90 — caeayOmHMH AEBATHIO OYK-
Bamu:

1=10,%x=20,A=30,u=40,v=50,& =60,

0="T0,n=280, §{ =90,

yucna 100, 200, ..., 900 — nocregHumMu AeBsaTbIO GyK-
BaMH:

p =100, c =200, 1= 300, v =400, ¢ = 500,

% = 600, y = 700, o = 800, = 900.

D Bykssi ¢ (ay), § (xonma), 9 (caMnu) OTCyTCTBYIOT B Hbl-
HemHeM rpedcckoM andasure. Hassanus ocTansHeIx 6yks em. 1,
§ 14,
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JAna 0603HAYEHUS THICAY H AECATKOB THICAY IOJE-
30BaJIHCh TeMHu e nudpamum ¢ gobasieHmeM ocoboro
3HauyKa ' choKy:

‘a0=1000, B =2000uT. 8.

Onsa orauuyua uudp or 6yKB, COCTABAABIIHX CJIOBA,
cTaBuau 4eproyku HaA nubpamu. [Ipumepnr: 1 = 18;
ul =47; v{ =407; yxa =621; xx =620nT. 0.

Takyio ke andpaBUTHYHO HYMepalHl0 UMEJH B JApeB-
HOCTH eBpeH, apabnl 1 MHOI'ME Apyrue HapoAsl BankHero
Boctora. HeHapecTHO, Y KaKOro Hapoja OHa BO3HHKJIA
BIEDBLIE.

2. Cnasanckaa nymepauna. FO)xHble U BOCTOYHEIE
CJIaBAHCKUE HAPOALI /1A 3alIMCH YICeJI OJb30BAIHCH &Jl-
taBuTHON HyMepauueH. ¥ OAHHX CJIAaBAHCKHUX HapOAOB
YUCJIOBhLIE 3HAYEHHMA OYKB YCTAHOBHJIMCh B NIODAJKE CJia-
BAHCKOrO andasuTa, ¥y APYTHX e (B TOM YHCJIE Y DYCCKHX)
poab UG Urpasin He BCe DYKBBI, & TOJbLKO T€, KOTOPhIE
MMEIOTC B rpeuecKom andasnure. Hag 6ykBoil, o6o3Hauag-
et GUdpY, CTABUJICA CHEIHANBHLIA 3HAYOK («TUTIO»),
nsobpa)keHHLIH B IPDHBOANMOH 3fiech Tabanne. Ilpu stom
YHCIIOBLIE 3HaYeHUA OYKB BO3PAcTaNH B TOM Ke NOPAJKeE,
B KaKOM cJefoBand OYKBbl B rpeyeckoM andasuTe (Iops-
noK OYKB cJaBAHCKOrO andapuTa ORI HECKOJILKO HHOM).

B Poccuu cnaBsHCKAA HyMepalMa COXPaHUIACH AO
Kouua 17 sexa. IIpu Ilerpe I Bozobaazana Tak HasnIBae-
mana «apabckaa nymepauus» (CM. HMKe, 1. 6), KoTOpOH
Mbl IOJIb3yeMca W ceiivac. CaaBaHCKAafA HyMepauHsa co-
XpaHsAJach TOJALKO B 6orocayske0HbIX KHUTAX.

IIpuBoaum cnaBAHCKUE TUQPHI.

a 8 r A € 5 3 H &

1 2 3 4 5 6 7 g8 9

Tk K & R 0§ 0§ 6 W

10 20 30 40 50 60 70 80 90
P ¥ 6 X ¥ w q
100 200 300 400 500 600 700 800 900
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3. JperHeapMARCKAR H JPeBHETrPDY3HMHCKASL HYMe-
pauus. ApMsAHe U 'PYIHHBI IOJNb30BAJNMChL aN(aBHTHLIM
MPHHIHIOM HyMepalnuu. Ho B ApeBHEADMAHCKOM M /IPEB-
HEerpysuHcKom andaBuTax Owlno ropasgo Gonwmiie GyKs,
4YyeM B APEBHErPeYecKOM, JTO MOIBOJIHIIO BBECTH 0ocobnie
obosnavyenua gna yucea 1000, 2000, 3000, 4000, 5000,
6000, 7000, 8000, 9000. Yucaossle 3HayeHUda OYKB cJje-
IOBAJM NOPAAKY OYKB B aDMAHCKOM M I'DY3UHCKOM anda-
BUTAX.

AndaBuTHas Hymepauusa npeobnagana xo 18 Beka,
xoTA «apabckasi HyMepaumua» ynorpebasanaces B OTAENb-
HBIX CJAyYadaX ropasio passue (B PYIUHCKOHM JIUTEpaTy-
pe TakUe cJy4yau BocXoAAaT Kk 10—11 Bekam; B TaMATHHU-
Kax apMAHCKOM MaTeMaTHYECKO JMTEepaTypbl OHH yCTA-
HOBJICHHI NoKa TOABKO aas 15 Bexka). B Apmenuu anda-
BUTHad HyMepauusd ynorpebnserca U ceftuac guis obosHa-
YEeHUHA IJIaB B KHHrax, cTpod B CTUXOTBOPDEHHAX M T. I,
B T'pysuu andasuTHad HyMepanua Beillia U3 ynorpeb-
JIEHUA.

4. BapunoHCKaa NMoMecTHAs HyMepanua. B gpesuem
Basunome npumepHo 3a 40 BeKOB 10 HaNIero BpeMeHU
NMoABUIACH nNoMecmHas (IO3BULMOHHAN) HYyMepayusa, T. €.
Takoi cnocob u3oBparKeHNs YHucesa, IPA KOTOPOM OZHA U
Ta e uudpa MmoxeT 0603HaYATE PA3HBIE UHCAE, B 3ABHCH-
MOCTH OT MeCTa, 3aHUMaeMoro 3toi Hudpoi. Hama tene-
PelUHAA HYMepauusa — TOXKe IMOMECTHas: B uuciae 52
uudpa 5 obozHavaeT nATHLAECAT, T. €. 5+ 10, a B uncae 576
Ta xxe nudpa obosnavaer naTkcor, T. €. 5 10-10. B saBu-
JIOHCKOM IIOMECTHOM HYMEpPAlUH TY POJib, KOTODYIO UI'pa-
et y Hac wucao 10, urpano yucno 60, u moaTomy Ty Hyme-
panMIo HaskBAWT uiecmudecamepudnoit. Yucaa, MeHb-
mue 60, 0603HAYATHCH C TOMOIIBIO ABYX 3HAKOB: /A €U~
Huun Y 1 ans gecarka <. OHM UMenM KAUHOOBpaaHbIi
BHJ, TAK KaK BABHJIOHAHE ITMCAJH HA MIMHAHBIX JOLieY-
Kax IIaJIoYNKaMH TPeyroabHoH GopMel. 3TH 3HAKH TIOBTO-
PAMHCE HYKHOE YHCJIO pa3, HATIPUMED,

- B _ a5 T _
T = 5, e = 30, < 1 = 35, TR -
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Cnocob obosHaueHus uucen, Gonapmux 60, moxkasaw HA
CIAEAYIOUIHX [IPUMEpax: 3anuch WTT oGosuavasa 5 60 +
+ 2 =302, nogo6Ho TOMY Kak Hallla 3anuchk 52 ob6o3Havaer
510 + 2. Banuce

Scatccaiil

obosHauana uucao 21 - 60 + 35 = 1295. Creayowan

38NHCh:
YT

obosyauanal-60-60+2-60+ 5= 3725, mogobHo ToM?
KaK y Hac 3anuch 125 osHavaer 1100+ 2-10 + 5. I[Ipn
OTCYTCTBHU MPOMEXYTOUYHOIO paspsga ynorpebrsanacs
3HAK <%, UrpaBUIMii poab HynA. Tak, 3aumcs

N=M

obosuavana 2 - 60-60+ 0-60+ 3 =7203. Ho orcyrcTeue
HH3IUEro paspsaja He 0003HAYANOCH;, HANPHUMEp, YMCHA’
180 = 3 - 60 o6oanavanocs 3anucsho Y], T. €. TaK XkKe, Kal
yueao 3. Ta ke 3anuch YY] morsa o60o3HauaTh H YHUCIO
10800 = 3 - 60 - 60 u t. 4. PaanuuaTe APYr OT APYra
ymucaa 3, 180, 10800 u T. n. MoxHo 6bIJIO TOABLKO IO
CMBICTY TEKCTA.

3
raa e a 9, —
Bamucs YT morsa rakske osHauath S, ot
= = 4 T. A, 1T HO TOMY KaK
3600° 60-60 - 60 216 000 A., Tof06 vV K
3 3 _ 3 3 _ 3
MCIa 15 10-10 100’ 10-10-.10 To00 A T A MBl

oboaHayaeM B CHCTeMe AECATHYHBIX Apobell ¢ moMomibio
nudpset 3. Ho mMul oranyaem aTd xapobm APYr OT APYra,

npocTapasfa uyau nepen uudpoi 3, 1 mumem i% =0,3;

3 _ N H .
100 0,03; 1900 0,003 u 7. A. B BaBUNOHCKOM e HY

MepalKH 3TU HYJ K He 06o3HavalHCh.
Hapsaay ¢ miecTMaecATHPDHMUYHOH cuCTeMoil Hymepa-
I(MH BABMJIOHAHE TIOJIL30BANHCH M RECATUYHOH CUCTEMOI,
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HO OHa He 6bl1a NOMecTHOH. B Hell, kpoMe 3HakoB 1417 1 1
10, cyuecTBoBaNM CAEAYIOIME SHAKU:

anst 100 Yo—, ansa 1000 <Vo— 1 10 000 <(T>—.
Yucaa 200, 300 1 T. X. 3aNMCHIBATHCE IHAKAMH
1 Yoy YYY Vo
U T. A. TakAM ke cnocoboM 3anuceiBaguch Ymuciaa 2000,

3000 uT. A., 20 000, 30 000 u 7. A. Yncno 274 sanucoisa-
JI0Ch TAK:

v R GGCE .
) 1 Yo L YY7Y:
» ypcs0 2068 nucanock Tak:
PEQESSSHi
HT. A.

o IllecTuaecATUPUYRAA CHCTEMA BO3HHKJIA NIO3AHEE -

> cATUYHOH, u6o yHcaa Ao 60 sanuceIBAOTCA B Helt 110 Aecs-
THYHOMY IPHHUMNY. Ho A0 CHX TIOp HEM3BECTHO, KOIJA U
Kax BOZHHKJA ¥ BABUJIOHAH IIECTHAECATEPHYHAA CHUCTE-
ma. Ha aTOT cYeT cTPOHJAOCH MHOTO PMIOTE3, HO HY OAHA
U3 HIX NMoKa He JoKa3aHa.

IllecTHAECATHPUYHAA 3ANIMCH YEAbIX HUCeA He TIONY-
YA pACNpPOCTPAHEeHUA 3a NPeJeaMH ACCHPO-BAaBMIIOH-
CKOT0 IapCTBa, HO wecmudecamupuynvie po6u TPOHUK-
JIH A2JIeKO0 38 3TH NpeAesnl: B cTpaibl BanxxHero BocToka,
Cpeaneit Aauu, B CepepHyo Adpury u 3anaguyno Espo-
ny. OHM WHPOKO IPUMEHANHCH, OCOOEHHO B ACTPOHOMMH,
BILJIOTH A0 W306pETEHUA AeCATHUHBIX ApobeH, T. €. 1o Ha-
yana 17 sexa. Cregnl miecTHAECATHPUYHBIX Apobei co-
XPaHAKTCA M NOHBLIHE B AEJEHHH YIJOBOrO M AYrOBOrO
rpaayca (a raxke yaca) Ha 60 MUHYT ¥ MHHYTBI Ha
60 cekyHz.

5. Pumckne wnmudpsl. pesnue pUMIsHe NOJb30BA-
JIHCh HyMepall¥eli, KOTOpPasA COXpPaHAeTCA AQ HACTOSILETO
BPEMEHHU 1IQJi HAIBAHUEM ¢PHMCKOW HyMepauMu». Mrr
noab3yeMca e AnA o6o3HaueHHUA WOHAeHHEBIX AT, AN
HAWMEHOBAHHA Che3dA0B U KoHdepeHUMi, AJIA HyMepalHK

3 Buronckui M.H.



66 . APUOMETUKA

HEKOTOPBIX CTPAHuI KHUTH (HAIpMMeD, CTPaHMIl TIpeAu-
CJIOBHA), TJIAR B KHMTaX, CTPOQ B CTUXOTBOPEHUAX H T. J.
B HosgHeHIiIeM CBOEM BHJAE PHMCKHE IM@Db! BLIIJIA-
AT TAK!
I=1;V=5;X=10; L=50; C=100; D=500; M = 1000.

Ilpex e oHH HMENTH HECKONLKO HHYIO dopmy. Tax,
yycso 1000 naobpaxkanocs anakom (1), a 500 — anua-
KOM | ).

O IpOMCX 0K AEHHH PHMCKHX HGP AOCTOBEPHBIX CBe-
peunit Her. Hudpa V Morsia nepBoHA4YalbHO CIYXKHTL
H300pa)KeHHeM KHCTH PYK, a iH¢dpa X Morjia COCTABUTh-
cs n3 IByX natepok. ToyHo Tak xke 3nak ans 1000 mor co-
CTABATLCA U3 YABOEHHA 3Haka Jida 500 (unu HaobopoT).

B puMCcKOil HyMepalliH ABCTBEHHO CKA3BIBAIOTCSH CJIe-
Al TATEPHYHOM CHCTEMbI CYNCNEHHA. B sA3bIKe Ke DHM-
J8H (TaTHHCKOM) HHKAKHUX CJIeJOB NATEPUYHON CUCTEMHB
HeT. 3HaYHUT, 3TH NHQPL! OLIIM 3aHMCTBOBAHLI PHMJISIHA-
MH Y Apyroroe Hapoja (BeChMa BEPOATHO — ¥ 3TPYCKOB).

Bce nennte yucna (e 5000) sanuceIBAKTCA C IIO-
MOI[LI0 IIOBTOPEHHHA BrlluenpHBefeHHmX uddp. [Ipu
3TOM, ecaHd G0nemas yM@pa CTOUT nepej] MeHbIUeH, To
OHH CKJIA/LIBAIOTCA, €C/TH € MEHBIAA CTOUT Mepef] 00/Tb-
wei (B 3TOM CJy4Yae OHA HE MOXKET IMOBTOPATLCA), TO
MeHpllIaf BelydTaeTca ua 6onnmeiil), Hanpumep, VI = 6,
T.e.5+1;IV=4,r1r.e.5-1; XL=40, 1. e. 50~ 10; LX =
=60, 1. e. 50 + 10. [Toapax oxHa u Ta XKe qudpa cTaBUTCA
He Oonee Tpex pas: LXX = 70; LXXX = 80; uucyo 90 3a-
nuceiBaerca XC (a ve LXXXX).

Ilepanie 12 yyces 3aNUCHIBAIOTCA B PUMCKHUX nudpax
TaK:

I, IL, II1, IV, V, VI, VII, VIII, IX, X, XI, XII.

IIpumeps:

XXVIII = 28; XXXIX = 39;
CCCXCVII = 397; MDCCCXVIII = 1818.

1} B Ha¥MCHOBAHHMAX ABYX YMCJAHUTENbHBIX 18 u 19 naTus-
CKH} AJBIK COXPAHHII 3TOT « IPUBIMI BHiYuTaHMA» (CM. § 4).
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Bunonasnenune apudMeTHYECKHX e ICTBUI HAL MHOTO-
3HAYHBIMU YUCJAMHU B 3TOH 3AITUCH OYEHB TPYAHO, TeM He
MEHee pUMCKaAa HyMmepaunudA npecbnaaana s Mtaaum zo
13 Beka, a B Apyrux cTpaHaxXx 3anagHoi Esponsi — 10
16 mexa.

6. UHauiCKan nNOMecTHAHd Hymepauusa. B pasauu-
HeIX ofbnactax HuIumn cyuiecTsoBaju pasHoobpadHuie
cUcTeMbI HyMepanuu. OHA U3 HUX PACTIPOCTPAHUJIACH IO
BCEMY MUPY H B HACTOsALIee BpeMA ABJAeTcs obLenpuHa-
Toi. B el pnudprl uMenn BUA HaYadbHbLIX GYKB COOT-
BETCTBYIOIUNX YHCIUTEIbHLIX HA JPEBHEHHAN M CKOM AIbI-
Ke — caHCKpHTe (andaBuT «JeBaHATADU» ).

Hepnonaqanhao 3THMH 3HAKaAMH MNpeACTaBIAAIUCH
yucna 1, 2, 3, ..., 9, 10, 20, 30, ..., 90, 100, 1000; c nx
MOMOLIBI0 JANMCHIBAJINCL APYyrHe Yucaa, Biiocaeacreuu
ObIs1 BBeZEeH OCOOLIi 3HaKk (KMDHAA TOYKA, KPYXKOK) ANA
YKasaHHA NYCTYHONUEre pa3pafa: 3HAKM AAA YHUCEN,
G6bIWIMX 9, BRIIUIM U3 YIIOTPeOeHUA, M HyMePaluA «ae-
BaHATapu» IPEBPATHIACE B AECATUYHYIO IOMECTHYIO CHUC-
TemMy. Kax u Korga coBepmIUACA 3TOT IE€PEXOA — AC CHX
nop HeM3BeCTHO. K ccpeuHe 8 BeKa MO3UIIMOHHAA CUCTE-
Ma HyMepauuHd Imoayyaer B MHAUM IUHpOKoe IIpHMeHe-
Hue. IIpumepHO B 3TO BpEMA OHA NIPOHUKAET B Jipyrie
crpansl (Mupokura#, Kuraii, Tuber, Ha TEPPUTOPHIO HA-
WX CpefHEeadHATCKUX pecny6auk, s Hpad u ap.). Pe-
IRV POJb B PACIPOCTPAHEHHMH HHAMHCKOM HyMepa-
UHH B apabCKHX CTpaHaxX ChITpajo PYKOBOACTBO, COCTAB-
JeHHoe B Hauaste 9 Beka MyxGmmeqom v Xopeima (HbiHe
Xopeamcran o6nacTs YabexucraHa}!). OHo 6u110 1icpeBe-
IeHo B 3anafiHoi EBpone Ha TaTUHCKUH s3bIK B 12 Beke.
B 13 Bexe uHAUicKaa HyMEpALUA noJyuaer npeobraja-
Hue B Mranuu. B apyrux crparax 3anagHoii Espons oHa

1) 3TOT 3aMCUATCALHBII YUCHBIN ABAACTCH TAKIKE OCHIOBOTIQ-
nomunkoMm anrc6per (em. I, § 2). Ceon paGorer Myxamme mi-
caJ Ha apabcKOM AIBIKE, KOTOPBIM 6LLT ua BocToke MCMAYHAPOA-
HBIM HAYYHBIM A3bikOM, KakuM B 3anaguoit Espornce 65121 narnn-
ckuil aasix. Orcopa — apabranposandoc MM ans-Xpapudmin
{(mnu ans-Xopesmi, T0 ccTL X0opeaMHCLY), 10K KOTOPRM Myxa-
MeI M3BCCTCH B UCTOPHN.
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yreepxaaercsa B 16 sexke. Eppomeiinnl, 3aiMCTBOBaBILHE
HHAMHCKYIO HYMepaluuio oT apabos, Ha3wIBaIH ee ¢apab-
CKOM». TO UCTOPHYECKH HENIPABUJIBHOE Ha3BaHuMe yaep-
MUBAETCA H IIOHBIHE.

N3 apabcKoro s3nIKa 3aUMCTBOBAHO M CJIOBO ¢ LIHDpa»
{mo-apabcxku «cridp»), o3Hauanmee DYKBATBLHO «IIyCTOoE
MecTO» (mepeBOJ CAHCKPUTCKOIO CJIOBA «CYHLH», UMEIO-
IIIer0 TOT KE CMBICH).

OTO CJ0OBO NEPBOHAYAJIBHO YHOTPeOJAAOCH AAA HA-
UMEHOBAHMA 3HAKA MYCTYIOUIEr0 Pa3pAAa U 3TOT CMEICI
coxpaHuio eie B 18 Beke, XoTsa yke B 15 Bexe noasuicA
JATHHCKHUH TEPMHH «HyJb» (nullum — »uuro).

Dopma HHAHKCKNX LGP npeTepnesaia MHOroobpaa-
Hble HaMeHenHs. Ta popma, B KOTOPOX MBI HX ITHILUEM, YC-
TaHOBHJAACE B 16 Beke.

§ 8. HaumeHoBaHva Gonblnx uncen

Ins yaobcTea UTEHUA U 3aIIOMUHAHUA OOJBIIAX YH-
cesn uudpoul HX pasbHBAIOT HA TAK HA3LIBAEMBIE « KJAZCCHLY
cripaBa OTAeAAT TpHU UUPPs! (UepBBIi KJacc), 3aTeM elle
Tpu (BTOopoit kmacc) U T.x. ITocmegHuii Kaacc MoOKeT
HMeTb TPH, JB€ UK OfHY UHGpY. Mexay KjaaccaMu obuI4-
HO octaBasgerca Hebonwnmrod npoben. Hanpumep, uucio
35461298 zanuceiBaror Ttak: 35461 298. 3pecr 298 —
nepsblif Kaacc, 461 — sropoii, 35 — Tperuii. Kaxkpan ua
11udp KAaCCa HA3BIBAETCS €r0 Pa3pANOM; CYET pa3pAAOB
TAKXKEe HJAeT cupaBa. Hampumep, B INepBOM KJacce
298 uudpa 8 cocrasnsieT nepBLid paspaa, 9 — BTOPOH,
2 — Tpetuil. B nocaexHeM Kimacce MoxkeT GbITh TpH, AB&
paspfaga (B HallleM npmMepe: D — Tepenlil paspag, 3 —
BTOPOM) UJIM OJMH.

IlepBBI¥t KJIacC AaeT YHUCIAO euHUY, BTOPDOH — mbi-
CAY, TPETHH — MUJAUOHO8, COTIACHO C 3THM YHCJIO
35 461 298 uynraerca: TPUALATH NATHL MUJIIHOHOB YEThI-
pecTa MIECThJACCAT OJHA THLICRYA ABECTH JEBAHOCTO BO-
ceMb. IloaToMy rOBODAT, YTO €AMHHIA BTOPOrO KJacca
€CThb ThICAYA; efUHUIA TPETHErO KJacca — MUJIJIHAOH.
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EnuHnna ueTrBepTOro KJacca HA3LIBAETCA MuJAuap-
dom, unu, nHave, Suniuorom (1 muaauapa = 1000 mia-
JIHOHOB).

Enuuuna mMATOro KJIacca HA3BIBAETCA MPURAUCHOM
(1 rpunanon = 1000 6uannonos nau 1000 munnnapaos).
EnuHaunbl MIecToro, ceJpMoro, BOCbMOT0 M T. A. KJACCOB
(xaxnasa 8 1000 paa Gospiie npeaecTrylOLIei) HaspIBa-
I0TCA K8aOPUAJUOHOM, KGUHMUNAUOHOM, CEKCMULLUO-
HOM, CenMuALUOHOM U T. I

IIpumep. 12021 306 200 000 yuTaetca: ABEHAX-
aTh TPHUJUIMOHOB ABAAUNATH OAMH MMJJIHADA TPUCTA
LIECTh MUJJHOHOB JIBECTH ThICAY.

§ 9. Apndpmernyeckue aercTBus

1. Cnoxenne. [lIonaTHe 0 TOM, YTO TaKOe CJOMKEHHUE,
BO3ZHHKAET U3 TAKHMX NPOCTHIX GaKTOB, YTO OHO HEe HYXKJa-
eTCA B ONIpeJeJeHUH M He MOJKeT ObITh onpegeneno ¢op-
manesHol).

3anucek: 8+ 3=11; 8 u 3 — crazaemvie, 11 —
cymma.

2. BriuntaHue ecmb HaxoxdeHue 00H020 U3 caazae-
Mutx no cymme u Opyzomy crazaemomy. HanHaa cymma
TOJIyHaeT HA3BaHHUE YMEHbULAeMO20, JAHHOE C1AraeMoe —
8bLRILMAEMOZ0, HCKOMOE CJaraeMoe — pagHocmi.

anuce: 15-7=8; 15 — ymenbiiaemoe, 7 — Bbi-
unTaemoe, 8 — pasHoCTb. PasHocTb 8, ca0XeHHASA ¢ BhI-
YHTAEMBIM 7 AaeT ymeHblIaemoe 15. Caoxenne 8 + 7=15
SABJAETCSA NIPOBEPKOM BeIYNTAaHMA 15— 7 =8.

3. YMuoxenHne. YMHON UMb HEHOMOPOe HUCAO (MHO-
HUMOE) HA yeaoe 4Hucio (MHOMUMEAb) — 3IHaYuUm no-
8MOPUML MHOKCUMOE CAAZAEMbLM CMOABKO PA3, CKOAbKO

D YacTo JaOTCA «ONPCACICHUA» BPOAC TAKUX: «CAOMCHHE
eCcThb I[OﬁCTBHO, IIOC[JO}.ICTBOM KOTODOI"O HCCKOJBKO YlICCH COCAli-
HAIOTCA B OJHO%, HIH «JeHCTAHC, IOCPCACTBOM KOTOPOTrO HAXO-
AMTCSA, CKOJBKO EAMHMIl COACPMKHTCH B HCCKOJbKHX YMcxax
Bmecte». Ho ToT, KTo He 3uan Obl, YTO 3HAYHUT «CIAOMKHTh», HE
3HaN 6K U YTO TAKOC «COEAMHHMTE YHCIA» , TAK YTO 8CC MOAOOHBIC
«OIpe/leleHHA» CBOAATCA JHUWb K 3aMCHC OAHKX CJI0B APDYTHUMH.
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yrazweaem Muoxmumenvl), PesyasTaT HasblBaeTCA npo-
usgedeHueM.

Banucn: 12-5=60; 12 — mHox’HUMOE, 5 — MHO-
KuTeab, 60 — npouasesenne. 12 5=12+12+12+12+
+12,

Ecnu MHOXHMOE H MHOMXHTENb MEUAIOTCH PONAMH,
TO IIPOU3BEJEHHE OCTAETCA TEM XKe.

Hanpumep, 2-5=2+2+2+2+2=10ub52=5+
+5=10. [ToaTroMy U MHOXKHTEAL H MHOXXHMO€E HA3bIBAET-
CA COMHOMUMENAMU.

4. [enenne ecms haxoddeHue 00H0Z0 U3 COMHONU-
meneit no npouseedenuio u Opyzomy COMHONKUMEND.
JNanHoe npoH3BefeHHE TOJyuaeT HasBaHHe derumozo,
JAHHbIA COMHOXHUTENL — OJeAUMens, NCKOMBIH COMHO-
KHTENb — HACMHO020.

Banucy: 48:6=8;48 — pgenumoe, 6 — Aenurenn,
8 — uactHoe. [IponsBeaenue aAenutens 6 M yacTHoro
8 naer pennmoe 48 (npoeepka genenus). Ilumyr raxxe

% =8 (cm. § 22).

YacTHOE OT AeJNIeHHA O/JHOTO I€J10T0 YHCAa Ha ApYroe
L[e/I0€ MOXKET He GhITh [eNbIM UHCAOM; TOrAA 3TO YACTHOE
MOXKHO nnpefctaruTs Apobnio (11, § 16). Ecau qwacTHoe ecTh
11eJI0e YHCJIO, 'O FOBOPAT, YTO NEPBOE U3 YINOMAHYTHIX YH-
cesl Hayeno denumcs UNH, KOpouye, Jeaumcsa Ha BTODOeE.
Hanpumep, 35 gennutca (Hauenc) Ha 5, yacTHOE eCTb Ie-
Joe uucao 7.

Bropoe yHCN0 B 3TOM ciydae HA3LIBAETCHA derumenem
NepBOro, [IEPBOE XK€ — KPAMHbiM BTOPOro.

IIpumep 1.5 ects genurens uncen 25, 60, 80 u ne
ABNAETCA KpaTHBIM uHcen 4, 13, 42, 61.

IIpumep 2.60ects KpaTHOE uncen 15, 20, 30 u He
sABNACTCH KpaTHbIM uncen 17, 40, 90.

Bo MHOrHMX caydasx MOXXHO, He BhINOJHAS AeJICHUA,
Y3HATH, AEJIHTCH JIH HALleJIC O HO I(eJioe YHCII0 Ha Apyroe.
O6aromcm. § 11.

1Y O6 ymHO)KeHUH Ha ApobHoe uHeao cm. § 20.
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B cayuae, Koraa JenMMoe He JeNUTCHA Hallesio Ha AeH-
TeNAb, HHOT/IA BLINCJAHAIOT TAK HagbiBaeMoe Jeaernue ¢ oc¢-
mamicom. [leseHre ¢ 0CTaTKOM eCTh HAXOXKAeHNEe HAUOONb-
1Iero UesIoro YHCAa, KOTOPOE B HPOUIBECHHUH C IEJHTEIEM
JaeT 4MCJI0, HE Npesbillamonee neaumoe. Mckomoe unciao
HA3LIBACTCH HENOAHIM HacmibiM. Pa3HOCTE MEXKAY neau-
MbLIM M [IDOU3BEEHMEM Je/IMTe/I Ha HEMOMHOe YaCTHOE Ha-
3bIBAETCHA OCMAMicOM; OH BCEIla MEHbIe AeIHTeNA,

IIpumep 3. 19 He nenurcsa Haueno Ha 5. Yucaa 1,
2, 3 B mpoussefeHHH ¢ 5 aarot 5, 10, 15, ne npesBocxoas-
nige penumoe 19, Ho yxe 4 faeT B POM3BEJIeHHH C 5
gyucao 20, Gonpliee, yem 19. IloaToMy HEnosHOe YacTHOE
ecTs 3. Pasnocts Mmexay 19 u npousseseHuem 3 * 5 = 15
ecTh 19— 15 = 4; mo3TOMY OCTATOK €CTb 4.

O neneHMHM HA HYAb cM. § 23.

5. Bossegenue B crenenb. Bozsecmu vucao 8 yeayio
(smopyn, mpemvio, wemsepmyw u m.d.) cmeneny —
3HAYUM NOGMOpUMb €20 COMHOXcumenem 0ea, mpu, ue-
mbuipe u m. . pa3V). Yucno, NOBTOPAIONIEECA COMHOMXHTE-
JIeM, HA3BIBAETCA OCHOBAHUEM CMENeHU; UNCJ0, YKA3bI-
Baoiee, CKOJbKO pas HepeTcs OAMHAKOBBINA MHOMKHTCAL,
HA3BLIBAGTCA NOKazameneM cmeneru. PeayapTat HaaslBa-
€TCS CTeNeHbIo.

Banuce: 31=81; 3angech 3 — OCHOBAHHE CTENEHH,
4 — mokagarteis crenenw, 81 — crenenn; 34=3-3-3- 3.

Bropasa creneHb HagnlBaeTcA MHaue kKeadpamon,
TpeThA cTeneHb — Kybfox. IlepBoit cTenenso YMCIa HABHI-
BAIOT CAMO 3TO YHCJO.

6. HaeneucHue kopHA. M 38aeverue KOpHA ecmb HA-
xoxoenue OCHOBAHUN CMENEHL N0 CMENeHL U €€ NOKA3a-
meno. lanuaa cTeneHs 1OJyHaeT Ha3BaHHe NOGKOPeHHO-
20 wucaa, NaHHBIH [TOKasaTelb — ROKAIAMENR KOPMA,
MCKOMOE OCHOBAHHE CTCIIEHU HASLIBAETCA KODHEM.

Banucse: 481 =3.3zecy 81 — noaKopeHHoC UHC-
a0, 4 — ToKasaTens KOpHA, 3 — KopeHb. BoaejieHne

1) O BO3BCACHUN B OTPUIATCABHYIO, HYJCBVIO H JPOOHYIO
crenenn ey, 11 §61.
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yuciaa 3 B 4eTBEPTYIO cTeneHs AaeT 81; 34 = 81 (upoeepka
U3BJEeYEHHA KOPHA).

KopcHs BTOpPOIl cTeneHM Ha3bIBAeTCA HHave Kaad-
pamubiM; KOPEHD TPeTheH creneHu — kybuveckum. Ilpu
3HAKE KBAAPATHOIO0 KOPHA IOKa3zaTeJ b KOPHA NPHHATO

ONyCKATH: Jﬁi = 4 o3HayaeT Wi =4,

CrnoskeHHe H BHIUHTAHHME, YMHOMKEHHE H JeJeHHE,
BO3BEJleHHE B CTENIEHbL U H3BJCYEeHHE KODHA NONAPHO #AB-
JRIOTCH o6pamHubtmu deiicmouamu.

TIpasunaa HCPBBIX YeTLIPEX ACHCTBUH C EABIMH YHC-
JlaM{ PEAIOJAraloTCs U3BECTHuIMU. BoaseaeHue B cTe-
NeHbL BLINQJIHAETCA [TOBTOPHBIM yMHOKeHueM. O0 uasie-
YCHIM KOpHei cM. §§ 44 n 44a.

§ 10. NMopagok gencTsnin; ckobku

Eciu HeCKONbKO JeHCTBMH BBINMOJHAKTCA ORHO 34
APYTHUM, TO PE3yJIbTAT 3aBHCHUT OT NOpAAKA AeicTBHil. Ha-
npumep, 4 — 2 + 1 = 3, ecsid HIPOU3BOAUTH AEHCTBUA B IO-
PHAKE MX 3alIHCH; ecJI¥ e CHavasna cJI0XUTb 2 U 1 U BI-
YeCcTh MOJNYYEHHYIO cyMMY H3 4, To moayyuM 1. Urobnl
YKasaTh, B KAKOM MOPAAKE HYJKHO BHITOJHATE AeHCTBHA
{B TeX cayyasxX, KOrja pPe3yAnTaT 38@BHCHT OT HOpAAKA
JeiicTBUH), MOAbL3YIOTCA ckobkamu. HelicTBuia, 3axio-
yeHHbIe B CKOOKH, BLINOJHAIOTCA paHbIUe Apyrux. B Ha-
weMmcayuae{4-2)+1=3;4-(2+1)=1.

IIpumep 1.

(24+4)'5=6-5=30;2+(4-5)=2+20=22,

Yrobhl YpEe3MEPHO HE 3arPOMOXKAATHL 3AIMCH, NPH-
HATO He MHCATh CKODOK:

1) 8 mom cayuae, xKozda Oeiicmaus CROMCEHUR U 8bl-
yumanus, credys dpyz 3a dpyzom, O0nHKHbL BLLNONHAMY-
¢ 6 mom nopadke, 6 KAKOM OHU 3AnNucAHbl, HATIPUMED,
BMeceTo (4 - 2)+ 1 =3 numyr4-2+1=3;

2)s8 mom caynae, xozda shympu CKOG0K npou3go-
dames Jeiicmeus yMHONCeHUA ulu JeneHus; HAUPUMED,
smecTo 2 + (4 5) =22 numyr 2+ 4 - 5= 22.
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IIpn BRIYHCIEHHH TAKHX BLIPAXKEeHUIl, KoTophle JUbo
COBCEM He CoJiepKaT CKOOOK, 1ub0 cozepIKar UL TaKkHe
CKOOKH, BHYTDHM KOTODEIX Gosblie Her CKOGOK, HYXHO
NPOH3BOAUTH AEHCTBUA B TAKOM IIOPAJKE:

1) cHavyana BHINCJHAOTCA IeHCTBUA, 3AKJNIOYEHHbIE B
CKOOKU; [IPH 3TOM YMHGIKEHUE U JleeHUe BHIICJHAKTCA B
NopAJKe UX CAelOBAHHA, HO PAHBIIE, YEM CJOMKEHUE H
BhIYATAHHE;

2) aaTeM BhIICJHANTCA OCTAKIIUECH AelCTBNA, NPH-
YeM OMATh YMHOKeHUEe U ieIeHUe BhIIIOJHAOTCA B IOPAJ-
Ke UX CelOBAHU A, HO PaHbIIIe CJI0XKEeHHA H BhIYATaHU .

IDIpumep 2. 2-5-3-3.

CHayasia BHIICJAHAeM YMHOxeHMA 2 5=10,3-3=9;
3areM BpiunTanue: 10-9=1.

IIpumep 3.

94+16:4-2-(16-2-7+4)+6-(2+5).

CHayaJia BhINIGJHAEM AeMCcTBHUA B CKOOKAX:

16 -2-7+4=16-14+4=6; 2+5=1.

Teneps BLITICJHAEM OCTAOIMUECA AeHCTBHA:

94+16:4-2:6+6-7=9+4-12+42=43.

YacTo AN yKazaHuAa IOPsAAKa AeHCTBHIH HeoOx oMo
3aKAI04aTh B cKOOKM TaKue BbIDAXKEHHs, KOTOpbie CaMi
yixe copepxar ckobku. Torpa, kpome 0OnYHEIX (Kpy2-
AbX), TPUMEHAIT CKOGKH Apyroii GopMbl, HaHpUMED
rKaadpamuste [ ]. Ecau B ckobKu HY X HO 3aKJIOYHTDL BbIDa-
JKEHHE, CoJepPIallee YKe KPYrible U KBaJpaTHbie CKob-
KH, TIOAL3YIOTCA QuzypHbiMu cxobramu { }. Beruncnenue
NOAOGHBIX BHIPAKEHUH MPOM3BOAUTCS B CAEAYIOUIEM TI0-
PAAKE: cHAYANa NPOM3BOAATCA BHYHCJIEHUA BHYTPH BCeX
KpYIJbiX CKOOOK B BHIIIEYKAZAHHOM TOCJENOBATEIBHOC-
TH; 3aTeM — BBIYMCJIEHMA BHYTPH BCEX KBAJPATHBIX CKO-
60K 110 TeM ke NIPABHUJIAM; Jajee — BLIYHCJIEHHs BHYTDH
GHUrypHpIX CKOGOK W T. I.; HAKOHEl, BBINOJHAKTCA OC-
Talmueca AeicTPHA.

IIpumep 4.

5+2-[14-3-(8-6)]+32:(10-2-3).
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BrinonusieM fefiCTBHA B KPYTALIX CKOOKaX; UMeeM:
8-6=2; 10-2-3=10-6=4;
JIeCTBUA B KBAZADATHRIX CKoGKax aAalor: 14 — 3+ 2 = 8; BuI-
NIOJIHASA oCTaKIHecHa AeﬁCTBHﬁ, HaxoguM:
5+2:8+32:4=5+16+8=29.

IIpuvep 5.{100-[35—-(30-20)}}-2.
Tlopagok paescrBuii: 30 — 20 = 10; 35 - 10 = 25;
100 - 25=175;75-2=150.

§ 11. Mpuy3Haxu QenuMoCTH

IIpusHaku neanumoctH Ha 2. Yucno, gensameecs Ha 2,
Ha3bIBACTCS YeMMbIM, He gensieecs — Hevemubim. Yuc-
20 ferumea na 08a, ecau ezo nocrednas yuppa vemnas
uAu HYAo, B OCTANBHBIX CNYYAAX — HE JEJHTCH.

IIpumep w. Yucno 52 738 nenutca Ha 2, Tak Kak
nocneguAsn uuppa 8 — yernas; 7691 e mennTcH Ha 2,
rak Kak 1 — nudpa Heuernas; 1250 gesnrcs na 2, Tak
KaK NnocjJeaAHAA qudpa HYJIb.

Ipuarak peaumocts Ha 4. Jucno denumcea na 4, ec-
Au 08e nocredrnue ezo yuppsl HyaU UL 06pasyom wicao,
Oenswyeeca Ha 4. B ocTaIbHbIX CAYYAAX — He AeJIHTCA.

IMIpumepsnt. 31 700 aenuTca Ha 4, TaK KAK OKAH-
yMBAETCA ABYMS HyAAMH; 215 634 ne nenurtcs Ha 4, Tak
Kak rnocjaeanue Ase qudpsl Jal0T YKCi0 34, He AeAeecs
Ha 4; 16 608 neautca Ha 4, TaK Kax Ase ODocaeaAHue ud-
pb! 08 garot uucao 8, geasiueecs ua 4.

IIpusHak pennmocru Ha 8 mozo6en npeabIAyIEMY.
Qucao denumcea na 8, ecau mpu nocrednue ezo yudpst
HYyAiL wau obpasyiom wucio, feasweeca na 8. B ocrans-
HBIX CJAYYafiX — He AeJUTCH.

IMIpumeps. 125000 genurca Ha 8 (Tpu HYJIA B
roHie); 170 004 He genurcs Ha 8 (Tpu nocneanne nHupphl
10T Ukcno 4, He agensinjceca Ha 8); 111 120 genurcaua 8
(rpu nocneguue uuMdpbl gawT yucao 120, menseeca
Ha 8).
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Mo>KHO YKa3aTh NoAo6HbIe IPU3HAKHK U JJIA JEIeHUA
Ha 16, 32, 64 u T. 4., HO OHH He HMEIOT NPAKTHYECKOIo
3HAYEHHA.

IIpnanaku neanmocrn Ha 3 u Ha 9. Ha 3 denamcea
MOALKO me YUCAA, Y KOMOPbiX cyMma yupp Geaumca Ha
3; Ha 9 — moabKko me, y KOMOPbLX CYMMa yupp deaumcs
Ha 9.

IIpumeps. Yucno 17 835 genurca Ha 3 ¥ He fAe-
nutTca Ha 9, Tak Kak cymmaerouupp 1+ 7+8+3 + 5=
= 24 penurca Ha 3 U He Aeaurca Ha 9. Yucno 106 499 He
AeauTcs HH HA 3, HM HA 9, Tak Kak cymma ero uudp (29)
He Jenutca HH Ha 3, HM HA 9. Uucno 52 632 genurca a9,
TaK Kak cymMmma ero uudp (18) nenurcs na 9.

IIpnanak nenumoctr Ha 6. Yucao derumcea na 6, ec-
au ono Oenrumca o0Hogpemerno Ha 2 u Ha 3. B npoTus-
HOM CAy4yae — He JeJUTCHA.

IIpumep. 126 genurca Ha 6, TAK KAK OHO AETHTCA U
Ha 2 M Ha 3.

IIpusnak gesimmoctH Ha 5. Ha 5 deramen uwucaa, no-
caednan yugpa xomopsix 0 uau 5. [Ipyrue — He genarcd.

IIpuwMepsl. 240 penurcs Ha 5 (nocnepnasn uugpa 0);
554 e genurca Ha 5 (nocnenuan uudpa 4).

IIpusnak peawmoctn Ha 25. Ha 25 denamen wucaa,
dee nocaednue YUPpLL KOMOPBLX HYAU UL 00pas3yom
yucao, deasuieeca Ha 25 (r. e. yucaa, OKAHYMBAKOIHECS
ra 00, 25, 50 uan 75). Ipyrue He AeaATCA.

IIpumep ol. 7150 genurca Ha 25 (oxkaHuHBaercs
Ha 50); 4855 ne aenuTcd Ha 25.

IIpusHakH aeanmocTH Ha 10, 100 1 1000. Ha 10 de-
AAMCA MOABKO Me HUuUCRA, ROCAETHAR Yudpa KomopvLx
nyne, Ha 100 — monavko me wucaa, y xomopuvix dee no-
crefnue yu@por Hyau, na 1000 — monsvxo me, y xomo-
pbiXx mpu nocaedrue yu@dpst Hyau.

IIpuMepsnl. 8200 aenurca va 10 u ma 100; 542 000
peantca Ha 10, 100, 1000.

IIpu3unax aenumoctu Ha 11. Ha 11 deaamca moavko
me qucaa, Y KOMOPbLX CYMMa YUDD, 3AHUMAOUWUX He-
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uemHvle mMecma, 1ubo pasHa CYMMme yupp, 3aHuMaOW Uy
vemubie Mecma, Aubo OMAUNAEMC] 0M Hee Ha Yucao, de-
afgueecs Ha 11,

MDpumepsn. Yucao 103 785 menurcsa Ha 11, rak
KaK cyMMa uudp, 3aHUMAIONMX HeyeTHbie MecTa, 1 + 3 +
+ 8 = 12 paBna cymme uudp, 3aHUMAKOIINX YeTHbIE MeCTa
0+ 7+5=12, YUncno 9 163 627 genurca Ha 11, tak Kak
cymMa audp, 3aHUMAIOMHX HEYETHbIE MeCTa, eCTh 9 + 6 +
+ 6+ 7 =28, acymMmma nudp, 3aHUMAIOIUX YETHRIE MECTa,
ects 1 + 3 + 2 = 6; pasHocTe MeXAy uyuciaamu 28 u 6
ecTh 22, a 3T0 yucao aeaurca Ha 11. Yucno 461 025 ne
aenurcaaa 11, rtak Kak yncnad +1+2=7Tu6+0+5=
= 11 ue paBHBI APYT APYTY, & UX padHocTs 11 — 7 = 4 He
pennrtcs Ha 11.

CyIecTBYIOT IPU3HAKH JEJINMOCTH H HA APYTrUe YHUC-
na (CBEpPX BLINIEHCPEUMCIEHHBIX); HO 3TU MNPHIHAKK
cJI0XKHee.

§ 12. fipocTble M cocTaBHbIE YNCNA

Bce tenne yucaa, KpoMe 1, MMelOT 1o MeHblIed Me-
pe ABa AeauTeNns: eAMHRUY ¥ caMoro ceba. Te U3 HRX, KO-
TOPBLIE HE UMENT HUKAKUX APYTHX AeJUTeJei, HA3sIBa-
0TCA npocmutMy (MAN nepBoHadadsHuiMU). Hanpumep,
7,41, 53 — npocrure uncna. Te uucaa, KOTOpLle UMEIOT
ele M Apyrue HAEJHTENM, HA3BIBAIOTCA COCMABHbIMU
(v caoxueiMu). Hanpumep, 21 — cocrasnoe 4ucio
(ero genutenn 1, 3, 7, 21), 81 — cocrapHoe uHucno (ero
peanrteau 1, 3, 9, 27, 81). Yncao 1 mokHO G610 Gl OT-
HECTH K NPOCTBHIM YHCIAM; OQHAKO NPEANOYTUTENEHO
BBIZIE/ISATH €I'0 0C000, HE OTHOCA HH K NPOCTHIM, HH K CO-
cTaBHBIM!),

I[IpocTrix unces — GeCcYUCICHHOE MHOXKECTRBO.

1) 310 cornanienue 06YCIOBIEHO TEM, UTO AJA eJUHUUBI HE
HMeIOT CHJIBI MHOrHE IIPABHJIA, CIPAaBeJHBEIC JJAA BCEX 0CTaNb-
HbIX TIPOCTBIX YHCEJ.
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IIpocTeie uncna, He npesocxoasmue 200, caegyo-
muel);

2, 3,5, 7, 11, 13, 17, 19, 23, 31, 37, 41, 43,
47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, |,
103,107, 109, 113, 127, 131, 137, 139, 149, 151, [ (¥
157,163, 167, 173, 179, 181, 191, 193, 197, 199,

§ 13. PasnoxeHue Ha NpoCTble MHOXWUTENN

BeAaroe cocTaBHOe YHCA0 MOYKHO EAUHCTBEHHBIM CIIO-
co6OM NpeACTAaBHTL B BHAE NIPOH3BEEHMSA IIPOCTLIX MHO-
skureneii. HanpuMep, 36 =2-2-3-3=22-32;45=3-3X
X5=32-5(uamn 32-51);150=2-3-5-5=2-35%(unu
21 - 31 - 52), IInsa HeGONBLWHMX YHCEJ JErko AOTrajJaThCH,
KakuM Oyset pasjoxenHde. g GOAbMIMX YHACE] MOMKHO
110JIb30BATHCA CACAYIOHIHM IIPHEMOM.

IIpumep 1. Ilycts gano uyucao 1421, Bepem non-
PAA npocTbie ynucaa rabauupl (A) § 12 m ocTanaBIMBaeM-
CA Ha TOM, KOTOpOE ABJAETCA ACJHTEJIeM AaHHOTO YMCJIa.
Ha ocHOBAHMH NPU3HAKOB AEJMMOCTH BHAHM, UTO UHCIA
2, 3, 5 e MoryT GuITh AenuTenAMU yHeaa 1421; moneiTas-
IIMCH PA3AENUTE Ha 7, BUAUM, uTo 1421 penutrca na 7 u
paer B yactHoM 203. CieBa OT YepTsl 3ANUCHLIBAEM

yucso 1421; cnpaBa NPOTHB Hero — JeJNTeNb; IIOA
yucyoM — vacraoe 203.
Taxum >ke 06pa3soM NPOREPAEM YHC- Banme be

a0 203, Yucen 2, 3, 5, okasaBUIAXCA He-

rOAHLIMH IIPU e peoM pobe, Mbl HEe TPO- 1421 7
raeM ¥ HAYMHAEM NPOBEPKy c uMcaa 7. 203 7
OkaawiBaercs, 4YTO 7 €CTh JAEJHTENb 29 29

yucaa 203. 3anucuBaeM ero cnpasa oT

yepTsl npoTHB 203. Causy nmoa 203 muuleM yacTHoe 29.
UYncao 29 — npocroe, N103TOMY pa3yoXKeHHE 3AKOHUEHO.
Ero pesyabTar:

1421=7-7-29="72-29.

1 Ha ¢. 50—51 npusegeHa Ttabamua OpPOCTHLIX YHCes, HE
npepocxoaamux 6000.
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Oror obmuii cnocol MOMKHO B psAAe CAydaes yIpo-
1UATh.

Ilpumep 2. PazgioXXHM HA MPOCTLIE MHOMKHUTEIH
qyucno 1 237 600. 3ameTus, uro 1 237600 = 12 376 X
X 100, pa3noxHM MO OTAENbHOCTH JBa COMHOMKUTENA.
Bropoii paznaraetca cpa3y: 100=10-10=2-5-2-5=
=22 - 52, [lepsblil pasnaraem caefyoUMM o6pasoM.

Bepem u3 tabauust (A) §12 mepsoe 44y
NPOCTOE YMCJIO 2; YTO OHO eCTh AeJHTeNb

yucaa 12 376, BMAHO MO IPU3HAKY AeNH- 12376 2
mocTu. Haitna uactHoe 6188, cmosa Ge- 6188 2
pem u3 Tabaaubr (A) yucao 2. Bropoe wa- 3094 2
crHoe 3094 Takke 4yeTHO; Jeaum ero 1547 7
onATs Ha 2. Pesyabrar 1547 yxxe He fe- 221 13
autesa Ha 2. [IpM3HAKH AeTMMOCTH MOKa- 17| 17

JKYT, YTO OHO HE AEJMTCHA HH Ha 3, HM

Ha 5. [IpoGyem aennts 1547 na 7; nony-

uaem yactHoe 221. [Ipobyem euge pa3 pasgenuTtb Ha 7. He
npenurtcsa. Torga nposepsaeM cleAyiOLIMe NMPOCTHIE YHCHAA.
Ha 1l uucno 221 He penurcda, HO Ha 13 pmenurcs, B
YACTHOM — NPOCToe YHCcao 17. Pesyasrar:

1237600=2%-7-13-17-22-52=25-52-7-13-17.

§ 14. Hanbonbwnin obwmn aenutens

Ob6wum GesumeseM HEeCKONbKMX HHCEJ HA3KIBaeTCH
4yuCa0, cayxkamiee genurtenem (§ 9, m. 4) A KaXxKAOro U3
unx. Hanpumep, udcnaal2, 18, 30 umerot obumit
AeNuTeAb 3; UHCAC 2 — Toxe ux obmuid gendrens. Cpeau
BCcex 0OLIMX AENUTENIEN BCErga MMeeTcA HAMOOMALIIUH, B
HameM upumepe — uyucao 6. OTo umca0 Ha3eIBaeTcH
nawbonsvwium obwum deaumenem (HOM).

IIpumepsl. Daauucen 16, 20, 28 HO ects 4; ann
uncen 5, 30, 60, 90 HOJI ccTh 3.

Koraa uucna nHeGonsuiue, ux HOJl nerko naxogurcs
1o aoragke. Ecuu Mbl iMeeM [ie10 ¢ BONBIIMMY HUCHAMU,
pasIaracM KaXkKxoe Ha npocthie MHOKHUTenH (cM, § 13) n
RBIIHCHIBACM T€ U3 HUX, KOTODDLIC BXOJAT BO BCE JJAHHbIE
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yucna. Kakapld H3 TAKMX MHOXUTeJdel OepeM ¢ Ha-
KMeHbIIUM TOKABATEEM, C KOTOPLIM OH BXOAUT B JaHHbLIE
yucaa. IIpoussoaumM yMHOXKEHNE,

Opumep 1. Haittu HOI uucen 252, 441, 1080.
Pasnaraem Ha MPOCTHIE MHOXKHTENHU

252=22.-32.7;, 441=3%-72; 1080 =23-32-5,

O61uUM KA YHCce] ABIAETCA TOJABKO IIPOCTOM MHOXKH -
Tens 3; HAUMEHBUIMH M3 NMoKa3saTened, ¢ KOTODHIMU OH
BXOJHT B laHHBIe udcaa, ecTs 2. HOJI pagen 32=9.

IIpumep 2. Haittu HOX yucen 234, 1080, 8100.

234=2-32-13; 1080 =23-32-5; 8100=22-3*%-52,
HOM =2-32=18.

MokeT CAYYUTHCA TaK, YTO MPOCTRIX MHOXHTeNeH,
obmux AaA BCeX maHHBIX yuces, He 6Gyaer Boece. Toraa
Hanboneiumit 06mUH genurens ecrs 1. Hanpumep, gna
udcen 15=3-5,10=2+5,6 =2 -3 HOf = 1. [Isa uucxa,
HOJl xotopeix paBeH 1, HA3LIBAIOTCA 83QUMHO NPOCMbL-
»mu. Hanpumep, 15 u 22 — B3aMMHO NpocTsie YHUCIA.

§ 15. Haumenbwee obuiee KpaTHoe

O6wum KpamHbim HECKONBKHX YUCeJ Ha3bIBAETCHA
4uCaA0, cayxxkaliee KpaTtHuM (§ 9, n. 4) ona Kaxaoro U3
uux. Hanpumep, uucaa 15, 6, 10 umeror obmee KpaTHoe
180; uucno 90 — Takxe obliee KpaTHOe 3TUX uncen. Cpe-
M BeeX 06IMX KpaTHRIX BCErJa €CTh HAaMMeHbllee, B aH-
HOM cayudae 4ucao 30. 3TO YMCIO HA3LIBAETCA HAUMEHb-
wum obwum xpamuvim (HOK). [Ina HeGonpminx uucen
HOK naxoautca nerko no gorajke. Ecay yucaa 6onsuine,
MOCTYNMAaeM TaK: pa3jiaraeM AaHHBIE YHCJA HA TIPOCTHIE
MHOKUTEJNH; BBINUCHLIBAEM BCE NPOCTHIE MHOMHTENH,
BXoJaune XoTA 661 B 04HO U3 AAHHKIX YHMCE; KaXKAbIH N3
B3ATRIX MHOXHTeJEeH BO3IBOAMM B HAUOONBIUIYIO M3 TEX
cTeneneif, ¢ KOTOPLIMHM OH BXOJAMT B JaHHbIe unciaa. [Ipo-
H3BOOUM YMHOMXKEHHE.
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IIpumep 1. Haiitu HOK uncen 252, 441, 1080.

PaasnaraeM Ha IpOCTble MHOMHTeNH: 252 =22-3%-7;
441 = 32-72; 1080 =23- 33 -5, IlepeMmHoKaem 23 - 33 - 72X
X 5. HOK = 52 920.

IIpumep 2, Haitru HOK uyucen 234, 1080, 8100
{cm. npumep 2 § 14). HOK =23-34-52- 13 = 210 600.

§ 16. Npocrbie apobu

IIpocmoit @pobvio (ropoue, OpolGelo) Haszweaemcs
wacme eQUHUYBL WAL HECKONIbKO pasHbix dacmel: (Joneir)
edunuysvt. YHcno, NOKa3sIBAIOLIEE, HA CKOJBKO HOJIeH
paajeneHa e JHHHMIA, HA3bIBAETCA 3HAMeHamesem RpobH;
YUCJ0, NMOKA3bIBAalOIIee KOJHYECTBO B3IATLIX ROJeH, —
yucaumenem Apobu.

3anucse: g UM 3/5 (TPH NATLIX), 3eCh 3 — yuc-
JIUTEeNb, 5 — 3HAMEHATENb.

Ecnn yHcauTens MeHbIlle 3HaAMEHATEeNRdA, TO 11].')065
MEeHbllle eTHHHI I 1 HA3LIBAETCA npaeu.nbuoz't; g — npa-

BunsHas Apo6s. EcAH yuCcnIHTENs paBeH 3HAMEHATENIO,
apobp paBHa eauHHuOe. Ecam uHcauteas Goabuie
3HaMeHaTeNasa, Kpobk Gosnire exMHULBI. B o6oux nmocnen-
HHUX cAy4asax Apobs HaskKBaeTcs HenpasuivHoii. Hanpu-
5 17
5' 5
HauboJiblIee [1eJI0e YHCJAO0, COAEpPXKALLEeeCA B HENpa-
BHJILHOM APOGH, HYX{HO pa3feJHTh YHCIAUTENb HA 3HAME-
HaTenb. Ecau feneHne BLINOJHAETCA 663 OCTATKA, TO B3A-
Tafd HeNpaBHJbHaf ApoOL papHa yacTHoMy. Hanpumep,

4—55 =45:5=9. Ecnu geneHue BRIITOJHAETCHA C OCTATKOM,

Mep, — HemnpaBHJbHLIe Apobu. YToOH BHIAENHTH

TO (HENMOJIHOE) YACTHOE JaeT MCKOMOE LieJioe YHCJIOo, OCTa-
TOK 2Ke CTAHOBHTCA YHCJIHUTENeM ApoOHOM YacTH; 3HAMe-
HaTesL ApoOHOM YacTH ocTaeTcsd NpeXXHHM.
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Hpumep. Hana apobs % . Henum 48 na 5. ITonay-

yaeM yactHoe 9 K ocTaTok 3; 458 = 9% .

Yucno, cojepikailee Lejyi # ApobGHYIO yacTu
(Hanpumep. 92) , Ha3bIBAeTCA CMew anHubiM. JpobHas
YacTh CMELIAHHOrO YHC/a MOXKeT ObITh M HenpasHIbLHOR
Apobbio, HATIpUMep 7% ; TOTAA MO3KHO U3 Apo6GHO# yacTn

BBIJIEJIUTE HauboJbIlee Hesoe YUCa0 (CM. BbILIE) U rpea-
CTABHTH CMEIIAHHOE YHCJIO B TAKOM BH/E, YTOOB! ApoOHaA
YacTs CTaja npapuianuoi Apobbio (MAM BOBCe mc4Yeasa).

Hanpumep, 7-1-5—3- =7+ 1—53 =7+ 22 = 9% . K mopoGHomy

BHAY OOBLIYHO H IPUBOAAT CMELIaHHbIe YHCIA.

Yacro npuxoauTcH (HANPUMED, IIPH YMHOMXKEHHH ApO-
6eit) peraTe BOIpoC obpaTHOrO XapaKTepa: JaeTca cMe-
HIaHHOEe YH1C/0, TpeGyeTcA IpeACTABUTL €0 B BHAe Apobn
(RenpaBunbHoil). A 3TOro Hy>KHO!

1) uenoe YUCA0, BXOAAIEE B CMEIIAHHOE, YMHOXUTDH
Ha 3HaMeHaTe/J b APOGHON YacTH;

2) K mpoussegeHHUI0 NpubaBUTL YucauTens. Iloay-
YeHHOoe Yucao 6yaeT yuCcauTe1eM UCKOMOM Apobu, 3HaMe-
HaTEeJIb OCTAETCHA IPEeXKHHA,

Il pumep. JaHo cMeIIaHHOE YHCIIO Qg B
1)9-5—=45; 2)45+ 3 =48; 3)9§ - %
§ 17. CokpaiueHue u «pacuMpeHve» opodm

Benuuuna ApobU He H3MEHHUTCH, €CJIM YUCIAHTENb U
3HaMeHaTeNnb APoOY YMHOMHTE HA OHO U TO K€ YHUCJO.
Hanpuwmep,

3 _3-6_18, 1 _1-3 _
6

o
£

3_3:6 P g =
2

5 5

[
£

18,1 _1.3_13 4
30’2 2.3 6 8"

<4
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Takoe npeob6paszosanue ApobU!’ MBI Ha3oBEM «pacluiupe-

Huem» Opobu. Bynem ropopHThb, 4TO ApobL % nonyJyeHa

«pacmupenldem Ha 6» U3 Apobu g .

BenuyuHa Apo6H He UIMEHHMTCA, €CAH YHCIHTENL K
JHAMeHATeJb APo0H pasgendTh HA o,zu-lo H TO >ke yucnao. Ha-
18 18:6 3.4 4:4
[puMme -18:6 3.4 _4:4 _1 pyr0e npeobpaso-
PHMeP 36 ~30:6 5°8 8:4 2 peodp
BaHHUE ,upoﬁn HA3bLIBAETCA COKpalyeruem Opodu. I‘osopa-r.
4To npoﬁb T moayyeHa «COKpailleHHeM Ha 6» U3 npoﬁu %
,I[poﬁb MOJKHO COKDATHTH JMIIb B TOM CJAy4ae, eciau
YHCJAHTeNb H 3HAMEHATENb HMEIOT O HAKOBbIE JeIUTENH
(T. €. ecAM OHM He B3aUMHO npocThie). COKpaieHHe MOX-
HO NPOM3BOAMUTH HJIM IOCTENEHHO UJIH cpa3y Ha HOJ[

IIpumep. CokpaTuts J.‘[pOﬁb 108 . IIpumeHnas npu-

3HAK JeJHMOCTH Ha 4 (cM. Bolie § 11), BHAHUM, 4TO 4 €CTh
OOLIME AeNTHTENb YHCAUTENA U 3HAaMeHaTens. CoKkpamasn

108 _ 108:4 _ 27 . 3aMeuas, uto 27 u 36
144 144: 4 36

Ha 4, HMeeM:

HMEIOT OBUHHA AcAuTeNs 9, coOKpanjaem %Z Ha 9; uMeeM:

% =i IlansHeiiee coOKpanieHue HEBO3MOXHO (3 1 4 —
B3aMMHO NIPOCThIE YHCAA).

ToT e peayAbTaT MhI NOAYYMM, ecnu Hanngem HOJ[
yucen 108 u 144, On paren 36. Coxkparus Ha 36, nony-
UM

108 _ 108:36 3

144 144:36 4~

Ilocne cokpamenua na HOJ| nonyuaerca necoxkpamu-
mas 0pobs.
1) 9ro npeobpasoBakne NPHXOAUTCH COBEPLIATD TOCTOAHHO

(Hanpumep, Op¥ cIoXeHHH pobel); OHO He MeHee BAXKHO, YeM
coKpalueHue apobu.
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§ 18. CpaBHeHne ppobent;
npueeneHue K obuieMy 3HameHaTeno

H3 asyx apoGeit ¢ 0AHHAKOBBIM YHCIUTENEM DONbllle

Ta Apobs, vy KOTOPOH 3HameHaTens MeHbiuie, Hanpumep,

% > % , g > g . VI3 nByx npobeii c oqHAKORKIM 3HAMEHA-

Tenem GoJivme Ta Apobs, y KOTOpPoH YucauTeab Gosbire.
3

Hanpumep, g > B

Yrobbl CPABHUTH AiBe AP06H, ¥ KOTOPLIX PA3JAHYHBI I
YHCIUTENHh M 3HAMEHATE b, HYX>KHO OAHY MU obe gpobu
npeoﬁpaaoBaTb Tax, qTobbI HX 3HAMEHATeNnH CTanM OJHHa-
KOBRIMH. [[JIA 3TOr0 MOXXHO, HANPHUMED, NEPBYK Apobb
PacIINPHThL HA 3HAMeHaTeNb BTOPOH, a BTOPYI0 — HA 3Ha-
MEHATEJb IePBO.

IIpumep. CpaBHuM ppobH g " i7—2 . Pacuinpsem

mepeyio Apobp Ha 12, a BTOpyio Ha 8; mMeem: 3 _ 386,

8 96°
1—72 = % Tenepb 3HaMeHaTeNHM OAMHAKORKI. CpaBHURB

YHUCIUTENH, BUAKUM, YTO Bropad Apobb Oolibule IICPEOH.

IIpumenenHoe npeobpa3oBanue Apobeil HaShKIBAETCS
npugedenuem ux Kk obujemMy IHAMEHAMENI0,

Yrtobh! MTpUBECTH K ODHIEMY 3HAMEHATEI0 HCCKOIBKO
Apobeit, MOMKHO KaXAYIO H3 HUX PaCIIHDUTL HA HPOU3Ee-
JeHue sHameHaresnell octaJpHbIX, Hanpumep, urobur npu-
BECTH K 0DIlleMy 3HAMeHaTe o Apobu g , ? ) % , pacini-

¢l
puMm nepeyio Ha 5 - 6 = 30, propyro Ha 8+ 5 — 40; TpeThio Ha
3 90 . 5 200, 2 96
8-6=48.Ilonyuum = = ——; 2 == & =
YIUME T 35466  240° 5 240
JHaMeHaTeJeM OyAeT IpOUadBeleHUe JHAMEHATeNnci Beex
JaHHbIX Apobe (8 - 6 - 5 = 240).

OToT CII0COo0 MPHUBEACHHA K OOLUIEMY 3HAMEHATENK —

caMBbIif TPOCTOH M BO MHOPHX CAVUARX CaMbiil NpaxTuv-

. Oburim
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HblA. EAUHCTBEeHHOE €ro HEYAOOCTBO COCTOHUT B TOM, YTO
obinii sHaMeHaTeNb MOJKET OKasaTbCA AOBOJABbHO 60Jb-
LIHM, TOTZAa KAK MOXHO BLIOpaTh ero MmeHsuinm. HmMenno,
3a 00U 3HAMeHaTe b MOXXHO B3ATH J060€ 0011lee KpaT-
Hoe (B uactHocTH, HOK) nanunix sHaMeHarteneii. Toraa
HYKHO PaclIMPHTH KaXKAYI0 ApolbL Ha YacTHOe, MoJyYae-
MO€ OT AeJIeHHA o01ero KpaTHOro Ha 3HaMeHaTe b B3f-
TOM ApO6M (3TO YACTHOE HABHLIBAETCHA JONOAHUMENLHBIM
MHONCUMEREeM).

s
6
neit 8, 6, 5 ecrs 120. JononHuTeNbHble MHOMXKUTEH:
120:8=15; 120 : 6 = 20; 120 : 5 = 24. PacumiHpseM nep-
By ApoGs Ha 15, Bropyro Ha 20, TpeTsio Ha 24. [lonyuaem:

3 _45. 5 _ 100, 2 _ 48

8 120’ 6 120 5 120°

IIpumep. Jdausl apobu g . =, % . HOK saawmenare-

§ 19. CnoxeHue y BbiuvTaHNe Aapoben

Ecan 3HaMcHaTenu ApoGed OJMHAKOBHEI, TO, YTOOK
CJAOXKHUTh APOGH, HYKHO CJJOKUTL UX YHCIHUTENH, 8 YTOOE!
BBLIYECTH APOOH, HYXKHO U3 YHCIUTENA YMEHbIIAeMOT0 Bbl-
YeCTh YUCJIHTENb BHIUUTAEMOTIO; MONTYYEHHAA CYMMa HIH
pasHOCTh OyAeT YHUCAHUTENEM Pe3ynbTaTa; 3HaMeHaTelb
ocraercs npexHuM. Ecan 3HaMenarenn Apobeil pasnimu-
Hbl, HYXKHO OpPEJBADHMTEJLHO NPUBECTH ApobHu K obnieMy
3HAMEHATEN.

5,7_12_14 _q1
Hpnmep1.§+§ 7 18 12

3 .5 2 _ 45 , 100 _ 48 _ 97

L, 3,5 2_45 ,100 48 _ 97
Opumep 2. S +e -2 =105 120 120 120

Ecnu cKnaablBaIOTCA CMEIIaHHBIE YHUCAA, TO OTAENb-
HO HAXOAAT CYMMY LEJbIX U CYMMY APODHBIX YyacTeil.
IIpumep 3.
3 5 3.5 19 7
S+ =7T+4)+ S+ =11= =12~
74 46 (7T+4) (4 6) 12 12
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IIpyn BEIYMTAHUH CMELIAHHBIX YHCeN APoGHAA 4acTh
BHIYHUTAEMOT0 MOJKET oKaszaThcdA Gonpme gpobHOH yacTH
YMEHBIAEMOro. Tor;xa B YMEHBIIAEMOM ¢«3aHHMAETCA»
enNVHHIA ¥ ofpaniaeTca B HEIIPaBUJIbHYIO ADO6b.

IIpumep 4.

1 1 3 4 15 4 11
7Z 45 7§ 4ﬁ 65 4ﬁ Zﬁ.

-102 —107 - 102 - 2
Mpumep 5. 11-107 =10; -107 = 2.

§ 20. YMHoxeHue apobew. Onpepenexune

I yMHOKeHHA M AeseHus fpobu Ha yeroe qucio
MO’KHO COXPAaHHTH JaHHbIe Belle onpeneaenna (§ 9, no. 3
u 4). Hanpumep,

23 .3-23 423 122 _gl,
4 4 4 4 4

O6partio, 8% :3=2 % . IIpakTHuyecKHe IpaBHIA BRIYUCE-

HHSA CM. HUKE.
Jnst ymHOMxKEHHUS Ha dpoSroe uucyio onpeienenne § 9

COXPAaHHUTH Heakds. Hanpumep, gefdcTeue 2% . % HeJb3A
BHINOJIHUTE, €CJIH €r0 IOHHMATh TaK, YTo 2% Tpebyerca

B3ATH CJjlaraeMbIM ‘3 pa3sa.

Yunomums Herxomopoe 4ucro (yeroe unru dpobroe)
Ha Gpofb — 3HAYuM Pa3deaums IMO HUCAO HA IHAMERA-
meae Opobu u pe3yAbmam YMHOKUMb Ha RUCAUMENb.

IIpumep. 800'%;800:4=200;200‘3=600,T8K

uto 800 4"—3 = 600. Ilopsgok melcTBUil (AeseHus u yM-

HOXKEHHA) MOXKHO H3MEHHTh; peayabTaT 6ymeT TOT xe:
800 - 3 = 2400, 2400 : 4 = 600.
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IIpuBeneHHOE OolpejeseHHe BHITEKAET H3 HeoOXOomH-
MOCTH MIOJIHOCTHIO COXPAHUTH 34 HEMCTBHUEM YMHOMKEHHA
Ty POJb, KOTOPYIO OHO HI'DAJIO B IPAKTHKE U B TEOPHH, TI0-
Ka MBI HMEJIH [eJI0 ¢ HeJALIMH YHCIaMUu. Y6eTUMCA B 3TOM
Ha ABYX TIpUMepax.

INIpumep. Jurp kepocuHa umeer maccy 800 r.
Haittn maccy 4 .

Peumenue. 800-4=23200(r)=3 kr 200 r. Pesynn-
TaT HAMAEeH YMHOXKeHneM Ha 4.

- 3
Haiiru maccy 3 Jl KepocuHa.

Pemenune. 800 g = 600 (r) (cM. npeAbIAYUIHIK
TIpUMep).
EcaH Mbl yMHOMKEHUIO Ha Apo6h AWM OTIpeae/ieHHe,

OTAHMYAIOLIEeCs OT BhIIIENPHBEAEHHOIO, Mbl IIONIYYHM He-
npaBuApHEIH oTBeT. Ecau Ou MEI, HCX0AA M3 onpenese-

HuA § 9, npU3IHANT YMHOXKEHHE Ha g HEBO3MOMHbIM, HAM

npUIIIoch Gbl PEIATh 38/1a4y O MACCE KEPOCHHA PASHEIMH
JAeACTBMAMN: NIPH LEJOM YHCJIEe JTUTPOB YyMHOXKEHHEM, &
nipu ApofHOM YHCAEe APYTHM feiicTBHueMl).

IIpn nepeMHOMKEHHH IeAblX YHCeJ NPON3Be/IcHHE He
MEHSETCH OT IePECTAHOBKH COMHOXKHUTeNeH: 34 =43 =
= 12. 910 cBOHCTBO COXPAHAETCA U DU YMHOMKEHUU HA
apobs. Hanpumep, g ‘3= g + -g + g = 2; 3TOT Pe3yJIbLTAT
MoJiydeH HA OCHOBE IpeXkHero onpegenenusn (cm. §9).

IlepecTaBUM COMHOMXKHATENU: 3 * g s IpeXKHee onpeaenedue

2
YMHOKEHHS TeNepb He NOAXOAUT, HO HOBOE JaeT 3 * 3" 2.

1} BoaHHK&eT BONPOC, HEJTbas M GBLIO JATE CPA3Y TAKOE OI-
pejicIeHne, KOTOPOC NOAXOANIO0 BBl M /I YMHOMEHHA Ha Liesoe
YHCNO, M AJ1S YMHOMeHHsT Ha Apobr? OkasniBaeTcs, YTO HEAbIA:
IIPH ONPCACACHRH YMHOXEHHUA APOOM Hen3berxHO NPHXOAMTCHA
TpPCANIONATATh JapaHee MABCCTHBIM YMHOMEHHE HA L|eJI0€ YUCIO
(cM. onpesesiCHHAC BTOTO aparpaca).
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Boo6uge okaselBaeTCcd, UTO IIPH HOBOM OIpeAeseHHH
YMHOEHHA OCTAITCA B CHJIe BCE IIPEeXKHHE CBOICTBA H I1pa-
BMJIA, 32 MCKJIOYEHHEM OJHOTO: IIPH IIPEXKHEM onpejaese-
HHMHU YMHOX>XEHHSA YUCAO0 YBEJUYHBANOCH, OTCI0JA H Ha3Ba-
HHE «yYMHOXeHHe» (0T cJioBa «MHOro»}. Tenmeps ke Mbi
JOJMKHBI CKA3aTh: OT YMHOXMKEHU S Ha YHCIIO, §0AblLee efu-
HHIILI, MHOKHMOE y6eAutueaemcs; OT yMHOXKEHUA HA YNC-
JI0, MeHbW ce eAUHUIBI (T. €. Ha NpasnJbHYI0 Apolb), OHO
ymervuiaemca. HecoorBercTrie nocnegHero dpakra ¢ Ha-
3BAHMEM AeHCTBHUA O0'BACHAEGTCA TeM, YTO HA3BAHHC «yM-
HOXXEHHE» BOCXOJUT K TeM OTAAJIEHHLIM BPpEMeHaM, Korja
MOHATHE YMHOIKEHHA OTHOCHJIH TOJIBKO K IEJIBIM HHCIaM.

§ 21. YMHoxeHue apobeli. Mpasuno

9 mobot ymHoHcLMb P00 KA GPOGb, YMHONCAIOM HUC-
aumens HA HUCAUMENb U 3HAMEMAMeRb HA 3HAMEMA-
menw. Ilepebtis peaynemam ecme HucAumens npousgede-
Hus, emopoit — 3namernamens. Ecoiu cpeliln COMHOX HTeE-
el HMEITCA CMElIAHHBIE YNCIa, TO UX NIPeABAPHTEABHO
obpaujaoT B HenpaBUJAbHYI0 ApoOb. Enle fo ymHOXeHU A
MOXKHO COKpAaIaTs J000H MHOMKHUTEND YHCIHTENA C JIIO-
OBIM MHOXKHTEIEM :mamena'renﬁ Ha 06L{HHA AeNTHTeb.

7 25,27 5.9 _45 _,13

12 20 12 20 4 4 16 16
(coxkpamenst: 25 n 20 1a 5; 12 u 27 na 3).

Ilpumep 1. 2l

Bce ckadaHHoOe pacliPOCTPAHAETCA U Ha Cayuyail, Kor-
Jia WHCJIO COMHOMKHTeell fosplie 1ByX.
4 2 9.4-14 3 2 2
I ep 2. 41.3.42 9414 =12
pamep 27 '3 273 111
(coxpamennr: 9 n3Ha3;4ulnal; 14duTra').
Ecau cpesn coMHoMXHTeJeH ecTh leable YHCIA, TO

KaxXJ0e M3 IOoCJeJHUX MOXMHO PACCMATPHBATE KaK Apolb
co aHameuarenem 1.

5 4 _5.7-4 _1-71_7_41
Hpumepd. & T "g115 213 6 '6
{CoOKpauleHbl: 3 H 15 HA 5; 4 u 8 Ha 4).
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§ 22. flenenne gpobGen

OnpenereHne feneHns, faHHoe Buire B § 9, coxpans-
ercs 4 AR fenenus apobeit. 3 Hero BeITEKaeT clexYIO-
uiee IpaBHiIo.

Ymobus pazderums xakoe-HuOydv uucaro Ha Opobv,
HYNCHO YMHONUMD 3MO HUCIO0 Ha Opolb, obpamuyio denu-
mearh).

15

. Apob6s, obpaTHas 14—5 , €CThb T

4
15

2 4 2-15 1
L. 2 820 =22
C."IellOBﬂTeJleO, 3 15 3.4 3

IIpumep 1. §:

3T0 npaBuJio NPUMEHUMO H B TOM cJlyuae, Korja je-
JIUMOE U JieuTeNh — lensle Yyucna. Hanpumep, 2 : 5 =

=2 % = g . Iloaromy apobGHas uepTa paBHOCHJIbHA 3HAKY

KeNneHus.

§ 23. [leACTBMA C HyNlem

Cnoxenue. IIpu6aBieHue HyiA K HEKOTOPOMY YUCAY
OCTABJIAET [10CAEAHEE HeHIMEHHbIM:

—5. 39 =33
5+0=5; 3 7 +0=3 7"
Berunrauue. Beruuranue HyAaA U3 Kakoro-aubo yucaa
OCTaBJIAET NOCNAEeHEEe HEH3MEHHBIM:
5 5
5-0=5 32-0=32.
T 7

1 O6pamnas dpobs TOMYUNTCA U3 JAHHOH, CCIH Y mMOCHaes-
HCH NOMCHATH MCCTAMH YHMCAHTENbL U 3HameHarTens. Hanpumep,

anda npobu g obpartuas npobs Byner g .
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Ymuoxenue. IIpousseaenne Hyad Ha awo6oe 1UHCIO
PaBHO HYJIO: -

5:0=0; 0-3? -0; 0-0-0.

Henenue.

1. YacTHoe OT aeneHHA HYAA Ha Kaxoe-NHBO YHCho,
OTJAHMYHOE OT HYJIA, DABHO HYJIO:

0:7~0; 0:.3 =o0.
950

2. YacTHoe oT feneHna HYNA Ha HY b Heonpedenerno.
B sroMm cayuae a1000e 4MCI0 YAOBJIETBODAET onpeaene-
HUB yactHoro (§ 9, n. 4). Hanpumep, MOXXHO MONCKHUTH

0:0=5,TaKKaK5'0=O:HocpaBHblMﬂpaBOM0:0=3g.

TaK KakK 3% -0 = 0. MoxHo cKa3aTh, 4TO 3aJa4a AeJeHHA

HyJf HA HYJL HMeeT GecYMCcIeHHOe MHOXKECTBO PellleHHil,
u 6e3 yKasaHMA JOMOJHUTENbHBIX JaHHBIX AeiicTBue 0 : 0
He UMeeT cMbIcna. JooMTHUTeIbHbIE AaHHEIE 0K HBI CO-
CTOATH B YKA3aHUH TOTO0, KAKUM 06pa3oM H3MEHAJHUCH Be-
JIMYHHE! AeJHMOr0 H AeJUTENA A0 TOro, KAK OHH CTalu
HynaMHU. Ecnu 310 M3BecTHO, TO B GONLITHHCTRE clyyaen
MOXXHO BeIpaxeHHw 0 : 0 npuaatk cMbica. Tak, ecau us-
BECTHO, YTO JeJMMOe NMPUHHMAJO MOCAeJOBATEJIbHO 3HA-
YeHHU

3 3 3

1006’ 1000° 10000 " TR

77
a ajenurenb — , —— T. A., TOY4aCTHOE B 3TO B eMA 6bl
A 100° 1000 " T A © BpeMA BLIo
3 .7 _3.8 . 1

m : m = ?, m : m HT. A, T. € 0CTaBaNOCh paB-

HBIM g , moaTomy M yacTHoe 0 : 0 cuuTaeTCA 31eCh PABHBIM % .

B noao6HEIX C/iyYasiX TOBOPAT O ¢« PACKPBITHH HEOIIpe-
penentoctu 0 : 0» (cm. VI, § 12, npumep 2). [{na packpbl-
Tua HeomnpegeneHHoctd O : O cymecTsyeT pag obiyux
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MPHEMOB, U3yYaeMLIX BhICUIEH MaTeMaTHKOM, HO BO MHO-
I'MX C/Iy4asax yaaeTcsa o00MTHCh U CPEAICTBAMH 3JIeMEHTAaD-
HOH MATEMATHKH,

3. HacTHoe OT Ze/ieHHUA KaKoro-au60 uucia, OTJTHYHO-
ro OT HyJIfl, HA HYJIb He CYLLEeCTBYeT, TaK KaK B 3TOM CJY-
Yyae HUKAKOe YHUCJ0 He MOXKeT yIOBJETBODHUThL onpenene-
HuIo yactHoro (§ 9, 1. 4).

Hamuurem, nanpumep, 7 : 0; kaKkoe ObI YKCJIO HH B3ATL
Ha npoby (ckamemMm, 2, 3, T), OHO He NOEXOAUT (Tak Kak
2:0=0;3-0=0;7-0=0wurT. 7., a HYIXKHO NOJYYUThH B
npouspeneHHn 7). MoXKHO CKasaTh, YTO 3aja4a O AeJeHUH
Hé HYJIb YHCJIA, OTJIMYHOIO OT HYJS, HE UMEeT PelleHHA.

OJHAKO YUCAO, OTAHYHOE OT HYJSA, MOXKHO Pas3eluTh
Ha YHUCJIO, KaK YrogHo BAM3Koe K HYJI0, K YeM GauIKe aesu-
TCJb K HYJTIO, TeM Goasblie Oyaer yacTtHoe. Tak, ecau Dygem
1 1 1
107 100’ 1000’ 10000
vacTtHsele 70, 700, 7000, 70 000 1 T. A., KOTOpLIC HEOrpaHH-
YeHHO BospacTaloT. IIoaToMy YacTO FOBOPAT, UTO YACTHOE
ot genenus 7 Ha 0 «6ecKOHEUHO BEJHKO» , MJIHM «DARHO Oec-
KoMewnocmu», 1 oMyt 7 : 0 = 00, CMsICH 3TOro BeIpaXe-
HHA COCTOHT B TOM, YTO €CJAM AEJUTENb NPHOAMIKAETCA K
HYJIO, & AeJIMMOe OCTAETCH PABHBIM 7 (MM npubamkaercs
K 7), TO YACTHOE HEOTDAHUYEHHO YBEJIUUYHBAETCS,

JeNHTs 7 Ha U T. A., TO [MOJYIUM

§ 24. Uenoe n yactb

1. Haxoxaeune yacTu mo ueaomy. Ymobu maiimu
HEKOMOPYI HACMb HUCAA, C20 YMHONK AWM Ha Opolb, Bbt-
paxcaruwyro amy wacme.

ITI p u me p. ITo yeraBy koonepaTuBa, AJisi IPABOMOY-
HOCTH OTYCTHOIO coﬁpanpm HAa HEM JOJIXKHO IIPUCYTCTBO-

BaTh He MeHee g YJIEHOB OpPraHu3allvuH. B KooIlepaTvBe

120 ynenoB. I[Ipn KaKoOM cocTaBe MOYKeT COCTOSTBHCHA OT-
JeTHOC cobpanue?

Peweunwnc. 120-% = 80.
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2. Haxoxnenue uexoro mo gactv. Ymobu. Haitmu
YUCRO NO 8enuNuHe JaHHOL e20 vacmu, deaam amy @eau-
YUKy Ha Opobyb, 8bipaxcarowyio OaHHY0 Hacmb.

II p u M e p. OTpesok AB, paBubI# 42 cM, COCTABAAET

‘g anuubl otpesxa CD. Halitu CD.

Pemwenwne. 42:2 =70 (cM).

3. BeipaskeHne 4acTH B J0NAX 1enoro. Ymobet evipa-
3umb vacmov 6 Joasx yenoeo, yacme denam Ha yeroe.
IIpumep. B xnacce 30 yyaujuxcsi, OTrCyTCTBYHOT
YeTBEPO; KAKAA YACTh YYAIIUXCHA OTCYTCTBYET?
4 2

Pemenmne. 4:30=ﬁ =ﬁ'

§ 25. JecAatuuHble Apobm

BulyucaeHUs ¢ TIPOCThIMH ApobAMU CTAHOBATCHA
O4YeHh MPOMO3AKHMH, €CJIM UX 3HAMEHATENHN CKOALKO-HU-
6ynp BesuKu. I'naBHOE 3aTpyAHEHUE COCTOUT B IIpuBeje-
HUH ApoGeil K 06111eMy 3HAMEHATETH0; OHO BHITEKAET U3 TO-
ro, YTO 3IHAMEHATENH MOryT OnIThH AHO6BIMM YHCIAMH, B
BhIGOpE KOTOPHIX HET HUKaKoi cucTeMsl. IloaTomy yxe B
APEBHOCTH NPMINAHA K MBICAM BEIGUPATH HE TIPON3BOABHO,
4 CHCTEeMAaTHYECKH AONH eAMHUHEI (KOTOPbIE B MPOCTBIX
Apobax MrpaloT poab 3HaMeHaTeneR). [ipeBHedAmUMy cuc-
memamuveckumu dpobamu, ynorpebaasmumuca B Basu-
noHe 3a 4000 seT g0 Halllero BpeMEeHH M INeperuegiiuMu
yepes JpeBHEerpeYecKMX ACTPOHOMOB K acTpoHoMaMm 3a-
nagHoi EBponsl, &wuim wecmubecamepuinvie Opobu
{cM. § 7, n. 4). B xonne 16 peka, KOrAa CJA0KHKIE BBIUUC-
JIeHWA ¢ ApoGAMH CTANH IIMPOKO NPUMEHATHCA BO BCEX
obnacTAX MHIHH, CTAJU BXOAUTH B ynnoTpebiaeHne apyrue
cucTemaTuyeckHe aApobu: decgmuunsbie (cM. § 31). B Hux
eAMHHIIA ACJHTCHA HA AECATHL ACJEH (AecAThHe), Kamaaa
AeCATAA AOJA CHOBA HA AecATh Aonaei (coTsie) n T. A. [Ipe-
MMYILECTBO JeCATHYHBIX Apofed mepes APYTHMM CHCTE-
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MaTHYECKHMHM COCTOMT B TOM, YTO OHH OCHOBAHBI HA TOU
)K€ CHCTEME, HA KOTOPOH IOCTPOEHE! CUET M 3aMMCh LEJRIX
yucesi. Brarogapsa aToMy ¥ 3anuck 4 Npasuaa AeHcTBUMA ¢
JAECATHYHBIMH JpO0AMH IO CYUIECTBY Te 3Ke, YTO H JJIA 1e-
JBIX YHCEJ.

IIpu 3anucd gecATHYHHX Apobed He HYy»XHO 0D03Ha-
YaTh HAUMEHOBAMHE AOJEH (¢ 3HAMEHATENb» ); 3TC HAUME-
HOBaHHE OINpPefieSIAeTCA IIC MeCTy, 3aHHMAEMOMY COOT-
percTeyomed yudpoin. CHavyana MALIETCA LeJad YacTh
YHCJa, CIPaBa OT Hee CTABHUTCH JallATaA; NepBad pudpa
[ocjie 3aNATON O3HAYAET YMCJIO AECATHIX (T. €, JECATBIX
AOJIeN eIHHHIK ), BTOPAA — COTBIX, TPEThA — THICAYHBIX
u T. A. lludpsl, cToAIME NOC/E 3aNIATON, HA3BIBAIOTCH J€-
CATAYHBLIMH 3HAKaAMH.

Mpumep. 7,305 — ceMp peaRX, TPH AECATHIX,
NMATH THICAYHBIX (HYJb IIOKA3LIBAET OTCYTCTBHE COTHIX 10+
nei), T. e.

7,305=7+3 + 0 4 5
10 100 1000

OgHHM M3 NPEMMYNIIECTB AECATHYHRIX Apobeit ABAA-
€TCH TO, YTO Bhlpa>keHHUe JpOOGHOH YacTH CPasy ke MPoYH-
THIBAETCA B IPMBEAEHHOM K OJJHOMY 3HAMEHATEJI0 BUE:

305 .
7,305=17 1000 °
uucno noce sanAaroi (305) ecTs YncanTens ApobHOMH gac-
TH, 3HaMeHaTeseM ApobH ABJIAETCA TO UHCIO, KOTOPOE Imo-
Ka3hlBAET, KaKHe JOJH TPeACTaBAAET MOCHeJHHH Aecs-
THYHBIA 3HAK (B JaHHOM caydae 1000).
Ecau gecarnynas Apobb He COAEPXHUT LeJ0H YacTH,

TO Nnepej 3alATOH CTABAT HYJIb; HATIDUMED, % =0,35.

§ 26. CBoWMCTBA AECATUYHbIX ApoDen

1. JecaTHuHaa Apobs HE KOMEHUT BEJMYMHEL, €CJAH K
HEeM crpasa NPHIIMCATh J00€e YUCI0 Hyaei.
NDpumep. 12,7=12,70=12,700u . p.1.

1Y 06 oTnnuuHM, KOTOpOe AenalT MeXay sanuceo 12,7 u
12,70 cM. § 34.
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2. MecAtu4yHas Apobb He H3MEHUT BEJAMUMHELI, €CIAU
0TOGPOCUTH HYJM, CTOALHEe CTIPABa B €€ KOHLE.

IIpumep. 0,00830 = 0,0083. (Hynan, He cToAlHe
Ha KOH1e, OTOpacHBaTh Heab3A.)

3. JecAaTuuHaa ApoOs yBeanuurtca B 10, 100, 1000 u
T. &. pa3, €CJAN JANATYIO NEPEHECTH Yepe3 OAUH, ABA, TPH
H T, /I, 3HAKA BIIPABO.

IIpumep. Yucno 13,058 ysenuuurca s 100 paa,
ecau aanuwem 1305,8.

4. Jecaruuynasn apobs ymennwares B 10, 100, 1000
T. A. pa3, €CJAM 3aNATYIO MepeHeCcTH BJIEBO 4Yeped OAHH,
Ba, TPX ¥ T. A. 3HAKA.

IIprumep. 176,24 ymenniuurca B 10 pa3, ecad sa-
nuenm 17,624; 8 1000 pas, ecsnd sanuwem 0,17624.

ITH CBONCTBA MO3BOAAIOT GBICTPO NPON3BOAHTE YMHUO-
JKEeHUe H aeneHue Ha yucaa 10, 100, 1000 u 1. 1.

HDpumepn. 12,08-100=1208; 12,08 - 10000 =
= 120 800 (npeagBapurennHo sanuimem 12,08 B Buzae
12,0800, 3aTem mepeHeCeM 3aNATYI0O BIPABO Y€PE3 UeThl-
pe 3Haka); 42,03 : 10 = 4,203; 42,03 : 1000 = 0,04203
(npeasapurennuo sandmem 42,03 B suge 0042,03 n nepe-
HECEM 3alATYIO HA TPH 3HAKA BJIEBO).

§ 27. CnoxeHue, BblMMTAHNE U YMHOXEHUE
AeCATUYHBIX ApoGen

CinoxeHHe W BHEINMTAHHE JECATHYHBLIX 3aMHUCb:
IpobeH BRINOJHAIOTCA TAK XK€, KAK CIOXe- 2,3
HMEe M BBIYMUTAHME LEJBIX YHCeN; HYXHO 4+ (0,02
TONILKO 3aMMCBIBATL KaXXAblil paspax nox 14,96
pPA3pAAOM TOI'O Ke HAUMEHOBAaHMA. 17.28

IIpumep. 2,3+0,02+14,96=17,28. ’

YmHoXKeHue gecaThunbix apobei. Ilepemuoxkaem
JlaHHBIE YHCJIa KaK 1eJible, He ofpamasa BHHMaHMA Ha 3a-
NATYy0, 3aTEM CTABUM B PE3YJBTATE 3AMATYIO, NOAbLIYACH
CAEAYIOIIAM MPAaBHJAOM: 8 Npouseederull HUCA0 3HAK08
nocae 3anaAmoii PasHo CYyMMe Hucen 3HAKO08 nocre 3ani-
moii 80 8Cex COMHOMUMECAAX.
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IMIpumep 1. 2,064 - 0,05. [TepeMHO>kaeM LEIbIe
gucaa 2064 - 5 = 10 320. B nepsoM coMHOXKHTENE BBLIO
TPH 3HAKA IToCJe 3amATOoH, BO BTOpOM — fBa. B NIpoHaBe-
JEHHM YHCJO 3HAKOB 110CJe 3alIATOR JOMMKHO ObITh IATh.
Otaensaem ux copaa; monydaem 0,10320. Hynab, cTos-
WU B KoHLe Apobu, moxkHo otbpocurs: 2,064 - 0,05 =
= 0,1032.

Ho nocmanosru s3anamoii ombpaceiéams HYAU npu
omom cnocofe Heav3al).

IMIpumep 2.1,125:0,08; 1125 - 8 = 9000. Yncno
3HAKOB [IOCJE 3aNATON 40MKHO ObITh 3 + 2 = 5. [Ipunucsr-
pas k 9000 nynn caesa (009000), oTnenaem cnpasa nAaTh
anakos. [Tonywaem 0,09000 = 0,09.

§ 28. [leneHne pecATMMHOW Apoby HA Lienoe Yuano

1. Ecnu nenumoe MeHblle AeTHTENA, 3alHCHIBAEM B
[en0i YacTH YacTHOI'O HYJh M CTABUM IIOCJ€ HEro 3amns-
Ty10. 3areM, He obpalad BHHMAHMA HA 3anNATYIO, IIPHCO-
eAUHAEM K LIeJIOH YACTH AeJMMOro MepBylo uudpy ero
Npo6HOM 4aCTH; ecIM MOoJYYaeTCA YHCA0, MeHbIIee AeTH-
Tens, CTABMM HOCJIE 3allSTOH HYJb U NPHCOCANHAEM eIe
ofHy uudpy AENUMOro; €cliM M TOCJE 3TOr0 NMONYYaeM
YHC/0, MeHbIIee eUTENA, CTABUM €1lle HYAb U T. A., 0-
Ka HE MOJYUYMM YHC/Aa, [IPEBOCXOAAILEro JAeauTens. B
nanbHeHUIEM JeJIeHHe COBEePIUAeTCS TaK e, KaK C Lebl-
MU YHCJAAMM, NPHYEM Je]UMOe MOXKHO HEOMDAHMYEHHO
«PACLIMPATH» BIIPABO OT 3a0SATOH, NPHIMCLIBAA B KOHIE
HYJIH.

3amMcuyanue. BoaMOXKHO, YTO ONMMCAHHBINA NpoO-
LeCe JICTEHUSA HMUKOMAA HC 3AKOHYHTCA. B TakoM cayuae
YACTHOE HeJAh3A TOYHO BBIDA3UTH ACCATHYHON APOGHIO,
HO, OCTAHOBUBILIMCH HA HEKOTOPOH Hudpe, NONYIUM [IPH-
OAMACHHBIA peaynbTat (cM. HuXe § 30).

D IIpa ymuosxkenan no cuocofy § 41 orBpacwBars iy
MAOWIHO,
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IIpumep 1. 13,28 :64.
3neck uucao 132, Goasiuee geaurensa, 3amnHuCb:

MOJY4YHIOCh TOC/Je NPHCOEAMHEHHA Nep- 13 28| 64
BO# e uu$psl Apobnoit uactu. [losromy 12 8 '70’2075
HEeNOCPEACTBEHHO IIOCJAe 3aNATOH HYJIA 48

Her. Ho nepsbifl 0CTAaTOK BMECTe C IPHCO- 48D
eAMHEeHHOH K HeMy cJeAyooluedl uubpoi 448
aenumoro (48) mMeHbllle geNHTEIA, O3TO- 320

My nocje JABOMKH B 4YacTHOM CTABHTCH

HYJb., 3aTe€M «CHOCHTCA» HYAb (AenuMoe «pacuipser-
cA», npHHUMasn BuA 13,280); 3170 no3BOAET NPOAOIIKUTEH
nenenre. K cneaywomniemMy ocratky (32) onaTs cCHOCHTCA
HYJb (Jeaumoe npeacrasasem cebe B Buge 13,2800).

IIpumep 2. 0,48: 75.

3aech mocje NIPpHCOEAHHEHUA UEPBOH 3 amnmHucCb:
uudpr AENMUMOTO NOJYYAeTCH 4HCHA0 4, 0,480 75
MeHbllee 75; B 4aCTHOM IIOCJTe 3aNATOH 450(0.0064
CTABHM HYJIb; I10CJI€ IPUCOEJHHEHUSA BTO- 300
poit nudprl monydaem 48, KoTopoe Bce -
eme MeHbine 75. B yacTHOM cTaBUM TIOC/ie 3ANATOR BTO-
poit Hyas. ePaciuupas» ApoOs OZHHM HyJIEM, MOJydaeM
0,480uT. a.

2. Ecau genumoe Goaslile AeauTend, AeJSHM cHadansa
LUEYIO YACTh; 3AlIUCHIBAEM B YUACTHOM PE3yIbTAT AeNeHHSA
H ctaBuM 3anartyw. [locae aToro geneHue npojgomKaercs,
KAK B IPEALIAYILIEM ClIydae.

ODpumep 3. 542,8:16.

Pasgends 1LeAyi0 4YacTh, MOJYYHM B Bamucb:
4acTHOM 33, B ocTaTrKe (BTOPOH OCTATOK) 542 8) 16
14. Ilocne 33 craBHM 3ANATYIO, 3aTEM K W
OCTATKY CHOCHM chaeaywilyi uudpy 3. 62
Honyyenuoe uucno 148 gesnum Ha 16; mo- 48
Ay4duM 9 — neppas uudpa nocsae 3anAToH 148

IIo ToMy ke cnocoby AenAT LeI0e YUC- 32
JIO Ha 11eJ1oe, eCJIM YacTHOe XOTAT INpeacra- W)

BHTb B BH/e IcCATHYHOHN Apobu.
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IIpumep 4. 417:15.
3jeck 3amATad B YACTHOM IIOCTABJEHA 3 aNHUCb:

Moc/e TOro, Kaxk MOAYYHJICA MOCAEAHUAN He- 417 | 15
apiit ocrarok (12). eanmomy 417 moxuo 30 [27,8
npugats Bug 417,0; Torxa ono npeacragur- 117

i 165
cH IeCATHYHOH ApobbIo. 190

§ 29. [leneHue pecaTMYHOM Apobu
Ha pecATUYHYIo Apobb

Ymobvt pasdeaums GecamuuHyo 0pobv (Mam uesoe
YHCI0) Ha Gecamuinyio 0polv, ombpacbigaem 3animyio 6
denumene; 8 JeuMOM He nepPerHoOCUM 3aNAMYI0 8nPaso
yepe3 CmoabKo 3HAK08, CKOAbKO UXx Gbia0 8 dpobHoill vac-
mu deaumens (B caydae HeOBXOAHMOCTH K JAeJMMOMY B
KOHI€ NPEABAPUTENLHO NpHNMchiBaoTca Hysan). Iocre
3TOTO BLINGJHAEM JeJEHHE, KAK YKA3aHO B NpeJnlaylieM
naparpade.

IIpumep. 0,04569:0,0012.

B apobuok yacty geadrend 4 guaka; 3 aMNHUCkb:

MO3TOMY B J€1HMOM NEPEHOCHM 3anAaTyo 456,9| 12
BNIpaBO Yepea 4 3HaKa; mojydaem 456,9. __|36 38,075
Heaum 456,9 na 12. gg

90
84

60

§ 30. O6paleHune pecATUHHON Apobu
B nNpoc1ylo u o6parHo

Ymobut o6pamums Gecamuinyio dpobe 8 npocmyro,
RyXHO, ombpocug 3anamyw, clerams nonyyuéuieecs
Yucno wucaumeneMm Opou; 3HAMeHaAmMeNeM He HYIHO
asams YuCA0, nokasstéanllee, Kaxue 0oau npedcmasas-
em nocaedruir Oecamuunsiii 3nax. Ilonydyennyio 1pobs
JKeJIaTeJIbHO COKPATHTS, €CJIH 3TO BO3MOXKHO.
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Ecnu aecaruunas Apo6b NPEBOCXOAMUT eAMHHLNY, TO
NpeANOYTHUTENbHO 06paniaTs B NPOCTYIO APOOL TONBKO TY
€€ YACTb, KOTOpasd CTOMT NOoCcJe 3aNsATOH, ey 2XKe YacThb
OCTaBHTh 6e3 H3IMEHEeHHUA.

IIpumep 1. 0,0125 obpaTuTs B NPOCTYIO APOGH.
Tlocnenuuil AECATHYHRINA 3HAK MPENCTAaBAAET AECATUTHI-
cauHsle goa4. IToaromy 3namMenarens 6yacr 10 000; ume-

em0,0125 = 125 _ 1

10000 80"
IIpumep 2.
2,75=2."2 =23 yap2,75= 205 _ 11
100 “1a 100 4

IIpeamouTHTEIBHO, OAHAKO, TPOH3BOAMTH BhIUHCIIE-
HHE NEepPBhIM H3 ABYX YKa3aHHBIX croccboB, T. e., OCTas-
JiAA 6€3 U3IMEHEeHHUA ABOMKY, CTOAIUYIO CJIeBa OT 3alATOM,
obpamaTs B mpocTyo Apods yucio 0,75.

Ymobu ofpamumb npocmyr dpobv 6 decamumyio,
HYMHO pasferums YUCAUMENs HA 3HAMERAMENs NO NPa-
sunam § 28 (cMm. mpuMep 4).

IIpumep 3. Ipobs % 06paTUThL B AecATHYHYO. He-
aum 7 : 8; nonyuaem 0,875.

B G0oABIUHHCTBE CAYYAEB 3TOT NIPOLECC AEJIEHHS MO-
JKET pogosKaTheA 6eckoneuno. Toraa npocrada gpobs He
MO3KeT ObITE 0OpaileHa B AeCATHUHYIO ToyHO. Ha npakTH-
K€ 3TOT'0 HUKOTAA ¥ He Tpebyerca. JleJleHHe 3aKaHYHBAIOT
B TOT MOMEHT, KOI'Za B Ya4CTHOM MMOJY4YEHbI BCE T€ AeCATHY-
Hbl€e JOJH, KOTOPble UMEIOT NPaKTHYECKUH HHTEpEC.

IIpumep 4. Tpebyerca pasgenurs 1 Kr Kode Ha
TPH DPaBHBbIE yacTH. Macca Kamao#i 4yacTH % Kr. Yrobst

B3BECHTH 3TO KOJHYECTBO, HYXXHO BBIPDA3HUTH €0 B A€eCHA-

THYHBIX ACJIAX KHJAOrpaMmmMa (TﬁK KaKIr'npyun B :—13 KIrHe nMe-

erca). lensa 1 va 3, nonyyum 1 : 3 = 0,333... . [lenenne
MOXXHO NMPOAOJKATL 0e3 KOHIA; B 1aCTHOM OyAyT IMoAB-

4 Buronckuii M.l
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JATHCA BCE HOBHIe TPOAKH. Ho Ha MarasHHHBEIX Becax
HesNb3A YYEeCTh MaJbIX H3MEHeHHH Maccel (HanpHMmep,
MeHpIKX 1 ), A2 ¥ caMu 3epHa Kode BecAT Kaxgoe 60Jb-
me rpamMa. IIpakTHYecKHH HHTEpeC HMEKT B JaHHOM
clyyae JIHIIbL coTwle gonn Kuaorpamma (10 r). ITosTomy

6epem % kr =~ 0,33 kr.

IOna Gonpuieil TOUYHOCTH NPHHATO YYHUTHLIBATL BeJH-
4yHHY NepBoii orOpackiBaeMoi uudpsl. EciK 0HA npeBh-
waet 5, To yaep>xkusaeMasn urdpa ypenduusaercs Ha 1.

3ameuaHue. Jaxe rorga, Koraa npocTyw Apobn
MOJKHO TOYHO OGPATHTH B €CATHYHYKW, B GOJbIIHHCTBE
clly4yaes aTOro He genawr. Jlocturaa tpebyemMoii crenenn
TOYHOCTH, eJeHHE 3aKaHYUBAOT.

IIpumep 5. Obpature apobn 3—72 B AEeCATHYHYIO.
Tounoe szHaueHue OGyaer 0,21875. B saBHcHUMOCTH OT
TpebyeMoi CTEmeHM TOYHOCTH, JeJIeHHE 3IAKAHYMBAIOT
HA BTOPOH, Tperseél M T. . nudpe uyacTHOro U Gepyrt

7 . 7 .
o = 0,22, L =0,219u T &,

§ 31. Uctopuyeckue cBefeHns 0 Apobax

ITonsTHe 0 Apo6M MOTJIO BOSHUKHYTL Y JNOAeH JHIIb
nocje TOro, Kak y HMX o6pasoBasiiCh HEKOTODLIE NIpej-
CTaBJEHHA 0 LENkIX YHcaax. Kak ¥ moHaTHe 11e0r0 vuc-
Ja, NoHATHEe Apo6H NoABHIOCKL He cpa3dy. [Ipeacrasiaenue
0 «IOJOBHHE» BO3IHHKJO Iopa3j0 PaHbile, YEM O «Tpe-
TAX» U «UETBEPTAX», 8 06 3THX TOCIEAHHX — DaHbIIe,
4yeM 0 ApobAX ¢ APYTHUMH 3HaMeHaTedaMHU ).

1} O ApeBHOCTH NOHATHA ¢IOJIOBUHA» CBHAETENLCTBYET TOT
haKT, YTO BO BCEX A3LIKAX OHO HMeeT 0coboe HaMMeHOBAHUE, HE
ITPOXCXOARIEE OT CJOBA «ABas, Beipaxkenus «B6énLmas norosu-
HA», «MCHLUIAA TNOJOBHUHAS, «IIONYKHBOH», «nonbeabi» U T. 1.
TOKA3BIBAIOT, YTO CJIOBO «QJOBHEA» EePBOHAYANBLHO O03HAYATIO
OAHY U3 IBYX YacTeif (He 00513aTCALHO PABHEIX APYT APYTY).
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[leprrie HREACTABACHWSA O ITENOM MHCAC ROZHVHKIT B
pouecce CuYeTa; NePRbIe MPEACTABIEHUST O APNDAX --- 13
pouecca u3MepeHust (UMY, MIoUaACii. MACCHl M T. J.).
Cresbl HCTOPHYECKOH CBAI3H HCUHC/ICHUS JIDOGRIT 1t clere-
MBI MED MOXXHO O0OHAPY>XHTh Y MHOTHX HapoaoR. Tak, s
BRBHJIOHCKOH cHUcTeMe Mep Macchl (M gener) 1 TasanT co-
craBaaa 60 MuH, a onrHa muHa — 60 1ekeneii. Coorner-
CTBEHHO C 9THM B BABHMJIOHCKOH MATCMATUKE IIHPOKO
NIPDUMEHANNUCH WIEeCTHAECATEpUYHBIC Apobn (cm. § 7). B
JPeBHEPUMCKOM CHCTeMe M3MCPCHHUS Macchl 1 ace penn-
cs Ha 12 yHUMiA; COTTACHO ¢ 9TUM PHUMASHE II0Nb30BATHCH
ABeHAAATepPHUYHbLIMH ApobaMu. JIpobb, KOTOPYIO MBI Ha-

3LIBaeM 1—12- , DPHMJISIHE UMEHOBAHU «YHI[Heil», JaKe ecau

6b1 OHa yl'[OTpeﬁJTHJIaCb ANA ASMEDeHHUA AJIMHBI HIIK HHOH

BeNIMYHUHBL, Ap0Gb, KOTOPYIO Mbl HAa3blBAEM %, pUMJIAHE

Ha3LIBAJIH ¢TOJTOPBI YHIHH» U T. II.
Haurn «00bikHOREHHBIE APOGH» LIMPOKO ymoTpeGisi-
JHCHL APEBHUMH FpeKaMH U HHAHMnamu, [Tpasuna geier-
BUH ¢ ApOGAMH, M3IJTOKEHHbIE UHAUICKHM YUEHBIM bOd-
marynrod (8 B. H. 3.), UL HEMHOTMM OTJHYAIOTCS OT Ha-
mux. Hama sanucey apobelt Toxke cosmamaeT ¢ MHAUI-
CKOM; TONBKO APOOHOM YePThl MHAMMN I I He ITHCAH; 'PeKI
3alTUChIBANTH CBEDXY 3HaMeHaTes b, 4 CHU3Y UMACIUTENh,
HO Yalue ITOJb30BAJHCh JPYrUMH 3aNMCAMH, NANpHUMCp
nHcanu (KOHEYHO, CBOMMM 3HAKAMH) 3 5% (TpH MIATHIX).

Unpniickoe oGoaHauenue apobeit u mpasuna feicr-
BUI Hall HMMU ObITH yCBOEHB! B 9 BEKE B MyCY/JIBMAHCKHUX
crpanax Onaropmapsa Myxammegy Xope3mckomy (a/b-Xaa-
puamut, cM. § 7). Onn 6biau nepeHecedsl B 3anaguywo Es-
pony MTAABAHCKUM KYMUOM H YYeHblM SeoHapg0 @nbo-
rayym ua [Iuael (13 B.)

Hapsaay ¢ «0GBIKHOBEHHBIMH» APOBAMIT HPIIMCHSA-
JUCh (TPEMMYILECTBEHHO B aCTPOHOMHHM) IHeCTHACCAFe-
puyHble Apobu. OHHU OBIIM NO3/IHEE BBITECHEHbI JECITHY-
HBIMH ApobGamH. [TocaefHHe BliepBLIE BBEA BLLlAMONINIICH
caMapRaHACKUI VUCHBIH /p19C3agin7 JIXene s - r-Kai
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(14—15 BB.}). B EBpone necatuyubie gpobu GpinH BBEge-
HBI B IPDAKTHKY HUIEPJIaHACKUM KYIIOM H BLIIAIOILHMCH
y4eHbIM-UHXeHepoM CumoHonm Cresuriom (1548—1620).

§ 32, MNpoueHTbi

Ipoyermom (oT naTHHCKOro pro cento — ¢ COTHH)
Hasvteaemea comaa yacme. 3andce 1% osnauaer 0,01;
27% =0,27; 100% = 1; 150% =15 uT. a.V.

1% ot sapnnatel osHayaetr 0,01 sapnaaThl; BBINGJ-
HUTH BECh NJAH — 3HAYMT BHOCOAHUTE 100% nsaaHa; BeI-
noanenye 150% nnana osaavaer soinonHenue 1,5 nnana
UT. A

YT06b1 HAITH IPOLEHTHOE BHIPAXKEHHME AAHHOTO YHC-
Ja, HYXKHO YMHOXHTh 3T0 uncic Ha 100 (uau, uTo To xe
caMoe, IIePeHeCTH B HeM 3anATYIO Yepe3 ABa 3HAKa BIpa-
BO).

II p u M e p bi. IIpoueHTHOE BRIpaXKeHHe YHCT2 2 eCTh
200%, uyucna 0,357 ecrs 35,7%, uucna 1,753 ecTn
175,3%.

Yrobsi HAHTH YMCJIO NO ero MPOUEHTHOMY BhIpaXKe-
HHMIO, HY>KHO pa3feNUTh NIPOUEHTHOE BhIpaskeHHe Ha 100
(MM, 4TO TO XKe camMoe, NEPEHECTH JANATYIO yepel ABa
3HaKa BJIEBO).

MHpumepsn. 13,5% = 0,135; 2,3% = 0,023;

145% =1,45; %% =0,4% = 0,004.

Tpu OCHOBHEBIE 3aJa4Hd HA IPOUEHTHI TAKOBbI.

1. Ha¥iT™a yxa3aHHBIH NPOLEHT AaHHOIC 4Hcaa (cp.
§ 24, n. 1). TanHOE YHUCI0 YMHOYKAETCA HA YHCJIO TIPOLIEH -
TOB, Pe3yALTAT AeJHTCA Ha 100 (MaH, YTC TO Ke camoe,
3aNATAA NEPEHOCHTCA YEpes ABa 3HaKa BieBo)?),

) O6oanavenne % NPOKIOILIO OT UCKAMEHHMA 3AMUCH €y,
(coxpaniexue cioBa cento).

2) Ipyramu cJI0OBAMH, JAHHOE YMCI0 YMHOMKACTCA Ha ApPobE,
BLIDA’KAIOMYIO YKA3aHHKIH ITPOLIEHT.
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IIpumep. Ilo niaany cyrounas aoGniva IMAXThI
AoyxkHa paBHAThECA 2860 Tonnam yrasa. Ulaxra npunasana
06A3aTeNbCTBO BHINOAHAT, 115% naanHa. CKOJBKO TOHH
YIJA JOJI3KHA JATh IIAXTa B CYTKH?

Pemenue.

1) 2860 - 115 = 328 900. 2) 328 900 : 100 = 3289 t1).

2. Ha#TH 4MCIC IO JAHHOH BEJMYHHE YKa3aHHOro
ero npouenTa (cp. § 24, n. 2). laHHasa BeJUYHHA JeNMHTCA
Ha YHCJIO MPOIEHTOB; Pe3yILTaT yMHOxaeTcA Ha 100 (T. e.
sansATasA NepeHoCHTCA Yepes ABA 3HaKa BOpaso)?).

Il pume p. Macca caxapHOro IecKa COCTaBJISAET
12,5% ot maccu nepepaboranHoi CBeKJ0BUIbI. CKOILKO
CBEKJIOBMU B! TPebyeTca a1 uarorosienus 3000 u caxap-
HOTO necka?

Pemenwue.

1) 3000 : 12,5 = 240. 2) 240 - 100 = 24 000 (u)>.

3. HaliTH BhIpa’keHHe OZHOrO 4YMCJIa B NpPOoneHTax
apyroro (cp. § 24, n. 3). YMHoxaeM nepsoe yuco Ha 100;
pesyJbTaT eJIMM Ha BTOPOE YMCJIO.

IIpumep 1. Meroa ckopocTHOrO 06>xuUra KUpIH4A
T03BOJIMJI YBEJHYHUTh BBIIYCK KMPMHYA € OJHOro Kybuye-
ckoro Metrpa neuu ¢ 1200 xo 2300 mryx. Ha ckoawnKo npo-
LEHTOB YBEJIHYMUIOCH IPH 3TOM MPOU3BOACTBO KUpnuya?

Pemenue. 1)2300-1200=1100;

2)1100-:00= 110 000;
3) 110 CH0: 1200 =~ 91,67,

IIpou3poacTBO KMPIHYA yBeAUYKHIOCHL HA 91,67%..

IIpumep 2.Ilonnany paGounii nomxeH Ob1a Haro-
ToBUTH 161 seTann B geHs, oH narorosua 166 geraneit. Ha
CKOJBKO ITPOLeHTOB Pa6oyuii BBITOJTHHJ IIJIaH?

Pemenune. 1)166-100 =16 600;

2)16 600: 161 ~ 103,1.

Pabouyuil BRITOJAHWA n1aH Ha 103,1% .

1) OnmucasHOe ACHCTBRE PABHOCHIBHO cacayloemy: 2860 X
xX 1,15 = 3289,

2) Ipyr¥MHu CIOBAMH, AAHHAA BCJIHYHHA JCAHTCS HA APOOEH,
abIPA’KAKNIYIO YKA3AHHEIN TIPOIIEHT.

3) Onucargoe AeCTBRHE PABHOCHILHO caefywomemMy: 3000 :
: 0,125 = 24 000.
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3ameuaHnHue 1. BoBcex Tpex 3afjayax MOXHO Me-
HATL HOPAJIOK AEHCTBHI, HANpHMED, B TIOCJIefHEN 3aaye
CHAYasa BBHINOJHATL feJIeHHe, @ 3aTeM De3yJbTaT YMHO-
*KHuTh Ha 100.

3ameuvanue 2. HuXenpHseJeHHH TPHMED
NIPeAOCTEPEKET YHTATEJIA OT CJAEAYIOIeH YacTo BeTpeyae-
MO OIHOKH.

II pumep. [IycTe TpebyeTcsa y3HATH, CKOJBKO CTOHI
METD TK2QHH [0 CHUKeHMA IeH, €CJM MOoC/JIe TOHMIKEHUA
HpoAaXHO# umensl na 15% aTa TKaHe OpojaeTcA IO
120 py6. 3a meTp. HHoraa naxogar 15% or 120 py6., T. e.
ymHOxkawT 120°0,15 = 18. 3areMm cknaasisaior 120 + 18 =
= 138 u cumrawT, uTo crapas ueHa Owuta 138 py6. za
MeTP. 3TO HEBEPHO, TAK KAK IIPOIEHT CHMKEHU 1 YCTAHAB-
JINBAeTCH [0 OTHOLIEHUIO K NIPEXHMM ueHaM, a 18 py6.
cocrasaset ot 138 py6. He 15%, a okosno 13% (cM. 3aaa-
vy 3). IIpaBunrHOe peireEHe TaKOBO: IIOCJ€ CHHIKEHUS
UeH CTOMMOCTh TKaHu cocraBmaa 100% — 15% = 85% or
npexxHei 1eHbl. [loaToMy npexHAR weHa (cM. 3afavy 2)
cocTasaana 120 : 0,85 = 141,2 py6. 3a meTp.

3ameuanue 3. [Ipa Bcex BLIMHCIEHHAX C IPOLEH-
TaMW Ha TPAKTHKE CJeyeT HO/b30BaThCH cioco6aMH TIpH-
OJMIKEeHHBIX BRIYACJIeHUH (M, caeayonyde naparpagsl).

§ 33. O NpUBNMXEHHBIX BLIYUCTEHUAX

Yucna, ¢ KOTOPHIMH Mhl HMEEM JeJI0 B XXM3HH, ObIBa-
FOT ABYX THIOB. OJHH B TOYHOCTH AAIOT HCTHHHYIO BEJIM-
YUHY, [PyTHe — TOJAbKO NpUbau3uTenbro. IlepBuie HA3kI-
BAIOT MOYHbIMU, BTOPhIE — RpubaumeHnbiMuy. acTo Mul
cosHaTeJsHO 6epeM NpHUOAHKEHHOE YUCJI0 BMECTO TOYHO-
ro, Tak Kak mnocjejHee Ham He Tpebyercsn. Bo MHoOrux »xe
cny4aAxX TOYHOE YHCIO HEBO3MOXHO HAHTH 10 CYTH
BOIIpOCA.

IIpumep 1. B sroii kuure 512 crpanuy; uuciao
512 — TouHoe.

IIpumep 2. B mecruyronsuuxke 9 auaronaJseii;
yucao 9 — TouHoe.



§ 33. O NPUBTMKEHHBIX BLIMMCIR =G K 303

[MIpumep 3. [lpojasen B3RCCHA Ha aBTeMaTIHUL-
ckux Becax 50 r macaa. Unero 50 — upi@aniorenoe, Tak
KAK BeCHl HEYYBCTBHUTENBHBI K YBOJINICHIIK) HIIL YMOHD:
IICHAIO Beca Ha 0.5 T.

IIpumep 4. Paccrosiune ot cranuuin Mockpa e
craHuuu CanHkr-Ilerepbypr OKTAOpLCKOT K. A. cOCTaB-
nsaer 651 kM. Uucno 651 — npubmirkenHoc, Tak kak, ¢
OOHOM CTOPOHBI, HALIH H3MEPHTENLHLIC UHCTPYMCHTBI HE-
TOYHBI, C APYTOH >Ke CTOPOHBI, CAMHM CTRHI}H UMCIOT He-
KOTOpOE NPOTAKCHUE.

PesynbraTr jedicTBHE ¢ OPUOAMIKCHHBIMHM UHCIaMH
ecTh TOXKe NPHOAHMXEeHHOC YHCo. IIpH 3TOM HCTOUHBIME
MOTYT OKa3aThCA U Te LUGPHI, KOTOPLIE MOJYICHBI ACHCT-
BHAMH HAJ TOYHRIMH und)panm AAaHHBIX UHCCJ.

N pumep 5. Iepemuoxarwrca npubaurkeHHbIE YHC-
aa 60,2 u 80,1. UssecTHo, 4TO Bece BhiUCaHHbIE MU
BEPHbI, TAK YTO MCTHHHBLIE BEJIMYHHBI MOI'YT OTJIHYATHCA
OT NTPUBIH>KEHHBIX JIMIIb COTBIMHU, TEICAYHBIMHU U T. J. J0-
namMu. B npoussenennm nonyyaem 4822,02. 3pecs Moryr
OBITE HEBEPHAIMH He TOJBKO UM(PPHI COTEIX U IECATHIX, HO
1 uudph! eguun. [lycrs, HanpHMep, COMHOXKHUTENII Oy -
yeHbl okpyraenueM (§ 35) mounsix uncen 60,25 u 80,14.
Torga rounoe npoussegeHne Oyzer 4828,435, rak uro
undpa eAHHHL B OpUOANKeHHOM IpoUaReeHIH (2) OTAH-
YaeTcA OT TOYHOM uudps! (8) Ha 6 eauanL.

Teopusa npuOIHI>KEHHbIX BbIUHCIEHMH TO3ROAALT:

1) aHaA cTeneHh TOYHOCTHU AAHHLIX, O1(EHUTH CTENEHb
TOUIIOCTM PEe3yJILTATOB CIlE A0 BEIIIQIHEH WS AeACTBUIL;

2) 6paTh AaHHbIE C HAAJIEXKATIEH CTCIIeHbIO TONIIOCTH,
[OCTATOYHOH, uTO6GBl 0BecrnedyuTh TPebyeMylo TOUYHOCTE
pe3ynbTaTa, HO HC CIOHIIKOM 60binoil, YToObL! HudaBUTE
RBIUMCAUTENA OT BeCIToNe3HbIX pacucToB;

3) pauMOHANH3NPORATH CAM IIDOLECC BBIUNMCJICHUSA,
OCBODOAMB €r0 OT TexX BBIKJAAOK, KOTOPBHIC HC OKAXVT
BJINAHHAA HA TOUHbIC IIH(I)pr pe3viabTaTa.
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§ 34. Cnocaob 3anvcy npubAMXeHHbIX Yncen

Ipy UPUBAMIKEHHBIX BBIUMCJICHHAX OTJAHYAIOT 34-
nuch 2,4 ot 2,40, sanuce 0,02 ot 0,0200 » 1. 4. BanHck
2,4 o3HAYACT, YTO BepPHBI TOJABKO Uu(PbI UEeAbIX U JecH-
TBIX; MCTHHHOE 2Ke 3HAYEHNEe YHCAa MOXKeT ObITh, HANDH-
mep, 2,43 nun 2,38 (npu orbpackiBaHumn UHQPH 8 npoHC-
XOAHMT OKPYTJCHHE B CTOPOHY YBeJHYEH N NpeXlIecTBYI0-
e ent HUQPBI; cM. CAeAYIOIUniA Haparpad). 3anucs 2,40
O03HAYAET, YTO BEPHBI U COThIE NOJH; HCTHHHOE YHCJIO MO-
#xet 6piTh 2,403 nau 2,398, Ho He 2,421 u ne 2,382.

To xe oTJHYMe NPOBOAMTCA H AJA LEJbIX Yuces.
3anucek 382 o3Hayaer, YTo Bce HGPhLI BEPHKI; €CAN K€ 3a
[OCIEAHIOK NUHPPY PYyYATHCA HENh3A, TO YUCIO0 OKPYIJIA-
eTCsi, HO 3anuchbIBaeTcs He B Buge 380, a s Buge 38 - 10. 3a-
nuch ke 380 osnavaer, uTo nocaeagHas nHdpa (0) sepua.
Ecnu B yucae 4720 pepHsl JHIIbL NePBbie ABe UHPDLI, €ro
HY»HO 3anHcaTs B BHAe 47 + 102; 3T0 UMCII0 MOXHO TAKXKe
sanucarte B Bufe 4,7 - 103 4. 1. A.

Snauauumu yuppamu HA3RIBAKTCA BCE BePHKIe IH(-
PbL YMCJA KPOMe HyJel, CToAuMX Bnepend uMcna. Ha-
npumMep, B uucae §,00385 Tpu snauainde UUQpPb; B YUCTe
0,03085 uethipe aHaualHe uudpsl; B unciae 2500 — ye-
Thipe; B yucae 2,5 - 103 — ape. Yucn0 Inavanidx qnudp He-
KOTODOr0 YHCJIA HA3KIBAGTCH €0 3HAYHOCMBIO.

§ 35. Npasuna okpyrneHus

B npu6iuKeHHBIX BLIYHCAEHHAX YACTO IPHXOJUTCA
OKpyeaAmMmb YMCAa KaKk NpHOJAHKEeHHble, TAK H TOYHBIE,
T. €. 0TOpachblBATH OAHY HJIH HECKOJ bKO NMOCAe AHNX IUPD.
Yro6bl 06ecieHHTh HAXG0ABLILIYIO 6H30CTh OKPYTIEHHOTO
YHCJA K OKPYT/IAEMOMY, cobII0AanTCA caeyollHe npa-
BHIaA.

IIpasuno 1. Ecan nepsaa u3 orGpacbIBaeMbIX
nudp Oosblle yeM 5, TO NOCHEeJHAA HI COXPaHAEMBIX
nudp ycuarusaemcs, T. €. YBEAHYUBAETCA HA eJHHHIY.
Ycunernue cosepliiaeTca H TOrAa, KOTAA nepsad H3 oTOpa-
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ceiBaeMbIX UMD paBHa 5, a 3a HEH e€CThL OAHA HJH He-
CKOJILKO 3Hayamux uHdp. (O cayuae, xorga 3a orbpachl-
BAeMOM TATEPKOH HeT uUMGp, CM. HUXKe, IpaBuJC 3.)

IIpumep 1. Okpyrass uucao 27,874 go Tpex 3Ha-
vamux nudp, numeM 27,9. Tperba nudpa 8 ycuaena
o0 9, tak xKax nepeaa orOpaceiBaeman nudpa 7 Goasie
yeM 5. Yncno 27,9 6a1HxKe K JaHHOMY, YEM HEYCHJIEHHOE
oKpyraeHHoe yucao 27,8.

ODpumep 2. Oxpyraaa uucao 36,251 go mepsoro
AeCATHYHOro 3HaKa, ndmem 36,3. Ilndpa gecareix 2 ycu-
JeHa A0 3, TAaK Kak mepsaA orbpacsiBaemada uudpa
paBHa 5, a 3a HeH ecTs 3Havamafa nudpa 1. Yucno 36,3
BiHKe K JAHHOMY (XOTA H HeJHAUHTEJbHO), YeM HeyCH-
JeHHOe yucao 36,2,

IMIpasuno 2. Ecnu nepsaa H3 orOpacsiBaeMbIX
nHbp MeHbIIE YeM 5, TO YCHASHMA HE Aes1aeTcA.

IIpumep 3. Oxpyraas unucao 27,48 go efuHMI,
nameM 27. 3To yucao 0aMMxKe K JaHHOMY, YyeM 28.

IIpasnano 3. Ecan orOpacwiBaerca uudpa 5, a sa
Heil HeT 3HavauHX HPP, TO OKPYIrIeHHe IPOH3BOAUTCA
Ha Oauxaiiutee wemrnoe UHCAO, T.e. NOCASAHAA COXpa-
HsaeMasa nHdpa oCcTaBAACTCA HEH3MEHHOM, €CJIM OHa YeT-
Hasf, M YCHJIMBAETCHA, €CJIH OHa HedyeTHaA. [ToueMy npume-
HAETCA 3TO NPABHJIO, CKa3aHO HMKe (CM. JaMeuaHHe).

IIpumep 4. Okpyraas uncao 0,0465 ao Tpersero
AecATHYHOro 3Haka, nuitem 0,046. Ycurenua He genaeM,
TAK KaK TIOCAEAHAA coXpaHsemas Imppa 6 — uyeTHas.
Yucsno 0,046 cronp xe OMTH3KO K faHHoMY, Kak 0,047,

IIpumep 5. Okpyraasa uncao 0,935 a0 sToporo ae-
CATHYHOro 3Haxa, ndmem 0,94, IlocneaHsa coxpaHse-
Mad nHdpa 3 YCHIMBAETCA, TAK KAK OHA HeueTHad.

IIpumep 6. Oxkpyraas uucna

6,527; 0,456; 2,195; 1,450; 0,950; 4,851; 0,850; 0,05
[0 NEPBOro ASCATHYHOrO 3HAKA, [OJIyyaem:
6,5; 0,5; 2,2; 1,4;1,0; 4,9; 0,8; 0,0.
Bameuanune, lIpuMenAas npaBuac 3 K OKpyrie-
HHUIO OAHOrO HHCAa, MEl HE YBeJTHUHRAEM TOUHOCTE OKDYT-
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CeHUH (CM. UpUMepsl 4 it 9. Ho (pU MHOUOUICAEHHBIX
GRPYIACHHSIX HSOBITOUHbIC YHCHAA DyAYyT BCTPEUATBCIH
I PUMEPHO CTOJIb K€ 1acTo, KaK HeZOCTaTOUYHsie. Baaum-
Hasl KOMIICHCALUA norpeniHocred obecneumrt Hanbonb-
111Y#0 TOUHOCTh PE3YAbTaTa.

IIpaBusio 3 MOXKHO H3MECHHUTH H NIPUMCHATHL BCCIA
OKRpYIJeHHe Ha Oiuixaiiinee HedeTHOE Yucao, TOYHOCTE
6yaeT Ta Xke, HO yeTHole nuadpsl yaobHer, yeM HederT-
HbIC.

§ 36. ABcontoTHan 1 OTHOCUTENbHAA NOrPeLIHOCTL

Abconiomuoil nozpeutHocmeo UK, KOPOUe, nozpetl-
nHocmbi0 NpUOAMIKCHHOTO YMC/Ja Ha3hIBAETCA Pa3HOCTH
MEXKY 3THM YHCJIOM M €ro TOUHBIM 3HaueHHeM (U3 6OJb-
UIETO YUCHA BhIYMTACTCH MeHblmee)l).

IIpumep 1. Ha npeanpustun 1284 pabGouux
cay>xawMx. IIpH okpyTrienny aToro ynucaa 4o 1300 aGeo-
JIIOTHAS TOrpeiuHocTsL coctapasneT 1300 — 1284 = 16. Ilpu
oKkpyriacHuu fo 1280 abcoioTHAA MOTPEHIHOCTL COCTAR-
nset 1284 — 1280 = 4.

OmHocumenbHoll nozpewHocmsi NPUBINKEHHOTO
yycsaa HasdwlRaeTca oTHouienue (§ 48) aGcoaloTHoll mo-
rPEUTHOCTH NPUOAMIKEHHOrO 4YHCJIA K CaMOMYy 3TOMY
YUueay.

IIpaumep 2. B wkoxae 197 yyamuxca. Okpyrasem
aro uncao go 200. AGconoTHAA HOrPEUIHOCTL COCTABAAET

200 - 197 = 3. Or”HocuTeILHASA IIOrPEITHOCTE PABHA 197

3
WIM, OKPYIIEHHO, Sor = 1,5%.

D Huaue rogops, eciu & ceth HpHOITHKCHHOC YHCIO0, & X —
U0 TOYHOC 3HAYUCHUCE, T0 abCOTITHAS NOTPCITHOCTh CCTh abco-
mworitoe agaucuie (11, § 5) pagroetn a — x. Uroraa abconwoTioi
TOrPCLIHOCT LI HABLIBRACTC CAMa PDA3HOCTh @ — X {HJIM PAJHOCTD
X~ ¢). A BCAIITHHEA MOKCT ObITh IIOTOMUTCABHOM UM OTPRUA-
TENLUOH,
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B GospminHCTBE CAYyYaEB HEBO3MOKHO YIHATL TOUHOE
3HaYeHHe NPUOIHIKEHHOrO YHcJa, a4 3HAYHT, H TOYHYIO
BeJUYHHY norpemHocTH. OfHAKO NMOYTH BCErfa MOXMXHO
YCTa@HOBHTB, YTO IOTrPEIHOCTh (a0COMIOTHAA HIIH OTHOCH-
TeJbHaA) He IPEBOCXO/MT HEKOTOPOTO YHCIa.

IIpumep 3. IIpopasen Bagemmsaer apbys HA Ya-
IeYHbIX Becax. B HabGope rups Haumensmias — 50 r.
BasemuBanue gano 3600 r. 3to uncno — npUHGAHkKEHHOE.
Tounasa macca apbysa HeusBecTHa. Ho abcomoTHas mo-
IPELIHOCTE He npenumae'r 50 r. OTHOCUTEIBbHAA IOTPEI -

0,
HOCTL HE IPEBOCXOIUT 6 0 5 ~1,4%.

Yucno, 3aBeoMO TpeBbIUaOl(ee a6CoMOTHYIO ITO-
rPELIHOCTD (MJIM B XYAIIEM CIY4ae DABHOE €i1), Ha3blBaeT-
ca npedeabroit abcorromuolt nozpewrocmeo. Yucno, sa-
BelOMO MpPEBbIIIAIOINEEe OTHOCHTEJbHYK NOIDEITHOCTh
(MM B XyALIEM cy4Yae paBHOe eif}, HassIBaeTcA npedens-
HOW OMHOCUIMEAbHOI NOZPEeUHOCMBIO.

B npumepe 3 3a npeaensHy0 aGCOMIOTHYIO TOrpeL-
HOCTh MOXXHO B3ATb 50 r, a 3a NpefeabHYI0 OTHOCHTEb-
HY1I0 iorpeutsocts — 1,4%.

BeruudHa nipefeNbHOH MOrPEIIHOCTH HE SBJSETCA
BnoJjiHe onpeaeneHHod. Tak, B npuMepe 3 MOXKHO TIPM-
HATH 3a NpeflebHYI0 abcomoTHyio norpemnocts 100 r,
150 r u Boo6ie BcAkoe uucso, Gonbmee yem 50 r. Ha
npakTHKe 6epeTcsa Mo BO3IMOXXHOCTH MEHbIlee 3HAYEHME
npegenbHOoi norpeirHocTi. B TeX cayyaax, Korja UaBecT-
HA TOYHAA BEJMYUHA NOTPELIHOCTH, 3Ta BEJMYHHA CHY-
JKHT OAHOBPEMEHHO NIpeJEILHOM MOrpellHOCTHIO,

Ina KaA0ro NpUGAHMEHHOro YMcia AOJKHA ObITH
H3BECTHA €ro npeJeibHaA MHOrpellHocTh {abcomoTHas
I oTHocuTeabHan). Korga ona npaMo He yxasaHa, moj-
pasymeBaercs, UYTO NpefeiabHaA alCOMIOTHAA TNOIpeIl-
HOCTb COCTABJIAAET NIOJIOBUHY €IHHHIbI I0CIeAHEr0 BBIMTH-
caHHoro paspana. Tak, ecTu npuBeAeHO NPUGITHIKEHHOE
yHyciao 4,78 6e3 ykasaHUA NpejeJbHOH IIOTPEITHOCTH, TO
oApasyMeBraeTcsa, YTo NIpefeabHas abcoaoTHasa morpeu-
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HOCTb cocTaBaseT 0,005. Beneacreue aToro corsiamesHusa
BCerjga MOXXHO 00OHTuCh 03 yKasaHMsA NpeAesbHOM No-
TPeITHOCTH YHCNA, OKPYrJIeHHOrO0 110 npaBuaam § 35.

IIpenensHas abcomwTHaAs NMOrpellIHOCTL 0603HAYAET-
cA rpeueckoil 6YKBoi A (eAenbTa»); IpeeJbHAA OTHOCH-
TeAbHaA [OrPeIHOCTh — rpedecKkon 6ykBoil & (egenbTa
Manaf»). Eciu npubavixeHHoe Uncac o663HAYHTE OYK-
BOH @, TO

5=12.
a

IIpumep 4. [linna kapaHjama H3MepeHa JIMHEH-
KOM C MUJIJMMeTPOBLIMH JeNeHHAMH. VIaMepenHe NIoKa-
sano 17,9 cM. Kakosa npesenbHad OTHOCHTENbHAA IIO-
rPELITHOCTE 3TOr0 H3MepeHuA?

3zecs ¢ = 17,9 ¢M; MOXXHO IpHHATE A = 0,1 ¢cM, Tak
KaK C TOYHOCTEIO 10 1 MM H3MEpPHTH KapaHAall HETPYAHO,
a 3HAYUTEJBLHO YMEHBUIUTE NPeAeJbHYI0 IOIPEHIHOCTE He

yaactcsi. OTHOCHTENbHAA NOrPEUIHOCTE PaBHA % . Ok-

DPYrAas, HAXOAUM & = % =0,6%.

NDpumep 5. Iuauuapudeckuil NopimeHs HMeeT
oxos1o 35 MM B fuamerpe. C KaKoil TOUHOCTBIO HYIKHO ero
H3MEPUTh MHKDOMETDPOM, 4YTOOLI IpeAesbHAA OTHOCH-
TeNMbLHAA IOrPENUIHOCT, cocTasadaa 0,05% ?

Pem e Hue. [loycnosuio, NpefelbHAA OTHOCUTE I b-
HASA NOrPelrHocTsb JOJKHA coctaBaaTh 0,05% or 35 mm.
CnenosarensHo (§ 32, n. 1), npeaensuan abecomorHaa no-

85-0,05 _ 0,0175 (M) wan, ycuiu-

rPEelllHOCTh PABHA
Bas, 0,02 (Mmm).

Mo3KHO BOCIIONL30BATLCA GOPMY IOt d = 3 Moacras-
a

Asis1 B Hee @ = 35, & = 0,0005, umeen 0,0005 = % . Bua-
yur, A =35°0,0005 = 0,0175 (MM).
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§ 37. NpepBaputenbHoe OKPYrneHne
NPy CNOXEHUU U BLIYUTIHUK

Ecsu He Bce JaHHble YHCJa 3aKaHYNBAIOTCS HA OHOM
H TOM K€ pa3pAAe, TO 0 BLINOJIHEHNSA CA0KEHU S HJIH Bbi-
YNuTaHHA CcAeiyeT IPOHM3BECTH OKpyrieHue. HMenHo,
HYyKHO yA€p>XaThb JHIbL TE€ PaA3pAAbl, KOTOPLIC BEPHBI Yy
Bcex caaraeMbIx. OcrajibHbie OTOpacelBalOTCA KaK 6ecmo-
neannte, Ilpu HeBoOABIIOM UMCIIE cAAPaeMEIX BCe HUPPH
CYMMBI, KpOMeE TlocnenHed, 6yayT sepHnt. [TlocienHas Mo-
kKeT ObITh HE BIOJHE TOYHOMH. ITY HETOYHOCTH MOXKHO
CBECTH K MHHUMYMY, €CJHM y4eCTh BIHAHHE LUudp cie-
AYIOLIEro paspaaa (3anacrbie yudpot).

D pumep l. Haittu cymmy 25,3 + 0,442 + 2,741,

He okpyrasas cnaraeMbix, noayunm 28,483, ITocaen-
Hue Ase nudpsl GecrosedHb], TaK KaK B NIEPBOM ciarae-
MOM BO3MO’KHA HETOYHOCTb B HECKOJAbLKO coThix. Okpyr-
JIAA CYMMY 10 TOYHBIX HUGP (T.e. A0 AecATsIX JoJeii),
noay4aem 28,5. Ecad npegsapHUTeNbHO IIPOHAIBEAEM OK-
pyrjeHue 10 TOUHBIX NP, TO HaiiaeM Ge3 JINITHETO TPY-
na 25,3 +0,4 + 2,7 =28,4. lindpa aecaTHx noayuuaach
Ha 1 mensure. Ecau ke yuyecTs 1 mudps!l COTHIX, IOJYUHM
25,3 + 0,44 + 2,74 = 28,48, 71.e. okpyraeHHo 28,5.
Oudpa 5 HaaexkHee, yeM 4, XOTA He HCKJOUYEHA BOIMOMK-
HOCTE, 4TO BepHaA nudpa — uMenno 41,

IIpu yuere sanacubIx pudp BLIYHCIEHUE pacmonara-
eTCHA KaK II0KasaHo Ha cxeMe (JanacHbIe IH(PbI OTAEIeHbI
4epToif):

25,3
+ 0,4/ 4
2,7 4
28,5

1) Eenu npesnososnTh, YTo IePBoe CIaraeMoe CCTh OKPYI-
nesue yucia 25,26, To cymma ¢ TourocTsio a0 0,01 cocrasnsia
661 28,44, 1. ¢. okpyraeHHo 28,4. Ecnu xte 25,3 ecTh OKpyrieHue
yucaa 25,27 nau 25,28 U T. 4., TO nocAe OKPYTJIeHHA CyMMa
cocraBuT 28,5.



10 1. APUDOMETUKA

sIgnmep 2. HadTacvmmy
52,861 +0,2563 + 8,1 + 57,35+ 0.0087.

Bes yrera sanacueix nadp (COXpaHfieM TOJABKO OK-
PYIVICHHBIC ILH(PPBI JICCATBIX; CM. [IDABHJIA OKPYIJIEHMA,
§ 35)nonyuaem 118,7. C yueToM 3aI1acHbIX LUAQP 110JyYa-
em 118,6. B mocieaHem pesynabraTe uudpa JECATHIX MO-
JKET OKd3aTs5CH HEBEDHOH BCJI€ACTBUE HETOUHOETH TPEThE-
ro ¢jaraeMmoro; smecto 6 moxxer ctosaTh 5 (ccan TpeThe
cjaraemoe ecTb oKkpyracHne yacaa 8,06). Ho yudpa 6 ro-
pa3zo HagexHeel), Bo BesikoM cayuae, uddpa 7 He MOXeT
ObITH BEpHOH. YueT 3anacHbIX UHAD AaeT yAydlUICHHE, HO
He3HauuTe bHoe. CxeMa cJieBa IIOKa3bIBAeT cyoxxeHue Hea
y4yeTa 3anacHbIX UMD, cCpaBa — € y4eToM:

§ 38. MorpelwHoCcTb CYMMbI M pa3HoCTH

Hpedeasvnas abcorOMHAR NOZPEUWMHOCMIL CYMMbl
pasna cymme npedervHbix a0COLOMHAbBLX NOZpEULHOCMell
OmMa3denbHbLX CAZACMBLX.

IIpumep 1. CknaaniBaoTcd npubnikeHHble YHCAA
265 u 32. Ilycry npenenbHadg HOTLPEIIHOCTh IICPBOTO
ecth 5, a BToporo 1. Toraa upefenbHas MOTPeIHOCTh CYyM-
mbl paBHa 5 + 1 = 6, Tak, ec1¥ HCTUHHOE 3HAYEHHE TIEPBO-
ro ecrth 270, a proporo 33, TO NpHOAHIXKEHHAs cyMMa
(265 +32=297) na 6 mernwe uctuaHoH (270 + 33 = 303).

IIpumep 2. HaitTh cyMMy NMpUOIHIKCHHEBIX YHCES

0,0909 + 0,0833 + 0,0769 + 0,0714 -+
+0,6667 +0,0625 + 0,0588 + 0,0556 + 0,0526.

D CM. UPCALILLYILYIO CHOCKY.
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Cnoxenne pgaer 0,6187. IlpeaesibHas morpewiHocTh
xaxgoro caaraemoro 0,00005; npeaensHas NorpemiHoOCTh
cymmsr 0,00005 - 9 =0,00045. 3HauuT, B nocaeaHeM (ueTt-
BEpPTOM) 3HAKe CYMMBbI BO3MOKHa oniubka fo 5 eAwHHML.
IToaToMy OKpYrifleM CyMMy 0 TPETLEro 3HAKA, T. €. 0
TeICAYHBIX. [Tonyuaem 0,619; 3pecs Bce 3HaKH BepHBIE.

3amMeuaHnue., [Ipy aHAYNTEABHOM YHCIE cjarae-
MpbIX OOBIYHO NMPOHCXOAHT B3AMMHAA KOMIIEHCALIMA IHO-
IPEMIAOCTEH; IO3TOMY HCTHHHASA TOrPEUIHOCTh CYMMbL
JHIIBb B UCKJIOYHATEILHBIX CJAyYasiX COBIAAAET C IPEAeib-
HOH NOrpeurHocTrIo UM 61Ku3Ka Kk Hell. Hackonbko pegrn
3TH CJy4YaH, BHAHO U3 IpUMepa 2, rge y Hac 9 cnaraembix.
HcTHHHAA BEAMYHMHA KAXKAOTC H3 HUX MOXKET OTJHYaThCA
B IIATOM 3HAKE OT B3ATOr0 NPHUGJIMIKEHHOrO 3HAYEHHA Ha
1,2, 3, 4 nan pax<e Ha 5 eAWHUL B TY M B APYTYIO CTOPOHY .
Hanpumep, neppoe cnaraemoe MoxeT 6Tk 60sbIIE CROE-
ro UCTUHHOK 3HAYEHHUS HA 4 eJHHMILI NATOr0 3HaKa,
BTOpPOEe — HA& ABe, TPeTh€ — MEeHbILIE¢ MCTHHHOI'O HAa OAHY
eAHHHIY 4 T. . PacyeT nokaseisaeT, 4TO YHCIO0 BCEX BO3-
MOJKHBIX CJIYY8€B PacIpeaeeHHA MOrPEIIHOCTEH cocTas-
JIf€T OKGJO0 OJHOr0 Muiinapia. Mexxay TeM JHUIUb B ABYX
cjiydafiX MOTPEIHOCTh CYMMBl MOXKET AOCTHIHYTb IIpe-
pensHol morpemHoctd 0,00045; aTo npousoipger:
1) korga HICTUHHAA BEJHUYKHA KAXKA0r0 caaraeMoro 60Jib-
me npubauxenHoi Ha 0,00005 u 2) koraa HCTHHHAA Be-
JIHYMHA KAaXXAOrC CJaraeMoro MeHsiue NpuOIHkeHHOH
Ha 0,00005. 3HayuT, cAyyad, KOrjga MOorpeliHocTh CyM-
MBI COBMAJaeT ¢ MNpeAeabLHOH, COCTAaBAAIT TOJAbKO
0,0000002% ncex BO3MOKHKIX CJAYYAER.

HanpHeHIIHA pacyeT MoKa3bIBACT, UTC CJIYYau, KOTAA
MOrPEIIHOCTh CYMMEI AE€BATH CJATaeMbIX MOKeT IpeBbl-
CHTBH TPH €JHHH LI TIOCeAHEero 3HAKA, TOXE 0YEHb PEJKH.
Oun cocrasagor aume 0,07% M3 yKcaa BCeX BO3MOK-
HbIX. [IBe eAMHHUIIKLI IOCAEAHErC 3HAKA TIOrPEIIHOCTEh MO-
JKET TIPEBBICHTHL B 2% BCEX BO3ZMOXKHKIX CAYYAEB, 8 OAHY
eluHHIY — npuMepHOo B 25% . B ocranbnmx 75% cayua-
€B IIOTPELHOCTD JE€BATH CJATAEMEIX He MPEBBIILIAET OAHON
eAMHH bl IOCNEJHETO 3HAKA.
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IIpumep 3.Cuyuran caaraeMele IpuMepa 2 TOYHBI-
MU yucaaMul), OKPYrJIMM UX 0 THICAYHBLIX U CIOMXKHM.
[TpepespHas TMOrpemIHOCTL CyMMEL Gyaer 9 - 0,0005 =
= 0,0045. Mexay TeM UMeeM:
0,091 + 0,083 + 0,077 + 0,071 + 0,067 +
+ 0,062 + 0,059 + 0,056 + 0,053 = 0,619,

npUGIHMKEHHAA CyMMa OTJIMYaeTcA OT MCTHHHOH HA
0,0003, T. e. Ha TpPETHL €AUHHUIILI IOCHAEAHETO 3IHAKA TPH-
61 HIKEHHBIX YHCEJ, Bce TpU 3HAKA MPUOIMIKEHHOH CyM-
MBI BepHBI, XOTH TEOPETUYECKH IocaeJusaa qudpa Morna
6niTH rpy00 HEBEPHOA.

IIpou3seneM B HAIIHX CJIAraeMbIX OKPYTJIEHHE IO CO-
TeiXx. Teneps mpegesbHas MOTPEIIHOCTH CYMMbI Oyaer
9- 0,005 = 0,045. Mexay TeM NOAYIHM

0,09 + 0,08 + 0,08 + 0,07 + 0,07 +

+ 0,06 + 0,06 + 0,06 + 0,05 =0,62.
HctunHaa morpemHecTs coctaBadeT Toaske 0,0013,
T. €. % eAMHHIL TTOCJIEAHET0 3HAKA IPUGIMIKEe HHBIX YHCET.

ITpedeavnan abcoromuas nozpeutHocmbv pasHocmiu
pasna cymme npedenrvibix abCONNMHBLX NOzPeULROCTEl
YMeENbULAEMO20 U BLILUMALMOZO.

IIpunmep 4. IIycTs npelesbHad NOrPENIHOCTS HPH-
GAMKEeHHOre yMeHblIaeMmorce 85 pasHa 2, a mpejeabHas
TIOrpeIHOCTE BerynTaeMoro 32 pasna 3. IIpegensHas mo-
rpeHocTh pasHocTy 85 — 32 = 53 ects 2 + 3 = 5. B camom
fieJie, MCTHHHEIE JHAYEHUA YMEHbIIIaEMOr0 H BLIYHTAEMO-
ro MOryT paBHAThCA 85 + 2 =871 32 — 3 = 29. Toraa uc-
TWHHAaA pasHocTs ecTh 87 — 29 = 58, OHa Ha 5 oranyaerca
oT npubIHREHHOM pa3HocTH 53.

1} Oru caaraemsle noay4yeHsl obpammeHnesM apobeit 1 , 1 ,
11" 12
1 1
13' 77 19
YuraTens NycTh BO3LMET APYTHC HAYTaa B3IATHIC LHCIA,

B AECATAYHbIE ¢ TOYHOCTHIC A0 YETBCPTOIO 3HAKA.



§ 38. MorpewHoOCcTb CYMMbI M Pa3HOCTH 13

IIpesenbHYI0 OTHOCUTENIBH VIO MOIPEIHOCTB CYMMBI M
Pa3HOCTH JIETKO HAWTH, BBIYMCIUB CHAYaJa NpelesbHYIOo
abconoTHy0 norpemHocTh (§ 36).

ITpedenvrasn omHocumebHAR NOZPEUIHOCTNE CYMMbL
(1o me pasznocmu!) aexum mexdy Haumerbulel u HAU-
Ooabuwiell U3 OMMHOCUMERLHLIX nozpewHocmel caazae-
Mb:x. ECcau BCce craraeMble MMEIOT OIHY M TY e (MM NpH-
MEpPHO OJHY H TY ’Ke) NpezesbHyK OTHOCUTEIBHYIO Io-
PPENIHOCTD, TO M CYMMa MMEET TY Ke (HJIM IPUMEPHO TY
Ke) IpeAenbHYI0 OTHOCHTEJbLHYIO IOrPelnocTs. Jpyry-
MH CJIOBAMH, B ITOM Cayyae TOYHOCTHL CYMMbI (B IIPOLEHT-
HOM BHIpaXXeHHU H) He YCTyNaeT TOYHOCTH caaraemsix. [Ipu
SHAYHUTENHHOM € YUCJE CIAraeMblX CYyMMa, KaK IPaBH-
J0, FOPa3f0 ToYHEE ciaraeMbiX (1o mpuyHHe, OO BLACHEH-
HOH B 3aMEYaHHUH K MpUMepy 2).

IIpumep 5. B kaxkaom craraemMoM cymmbl 24,4 +
+ 25,2 + 24,7 = 74,3 npensensHas OTHOCHTEJABLHAA IIO-
rpeIIHOCTH IPHMEPHO O/IHA H Ta »Ke, uMeHHo 0,05 ;: 25 =
= 0,2% . TaxoBa >xe OHA U AJ1A CYMMBI.-3/ieChb IpeJenbHad
abCcosoTHaA norpemHocTs pasna 0,15, a oTHocUTe TLHAR

0,15:74,3=0,15:75=0,2%.

B npOTHBONONOMKHOCTL CYMME pa3HOCMmb npulAu-
HCEHHBLX HUCER MONcem Dbimb MeHee MOYHOL, YeM YMeHb-
waemoe u gvriumaemoe. «IloTepsa TOUHOCTU» 0COGEHHO
BEJIUKA B TOM CJ1yYyae, Korja yMeéHbOIaeMOe M BbIYyuTaeMoe
MaJsIo OTJMYAIOTCH APYT OT APYT&.

IIpumMep 6. HaMepenue BAELIHEr0o H BHYTPEHHErO
AMAMETPA TOHKOCTEHHOW TPYOKM Jano AjaA HEpBOro
28,7 MM, a a1 sToporo 28,3 MmM. BLIUXCIMB HO 3TUM JaH-

HBIM TOJUIMHY CTEHKH, Hajfijem % -(28,7 - 28,3)=0,2 (MmM).

IIpepenpHas OTHOCHTENBHAN NOIPEITHOCTD YMEHBIIAEMO-
ro (28,7) u Beryuraemoro (28,3) oana v ta xke: 6 =0,2%.
IIpepenbHas OTHOCHTENbHAA NOrPEIIHOCTL pasHocTH 0,4
(a Taxke ee nonoBuusl 0,2) cocrasnger 25%.

BBuay yxasanHoro ¢gaxra cieyer BCerjpa, Korja ato
BO3MOXKHO, u3fezamb 6btHUCACHUR UCKOMOL 8eNULUHDL C
noMowbly evivumanun Orusxux uwucex. Cp. III, § 26,
npumep 9.
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§ 39. MNorpeluHocTL Npon3BeneHUn

Ipedenvras omHocumensHas nozpewrHocmsy npous-
gefenun npubrureHHo PasHa cCymme npedenbHbiX 0MmHo-
CumenvHbLX nozpewnocmeis comromcumeneir. (O TouHoi
BeJMYMHE IPeAeJbHONH TOTPEIIHOCTH CM. 3aMedaHue K
npumepy 1.)

IIpumep 1. IlycTs mEepeMHOKAIOTCA IPHONUIKEH-
sble udcaa 50 u 20 » nycTs npeennHas OTHOCUTENILHAS
NIOrPELIHOCTD N1epBOTC COMHOXMTENA ecTh 0,4% , a BTOpO-
ro 0,5%. Torga npeaenbHas OTHOCHMTEJBHAA IOTpemI-
HocTh nponaseaeHus 50 - 20 = 1000 upubauxeHHO paBHa
0,9% . B camom aene, npegenabHan abconwOTHAA IOTPEI-
HOCTh NIePBOT'C COMHOMXUTead ecTb 50 * 0,004 = 0,2, a BTO-
poro 20 - 0,005 = 0,1, ITosToMy HCTUHHAA BEJIMYMHA TIPO-
Hu3peieHun He Gonnure yem (50 + 0,2) (20 + 0,1) = 1009,02
U He MeHbie yeMm (50 - 0,2) (20-0,1) = 991,02. Ecau uc-
THHHAA BeJHYMHA TNpouaBefeHus ects 1009,02, to mo-
rpeniHoCTb NpoU3BefeHnsa pasia 1009,02 — 1000 =9,02,
a ecad 991,02, To NorpeuiHOCTL NPOU3BEACHHMA DaBHA
1000 — 991,02 = 8,98. PaccMOTpeHHEBIE [|Ba CJAyuYas — Ca-
MBI HeGNaronpuaTHRIE. 3HAYUT, MpegelsHan abconoTHan
NMOrpelHocTh npousseaenus ects 9,02. llpenennnan orHo-
CHTeJbHAA orpeumiHocTs paBHa 9,02 : 1000 = 0,902%,
T. e. npubanxkenso 0,9%.

Bameuyanue. OBGO3HAYMM IIPEAENLHYIO OTHOCH-
TEeJBHYIO IOTPEIIHOCTE NPOM3BEACHUA GyKBOHA O, a mpe-
e bHYIC OTHOCHTEJBHY IO TIOTPEIIIHOCTE COMHOKHTeIei —
Gyksamu 8, u 8, (B mpumepe 1 §; = 0,004; 5, = 0,005;
8 =0,00902)

Hauwe npasusio (A8 ABYX COMHOKUTEJEH) 3aNH LUET-
CH TAK:

S=8, +38,.

TouHoe ke BuIpakeHue & Gyaer:

§=238, +§; +§,5,,

T. €. IpeAeJIbHaA OTHOCHTEJIbHAA NOIrPpeIllHOCTh IIPCH3BE-
JAEHHUA Bcerga bonbiue, yeM CyMMa npeAesIbHbIX OTHOCH-
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TeJABHBIX [IOIPELIHOCTEN COMHOM NTCACH ] OHA UDCRUIELT
3Ty CYMMY HA MPONSBCACHIIC OTHOCHTONbHLIX (TOIPC O -
Tei coMHOMXUTeNelH, DTO IPEBLIIICHHE ODLIUHO TAK HOBY
JHKO, YTO €ro He IPHXOMUTCS YWHTLIBAThE. B VCIOBUAY
npumepa 1 umeem § = 0,004 + 0,005 + 0,004 - 0.005 ~
= 0,00902. IIpessiuiennc 3iacch cocrasasier 0,00302

- 0,009 = 0,00002, T. e. oxomo 0,2 oT npubIHACCHROI
BEJIMUMHEL NpPeAenbHOH OTHOCHTENBHONH [OMPCUIHOCTH.
OTO mNpeBblIIEHHE CTOJh HE3HAUHTEABLHO, UTO CCLO HCT
CMBICJA YYHTHIBATD.

IIpumep 2. [IycTs NepeMHOMKAIOTCA HPHUOAHMKCH-
ubie unciaa 53,2 u 25,0. IIpcnensvyHan abconroTHAA No-
rpemHocTs Kaxkaoro ects 0,05, Ilostomy &, = 0,05 : 53,2 =
= 0,0009; 3, = 0,05 : 25,0 = 0,002. IIpcxenbuaa oTHOCH-
TeJbHAA NIOrPellHOCTE Nponuspeaenua 53,2 - 25,0 = 1330
npubamxexso pasxa 0,0009 + 0,0020 = 0,0029. Bennuu-
Ha 8,6, = 0,0009 - 0,002 = 0,0000018 cTonb Mana, 4TO
YUHTEIBATE ee HeT cMmbicaa. Ilpesensnasn abconoTHan no-
rpcutHocTh npoussegenna 1330 pasna 1330 0,0029 = 4,
TaK 4TO MOCHAeAHAA Hudpa NPOH3BeAeHNA (Hyb) MOXKET
OBITL HEBEDHOIH.

IIpumep 3. HafiTn 06beM KOMHATHI 11O JIAHHBIM H3-
mepenusa: gnusa 4,57 M, wupuna 3,37 M, Boicota 3,18 m
(npepenbHbie abconwoTHrle Norpeuidocrd 0,005 m). Ie-
PEMHOXKAA JaHHLIE YMCJIA, HAXOAUM, YTO 06LeM COCTaB-
nsier 48,974862 m2. Ho aacch THMb ABe IM(po] 6e3yCaoB-
HO BeDHBI, YK€ B TpeThbel i pe MoxeT ObITh Hebonbiasn
NOrpelHOCTh. [ICHCTBHTEIBHO, NPEeNbHbIE OTHOCHTEb-
HbIE NOTPEITHOCTH COMHOXUTeaeH paBubl: 8, = 0,005
14,57 = 0,0011; &, = 0,005 : 3,37 =~ 0,0015; 5, — 0,005 :
: 3,18 = 0,0016. IIpesensnas OTHOCHTENLHAA LIOTpPCIU-
HOCTBh IIpouabeieH s ecth 8 =0,0011 + 0,0015+ 0,0016 =
= 0,0042. IIpesicabHasn abCoNOTHAA NOIPEIITHOCTD NPOILS-
BegeHuAa A = 49,0 0,0042 =~ 0,21. IToaromy y>Ke Tperbst
3Havaulas HuQpa IPON3BEACHHUS HCHAJACHHA. SHAUIT.
HY>XHO CUHTATD, YTO O0’beM KoMHATH! cocTaBiser 40,0 M5,
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§ 40. MNoacyer TOYHBbIX 3HaKOB NPV YMHOXEHNU

IlorpeurHoCTE NPOU3BEAEHHA MOYKHO OlleHUTD NPOLIE
(uo 3aTo rpybee), uem no cnocofy § 39. Ora ouweHka ocHO-
BaHa HA CACAYIOLIEM NpaBue.

IlycTh nepeMHOXKAIOTCA ABA NPUOIHIKEHHBIX YHCIa U
OycTsh KaXkAoe umeer 0o k 3Havatux uuedp. Toraa (k — 1)-a
uudpa Hpouseegenusa 6GeaycaoBHO BepHa, a k-A nudpa
MO2KET OLIThL He BrnosHe TOYHOH, OJHAKO NOrpenIHOCTb

TIPOM3BeIEHHA HE NPEBOCXOAUT 5% eaAuHHuU k- uudps 1

JHMLIbL B UICKJIOYHTENBHLIX CAy4asnax 61u3ka K aTomy npe-
peny. Ecau >xe nepsrie nudpH COMHOMXHTENEH B mpo-
H3BEJEHUH JaloT 4HcJo, bosburee gecatu (¢ ydyeTom
BJIMSAHHSA CAeAYIOLINX HH@p uaud 6e3 3Toro yuera), To no-
IPEUIHOCTL NPOU3BEJEHUA HE NPEBBIIIAET OAHOM € AHHU-
bl k- mudpel.

IIpumep 1. IlepeMHOXKUM NpUOIHIKEHHBIE YHCTA
2,45 u 1,22, umeroniue KaxAoe 10 TP 3HAYARIHMX I pbI.
B npoussenenun 2,9890 nepsrie Ase undpst 6eaycioBHo
pepHil. TpeThs nHdpa MoKeT ObITH HE BMOJHE TOYHOH,
Ilpu faHHBIX BEJHYMHAX COMHOXKHTENEH npeaeabHan ad-
COJIIOTHAS TIOrPEMIHOCTL NPOM3BeJeHH S (€€ MOXKHO Hai-
T™H, kaKx B npumepe 1 § 39) cocraeaser 1,8 exnHUIN
TpeTheit nudpsl (T. e. 0,0018); HCTHHHAA NOTDEIHOCTD,
Kak NnpaBuJjio, byaer enie MeHsinte. Iloaromy TpeThio mudg-
DY CleAyeT yAEeDIKATDH; YeTBEPTYIO e uubDy HET CMbICIA
coxpaHATs. Oxkpyrasas, uMeem 2,45 1,22 = 2,99,

Mpumep 2. IlepeMnokuM nNpubaHKeNHbIE YHCIA
46,5 - 2,82. B npoussegennu 131,130 nepsole ABe U PLI
6eaycaoBno BepHbl. Tax Kak nepsbie Nu¢pbl COMHOMKHKTE-
Jed ¢ yvyeToM BJHAHWA CJACAYIOMHX HHPp AT B
npou3sefeHun 13 (mepBnie aBe uudpsl yncaa 131,130),
TO NOIPELIHOCThL NPOU3BeAeHUus 6e3yC/I0BHO He PEROCXO-
AUT eAuHuLbl. B 1anHoM ciyuae npegensuasn abconornan
NOrPEINHOCTL NPOU3BEJAeHUs cocramaser Toasko 0,37;
UCTHHHAA JK€ NOTrpPelIHOCTh, Kak INpaBHJIo, Oyper emle
MeHbIe, [ToaTomy Tperhio nudpy HYKHO yaepxars. der-
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BepTYIO e Uudpy (HE BIOJHE TOUHYIO)}) HMEeT CMBIC]
yAepKUBATE (B KAYECTBE 34IIACHOI ) JIMIIL B TOM CJIy4ae,
KOT'Zla HaJ TIPOU3BEJEHUEM HYXKHO BRIIOJAHATH AaJhHEH-
mue AeHCTBUA.

IIpy nepeMHOXEHHH TPeX, YeTBIPEX M T. A. Npubau-
KEHHBIX YHCeJ NpeaelbHAA NOTPEIIHOCTH IPONOPUHO-
HAJbLHO BO3pacTaerT (T- €. YBeJIHYHBAETCH 110 CPABHEHHIO C
BRIIIIEYKAa3aHHOH B MOJITOpA, ZIBA M T. J. pa3a). Ho B nogas-
AAonieM G0NbIIHHCTBE CAyYaeB HCTHHHAA NOrPEITHOCTD
npyu He0ONBIIIOM YHCIE COMHOMHTENEH 0CTAETCH B TEX Ke
rpaBEMIax (BCAEACTBME KOMIEHCALHH NOTPEIIHOCTEH;
cp. § 38).

IIpakTHYeckHe BBIBOABI,

1. Ecnn nepeMHOka0TCA NpUOJMIKEeHHEIC YHCAA C Of-
HHM H TeM JKe KOJHYEeCTBOM 3Ha4al{uX uudp, To B IPOM3-
BEJAEHUH CIAEAYeT YAEPXKATb CTONBLKO JKe 3HavYaIuXx uudp.
Iocneauas n3 yaepxaHHELIX UUDp OyaeT He BIOJHE Ha-
NeXHA.

2. Ecnd HeKOTOpblE COMHOXHMTENM uMerT Gonsiue
3Havamux uudp, 4eM Apyrue, To eme A0 YMHOXKEHU cJie-
NyeT NepBhle OKPYTAUThH, COXPAHUB B HHX CTOJALKO UHP,
CKOJILKO MMeeT HAHMEeHee TOYHBIH COMHO>KHTEJb, UJH
enje oguy (B ravecTBe sanacHoi). [lanpHeiimme udpsl
yaepxkuBaTh 6ecnonesHo.

3. Ecnu TpebyeTcsi, 4ToObl OPOH3REeHHE JBYX YMCe
HMeNo 3apaHee JAHHOE YHCJO BHOJHE HaleXHBIX UndDp,
TO B KaXX/JOM U3 COMHOX<UTeNeH YHCIA0 TOYHBIX Undp
(HaMJeHHBIX H3MEPEHHEM MU BRIYMHCIEHUEM) AOJIIKHO
OnITEL HA eAHHUTY Goablne. ECu KomuyecTBO COMHOXKUTE-
Jeit 6osble ABYX H MEHBINIE JECATH, TO B KAXA0OM H3 COM-
HOXKHUTENEH YMCA0 TOYHBIX HHGP AAA NOJHOR rapaHTUH
JOJIXKHO 6BIThH Ha ABe eAMHHIK Ooablue, yeM Tpebyemoe
YHuCA0 TOUHBIX UMPP. IIpaKkTHUYECKH >xe BIIOJIHE JOCTATOM-
HO B3ATHL JUIIbL OAHY JHIIHIOK LUPDPY.

Yr106bI NIPOBEPHUTE 3TH BLIBOALI, PACCMOTPHM IIPUMED,
rje 3apasee M3BECTHBH! TOUHBLIE IHAUCHHA NePEMHOMKae-
MBIX HPUGITHKEHHRIX YHCET.
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IIpumep 3. O6paTnm npouaseseHHe
1.1.1 .1 1

37 11 13 3003
B AECATHYHYIO Ap06b. Basp 4 sanavamiue nUpbl, NOJYIHM
0,0003330. IlycTs Teneps HAM H3BECTHRI TOALKO IPHOIH-
3KEHHBIE JHAYEHHA COMHOMXHTEEEH

=0,33333;

ol
w3 -t

=0,14286;

A A S 1)
11 0,09091; 3 0,076921),

H TpebyeTcA HAMTH NIPOM3BEAEHHE C ABYMSA 3HaYaulHMH
uudpamu. Jns nosHON rapaHTHH ML JOJIKHBI B3ATH BCE
COMHOXXKHMTEJNH C YeThlpbMA 3HaYamMMH uudpamu, T. €.
NePEMHOXHTH

0,3333-0,1429-0,09091-0,07692.

1. Haxoaum 0,3333-0,1429 = 0,04762857.
Yaepxusaa ueThipe JHadYamue oUPpPH, IoJydaeM
0,04763.

2. Brlnosagem caegyomiee YMHOXKERHE:

0,04763-0,0909 = 0,0043300433.

3. Yaep:xuBada yeTslpe sHAYanue nudpsl?) U BbIMIOI-
HAs NOCJIeHEE YMHOXKEHHE, HAXOAUM:

0,004330 0,07692 = 0,0003331.

IBe nepBrie 3Havanne qudpul 6e3ycaIo0BHO NpaBuib-
Hbl, TAK 4TO HCKoMoe 4yHcJyo ecTs 0,00033. 3a moanyo
TOYHOCTH TPeThel 3Hayame nudphl 3apaHee HeJL3A M0-
pyuuthea. Ho ona oxaaniBaeTca BepHoii. YeTBepTasa aHa-
yamad (udpa He BIOAHE TOYHA, HO OIIMOKA HE IPEBLIUIA-
€T €AUHHI[bI COOTBETCTBYIOIEro paspaia.

1} Yurareno pekoMeHAYeTCA B3ATEH JIOOBIC APYTHE COMHO-
SKHTENH.

2) Baecs mocTaTouso 66110 661 YAEPKATH MO TPH 3HAYAIME
U dpsI.



§ 41. CoxpaileHHOe YMHCRere 1Y

Ec.ad BeCTH HALIE BRIUMCACHMC HA TDH SHAKA, TO HOJ -
34 3apaHee HOPYUUIHC 34 BTOPYIO 1Py. UABAKO Ba ca-
MOM fieJie jake Tperba 1gpa Oyaer BepHa. MMenso:

1)0,333-0,143 =0,047G19;

2)0,0476 - 0,0909 = 0,00432684;

3) 0,00433 - 0,0769 = 0,000333.

Ecau BecTH BhIYMCJIEHHE HA /IBA 3HAKA, TO B IPOU3LE-
nedun monyuurca 0,00032, T.e. ouwrubra cocraBuT
1,3 eAuHMIBI BTOPOTO 3HAKA.

§ 41. CokpaweHHoe yMHOXeHne

Hp}{MEHﬂH IIpaB1Jya YMHOXEHUA TOUYHBLIX UNCCIT K
YHCJAM NPUGAHKEHHLIM, MBl HEDALHOHAJIBHO TPATHM
BPEMSA M TPYJ HA BhIYMCJAECHHE TeX HU(D, KOTOPHIC 3aTeM
HY}KHO OTKMHYTh. BoIYMCIHTEABHBII IPOLCCC MOYKHAO pa-
OUHOHAJH3IUDOBATH, €CJIU DYKOBOACTBOBATHCS Cle YOI -
MU IIpaBHJIaMH.

1. ¥YMHOXeHMe HaYMHAIOT He ¢ HU3ILMX DaspsjoB
MHOXUTENA, 4 ¢ BLICIIUX; IIPH YMHOMKEHII MHOMXUMOTO
Ha HAMBBICIIKH PA3PA] MHOMNKHUTENA YMHOMXEHUC BHITOJ-
HAETCH MOJHOCTHIO,

2. Ilepen ymHoKeHUeM Ha CAeYIOTIHIl pA3PAL MHO-
HHUTCIAA B MHOXHMMOM BLIUCDKHMBAETCH ITOCJICHHAA I.[I’l(l)pﬂ,
YMHO)KEHHE IIPOU3BOAMTCA HA YKOPOUCHHOE MHOMKHMOE,
HO K Pe3yabTary NpHOaBJisSIeTCA OKPYTIJICHHOE MPOUaBeie-
HHE B3RTOTO paspAfa MHOKHUTENA HA OTOPOIICHHYIO 1Lu-
PY MHOXHMOIO.

3. [Tepes yMHOXKeHHEM Ha TPeTUH (OT HauaJia) paapsin
MHOXXNTEJA 3a4YePKUBAECTCH e1le OJHa uud)pa MHOXXHMOIo
(BTOpaA OT KOHIIA); YMHOMKCHHE ITPOMIBOAUTCA HA OCTAO-
muecs OUGPbl MHOMUTCAN, INIPH 3TOM YYHTHIBAETCH
BAMSHHUE TONBKO UTO OTOpolIeHHOH nU(PLI 4 T. 4.

4. [TonyyaeMbIC IIPON3BEACHUS pACIIONAraKITCH TAK,
4TOGBI APYT MO/ APYTOM PACIIOJAAraJACh BCC HUWIULC PA3-
pAABL.

5. J1yA onIpeAeNICH ST MECTA IANSTON B NPOUBIBEACHITI
CYLUECTBYXOT ocoORIe DpaBuIa, ITO JIIPAKTHUYHCEE BCCLO OC-
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HOBBIBAThHCA HA Ipy0oH NpeiBapPUTENbHOM OLIEHKE BEJH-
YMHBl NPOU3BENEeHUA. PexoMmeHayeTca BO uabesxaHue
ouruGoK 3aYePKUBATH YK€ UCMIOAbL30BAHHYIO IM(PPY MHO-
KUTENA.

IIpumep 1. IlepeMHOXUTL NPUOTUIKEHHBIE YHCA
6,7428 - 23,25. YpaBuuBaeM uMcA0 3HAYAIUUX UUPpP: B
NEpBOM COMHOXKHTeJe oTOpackiBaeM nudpy 8, sameHsas
npeabIAyUIyo nudpy 2 Tpoiixoi. Briuucasgem ne npuso-
LHMOH CXEeMe B CNeYIOIEM NIOPsAKeE.

1. He of6paman BHHMaHHA HA 3aNATHIE, B aTUC b:
ymHOokaeM 6743 na 2, peayanTtat 13 486 BbI- « 6,743
MUChIBAEM TIOJHOCTHIO; YMHOMEHUE TIPOU3- 23,25
BOJMTCH, Kak 00blyHO, HauyHaA ¢ 2 - 3 = 6 m
(aTa wecrepka pacnojaraeTcsa moj HU3IMU- + 993
MU pa3pAJaMH COMHOXKHUTENEH). 135

2. 3ayepKHBaeM UCNOAb30BaHHYIO U - 34
PY MHOXHTEAA 2 ¥ nocjaeAH00 nudbpy Muo- m
JKHAMOre 3; yMHOKaeM ciaenywmyo uudpy '
MHOXXHTENA 3 Ha YKOPOUYeHHOE MHOXKHMoe 674, npeasa-
PUTENbLHO YUTH, UTO 3aUepKHYyTad nudpa 3 fana 6m B npo-
u3sefieHun 3+ 3 = 9; NOITOMY K NPOU3BEJEHHIO IpuHaB-
nsaerca 1 (c camoro e Hayana yMHOMKeHUA 3 - 4 = 12;
12 +1 = 13; 3 zanucaHo; 1 yaepsxane B yme). Husmmi
paspaj npoM3BefeHHa (3) 3aNUCHIBAETCA NOJ HUIWUM
pPa3pAAoM NpeabAynero npousseeHuna (6).

3. BauepkuBaa BTOPYIO OT Ha4a1a BUPPY MHOKHTENA
U BTODPYK OT KOHUA IUPPY MHOKHMOrO, YMHOXKAEM
TPETLI0 NUPPY MHOKHTENA 2 HAa YKOPOUEHHOE MHOMKH-
Moe 67; npeBADUTENBHO 3aMEYa€M, UTO OT YMHOMKEHUA
37Ol HHAPPHI MHOXKUTENA Ha TOJbLKO YTO OTOPOILIEHHYIO
HAPPY MHOKHMOTO Noayuuay 6ul 8, TaK UYTO K nIpou3sBe-
Jenuio npubasnigem 1.

4. HaxoHel, 3auepKHYB eille 2 B MHOXXHTENe U 7 B
MHOX>XUMOM, YMHOXaeM 5 Ha 6, mpeaBapuTeJbHO 3aMe-
THB, uT0 5 - 7 = 35, Tak 4uTo K npouaseaenuio 5+ 6 = 30
npubasnsem ueTBEpKYy (Jydiue, 4YeM TPOMKY, TaK KaK YM-
HOXATb HYXKHO 651210 661 He TOALKO Ha nudpy 7, HO U Ha
cAeAyiouIMe 3a Heil oTGpoleHHBIe HUGPBI).
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5. Bce mony4eHHBIE NPOU3BEJEHHMA CKJaAbIBaEM,
nonyuaeMm 15 678,

Yro6sl BuIOpaTh MecTO 3amfATod, rpybo oKpyrasem
COMHOXUTE/H, B3fB BMECTO NepBoro, Hanpumep 6, sme-
cto BToporo — 20. Mckomoe nnpouasegenue rpy6o pasHa-
erca 120, T. e. nenas yacTb HAIIErO PE3YJILTATA ABJIACTCH
TPeX3HAYHBIM YHCJIOM; CJAeJOBATENbHO, B HAIEM Pe3yJb-
TaTe HYKHO OTAENHUThH 3aNsATOHi nepesle TPH Hudpsl, T. €.
HY>KHO B3ATH 156,78, a He 15,678 1 He 1567,8. B aToM pe-
3yJBTATE BEPHBI TOJBKO NepBbiC YeThipe uHudpsrl. [Tocnex-
HIOI0 IN}PY (KOTOpas MOIKET COAEPXKaTb o1IUBKY A0 Tpex
eAYHHI) HCHOMb3yeM AJs OKPYIJIEeHUs pe3yabTaTa H Io-
nydyaem 156,8.

IMpumep 2.674,3 "+ 232,5. YMHOMXKEHHE 1DOUIBO-
UM, KaK B Hpeab ayiuem npumepe. Ilonyuus 15 678, Boi-
6upaem MecTo 3ansaToil. ['pyboe ymHoxkenne gaet 600 X
X200 =120 000, 1. e. wwecTudHauyHoe uHucao. Tak Kax ue-
Jlad 4aCTh Halllero pe3yJbTaTa Q0K Ha COIePIKaTh LIeCcTh
ndp, a nonydyeHnoe HaMu yucio 15 678 cogepkut nATh
1udp, TO IPHUMUCHIBAEM K 3TOMY YHCAY CIpaBa HY/1b; Mec-
TO 3aNATON BBIXOAMT 34 HpejeNbl BhINMHCAHHBIX UMD,
T. €. pe3YABTAT HALUEr0 YMHOXKEHHS BRIDAXKACTCH LEJbIM
yucaoM 156 780. Tak Kax nocnegHasa uudppa (Hyns) aBe-
AOMO HeBEpHA, MHILEM pe3yabTaT B BHAe 15 678 - 10 unu
1568 - 102 (cM. § 34).

§ 42. fenenvie npubnviXeHHbIX yncen

IIpasuno 1. Ilpedensrhas omHocumenbrhazr no-
2PEULHOCMb HACMH020 NPUBIUNEHKHO DABHA CYyMMe npe-
denbHbiY OMHOCUMENbHBLY noZpeuinocmeit 0enumozo u
deaumens (cp. § 39).

IIpumep 1. Ipubarmxennoe uucno 50,0 genurces
Ha npubnmxkenHoe uucao 20,0. Ilpemenrnnas norper-
HOCTh AeJHMoro u geaurtens 0,05, Torga npegenbHasn oT-

HOCHTEJbHAs NOMPELIHOCTh AEJIMMOr0 €CTh 2%5) =0,1%,

)

a IpeaenbHasg OTHOCHTEJBbHAA MNOIDCIUHOCTE JeNUTEeNsH
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005 ~ .
et - 9,25%.. TIpeaasbtias CTRUCUTCABHAA 110-

rpeiHocTh yactaoro 50,0 ;1 20,0 = 2,50 noavKHA cocras-
asTe npubausnrensyo 0,1% + 0,25% = 0,35%.

HeiicrBure/lbHO, MCTHHHAA ReJUYMHA MACTHOrO He
foakiue, yvem (50,0 +0,05) : (20,0 - 0,05) = 2,50877, u ue
meHee, yeM (50,0 — 0,05) : (20,0 + 0,05) = 2,49127.
Ecrnu vcriHHHOE 3HAauenme uacTHoro ects 2,50877, To
abcomorHasa TOrPeUrHocTs cocrassser 2,50877 - 2,50 =
= 0,00877. Ecnn>xe MCcTHHHOE 3HaA4YeHHe ecTh 2,49127, To
abcoymoTHAA MOrpelIHOCTL cocTasBuT 2,50 — 2,49127 =
— 0,00873. PaccMOTpeHHBIE CIyUan — caMmbi¢ HEOIATOI-
PHATHBIC., BHAUUT, LUPeAeNbHAS OTHOCHTEbHas IIOrPeLL -
HocTh cocrasaser 0,00877 : 2,50 = 0,00351, 1. e. npu-
bmmxkenno 0,35% .

3aMeuanuec. TouHas BenIHYMHA NPEAELIIOH OT-
HOCHTEJIbHON 1I0IPEIIHOCTH BCErAa NpPEeBbIIIAeT IPHOIU-
JKCIIHY0, BbIUHCAeHHYI0 0o upasuny 1. [IpouenTt npessi-
ILEHHS IPHMCDHO PABEH NpPEAEbHOM OTHOCHTEBHOM M0-
PpeIIHOCTH AeauTenss. B HallleM nNpuMepe IpesbllleHHe
coctanaser 0,00001, yrto cocrasaser 0,29% ot 0,0035.
IIpegensHas ke OTHOCHTENBLHAA OTPCIIHOCTEL AEAATENA
pasHa 0,25% .

IIpumep 2. HaliTu npegenbayio abcollOTHYIO IO-
rpemHocThL yactHoro 2,81 : 0,571,

Pemcune. Ipegenpiiaa orHOCHTEIbHAA DOrpeIl-
HOCTB Jenumoro ects 0,005 : 2,81 = 0,2%; penurens
0,0005: 0,571 = 0,1%; uactuoro 0,2% +0,1% =0,3%.
IIpesensnan aBCoAOTHAA NOCPEeIHOCTL YACTHOIO MpPH-

OJHMIKCHHO PaBHA 0258711 - 0,003 = 0,015. 3uauur, B yacT-

HoM 2,81 :0,571 = 4,92 y>xe TpeThs 3Hauallas undpa He-
Ha/eKHA.

Boaee npocras, Ho 3aTo fionce rpybas OLUEHKA TOU-
HOCTH aCTHOTO CCHOBaH& Ha HOJACUYETE TOUHBLIX Illl(bp
(ep. § 40).
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IIpasuno 2. Hycme derumoe u derumend umeiom
Kaxdoe no k 3navawux yugp. Tozda abcorromuasn no-
2peUwHOCMY “acmHuozo 8 xyduwesm cayysae 6auska x 1,05
eduruyst (kR — 1)-20 3naxa (3TOro 3HaYeHHA OHA HHKOTAA
He JOCTHraeT).

Kak Buanm, npeseTpHasA HOrPEIIHOCTh YACTHOTO TEO-
peTHYecKH BJABoe Gosbine npeaeasHON NOTPEIIHOCTH IIPo-
usseneHua (§ 40). OaHako Ha caMoMm Jiejie IOTPeIIHOCTh
YaCTHOI'O IPEBOCXOAMNT 5 efHHHI k-H NHPPbI JTHILIL B HCK-
JIIOYHTENbHBIX cIyyasnX (0AHH pa3 u3 Teicavyu). Ilosromy
8 YacmuoM cJaedyem Opamb CMOALKO He 3IHALAUWUX
Yu@p, CKORLKO ux umerom derumoe u Geaumens.,

Ecau e oiHO H3 AaHHBIX YHCeJ (AeTHMOE ILJIH AeNTH-
Tenb) UMeeT Gosbine 3HavamwMX nudp, YeMm Apyroe, TO
cjenyeT oTOPOCHTL BCe JHIIHWE IHMPHI HJIH COXPAHHThH
TOJAbLKO HEePBYIO H3 HHX (B KAYECTBE 3aNacHoi).

Ecsau tpebyeTcs, 4yTo6n1 yacTHOE HMEJIO 3apaHee JaH-
HOE YHCJO BEPHHIX HHPP, TO B JeTUMOM H JAeJTHTENe HYXK-
HO UMeTh Ha OAHY 3Hawvawyro yudpy 6orvuwie.

§ 43. CoxpalueHHOe fleneHue

Bo uabexxaHue H3NHUIHHX BBIKAAJOK JeJieHHE TIpPH-
GJIM3K@HHBIX YHCEJ MOMKHO BBINOJHATS CIeAYVIOLIUM 06pa-
30M.

1. He ofpamas BHUMAHASA HA NOJOMKEHHE 3aNATHIX,
nony4yaeM nepsylo NHPPy YacTHOrO TAK JKe, KaK NIpH fe-
JIeHHH ueseix yucen. EcaH sHavyamme nHdpel JeAHMOro
obpa3yloT ynco, Goabllee, YeM sHavallde qudpbl Keau-
Tens (004 YHcaa paccMaTPUBAIOTCA KaK 1eNibie), TO mep-
Bafd IHQpa YACTHONO YMHOXAETCA Ha BeCh AEJIMTENb,
B npoTuBHOM cay4yae B AenuTesie 3a4epPKHBAEM IOCJEX-
HIOI0 IMPpPY U YMHOKAEM Ha YKOPDOYEHHEIN AeTHTeN b, HO
B Pe3yAbTATE YUUTHLIBAEM BIMAHHE OTOpPOILeHHOH HPPELI.
Tak, ecau fenum 2262 na 7646, ro nepsas nudpa 4acTHO-
ro2(22:7=3cocrarkoMm, Ho 3 He roguTcA, GepeM 2). OHa
yMHOxkaeTcs Ha 764, kK peayasraTry npubamnaserca l
(370 — nepsasa nundpa npoussefeHun 2 - 6 = 12). 9ro ge-
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NlaeTcsa cpas’y NPM YMHOMKEHMH HA TIOCJAeJHIONn UnPDY
YKOPOYEHHOTO AEJTHTENA,

2. PeayabTaT YMHOKEHHUS NepBoil UMdDPHI YaCTHOrO
Ha AeJUTeN b (HA4 Ha YKODOUYEHHbI! AeTUTeNb) 3aIHCHIBA-
eM OOJ JEJUMbIM — HHUIMIMHA PAadpAA NOA HUBIIHM M TaK
pasiee. 3aTeM HAXOAHM OCTATOK.

3. BMecTo TOTO YTOORI K OCTATKY CHOCHUTB HYJb, VKO-
pauMBaeM AeJUTeN b, 3aYePKHUBAA B HEM NOC/eAHION nHb-
py (ecnn ykopoyeHHe yxe Aenasoch, TO TENeph IPOM3BO-
AuM orbpaceiBaHME IOCJAegHEH U3 ocraBmuxcsa umbp).
ToaoGpas BTOPYI0 UHPPY YACTHOrO, YMHOMKAEM €€ HA YKO-
POYEHHBIH AGJMHTENb, YYMTHIBAS BAMAHHE TOJLKO YTO OT-
OporuenHOH udpHI.

4, 3anMcelBaeM pe3yabTaT YMHOMKEHH NOA NepPBhIM
OCTATKOM — HHM3IUMIA paapaj noj Hu3muM u T. A. Haxo-
AWM BTOPOM OCTATOK.

5. BMecTo CHECeHHS HYJA yKOPaYHBAEM JAeJIHTEeNh
ele Ha OKHY IUPPY H T. A.

6. Ilonyune yacTHOe, onpeAeaseM MeCTO 3aNATOH N0
rpy6boii npeaBapHMTENbHONA OLEHKE.,

Mpumep 1. 58,83 :9,658.

1. Tax xax 5883 menbire 9658, Toc 3anuch:
CAMOTO HAYAJA JAYEDKHBAEM MOCHEAHION 58 83)9 658
uudpy aenantenn 8. Ileppas undpa vacr- M’m‘
Horo 6. Ymnoxkaem aty undpy H=a 965, 88

YUYMTHIBaA, yTO OTOpoiienHan nudpa gacT 86
Sepguuny (6 - 8 = 48; B orbpacwsiBaem, 2
4 oxpyriaem Ao 5). 9

2. Ilpouseesenmne 5795 sanmucbiBaem
noy AeHMBIM — paapsaf nog paspagoM. Ocratox 88.

3. 3auepkHBaeM BTOPYIO ¢ KOHNA UDPY AeauTesas 5.
Yxopouennbli Aeauteab 96 He cOmep:KHUTCA HM pasy B
gennmoM 88; cTABMM B 4ACTHOM HyJbl); HUKAKOIrO yMHO-
JKEHHUA NMPOHIBOJHTE HE HYIKHO.

4. He uy>xHO HAXOAUTHL H BTOPOH OCTATOK.

1) O6pamalo ocofoe BHEMAHAC HA 3TOT MOMEHT; Z4CTO Aena-
1T rpybyto omubky: He mo3a60TUBIIKHCH IOCTABATbL HY b, TOPO-
nATcs OTGpacHBaTh CNEAYIOMYIO LRDDY AeTUTENSA,
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5. 3ayepkupaeM eille oAHY nUPPY Aenutesas 6. Yro-
POYEHHBIA AesHTeNb 9 COnepKUTCA B OCTATKE AEBATL pas.
IloaToMy TpeTha uuppa yacTHOro 9. YMHoxasa Ha YKOPO-
YEeHHBIN AENHUTE/b ¢ YUETOM BJIUAHUA 3aUEPKHYTON nud-
pul, umeem 86, Ocratok 2. Ha aTom geiicTBHe HE 3aKaHYM-
Baetca. «Or6pacsiBad» NOCAEIHIOKN OCTABIIYIOCA ITUDDY,
HC YYHUTHIBAA €€ BJIMAHME HA DE3yJALTAT, Mbl HAXO/HM B
yacTHoM etye uudpy 2 (29 = 18; 8 orbpaceiBaerca u 1 ok-
pyraserca ao 2). Ilpome Bcero monyuMTh NOCAEAHIOK
undpy, CHeCA MEICJEHHO HYJL K IIOCTeAHEMY OCTATKY 2;
noayyaem 20 : 9 = 2.

6. MecTto sansTo# onpejensgerca no rpybomMy nopcuce-
TY. B ACJIHMMOM H ACJINTEJIC OCTABJACM TOJNbKC LENbIC Yac-
TH; ACHO, uTo 58 : 9 = 6, T. e. enasa YacTs YaCTHOrO ecTh
4HCcI0 ofiHo3HauHoe. [loaToMy peaynbraT paseH 6,092, a
e 60,92 1 He 6092 u Tak ganee.

Bce uudpb! peayabrara BepHBI.

IDpumep 2. 98,10:0,3216.

1. 9810 Gonbme uem 3216. Ilepsy0 3. nucp:
uudpy uvacTHoro 3 ymHoxaeMm Ha 3216. 98.1010 32.16
ITonyuaem 9648. —;"i

2. Ocrarok 162. 96.48[305,0

3. BauepkuBaeM mocjaefHiow uudpy -— 1’
peauTteas 6. YKopoueHHbIH neautean 321 .
HE COJAEP’KHTCA B OCTATKE HM OSHOro Da-
3a; BTOpas uudpa peayabrara — HYJkb.

4—5. 3auepkHuBaemM elle ofHY UHDPY AenHTean 1; oc-
TaToK 162 genurca HA YKOPOUEHHEIA JeanTens 32;
TpeTbA nudpa 4acTHOro 5. YMHOxaA ee Ha 32 U YUUTHI-
Badg BAUAHWE oTOPOMIEHHOH MU pEL AeTUTE A, TOJydaem
161. Buiuuraem u3 octarka. I[Toayuaem 1. BayepkHBaeM
nudpy 2 B feauTese. YKOPOUEHHbIH JeHTeNb 3 HU pasy
He cofiepxuTca B octaTtke 1. [Toatromy nocneauas nudppa
YaCTHOTG — HYJIb.

6. 3anATyo CTAaBHM Ha OCHOBE rpyborc OKpyrieHusa
naHHeIx uHcen: Gepa 100 smecro 98,10 u 0,3 Bmecro
0,3216, sugum, uro 100 : 0,3 = 300, T. e. uesasn yacTs ya-
CTHOr'C TpeX3Ha4yHa. 3navuur, yactaoe ects 305,0.

tczo:
s RO
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§ 44. BozgegeHue B (TeNeHb ¥ U3BNEUSHWE
KBAagpaTHOrO KOpHH U3 anGﬂM)KEHHb!X yucen

Boggre/icHde B (Leny10) CTe€1IEHb €CTh IIOBTODHOE YMHO-
SHCHHE, U 1I03TOMY K HCMY OTHOCHTCHA BCE CKA3AHHOC B
§§ 40—41. TIpu BossepeHuH B HeGONBLIVIO CTCICHbL pe-
3YJALTAT HMCCT CTOJNbKO 3KC BepPHbIX IU(P, CKOALKO B3-
TOE YHCJI0, MM COACDXKUT HeDonb1uy 01UMOKY B riocnes-
HeM 3Hake. Ecan jke cTelleHb BenHKa, TO HaKOIJieHHe He-
DoABIIKMX OIHMOOK MOXET OTPAa3uThCA U Ha nndpax BbIC-
11IC1'0 paspsjaa.

Ilpu u3BneuCHUU KOpHA JDOOH CTEIICHHM peayJbTar
AMECT [0 MeHbIUEeii Mepe CTOJbKO Ke BepHbIX LHDP,
CKOABKO MX OblJ10 B MoaKOpeHHOM yucie. Tak, u3sackasn
KBaApaTHBIA KOpeHb U3 npubausxednoro umcaa 40,00,

MOJKHO [OJIYYUTh YeThbipe BepHble HHbpsl (/40,00 =
= 6,324).

Hu’xe npHBOANTCS IPOCTOH U JIETKO 3AIIOMMHAEMBbIH
crnoco® M3RJeYyeHUA KBAAPaTHOTO KOPHA (¢ JAwGoi Tpe-
fyeMO# cTeneHbI0 TOYHOCTH). ITOT crocob onucaH Apes-
HEIDEYCCKHUM YYeHBIM /epoHom mpumcepHo 2000 ner Ha-
zaal. Tor xe cnocob MOXXHO IPUMEHUTh M AJA U3BJSUE-
HHS KOPHA TpeTheil (M1 Honee BEICOKOM) CTeNeHH (CM. HU-
ke § 44a).

IIpaBuaO M3BJAEYEHMA KBAAPATHOro KopHA. I1obb
H3BJIeYb KBAJ[PAaTHBIH KOpeHb, OepeM «¢Ha rias» ICPBOC
npuOIHAKEeHNE M IOCTYNAEM CAeAYIINM 00pa3oM.

1. JleauM noAKOpPEHHOE YUC/IO Ha NepBoe IpHGiMxe-
HME KOPHsI; eCcJIM OKaKeTcs, UTO IoJIyYeHHOe HACTHOe
OTAMYAETCS OT MCPBOro NPUOIUIKEHHMS HA BEJIUUUHY, HE
ITPEBRILIAIOIIYIO AONYCTUMOH IOIDEINHOCTH, TO KOPEHbL
HU3BJICYEH.

2. B npoTHRHOM CJyuae HAXONHMM CpPeAHee apHpmMe-
Tiryecckoe (§ 45) AenuTenA M YACTHOrO. OJTO CpeRHee
api)MeTHUeCKoe faeT 3HaYUTeJbHO 6oJee TOUHOE 3HaYC-
Hue (BTOpoe HPHOJAMMKeHMCe) KODHA. [IpH CKOJBKO-HH-

1 Feposl OJb30BAJACA MPOCTLIMHA APODAMU: ME, KOHCUHO,
0310M [IONB30BATLCS JICCATIYIILI M IPOOAMII.
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6ynes ymenom BrlGope mepBoro nNpUGIMIKEHUA BTOpOE
npuOnH>keHHe JaeT 3 BepHbIe UHPPHI, 8 06BLIUHO He MEHEE
4 BepHbIX HHGp. Boobiue B KaxaoM HOBOM npubaHKe-
HHM YHUCJIO BEPHBIX UUQP yABaUBAETCA 110 CPABHEHHIO C
PeAbIAYUIHM.

3. [loxeepraem BTOpOe NpHOAHIKEHUE TaKoOH ke
NIpoBepKe, KaK NepBoe, T. €. ACTUM MOJKOPEHHOE YHCIIO
Ha BTopoe npubanxkenue. Ecnu okaxeTcs, YTO TOYHOCTH
peaynbTaTa HEAOCTAaTOYHA, TO HAXOJHUM TDeThe NpUGIH-
KEHHE TEeM 3Ke cocoGoM, KAKHUM HAIIJHM BTODOE, U T. M.

3BamMevanue 1, Manoxkenusrii ciocob «He GouTcA
o1IMBOK»: OH ABTOMaTHYECKH HUCNpaBJAET apudmeTule-
cKyI0 oIUOKY, eCld TaKada AONYIUEHA Ha NpeAnlyLieM
arane. EAMHCTBEHHBIM ¢«BPEAHBRIM» NocaeacTsuem Gyaer
3amMejJIeHHE BHIKJTadKH.

ODpumep 1. /40.00. [TonxopeHHoe YHCIO HMeeT
yeTbIpe BepHbie NP PbI; BHIYUCAATH 00Jiee HeThipeX uHdp
KODHA HeT cMbicha,. HaitfieM yeThipe mudpol.

3a nepBoe NpHOJAHKEHME HALO0 NPHHATHL KAaKOe-HH-
Oyp YMCHa0, 3aKJII0YeHHOe Mexay 6 u 7 (Tak Kak 62 = 36
MeHbIIIe TTOJKOPEeHHOro yucaa, a 72 = 49 — Goanme). B
ATHX TPAHUIAX MOKHO B3ATH J1000€ YUCI0, HO ECNH XO-
THM COKOHOMHUTH AaNbHEeHHIIMI TPYA; TO HAAO B3IATh Ka-
KOe-TO YUC0, MeHblIee ueM 6,5 (Tak KAK NOAKODEHHOe
YuCJI0 3HAYNTENBHO Onrke K 62 yem K 72). Boabmem, Ha-
npuMep, 6,41, Janee nocTynaeM Tak:

1. JeauM noaxopeHHoe uncao 40,00 na mneppoe
npubnusxenue 6,4. [Toarygyaem 40,00 : 6,4 = 6,25. Ye Bo
BTOpOIi nudpe yacTHoe 6,25 oTanuaerca ot geaumoro 6,4.
ToYHOCTH PEAYABTATA HEJOCTATOYHA.

2. B kayecTBe BTOPOTo NpHGIHIKeHHA OepeM cpeaHee
apudMeTHyecKoe aeauMoro 6,40 u yacraoro 6,25. IToay-
yaeM (6,40 + 6,25) : 2 = 6,325. M0o»HO 0XKHAATH, YTO B
3TOM BTOPOM NPHGJAHMEHHH BEDHBLI €CJM He BCe HeThipe,
TO NepBbl€ TPH LHPPhI.

1) Mox=ro paaTs 6,3 nau 6,2, vo 6pate 6,1 HeT cMmuicna, TaK
Kak 6,1 caumkom 61U3KO K 6.
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3. IIna KOHTpPOJAA AeNHM HOAKOpeHHOe uncio 40,00
Ha BTOpoe npubauxenue 6,325 (qosoasa KesneHyue g0 YeT-
pepTroil uudpsr): 40,00 : 6,325 = 6,324. IlonyuenHoe
vacTtHoe 6,324 oTaHuaeTca oT genuTtend 6,325 aumb Ha
egMHKIY YeTBepToro sHaka. OTcioga cjegyeT, 4YTO KOpeHb
(c TpebyemoM cTereHbo TOYHOCTH) HaHieH.

HeiicTBuTe/IbHO, €CJIU BO3BecTH uucyo 6,324 B ksaj-
paT, T. e. YMHOXXUTH ero Ha 6,324, ~ To moJyy UM YHCJIO,
MeHbliee yem rpouaeeneHue 6,324 - 6,325, koropoe (npu-
6axkenno) cocrasasaet 40,00. Ecny ske BO3BECTH B KBaJ-
pat uucio 6,325, To monyuurcAa uyucio, Gosbluee yeM
6,325 - 6,324 = 40,00. CneaosaTeNIbHO, HCKOMBIH KBaj-
PATHBLIM KOpeHb JexUT mexay 6,324 u 6,325, Iosromy
HCKOMBIH KOpeHb oTiuyaerca ot 6,324 (unu ot 6,325)
MeHbllIe YeM Ha eJUHHIY YeTBePTOro 3HAKA:

/40,00 = 6,324 (Bce 4 3HAKa BEDHHEI).

HOpumep 2. J23,5. AcKoMEIi KOPEeHb 3aKII0YALT-
cA MeAy 4 u 5 u JIeKUT ropasfo 6ausxe K 5, yeM K 4 (Tak
Kak 23,5 ropasgo Gamxke K 25, yem k 16). Bosbmem 3a
nepBoe npubauixenue Kpyriaoe gucio 5,0.

1. enum nogxopenHoe yucio 23,5 Ha nepsoe NMpH-
Gamkenue 5,00 (moBoAA yacTHoe JO TpeTheill UBPHI):
23,5:5,0 =4,70.

2. B KayecTse BTOpOTo NpH6JIUIKEeHNA GepeM cpeiHee
apupmeruueckoe (5,00 + 4,70) : 2 = 4,85, Mo>xxHO 03kH-
AaTh, YTO BCE TPH UHGDHI BEPHEL.

3. Ins npoBepKuU JeJTUM NToAkopeHHoe yucao 23,5 Ha
BTopoe npubaukenue 4,85. [Monyuaem 23,5 : 4,85 =
= 4,85. Tak KaK yacTHOE PABHO (C TOMHOCTLIO O TPETHETO
3HaKa) JeJIMTeNI0, TO KOPEHb HaBjeyeH (C MAKCUMAJILHO
BO3MOXXHOI CTe[IeHbI0 TOYHOCTH):

J23.5 =4,85.

damMeuaHune 2. Ecad nogKopeHHOE YUCJIO eCTh Je-
CATHYHAA ApPobbL, MMewIaa B LUeJ0H YacTH OfHY 3Haua-
VIO UMDY UM HYAb, TO A HAX0KIEHUSA NEPBOTO [IPU-
GauxeHHs PEeKOMEeHAYeTCH NMepeHeCTM 3anfATyH BIDABO
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yepes ABe, YCThIPE, NIECTh U T. A. HUGP C TAKUM PACYETOM,
4yToOKEI B IEJIOH YaCTH oKasasochk HeG0AbIlIoe YHCIO 3HA-
koB. Jlasmee nmoctynaem, Kaxk B npuMepax 1 4 2, 4 B OKQH-
YaTeTbHOM pE3YALTATE MEPEHOCUHM 3anfaTyi B o0paTHOM
HanpaBJeHHH Yepe3 OAHY, ABe, TPH K T. A. NUDDHI.

AHaNOTHYHO MOXHO NIOCTYIaTh B T€X CAy4YadX, KOTAa
NOAKOPEHHOE YHCA0 MMEET MHOTO3HAYHYIO L[EJYI0 4aCTh;
HO TOr/a 3anATasA BHAYAJe IEPEHOCHUTCS BAEBO Yepes JiBe,
4eThipe, IIeCTh U T. 4. UHPD.

B nogkopeHHOM HHCAe 3alATY0 MOYKHO NEPEeHOCHTh
MOALKO Hepe3 YemHoe LUCAO Yugp.

IIpumep 3. ./0,008732. ITepeHOCHM 3aNATYIO Ye-
pe3 4 3Haxa Bnpapo. Ilonyuaem 87,32; npu sriBope nep-
BOro NpHONMIKeHMA OGyAeM YYHTHLIBATH TOJbLKQ UEJTYIO
yacTh. lIpumMem 3a nepsoe NPHOITHIKEHME, CKAXKEM,
uucao 9,3.

1. Oennm 87,32 na 9,3. [Ipofonskad AeseHHe A0 HYeT-
BEPTO 3Hauanei uudpsr, nonyunm 87,32 :9,3 = 9,389.

2. Haxoanm cpeaHee apudpMeTHIECKOE

(9,300 +9,389) : 2 = 9,344.

3. llna xoHTpORA BhINIOAHAEM Aenende 87,32 : 9,344 =~
= 9,345. 3uauur, B mob6om 13 uncen 9,344 u 9,345 Bce ye-
Thipe 3HaAKA — BEpPHLIE (NepPBOe AaeT HEJOCTATOYHOE NIPH-
6nxenne, BTopoe — UabriTOUHOE).

4. Tax kak BHavaJe MbI IEPEHECIH 3aNATYIO BIPABO
yepes 4 3HaKa, TO B 00pATHOM HAIpABJieHHH (T. €. BJAEBO)
3aNATYIO HAJ0 NEepeHeCTH uepesd 2 3HaKa. [Tonyvaem

J/0,008732 =~ 0,09344.

IIpumep 4. J8732000. IlepeHoCHUM 3aNATYIO
BJ€BO yeped 6 nudp. Honyyaem 8,732 (ecan nmepeHecTH
3anaTyio yepes 4 mudper, nonyuum 873,2, Ho He 87,32,
Kak B npeAblyuieM npumepe!). 3a nepeoe npnbaurkeHue
IpHMEM YHCA0 3.

1.8,732:3=2,911.

2.(3,000 + 2,911): 2 = 2,955.

W3 neproro 4elCTBHA ACHO, YTO B NEPBOM npubauike-

5 Bwironckuii M. 1.
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Huu (3,000) 6niniu aBe sepuble uudpw. IloaToMy Hamo
03KHAATh, YTO BO BTOpPOM mnpubiaMmceHUH 6yAyT BepHBI
4 nu@pei. KorTpons noaTBEepKAAET 3TO.

3. Tak Kak BHavaJe Mbl IEPeHEC/]IH 3ANATYI0 BJIEBO
yeped 6 3HAKOB, TO TeNneps NepeHoCHM ee B 06paTHOM Ha-
npasBJeHHH Yepes 3 3HaKa:

78732000 = 2955.

§ 44a. MpaBuno n3BneyeHNA Kyonyeckoro KopHa

Yrobnl H3BAeYh KYOUYECKHMH KODEeHb, OepeM «HA
rjas» 1epeoe npHOIUKEHHEe W NOCTYNaeM CHAEAYOIHM
obpasoM.

1. Jenenue Ha nepsoe npubiuxkenue (cp. mMpaBHJO
§ 44) BRINOJHAETCA ABAXKALI: CHavasa JIeAUMbIM CAYIKUT
MOAKOPEHHOE YUCIIO, a 3aTeM — YMCJIO, NOJYYEHHOe B Pe-
3yAbTATE MepBOro jeseHHA. Ecau wacTHoe (monydeHHOe
nocse 8Mmopozo eleHMA) OTAHYAETCA OT IePBOT0 MPUB.In-
KeHHuA (T. €. OT AeJUTeNA) Ha BEJIMUMHY, He NMDEBbINIAI0-
Y0 JONYCTHMOM IOTPENIHOCTH, TO KOPEHb H3BJIEYEH.

2. B npoTHBHOM CJy4ae HaX0JUM cpejHee apudMeTH-
YeCKOe TPexX Yuce, a MMEHHO YaCTHOTO (OT ABYX JeJeHH1)
H asaxbl B3AToro geaurensl). [onyyaem BTOpOEe NMpH-
BJrKeHHe; y Hero {(IpH CKOAbKO-HUGYAL yMenoM suibope
nepeoro npubamxkenus) Tpu unudpsl 6YAYT BEDHBIMH, a
YeTBCPTAA B XYAIIEM caydyae noTpefyeT HCIpaBJeHMA
Hal.

3. Bropoe npuGaM>KeHHEe MOXHO MOJABEPrHyTh TAKO-
MY K€ MCHBITAHMIO, KAK NIEPBOE; HO 3TOT KOHTPOJbL YTO-
MHTEJIEH.

Npumep L. 3/785,0. HckoMelil KOPeHb 3aKTI0YEH
mexay 9 u 10. 3a nepsoe npubaukenne soseMeM 9,2 (Tak
KaK IOAKOpeHHOe YUCA0 NpHMepHO B 4 pasa 6i1mixke k 93,
yeMm Kk 107%).

' OTKya DOIHHMKAET 3T0 BTOpOe AeiicTBHe — 6yAeT BUAHO
na npumepa 1.
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1. Haao pasgenuts Ha 9,2 cHAYAIA IOAKODEHHOE YHUC-
N0 785,0, asaTem uactHoe 785,0: 9,2, BMecTo 2T0Oro MoK-
HO pasfenuTsb 785 Ha 9,22 = 84 ,64. [Tonyuaem
785,0:9,2:9,2="785,0:84,64 9,275,

Kak suauM, neppoe npubIHIKeHHe HMEeT JBe BePHbIE
nudper. YTobh HauAyYmMIAM c0paA3OM HAHTH BTOPOE TIPH-
6nMkeHUE, yUTEM, YTC NOAKOpe HHOe yHceae 785,0 okasza-
JIOCh TIPOM3BEJEHHEM TPEX HEPABHBIX COMHOMKHTENeH:
785,0 = 9,2 + 9,2 -+ 9,275, a HaM HAJA0 NPEACTABHTE €ro
B BHJE NpPOHM3BEJEHHS TpeX PAaBHBEIX COMHOMXUTENeH:

785,0=x - x* x (rae x = 3/785,0). EcrecTBenno npeamo-
JIOKHTb, YTC KaXXABLIA H3 9THX PABHBIX COMHOMKHTENEH
JOJ2KEH TIPHMEPHC DABHATHCA cpefiHeMy apudmeTHue-
CKOMY cOMHOXuTeaei 9,2, 9,2 u 9,275.

2. Urtak, B Ka4eCTBE BTOPOre MpHOAMXeHHA Gepem
cpeanee apudmernueckoe (9,275 + 9,200 + 9,200): 3 =
= 9,225. BrluHcNeHHE DEKOMEHAYETCA MPOHUIBOAUTL MO
coKpallenHoMy cnocoby (§ 46).

3. JInA KOHTPOAS MOXKHO pa3feNMTh ICJKOpPEeHHOe
yucao 785,0 Ha Bropoe npubnuxkenne 9,225, 1 peayabTat
elye pas pa3fienuTs Ha 9,225 (MK pasgeNMTb NOAKOPEH-
Hoe yHcIo Ha 9,2252 = 85,09). [Tonygum 9,225 (ecru npu
BEIMHCJEHHUAX HE COXPAHATHL 3aMACHYIO UHPPY, 10 YyIHT-
cn19,224):

3/785,0 = 9,225 (nce 4 UHDDHI BEPHEL).

3amMevyuanue. IIpy HAXOXXAEHHUH IEPBOTC NPHOIH-
’eHHUA ObIBaeT MOJIe3HO MepeHecTH 3aNATYIO B MOAKODEH -
HOM YHCJie BIPABO (MJIM BieBo) uepea 3, 6, 9 u t. A. uudp
{cp- 11, § 44, sameuanue 2). B okoHYATEILHOM peayabTaTe
TePEHOCHM 3aNATYI0 B O6DATHOM HAaTIpABJAEHMH 4depes 1,
2,3 uT. a. uudpr. [IepeHOCHTE 3AHATYIO MOXKHO MOAbLH O
yepes makxoe wucao yugp, komopoe derumcsa Ha 3.

MMpumep 2. 3/1835-10. B noagKopeHHOM umce
18 350 nepeHocHM 3anATYI0 (IOApPa3yMEBAEMYIO mocje

uudpel eJHHHMI) BAE€BC dYeped TpH uudpsbi. Ilonyuaem
18,35. 9T0 YMCA0 HAXOAUTCA IPUMEDHO NOCPEANHE MEXK-
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oy 23 =8 u 33 = 27. [HoaTomy 3a mepBoe NMPHOJAHIKEHHE
IpHHYMaeM 2,5.

1. Hajo Apa)KAbl BLINOJHMTE JAEJIEHHEe Ha 2,5 HiaH,
4YTO TO JKé caMoe, OAMH pa3 pasfaeauTh yHcsyo 18,35 Ha
2,52, Tlonyuaem

18,356:2,5:2,5=18,35:6,25~ 2,94,

Kak BuguM, B NepBOM NPHOIUKEHHH BEPHA TOJNBKO OI-
Ha nudpa. 3HAYHT, HAAC OXKHAATH, YTO BO BTOPOM IIPHGJTH-
KeHHH OyAyT nHmb ABe BepHble Uudpsl. [ToaToMy B chae-
AYIOLUEM AeHCTBMHM BEJEM BEIYHCIEHHE JJUIIb HA BA 3HAKA.

2. B xauecTre Broporo npubinixxeHus Gepem cpeanee
apudmernueckoe (2,5 + 2,5+ 2,9): 3= 2,6.

3. Yrobbl YTOUHHUTDH PE3YBTAT, HAA0 ABAXKABI BHINOJ-
HUTb fesenue Ha 2,6. [Tonyyaem

18,35:2,6:2,6=18,35:6,76 = 2,715.

Kaxk BuauM, BTOpOe NpHbAHKeHUE HMeeT JBE BepHLIe
undpsl; 3HAYAT, TPeThLE, BEPOATIO, 6yAeT HMeTsr 4 sep-
Hble IHPPEHL.

4. B KauecTBe TpeThero IpHOIHKeHHA GepeM cpeaHee
apudmernyeckoe (2,715 + 2,600 + 2,600) : 3 = 2,638.

Konrponk (KOTODRIH MbI onycKaeM) oxasana 6bl, 4To
3Aech BCe YeThIpe UM PLI BEPHbL: .

3/1835 - 10 ~ 26,38.

§ 45. CpegHue BeNUYUHBI

Ecnu naH pAj BeJIHYMH, TO BCAKAA BEJIMMHHA, 3aKJIO-
YeHHAA MEXJAY HAHMeHbIIeHd ¥ HaHOOoNABINEH M3 JaHHBIX
BeJIHYMH Ha3LIBAETCHA ¢cpefHeiis. I3 cpEAHHX BEJHUYMH
Hanbojlee NpUMEHAEMBl CpedHAA apudmemuyeckas H
cpednan zeomempuneckas.

Cpednas apuppmemuueckas geausuna (Mau cpednee
apupmemuieckoe) NMOJAYyYaeTCHA CJIOKEHNEeM JaHHBIX Be-
JUYMH M JAeJIeHHEM CYMMBI Ha YHCJIO DTHX BEJTHUHH!

_a ta;+...+a,
a n
(ay, ay, ..., @, — RaHHBIE BEAWYMHBL, I — MX YUCJIO).

!
l
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IIpumMep. Hans uucna 83, 87, 81, 90.

83+ 87+81+00 1
—83+87+81+90 _g5l1
s 1 1
Cpe&uee zeomempuiteckoe nmoayvyaercs nepeMHOXKe-

HHEM KAHHLIX BEJHYMH U U3BJICYEHHMEM H3 IPOM3BEACHUA
KOPHJ#, I0KA3aTeNAb KOTOPOro PABEH YHCNY BEJHYHH:

mg = ’”alaz...a"

(ay, ay, ..., @, — KAHHBIE BeJIMYUHEI, 1 — KX YMCJIIO).
II p nmep. Hane uucna 40, 50, 82.

m, = 3/40-50- 82 = 3/164 000 = 54,74,

CpeaHee reoMEeTpHUECKOE BCETJla MeHhIlle CDPeJHEro
apUdMETHYECKOT0, KPOME TOTC CAy4ad, KOrAa BCE BIATHIE
uucaa pasel. Toraa m, parHo m,. Koraa pasnuuns mexny
B3ATHIMH YUCIAMU COCTABAAIOT MAJbIE OJH CAMMX YMCE,
TO ¥ PASHOCTE MEXAY M, U Mg MaJa B CDABHEHHH C HUMH.

BeruMcnenue cpegHerec apu@METHYECKOre HMeeT
foABIIcE aHAYEHHE BO BCEX 001aCTAX IPAKTHKH.

IIpumep 1. HamepAeTcAa pacCTOAHHE MeXAY ABY-
MsA NIYHKTaMH ¢ MoMonbio 10-meTpoBoi pyieTKH ¢ CAHTH-
MeTpoBBIMH AeseHHAMH. Carenano 10 npomepos. Peaynn-
TaTel ux (B MeTpax): 62,36; 62,30; 62,32; 62,31; 62,36;
62,35; 62,33; 62,32; 62,38; 62,37. Paanuune peayasTa-
TOB 0O'BACHAETCA CAYYAMHBIMH HETOYHOCTAMH H3Mepe-
auit, Torga BEIYHCASAIOT cpeiHee apudMeTHIECKoe!

m,= (62,36 + 62,30 + 62,32 + 62,31 + 62,36 +
+62,35+ 62,33+ 62,32 +62,38+62,37):10=062,34.

JTe yHcae npeacTaBaAeT 0oJiee HaleXKHYIO BeJTHYHHY
M3MEDPAEMOro PACCTOAHNUA, YEM YHCJIA, NOMYYEHHBIE IIPH
M3MEPEeHHH, IOTOMY YTC CAYYaiHbIe OIIHOK M NOYTH BCET-
J1a KOMIIEHCUDYIOTCS IIPH BRIYHCAEHUH cpeiHero (CM. HH-
xe §47).

Hpumep 2.¥ ThHCAYH BAPOCIBIX AlOAEH M3MepeH
poct. HaiineHo cpefidee apndMeTHYeCKOe, ITO — TaK Ha-
3LIBAEMBIN ¢CpeAHHi pocT» . OH He BrIpa)kaet, Boobuie ro-

m
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BOpA, POCTA ONPEeseHHOre Yeaoseka. Ho eciyx naMepUTh
pocT 6CABLLIOrO YKHCAA APYTHX JI0JeH U CHOBA BHIYUC/INTD
cpennee apuMeTnyecKoe, TO CPEAHMH POCT OKaMKeTcs
MMOYTH TaKHUM »xe. PazymeeTcs, TeOpeTHUECKH BO3MOMKHAI
cayyau, korga B rpynne u3 1000 auy 6yayT npeobnagats
BeJIMKAHBI MIH KapauKu. Ho M3 4ncna BceX BOIMOMKHBIX
CNYYaeB 3TH MCKJIOYHTENbHbIE CJYYad COCTABIAIT, KaK
[IOKA3bIBAIOT BLIYMCJEHHSA, HUYTOXKHEHINIUH NPOUEHT.
Tloatomy npaxmuxecku 6e30IHO0YHO MOMKHO CYHMTATSH,
yro B n1000if rpynne n3 1000 yenosek, cpegHU pocT Oy-
JAET NOYTH OOTNHAKOBBIM.

Cpennyte apudMeTHUecKHe, HAHAGHHBIE H3 MACCOBBIX
M3MEePeHHH, Ha3BLIBAIOTCA CMAmMuCmUuYecKuMu cpedru-
Mmu. CTaTHCTHYECKHE CPeiHHe HMeIoT GoIbllIoe MpaKTHYe-
ckoe sHauyeHHe. Hanpumep, 3HaA cpeauuil ya0ol KOPOBLI
onpexpeleHHOH MOPOAbI IPH ONpPEIENeHHBIX YCIOBHAX €e
IIMUTAHHA ¥ T. A., MOXXHO BBIYHCJUTEL YAOI CcTajga, YMHO-
Kafg cpeAHMH YA0H Ha YHC/IO KOPOB B CTajge.

§ 46. CokpaiyeHHoe BblyMcneHue
cpepHero apudpmeTUyeckoro

Yucaa, nA KOTOPHIX BEIYHCAAETCSA CPpegHEe apUgMe-
THYCCKOC, 0OBIMHO MaJIC OTJIHYAIOTCH APYT OoT Apyra. Tor-
Jla  BhIYMCJIEUYHE cpeaHerc apudMeTHYECKOTC MOXKHO
OYEeHb YIPOCTATh C MOMOILIILIO CAEAYIOIEro NpHeMa:

1. BribupaeM NpOH3BOJABLHO KaKoe-HHOYAL uHCTO,
6aM3K0e K AaHHBIM YuciaaM. Ecnd AaHHBIE Yucia OTJIHYA-
I0TCA APYT OT APYra TOJbKO B ocjaefHeild uudpe, To B BbI-
61 paeMoOM YHCJ€e NPEANOYTHTENbHO B3ATE 38 NOCJIEAHION
undpy 0; ccnu AaHHBbIE YHCJIA OTJIUYAKOTCH ADYT OT APYyra
B IBYX nociaefHux nudpax, yao6HO B3ATH YHCJIO C ABYMA
HYJAMH Ha KOHIE U T. A.

2. BbIlYMTaEM 3TO YUCJO MO OUepesHd U3 BCeX JAaHHBIX
uncenl),

1) I1pwu 9TOM MOTYT [IOJYYATHCH MOJOMKHATEIBHALIC H OTPHUIIA-
TenbHBIC YHcAa (06 oTpunareasrux yucaax cM. I, § 3). Ecan
XOTAT 3T0or0 nabexaTs, HYXHO BIAThH YUC/I0, MEHbIICE ACEX JaH-
HbIX gHcelt. Ho BeruncieBnsa 6yAyT EECKOIBKO JICTYe, CCJIH B3ATH
KaKOe-HHAOYAb CPEeHEE MCIKAY AAHHLIMH YHCJIaMH,
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3. Bepem cpepHee appdMeTHYECKOE HAMAEHHLIX pas-
HOCTEH.

4. IIpubarnsaeM cpeaHee apudMeTHIECKOE K B3IATOMY
YHuCHay.

IIpumep. Haitth cpeguee apudmeruueckoe gec-
™ uyucen: 62,36; 62,30; 62,32; 62,31; 62,36; 62,35;
62,33; 62,32; 62,38; 62,37 (cp. npUMep NpPEALIAYLIETO
naparpada).

1. Bribupaem uncio 62,30.

2. Boruuraem 62,30 U3 faHHEBIX YUCeJ; HAXOAHM Daa-
HOCTH (B cOoThIX aonax) 6; 0; 2;1;6; 5;3; 2; 8; 7.

3. BepeM cpefHee apUdpMETUUECKOE PA3HOCTEH; 10ay-
qaeM 4 (COTLIX).

4, IIpubasngem 0,04 k 62,30. ITonyuaem 62,34.
9T0 — ucKOMOe cpeJHee apudMeTHUECKOE.

§ 47. TouHoCTb cpegHero apudmeTnyeckoro

Ecau cpeguee apudMeTHUECKOE TIONYUEHO H3 CPABHH-
TeJIbHO HebGonbluioro pAga AaHHBIX HIMepeHUA (HATIPH-
Mep, U3 10, rak B ipuMepe 1 § 45), To He HCKAIOYEHA BO3-
MO3XHOCTb, YTO HCTHHHAA BETUYHHA HECKOJIBLKO OTKJIOHSA-
eTCA OT BhIMUCAEeHHOM cpeAHeii. Torga Ba>XHo 3HATH, KaK
BeJMKO MOXKET 6bITh 3TO OTKJAQHEHHE; peub UJET HE O Te-
OPEeTHYECKH MBICIHUMOM OTKJIOHEHUM (OHO MOKeT 6bITh
KaK YrofilHO BEJHKO), a 0 NIPAKTUYECKHU BOZMOXKHOM (cp.
npumep 2 § 45). BeauuuHa nocaefHEro 3aBUCUT OT BEJIH-
YHMHEI cpedHezo K8adpamuynozo OMKAOHEHUA.

Cpednux KeadpamuunbiM OMKJAOHEHUEM HA3bLIBa-
eTcA KBaJpaTHbIH KODEHB U3 CPeZHUX apuPMeTHUECKHX
BCEX KBaJpPaTOB DA3HOCTEN MEXAY AaHHLIMH YHCAAMH U
uxX cpegduM apadMeruueckum. CpeaHee KBagpATHHHOE
OTK/IOHEHUE TIPHHATO 0603HAUATE IpeyecKoid OYKBOH ©
(curma):

o= J(a:—mn)2+(az—mn)2+...+(a,,-m,,)2, (A)

n
(amecw a,, Gg, ..., G, — AAHHBIE YHCNA, B — WUX YHCIO,
m, — ux cpegHee apuGMeTHYECKOE).
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3ameuaHnue. B dopmyne (A) nwobyo na paasoc-
Te MO)KHO 3aMeHHTb el o0OpaTHOMH; 3TO JaeT BO3IMOXK-
HOCTB HE BBOJUTE B BEIYMCJIEHHE OTPUIATEIbHBIX uncenl),
YImMeHHoO, KOrZa OHO M3 AAHHBIX YHCEJ MEHBINe, YeM M,
TO MBI fepeM erc 3a BLIYUTAEMOE, a M, 38 yMeHbIlaeMoe.

IIpu™Mep. BHUHCIUM cpeHee KBaJApaTHUYCHOE OT-
KJIOHEeHHe AN Yucea npeAsiayuiero naparpada. Tam mbl
HawIH ux cpejaunee apubmernyeckoe 62,34. PasHoctH
MeXAYy AaHHBIMH uucaamu 62,36; 62,30 u 7. 5. u HUxX
CcpeAHUM apHdMeTHUeCKHM OYAYT (B EAMHHUIAX COTBIX AO-
nei): 2;4; 2;3; 2;1:1; 2;4; 3. KsagpaTsl 3TUX pasHocTei
4; 16; 4; 9; 4; 1; 1; 4; 16; 9. CpegHee apudpmeTHYeCKOE
KBaJpaToB pagHocTeit

4+1644+9+4+1+41+4+16+9 _¢g g
10 ’

(coTeix fAoneir). KBagpaTHbIH KOpEHbL H3 3TOrO 4YHCIA
~6,8 = 3 (coreix gonein); o = 0,03.

Ecnu uucno usmepenui npumepHo passo 10, To uc-
THHHOE 3HAaYeHMEe BEeJMYMHB!I MOXKeT OTJIHYATBCA OT
cpeaHero apudMernyecKoro He 6ojiee 4eM Ha BENHUUHY
CpeAHEro ApH(PMEeTHYECKOoro oTKA0OHeH A O. TouHee roso-
psi, OTKJOHEHHUsA, GONkIIHE YeM O, BO3MOXXHH JIHIIb B
MCKJIIOUMTENBHBIX CAydadaX, YUCI0 KOTOPBIX COCTABAAET
OKO0JI0 NOJYIPOHEHTA BCEX BO3MOSKHBIX CJaydaes. B pac-
CMOTPEHHOM TIpDHMEpE HUCTHHHAA BEJHUHHA NPAKTHYECKH
He MOKeT OTKJOHMThCA oT uucaa 62,34 donnine, uem
na 0,03. IloaToMy oHa 3axJYeHa B MNpeAesax MeXAy
62,34 -0,03=62,31u62,34 + 0,03 =62,37.

Ecau yMcno M3MepeHHit 3HaUMTENABHO 6O/bINE flecd-
TH, TO MAKCHMAJIbHOE IPAKTHUYECKH BO3MOXKHOE OTKJIOHE-
HHE UCTUHHOH BEJHUYHHBI OT CpEIHEro apUPMeTHUECK Oro
6yaeT MeHbIe YeM ¢, IMEHHO OTKJIOHEHHE HE TIPEBLICHT

BEJIHUHHBI ?/i_’ (n — uucno usmepenui). Tax, xorga uuc-
n

J10 uaMepeHUH npuMepHo pasHo 1000, npakTuyecKk | BO3-
MOKHBI AL OTKJIOHEHU A, He npespmaronue 0,10.

1Y 06 oTpunaTensRuX YHcaax cm, 111, § 3.
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§ 48. OTHoLWeHne U Nponopuns

YacTHOe OT Aie/IeHHA OAHOTO0 UMCJIa Ha APYroe Ha3kiBa-
eTcsl TaKxKe MX omHowenuem. TepMHH «OTHOILEHHUE»
NPHUMEHANCA TIPEMkKAE TOJLKO B TEX CAy4YaaX, Korga tpebo-
BaJIOCh BLIPASUTD OJHY BEJIHUMHY B JOAAX APYroi, OHO-
POAHOM C NEPROH, HAIPUMED OAHY AJIMHY B AOJAX ADYIOH,
OAHY IJIOMAAL B AOJAX APYTrOM MIOIAAH U T. A., YTO BbI-
TIONHAETCA ¢ OMOIBK Aenenus (cM. § 24). Orcroxa Ho-
HATHO, NIOYEMy TIOABHJICA O0COOBIA TEDMHUH ¢OTHOIICHHUE»:
PAHBILE €ro CMBICA GBI MHO, YeM TepMHHAa «[eleHHe»,
KOTODBIA OTHOCHJH K A€JIEeHHIO HEKOTOPO MMCHOBaHHOIT
BEJHYHHBI HA OTBJEeYeHHOe uyncJo. Ceiiuac sToro pasanu-
YMA HE JeJ1al0T; TOBOPAT, HAHPUMED, 00 OTHOIEHNH HEOA-
HOPDOAHBIX BENMYHH, CKayKEM MACCHI TeJa K ero obbeMy n
T. &, Korga peus HzpeT 06 OTHOILUEHUH OJHODOAHDBIX BCJH-
YMH, er0 YaCTO BRIPAXKAKT B NPOILEHTAX.

I1 puwmep. Boubauorexke 10 000 kanr; na aux 8000
Ha PYCCKOM 7A3hIKe; KaAKOBO OTHOIUEHME YNCJa PYCCKHX
KHUT K obieMy ux uncay? 8000 : 10 000 = 0,8. Uckomoe
oTHoWeHHe ecThb 0,8 uau 80% .

Hdenumoe Ha3HIBAXOT npedvifyuium WJIeHOM OTHOILEe-
HHA, AENHTeNb — Rocaedyowum. B HaiueM mnpHMepe
8000 — npeaplayiuuit uieH, 10 000 — nocaeayIONIMA.

Hea pagnbix omuoutenua obpaszyiom nponopyuo,
Taxk, ecan p ogHOM 6UBNAHOTeKe 10 000 KHHUT, U3 aux 8000
Ha pyCCKOM A3bIKe, B Apyroi 6nbanorexke — 12 000 kHur,
M3 HHX 9600 Ha pycCKOM fA3blKE, TO OTHOUIEHHE YMCJA
PYCCKMX KHHMT K o01emMy 4Hcay KHUr B obenx 6ubauore-
Kax oxuHakoso: 8000 : 10 000 = 0,8; 9600 : 12 000 =0,8.
Mu nMeeM 3fech NPONOPIMIO, KOTOPAA 3aTlMCbLIBAETCS
Tak: 8000:10000=9600:12 000. T'osoparT: «8000 oTHO-
curca k 10000 rtak, kak 9600 x 12000». 8000 u
12 000 — xpaiinue uwnennt; 10 000 n 9600 — cpednue
YreHbt NPONOPYLL.

Hpou3ssedenue cpednux HAeH08 NPONOPYUU DPABHO
npousgedenurn xpainux. B Haiem npamepe 8000 X
X12 000 = 96 000 000; 10 000 - 9600 = 96 000 000. Oxun
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H3 KDaHHHX YJE€HOB NpPONOPHHH DABeH IIPOM3BEACHHIO
CPeAHHX YJIEHOB, JeJEHHOMY Ha APYyroil KpaitHui. TouHo
TaK € OfiMH M3 CpeAHHX UJIEHOB DABEH NPOH3BEJECHHIO
KpaiHHuX, JeJeHHOMY Ha Apyroi cpegnun. Ecaun

a:b=c:d,

TO
a=be. pad
d c

u T. 4. Tak, B HamIeM IIpuMepe

_ 10000- 9600
8000 12000

ITHM CBOMCTBOM IIOCTOAHHO TMOJbAYIOTCA AJA BbLIUHCIE-
HHUS HEM3BECTHOTC YJ€HA [IPOTIOPUHH, KOTAa TPH OCTANb-
HEIX YJIeHa H3BECTHBI.

IIpumep. 12:x=6:5(x o6canauaer HEH3IBECTHOE
4YHC0)

IIpakTHYecKHe NpUMEHEHHA nponopuuy cMm. § 50.

IIponopumsd, B KOTOPO# cpefiHMe 4JeHbl PABHBI, Ha-
3LIBAETCA HenpepvtsHoil, Hanpumep, 18 :6 = 6 : 2. Cped-
Huil 4aeH Henpepui8HOlL nponopyuu ecmb cpedree
zeomempuieckoe (cM. § 45) xpalinux wnenos; B HameMm

npumepe 6 = /18- 2.

§ 49. NponopumnoHanbLHOCTL

3HAaueHH A ABYX PASJANYHKIX BeJHYHH MOT'YT B3aHMHO
3aBHCETH APYT OT Apyra. Tak, mjaouaab KBaJgpaTa 3aBHCHT
OT AJIMHEI €r0 CTOPCHKI, M 06paTHO, A/THHA CTOPOHB] KBaA-
PATA 3aBUCHT OT €r0 TLJAOIIAAH.

Hdee a83aumno 3a8ucuMbie BeAUMUHbL HA3ZBIBAIOMCS
nponoOPpYUOHAALHBIMU, eCRU OmHOuleHue UX 3HAYEHUIL
ocmaemes HeU3IMeHHbLM.
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II1puMep. Macca KepocHHA NIPOIIGPUMCGHAILHA CrO
ofbemy; macca 2 51 KepocuHa pasHa 1,6 kr, macca 51 —
4 kr, Tn — 5,6 kr. OTHOWIEHHe Macchl K 06beMY OyaeT

16 _ g 4 _0g, 56 _
5 0,8,5 0,8; 3 0,8urT. a.

HeHaMeHHOe OTHOLIEHUE MPCINOPLHCHAIBHEIX BEJIM-
YUH Ha3bIBAEGTCA KOIPQUUUEHMOM NPOROPULLOHATLHOC-
mu; KoabdPuuHeHT NPONOpPUMOHAIBHOCTH [OKA3bIBaeT,
CKOJNILKC €AMHUN OAHOH BEJUYHHLI MPHXCAUTCA HA eAM-
HUUY APYroi.

Ecnu ape BeAMYMHE IPONOPUMOHAJNbLHBI, TO Joban
napa 3HaYeHHH O/lHOH BeJJMUHMHBI 06pasyeT [pPONMOPUHIO €
napoid COOTBETCTBYIOIIMUX 3IHAYEHUH ADYroi, B3ATHIX B
TOM e nopsazxke. B vamem npumepe 1,6 :4=2:5;1,6:
25,6 =2:7urT. A BCOOTBETCTBHU C ITUM BMECTO BBIILIE-
TIIPHBEAEHHOTO OlpejeJeHU s NPOIOPUHOHATLHOCTH MOX -
HO JaTh TaKoe: 08¢ 8enuvuHbL, 3a8ucAujue Opyz om dpyza
max, Ymo npu yeearuxeHuu 00HOL U3 Hux Opyzas yee-
AUHUBREMCA 8 MOM Xe OMHOWEeHUU, HA3bléanmca
npAMO NPONOPULOHARLHLIMU,

Hee seaununv, 3a8ucsujue opyz om dpyza max, 1mo
npu yeenuveHuw 00HOL Opyzas 8 MOM e OMHOWEHUU
YMeHbUIAEMCA, HA3W8amea o6pamHuo nponopyuoHars:
Hutmu. HanpuMmep, BpeMma npobera moesaa Mexay ABYMSA
CTAaHUUAMU oOpaTHCO NPONOPUMOHAJLHC CKODPOCTH IIOE3-
aa. JIpu ckopoetd 50 KM/4 moedx NpPOXOAUT PACCTOAHME
mex Ay Mocksoit m CankT-IleTpebyprom 3a 13 4; npu cko-
poctit 65 KkM/4 — 3a 104, T. e., KOra CKOPOCTD YBEJIHYH-

BAETCA B OTHOLUCHHH g?) = %g y IPOACIKHUTEABHOCTL TPO-
6era YMEHbLIIAeTCA B TOM >Ke OTHOIIIeHHH: % .

Ecau npe BenYnMHE 06paTHO NPONOPLMOHAIBHEL, TO
nwbaa napa 3HayeHUH ofHOH BEJUYMHE! 06pasyeT mpo-
NMOPLUMI0 C Mapoil COOTBETCTBYIOIMX 3HAaYEHUN Apyrom,
B3ATHIX B o6paTHOM mopAaKe. B Hamem npuMepe 65 : 50 =
=13:10.
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Ins aeyx o6paTHO MPOMOPUMOHATLHLIX BETUUYUH OC-
TaeTCA HEM3MEHHEBIM NDOM3IBEJeHHEe MX 3HAYeHUH. B Ha-
rem npumepe 50 13 = 650; 65- 10 =650 (650 kM — pac-
croaure mexkAy Mockeoit H Caukr-IlerepGyprom).

§ 50. MNpakrTnyeckne npuMeHeHNUs NPONOPLMA.
WHTepnonauua

Pemiene MHOTHMX 38/a4 CBA3AHO C PAaCCMOTPEHHEM
NPONOPUHOHANBLHEIX BEJIUYMH; IPUMEHEHHE TpaBu § 48
MeXaHH3MPYeT PellleHHe TAKUX 3a184, CBOAH UX K eI HHOM
cxeMe, I0Ka3aHHOH HMXKe HAa MPUMeEPax.

IIpumep 1. Cyrounoe norpebyieHHe TONIHEA Ha 3a-
BOZE COCTABIANO A0 MPOBEAEHH A parMoHanuszayuu 1,8 ;
rof0BOH pacxoj HA TOILNHBO cocrasnan 300 000 py6. Ioc-
Jie MPOBEeAEHHA PALIMOHAIMIAUMH CYTOUHOE noTpebienue
cHuauIock Ao 1,5 7. Kakyio cyMMy pacXofoB Ha TOILIMBO
Hy>XHO 3aNJaHUDOBATDH HA T04?

Pemenye aagaguu TaKoBo: HaXoAuM 1) rogosoe notpeb-
JIeHUE TOTUIMBA A0 paunoHanuzauuu: 1,8 - 365 = 657 (1);
2) croumocts 1 T Tronamuea: 300 000 : 657 = 457 (py6.);
3) rogosoit pacxoa Ha TONIMBO MOCJE PAIMOHATH3AIMU:

457-1,5- 365 = 250 000 (py6.).

Topaapo GeicTpee U Jierye PeIlUThL 38444y, YYTH, YTO
cyToyHoe moTpefieHHe TONJMBa M TOAOBOH DacXoi Ha
HEr'o — BEJMYHHKI IPONOPLIMOHANLHEIE (YTO BUAHO M3 TO-
I'0, 4TO YBeJHYEHUE CYTOUHOrO NOTpe6IeHUA YBEIHIUBA-
€T B TO K€ UNCJIO pPas rojoBoi pacxoa; cMm. § 49).

CxeMa pelteHMa:

1,81 300 000 py6.

1,5t x py6.

x:300000=1,5:1,8
x = 30009012 — 250 000 (pys.)

XoTa nponopuMoHasbHafg 3a8HCHMOCTE BCTPEYaeTcs
O4YeHb YACTO, BCE XKe OIPOMHOE YHCJIO 38 BHCUMOCTEH, ¢ KO-
TOPLIMH IPMXOAHUTCHA UMETh A€JIO HA MPAKTHKE, He IOAYH-
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HAETCA 3aKOHY IMPOMIOPIHOHANBLHOCTH. TeM GoJee BaXKHO
OTMETHTB, YTO Ja’Xe NJA TAKHX BeJHUHMH CXeMa IIPOIop-
IHMOHAJBHOTO pacyeTa He TepsAeT 3HAYEHUA. I’IMeHHO, ec-
¥ paccMaTPUBATHL H3MEHEHHUA HETIPOMIOPI{HOHANILHBIX Be-
JIMYNH BHYTPH HEKOTOPBIX MeCHbLX PeJesoB, TO 3TH U3-
MeHEeHMA OYAYT nPpaKmuyecKu ITPOIOPIHOHAIbHbI.
IToscHum 3TO mpumepom. CTOpoHa KBajpaTa M €ro
IAoIAAb He IIPOTIOPIMOHANLHBI: HATIPUMED, CTOPOHE 2 M
coorBeTcTByer mwiomans 4 m%; cropone 2,01 M — mno-
mwans (2,01)2=4,0401 = 4,040 (m2); cropoue 2,02 — mio-
manb 4,0804 = 4,080 (m2) u tak ganee. OTHOLIEHHE CTO-
poH (Hanpumep, 2,01 : 1), kak BUAHM, HE PaBHO OTHOLIE-
HHMIO COOTBETCTBYIOMMX maomaneit (4,040 : 1). Ho oTHo-
IIeHHUE U3MeHeHUl CMOPONbL BO BIATHIX HAMH Npejenaax
NPaKTHYECKH PABHO OTHOLUEHUIO U3MeHeHull naowadu.
JelACTBUTENBHO, KOT[]a CTODOHA YBEJHYUBAETCAC 2 M
no 2,01 M, ee usmeHnenue cocrapasger (0,01 M; Korga oHa
yBeayunrca ¢ 2m go 2,02 M, HaMeHeHHE COCTaBJfAET
0,02 m. OrHowmenne usmenenust 0,02 : 0,01 pagno 2. Co-
OTBETCTBYIOIME H3MeHeHHA maomand G6yayr (¢ TOYHO-
CTBIO JO TPETHErQ 3HAKA) COCTABJATH: B IIEDPBOM CJy4Yae
0,040; ro sropom 0,080. Ornowtenne uamenenuit 0,080 :
: 0,040 rakxe paBHo 2. Takum o6pa3om, uaMeHeHHe AJIH-
Hbl PONOPHHOHANbHO U3MEHEHH 0 IIJIOIa N, eCJIH BEJIH-
YMHBI NOCNeAHUX GpATh ¢ TOYHOCTHIO A0 TPCThHEro AeCA-
THYHOTO 3HaKa. Ecau ke 6paTh ueThipe 1eCATUYHBIX 3HA-
Ka, To o0HapyxUTCcA HeGONbIIOe OTKJIOHEHHE OT IIPOIop-
nMoHaJbHOCTH. Ho mMoxkHO A06UTHCA, uTO6HLI M B uer-
BEpTOM 3HaKe Ime OblJI0 HHKAKOIN0 OTKJIOHEHHA OT
TIPONIOPIMOHANBHOCTH; AJIS 3TOr0 HY>KHO PACCMATPHBATh
H3MeHeHHe CTOpPOHbI B eile Ooyee Y3KUX mpeaenax (CKa-
kem, He oT 1 M 101,02 M, aoT 1 M 1o 1,002 m). IIpakTu-
YecKM MBI BCErja YYHUTLIBAEM TOJLKO OIPENeIeHHOE KO-
JIMYECTBO HECATHYHLIX 3HAKOB (TDH, HeThipe, DPeiKo
nATL). BOT moueMy Mbl MOXKeM MaJible H3MEHEeHHA CTOPO-
HEBI M IJIOIIAZH KBaJpaTra CYHTATE BEAHYMHAMU IPOIOP-
UHOHANBHBIMU. TO 3Xe ABJEHHE MMEET MECTO B OCPOMHEN -
mem OONBIIMHCTBE ADYrHX caydaes. Biarofapsa aToMy
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OKA3BIBAETCA BO3MOXKHLIM o Tabiauie, coaepkamieid
CPABHUTEIBLHO HEGOJbIIIOE YUCIO AAHHBIX, HAXOUTh U Ta-
KHe pe3yabTaThl, KOTOPLIX B TabAnie HeT, KaK Obl «uuTan
MEX Y CTPOK » B HEi,

IIpumep 2. BossmeM TaGAUIy KBAAPDATHRIX KOP-

Hed (. 13—17). Ilyers Mb7 skenaem Haiitu 63,2 ; B Tab-
anle Het yucaa 63,2, Ho ects 63, 64, 65 u Tak ganee.

ITopxopennoe KraaparTHbrit HameHeHHE
YHCA0 KODEHS KBAJAPATHOIO KODHA
63 7,937 0,063
64 8,000 0.062
65 8,062 ’

HoxcuuTaeM (CM. TPETHIO KOJIOHKY ), HACKOJILKO U3Me-
HAETCA BEJIUYUHA KODHS NPH MIMEHEHUH NOZKOPEHHOIo
upcya Ha 1 oT 63 70 64 1 o1 64 10 65. Mbl yBUAUM, YTO PA3-
JIMYHe B TUX U3MEHEHHUAX OYAEeT TOJNIbKO HAa OJHY eAUHUILY
TpeTrero sHaka. (Ha camMom zese 3aTo pasauvude enie MeHh-
1Ie: OHO CKA3LIHAETCH TOJBKC B YETBEPTOM 3JHAKE, U JIUIIb
OKpYIJIeHHE 0 TPeX 3HAKOB BhIZBAJIO 9TO pa3iudue.)

Ecawu ke OpaTh TONBKO TpU 3HAaKa, TO BCe HALLIY H3MeE-
HEHUA OKAXKYTCA IOYTH PABHBEIMH, T. €. B IIPEAEaxX MeX-
ay 63 u 65 HaMeHeHUA KBAAPATHBHIX KOpPHEMH, B3ATHIE C
TOYHOCTBIO A0 TPEX AECATUYHLIX 3HAKOB, IPOMOPIUO-
HAJMbHbLl UIMEHEHHUAM NOAKOPDEHHRIX yuces, [ToaToMy MEl

HAXOAUM /63.2 mo Taxoi cxeme:

H3amcrenne Homeuerne
I0AKOPEHHOTO Y1CIa KBaAPATHOTO KODHA
1 0,062
0,2 x

x:0,062=0,2:1,
x= 0____’05§ 0.2 ~9,012.
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Teneps Haxoaum /63.2, npuGavaas k J63 = 7,937
"al gennoe uncyo 0,012, Monyvyaem:

J63.2 = 7,949.

Ecn4 u3BieyeM 3TOT KOPEHb C TOYHOCTHIO A0 TPETHLETO
AECATHYHOIO 3HAKA, TO yOeAHMCH, YTC BCE 3HAKH HALICTO
pe3ynbTaTa IpaBHJLHEL.

OnucaHHBINA BBILIE CIIOCO0 BHIYMCAEHHUS HOCHT HA3Ba-
HUE uHMepnonayuu (MAN HHTEPNoJHpoBaHMsa). JlaTuH-
CKOe CJAOBO <«MHTEDHONANHA» B NepesBoAe o03HayaeT
«BCTaBKa BHYTDb?». B MaAaTEMATHKE uﬂ'repno.nﬂunei& Ha3bl-
BAeTCA BCAKHH cnocol, ¢ NOMOILI0 KOTOpOTro o rabauue,
COoZepIKaIleil HEKOTOPBIE YMCAOBbIE JAHHBIE, MOXKHO Hall-
TH MPOMEKYTOYHKIE PE3YJBLTATHI, KOTOPHIE HEIOCPEACT-
BeHHO He AaHbl B Tabanme. PaccMOTpeHHLIA HaMHU HpO-
CTEHIIMH crocod HHTEPNOJNAUMM HA3bIBAETCA JAUHEIHOL
unmepnoasyuei.

W HTEepnoAAnHMA MIHMPOKO NPHMEHAETCA NPH NOAL30-
BaHHUH TabAuIlaMH caMOro pa3dHoo0Pa3IHoro COAEpHAHNSA.



. ANTEBPA

§ 1. NpepmeT anrebpbi

IIpeameroM anrebpnl sABAAETCA M3YUYEHHE ypagHe-
ruit (§§ 15—17) u psafa BONpocos, KOTOPLIE PAZBHINCH M3
TeopHM YpaBHeHHH. B HacTosee BpemMs, KOrja MaTeMa-
THKA pajfie/Injach HA PAJ cuenudatbHbIX obnacreit, K 06-
nacTy anreSpbl OTHOCAT JIHIIb YPABHEHUA O PEAeIEHHOTO
THNA, TaK HaabiBaeMble anzebpaudeckue ypasHenusl)
(§ 19). O npoucxoxaeHHHN HA3BAHMA ¢asirebpa» cM. § 2.

§ 2. Uctopudeckue ceeeHust o pa3gutuy anrebpbi

Baesunon. MHcTroxm anreSpel BOCXOOAT K rAyOOKOEH
JPERHOCTH. ¥ ke oko10 4000 seT Ha3a BABUNIOHCKHE yue-
HbI€ BJIafle 1M PelleHHeM KBaJpaTHOro ypasuenua (§29) u
penlajid CHCTEMBI IBYX YPABHEHHI, H3 KOTODLIX OJHO —
rTOpoii creneHH (§ 33). C noMoIpo TAKHX YpaBHEHHH pe-
wantkck pazHoo6pasHbIe 3alaud 3eMJIEMEPUA, CTPOUTETb-
HPT'O UCKYCCTBA H BOGHHOT0 JleNd.

ByxBeHHble 0003HAUEHN A, IPHMEHAEMblE HAMH B aJI-
rebpe, He ynoTpebAANUCEL BABUJIOHAHAMU; YPABHEHHA 32a-
NHCHIBAJMCH B CIOBECHOH dopMe.

I'peuusa. IlepBoie coxpaujeHHBIe 0003HAUEHHA AN
HEH3BECTHLIX BeJIHUHH BCTPEYAIOTCA ¥ APEBHETDEUECKOTO
mareMmaTuka fJuoganra (2—3 B. H. 3.). Henasectrnoe u-

Y CacayeT 3aMCTHUTE, YUTO B UIKOABHKIA Kype anreSper npu-
H:ITO BKJI0O4YaTh M TAKHUEC BOIIPOCHI, KOTOPEIC K Y4YeHH10 06 ypaBHe-
HUSX UMCIOT JIMII b BecbMa OTAAJCHHOC OTHOW CHMe. TaKoBE:, HA-
NPHMEP, TCOPHA Nporpeccuit 1 norapudMmuyecKHC BEIYHCICHHA,
KOTOPEIE IO CYICCTBY IPHHAJCHAT CKOpee apudMeTHKE, YeM
anredpe; BKJIIOYCHHE HX B Kypc anrefphl OnpaBjiEIBacTCA I1e1aro-
IAYCCKHMH coOOpaKCHHAMH.
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opaHT HMeHYeT «apHTMOGCs (YMCJIO), BTODYIO CTelNeHb
HEHM3BECTHOTO — ¢AHOHAMHC» (3TO CJIOBO HMEET MHOIC
3HA4YeHHMI: cHJa, MOTYL[ECTBO, MMYII[ECTBO, CTENEHb H
ap.1). Tpersio crenesr HodaxHT HaspiBaeT «xo6oc»
(Ky0), YETBEPTYI0 — ¢«AIOHAMOJIOHAMHUCS , HATYIO — ¢ JII0-
HaMOKK60C», mecTyo — «KKBGoKI60C». DTH BEJTHUHHBI
OH 0003HauyaeT nMepBLIMH OYKBAMM COOTBETCTBYIOIMX HA-
HMEHOBaHHUH (ap, A0, KIO, A0, AKIO, KKI0). H3secTuhie
YHCcaa ANA OTJHYHA OT HEN3BECTHWX CONPOBOXKAAIOTCA
ofo3HaueHHEM ¢MO» (MOHAcC — efHHHUa). CloxKeHne He
0603HAYAETCA COBCEM, ANA BLIYHTAHHUA HMeeTcA COKpa-
eHHoe 0003HAYEeHHE, pPABEHCTBO 0003HAYAETCH e¢HC»
(icoc — paBHBIH).

Hu paBHJIOHAHE, HH TPEKH HE PacCMAaTpUBalN OTPH-
gaTeabHRIX ydcen. YpasHenue 3 ap 6 Mo uc 2 ap 1 Mo
(8x + 6 =2x + 1) IuodaHT HA3KIBAET «HEYMECTHbIM» . ITe-
PEHOCA YJIEeHH H3 OAHOH YaCTH YPaBHEHHHA B APYrYI0, Ju-
opaHT TOBOPHUT, YTO CIAaraeMo€ CTAHOBUTCA BHIUHMTAE-
MBIM, & BHIYUTAEMQE — CJIATAEMAIM.

Knrait. 3a 2000 net Ao Halrero BpeMeHH KUTalCKHue
y4YeHble pDeilajii YPAaBHEHUSA epBOi CTeNIeHH M UX cUcCTe-
MBI, 8 TAKXKE KBaZApaTHeIe ypaBHenHA. UM 6blnu 3HaKOMBI
OTPHUATENbHBE H MPPANHOHANBbABIE Yyucha. Taxk Kaxk B
KHTACKOM IMMChME KaXXKJAbIH 3HAK H300pakaeT HEeKOoTo-
poe NOHATHE, TO B KUTalckoit anrefpe He MOrIO ObITh «CO-
KPpaIyeHHbIX » 0603HAYEeHHI.

B nocnaeaymonime 3noxM KHTalcKaa MaTeMaTHKAa
oborarusace HOBLIMM AocTMiKeHuAMHu. Tak, B KoHOe
13 Bexa KuTainbl 3HaAu 3aKoH ofpajoBaHuA GMHOMU-
a’ibHBIX KO3DOHUMEHTOB, M3BECTHBIH HbIHE NOJA HMe-
HeM «Tpeyroisauka Ilackansas (§ 72). B 3anagHod Es-
poIie 3TOT 3aKOH Ob1J1 OTKPHT (M. Lrngenem) na 250 ner
HO3ZHEe.

1) Ha apabckHid S3LIK TCPMAH +JIOHAMHCS OLLN NcpeBceH
CNOBOM «MaNbs, 0603HAYAIOMIMM ¢«HMMYNICCTBOS. 3aNaAHOCBDO-
MeiCKUC MATEMATHKH B 12 BeKE NCPCREAH TCPMHMH ¢MANLS Ha Na-
THUHCKHH A3LIK DABHOZHAYHEIM CAOBOM census. TepMHMH ekBaj-
paT» pomien B ynorpebneHuc aums B 16 Beke.
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Hugna., NuauitckHe yueHble INUPOKO NPHMEHANH
COKpalleHHble O003HAYEHNUA HEUIBECTHBIX BEJHMYHUH H
ux creneHeid. ITH 0603HAUEHHUA ABJIAKTCA HAYAJIbLHEL-
MU GYKBaMu COOTBETCTBYMOU[MX HAHMEMOBAHUHA (HeMU3-
BCCTHOC HA3LIBAJIOCh «CTOJABKO-TO»; AJNA OTJIUYHUA BTO-
poro, TPeThero U T. A, HEH3BeCTHOro ynorpebaaauch Ha-
MMEHOBAHHUA UBETOB: «4YEPHOE», «Toayboe», «xeaToes
U T A.). Muagniickue aBTOPEI IUHPOKO yNOTPeGAAAN HP-
panHoHaneHbe!) u oOTpHIIATEILHBIE yHCaa. BmecTe ¢ OT-
pUIaTeJbHBIMHA YHC/AMH B YHCJOBYI CEMBI0 BOIIeEJ
HYJb, KOTOPBIH Hpexxae o003Hayaa JUIIb OTCYTCTBHE
yHcaa.

Crpaunbi apabekoro aseika. Yabexkncrad., Tamxuku-
crad. ¥ MHAHACKHX aBTOpPOB ajarebpamyecKHe BOIIPOCHI
H3JIaraJuCh B ACTPOHOMHUYECKHX COUMHEHHAX ; CAMOCTOS -
TeNbHOH AMCINIJIHHOH anrebpa CTAHOBHUTCA Y YYEHBIX,
NHCABLIKX HA MEXAYHADOAHOM HIBIKE MYCYJbBMAHCKOrO
Mupa — apabckom. OCHOBOIIOJOKHHKOM anzefpbi, Kax
0c060i HAYKH, HY>KHO CYHUTAThL CPEJHEA3HATCKOrO YUYEHO-
ro Myxammeqa n3 Xopeima, M3BECTHOTO IO apaGCK UM mpo-
3BULIEM 3/7b-XBapuimy (Xopeamuen). Ero anreGpauuye-
CKH# TPYA, COCTABACHHBIA B 9 B. H. 3., HOCHT HA3BAHHC
«KHura BOCCTAHOBICHUA ¥ IIPOTUBOIIOCTABNeHHA» . « Boc-
cTaHoBJeHueM» MyXamMMel HasbIBAET IIEPEHOC BhIYHTAE-
MOr0 K3 OAHOH YACTH YDABHEHMUA B ADYrYl0, TA€ OHO CTa-
HOBUTCH CJATAEMBbIM; «IDOTHBOIIOCTABJAEHHEM» — COOH-
paH#e HEU3BECTHHIX B OJHY CTODOHY YDABHEHHHA, a H3-
BECTHBIX — B APYyryio cTopony. Ilo-apabckH «BocCTaHOB-
JICHHE» HasdblBaeTcA e¢aa-Axkebp». Otcoofa HalBaHHe
«aaredpas.

Y Myxammena Xope3McKOro H y IocjeAyIONn(HX aBTo-
poB aarefpa WHPOKO INPHMEHAETCA K KYIE4YeCKHM H
WHBIM JCHEXHBIM pacuyetraM. HHU oH, HY Apyrde Matema-
THKH, NHCABIIYE HO-apabcKy, He yMOTpeGaaAad HUKAKUX

D I'pedyccKAC MATCMATHKA YMEIH HAXOAUTbL NPHOGIHMKEH-

HBIC JHAYCHHSA KOPHCH, HO B anrebpe crapanuch Haberarb Hppa-
IIMOHAIBHOCTCH,
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cOKpaunleHHbIX 0003Hayenniit), Ouu He NPH3HABAAU U OT-
PHIRTEABHBIX YHCE/: YUeHe 006 OTpuuaTebHbIX Yucaax,
3HAKOMOE HM W3 MHAMHCKHX HCTOYHUKOB, OHH CYHTANH
naoxo 060CHOBAHHKIM, JTO OBIJIO CIIpaBeASNBO, HO 3aTO
HHAHHACKHE YUeHble MOTIH OTPAHHYMTHCH OHHM CJAyYaem
TOJIHOT'O KBAJPaTHOTO YPaBHEHHMA, TOrAA Kak Myxammen
Xope3aMCKHH ¥ ero NPEeMHHMKH AOJKHBI GbIIH pa3iudaTh
TpHcaydaa (x2+px=¢q,x2+q=px,x2=px +q;pug —
MOJIORUTERHEIC YHACTA).

CpexHeazuarcKkue, nepcHAcKue U apabckue mMarema-
THKH 00OraTHAH anreGpy DAAOM HOBRIX AOCTHMKEHHH.
Ona ypasHeHU BBHICIIMX CTENEHEH OHU YMETH HAXOJUTh
npubnHIKEeHHBle 3HAYEHHA KOPHEeH ¢ OYeHb HOAbIION TOY-
HOocThIO. Tak, 3HAaMEHMTHIH CpeAHea3HaTCKUN duaocod,
ACTDOHOM H MaTeMaTHK an6-bupyHir (973 — oxk. 1050), po-
AoM ToxKe H3 Xopeama, CBeJ 3aJady 0 BRIYHCAEHUH CTOPO-
HBl IPAaBHILHOTO 9-yroJbHHKA, BIHCAHHOTO B JAHHYIO OK-
PYKHOCTb, K KyGHYeCKOMY ypasHeHHIo x3 = 1 + 3x u Ha-
iten1 (B 60-puyHBIX Ap0BAX) NPUOAMIKEHHOE 3HAUEHHE X =

=1,52'45"47"'13""'%) (c TOYHOCTELIO SO GLO' ; B AECATHY-

\
HBIX npoﬁﬂx 3TO A8eT CEMb BEPHBIX JeCATHYHBLIX 3HAKOB J .

KnaccHk NepCHACKOM MO33MHM, BBHIJAION[HUCHA YYEHKIH
Omap ans-Xavam (ox. 1048 —nocne 1112) uz Humanypa
TOABEPT CHCTEMATHYECKOMY H3YYE€HNIO YPABHEHHA TPETh-
eit crenend. Hu eMy, HH IpyrHM MaTeMaTHKAM MYCYab-
MaHCKOT0 MHpAa HE YAaJioCh HANTH BHIpa’KeHUA KOpHei
KyOHYeCcKOro ypaBHeHMA 4yepe3 Koadduuuentn., Ho

1} B Hux He 6BLIO B HYXKAbI, TAK KAK apa6cKoe MTHCHMO 04CHb
KPATKO: IJ1acHLEIe He 0003HAaYAIOTCHA, COTJIACHEIC H MOAYTNacHbIC
OyKBbI [POCTHLI 0 HAYCPTAHHIO ¥ CJMBAIOTCA 10 HCCKOJNBLKY B
OAMH 3HAK. [Inf HAaITUCAHUA MHOTHX cioB Tpebyeres He Donbluc
BPEMEHH, YEM /14 HANHMCAHMA HCKOTOPHIX HAILIKX OYKB {(HAIIDH-
Mep, X, ). 3aro apabckas rpaMoTa MHOILO TpYAHCE HALICH.

2) T, e, oqua Uenad, 52 wecTHACCATEHIX, 45 TPH ThICAYH LICC-
THUCOTBIX H T. A.
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anp-Xaiiam paspaboran cmocob, 0 KOTOPOMY MOKHO
(reomeTpHYECKH) HANTH YHUCJO0 AeHCTBUTENBLHBIX KOPHENH
KyBHuecKoro ypaBHeHna (ero caMoro HHTEPeCOBAIY TON b-
KO IIOJIOXKHUTEJbHEIE KOPHH),

Cpenuerexopana Espona. B 12 sexe «Anrefpar» asin-
XpapuaMmu crasa nasectaa 8 Esporne u 6plia nepesegeHa
Ha naTUHCKUH aA3bIK. C 3TOro BpeMEHN HAUMHAETCA Pa3-
BUTHe anrebpnl B eBponeificKHX crpaHax (crepBa IIoj
CHJILHLIM BJMAHUEM HAYKH BOCTOYHBIX Hapoaos). IToss-
NAOTCHA COKPAUIEHHBIE 0603!‘18‘{8]‘“‘15{ HEN3BECTHBIX, DeE-
waeTcs pAj HOBBIX 38444, CBA3AHHBIX C MOTPeGHOCTAMH
Toproenu. Ho cymiecTsenHoro casmra He OblI0 [0
16 Bexa. B nepBoii rpern 16 pexa uransaHubl /J]. Deppo
u H. Tapranes HalllIx paBUJja AJs8 PeIleHNA KyONJecKHx
ypaBHeHMA BuAa x3 =px +¢q; x3+px=¢q; x3+¢=px, a
A% Kapgaro B 1545 r. nokasaJj, 4YTO BCAKOE KyBuyeckoe
yPaBHEHHE CBOAMTCH K OJHOMY M3 3THX TpeX; B 3TO Xe
Bpems /. @eppapu, yyenux Kapaano, Hames pelreHue
ypaBHeHHA 4-i creneHH.

Cno’KHOCTL TIPABUJ AJIS PEIIEHUA ITUX YPDABHEHHI
clenana HeoOXOAUMBIM YCOBepUIeHCTBOBaHUE ob6oaHaye-
HHHA. ITO COBEPINATOCH IOCTENEHHO B TEYEHHE 11€JI0T0 CTO-
netua. B KoHme 16 Bexa GpPaHUY3CKMI MaTeMaTHK
@. Buer BBes OyxBeHHnle 0003HAYEHUSA, H IPHUTOM HeE
TOJBKO JJ1A HEHIBECTHRIX, HO U AJA M3BECTHLIX BEJHUYHH
(HeusBecTHble 00O3IHAYAMMCH 3&TJIABHRIMM TIJIACHBIMH
6yKBAMH, UIBECTHLIE — 3arJaBHBLIMHU COTJIACHLIMH). BbI-
JH BBeAEHBl COKpauleHHBble OGO3HAUEHHUA NEHCTBUH; Y
pa3HbIX ABTOPOB OHM UMEJH DasHbIi BuA. B cepenuHe
17 Beka anrebpauuyeckas cumpBoJuKa 6GJaronapsa ¢pax-
nysckomy ydeHomy P. fexapry (1596—1650) npuobpera-
€T BH/, OYEeHE ONU3KHI K HeIHeIHe .

Otpruaresbinie uncaa. B 13—16 sBexkax oTpuua-
TEJbHRIE YUCNA PACCMATPHUBAIOTCH €BPONIEHIIAMH JHUIIb B
HCKJIOUYUTENbHLIX caydaax. ITocoe OTKPLITHA peleHus
KyOW4YecKOro ypaBHEHUA OTPUIATENLHEIE YHCJA TOCTE-
TIeHHO 3aBOEBHIBAIOT MIPABO I'PAXKAAHCTBA B anrebpe, XOTH
HX U HA3BIBAIOT «JOXKHRIMHU». B 1629 r. A Xupap (Ton-
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JaHAuA) aaa oOlleU3BeCTHBIA HbIHe Cnocob reoMeTpuue-
CKOro M306pa)keHus OTpHUATENBHBIX ducen. Jler asajg-
1laTh CIYCTA OTPMIATENLHEIE YHCA IOJIYUHIH Beeobliee
PACIIDOCTPaHEHHE.

Komnunexkcurie yncaa. Beejerne KOMIJIEKCHBIX 4H-
cen (§§ 28 u 34) Takxke 6b110 CBA3ZAHO C OTKDLITHEM Delle-
HHUA KyOMYeCKOro ypasHEeHHA.

W 10 3TOro OTKPHITMA NIPH DEIIEHHH KBAAPATHOrC
ypaBsenua x2 4+ ¢ = pxX NPUXOAMAOCE CTAJKHBATHCH CO
cayuaeM, Korza TpebOBasloCh M3BJAEYL KBaZApATHBIH KO-

2 2
peHb 13 (g) — ¢, TAe BeAHUHHA (-g) OnL1a MeHbIIe YeM ¢.

Ho B Takom cnyyae 3aKJr04aau, YTO ypaBHeHe He HMeeT
pemienuii. O BBeleHMH HOBBIX (KOMILJIEKCHLIX) YHCEN B
3TO BpeM# (KOrja Aa)Ke OTPHLATEIbHbIE YHCIA CHUTANMCH
«JIOKHBIMK») He MOTJI0 OniTh M peuu. Ho npu pemenun
Kybuueckoro ypaBHeHus Io npaBuay Tapraind oxasa-
JI0Ch, UTC 0ea AedcTBUI HAJ| MHUMbIMH YHCJAAMH HEJIb3d
TIOJAYYHUTE Jeiicmeumenshbtii KOPEHb.

Q6sacauM 310 nogpobuee. Ilo npasuny Tapransu Ko-
PeHb YPaABHEHUA

x¥=px+gq 1)
NpeACTaBIAECTCA BbIpaAXE€HHUEM

x=3Yu + Yo, (2)

rae u M v — peleHnuA CHCTEMbI

utv=gq, uv=(§)a. 3)

Hanpumep, ana ypaBnenuss x3 = 9x + 28 (p = 9,
q = 28) umeem:
u+v=28 uv=2T,
OTKYAa HAaXOAMM, 4To aubo u = 27, v =1; aubo u = 1,
v=27. B oGoux caydasax

x=13/27 + 31 =4,
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JApyrux neiicTBUTENbHBLIX KOPHEH AaHHOE YDAaBHEHHE He
UMceT.

Ho, kak 3aMeTus yxke KapznaHo, cucrema (3) MoxeT
HC MMeTh ACHCTBHUTCABHBIX pelieHUH, MEXAY TEM KaK
ypaBHeHue (1) umeeT JeHCTBHTENBHBIH M NPUTOM 71010
Humerviotd Kopens. Tak, ypaBHenue x3 = 15x + 4 umeer
KOpeHb X = 4, HO CUCTeMA

vutv=4, uv=125

HMeeT KOMILIeKcHble KOpHH: u =2+ 11i,v =2 - 11i (nan
u=2-11,v=2+11i).

Ha 370 3arafgo4yHoe ABJEHME BIEpBLIE IIPOJIHJ CBET
P bombenmr s 1572 r. On ykasan, yro 2 + 11i ects Ky6
ypcna 2 +i,a2 — 11i — ky6 4yucaa 2 - i; 3HAYUT, MOXKHO

ganucatb 5/2 + 11i =2 +1i; 3/2 - 11i = 2 - i, ¥ Toraa dop-
myna (2) paerx =(2+ i)+ (2 -i)=4.

C aToro moMeHTa HEeNb3A OBIIIO UTHOPUPOBATH KOMII-
JieKCHbIe yucsaa. Ho Teopua KOMNJIeKCHBIX YHCEJ pa3BIBa-
JNack MCANEHHO: eie B 18 BeKe KpynHeliliue MaTeMaTUKH
MHpa CIOPDUJIU O TOM, KAK HAXOAUTH JOTAPUGMEI KOMI-
JIEKCHBIX Yuces. XOTA ¢ MOMOIIbI0 KOMILTEKCHBIX YHCEN
yAAn0Ch MOJAYYUTh MHOIO B&XKHBIX (PaKTOB, OTHOCAILMX-
CH K AeHCTBUTEJbHBIM YUCAAM, HO CAMO CYLIEeCTBOBAHUE
KOMIUJIEKCHBIX YHCEJ MHOTHMM Ka3aJoCch COMHMTENBHBIM.
HcuepnriBaloiyye NpasHaa AeiCTBHIL ¢ KOMILTEKCHEIMH
yHeaAaMUd Aan B cepeadHe 18 Beka pycCKMH axkaeMUK
/1. 34n6p — ofHUH U3 BeIHYANITUX MATEMATUKOB BCEX Bpe-
meH ¥ Hapopos. Ha py6esxxe 18 u 19 Bexos 6b170 yKasa-
HO K. Beccenem (Lanus) u X P. Aprarom (eeiinapua)t)
reoMeTpHYecKoe H300paxeHUe KOMIJIEKCHBIX YHCEN
(§ 40). Ho Ha paborbl Beccensi u Aprana He o6paTHJTH BHH-
maHus, 1 Jaub B 1831 r., Koraa ToT ke crnocob Ob1J1 PAIBHT
BeNHKHUM MaTematukoM K. @. fayccom(I'epmanus), OH cTanx
BCCODII[HM AOCTOSITHHEM.

Benepn 3a TeM, xak Oblau pelneHB ypaBHeHMA 3-H H
4-§i cTeneHd, MATEMATHKH YCHMJIEHHO McKaiu GoOpMYyJTy

U IIcpBeic mAarH B 3TOM HANPABMEHHHM ObIAM CREAAHDBI
Ax Bapmcom (AHrnusa) 8 1685 r.
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IJA penieHus ypaBHeHusa 5-i crenenu. Ho /7. Pypgunu
(Uranua) Ha pyGesxe 18 u 19 BeKkoB foKa3aJi, 4To GYKBEH-
HOE YpAaBHeHUe NAToH cTenenu x° + axt+ bx3+ cx? +dx+
+ ¢ = 0 Heab3A PEWIHTL anredpanMvYecKy; TOUYHEe: HeJbL3A
BBIPA3HTb €rC KOPEeHb Ueped GyKBeHHbIe BEJIHUHHEI a, b, ¢,
d, € ¢ IOMOIUBIO 1IeCTH aJrefpanyecKkux aeicTeuit (cio-
JKEHME, BBIYUTAHUE, YMHOXKCHME, JeleHHe, BO3BEJEHHE B
¢cTeneds, HaBJiedeHne Kopua)l),

B 1830 r. 3. /anys(Ppanus) AoKasall, 4TO HUKAKOE
obiyee ypaBHeHHe, CTelleHb KOToporc Gosabiue ueMm 4,
HEJIb3s PEUIATE anrebpadyecKH,

TeM He MeHee BCAKOE YPABHEHHE N-H CTEIeHH HMeeT
(ecnu paccMaTpPHBaThL H KOMIUIEKCHBIE YHCJA) n KOPHeH
{cpelH KOTOpbLIX MOTYT GbLITHL M paBHBIE). B 3TOM MaTeMa-
THKH ObIn yOexxkJeHsl elnle 8 17 Beke (OCHOBBLIBASIChH HA
pasbope MHOTOYHCJEHHBIX YACTHBHIX CJAYYaeB), HO JIHIUb
Ha pybexke 18 4 19 BekoB ynoMsHyTas Teopema Oblna 10-
KasaHa 'ayccowm.

Bonpocsl, KOTOPHIMH 3aHMMAJIMCh anrebpadcTu 19 u
20 Bexos, no GoJblueil YaCTH BBIXOAAT 3a NpEAEJLl 3Je-
MeHTapHoH MaTemaTHKH. IloaToMy yKakeM TOJBKO, YTO B
19 Beke 6r11u pazpaboTaHsl MHOrHE MeTOAb! IpUOJIMIKEH-
HOrO pelleHH A ypasHeHHMN. B 3ToM HanpaB/eHUH RAXKHblE
pe3yJbTaThl ObIJH NOJYYEHBI REJTHKHM PYCCKMM MaTeMa-
THKOM H. Y. JSlobaveBckum.

§ 3. OTpyuarenbHble Yuaia

Ha caMblX paHHHUX CTYIIEHAX PA3BUTHA JIOAY 3HAAH
ToAbKG HaTypanabHuie uucaa (I1, § 2). Ho stumu uncaamMu
HeJIb3A 000HTUCH Jax»<e B CaMbIX TIPOCTHIX CAYYAAX XKHU3-
Hu. JleficTBHTENBLHO, OJJHO HATYPAJILHOE YHCJIO HEBO3-
MOXXHO B 00IeM cJiyyae pasfeTUuTh Ha APYTOe, eCaH II0Jb-
30BATLCA TOJBKO HATYDPAJbHBIMH YHMCAaMu. Mexay TeM
Ha IpAaKTHKe HY3KHO ObIBAEeT AEJHUTh, CKaXeM, 3 Ha 4, 5 Ha

1 B nokasaresabcTbe Pyddunu GblIH HCKOTOPBIC HeZo4e-
tbl. B 1824 r. /. X Abens (Hopserns) aan beoynpeyHoc aoKasa-
TEJIbCTBO.
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12 » rax ganee. Be3 BBeieHHMs ApOOHLIX YMCeJs AesleHue
HaATyPaJbHEIX YHCEJ €CTh HEBO3MOMKHOE [1e/ICTBIE; BBejle-
uue apobeit fesaeT 3To AEUCTBHUE BO3MOMKHRIM .

Ho neftcTBMe BriyMTAHHA U TIOCJE BBEAEHUA apoleit
OCTAeTCHA HE BCETAA BO3MOXXHBLIM: HEJb3A BbIYecTh 00Jb-
1ee 4YMCJIO M3 MeHbLIero, HanpuMep 5 ua 3. OaHaKo B 10-
BCEIHEBHOM >XM3IHU U HE NPEACTABIACTCA HEOOXOAMMEIM
NpOM3BOAUThL NOA06HOE BLIYMTAHHE, U IIOTOMY OUYeHb A0 -
roe BpeMsA OHO CYMTAJIOCH He TOJIBKO HEBO3MOMHBIM, HO M
coaepmem{o 6eCCMhIC.’TeHHblM.

PazsuTHe anreGphl n0Kas3ajo, YTO TAKOE JeHCTBHE He-
06X0AMMO BBECTH B MATEMATHKY (CM. HuKe, § 4), H OHO
OblJI0 Y3aKOHEHO MHAMMCKHMHM YYeHbIMU NPHMEPHC B
7 B. H. 3., a KHTAUCKKUMH eure pausmme, HugUicKue yue-
HbIE, CTAPASACh HAHTH U B KHIHK IPHMEPLI TAKOTI'O BEIUH-
TAHUA, IPAIIIN K TONKOBAHHK €I'0 ¢ TOUKH SpEHHH TOD-
roeslx pacuetos. Ecan kynen umeet 5000 py6. u sakyna-
et Tosap Ha 3000 py6., y Hero octaerca 5000 - 3000 =
= 2000 py6. Eciu xe oH umeer 3000 py6., a 3akynaer
Ha 5000 py6., To oH octaercs Aosxed 2000 py6. B coort-
BETCTBUH € ITUM CUHTANH, UTO 3/|€Ch COBEPILIAETCSH BHIYM-
raaue 3000 — 5000, pesynbTaToM ke SBJAETCA YHCIO
2000 (2000 c Toukoi1 HaBepxy), 0O3HAYAKOLIEE ¢ABE ThICH-
YH DOATas.

TonkoBaHHe 3TO HOCHJIO HCKYCCTBEHHBIH XapaKTep,
Kynelu HMKOrfga He HAXOAWJ CYMMY AoJjra BHIYMTAHUEM
3000 — 5000, a Bceraa BBIMONHAA BohluuTanue 5000 —
— 3000. Kpome Toro, Ha 3TOi OCHOBE MO»Ho 6bIJIO ¢ Ha-
TAXKKOH OO BACHUTE JHING IPABUJIA CJACKEHHA ¥ BHIYHTA-
HUSA «4YMCEJ C TOUKaMM», HO HHKAK HeJik3A OnlIo o0bac-
HAThL NPABHJIa YMHOMXEHHA MJM Aenesusa (0 mpaBuiaax
naedictBui cM. HHxKe, § 5). Bee ke TonkoBaHme 3T0 fOATO
MPUBOAUIOCH B yueBHHKAX ¥ B HEKOTOPBIX KHMI'AX NIPHUBO-
JUTCA U [OHBIHE.

«HeBo3MOKHOCTb» BBIUMTAHMA OGOJBIUEro YHUCIA M3
MEHBIEro o6yCA0BIMBAETCH TEM, UTO HATYPAJIBHBLINA PAA
yHcesn 6eCKOHEYEH TONBLKO B OQHY CTOPOHY. Eciu nocneao-
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BATEJIbHO BRIYHTATSL 1, HayyHHadA, CKa>XeM, H3 Yucna 7, MH
IIONYYHUM yHCIa

6,5,4,3,2,1,

RalibHeHIIee BRIYUTAHUE AET YIKE «OTCYTCTBUE YHC/A», &
Ranbille He H3 Yero YK€ BRIYHTATh. ECIH e Mbl XOTHM
cHeNaTh BHIYHMTAHUE BCErJa BO3ZMOYKHLIM, Mbl ACNKHBI:
1) coTcyTcTBHE UMCAA» CUHTATH TaKIKe YHCAOM (HYyJb);
2) oT 3TOrO MMOCHAeRHero Yucja CYUTATh BO3MOXKHBIM OT-
HATH enje efHHHUNY U T. .

Tax MBI IOJIy4aeM HOBRIE UHCNa, 0003HAYaeMble B HA-
cToALIEE BpeMs TaK:

-1,-2,-3 ur. x.

ITH YHcia HA3KIBAIOTCH YEAblMUL OMPULAMeNbHbIMIUL
yucramu. CTOAIIMA BIEepeAU 3HAK «MHHYC» HATTOMHHAET
0 IPOUCXORKAECHHM OTPUIATENBHOrO YUCA K3 NOCIEA0Ba-
TEJALHOTO BHIYMTAHHA €AUHHILI, 3HAK 3TOT HAa3hIBAETCA
«3HAKOM KOJIuYecmaea» B OTJHYUE OT 3HAKA BHIYMTAHHA,
UMERWEro Ty e GopMy; MocJeAHHH Ha3bIBAETCA ¢3HA-
KOM fefCcTBHA .

BeefeHUe NENRIX OTPHUIlATENbHLIX YMCEN BJedYeT 3a
coboii BBefleHHE M PobBHbLx ompuyamenvrstx Hucer, Ec-
JIM MBI IpHHUMAEM, 4To 0 — 5 = —5, To A0NXKHBI NPHHATH
12 __
7
naTeabHoe YUCIO.

B npoTHBOMONOXHOCTE OTPHILATEABHEIM HUHCAAM (11€-
JAbIM M ApOoBHBLIM) Te YHcaa (nensie U ApobHbIE), KOTOPhIE
paccMaTpPUBAIOTCH B apudMETHKE, HA3LIBAIOTCH NOAOXU-
measvhbimu. YTobsul ente 6oJiee OTTEHUTh 3TY IPOTHBOIIO-
NOMHOCTB, IONGKUTEALHBEIE uncia cHabGxkaoTea 4acrto
3HAKOM «IIJIIOC», KOTOPHIH B 3TOM CAyyae eCTh 3HAK KOJH-
yecTBa (a He 3Hax AeiicTeusa). Hanpumep, unciao 2 zamu-
CHIBAKOT + 2.

OTpUnaTebHbIE U TIOJOXKUTENBHBIE YHCIA, BIATHIE
BMECTE€ C YMCJIOM HYJb HAa3bIBAKT PAUUOHAJALHbLIMU.
CMbICs1 3TOrO HA3BAHMNA BLIACHAETCA IIPM BBEAEHHMH TIOHA-
THA UppaudoHaabHOro upuciaa (cMm. § 27). IlogoGHo Tomy

Takxke, yto 0 — % . Yueno - 1—72 eCThL APOOHOE OTPH-
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Kax A0 BBEAEHUSA OTPUIATENBHOI'O YHCJIA HET HHKAKHUX

IIONOKHUTEJIbHBIX YUCEJ M YHCJ0 g €CTb INIPOCTO leOﬁHOE

4YHCJIO, 4 He M0JI0KUTEAbHoe APo6HOe YMei0, TAK U 0 BBE-
3 .3
4 4
H T. A. IDOCTO NOJOXKHUTEJIBHREE 1 OTpHuaTeﬂLHbIe nensie
H ApobHbIE YHCA, a He pallHOHAJILHbBIE Yicia.,

JeHHs UppalHoHaAbHOro Ynucaa yncaa +5, =5, —

§ 4. Mpouncxoxnenvie oTpULIATENbHBIX YnCen
Y NpaBun QEACTBYIK HAf HYMW

Ensa nu He caMbIM He HOHATHBIM AJAA y4al[MXCA
MecTOM B anrebpe ABASETCA yYeHHE O AeHCTBUSAX C OT-
pHUAaTeAbHBIMH YucaaMu. U 3To HEe MOToMy, YTO ycTa-
HABJAMBaemble MpaBuJaa AeiicTBU cnoxxHel. Hanporus,
OoHHM oueHb npocTsl. Ho ocTaroTca aea Bonpoca: 1) Bauem
BBOJATCS oTpULaTenbHble uMcaa? 2) ITouemy Hag HUMHU
coBepUIAKTCcA AeiCTBHA NO TAKUM-TO NPaBMIaM, a He
no UHeIM? B yacTHOCTH, OY€Hb NMJI0X0 MOHUMAaeETcd, Mo-
YyeMy [IPH YMHOXKEHHH U AeJIeHUH OTPUUATEILHOTO YUC-
Ja Ha OTPMUATENbHOE PE3YNbTAT €CTh NOJIOXKHTENbHOE
YucJo,

Bce 3TH BONpoCH BO3ZHMKAKOT MOTOMY, YTO C OTPMLA-
TelbHBIMH YHCIAMM YYAL[UXCH 06BIUHO 3HAKOMAT 0 TO-
ro, KaK OHHY Ha4aJH pelllaTh ypaBHEHHA, U 60MbIIE He BO3-
BPALUAIOTCA K TNpaBUiaM AEHCTBUH C OTpUIATENBHBIMU
ynchaMu. Mexy TeM JHIIb B CBA3HY C PellIeHNeM YpaBHe-
HHH BhIACHSETCSH OTBET Ha ofa MOCTaBJeHHBIX BhILE BOII-
poca. HMCTOpHUYECKH OTpMIATENbHBIE YHCJIA BOIHMKJIH
HMeHHo B 3Toi cBAsu. He 6yar ypaBHeHHI, He 6bI10 GBI
HeO0BX0AUMOCTHY U B OTPHIIATENBHBIX YHCAAX.

Hosroe speMs ypaBHeHH H3y4alUuch 6€3 IOMOLIH OT-
PULIATENBHBIX YHCEJ; IPH 3TOM BO3HMKAJNH MHOrMe He-
ynoGcTBa; ANA yCTPAHEHU A 3THX HeyHoOCTB 1 OLIJIM BBEAe-
HEI OTpUNIaTeNbHbIE yncia. [Ipu 3ToM B TeyeHHe AOJATOro
BpPEMCHHM MHOT'ME€ BBIJAIOIIIHECHA MAaTEMATHKU OTKa3bIBa-
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JINCh BBOAWTL MX B YNOTPeOJEHHC HAM BBOAKMJIN C G60OMb-
moit Heoxotoit. Eme . fexapr(1596—1650) nasniBan or-
PHLATCABLHBIE YHCIA «JIOXKHBIMHA UHCITaMH» .

O xapakKTepe YHIOMAHYTHIX HEYAOOCTB JACT 1IpeACTAB-
JleHne TaKoi npocToit npumep. [IpK pelueHUuy ypaBHeHHA
[epBOi CTEeNmeHH ¢ OAHUM HEM3BECTHLIM, HAMIPUMED ypaB-
HEeHU A

7x-5=10x-11,

MbI IEPEHOCHM YJIEHBI TAK, YTOOB! B OJHON 4acTH ypaBHe-
HMS OKQ3aJIMCh M3BECTHEIE, B IPYTOif — HEN3BECTHEIE Be-
JHYHHEL. IIpH 3TOM 3HAKH MeHATCA Ha obpaTHbie. Cobu-
pasi HEH3BECTHBIE B [IPABYIO 4acTh, @ H3BECTHLIE B JIEBYIO,
nonyyaem

11-5=10x—-Tx; 6 =3x; x=2.

9TH npeobpa3oBaHHA MOXXHO BBLIIOJIHAThL, COBEPIIEHHO
HE HOJb3YfACH OTPHIlATEAbHBIMHU YHCAAMH M PACCMATDH-
BAf 3HAKHM + H — KaK 3HAKH CJIOKEHHA M BBIYMTAHUSA, 4
HE KaK 3HAKH NOJOXXUTEIbHBIX H OTPHIATENbHAIX YHCEI.
Ho Torga Hy:xHO 3apaHee NpoiymaTh BONPOC, B KAKYyI0O
CTOPOHY, BIIPABO HJM BJEBO, CJAEAYeT ePEHOCHThL HEM3-
BECTHBIE UJieHbl. Ecau, Hanpumep, B BbILIENIPHBEACHHOM
YPAaRHEHUH IIepeHeCTH HeU3BEeCTHbIE YeHbl BJEBO, II0AY-
YHUM:

Tx-10x=5-11.

He BBOAA OTPHUATENBHBIX YHCEJ, Mbl HE MOXKEM U3 D BhI-
yecTs 11, He mo>xeM U3 Tx BeivecTs 10x U, 3HAUNT, HE MO-
SKeM Jlajbllle NPOABHHYTHLCA B pelIeHHH YPaBHEHHA,
Mexay TeM 3apaHee He BCEra BHAHO (OCODEHHO €CJTH 4ie-
HOB MHOT0), B KAKYIO CTOPOHY HY>XHO NEPEHOCHTL HEH3-
BECTHbIE YJeHBbI, YTOOBI TAKOro MOJIOMKEHUA He co3jaBa-
nock. HeoGxonnmMo npoaenats ABOHHYIO paboTy, BTOpHY-
HO COBepliIasA MEePEHOC YJEeHOB B HY>KHYIO CTOPOHY. B 1o-
PAAKE pPaUHOHANM3ALHHA BRIYUCIHTEJBHOrO Npolecca H
6bl1M BBeJAeHEl OTpHUATEeNbHbIE YHcAa. [elcTBUTCIABLHO,
eC/IM MBI COTJIACMMCHA CYMTATh ¢BO3MOKHBIM» ¢HEBO3-
MOXKHOe» BhiunTanue 5 — 11, 0003HauYuB peayabTaT Yepes
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—6, M TOyHO Tak e BhIUMTaHKe Tx — 10x, 0603HaYnB pe-
3yJbTaT —3X, TO NOJMYYUM:

-3x = —6.
Onpenenss x, HaX0AUM, YTO
x=-6:(-3).

Tenepb BEIACHACTCSA, YTO, BBEAA OTPHIATEIbHEIE YHC-
Jla, Mbl JOJKHBI YCTAHOBUTL MPABHJIO, YTO IPH AEJEHHWH
oTpHLaTeNsHOro HHcaa (—6) Ha orpHnatensHoe (—3) yacr-
HOE ecTh [TOJIOXKUTENALHOe yncao (2). felcTBuTennHO, 3TO
YACTHOE JOJI2KHO JaTh 3HAYCHHE HeNIBECTHOH BeJTHYHMHBI
X, KOTOpOe paHblle 661710 HaAeHO ApYrHM nyTeM (6ea oT-
PHUATENBHLIX YHCEJ) H 0KA3aJ0Ch PABHLIM 2,

TakumM npHMepHOo 06pajom U GBIIH BBEJEHB! OTPHLIA-
TeJLHBIE YHCJA, 1leJs 3TOTO BSEeJeHUA — palHOHaIHaa-
IIMA BRIYHCIHTENBLHOrO IIpolLecca; IpaBua AeficTBuid Ha
OTPHIIATENLHLIMH YHCJIAMH SBHJIHCH DE3YJALTATOM BHEJX-
PEHNS 3TOTO PALIHOHAJNH3ATOPCKOrO IpHEMa B BBIUHCJIH-
TeNbHYI NPAKTHKY.

MHoroserHue U MHOrooOpa3HbIe HCNILITAHHA [10Ka3a-
J¥, YTO 3TOT NpHeM 061aZaeT OrpoMHOM 3PPEKTHBHOCTLIO
H HaxoaHT cebe OaecTalMe NpMMeHEHHA Bo Bcex obsac-
TSX HAYKH M TEXHHKH. Berosy BBeleHHE OTpUIIATENBHBIX
YHCEJ HOIBONSAET OXBATHTb eIMHBLIM NPABHJIOM TAKHE AB-
JeHUA, AJA KOTOPBIX HY>KHO OnLJI0 OBl BEIAYMEIBATH A€-
CATKH NPaBHJ, €CJH OrPAHUYUTLCA YHCAAMMU MOJIOKU-
TeAbHBIMH.

Wrak, Ha ABA BRIINENOCTABAEHHLIX BOIPOCA HYXKHO
OTBCTHTb CIeAYIOI{HM 06pa3oM: 1)} oTpHUIATENLHBIE YHUCIA
BBOJATCA 3aTeM, 4TOOb! YCTPAHHTDL PAA TPYAHOCTEH, BO3-
HHKILIMX TPeXXJAe BCEr0 INpPH peIleHUH YPaBHEHHM;
2) npaBuja AeHCTBUI HAJ HUMH BRITEKAIOT U3 HeoBXoaM-
MOCTH COTJIACOBATEL PE3YJLTATHI, IOJYYEHHBIE € IIO-
MOILBK OTPHMIATEJbHRIX YHCEJ, C TEMM pe3dyabTaTaMH,
KOTOPhIE MOTJIH Okl OBITE MONYYEHbI H 663 HUX.

Bce atu npasuia (cMm. § 5) MOryT 6bITh YCTAHOBNEHB
[IpH PAaCCMOTPEHMH NPOCTEHINNX YypaBHeH i mogo6HO To-
My, K8K Bblluie ObLI0 BEIBEI€HO NPaBHJIO AeJIeHUs OTPMIA-
TEeABHOr0 YHCJa Ha OTpUUATENBHOE.
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§ 5. lpasuna pencreum ¢ oTpULLATENBHBIMU
¥ NOAOXUTENbHBIMU YMCNIaMy

AbGconromuoit eeauvunolt (UNH ModynreMm) OTpHuA-
TEJLHOrO YHCIA HA3LIBAETCA TIONOKUTEIBHOE YHUCIIO, 110-
J1yyaemoe OT NlIePEMEHbI €ro 3HaKa (—) Ha IPOTHBOIOJIOMXK-
HH (+). AGcomwoTHAA BeIUYHHA —5 ecTh +5, T. e. 5. A6-
CONIOTHOM BETHYHMHOM MOJIO)KATEABHOI'O YHCA (a TaKKe
uHcsa 0) HasblBAa€TCA CAMO 3TO YUCJIO.

3Hak abCoNIOTHOM BEJTHUYMHLI — JABE MPAMbIE YepPThI,
B KOTODbIE 3AKJIOYAETCA YHUCJIO, a0CONMIOTHAS BEJHYHHA
xoroporo Geperca. Hanpumep, |-5| = 5, [+5] = 5, |0| = 0.

Chomxenne.

1. [Ipu caoxenuu Osyx wucen ¢ ofuHakosvim 3HA-
KoM cKaadbvisaromes ux abCONMHbIe 8EAULUHL U neped
CYMMOiL cmasumca obujuit ux 3Hax.

Illpumepn.

(+8)+(+11)=19;

-7+ (-3)=-10.

2. ITpu caoxncenuu 08yx Hucen ¢ pa3HbiMu IHAKAMU
u3 abCONOMHOIL BeAU LB OOH020 U3 HUX BbIHUMACMCA
abconromuan senununa Opyzoz0 (Mexnvuwaa ui Gonsiueil)
U cmasumces 3LaK mozo Hucaa, y Komopozo abcormHuas
geauyuna boabiue.

IIpuMepsl

(-3)+(+12)=9;
(-3)+(+1)=-2.

Berunramne. Boivumanue odnozo wucaa ui opyzozo
MONCHO 3aMEHUMb CRONEHUEM; IDH 3TOM YMEHbIIAEMOe
fepeTcA CO CBOMM 3HAKOM, 8 BbIYHTAEMOE C IPOTHBONO-
JIOXKHBIM.

IIpumMepnm.

FN-(HF)=(+T+(-4) =3;
FN-(4)==+T+(+4) =11;
(-7) = (~4) = (-7) + (+4) ==3;
(-4) - (-4) = (-4) + (+4) =0.
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3aMeuanue. IIpH BLINONHEHUH CIOXKEHHNA U Bbl-
YHTAHNSA, OCOOEHHO KOTZIa UMEEM eJi0 C HECKOJNbKHMH
YyHCcJaMH, AyYile BCEro IOCTyIaTh TaK: 1} ocBoGOHTH
BCE YMC/A OT CKOGOK, IPU 3TOM TNIEPER YUCTOM NOCTABUTL
3HaK +, eCAM NPEXHUN 3HAK nepes cKoGKOMN ObLT ofuHA-
KOB CO 3HAKOM B CKOGKe, M —, eCJIH OH GblJ IPOTHBONOJIO-
JKEH 3HaKy B CKoOKe; 2) c10KHUTh 26COMIOTHBIE BEJTHYUM-
HBl BCEX YHCEJ, HMEIINX TeIepb cJeBa 3HaK +;
3) cn1oxkuTh a6COMIOTHBIE BEJIMYMHBI BCEX YUCEJ, UMEIO-
X TEeneps cieBa 3Maxk —; 4) ua Gossuiei CyMMbI Bbl-
YeCTh MEHBINVIO U IIOCTABUTb 3HAK, COOTBETCTBYIOIIMH
GonbHIgil cyMMeE.

MDpumep. (-30) - (—17} + (-6) - (+12) + (+2);

1) (-30) — (—17) + (-6) — (+12) + (+2)=

=-30+17-6—-12+2;
2)17+2=19;

3)30+6+12=48;

448 -19=29.

PeayabTaT ecTh OTPHUIATENBHOE YHCIO —29, TAK KaK
G66nbman cymMma (48) moayumiace ot caoxkeHnd abcosoT-
HBIX BeJIUYUH TEX YUCEJI, MePeJ KOTOPhIMH CTOAJIU MHHY-
chl B BoipaskeHuu —30 + 17 -6 — 12 + 2.

OT0 nocaegHee BuPaxKeHHe MOXKHO PACCMATPUBATh U
Kak cymmy uncen —30, +17,—6, ~12, +2, u kak peayasTar
nocjieAoBaTe/ILHOro NpubasaeHnd K yucay —30 ynena 17,
3aTeM BhIUMTaHUA yHdcaa 6, 3aTeM BpIYMTAHUA 12 U, HaKo-
Helt, npubapieHUs 2.

Boo6e eripaxkenne g ~ b + ¢ - d 4 T. A. MOXKHO pac-
CMaTpHUBaTh U KakK cyMmy vucer (+a), (-b), (+c), (-d), n
KaK pe3yJbTaT TaKUX NOCHeZ0BaTeNbHbIX AeACTBUI: BBI-
yutaHua ua (+a) yucaa (+b), npubasnenus (+¢), BBIMUTA-
Hua (+d)ur. #a.

Ymuoxenmue. ITpu ymroxernuy dsyx ducenr ymuoma:
0MCEA ux abconomubie 8eIUNLNbL L neped npoussederii-
eM CMASUMCA 3HAK NAIOC, eCAU 3HAKIL COMHOXNCILLmenel
00UHAKOBbL, UL MUHYC, eClL OHIL DA3HbLe.
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CxeMa (IpaBHIO 3HAKOB IIPH YMHOMEHMH ).

+ -+ = +

— . + = —_

- - - = 4+

IIpumepmn. (+2,4) (-5)=-12;(-2,4) ' (-5)=12;
{(-8,2)- (+2)=-16,4.

ITpu nepemHoNCeHUU HECKOAbKUX COMHOMUMeAel
SHAK npou38efeHus NONONCUMEREH, €CAU LUCI0 OmpU-
YamenbHolX COMHONCUMENRED HeMHO, U OMmpuyamencH,
ecAU  NUCAO OMPuUYAmMeAbHbiX COMHOMNUMeneit He-
4emHo.

IIpumMenpsl.

(+§) -(+2)-(—6)-(—7)-[—%) =-14
(TpPH OTPMIATENBHBIX COMHOMKHATEAAY;
(—%)-(+2)-(—3)-(+7)-(+%) -7

(ABa OTPHUATEALHALIX COMHOMKHATENS).

HMenenne. ITpu denenuu 0dnozo wucra Ha Opyzoe Oe-
Aam aOCOANMHYI BEAUNUNHY NePeozo Ha AbCONIOMHYK
GeluYuHY 8MOpozo U neped HACMHLIM CMABUMCS 3HAK
nawc, ecau 3naku 0enumozo u Gerumens 0OUHAKOBHL, L
MUHRYC, eCAll OHu pa3Hble (CXeMa Ta e, YTO AAH yMHOKe-
HHA).

INNIpumepsn. (-6):(+3)=-2;

(+8): (-2)=-4;(-12): (-12) = +1.
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§ 6. lencTBVA C OQHOYNEHAMM;
CNOXEHUe U BbINUTaHWe MHOro4YNeHOB

OdrounenoM HA3LIBAETCA IMPOU3BEJEHUE JBYX HIH
HECKOJILKMX COMHOXKHUTeJeH, KaXKAblii U3 KOTOPBIX eCThb
nu6o yMceno, anbo 6ykea, 1ubo crenens Gyxsel. Hanpu-
mep, 2d, a3b, 3abc, —4x2y3 — opHounennl. OTaenn:io B3A-
TOE YHCJIO HAX OTAENbHO BIATaA OYKBA TOXKE MOXKeT pac-
CMATPUBATHCH KAK OJHOUYNEH.

JIxo60# U3 COMHOKHUTENEH OIHOUYEHE MOXKHO HAIBATH
ero xoagpuyuenmom. Yacro noa xoahpdUIIHEHTOM NTOHH-
MAalOT %UC.1080i MHOX¥cUumeab (HanpuMep, B BEIDAXKEHHH —
4x2y23 uncno —4 ectb koaddHuHeHT). Briienns oauH U3
COMHOXKHTeNeH B KauecTsBe xoapduuuenra, xoTar mnog-
YePKHYTH, UTO OJHOYNEH NOAYYHIACH B PE3yAbTaTe YMHO-
M»eHHNs BCeH 0CTaNbHOMA YaCTH HA 3TOT K03pdunuenT. Bur-
AeNAA YUCAOBOI MHOMXKUTEND B KayecTBe Koadpduumenra,
MKl IOAYEPKUBAEM, YTO OCHOBHVIO DONL Hrpaer GYKBeH-
HOE BhlpaXXeHHe, KOTOPOE IOBTOPAETCA ClaraeMEIM HEKOo-
TOPOE YHCJIC Pa3 MU APOCUTCA HA AOMAH.

OnHOYNEHR! HA3KIBAIOTCA NOJOOHLIMIL, €CAH OHH OAU-
HAKOBBI HJIM OTJIHYAIOTCHA TONABKO Koapduuuentamu. Or-
CH1a BUTHO, YTO JBA CAHOYJEHA MOXKHO CYUTATE U TTOA06-
HBIMH M HEeNTOJ0OGHBIMH, B 3aBHCUMOCTH OT TOr'O, YTO CYH-
Taetca UXx koddbunmnentramH. Ecau rxoapduunenramu
CYHTATb YHCAOBEIE MHOXKHUTENH, TO MOAOGHBIMU OHOY e -
HaM4 OynyT TakHue, Y KOTODhIX OAUHAKOBbI OGYKBEHHHIE
yactn. Hanpumep, ognounenn ax2y?, bx2y?, cx2y? nono6-
HbI, ECJIH CYUTATh Ko3ddUIueHTaMU a, b, ¢; OAHOUNIEHR
3x2y2, —5x2y2, 6x2y? nomoBHEL, €CH CHHTATEL Ko3ddunn-
€HTaMH YHCAOBLIE MHOXHTENN.

CnoxeHHe oaHOouNeHOB. ClodkeHHe [ABYX HJH He-
CKOJIbKHX OJHOYJIEHOB, BOOGIIE MOBOPS, MOXXHO TOJILKO
0603HAYUTH; A0 TOrO KaK BMeCTO GYKB Mbl BOIBMEM Ka-
KHe-HUOGYABb Yucaa, CYMMa OAHOYJEHOB, KAK IIPABUNIO, HE
NpUBOAHNTCS K Gonee mpocToMy Buay. Ee MoxxHo npeoGpa-
30BaTh K 6osee NPOCTOMY BUAY JIHINL TOrIa, KOPKa CPefn
cilaraeMbIX MMEIOTCA MOAOOHbBIE; BMECTO 3TUX YNEHOB
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3anMCBIBAeTCA NOAOOHBINA MM ‘WieH, KO3GhOHUINEHT KOTo-
poro paBeH CyMMe HX Koo PHUHeHToB. OTa 3aMeHa Halbl-
BaeTcs npusedenuem nodolbHbLX YAEHOS.

IIpumep 1. 3x2y2 — 5x2y2 + 6x2y2 = 4x2y2,

IHHpumep 2.ax2y?— bx2y2+ cx2y?=(a— b+ c) x2y2,

IHHpumep 3.4x3y2 — 3x2y2 — 2x3y2 + 6x%2y% + Sxy =

= 2x3y2 + 3x2y2 + Sxy.

BeiHecenHe 3a ckoOku. [leiicTBHe, COBEPIUEHHCE B
nipuMepe 2, HA3RIBAGTCH BbiHeCeHUeM 3d CKOOKU; ToBO-
pAT, uto x2y2 «BpIHECEHO 3a CKOBKM» . [0 cymecTsy Brine-
CeHHe 3a CKOGKH — TO JK€ caMoe, YTO NPHUBEJEHUE No/00-
HEIX YJIEHOB.

Mnuorounen. CyMMa 0JHOY1€HOB HAIBIBRETCH MHOZ04AE-
HoM. CNoxKeHHe ABYX HJIH HECKOJbKHX MHOI'OUJIEHOB CCThb He
YTO MHOE, KaK 06pascBaHMe HOBOTO MHOTOYJIEHA, BKJIIO-
yaonero B ceba Bce YWIEHB! BCEX B3STHIX MHOIMOYIEHOB.

BoluHTaHHE MHOTOY/IEHOB €CTh HE YTO HHOE, KAK [IPH-
6asnenHe MHOrO4YJ€HA, YJIEHbl KOTOPOTO 06PA30BAHK U3
YJIEHOB B3ATOrC MHOTO4eHa epeMeHo! 3HAKA Ha IPOTH-
BOTIOJIC K HBIH.

Hpumep. (4a2+ 2b - 2x2y%) — (12a? - ¢) + (Tb -
— 2x2y2) = 4a?+ 2b—- 2x%y%2 — 1202+ c + Tb - 2x%y% =

= —8a2+9b—~4x2%y2 + ¢ (OAHHAKOBbLIM YHCJICM YEPT CHU3Y
0603HaYeHBI NOACOHRIE YIIeHbI ).

YMHOXeHHe OXHOYAEHOB. Y MHOXEHME GHOYJIeHOR,
pO0OILE MOBOPA, MOMKHO TOJbKO 0603HAUKTL (CP. CKA3aH-
Hoe BhIILIE G CJI0XKeHUHN oguowieros). [IponaBesenne 1Byx
MM HECKOJbKHX OHOYJIEHOB MOXKHO YIIDOCTHTE JHIUb B
TOM CAy4ae, KOrla B HHX BXOAAT HEKOTODLIE CTETIEHH Of-
HHMX ¥ TeX >Ke OYKB HJIH YUCIOBbIE KGIDPHIHEHThI; IoKa-
3aTeJM cTeneHell Y COOTBETCTBYIOIHX GYKE CKIAALIBAIOT-
CA; YHCJIOBbIE K03(hPHIHEHTDI IEPEMHOMXKAKTCA.

IIpumep. Sax?y® (—3adxiz) = ~15a4x%y®z (cnoxe-
HBI NOKa3aTeaH cTeneHu 6ykerl @ (1 + 3 = 4) 1 GyKBHL X
(2 + 4 =86)).

HMenenue onHounexos. Jleende oaHOUWIEHA HA OAHO-
YyJjeH, Booblye rorops, MO’KHO TONbKO 0003HAaYUTh, YacT-

6 Benonckuii M 4.
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HOe JBYX OTHOUYJIEHOB MOXKHO YHPOCTHTL, €CJIN ACTHMOE K
JEHUTENE COAEPIKAT HEKOTOPHKIE CTCIIEHH OJHHX, U TeX Ke
6YKB HJIM YUCJIOBKIE KO3GDOHIHMEeHnThl; TIOKa3aTesb CTere-
HU JeJIUTEeNA BHIYHTAETCA M3 NMOKA3AaTE A CTEeNEeHH AeNTH-
MOTr0; UHCJI0BOH KO3(DDHUIHEHT JeTHMOr0 JeJIUTCA HA YHUC-
JOBOH KO3DPHIHUEHT AETUTENA.

IDpumep. 12x3y42%: 4x2y2? = 3xy323 (BrluTeHBI MIO-
KalaTeny creneHu OyKBol x (3 - 2=1),0yxkBu y (4 — 1 = 3)
n OykBbl 2 (5 - 2 =3)).

BamMmeuvanue 1. Eciy nokasaTenn CTENEHH ¥ He-
KOTOPOIit GYKBEI B e IMMOM H AEJHTEJ e O HH H Te XXe, TO
B YacTHoe aTa OyKBa He BoitgeT (ZeslenHan caMa Ha cebs,
oHa pact eguuuny). IIponsBess BRIUMTAHHE IOKAa3aTe-
neit crenexeil, mol noayyunu 6ut 0. IloaToMy MBI fOK-
HbI IPUHATD, YTO HYAE€8AR CIMenent Ar00z0 Yucia ecmp
yucno 1.

IIpumep. 4x2y3: 2x2y = 2x0y2 = 242 (x0=1).

3amevanue 2. Ecsm moraszarenb CTelnmeHHd Ka-
KOW-HHOYAh OYKBLI B JEIMMOM MEHBIUE, YeM N0Ka3aTeNlhb
CTENEeHH TOH ke OYKBKI B AeJINTENIe, TO BLIYATAHME JaeT
OTPHLATENBUYIO cTelleHb 3TOH OykBbl. Iloapo6uee 06 oT-
puuaTesbHbIX cTeneHax cm. § 61. Peaynwrar mMoskHO
npeAcTaBHTh TaKXe B BHUAe Apobu; Torza mMoxxkHo o00MH-
THCHb 0e3 OTPHLIATEbHOH CTENIEeHU.

IMpumenp. 10x2y5: 2x0yt = 54y = 11% (x-fi = l) .

x4

§ 7. YMHOXeHue cyMmM U MHOTOUYNEeHoB

Ilpouseedenue cymmur G8yx Ul HECKONBKUX BbLPA-
Heenul Ha xakoe-aubo 8biPaxeHue pAHO CYMMe nNPOUS-
sedernull Kaxdozo u3 crazaeMbix HA 834Mmoe 8bipaxce-
nue:

(a+b+c)x=ax+ bx + cx (0OTKphITHE CKODOK).
BmecTo 6yKB a, b, ¢ MoryT ObITH B3ATHI J106L1€ BBIpA-

JKEHHHA, B HaCTHOCTH nwobeIe OAHCYJIEHBI. BmecTo ﬁyKBhI X
MO3’KHO TaKKe B3ATDb J106oe BbIpaxKeHue; eCJId 3TC BbIPa-
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JKeHHe CaMo TpeACTaBJAAeT CYMMY HEeKOTOPLIX cjaarae-
MBIX, HATIDUMED M + 11, TO UMEeM:

(@tb+cy(m+n)y=a(m+n)y+b(m+n)+ec(m+n)=
=am+an+bm+bn+cm+cn,

T. €. npou3gederue CyMMvl HA CYMMY PABHO CYMMe 8Cex
803MONCHBLX npouszeederuil xanBozo wieHa o0HOL cyM-
Mbl Ha KaxObLil YAeH Opyzoil cymMmbt.

B 4acTHOCTH, 3TO [IPABHJIO OTHOCHTCHA K IIPOH3BEXE-
HHIO MHOrOYJIEHA HA MHOTQUJIEH:
(8x2—-2x+5)(4x+2)=12x3-8x2+20x+6x2—-4x+10=

=12x3 - 2x2+ 16x + 10.

3danucse YMHCIKEHHA:

3x2~2x+5
x 4x +2
N 12x3 — 8x2 + 20x
6x2 — 4x+10

12x3 - 2x2 + 16x + 10

§ 8. Mopmynbl COKPALLEHHOTO YMHOXEHUA
MHOTOYNIEHOB

Crneayionide HacTHLIE CAYUad YMHOKEHUA MHOTOUTe-
HOB YACTO BCTPEHAIOTCHA, H IIOBTOMY MX TOJE3HO TOMHUTD.
OcofenHo BAKHO HAYYUTHCA IPHMEHATL HUKEHDUBELEH-
Hble GOpMYJIbt TOrAA, Korga 6YKBEI @, b, BXOAALIME B HUX,
3AMEeHATCA GoJiee CIOKHBIMU BbIPa’KEHMAMHM (HANDH-
Mep, OAHOYJIEHAMK),

1. {a + b)2 = a% + 2ab + b2 Keadpam cymmvt d8yx
aenuyun paseH xeadpamy nepeoi nakc ydeoerHoe npo-
u3gedenue nepaoil HA 6MOPYX nNAKC Kaadpam 8MmMopoi.

Hpumep 1.1042=(100+4)%2=

=10000+ 800+ 16 =10 816.

Hpumep 2.(2ma?+0,1nb2)2 =

=4m2a! + 0,4mna?b? + 0,01n2b4.
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IIpenocrtepexxeHne:
(a + b)2 ne pasno a? + b2.

2. (a — b)* = a? — 2ab + b?%. Keadpam pasznocmu deyx
8CAUYUH paseH kKeadpamy nepeolt Muryc ydeoeHroe npo-
ujgedeiiue nepeoll, Ha 8mMOpyYK nAKC Keadpam amopoil.
Aty QopMyny MOMHO pacCMATPHMBATL KaK YACTHHIH CAY-
ya¥ npeanayniei (BmMecto b 6eperca (—b)).

Mpumep 1, 982=(100 - 2)2=

=10 000 - 400 + 4 = 9604.

Mpumep 2. (5x3 - 2y%)2 = 25x6 — 20x3y3 + 4yb.

IIpegocrepexenne:

(a — b)? He paeno a — b2 (cm. m. 3).

3. (a + b) (@ — b) = a? — b2 IIpoussederue cymmo:
Jdeyx @cauduUH HAQ UX PA3HOCMEb PABHO PA3HOCMU UX
xeadpamoa.

IIpumep 1. 711-69=(70+1)(70-1) =

=702 -1~ 4899.

Mpumep 2. (0,2a2b + ¢3) (0,2a2b — ¢3) =

= 0,04a1h? — c5.

4. (a + b)} = a® + 3a%b + 3ab® + b3. Ky cymmbt dsyx
geutun paeen Kyby nepeoil nawc ympoeﬁoe npouseede-
Hue keadpama nepgoil Ha 8MOPYI0 nAKC YMpoerHoe npo-
usaedenue nepeoil na kgadpam amopoii nawc Kyl amopotil.

Mpumep 1. 123=(10+2)3=

=103+3-102-2+3-10-22+ 23=1728.

Mpumep 2. (5ab?+ 2a3)3 =

= 125a3b% + 150a5b1 + 60a7b2 + 8a¥.
IIpegocTepesxkerue:
(a + b)? ne pasno a® + b3 (cm. 1. 6).

5. (@ — b)® = a® — 3a2%b + 3ab? ~ b3. Ky6 pasnocmu
deyx seaunun paden Kyby nepaoii MiLHYC YmpoerHoe npo-
ussedenue xeadpama nepeoil Ha 8MOPYI0 NAIOC YMPOeH-
Hoe npousgedenue nepeoil Ha Keadpam 8mMOpoill MURYC
KYy6 amopoii.

Dpumep. 993=(100-1)3=

=1000000-3-10000-1+3-100-1-1=970299.
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Mpexgocrepexenne:
(a — b)3 ne pagrnoa® — b% (cm. . 7).

6. (a +b) (a2 — ab + b?) = a3 + b®. ITpouseedenue cym-
Mbt 08YyX BeMUNUH HA «HenoaHuidl xeéadpam pasnocmu»
pasHo cymme ux kyoos.

7. (a — b) (a2 + ab + b%) = ad — b3. ITpouseedenue pas-
HOCMU 08YX 8eAUNUH HA «HENOAHbLIL Keadpam CyMMbi»
pasHo pasnocmu ux xytos.

§ 9. lenenne cyMM M MHOrOUsIeHOB

Yacmuoe om OeneHun cymmvt G8YX UlU HECKOLLKUX
8blpaxceruit HA KAK0e-1ul0 BblpANEHUE PABHO CYMME Ha-
CMHBLX, NOAYHEHRbLX om OenenuA xax0ozo caazaemozo
HQ 838Mmoe 8bipaXerue:

atb+c _a L b,
x

x

=
=0

a,b, ¢, x — mobrte BeIpaXKeHNU; €CNH BCE OHH — OJHOUJIe-
HBI, T. €. €CJTH BHINOJHACTCA JeleHue MHOZOYNeHA HA 00-

a b ¢
HOYAEH, TO KaXN0€ U3 HACTHRIX -, -, — 6LIBAET BO3MOK-
X x x

HO ynpocTUTh (§ 6).
3azb+11ab? _ 3a2b | 1lab® _
IDIpumenp. b " ab +T 3a+11b.
Ecnm a, b, ¢ — ofHouneHnl, a X — MHOIOYJIEH, T. €.
€CJIH BBIIOJHAECTCA JeAeHUe MHOZOHAEHA HA MHOZOYACH,
TO yacTHOE, BOO6I1Ie FOBOPA, HeAb3A npedcmasums 8 sude
Muozounena (MOJOGHO TOMY KaK YAaCTHOE OT AeJeHuA Lie-
JIOrO YMCIIa Ha IEeJI0e He BCErZa MOMKHO IPEJCTARHTE B BH-
Je uesoro uucna). YInaue rosopsa, He BCerjja MO>KHO HAUTHU
TAKOH MHOrOUJIeH, KOTOPKIH, GyAYUH YMHOKEH HA MHOIO-
yJIeH, CTOAMKI B AenUTeNe, AaJ 66 MHOTOUYJIEH, CTOA M
B IEJIUMOM.
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2 2
IDpumep. YacTHoe % HeNb3s TPEACTABHTD B
X

2 _ g2
BH/Ie MHOTOYJIEHA; YacTHOe I —% MOXHO NpeACTABHTE B
at-x2
BHje MHOTOWIeHA: ——— =a — X.
X

Henenue mrozourena na MHozoueH B 0BUIEM CAyYae
MOXXHO BBINIOJIHATDL ¢ OCMAMKOM, TOA06HO TOMY KaK 3TO
eNaeTcA TIpH AeNeHnH LeasIX ydcesn. Heobxoaumo, oxna-
KO, YCTAHOBMTh, YT TAKOE AEJE€HHE MHOIOYJIEHOB C OCTAT-
koM. Ecau MBI JeaMM Iienoe NOJ0XXKHTENbHOE YHCHO,
HanpuMep 35, Ha 1e/0e NMOJOMKUTENLHOE YHCJO, HANpPH-
Mep 4, To noay4yaem 8 4 3 8 ocrarke. Yucaa 8 u 3 obnanarot
T€M CBOMCTBOM, 4T0 4 - 8 + 3 = 35, T. €. ecniH p — Jenumoe,
q — #eAHTeNb, M — YacTHOe, & N1 — OCTATOK, TO mq + n =
= p. Ho 3Toro HeAOCTATOYHO JJA TOJHOrO ONpeAeSeHHnA
YaCTHOTO M OCTATKA; TaK, B HaleM npumepe (p = 35, ¢ = 4)
TAKHAM K€ CBOUCTBOM 0012/1a10T TaKke yucnam =6, n =
=11, m = 4, n = 19, HyxHo euie 1o6aBuTh, 4TO YHCIO N
JOJKHO OLITh MeHbute YHCNA . ATO AoDABIEHHME HENb3A
6yKBaJLHO TIEPEHECTH Ha CAydYail eJeHNA MHOIOYJIEHOR,
TAK KaK IIDH OJHHX 3HAYEHHAX GYKE OJHO M TO e Bulpa-
JKEHHEe MoXXeT OhITh Goablle, a NP APYrHX — MEHbIIe,
yeM Jpyroe BhIpakcHHe. YTIOMAHyToe Ao6aBieHHe no1-
2KHO OBITH BHIOM3MEHEHO. B KaX10M H3a MHOIOYJIEHOB OJf-
HA KaKasf-HUOYAb 3 BXOAAUIMX B €0 YIeHbl OYKB IDHHM-
MaeTcs 3a TJIABHYI0; HAUBbICWAA Cmeneny 3moil Oyrent
Ha3blEaeMcaA cmeneunvio Mrozouaena. Toraa aeneHue c oc-
TATKOM ONpPCAEAAETCA CAEAYIOIMM 06paiomM.

Paszdeaumv muozownen P na mMunozownen @ — 3na-
wum Haiimu mrozounenvl. M (vacmruoe) u N (ocmamox),
yOosaemeopaiowue deym mpebosanuam: 1) dorxcHo co-
6a0dameca pasericmeo M@ + N = P; 2} cmenens Muozo-
unena N Goaxcra Gvime HUCe cmenenu MHozowaeHa Q.

Bameuanue, Ocrarok N MOXKET BOBCE He COREP-
»KaTh rJIaBHOH GYKBEI; TOrZla TOBOPAT, YTO N MMeECT HyJe-
BYIO CTCIICHb.
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Muorounens M n N, yaosneTBopaoniie 3TuM tpebo-
BAHUAM, BCETAA MOXXKHO HANUTH U MPHTOM €JHHCTBEHHKIM
obpasem npud aaHHOM Bnifope riaaBHoM Oykspl. OgHako
OHH MOTYT OBLITh UHLIMH, €CJIH USMEHHTEL BHIOOD rJIaBHOM
6ykBel. [Ipomecc HaxoXxpgeHua yacTtHoro M u ocratka N
8HAJIOTUYEH NPOLECCY AeIeHUA (C OCTATKOM) MHOTOJHAY-
HOTO YHCJ4 Ha MHOrosHayHoe. Pons uudp Bhicuierc
HHUBUIEre pas3pAfioB UTpAlOT WIEHBl, COAepiKalllHe rJas-
Hy0 6YKBY B BbIclieil 4 HU3IIeH crenenax. [lepea gene-
HHEM YJIEHBI AEJUMOr0 U JAeJUTENA PACMOJaralTcs B Mo-
pAAKe yObIBaHHA CTENeHeld riuasHoit OYKBbI.

3danmuch KeJeHHA:

8a3 + 16a2 - 2a +4}d4a?-2a+1

8a3-—F 4a® + 2a . 2a+5
_20a21 4a i—4
20a2-10a +5
6a-1

1. JlesuM nepreiii uieH aesumoro 8a3 Ha NepBbiil
YJIeH JequTens 4a2; peayabTaT 2@ eCTh HEePBbIA YJeH 4ya-
CTHOTO.

2. ¥YMHoxaeM MoayyeHHbIHA YeH Ha AeJuTeab 4a? —
— 2a + 1; peayabrar 8a3 — 4a? + 2a sanuckIBaeM NOJ AeJTH-
MbIM, NOACOHNH YJIeH nmoJ moaAcGHEIM.

3. BbludraeM uneHbl pe3yNbTaATa U3 COOTBETCTBYIO-
IJMX YJIEHOB AEJTUMOrC; CHOCUM CJEAYIOLUIUM 10 MOPAAKY
4jIeH feJTMMOoTo; noayuaem 20a? - 4a + 4.

4. ITepsuri uien ocratka 20a? xeuM Ha IepBBIHA YJ€H
JeJUTeNA; PeayJbTaT 5 eCTh BTOPOM YJeH YaCTHOIO.

5. ¥YMHOXKAEM MOAyYEeHHKIH BTOPOH YJIeH YaCcTHOTO Ha
genurens, peayaprar 20a? — 10a + 5 3anucbiBaeM nox
TepPBLIM OCTATKOM.

6. BerupraeM 4ieHB! 95TOTO pe3ybTaTa U3 COOTBETCT-
BYIOIMX UJEHOB MEPBOrc OCTATKA; NoJydYaeM BTOpPOH oc-
Tatok 6a — 1. CTenens ero MeHkIe CTEIEHM AEJTUTENA.
Ilenenue 3aKOHYEHO; yacTHoe 2a + 5, octaTok 6a — 1.
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§ 10. BeneHne MHOro4nNeHa
Ha ABY“N1eH NepBOi CTeneHu

Ecau MHOrouneH, cogepxaimjui 6yKBy X, JeJHTb Ha
ABYYJAEH MepBoi cteneHn x — I, rae I — kakoe-au6o Yuc-
J10 (IOJIO}KUTENLHOE HJIH OTPUUATENBHOE), TO B OCTATKE
MOKET MOJYYHUTHCS TOAbKC MHOI'OYJIEH HYJIEBOH CTENEHH
(§ 9), T. e. HeroTopoe uucao N. Yucao N MoXKHO HalTH,
HC HaxonafA 4yacTHOro, UMEHHO 3TO YHCJIIO PABHO TOMY 3Ha-
YeHU0 AEJMMOrO, KOTOpOe [IociigfHee MoJaydaer MpPH
x =1,

IIpumep 1. HaiiTd ocTaTOK OT A€JIEHHA MHOrO4NE-
Ha x3— 3x2+ 5x— 1rax—2.loacrasasada x = 2 B JaHHBIA
MHOrouJieH, HaxoguM N =23 -3-22+5-2-1=5,

IeiicTBUTENBHO, BHINOAHUB AENE€HHE, HANJEM YacT-
uoe M = x2 — x + 3 uocrarok N = 5.

IIpumep 2. HaliTH OCTATOK OT AeJIEHH MHOrQUJE-
Ha x1 + THa x + 2. Baecs | = -2, [HoacraBnaa x = -2 B
xi+ 7, naxogum N = (-2 + 7 = 23.

YkasaHHOe CBOICTBO oCTaTKa HAa3bIBAKOT meopemolt
Be3y no uMeHH oTkpsisiliero erc ¢ppaHLy3CKOTO MaTeMa-
TuKa 3. be3y(1730—1783).

Teopema. MHozouren

agx™ +axm 1 ta,xm-24+ . +a,
npu denenuu ra x — [ daem ocmamox
N=gglm+alm 1 +a,ym-2+ ... +a,.
HokazartenbcTso. [loonpexenenuio AeleHud
(§ 9) umeem:
apx"+ax" '+ ta,=(x-DQ+N,
rge @ — Kakoil-To MHorousneH, a N — HEKQTOPOE YHCJIO.
Tlofcrasum ciofa x = I; yiaeH (x — I) @ npomazeT, ¥ MbI I10-
NyYHM:
agl"+alm-1+ .. +am=N.
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3ameuaHnue. Moxerokaszatees, uto N = 0. Torza
{ ecTb KOpEeHb YPABHEHHUSA

agx"+ax" -1 +...+a,=0. 1

IIpumMep. Muorousen x3 + 5x2 — 18 pgennrca Ha
x + 3 6ez ocrarka (B YacTHOM Noayuaercs x2 + 2x — 6). Cre-
JOBATEJNBHO, —3 €CTh KOPEHb ypaBHEeHHA X3 + 5x2 - 18 = 0,
Heicteurensno, (—3)° + 5(-3)2 — 18 =0.

O6paTHo, ecnu [ ecTs KOpeHs ypaBHeHU (1), To nesas
4aCTh 3TOr0 YpaBHEHUSA AEJHTCH Ha X ~ [ Ges ocraTka.

Illpumep. Yucao 2 apaseTca KOpHEM ypaBHEHMS
x3 - 3x -2=0(23—-3-2=0). CregoraTe bHO, MHOTO-
uyneH x3 — 3x — 2 genurcsa Ha x — 2 6e3 ocratka. JelicTBU-
TeJIbHO,

(x3-3x-2):(x-2)=2x2+2x + 1.

§ 11. fenumMocTb nByuneHa x™ Fa™ Hax F a

1. PasHocTs OAMHAKOBEIX CTeNEHEd ABYX 4ucesa fe-
anrca (6es ocTaTKa) Ha pa3HOCTh ITHX YHCEN, T. e, X™ —a™
JeJINTCHA HA X — @. DTOT IPH3HAK, KaK M CJeAYIONIHe, Bbl-
TexaeT u3 TeopeMsl Beay (§ 10).

,JacTHOe COCTOUT M3 M YJIEHOB U UMEET CJAEAYIOLIHI
BHA: (xm—a™):(x—a)=x""1+axm-2+q2xm -3+, .+
+ a™~ ! (roxazaTesy NPy X HENPECTAHHO YOLIBAIOT HA €M -
HHILY; B TO XXe BpeM#A NOKa3aTeNH NPH @ BO3pacTalT HA
eIUHHILY, TaK YTO CYMMa NOKasaTeneil HEM3MEHHO paBHa
m — 1; Bce koadPpUUNEHTHI paBHEL +1).

IIpumep sl

(x2-a?):(x-a)=x+a;

(x3-ad):(x—a)=x+ax+a?;

(xt—a?):(x—a)=x%+ax?+ alx + a’;

(x5~ a®):(x - a)=x*+ax®+ a?x? + a®x + a.

2. PasHOCTH O{MHAKOBBIX ¥eMHbLX CTEIEHEN ABYX YN~
ceJ Je/UTCHA He TOJILKO Ha Pa3HOCTh 3THUX yuce (1. 1), Ho
M HA WX CYMMY, T. €. X™ — @™ 1Ip4 YeTHOM M AeJUTCA H Ha
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x —au HA X + a, Bo BTopoM ciy4yae 4YacTHOE HMEET BHI
xm-Y —qgxm=2 4 g2xm -3 — | (3HAKH [TIOC U MHHYC Yepe-
AYIOTCH).

IIpumeps.

(x2-a?):(x+a)=x-aq;

(x!-a):(x +a)=x¥-ax?+ a2x - a3;

(x6—ab):(x+a)=x%—axi+a2x® - a3x2 +alx - ab.

Bameuanne. Tak Kak padHOCTh YETHEIX CTe-
IIeHeit ReJUTCA Ha X — a M Ha X + &, TO OHA AeJHTCA U Ha
x¢ - a2

IIpumep bl

(x4 —at):(x2-a?)=x2+a?

(x6-a%): (x2-a?)=x' +a’x2 + a;

(x® — a8) : (x2 — a2) = x8 + a%x* + atx? + af.

3aKOH COCTABJEHHH 4YACTHBIX O4YEeBHAEH; OH NEerxKo
MOABOAUTCH 10/ 3aK0H II. 1, HApUMED
(x8 - a8): (x? - @®) = ((x2)? - (a?)}¥) : (x% — a?) =
= (x2)® + a2(x2)2 + (a?)2x2 + (a2).

2a. PagHOCTh OMHAKOBRIX HeYemHblx cTeneHeil AByx
YUCeJ HE JeTHTCA Ha CYMMY 3THX YHCeJ.

Hanpumep, Hu x3 — a3, uu x5 — a3 He fenarca va x + a.

3. CyMMa OfMHAKOBRIX cTeneHell ARYX YHUCeN HUKOT-
Aa He NeJUTCHA Ha PA3HOCTH 3THX YHCEeJI.

Hanpuwmep, uu x2 + a2, un x3 + a8, uu x1 + at ue ge-
JATCA HA X — @.

4. CyMMa OiHHAKOBBIX HeYeMmHblX CTeNeHed IBYX YH-
ceJ REJHTCA HA CYMMY 3THX HHcen (B YACTHOM 3HAKH
IUTIOC M MHHYC Y€DeRYIOTCA).

IIpumepn:

(x3+ad):(x+a)=x2—-ax+a?;

(x5+ad): (x+a)=x-ax®+a2x? - g3x + ai.

4a. CyMMpbl OAHHAKOBBIX YETHRLIX CTEIEHEeH ABYX 4M-
ceJl He IeJIATCA He TOJILKO HAa Pa3HocTs (n. 3), Ho U HA CYM-
my atix ynucesn. Hanpumep, x® + ab ne ge1urca nu na x — a,
HH Ha X + a.
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§ 12. PaznoxeHne MHOroOMNEHOB Ha MHOXUTeNN

MHoOrousen MOXHO MHOTZA NIPEACTABUTL B BUJE MPO-
H3BeJleHU s JBYX MU HECKOJILKHX MHOI'OYJIEHOB, JTO BO3-
MOKHO JaJIeKO He BCerja, 4 B TeX CJAy4afax, KOIa 3To BO3-
MOJKHO, HaiiTi TpebGyeMoe pa3ioKeHHE YacTo O4eHhb TPYA-
Ho. IIpakTHUYECKOe 3HAUEHHNE TAKOIO Pa3JIOKEHHUA COCTO-
HMT npecJie BCeIo B TOM, YTO OHO YaCTO TIO3BOJAAET YIpOC-
THUTb BIZ BhIPaXKE€HHA (HAIpUMED, B TOM CJy4Yae, KOTJAa B
YMCAHTENe N 3HaMeHaTeJe APOOH MOKHO BBIAEJUTb O0U-
HAKOBbIE MHOXXHTEH; IPHMEDbI CM. B CJIERYIOIL[EM HAPAT-
pade). Huxe nepeuHcaeHbl IPOCTEHILIME CAYYaH, KOraa
pa3s/0KEeHHEe HA MHOXKHTEH BLINOJIHACTCH .

1. Ec/1x BCce y/IeHBbI MHOTOYJIEHA COALDMKAT B KAUECTBE
MHOXHUTENA ORHO M TO XK€ BbHIPAKEHHE, ero MOXKHO «Bbl-
HecTH 3a cKOOKM» (cM. § 6, cioXKenne oqHOUIEHOB).

Hpumep 1. 7alxy — 14a5x% = Ta2x (y — 2a3x?).

Opumep 2.6x2%y3 - 2uxy? + dulxy =

=2xy (3xy? — uy + 2u?).

2. UHorga OKA3kIBAETCA BO3SMOXKHEIM, pasbHB YJeHb!
H8 HECKOJbKO I'PYIMIN, BBHIHECTH B KaXJAOH HEKOTOPbI
MHOKHTE/Tb 38 CKOOKH, TOCJ€ YEro BHYTDH BCeX CKOOOK
OK&XKETCs OJHO H TO 2Ke BhIpakeHHe. Torga 3To BhIpaxe-
HHE B CBOXO Oue€pe[b BHIHECETCH 38 CKOOKH, # MHOIOWIEH
OyZeT pasioxeH HA MHOYKHTEH.

Mpumep liax+bx+ay+by=

=x(a+b)ty(a+d)=(a+d)(x+y).

Mpumep 2.10a3 - 653+ 4ab? - 15a%b =

=5a2(2a — 3b) + 2b2 (2a — 3b) =(2a - 3b) (5a? + 2b?).
3amevaHue. IosesHo uMETHL B BURY, YTO BhIpa-
JKeHHe a — b MoxHO Beerja npeactasMTh B Buae —(b — a),
TaK YTO Ha NEPBLIH B3TAAA PA3/IHUHEIC MHOXHTEIH MOXK-
HO JIETKO CAEJATh OJMHAKOBBIMH,
IIpumep 3. 6ax —2bx + 9by— 27ay =
=2x(3a—-b)+9y(b—3a)=2x(8a—-b)—-9y(Ba-b)=
=(3a-b)(2x - 9y).
3. [TpeobpasoBanue, 06bsiCHEHHOE B 1. 2, HHOTJA YRa-
eTCA OCYILEeCTBHThL MOCJe MNpeJBAPHTENLHOIO BBEXEHHS



172 Hl. ANTEGPA

HOBBIX (B3AMMHO YHUYTOXKAIONIHXCA) YIeHOB UJIH pasJIo-
JKEHHUA OJHOr0 H3 YJIEHOB HA /1BA CJIATaeMbIX.
IIpumep l.a2-x2=a2+ax—ax—x2=
=a(atx)-x(@a+x)=(a+x)(a—x)
{cp. § 8, om. 3).
HNpumep 2.p2+pg—2q2=p?+2pq - pq ~ 2¢* =
=pp+29)-qp+29)=@+29)(p-9Q-
4. OT npMMeHeHHA NOoCTAeAHero NpMieMa HHOTAA MOXK-
HO U30aBUTL cebs, NONAB3YACH HECKOJLKMMM I'OTOBLIMH
GdopMynaMH pa3NOMEHHA, NOJY4YaeMbIMH obpaleHHeM
dopmyn cokpauieHHOT0 yMHOxKeHUA (§ 8), umeHHO:
a2+ 2ab +b%=(a + b)%;
a?-2ab+b%=(a—b)%
aZ-b2=(a+b)(a-b)
HT. I.
IIpumep. 4x% + 20xy + 25y2. [IpuMeHsAs NepBYIO
H3 npuBeleHHuIX Popmy s (a = 2x, b = 5y), HonyyaeMm:

4x2 4+ 20xy + 25y2 = (2x + 5y)2.

YIla'{Hoe BBINIONHEHHE Pa3no>XeHHA MHOTOYJEHa Ha
BO3MOKHO GOsbilIee YHCAO MHOMKUTEEH dJaBUCUT OT yMe-
HHA KOMOHHUDOBATS BhIllIEIEDEYHCIEHHbIE TIDMEMEI.

Npumep. 12+x3-4x-3x2=12-3x2+ x3 - 4x=

—3@-x)-x(d-xY)=(4-x2)(3-x)=
=(2+x)(2—-x)(3—x).

§ 13. AnreGpandeckve gpobu
Anzebpaudeckoii 6po6pbl0 HA3LIBAETCA BRIPaXKEHHE BH-

na ‘% , rie 6YKBbl A 1 B o60o3HaualoT Jbule GYKBEHHbIE

HJIN YMCAOBbLIEC BLIPDAXKEHMA, 4 YePTAa MEXAY HHUMHU eCTh
3HaK AeneHus. [enumoe A HA3BIBAKOT YUCAUMeneM, Ae-
nutens B — 3namenamenex. [Ipobu, paccMaTpHBaeMble
B apudMeTHKe, NPEJCTABNAIOT YACTHLIN caydad anreb-
panueckoi Apobu (YMCIUTENb M 3HAMEHATENhL — LAkl
[OJICXKUTEIbHEIE UHcAa). JedcTBUA ¢ anredpaudyecK MU
I pofsiMM COBEPINAIOTCA 110 TEM e IIPaBHIaM, UTO ACHCT-
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BHA ¢ ApobamMH B apudmeTuxe {cm. I, §§ 16—22). Bruay

3TOr0 MBI 37eCh OUPAHHYHMCA JIHIIbL HECKOJbKMMH TH-

NHYHBbIMH IIPHMEPaMH.
Cokpautenue apobu.

15a%x?

21la®x3

INIpumep 1. Apobs MOXHO COKPAaTHUTb Ha

> 21la5x* Tad’

3a2x: 15a%x* _ 5x

2a%—ab-3b*
MDpumep 2. [Ipobs 3af_Babs 35t MOYHO COKpa-
THUTL Ha 2a — 3b.
Yrobnl 06HAPYIKUTE 3TO, HYXKHO PAINOKHUTL YHCIH-
TeJib M 3HAMeHaTeJ b Ha MHoxHTenH (eM. § 12, . 3):
2a’—ab-3b* _ (2a-~-3b)(at+b) _a+b
2a%—5ab+3b% (2a-3b){a-b) a-b’

Cioxenne U BHIYHTAHHE ApoOel.

MIpumep 1. Yrobsl croxuts apobu - L

P P AP azb ab*
IpHHMMAaeM 34 o0mMii 3HaMeHaTe b a2b2; NonOJHUTENh-
HBIE MHOXUTENH: b — 1A IePBOro CIaraeMore, @ — ans

BTOpPOro:

)

1+L=mb+na.
a%b  ab? a?b?
a-b a+b
Mpumep 2. o v 50 ~ Zai-b5abr 30
_ a-b _ a+b -
(2a-38b)(a+b) {(2a-3b)(a-b)
_ (a-b)2—(a+b)? _ ~-dab

(2a-3b)a+b)(a-b) (2a-3b)at-b?)’

3ameuvanue. Jlumbp OpH coenmaJsHOM BhDOpe
npuMepa MHOTOYJIEHHREIE JHAMEHAaTeNnH ppobeit 6ymyT
HMeTh 00IHe MHOXHUTeNH. Boobuie ke 3To cayuai Kpaii-
He peakmnit. Ecam ke 3Tu o6ujue MHOXMHTENH CYI{ECTBY-
0T, HAXOXKIAEHHEe UX TpebyeT AOBOJLHO MHOrO BpEMEHH.
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Jnsa pazeutua aarebpaHyeCKHX HABBIKOB 3TH IOMCKH I10-
JIe3HBI, IO3TOMY BHUMaHUE, yAeaAseMoe UM B yuebHoH nu-
TepAaType, BIIOJHe onpaBAbiBaeTcA. Ho mpakTu4ecKasa ux
NoAb3a HeBeJMKa, H 4acTO ropasfio Jy4lile, He TPaTa Bpe-
MEeHH Ha HaXOoKAeHHe rpocteiirero obuero snameHare-
Jf, IpoCTO B3AThH 3a o6 Uit 3HaMeHaTeNb IPOH3Be/ieHHe
JAaHHBIX 3HAMeHaTesNeH,
YMmMHOXeHME M geseHue apobeil.

4a%b | 2¢*d? _ Bacd
3cid ab? 352
MOKHO MPOH3BOAUTL ANO0 A0 MEepeMHOKEHUA YHCAHUTE-
Jei M 3HaMeHaTesneH, nubo mocae.

IIpumep 1. . Coxpamenme

x%—ag? . x!—-ax-cx+ac
Qpumep 2. xi-bx+cx-bec ' x%-b?
_ (x2-a?)(x?-b%) _(x+a)(x+bd) _ (x+a)x+b)
(x-b)(x+e)x—a)x-c) (x+c)(x-¢c) xt-cz

§ 14. Nponopuun

Onpenenesye OTHOWEHNA H nponopumH cM. II, § 48.
W3 nponopuuu % = ‘51 peITeKaeT ad = bc (IpoH3BefieHUe
CPelHHX 4JIEHOB PAaBHO IIPOM3BeJeHHI0 KpaiiHux); obpar-
HO, U3 ad = bC BLITEKAIOT IPOIIOPIIUM

_c, _b. d_c¢

= a_
¢

a’

' b a

R

U Ap. Bce aTH MponopnyH MO>KHO II0AYYUThL H3 HCXOAHOH

% = (Ei C IICMOIBIO CACAYIOINIMNX IIPABHI.

1. B nponopumnu % = 5 MOXXHO MEHATh MECTAMM CPeJl-

HHe HJIH KpaHHUE 4IeHsl UIH Te u Apyrue. ITonyuaem:
a_b, d_c, d_b

c d’b a ¢ a

.
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2. B npomopuuu MOKHO MEHATh MECTAMH NPEABIAY-
e ¥ MocaeAyoIe YieHsl 000MX ee oTHOWeHHt. Ha
a

5~ 5 noJiy4aercs L [PONOPIMA YKe NoNydeHa
a [

BRIILIE (B BHUE g = 2] . ToyHO TaK K€ HUYCro HOBOIO He
c a

MOJyYu™M, MEPECTABJAA NPEARAYUIME M NOCJAeAyoIue
YJIEHbI B TPEX BbIILE HAH€HHbIX IIPOTIOPIUHAX.

IIponasoausre nponopunu. Ecnu g = 5 , TO CIIpaBej-

JIMBBI M CAEAYIOL(He IPONOPLUMHM (TaK HASBIBAEMEIC PO -
800Hbie nponopyuL), IONyYaeMble U3 RAHHOH:

a+b _c+d, a-b _c-d, a+b _c+d a-b _c-d,
a c ' a c ' b d ' b d ’
e« _ ¢ . a _ ¢ . b _d. b __d.
a+b c+d’ a-b a-b c¢-d’

atb _a . @-c_a_c¢

c+d ¢ d’ c-d d’ b-d b d’

JTH U MHOKECTBO NOAOGHBIX UM NMPOM3BOAHBIX MPO-
nopuMii MOryT 66ITh 00bEJUHEHEI B JBYX OCHOBHBIX (DOD-
Max:

ma+nb _ mc+nd (1)
mya+mb mic+nd’

ma+nc . mb+nd
= , (2)
m,a+nc m,b+n,d

rae m, n, my, n, — aA06ble yncaall,
Tak, nonaras B dopmyne(l)m=n=m; =1,n, =0,

TIONYYUM TIDOM3BOSHYIO IPONOPLMIO ‘%9 N c:d

s Imona-

1) ®dopma (2) moxer 6bITL TOAYYCHA [0 TOMY KC NPABILTY,
uto ¥ (1), ccax MPeABAPHTC/IBLHO ICPCCTABHTL CPCAHNC UJCHBL B
AAaHHOH NMPOIMOPUHH.
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ras B gopmyne(2ym=n=m, =1, n, =0, umeem 2 =
a

b+d . nu, nepecrapnas cpexHHe uieHn, 2+ = ¢
b b+d b
MT. A

§ 15. 3a4eM HyXHbI ypasHeHuWA

BouruncnurenbHbIe 387894 GLIBAIOT IPAMBIE H KOCBEH-
HbIE.

Bor npumep npamol sajgav: HAHTH Maccy Kycka
CI1aBa, Ha HB3rOTOBJEHHE KOTOporo zarpayeHo 0,6 am3
Meau (unoTHocTs 8,9 kr/am3) u 0,4 am® puuka (mnor-
HocTh 7,0 kr/aM3). TIpH ee perIeHUH MBI HAXOZHM Maccy
Ba3aToi mead (8,9 - 0,6 = 5,34 (kr)), saTem Maccy UHHKA
(7,0 - 0,4 = 2,8 (kr)) u, HaKOHeW, Maccy cnaapa (5,34 +
+2,8 = 8,14 (xr)). BoinonuAaeMble AeHCTBHA H UX NOCHAE-
JAORATENBHOCTh AHKTYIOTCA CAMHM YCJORHEM 3aJauH.

Bor mpumep xocgenHol 3afayn: KYCOK CINABA MEAH K
nMHKa o6meMom 1 aAm3 umeer maccy 8,14 kr. HaiiTa 06%-
eMHBbI€ KOJMYECTBA MEAH H IUHKA B 3TOM CILJIaRE., 34eCh
H3 YCIOBHA 32/]aYH HE BUAHO, KAKHE JEHCTBHSA REAYT K €€
pewrenHo. [Ipu Tak HAa3biBAEMOM apHPMETHYECKOM pe-
LIIEHU H HYXHO IIPOABHUTE NoA4ac 60AbIIYI0 Hao6peTaTeNb-
HOCTb, YTOOB! HAMETHTD IJAH PEHIEHHA KOCBEHHO 3aa-
uu. Kaxxgan HoBas 3aziaya TpeGyeT CO3ZaHMA HOBOIO ILIa-
Ha. TpyA 3aTpaunBaeTcs HepamHoHANAbHO. J[1A palHoHA-
JH3AIMHM  BBIYHCIAMTENBHOTC mNpouecca H OB coafaH
MeTOJ, YPAaBHEHHH, KOTODBIN AIBJAETCA OCHOBHLIM IIpeA-
MeToM Haydyenua B aarebpe (cm. § 1). Cyrs aToro MeToaa
TaKOBa.

1. HcroMble BETHYHHE! IOIYYAIOT 0COOLIe HAHMEHO-
BaHHUA. MBI MOAbL3YEMCA ANA 3TOH e BYKBEeHHBIMH 3HA-
KaMH ([IpeAIOYTHUTENBHO NMOCAeAHHMMH GYKBaMu JATHH-
ckoro andasura X, Y, 2, 4, U). YCAOBHE 3aJayd C IIO-
MOIBIO 3THX JHAKOB M JHAKOB AeHCTBUH (+, — U T. 4.) «l1e-
PEBORMTCA HA MATEMATHYECKHH A3BIK», T. €. CRAZU MEX-
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Ay AAHHBEIMHA H MCKOMBIMH BEJIMYMHAMH MBI BEIPA’KAaEM He
CHOBAMH H QJpaaaMH Pa3roBOpHOro sA3blKa, 8 MaTeMaTuye-
ckumMy 3HaKamu, Kaxkpana rakaa «matemMaTudecKas dpa-
3a» ¥ €CTh YDABHEHHE.

2. [Tocne aToro Mei peiiaeM ypasHeHHE, T. €. HAXOAHM
JHAYEHHA HCKOMEIX HEM3BECTHRIX BeNMUYMH. PemeHune
yPaBHEHUA NPOU3BOAUTCA N0 obmum npasuaam. Ham He
NPUXOAUTCH OO/l YYUTHIBATH OCOOEHHOCTH HaHHOM 38-
JladH; MBI TOJILKO JOJI’KHBI IPUMEHATH PAa3 HaBCErja ycTa-
HOBJIGHHBIE IIPABHJIA M NpHeMbl. (BriBoZoM 3THX NpaBHa
M 3aHMMAaeTCA B IEPBYIO ouepeAs aarebpa.)

Taxkum o6pa3oM, ypaBHEHHA HYKHBI A TOTO, YTOOHI
MEXaHM3UPOBATh BRIYMCAMTENbHBII npouecc. [locae Toro
KaK ypaBHEeHUe COCTaBJIEHO, €re pellleHHe MOXKHO IOoay-
YUTbL BIIOJHE ABTOMaTUYecKH. BcA TpyAHOCTh pellieHus
38a4H CBOAUTCS JHIIB K COCTABIEHHIO YPABHEHHUSA.

§ 16. Kak cocraBnsTh ypaBHeHUs

CocTaBUTh ypaBHEeHHE — 3HAYUMT BHIPA3HUTH B MATEMA-
THYECKOH (dopme CBA3L MeXAY AAHHLIMH (M3BECTHRIMH)
337844 M MCKOMLIMU (HEH3BECTHHIMM) €€ BENHYMHAMM.
WHorja 3Ta CBA3b HACTOJBKO ABHO COAEDXHMTCA B popMmy-
JMpPOBKE 38/(a4H, YTC COCTABJEHHe YPABHEHHUA eCTh IPOC-
TO MOCJOBHRIA NEepecKa3 3a/aud Ha A3hIKe MaTeMaTuye-
CKMX 3HAKOB.

I pumep l.Ilerpos nonyuyun 3a pabory Ha 160 py6.
6ospllle, YeM IIOJOBHHA CYMMBbI, KOTOpYIO nojay4ynun Hea-
HOB. BmecTe oHH monyuuau 1120 py6. CKOabKO NOAYYIH-
an 3a paboty [lerpos H UBaHos?

O6osnauum yepea x 3apaborox Mpanoma. [TonoBuna

ero 3apaboTka ecTs %x; sapaforox Ilerposa %x + 160;

BMecTe OHH sapabarmBaioT 1120 py6.; MaremaTn4deckasa
ganuck nocaegueii ppaas 6yaer

(%x+ 160) +x=1120.
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VYpaBHeHue cocTaB/ieHO. Peltas ero no pas u Hascersaa
YCTAHOBJGHHBLIM npaBuaaM (§ 20), naxogum, uyto 3apabo-

Tox ¥iBanoBa x = 640 py6.; 3apaboTok e Ilerpora % x+
+ 160 = 480 (py6.).

Yaue, 04HAKO, CJIYYARTCH, YTO CEA3EL MEXKAY AAHHEI-
MH M HCKOMBLIMH BEJHUYMHAMM He YKa3bIBAGTCH B 3ajfade
OpAMO; €€ HYIKHO YCTAHOBHUThH, HCXOAA U3 yCJOBHM 3aja-
uyH. B npakTHYeCKHX 3a71a4ax TaK GhIBaeT MOYTH BCerAa.
ToAbKO YTO NPHBEAEHHLIH IIPHMED HOCHT HaAyMaHHRIA
XapaKTep; B XXHU3HM IOYTH HHKOrAA MOJOOHRIX 3afa4 HE
BCTPEUYAETCAH.

TloaToMy ansa cocTaBieHMs YpaBHEHHA HeNb3dA JaTh
BIOJIHE HCUEPILIBAIONIUX yKasaHHil., OZTHAKO HA NepBBIX
nopax I10Jie3BHO PYKOBOJACTBOBATLCA ciaeaymomuMm. Ilpu-
MEM 33 3HAYeHHEe HCKOMOM BEJHUYHHBI (HJAM HECKONBKHX
BEIHUYMH) KaKoe-HUByabs Hayraj BaAToe yucao (U144 He-
CKOJBKO YHCEJN) 1 NOCTAaBUM cebe 3afiauy IPOBEPHTH, yra-
JAJM 1M MBI [IPABN/ILHOE DEIlleHHe 3afaun unu HetT, Ecan
MBI CYMEJH NIPOBECTH 3Ty NPOBEPKY U OOGHAPYXUTH JHOO
TO, UTO AOrajKa Hallla BepHa, JH0O0 To, UTO OHA HEBEepHa
(ckopee Bcero CAYUYUTCA, KOHEYUHO, BTOPOE)}, TO Mbl HEMEJ -
JIEHHO MOK€M COCTAaBMTh HYXKHOE€ ypPaBHeHMe (MU He-
CKOJIbKO ypaBHeHHit), FIMeHHO, 3anuIueM Te caMkle aei-
CTBH 1, KOTODbIE€ MbI IPOH3BOJHAM /18 IPOBEPKH, TONBKO
BMECTO HAyraJi B3ATOTO 4YHCAa BBeJeM GYKBEHHBIH 3HAK
HEeMIBECTHOH BennWuuHbl. Mbl nonyuum Ttpebycmoe ypaB-
HeHHC.

IIpumep 2. Kycok cnnaBa MeAH M IIMHKa O0B-
emoM 1 M3 uMeet Macey 8,14 Kr. CkosbKO MeAH cofep-
JHUTCA B CILNaBe (IJA0THOCTh Meau 8,9 kr/am3; nunaka —
7,0 kr/nm3)?

BossmeM Hayraj 4Hucl0, BbIpa)Kaiolllee HMCKOMBIMA
o6bem menu, Hanpumep 0,3 am3. Ilposepum, yaauno jau
™Mbl B3AAM 3TO yHcao. Tak kak 1 am3 Menu umeer mMaccy
8,9 kr, To 0,3 aM3 umeer macey 8,9 - 0,3 = 2,67 (kr).
O6'beM muHKa B cnnase cetb 1 — 0,3 = 0,7 (am3). Ero macca
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7,0-0,7 = 4,9 (xr). Obigan Mmacca UMHKA ¥ Mexu 2,67 +
+ 4,9 = 7,57 (kr). Mexay Tem Macca Halllero Kycka, rno
YCAOBUIO 3aKiayH, 8,14 kr. Jlorazika Hala HeCOCTOATENb-
Ha. Ho 3aTo MBI HEMeJIEHHO IONYYUM ypaBHEHME, peine-
He KOTOPOro AacT NPaBHAbHLIM O0TBeT. BMecTo Hayraj Bas-
toro ukcaa 0,3 am3 obos3Haunm o6 nem MenH (B aAM3) uepes x.
Bmecto npoussegenus 8,9 - 0,3 = 2,67 6epem npouaeese-
Hue 8,9x. 9To — Macca meAaM B cniase. Bmecro 1 — 0,3 =
=0,7 6epem 1 — x; 3T0 — o6 beM HuHKA. Bmecto 7,0+ 0,7 =
= 4,9 fepem 7,0 (1 — x); aT0 — Macca nuHKa. Bmecrto
2,67 + 4,9 6epem 8,9x + 7,0 (1 - x); aTo — obujaa Macca
unHEKa ¥ Menu. Ilo ycaosmio oHa paBHa 8,14 kr; sHauMrT,
8,9x + 7,0 (1 — x) = 8,14. Pemenne aToro ypaBHeHusa (CM.
§15) raer x = 0,6.

IIpoBepky Hayraj B3ATOIO pPellleHHA MOXHO AeNaTh
Pa3NUYHBLIMH CIOCOHAMH; COOTBETCTBEHHO 3TOMY MOXKHO
NOJAYYUTE AJA OAHOH M TOH Ke 3afayM pasiHYHbIe BHAbL
ypPaBHEHHA; BCe OHH, OJHAKO, AaAYT OJA UCKOMOMN BEIU-
YMHBI O[{HOC H TO K€ PelleHHe; TAKUE YPABHEHMS HA3BIBA-
0TCA pABHOCUABHbIMU APYT ApYPY (cM. § 18).

Pasymeercd, I0cJe IOAYYCHHA HABLIKOB B COCTABJE-
HUH YPABHEHUI He HY>KHO HPOM3ROJUTh IPOBEPKY Hayraj
B3ATOMO YUCHA: MOXHO AJS JHAYEHUA UCKOMOH BEeJIHUM-
HbI OpaTh HE YHCO0, 8 KAKYIO-HHOYAL OYKBY (X, y M T, 4.} 1
MOCTYATh TAK, KaK ecjM Oul 3Ta 6yKkBa (Hel3BecTHOE) Obl-
Jia TEM YUCJIOM, IPOBEPUTHL KOTOPOe MBI coGUpaeMcH.

§ 17. O6wme cBeneHna o6 ypasHeHUsX

JBa BhIpaXKeHHsA, YUCJIOBEIE UJIU OYKBEHHDbIE, COEAU-
HEHHBIE 3HAKOM paBeHcTBa (=), ofpasyior pagexcmao
(uncaosoe AU GyKBEHHOE).

Bcakoe BepHOE YHCIOBOE PABEHCTBO, 2 TAK¥KE BCAKOE
6YKBEHHOE PaBeHCTBO, CIIPABEATUBOE IPU BCEX YUCIOBHIX
3HAYEHUAX BXOAAIMX B HEro 6YKB, HaakIBaeTcA moxde-
cmeom.
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IIpumepH.

1. Yncnosoe paBeHcTBo 5 - 3 + 1 = 20 — 4 ecTs TOMXRAE-
CTBO.

2. ByxBenunoe pasencTso (a — b} (a + b) = a% — b% ecTs
TOKECTBO, TAK KAK IIPH BCEX YMCJIOBbIX 3HAYCHHAX @ U b
npaBas ¥ JieBafd 4YaCTH AT CAHO H TO XK€ YHUCJIIO.

PasencTso, coJepikKaliee HensBecTHble OYKBEHHbIE
BeJMYHHBI H He ABJAMIIEECA TOXKAECTBOM, HA3bIBAETCA
ypasnernuen). YpasHeHYe Ha3bIBaeTCA OYKBEHHLIM, €CTH
BCE HJIN HEKOTODble M3BECTHble BEJIMYHHBI, BXOAAUIHE B
HEro, BbIpaXkeHbl 6yKBaMH; B IPOTHUBHOM CJIy4ae ypaBHe-
HHUE HA3BIBAETCH YUCIO0BbIM.

Kakue us 6yks, BXOAALIHE B yPaBHEeHHE, IPEACTABIA-
IOT U3BECTHBIE, & KAKNE — HEU3BECTHBIE BEIHYHHBI, JOJ-
»KHO 6bITh OTAENBHC YKa3aHOo. O6bIYHO AJA 3TOrO HEH3-
BECTHBIE BeJIMYHHBI 0603HAYAIOTCA TOCTeAHHMH BYKBaMu
naTHHCKoro andasura x, y, 2, i, v, w. [Io uncay HeHs-
BECTHBIX YpaBHEHUA PadfesIATCA HA YPaBHEHHA ¢ Of-
HHM, AByMA, TDEMA M T. A. HEH3BECTHBIMH.

Pewrumd yucnosoe ypaeHeHMie — IHAYUT HAUTH Ta-
KM€ YHCJIOBble 3HAYCHUA BXOAAUHX B HETC HEU3BECTHRIX,
KOTOpbie 0OPATAT YpaBHEHHE B TOKAECTBO. JTH 3HAYEHUA
Ha3bIBAIOTCA KOPHAMU YPABHEHUR.,

Pewumy 6yxgennoe ypaguenue — 3HAUYNT HAWTH Ta-
KHe RhIPaX»KeHH s HEU3BECTHRIX YeDPe3 BXOAAHE B yPaBHe-
HUA HIBECTHLIE BEJIMYMHBI, KOTOpbIe, 6yayuHn noacrasne-
HbI B ypPaBHCHHE BMECTC COOTBETCTBYIOIH X HEHIBECTHLIX,
ofpaTAT ypasHeHue B ToxjaecTso. HalifeHuble BhIpae-
HHUA HAJBIBAIOTCH KOPHAMU YPABHEHUA.

1) 3amcuy, yTo MHe xaxkercs 6osce menecoo6PaIHBIM ONpe-
ACAATHL YPABHCHHC NPOCTO KAK «PABEHCTBO, COACPXKALIee HCHM3-
BCCTHEIC BCAMMMHBL», HE UCKANHAA CyYasd, KOTAa dTO PABCHCTRO
ARJIACTCA TOXKACCTBOM. Besb, nMca 6ykBeHHOE PABCHCTBO, MBI B
ofuieM cayyac He 3HaeM 3apPAHCC, TOXKAECTRO OHO MM Her. Yro-
OBl YIHATH 3TO, HY»KHO OBLITHO MONBLIOBATLCS TEMH XKC NpHeMa-
M¥, KOTOPLIC IPIMEHSKOTCSH IDU peicHUH ypasHcHUM, [ToaTomy
CCTCCTBCHHQ CYMTAaTh OYKBCHHOR TOXKAGCTBO YACMHLIM CAYLAEM
ypasnenus.
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Ilpumep 1. 2 -1y _ uucnosoe YDABHEHHE C

3+x 2

2
OJHHM HeHaBeCTHbIM X. IIpu x = 1 o0a BhIpaxKeHnsa T
+x

H % x 06pa3yioT TOXKAECCTBO, T. €. JAKT OJHO M TO e YHUC-

J10; x = 1 ecTh KOPEHb YPABHEHHUA.
Hpumep 2. ax +b=cx+d— GyxkseHHoe ypaBHe-

d-b
HHEe C OJHHM HEH3BECTHLHIM X; IIDH X = ——— OHO oﬁpama-
a-c¢

eTCA B TOXJAECTBO, TAK KaK BhIDAKEHUHA a‘uJ +bwu

db
a—

+ d npu Bcex sHaueHuAx 6YKB a, b, ¢, d namor ogu-

HAKOBEIE Mexy co6oM yucaa (ec;m npeoGpa3oBaTs 3TH

BLIPDAXKEHHA, TO KAXK/A0€ M3 HUX MOXHO IIPEeACTABHUTL B BH-

ne 2d-be f") . Buauenue x = 9=2 ecry kopens ypasnenus.

a-—

IIpumep 3. 3x+ 4y = 11 — YHCJIOBOE YpABHEHME C
aByms HeudsBecTubiMM. Ilpu x = 1, y = 2 ono obpamaercs
B ToxkgecTBo 3-1 +4+2=11. 3navenna x =1,y =2 —
KODHH ypaBHeHud; x = -3, y = 5 — TakiKe KOPHHU ypaBHe-

HUA. 3HAYEHHA X = 2, § = 1% — TaKke KOpDHH ypaBHe-

HHUA. YpaBHeHHe HMMeeT 0eCUHCJeHHOe MHOKECTBO KOp-
He#, OlHAKO OHO — HE€ TOXKAECTBO, TAK KAK, HalpuMmep,
npy x = 2, y = 3 npasas U JIeBAA €ro YACTH He PABHBI MEXK-
ay coboii.

IIpumep 4. 2x+3=2(x+ 1) — uHciioBOE ypaBHE-
HHE ¢ OJHUM HeHaBecTHHIM. OHoO He ofpamaerca B ToXxje-
CTBO HH MPH KAKHX 3HAYEHHUAX X (IPABYK YaCTh MOKHO
OpEACTABUTE B BMJE 2x + 2; yeMy 6bl Hi paBHAJOCE 2X,
npubasieHMe K 2X YHCIa 2 He MOXKET JATh TOTO JKe YMCa,
yTo M npubassenre k 2x yucaa 3). ITo ypaBHeHHe He MMe-
eT KopHei.
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§ 18. PaBHOCUNbHbIE YpaBHEHUS.
OCHOBHbI€ NpUeMbI PeLleHUs ypaBHEHUN

PasunocurvHbimu ypasrHerusMu HA3LIBAIOTCH TaKHe
yPAaBHEHHSHA, KOTOPbIE MMEIOT OZIHM M T€ 2Ke KOPHM, HANIpH-
Mep ypaBHeHuA x2 = 3x — 2 u x2 + 2 = 3x paBHOCHJIbHBI
(oba umerT KopHu X = 1 i x = 2). [Ipouecc pemesdns ypas-
HEGHHH 3aKJIIDYAETCA B OCHOBHOM B 3aMeHe AaHHOro ypaB-
HEHHUA APYTHM, EMY DABHOCHJIbHBIM.

OcHOBHbIE HPHUEMBbI, NNPUMEHAEMEIE [DH pPelleHHH
YDABHEHHs, TAKOBHKL,

1. 3aMeHa OZHOTO BbIpAXKEHUA APYTHUM, TOXIECTBEH-
HO eMy paBHbIM. Hanpumep, ypaBHeHue

(x+1)2=2x+5
MO2KHO 3aMCHHUTH paBHOCH.HbeIM ypasnex—mem
x2+2x+1=2x+5.

2. IlepeHoC cnaraeMbIX M3 OAHOM YACTH YpaBHEHHA B
APYrylo ¢ MepeMeHOH 3HaKa Ha MNPOTHBONOJOXHbIH; Ha-
npumep, B ypasHeHHHu x2 + 2x + 1 = 2x + 5 MO»KHO Hepe-
HECTH BCE YJIEHbI B JIEBYIO YACTh, IPHUYEM uJeHbl +2x M +5
M3 HPaBOH YACTH B JIEBYIO HEPEHIYT CO 3HAKOM MHHYC,
Ypasuenue x2+ 2x+1 - 2x—5=0, unu, 94T0 TO XKe, X2 —
—4 = (0, pABHOCH/IBHO NCXOAHOMY.

3. YMHOXeHHe UM AeleHHue 00e X JacTel paBeHCTRA
Ha OAHO M TO >Ke BuIpaskeHue. IIpH 3TOM HYKHO MMETb B
BUAY, UTO HOB0C YypasHeHue MoMcem He ObtMb PABHOCUAY-
KM npedbidyujeMy, ecau svipadceniie, HA KOmMopoe Mbl
yMmHONCAeM unu denum, Moxcem Obimb PABHLIM HYRIO.

IIpumep. JanoypaBHenne(x — 1) (x+ 2)=4(x — 1).
PasgenuB 06e eroyacT Ha x — 1, nonyyaem x + 2 =4, 9ro
ypaBHeHHe UMeeT eAMHCTBEHHBIH KopeHb x = 2. Ucexonnoe
JKe YpaBHCHME, KDOMe KOPDHA X = 2, HMeeT ellle KOpeHb
x = 1. IIpu gcieHHH Ha X — 1 3TOT KOpeHkb ¢NOTEPAJCA».
HaobopoT, 1Py yMHOXXEHHH OOeHX YacTel ypaBHEeHMH
x+ 2=4Ha{x - 1)cBepX KOpHA X = 2 NOABAAETCA HOBBIHK
ropeHsb x = 1. 3 3TOrO HeE ceAyeT, YTO He HYKHO YMHO-
JKATH HJIM AENUTL 06e 4acTH YDABHEHHSA Ha BhIPDAXKEHHE,
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KOTOPOE MOXET PABHAThLCH HYNW, Hy»KHO TONKRKO KaX-
ABIH pa3, KOrja TaKoe AeHCTBHE MPOH3BOAMTCH, YYECTb,
HE IPONaAyT JM IPH HTOM Kakue-HUByAb cTapble KODHA M
He MMOABATCA JH KaKHe-HHOyaL HOBBIE.

4. Mo HO0 TaK)Xe BO3BOAHTH 00€e JacTH YPABHEGHHA B
OHY H TY K€ CTeneHb MM HIBJEKAThL M3 00eHX yactei
KOPHH OZHOH M TOH K€ CTENeHM; OAHAKO IPH 3TOM TaKXKe
MOTYT TIOJYYATLCH YPABHEHHSA, He PABHOCHJILHBIC HCXOA-
HeiM. Hanpumep, ypasaenue 2x = 6 ymMeer ofHH KOpeHb
x = 3; ypasHenue xke (2x)2 = 62, r. e. 4x2 = 36, umeer ABa
KOpHA: X = 3 u x = —3. [IepeA TEM KaK BBIIOJIHHTh NIpeob-
pasoBaHMe YPaBHEHHA, HY>KHO IIOCMOTDEThL, HE MOLYT JIH
IIPH 3TOM TNIPOTIACTL HEKOTOPLIE CTAPLIE eT'0 KOPHH MM IT0-
ABATLCA HOBbIe. OCOGeHHO BaXKHO YCTAHOBHTH, HE POMA-
JAl0T JIH CTapble KOPHH; NIOABJI€HHE HOBBIX HE TAK OIACHO,
TAK KAK BCErJA MOJKHO, MOJYYHB HEKOTODBIH KODEHL,
[IO/ICTABHTL €ro B HCXO/HOE YPaBHEHHE U HENOCPEeACTSEH-
HO [IPOBEPHTH, YAOBJIETBOPAETCH JIH OHO.

§ 19. Knaccudpmkauma ypapHeHVN

YpaBHeHHEe HASBIBACTCA @A2e0pauUNecKUM, €CIH KaskK-
NAaf B3 ero YacTeit eCTh MHOrOYJIEH MM oaHouseH (§ 6) no
OTHONIEHH 0 K HEM3BECTHLIM BeJTHYMHAM.

IIpumepb. bx + ay? = xy + 2™ — anrebpanye-
CKO€ YPABHEHHE C JBYM#A HEHIBECTHLIMH; HO YDABHEHHE
bx + ay? = xy + 2% He anzebpauieckoe, NOTOMY 4YTO Npa-
Bafl 4YacCTh PABEHCTBA — HE MHOTOUJIEH OTHOCHUTENbHO
6yKB x, y (cnaraeMoe 2* He eCTL OAHOYJIEH OTHOCHTEIbHO
GYKBBI X).

Crenenp aareSpanyeckoro ypaesneHus. Ilepexecem
BCE 4ieHb! aNrefpaHyecKOro ypaBHeHHA B OJHY ero 4acTh
H NpouaBeZieM NpPHBeJeHHE MOAOOHEIX €ro 4YJI€HOB; CCJIH
yPaBHEHHE 110CJI€ 3TOT0 COAEPHMUT TONBKO OAHO HEHIBECT-
HOE, TO CMEeNneHbl0 YpasHeHUR Ha3biéaiom Hauborbluiuil
u3 noxasameaneti npu weuzeecmuom. Ecnau ypasHeHue co-
IEPKHT MECKOJbLKO HEM3BECTHHIX, TO AJIA KAXKAO0r0 YiIeHa
YDABHEHHU S COCTABAAEM CYMMY Noka3ameneii npu scex



184 ill. ANTEBPA

axodawux 6 Hezo Heuzgecmuuvix. Hauborvwan us amux
CYMM HA3LLBACTCA CIMENCHLIO YPABHEHUS.

IIpumep 1. YpaBuenHne 4x3 + 2x2 - 17x=4x3-8
€CTh yPABHEHHME BTOPO#A CTETIEHH, TAK KAK IIOCJIE IIePEHOCA
BCEX 4JICHOB B JIEBYH) 4acTb YPABHEHHA NOCJEAHEE IPH-
Mer BuA 2x2 — 17x +8=0.

NMpumep 2. Ypasuenne a'x + b5 = ¢5 ecTs ypasHe-
HHE IICPBOH CTENMeHH, TAaK KaK HaubOoILIIasA cCTeNeHb HEN3-
BECTHOI'O X — TIE€pBaf.

IMIpumep 3. Ypasuenue alx® + bx3y3 — aBxyt - 2=
= 0 ecTh ypaBHeHHe 6-i1 cTEIIEHH, TAK KAK CYMMBbI TIOKA3a-
TeNeH CTerneHEH NIPH HEM3BECTHHIX X H Y COCTABJIAKT O
/i1 IEPBOr'C H TPETBLEro 4YJIeHoB, 6 Ana BTOPOro H HYNb
ANS YETBEPTOro; HANOOABIIAA U3 3TUX CYMM €CTh 6.

YacTo K 4uucay anreOpaMuecKHX OTHOCAT H TaKkue
YPABHEHHSA, PEHIeHHEe KOTOPBHIX NIPMBOAHTCHA K pEILEHUIO
anrebpaWyecKHx ypaBHeHHH. CTeneHbp0 TAKOPO ypaBHE-
HHA HA3BIBAIOT CMENeHt mozo anzebpauieckozo ypaere-
HUA, K KOMOPOMY OHO npusodumcs.

x+1

x -—
BTOPOI CTEIICHU, XOTA B HEr0 BTOpPaA CTEIIEHb HEM3BECTHO-
I'o IpsAMO He BXOAMT. HO €C/M 3aMEeHHUTh ero {(DARHOCH b-
HBLIM eMy) anrefpaH4ecKNM yparHeHHeM (0cBOBOAHTHLCH
OT 3HAMEHATesNs), TO OHo npuMer BUA 2xZ — 3x ~ 1 = 0,
YpaBHeHHe MepBOH cTeNeHH (C TI00LIM YHCAOM HEH3BECT-
HBIX) HA3bIBAETCA TAKIKE JAUHCIHLLM YDABHEHHEM.

IIpuMep 4. YpaBHeHHe = 2X eCTh YypABHEHUE

§ 20. YpaBHeHMe nepBom CTeneHu
€ O|HUM HEeU3BeCTHbIM

YpaBHenun 1-H cTeneHU ¢ OAHUM HEU3BECTHLIM IIOCE
Haanexxamux npecbpasoBaHHH MOXKHO NIPeCTABHTD B BU-
aeax=b,rae a b — fanHKIE YKCa HIH OYKBEeHHEIE Bbl-
PaXeHUA, coAep Kallie H3BeCTHbIE BEIHUYHHbI. PeleHue

(kopeHs) umeeT BuA X = 2 . TexHHUECKHE TPYAHOCTH MO-
a
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T'YT BCTPETUTHLCH TOAbLKO IIPH NMPOBEAEHHH npeobpa3osa-
HUH.
IIpumep 1.
3x-5 _3x-1_ 1
2(x+2) 2x+5 x+2°
1. IIpuseaemM npasyio YacTh PABEHCTBA K 06111eMy 3Ha-
MenaTen:
3x-5 _ (Bx—-1)(x+2)-(2x+35)
2(x +2) (2x+5)(x +2) ’
2. B yucaurese npaBoH 4HacTH packpoeM CKOOKM U
NpuBeaeM NoACGHbIE YIeHbI:
3x-5 _ 3x:+3x-7

2(x+2) (2x+5)(x+2)°

3. YMHoxcHM 06e yacTH paBeHcTBa Ha 2 (2x + 5) (x + 2),
4T06bI 0CBOGOAUTHL YpaBHEHUME OT 3HaMeHaTenedn. (Bonpoc
O TOM, HE TIOABATCA JH IPU 3TOM JIHIIIHHE KOPDHHU, OCTABUM
OTKPLITHIM 0 OKOHYAHKA pPellleHns.)

Bx—-5)(2x+5)=2(3x2+3x-T).

4. PackpbiBaeM CKOOKH:

6x2+5x— 25=6x2+6x— 14.

5. IlepeHoCMM BCe HEH3BECTHbIE 4JeHbl B JIEBYIO
YACTH, @ U3BECTHLIE B NPABYI0; NI0CJie IPHBEACHUS NIOK00-
HbIX YJIEHOB Tlony4aeM —x = 11, 4 KOpeub YpABHEHU A €CTh
x=-11.

IloacTapnsa 3TO 3HAYEHHE B MCXOAHOE yDaBHEHHE,
y6esxaaeMcs, YTO 3TOT KODEHb He JIMIIHUMN.

IIpumep 2.

x? (x-a)? | (x-b) _
(x—a)(x—-b) x(x-b) x(x-a)

1. [IpuBoAUM NEBYIO YaCTh K 00L1eMy 3HAMEHATeJI0!

x{(x—-a)(x—b).

([TononHuTebHLIE MHOMXKHTE/IM: X 414 IepBOii ApobH; ¥ — a
ANng BTOpPOM; x — b s Tperhbeit.)

Br(xr-aP+(x-b)° _ g
x(x—a}x-b)
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2. OcoboxkaaeMcs OT 3HAMEHATENA, YMHOKas obe
JacTH paBeHCcTBa Ha x (x —a) (x — b):

+(x-aP+(x-b)P=3x(x-a)(x-b).
3. PackpbIB CKOOKH, UMeEEM!
x3+ x3 - 3ax?+ 3a’x - ad+ x3 - 3bx? + 3b2x - b3 =
=3x3 - 3ax?— 3bx? + 3abx.

4, ITepeHOCUM HEHM3IBECTHBIC YJIEHLI B IE€BYIO YacCTh, a
H3BECTHLIE B IpaBylo, Ilocae npupeeHus NOAOGHLIX Y-
HOB TMOJIY4YaeM:

3a?x — 3abx + 3b2x = a3 + b3,
HIIH
3(a2—ab+ b2 x=a%+ b
5. HaxozuM 0TCI0/1a KOPEHB YPABHEHH A
a’+ b?

¥ e -avr0h

OT0 BhIpaXXeHHE MOXKHO YIIPOCTUThL, COKPATHE Apobb
ua a? - ab + b2:
=at b
3

§ 21. Cuctema AByX ypaBHEHWW NEPBOA CTENEeHM
€ ABYMA HEU3BECTHLIMU

Ilocne BrINOJHEeHHMA nNpeodpasoBaHHM, NOROBHBIX
paccMOTPEHHBLIM B NpeAblAYyiieM naparpade, ypaBHeHHe
1-i1 cTeneHu ¢ AByMA HEM3IBECTHRIMH X, Y NPHMET BHJ
ax + by =c, rge a, b, c — faHHble yncaa Wi 6yKBeHHbIE
BbIPAXKEHHA.

OTnenbHO B3ATOE TAKOE ypaBHEeHHE UMeeT Becuucyien-
HOe MHOXeCTBO KopHeli. OAHOMY M3 HEH3BeCTHHIX (Ha-
IIpUMEP, X) MOXKHO JATh COBEPIIEHHO MPOUIBOJILHOE 3HA-
yeHHe; 3HAYECHHe iy HAWIETCA U3 YPABHEHHA C O{HHM HEU3-
BECTHBIM, KOTOpOe NOJAYYHUTCH IT0CII€e IOACTAHOBKH 3Haue-
HHA X B Hallle yPABHEHHE.

Hanpumep, B ypaBHeHNH 5x + 3y = 7 MOXHO [0S0~
WHUTH X = 2; Torga nMeem 10 + 3y =7, orrkyna y = ~1.
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Ecnn HeH3BeCTHBIE X U y CBA3AHBI HE OHUM, a ABYMS
ypaBHeHHUAMH l-# cTeneHH, TO 6eCYHCIeHHOE MHOXKECTBO
3HAYEeHHH OHM MOI'YT MMETb TONMLKO B UCKJIHYHTEJBHBIX
caydaax (cm. § 23). BoobGiwe »e cHcTeMa ABYX YpPaBHEHHIT
1-i1 cTeneHH ¢ ABYMA HEM3BECTHBIMH MMEET TONLKO OJHY
cAcTeMy pelteHHMH. MoxkeT 0Ka3aTbCH (TOXKE B MCKJIIOUH-
TeNbHBIX CJAYYasixX), 4YTO OHA H BOBCE HE HMEeT DEelLIeHHH
(cm. § 23).

Pemenue cucTeMbl IBYX YPaBHEHH NEPBO cTencHHA
C ABYMA HEHIBECTHBLIMH MOXXHO DA3AHYHEIMH CIIOCO0aMHU
CBECTH K peIE€HHIO OJHOIC YDABHEHM A NEPBOM CTENEHH C
OfHHM HEH3BeCTHbIM. JIBa TakuX crocoba 06LACHEHBI B
caeayiolieM naparpade.

3ajauyu, NpUBOAAIINAE K CHCTEME ABYX YPABHEHHN C
OBYMA HEU3BECTHLIMHM, MOXXHO BCErJa PeWUTh U C No-
MOIL[LIO OJHOT'0 YPABHEHHUA C OAHHMM HEU3BECTHBIM; OfHA-
KO IIPH 3TOM 4YacTo NPHXOOHTCA YAEJIATbh MHOIC BHMMA-
HUA TEM pAacYeTaMm, KOTOphle IIPH MCHO/b30BAHHH CHCTE-
MBI ypaBHEHHH BLIMOJHAIOTCA Mo IIaGIOHHLIM IPHEMAM B
€caMOM NpoLecce PeIleHHA CHCTeMBI. To »Ke caMoe OTHO-
CHTCA M K 3ajayaM, PEIIAeMBIM C IOMOILUBI TpeX {HJH
OOJIBILIErO YHC/IA) HEHM3BECTHRIX. MOXHO pPelIMTh UX M C
11OMOIIbIO OAHOM HJH ABYX HEH3BECTHLIX BeIMYHH. YeM
foshIiee KOJUMYECTBO HEM3BECTHLIX BEJHUYHH BBOJUTCA B
paccMOTpeHHe, TeM, Boofuie roBopsi, Npollle COCTAaBIATD
KaMJA0e U3 YyDaBHEHMUI, 3aTO 3aTPYAHAETCA NMpPOIECC pe-
ureHus cucremsol. [IoaToMy Ha NpaKkTHKE IPeANOYTHTE b-
HO BBOAMTL BO3MOXKHO MEHLIIEE YMCJIO HEM3BECTHRIX
6ykB ¢ TeM, OgHAKO, YTOOLI COCTaBIEHHE YyPaBHeHWI GbINIO
HE CTHIIKOM CJAOKHBIM.

IIpumep. Kycok cnyaBa MegH M UMHKA 00meMOM
1 am? nmeet maccy 8,14 kr. CKOMEKO MEAH U IIUHKA B CILJIA-
Be {mnoTHocTk Mean 8,9 kr/am3; uuaxa — 7,0 kr/nM3)?
O6o3Hayas yepesa X M y HEM3BCCTHbBIE O6'LEMbBI MEAH U L{HH-
Ka, UMeeM Ba YDABHCHHUA!

x+y=1, (1)

8,9x + 7,0y = 8,14. (2)
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ITepBoe BuIpasxaeT, 4TO o6IMHA 00beM MeaM M IHUHKA
(8 aiM3) paseH 1; Bropoe — uTo UX obuiad Macca (B KI) pas-
Ha 8,14 (8,9x ects macca mean; 7,0y — macca nuaka). Pe-
mwasA cucTeMy ypasHeHuH (1)—(2) nmo obmium npasuaaMm
(§ 22), saxopum x = 0,6; y = 0,4. ATy ke 3aza4y Ml pe-
umnu B § 16 (npumep 2), BBOAA TONLKO OXHY HEH3BECT-
HYIO OyKBY x. YKa3auu, cgenanusie B § 16, ocraorca B
CHJIE M [IPH COCTABJIE€HHM CHCTEMHKI YDABHEHHH C ABYMA U
66ABIINM YHCIOM HEU3BECTHDBIX.

§ 22. PelueHne CUCTeMbI IBYX YPaBHEHMIA
NepBoOM CTeneHy ¢ ABYMS HEU3BECTHbIMMU

C1toco6 nmogcTAHOBKH COCTOHT B TOM, YTO:

1. A3 oaHoro ypasHeHHs Mbl HaAXOAMM BbIpa>keHHEe
OZHOTO0 U3 HEMABECTHLIX, HANPHUMEDP X, Uepe3 U3BECTHHIE
BEJTMYUHBI U APYroe HEM3BECTHOE Y.

2. HajineHHoe BHIpa)keHUe MOACTABJAEM BO BTOpOe
YpaBHEHUE, B KOTOPOM M0CJIe 3TOH TOACTaHOBKH Oy AeT co-
JEepPKaThCA TOJALKO OZ{HO HEU3BECTHOE Y,

3. PewraeM noJy4yeHHoe ypaBHEeHME U HAXOAMM 3HAYe-
HHE Y.

4. IToncTaBnAA HAleHHOE 3HAYEHHE ¥ B BbIPpaXKeHHe
HEeH3BECTHOTO X, HaliIeHHOe B HavyaJie PelleHNs, noayda-
€M 3HauUeHMe X.

II1pumep. Peurnrs cHeTeMy ypaBHEHHM:

8x — 3y = 46,
5x + 6y = 13.
1. 3 nepBOro ypaBHeHHA HAXOJHUM BbIpasKEHHE X 4e-
pe3 JaHHbIe YHCIa 4 HEU3BECTHOE I:
_ 46 +3y
5

2. TloacraBnsieM 3TO BhIpaMEHHE BO BTOPOE ypaBHe-
HHUe!

x

5-%’! +6y =13.
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3. Pemnraem nmonyuyeHHOe ypaBHeHUe:

5(46 +3y) + 48y = 104, 230+ 15y + 48y =104,
15y + 48 =104 - 230, 63y=-126, y=-2.

4. HaligenHoe 3Ha4yeHHe y = —2 NIOACTABNACM B BLIpa-

46_6,T.C.I=5.

JKeHUe x = iﬁ—gﬁﬁ : moJiyyaeMm: x =

Criocod caoXeHHss MJIH BBIYHTAHMA COCTOHUT B TOM,
4TO:

1. O6e yacTH OHOIO YpABHEHHMS YMHOMKAIOTCSA HA He-
KOTOPLIH MHOXHTEb; 06e YaCTH BTODOT'O YDABHEHHA YM-
HOXKAIOTCA HA APYrOH MHOMXHUTEN. OTH MHOMKHTEH IOA-
0MpalTcA Tax, 4To6bl KO3 UI{HEHTHI DX OJHOM H3 He-
M3BECTHLIX B 060X YpABHEHHAX NIOCE UX YMHOXKEHHS HA
3TH MHOXXHTEJIM HMEJIH OHY M TY e abCONKTHYIO BeaH-
YUHY.

2. CknaapiBaeM JBA YDABHEHHA HJAH BBIUMTAEM HX
OPYT H3 ApYyra B 3aBHCHMOCTH OT TOro, HMCIOT JIX ypas-
HeHHble KO3((PHUIMEHTbl pa3JIMYHbIE HJAH OAUHAKOBBIE
3HAKH; 9THUM OJHO U3 HEU3BECTHBIX UCKJIOYAETCA.

3. PemaeM mnoaydyeHHoe ypaBHEHUE C OXHHM HEH3-
BECTHBIM,

4. [Ipyroe HeM3BECTHOE MOXKHO HAHTH TEM JKe IIpHe-
MOM, HO OOBLIYHO TIpOIlE BCEro MOACTABUTHL HAUWAEeHHOE
3HAYEHHE TIEePBOT'0 HEH3BECTHOroO B J000e M3 AaHHBIX
ypaBHEHHNH H PEMIHTH NOJyUHBIleecA YPABHEHUE C OJHUM
HEN3BECTHBIM.

Il puMep. PemuTe cucTEMY YpaBHEHUIA:

8x — 3y = 46,
5x + 6y =13.

1. ITpomge BCcero ypaBHATL aGCONIOTHBIE BEJHYHHBL
Ko3thuuMeHTOB NpH y; obe YacTH NepBOro YPaBHCHHA
YMHOMXKHUM Ha 2; obe yacTH BTOpOro — Ha 1, T. €. ocTaBNA-
€M BTOPOE YPABHEHUE HEM3IMEHHBIM:

8x - 3y =46 2 16x - 6y =92,
5x+6y=13 1 5x + 6y =13,
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2. CknanpiBaeM 1Ba ypaBHeHHA:

16x ~ 6y = 92
Y sr+ey= 13
21x = 105.
3. PemaeM nonyuesHove ypagpHeHHe:
_ 105 _
x 51 3.

4. [loacraBnsaeM 3HaYeHHE X = 5 B IepBOE ypaBHEHHeE;
HMeeM:

40 -3y =46; —-3y=46-40; —3y=6.
Orcrona

-6 __
Y 3 2.

Cniocof6 C/0XKEHHA M BhIYUTAHMA CJIEAYeT IpPeAIo-
4eCThb APYTMM cIriocofaM: 1) Korja B JaHHBIX YPABHEHUAX
abcosmIoTHRIE BEJIMUUHEI KOG PUIMEHTOR IPDH OJHOM M3
HEH3BEeCTHEIX DABHHI (TOra NEPBEIM H3 3TAIOB PEIIeHHSA
CTAHOBUTCHA HEHYXXHKIM); 2} KOFAa cpasy BHAHO, YTO YHC-
noBbIe KO3GhGMUIMEHTHI IPU CAHOM H3 HEMABECTHBIX YDAB-
HHUBAIOTCA ¢ MOMOIIbIO HEGOILIIMX LEJTOUNCTEHHEIX MHO-
MHUTeaei; 3} Koraa KoadpPHIUMEeHTHI YPaBHEHHU M COAepKaT
6YKBeHHbIE BLIDaXKeHMA.

Il p u M e p. Pettuts cHcTemy:

(etcyx~(a~c)y=_2ab,
(a+b)x—(a-d)y=2ac.

1. YpaBuuBaeM Ko3dpPHIHEHTH] IDH X; YMHOXAaA obe
YacTH IePBOre ypasHeHUA Ha (a + b}, a BToporo Ha (a + ¢),
moay4Jaem:

(atc)a+byx—(a+b)(a—c)y=2ab(a+d),
(at+tc)(a+bd)x—(a-b)(a+c)y=2ac(a+c).



§ 22. Pewienne cucTeMbl ABYX ypasHeHUA M

2. BolyuTaeM U3 INepBOro YpaBHEHHA BTOPOE; MOJY-
yaem:

((a-Yatc)y@a+td)la—c)y=
= 2ab (a + b) - 2ac(a +c).
3. PemaeM noxyyeHHoe ypasHeHHe:

2ab{a +b)—2ac(a+¢)
(a-bya+c)-(a+b)a-c)’

y=

OTO BBIpAa’XEHHe MOMKHCO SHAYHTENbHO YIPOCTHTH,
AJiA 4Yero, 0AHAKO0, NOTpeOYITCA AOBOJLHO JOATHE ITpeos-
pasosanmua. B yncnuTese H sHaMeHaTeNe pACKPOEM CKOG-
KH, MPUBEAEM IIOAOOHbIE YIeubl H IIPOH3BELEM passiokKe-
HHe Ha MHOKHTeaH. Ilocne atore xpoGh cokpaTuTcH;
nMeem:

2a(ab+ bt -ac—c?)
(a’-ab+ac-bc)-(at+ab— ac—bc)
_ 2a{{ab—ac)+(b%2-c?®)) _
—2ab+2ac
_ 2a({b-c)a+(b—c}b+c)) _
~2a(b-c)
_ 2ab-c)la+bd+e) =—(a+b+e)

—2a(b—rc)

y:

4. Yro6bI Ha#iTH X, ypaBHAEM K03 PHUIIMEeHTh IPK I B
HMCXORAHBIX YPABHEHMSIX, YMHOXKHB Iepsoe Ha (a — b), BTo-
poe Ha (@ — ¢). BuiuTa OfHO NMOJy4YeHHOEe YpaBHeHHe H3
APYroroe, pelliiM YpaBHeHHE ¢ OJHUM HEM3BECTHLIM; Hafl-
xem:

_ _2ab(a-b)-2ac(a-c)
(a-b)a+c)-(a+b)a-c)’

BrinosuAA Takue )Xe NpecOpa3zoBaHHA, KAK B IPejhl-
AYLIEM IYHKTe, MoAyYuM X = b + ¢ —a. [TlogcranoBka 3HA-
YeHHUA Y B OHO H3 HCXOAHBIX YpPaBHEHHUH noTpeboBana 6nr
6oJjiee YTOMHUTENLHBIX BLIYHCJHEHUN; NMPHU PeUICHHUIT GYK-
BEHHLIX YPAaBHEHHH Tax ObIiBaeT OUeHb YacTo.
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§ 23. O6wme dopmynbi n ocobble Cydan peLueHns
CHCTeMbl IBYX ypaBHeHUWA NepBO cTeneHun
€ IBYMSl HEU3BECTHbIMM

Pemenye CHCTEMEI yPaBHEHMM BHAA
ax+ by =c, 1)
o x+by=cy (2)
MOJKHO Mo y4aTs ObIcTpee, eCTM MPHMEHATH Da3 HaBCceraa
BbIBeZEHHKIE o0uiHe Gopmynsl. IlocnexHue MoxHO mosy-

YUTh JH00BIM CIOCOGOM, HATPUMED CITOCOOOM CI0KEHHA U
BhHIYHMTaHMUA. Pemenue OyzeT UMeTs BUZ,

=b,c-bcx
* ab,—ab’ @)
_ ac,—ac
y abl—alb' “)

3T POpMYIBl OUEHb JIEFKC 3ANIOMHHTD, €CJH BBECTH
ANA YHCAHTeN el H 3HAMeHATeNeH CleAVIOIee YCIOBHOE

paq
rs

ofo3HaYeHHe, Y CJOBHMCH 3HAKOM 0603HAYATS BhI-

pa)xeHHe ps — rq, MOJY4aloNeecs KPecTOCOPAIHLIM yM-

HOXeHHeM

r 8§

M OCHEAYIOUIMM BhHIUYHTAHMEM OJHOTC IPOH3BEACHHSA
M3 ApYroro (co aHaxkoM + GepeTcs TC IPOH3BeAeHHe, KO-
TOpOe NIPHHAANEXKHT JMaroHa M, CHYCKaweics Bupa-
5-8
2

Bo). Hanpumep, 3HaK ogHauaer 5 -1-2-(-8)=

=5+16 = 21.
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Bmipaxkenne

pq
rs

=ps—rq

Ha3bIBAIOT onpedenrumenem amopozo nopadxa (B OTAHUNE
OT onpejenuTeNeH TPeThero, YeTBEPTOro H T. 4. IOPAJ-
KOB, BBOAHMBIX [IDH pellleMHH CHCTEM YpaBHeHH# 1-1 cre-
NEeHH C TPEMSA, YETHIPBMSA M T. A. HEN3BECTHRIMU),

C noMoubio BBeAeHHbIX 0003nadyeHn i dopmyan (3) n
(4) sanuiyTCA TaK:

c b a c
b a, &
x= »  (9) y= , (6)
a b a b
2 a, b,

T. €. K&)KA0€ U3 HEH3BECTHBIX PaBHO APOOH, 3HAMEHATEIb
KOTOPOH e€CTh ONpPEeAeJNTeNb, COCTABIEHHBIH N3 K0addu-
I{HEeHTOB IIDH HEM3BECTHHIX, 8 YHCJAMTENb OJYYaeTCA U3
3TOTO OTIpeAeNUTENSA 3aMeHOH K03 PUIHEHTOB IPH COOT-
BETCTBYIORIEM HEM3BECTHOM HA CBOBGOAHBIE YJICHDLI.

II p u M e p. Peurute cHcTemy:

8x — 3y = 46,
{5x+6y=13.
16 -3
_|13 6] _ 46-6+13-3 _ 315 -5,
83 8-6+5-3 63
56
8 46
y= 513| _8-13-5-46 _ -126 _ o
8 -3 63 63
5 6

7 Buiroackwii M.A.
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HccnepoBaHue IOKA3LIBAET, YTO IPH PEILIEHUH CHCTE-
Mbl (1)—(2) MoryT npeacTasUThHCA TPH CYlLIECTEEHHO pas-
JIMYHBIX CAYYas.

1. Kosgdunuenrs! ypasHenuii (1), (2) nenponopuuo-

HANbHBI: = # bﬂ . Torpa, kakoBsI GBI HH OBLIH CBOGOIHEIE
a, 1
YJIeHbl, YPABHEHUE HMEET EAHHCTBEHHOE DEIeHUE, IPeS-
crapafemoe ¢opmyaamu (3), (4) nan, 4TO TO XKe camoe,
dopmynamu (5), (6).
2. Koad¢pnuuentrl ypaBHenni (1), (2) nponopnuo-
HanpHel: 2 = bg . Torga Ba>kHO 3HATL, HAXONATCA JIH B
a, 1
TOM >Xe OTHOILIeHAH 1 cBoGosHbIe uneHbl. Econ naxopar-
cA, T. €. eCNH — = — = - , TO CHCTeMa YPaBHeHHH UMeeT
a, b, €
fecuHClieHHOE MHOXKECTBO pelreHdi. I[IpuuuHa atoro B
TOM, YTO B PACCMATPUBAEMOM C1y4ae O/(HO U3 YPABHEHUH
€CTh CJIeICTBHE IPYroro, Tak 4To (PaAKTHIECKH Yy HAC OJTHO
ypaBHEHHE, a He ARA.
IIpuMep. Bcucreme

10x+ 6 =18,
5x+3y=9
K03 PHUHEHTHI IPH HEM3BECTHHIX X H Y IPONOPIHOHAE-
HEI} %’ = g = 2. B TOM ke OTHOILIEHHU HAXOAATCHA H CBO-
18 _

BOMHbBIE YEHBI: 9 - 2. OHO M3 ypaBHEHHH €CTb CJIEACT-

BHE J]pYyroro; HMEeHHO, NIEPBOE NONYYaeTCA H3 BTOPOro YM-
HOXXeHHeM obenx uacteil nocneaHero Ha 2. JIroboe us 6ec-
YHCIEHHOI'O MHOXECTBA PEIlleHHH OfHOr0 M3 YPABHEHHIH
CJIY>KUT pellieHHeM U Apyroro.

3. KoatdpuuneHTs YpPaBHEHHH NpPONOPLHOHANBHBIZ

_ = :; s HO CBOGOIIHMQ YJieHbl HE HAXOAATCA B TOM >Xe OT-
a, 1
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HomeHuH. Torzia cucTeMa He HMeeT PELIEHU H, IOTOMY UTO
ypaBHEHHA APYT ADPYT'Y IPOTHBOPEYAT.

II pumep. Bcucreme

10x + 6y = 20,
5x+3y=9

Koa(hdunMeHThl TPONOPIMOHANLHEL: L5Q = g = 2. OtHoO-
meHHe e cBOGOJHBIX YJIEeHOB HHOE, YeM OTHOMIEHHE KO-
abpunmenros: 29—0 = 2% . Cucrema He MMeET pelIreHudit,
NMOTOMY UTO, YMHOXXHMB BTOPOe ypaBHeHHe Ha 2, HMeeM
10x + 6y = 18, YTO IPOTHBOPEYHT IEPBOMY YPABHEHRHIO,
TaK KaK OJIHO U TO Ke BripaxkeHue 10x + 6y ne moxker pas-
HATHCA 4 18 u 20.

§ 24. Cucrema Tpex ypaBHeHHA NepBoON CTeneHu
€ TpemMs Hen3BeCTHbIMU

Ilocne BrimonHeHua npeofpa3oBaHui, MTOAO0OHLIX
paccMoTpeHHBIM B § 20, ypaBHeHHe NEpPBOH CTeNeHH C
TPEMs HEMIBECTHLIMH X, Y, Z IpuMeT Buj ax + by +cz=d,
rae ¢, b, ¢, d — AaHHKIe UNCIA UK GyKBEeHHRIEe BhipaXe-
HHs. OAHO TAKOE YPABHEHHE, OTAEJbHO B3ATOE, UM CHC-
TeMa JABYX TAKMX YPABHEHMH MMeeT 0eCUMCIEHHOE MHO-
HecTBo peureHu#. CucreMa Tpex ypaBHeHUA 1-# cTeneHHd
€ TpeMs HEM3IBECTHAIMH HMeeT B oflieM caydyae OAHY Cuc-
TeMy pelIeHMii. B HCKAIOUHTENABHAIX CAYyYaaX (CM. HEKE)
OHAa MOXKeT HMETh GeCyUCIeHHOE MHOMECTBO UJIH BOBCE HE
HMeTh PElIeHHH.

Pemenue cucTEeMB! TPeX YPABHEHHMH € TpeMsA HeM3-
BECTHLIMH OCHOBBIBAETCA HA TEX Ke IMPHeMAaX, 4TO U pe-
[IeHHEe CHCTeMhl BYX YDAaBHEHHH ¢ ABYMS HEHUIBECTHBI-
MH, K&K BUAHO U3 CJAEJYIOILEro IpaMepa.
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Il pu M e p. PeruuTs cucTeMy ypaBueHui

3x-2y+52=1, (1)
Tx+4y—-82=3, 2)
5x—3y—4z =-12. 3)

BoasMeM iBa ypaBHEHHSA 3TOM CHCTeMBbI, HanpuMep (1)
1 (2), u 6yaeM HCXOAUTH U3 IIPEATIONOMEHM, YTO OAHO H3
HEU3BeCTHRIX, HATIPUMED 2, y’Ke HalfleHo, T. e, ABIAETCH
M3BECTHOH BenwuHUOHN. Peias B3aATyO CHCTEMY OTHOCH-
TeJLHO HEM3BECTHRIX X U Y M0 mpaBunam § 22, naigem:

_17-2z. . _ 59z-40
3 Y T 4)
IloacTasuB 9TH BulpaXeHHua X, y B ypaBHeHHe (3), noay-
YHM YpPasHEeHHe C OJHUM HEHM3BECTHBIM
5(17-2z) _ 3(592-40) _ 4, _19
13 26 ’

Pemus aTo ypasuenue (§ 20), naiigem z = 2. IToacraBus
3TQ 3HaYeHHe B BripakeHuA (4), RafigeMm x =1,y = 3.

x

O61ue GopMyIbl A pEIIEHHUA CHCTEMBI

ax + by — cz =d,
alx+b1y+clz=d1, (5)
a,x + boy + ¢z = d,

MOXHO NOJY4YHTH TeM ke npuemom. Pemenue OGyger
HMETDb CJ0KHBIA H TPYAHO 3aIICMUAAEMBIA BHJ, €CJTH ero
3aIMCATbL B PA3BEPHYTOM BHJE, HO €My MOXXHO NPDHAATH
JIETKO 3aIIOMUHAEMEIH 1 YAOOHBIH A/ BRIYUCIEHUA BAJ,
ecJIM NpeABAPHTEIbAO BBECTH ICHATHE Onpedesumens
mpemoez0 nopadka.

Onpenenurent TpeTLEro NOPAAKE, COKPAIeHHO 060-
3HaYaeMbIH

abc
a, by | (6)

a, b, c,
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€CTb HE YTO MHOE, KaK BhIpaXKeHHe

ab,c, + beyay + caby, —chyjay, —acby, —baye,. (7
970 BhIpa’keHHE HE HYXKHO 3aNOMHHATD, TAK KaxK OHO Jer-
KO MOJIYyYAaeTCA K3 CBEOEr0 CXeMATUYECKOro obo3HaueHud
(6) crepayromum obpagom: nepenvmeM tabanyy (6), npu-
IMCcaB K HeH CIIpaBa CIIE pas ABa NepPBhIX ee cTonbua; Tab-
auua npumet BuA (8)

a b ¢ a P 3 25 3 -2
\ Ny N/ Ve \ * A Ny ‘ Ve ’
\ / \ Ve /
al bl Cl al bl (8) 7 4 _8 7 4 (8’)
Ve ’ A4 ‘ Yy N 7 ’ s ’ v - N
/ s N 7N\ N\ 7 7N VRN \
a, 2 Co [+2) bz /5 73 _/4 5\ _3\
e T

IIpoBepem auaroHaJbHbIE TUHUM, OTMEUCHHDBIE HA CXEME
(8) NyHKTHPOM, ¥ BRIDHUIIEM NPOU3BENeHHA OYKB, CTOA-
MHAX HA KamAOM U3 IIECTH AUATOHANBHBIX JuHHK. Co
3HAKOM + BO3bBMEM T€ TPH NpPOU3BEAEeHUA, KOTOPhIE [IPH-
HAAJIEH AT AHaroHANAM, OIYCKAIOI{HMCSA BIIPABO; CO 3HA-
KOM — OCTaJIbHhle TPU NPOM3BEJEHHUA. 3alKUcas TEnepb
3TH NPOU3BEAEHU A OAPAJ, HOAYYUM Bhlpaxenue (7).

IIpumep 1. BelyuCAUTL ONDEAENHUTENEL TDETHETO
MOpAAKA

-2 5
4 -8 )
-3 -4

G -3 W

Cxewma (8) npumer Buz (8').
Onpeaeaurens (9) pasen
3:'4(-4)+(-2)(-8):5+5-7-(-3)—
—5-4-5-3-(-8)(-3)~-(-2) 7 (-4)=
=-48 +80-105-100- 72 - 56 = -301.
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C nmomolbi onpefenuTesiell peuieHHe cHcTeMmbl (5)
MOXXHO UPEICTARMTH B BHIC

dbc a dc a b d
d, by ¢ a, d, ¢, a b, d,
‘= d, b, ¢y Ly = a, d, ¢, 2= a, b, d, . (10)
abc a b c a b c
a, b, ¢ a, b, ¢, a b, c,
a, b, ¢y a, b, c, a, b, ¢,

T. €. KaXA0€ U3 HEU3IBECTHLIX PABHO ADOOH, 3HAMEHATENb
KOTOPOMH €CTh ONPEAENNTENb, COCTABIEHHBIH U3 KO3 H-
LiHEHTOB IIPY HEU3IBECTHHIX, 4 YUCJIHTEb [IO1YYAETCA U3
3TOr0 ONpPEJEIHTENA 3IaMeHOH Ko3(PPHIIMEHTOB IIPH COOT-
BETCTBYIOIIIEM HEM3BECTHOM Ha CBOOOJHEIE YIEHH!.
IIpumep 2. PelIHTh CHCTEMY YPaABHEHUH

3x—-2y+52=1,

Tx+4y—-8z2=3,

5x~3y—4z =-12,
O6umii akamenarens opmys (10) BEINMCIEH B IPHMepe;
oH paseH —~301 Yncaurens nepsosi ua popmya (10) mony-

gyaercss M3 (9) saMeHo# mepBoro ero cronbma croaduom
¢BOOOIHEIX yieHO8, OH HMeeT BHA

7 -2 5
3 4 -8|-
-12 -3 -4

Briuucass ero no cxeme (8), nonyuum —301. Takum o6pa-
-301

30M, TIOIY4YAeM; X = —o=
AYHBEM; X = a1

=1 (cp. npumep Ha ¢. 196). Tax

JKe HaHgeM:

908 _ g 602 _ o
~301 2301

y
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Cucrema ypasHeHH# (5) HMeeT eAMHCTBEHHOE pelie-
HUE, €CIH ONPEACNNTENb, COCTABJIEHHKIN U3 K03hduiiu-
€HTOR DU HEeU3BECTHHIX, He paBeH Hyaw. Toraa popmy-
as1 (10), B 3HaAMEHATENAX KOTOPBIX CTOMT YHOMAHYTHIM
OnpeAeUTENb, NalOT pemieHue cucteMsl (5). Ecau onpene-
JIUTENb, COCTABICHHBIN H3 K03DPUIUEHTOB, PaABEH HY IO,
T0 hopmynkt (10) cTaHOBATCA HENPUIOAHBIMH AJISI BEIYMC-
neHusi. B aroM cayyae cucrema (5) nu6o uMeeT GecunucaeH-
HOE MHOXKeCTBO pelieHui, 1ubo coBceM Ux He uMeeT. Bec-
YHCJIEHH0E MHOMXECTBO PellleH U Oa HMEET B TOM Clydae,
€C/IM He TOJbKO ONPEJe/NMTeNhb, CTOMALIUII B 3HaMeHATe-
JAX, HO X ONPEAEANUTENH, CTOARIHE B YHCAUTENAX DOPMYA
(10), o6panjaroTca B HyJb; BaXXHO OTMETHTh, YTO ECJIH OII-
pe/leTuTeNb, CTOAIMIT B 3HAMEHATENAX, U OlUH U3 Ollpe-
JAeUTeNIeH, CTOAIUX B YHCANUTENAX, PABUKI HYJII0, TO B
APYT4X ONIpefleTATeNS B YUCTUTENAX HENPEMEHHO PABHBL
Hynwo. Hanuyue GecuucneHHOr0o MHOKECTBA pPeINEeHUl
o6yc/IoBIMBAETCA TEM, UTO OJHO M3 TpeX ypaBHeHui (5)
ABAAETCA CAEACTBHEM ABYX APYrMX (MM Aake ABA U3
ypaBHEHHUH (5) ABAATCA KAMAOE CIACTBUEM TPETLEID),
Tax 4TO JaKTHYECKH Mbl HMeeM He TPH, a JUIIb ABa (Uau
Jaske 0lHO) YpaBHEHHE C TPDEMA HEU3BECTHAIMH.

IIpumep 3. BcucreMe ypaBHEHHH

2x - by +z=-2,
4x +3y—6z2=1, 11
2x +21y-15z2=8

onpeAenuTeN b A3 KOIPHUITHEUTOB €CThb

2.5 1
43 -6|=0
221 -15

(cM. cxemy (8)). B3aB O/IHH U3 ONpe/ieTUTENeH, CTOAIHX B
YHCAHUTENAX dopmya (10), HaMpUMED ONIPEAEIUTENE

-2-5 1
1 3 -6
8 21 -15
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BXOAAINMi B nepByo u3 dopmya (10), HaliaeM, 4TO OH
Tak>ke paseH HyJ 10, OcTajJbHbIE JBA ONIpENEIHTENA, BXO-
JOAUiE BO BTOPYIO X TPeThIo dopmyas: (10), He HYKHO BbI-
YUC/STh: OHU 3aBeZoMO paBHbI HYyA0. CHcrema (11) ume-
eT GecyHc/IeNHOe MHOKECTBO PEIIEHHH: OJHO U3 Ee ypaB-
HeHul (n1060€) ABNseTCS CleAcTBHEM JBYX Apyrux. Ha-
pUMeEP, €CJH YMHOXKHThL BTOpOe ypasHeHHe Ha 2, nepsoe
Ha —3 ¥ CNOXXKUTb MNOJIyueHHble yPABHEHUA, NOJYUHM
TPEThE YDABHEHHE.

Cuctema (5) BOBCE HE UMEET pelleHM i, eCJH OIpese-
JIUTENb, CTOALMHA B 3HameHaTenAX Gopmya (10), pasen
HYJIO, HO HY OJUH U3 ONIpeleNuTeNeH, CTOAIHX B YHCIH-
TeNAX, He paBeH Hyr0. [Ipn 8TOM JocTaTouHO y6eaurece,
YTO He PaBEH HYJIO OJIMH U3 UMCAHTENel; Torna Asa Apy-
rux HenpeMeHHO OyayT He paBHBI HyM10, OTCyTCTBHE pE-
meHH o0yc/JOBJHMBAGTCA TEM, YTO OJHO H3 ypaBHEHHMA
IIDOTHBOPEYHT ABYM APYTHM (UM AaKe KakJAOMY U3 HUX
B OTHE/NbHOCTH).

IIpumep 4. BosbmeM cucTeMy ypaBHEHUH

2x — 5y +z2=-2,
4x+3y—-62=1, (12)
2x+ 21y - 152 =3,

KOTOpaf oTaAH4YaeTca oT cucTemsl (11) TonsKo 3HAYEHHEM
cBOGOJHOrO 4YjeHa B nocaeAHeM ypasHeHun. [loaToMy om-
pepenurend U3 K03hdHUUHUEHTOB OCTAETCS TEM JKe: OH pa-
BeH HyJdw0. Ho onpeaennteny, BXoAAUNE B YHCANTENH,
6yayT uHbIMH. HanpuMep, YHCANTENb NEPBOH U3 GOPMYJ
(10) 6yner

-2-5 1
1 3 -6 | =-135.
3 21-15

OxH He paBeH HyJa0. OcTaNbHEIE ABA YHCIKTENA 3aBEA0OMO
He paBHB! HyJI0. Cucrema (12) ne umeet peimrenuii. Ona
[IPOTHBOPEYNBA, TAK KAK M3 NEPBLIX ABYX YPABHEHHIA BEI-
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TeKaeT KaK CcJeACTBUe ypaBHeHne 2x + 21y — 152 = 8 (cm.
npuMep 3); MeKAY T€M TPeTbe ypaBHeHHe CHcTeMu (12)
nMeeT BRA 2x + 21y — 152 = 3, Tak YTO OJHO M TO K€ BhI-
pa’keHUE OKa3bIBAETCH PABHBIM M 3 4 8, Y4TO HEBO3MOIKHO.

§ 25. MpaBuna AeHUCTBUA (O CTENEHIMMU

1. Cmenene npouszgedenus 08yx UAU HECKORLKUX
COMMHOMuUmMeAel PAGRA NpouzeedeHur cmeneneir Imux
coMHONUmMeneil (c mexm xe noxasamenem):

(abc...)*=a"bcr ... .
IIpumep 1.(7-2-10)2-72-22-102 =
=49-4-100 =19 600.
IIpumep 2. (x2-a2P=(xta)(x—a)P=
=(x+a)*(x—a)’(cp- § 8. n. 3).

IIpaxTHuyecku Gonee BaxxHo ob6paTHoe npeobpasopa-
HHUe:

anben... =(abc ...)",
T. . npou3gedenue 00URAKOBLIX CIMENEReil HECKONMbKUX

BeNUNUN PABHO MOl ¥e cmeneHu npouaseaenua mux
8eRUYUN.

npuxer o (I (3 -(e ] 3 o

Hpumep 4.(a +b)2 (a2~ ab+b?)2 =
=({a + b) (@2 — ab + b?))2 = (a3 + b3)2 (cp. § 8. 1. 6).

2. Cmenens wacmnozo (Opobu) pasra HacmHuoMy om
Beneuua moil xe cmenelu 0e.nu.uozo NG miy xe cmenensd

deaumens:
-3
b b

24 _2¢_ 16
IIpumep 5.(5) 3R
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a+b)® _ (a+b)?
IIpumep 6'(a—b) @by

O6paTnoe npeobpasoBanue: :—: = [g)" .

3
MMpumep 7. 7.5¢ =(H) =33=217.

2,59 2,5
IIpumep 8.
(az—bz)i___(az—b'2= 2
(a +b)? a+b (@—b)

(cp. 111, § 8, m. 3).

3. ITpu ymuomenuu cmenenell ¢ 00UHAKOBBIMIL OCHO-
ganuamMu noxasamenau cmeneneil cxaadvteawmca (cp.
111, § 6):

amgh=qgmta,
IIpumep 9. 22-25=22+5=27=128,
ODpumep 10. (a~-4c+x)2(a—-4c+x)*=
= (a — 4c + x)5.

4. ITpu denenuu cmeneneil ¢ 0GuRAKOBLIMU OCHOBA-
HUAMU nokasamenp cmenenu derumens eviyumaemcs
u3 noxaszamens cmenenu deaumozo (cp. § 6):

az
a’l

NDpumep 11.125:123=125-3=122 =144,

ODpumep 12. (x—yP:(x—yP=x-y.

5. ITpu eo3asedenuu cmenenu 8 cmenews noxasament
cmeneneil nepeMHoONCaArOmMes:

(am)u =gmn,

IDpumep 13.(23)2 =26 =64,

Mpumep 14. (“.._.%3)4 = (@)t _ atbr®
[

ct ct

=gm-n
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§ 26. NeCTBUS C KOPHSIMN

B HukenpuBeieHHR X GOPMYyJIaxX 3HAKOM J obosna-
yeHa afcoNOTHAN BeAHYUHA KODHA.

1. Benruvuna Kopusa He U3MEHUMCR, ecllu e20 noKasa-
meab yaeniuuums 6 n pa3 u 00HO8PeMEHKO B038ecmu nod-
KOPeHHOe 6bipadierue 8 cmenekd n:

m'/a=m-nﬁ.
Opumep 1. 38 =32/82 = 6/64 .

2. BeruwuHna KOPHA He U3MEHUMCA, eCAU nOKAJda-
menb cmeneru YMeHbWUMb 8 n paz u 00H0BPEMEHHD U3-
81€4b KOPeHbv n-ii cmeneHu u3 nodKopPeHH0z0 8bipaice-
HUs:

nfa =" fa.
Opumep 2. %8 =s:§./%=./§.

3aMeuaHHue. ITO CBOMCTBO OCTAHETCA B CUJE H B

TOM CAy4ae, KOP4a YHCIC = He OYAeT UeJIbIM; TOUHO TaK
n

Ke 06a BhIIeyKA3aHHbIX CBOHCTBA COXPAHAT CHAY U ANA
n apobHoro. HO AsiA 3TONO HYXXHO CHayana PACIIHPHTH
TIOHATHUE CTENEeHH M KODHA, BBeAS /ipoOHbIe MoKa3aTenH
(cm. § 61).

3. Kopenv u3 npoussedenuf HeCKOAbKUX COMHONCU-
meaneil pager npou3gederuto xKOpHei Mol e cmeneny u3
Imux coMHONCUMeRel:

mnlabe... = "fa mfb /e ... .
Opumep 3. 3abb? =3/ab - 3/p2 =q2- 32,

HocaenHee npeobpasoBaHHe OCHOBHIBAETCA HA CBOMCT-
Be 2.

IIpumep 4.m=«/16~3 =Jﬁi./§=4./§.
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O6paTHO, npouseederue KopHel odHolt u moi xe
cmenenu PadrHO KOPHRIO MOU Xe cMmeneny u3 npouieede-
HUS NOOKOPEHNRBIX 6LIDAKCHUIL:

mfa nfo mfc ... = mfabe... .

Opumep 5. Ja3b - Jab3 = Jatb! = a2b2,

4. Kopene u3 wacmuozo pasen wacmuomy om dene-
HUS KODHR u3 0eauMoz0 Ha KopeHs U3 Oenumens (noxa-
3amenu KopHell nodpasymeearomca 0dUHAKOBLIMY):

"'Ja:b="'.,/5 : "‘JI_).
O6paTHO: mia ;b ="fa:b.
IIpumep 6.3/27:4 =327 :3/4 =3:3/4.

5. Ymobst 8036ecmu Kopeusb 8 cmenens, docmamoy-
HO 6038ecmu 6 omy cmenendy noaicopeunoe ebtpa:nceuue:

n
("‘JE) - "'/a" .
O6paTHO, ¥mobGb: u3éaedv KOpers u3 cmenexnu, 9o-

cmamouHo 8o03gecmu 8 Imy cmenelb Xxopeib U3 ocHosa-
HUR cmeénexu:

War = (a)”.
Hpuwmep 7. (¥a?b)’ = 3Yap? =
=3/a% ab? = a Yab?.
Hpumep 8. 427 = /33 = (/3 )8

6. YEuuToXeHHEe MPPANHOHAJLHOCTH B 3JHAMEHATe-
Jle HIIA B YMCIHTeNe ApobH. BolunciaenHe apoGHRIX Bhi-
pa)keHHH, cojepKallMX PAAHKaNH, YacTO yIpoIllaeTcs,
eC/id TNPeABAPHTENLHO ¢YHHYTOXMTE HPPAUOHANE-
HOCTB» B YHCJHTEJNE WIH 3HAMEHATENE, T. e. npeobpaso-
BaTh Apo6b TaK, YTOGH B YHCIUTESIe H/IH 3HAMEHATENIE HE
COIepXKATHCh PAAHKAIKI -

IIpumep 9. Ilycts Tpebyerca BLIYHCAHATH ./-—7176 c

TouHocTsio Ao 0,01. Ecin npou3secTd AeACTBHAA B yKasaH-
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HOM TIOpAZKE, TO Mul umeem: 1) /7 = 2,646; 2) /6 = 2,449;
3)2,646-2,449=0,197;4) o iw ~5,10. [Insa nonyuenus
pe3yJibTara HYXHO OBUIO BRIMOJHUTE YETHIpE AEHCTBUII;
TIPH 3TOM, YTOOKI IONYUNUTE BEPHBIE [IUAPHI COThIX, HYKHO
6]:1)10 BhHIYHACITHUTE KOpHH C TOYHOCTBIO 10 TRICAYHLIX, B ﬂpO-
1

J1-J6
TOJILKO ABE 3HAYAIME [HOPHL 4 B PE3yJILTATE HE MOIJIO Ohl
OBITH TPEX BEPHKIX 3HAYAIMX udp (cm. 11, §42).

EcnH e npeABAPDUTENbLHO YMHOMXKHM YHUCIHTENb W

THBHOM CJ1y4ae B AeJuTe e Jpobu NOJYYHIIHCE Obr

3HAMEHATENb JaHHOM Apobu Ha JT+ J6, 10 MONAyYHM:
1 fiede _fied
JT-06 (ST - (JS6Y 1
Tenepk BuIuHCAEHNE TPEDYET TONBKO TPEeX AeHCTBHI,
H KODHH MOXXHO BBIYUCAATH JIUIIb C TOYHOCTHIO A0 COTHIX:

1) J7 =2,65; 2) J6 =2,45; 3) JT + J6 =5,10.

Huske DPHBOAHUTCA ellg HECKOAbKO TUNHYHBIX IIPH-

MEpOB.
IMIpume 10.ﬁ=ﬁ—"/—5=@.
pEMEr B B B B
IIpumep 11.“/';+“/5= (Ja s Jo)" =a+2.,/ﬂ:+b.

Ja-Jb o (Ja)t- (B a-b

B aTHX npuMepax HppalMOHAIbIOCTh YHIUTOMKAACh
B 3HaMeHaTtese. B CAeAYIIIHX ABYX NIpMepax OHa YHHY-
TOXAETCH B UHCAHTENE.
JT1-J7 1

NN -
3. o35-./34 _ 35! /34* _
3 3(/35 + /34)
1

T 3(/35+ By

IIpumepl
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TIpeo6pasoBanne B npuMepe 12 ABHO HEBEITOAHO A
BBIYHMCIHUTEABHBIX LEJNeH, TAK KAK BbIYHCIIEHHE BbIpae-

HUA L Tpeﬁye'r AeIEHUA HA MHOTO3HAYHOE YUCJIO; Bbl-
J35

J35

YHCJEHMHE 2Ke =5 (cM. npumep 10} Tpebyer fenenua Ha

nesaoe yucao. Ho npeoBpasoBanye B npumepe 13 BHIroa-

HO, TAK KAK NIO3BOJIAET BLIYNCIATL KODHH J35 u /34 co
CTOJLKUMH 3HAKAMMH, CKOJBKO HX TpeBGyeTest MMeTh B pe-
gyabTaTe. B UCXOAHOM e BHIDAXKEHHH HYXKHO U3BJIEKATH
KOPHH ¢ 60ABUINM YMCIAOM 3HAKOB (CM. IpUuMep 9).

§ 27. UppaumnoHanbHble yucna

3amac neanlx 4 ApoGHEIX YHces ¢ H3GKRITKOM J0CTATO-
yeH 1A uaMepuTenbHoi npakTuku (cM. 11, § 31). Opnaxo
JJ1A TEODHM H3MEPEeHHA HTOT'0 3anaca Masio.
Ilycts, manpumep, Ttpebyercs
D ¢ MOYHO ONIPEASIUTS AJIUHY SZHAarona-
an AC kpappata ABCD (puc. 1), cro-
poHa Kotroporo pasHa 1 M. [Tnomaas
A ——>F xBagpata ACEF, mocrpoensoro Ha

B, JMATOHAM, PABHA YABOEHHOHM IJIO-
| maau ABCD (rpeyroasHuk ACB co-

[
pepxxutea B ABCD nBa pasa, a 8
F ACEF — yernipe). [ToaTtomy, ecan x
Puc. 1 ecTh NCKomas annHa AC, To OJXKHO

6biTE x2 = 2, Ho HHKaKoe 1esi0e YyHe-
N0 M HHKaKadg Apo0b He MOrYT YAOBJETBODHTL 3TOMY
YPABHEHHIO.

OcTaeTcst OAHO M3 ABYX: HJM OTKAa3aThCA OT TOYHOI'O
BLIPA’KEHHUA JJAMH YHCJaMH, HJAH BBECTH HOBBIE YHC]A,
ceepx ueablX H Apob6HeIX. [Tocne AnuTennHOM 6GopnOLI
9THX JRYX TOYeK 3peHus nobenuna propasd.

Yucna HOBOro pojaa, npedcmasasujue ORuHbt om-
pe3xos8, Hecousmepumbvix ¢ edunuyeit macwmaba (T. e.
OTpPE3KOB, KOTOPbIe HENAL3A BLIPA3HTE LEALIM HJIH APOG-
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HBIM YHCJIOM), HAa3bIBAKOTCA uppayuonaivibiMul), B npo-
THBOIIOJIO)KHOCTL HPPAIlMOHAJIbLHLIM YHCJA LeJble ¥
IpobHble NONYYUAHM HA3BAHUE payuoHaasHbuix, Ilocrae
BBEJEHUA OTPHUATEJNBHBIX YHcen (OHO MPOM3OINJO IIO-
azHee; cM. § 2) ¥ cpeAM HUX CTaNM pasjHyaTh DaLlMOHANb-
Hble 4 UDPaHOHANbHEIE.

BeAkoe paHoHAIBHOE YHCIO0 MOIKHO IIPEACTABUThH B

m
BHAE — , TAE MU N — Ieable Yucia (HOJIOJKHTBJI]:HBIG HIHn
n

oTpHuarenbtnle). YppauuoHasbible YHCIA B ITOM BHIAE
TOYHO NPeACTABUTH HeNb3A. Ho npubanseHHo BCAKOE up-
PAMOHAIbHOE YACIO MOXKHO C A1000(i CMmenenbsio MoYHOC-

m
mu 3aMEHHTb PAIHOHAJALHBIM YHCJIOM — ; B YACTHOCTH,
n

MOXHO HAWTH JeCATHYHYIO Jpobb (MIPABUALHYIO HJIH HE-
NPaBHJABHYI0), KAK YTOJHO Maj0 OTAHYAKUIYIOCA OT AaH-
HOT'O UPPAalHOHAJILHOIO YUCA,

Yucna 2, J5, :’:j3+./§ , J3./.-’)+.ﬁ 4 MHOTHE ADY-

C'He BhlpaxeHus, Cofiepskallie pallioHaabHble YHCAA 10,
3HAKOM pajHKana, HppalHoHAAbHbl. OTH HPPAIIMOHANL-
Hple YHCJIA HA3LIBAIOTCA «¢BBIDAXKAKILIUMHUCA uYepes pa-
IUKARIs .

OpHAKO UMH AAJIEKO He HCYEepMbIBAETCA 3allac Hppa-
LIHOHANBHBIX yHcea. Jo koHua 18 Bexa MaTeMaTHKH Gbl-
AU yOexaeHbl, YTO KOPEHB BCAKOro ainrebpanyeckoro
YpPaBHEHUA ¢ DAIIHOHAJNBLHLIMHM KOd3thdhHIHEeHTaAMU, ecnu
3TOT KOPeHb HE PAl{HOHAaJIeH, MOKHO BHIDA3UTh Yepes pa-
AHUKAaNbl; 3aTeM OBIIO IOKAZAHO, YTO 5TO BEPHO JHINb ANA
ypaBHeHH# no 4-i1 crenenu BraouHTensHo (§ 2). Hppa-

1) TepMHH «HpPPALMOHANLHEIL® JJOCTOBHO O3HAYACT «HE
HMeI Uit OTEOmeHRA». [lepBOHAYATILEO €r0 OTHOCUJIN HE K Mp-
PAUHMOEANLHOMY HHCIY, 8 K TEM BEIRYHHAM, OTHOILEHHUC KOTO-
PBIX MBI ceifuac BeIpa)»kaeM HppaluOHANBLHBLIM Yyuciaom. Hanpu-
MCD, OTHOLIEHHE AUATOHANH KBAZPATA K €ro CTOPOHE MBI cei4ac

NDEeACTABAAEM YHCIOM J2. Jo Toro, kak GpLIM BBCACHBI Hppa-

LHOHAJILHBIC YHCJIA, TOBOPHAH, YTO AHATOHAJIH KBaAgpaTa Ke uMe-
0OMm OMHOUWIEeHUR K eI'0 CTOPOHe,
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IMOHAIbHEIE KODHY YPABHEHUH 5-H U BBICILIUX CTEIECHEH,
KaK Npasuso, He MOTYT OLITh BhIPA’XeHBI Uepe3 paguKa-
abl. Ymcna, sABAAOUMECH KOPHAMU anreGpamyeCcKHx
ypaBHEHHUH ¢ HEeJNKIMH KodhPUUUHEHTaMH, HA3KIBAKOTCSH
anzeSpauyveckuMi HUCAAMU; TNIIDL B UCKIIOUUTENBHRIX
cny4yanx anrebpadyecKue YHUCIa BBIPAXKAKOTCH paAuKaia-
MH; €1I[€ PEXKE OHH PAIMOHAJIbLHBI.

Ho n anrebpanueckye YHCIa He UCUEPIILIBAIOT 3aMaca
MppaLHOHATBHBIX uucen. Tak, HanpuMep, U3BECTHOE U3
reomeTpUH uncao 7t (cm. IV, B, § 15) uppanuonanbHo, HO
He MOXKeT ObITb KOPHEM HHKaKoro aiaredpauiecKoro
ypaBHeHUd ¢ NeJniMu Koddduumuentamu. TouHo Tak ke
uucino e (cM. § 64) He aBnserca anreGpanyeckuM. IHEIMH
CJIOBaMM, T H € — He aare6panyeckde 4ncja.

HppaunoHanibHOe YHCI0, KOTODOE He MOXXeT OmTh
KOpHEM HHKAKOre aare0panyvecKoro yYpaBHEHH A C IEJIbI-
MH KO3(DPHIMEHTAMU, HASLIBAETCH MPAHCUEHOCHMHLIM
YUCOM.

o 1929 r. a4k AMA HEMHOTUX YMces Briia JoKasa-
HA UX TPAHCIEHAEHTHOCThH; TPAHCUEHAEHTHOCTh YHUCAA €
boiia AokaszaHa B 1873 r. ¢paHOy3CKUM MaTeMaTHKOM
L. 3pmurom. B 1882 r. Hemeukxuit MareMaTHk XK. /1. @.
SluHgeman [oka3an TPAHCUEHAEHTHOCTE YHcaa M. AKaje-
MUK A. A. Mapkos (1856—1922) nokaaas TpaHCLUEHAEHT-
HOCTb YUMCEN € U 7T HOBBIM MeToRoM. B 1913 r. 4. 1 Mopay-
xav-bosrosckon (1877—1952) ykasan psajx HOBBIX TpaHC-
HeHAeHTHBIX 4yMces, OAHAKO Bce ellle OCTARAJOCh HEM3-
BECTHBHIM, TPAHCIEHAEHTHB! JIH TAKHE «ODBIKHOBEHHBIE»

uMcna, kak 342, Jﬁﬁ . OTeuecTBEHHBLIE MATEMATHKH
A. O. lfensporg (1906—1968) u P O. Kyzsmur (1891 —
1949) nokasanu B 1929 r. u 1930 r., 4Tro TpaHCUEHAECHT-
HBIMM ABJISIOTCA BCE YMcaa BUAa a* , rie a — anreGpau-
YecKOoe YHCJIO, HEé PABHOE HYJIK0 WJIM eJMHHIe, a N — le-

noe wucro. Yucaa 3¥2, /372 ur. n. kak pa3 UMEIoT 3ITOT
BuA. B1934 r. A. O. 'enn¢oHA 3aBEPILIHI 3TH HCCIIEOBA~
Hus, OH /I0Ka3an TPAaHCUEH/EHTHOCTL BCEX YHCeJ BUAA
of, rne ot u B — mobble anredpanieck e yMcia (IPH yeJso-
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BHH, 4TO ¢ He paBHo 0 unu 1, a  nppauuonanesuo). Ha-

npuMep, YUCI0 (‘1/5)3“@ TpaHCcUeHAeHTHO. 13 TpaHCLEeH-
JA€HTHOCTH Huces of Ierko BEITEKAET TPAHCLICHAEHTHOCTD
AECATHYHBIX JIorapddMOB BCEX IEJBIX uHUcesn (KOHEYHO,
kpome 1, 10, 100, 1000 1 1. 1.).

§ 28. KsappatHoe ypaBHeHMe;
MHKMbIE U KOMMIIEXCHbIE YuCna

AnreGpauueckoe ypaBHeHde 2-i CTEIEHHM MHA4e Ha-
apiBaeTcAa xaadpamuvim. Haubonee o6muil BU KBagpar-
HOro YpaBHEHUA C OGHHM HEMIBECTHBIM €CTh

ax2+bx+c=0,

raea, b, ¢ — NaHHBbIE YU CJIA U 6YRBeHl'lhIe BblpaXxXeHud,
cOAEepIKalHe HIRECTHhIE BeJHYUHEI (IpHueM Koddbduun-
eHT g He MOXeT OuTh paBeH HYJW, HHaYe ypaBHeHHe Oy-
JIeT He KBagpaTHbIM, a 1-i crenenu). Pasaenup obe ero
YaCTH HA @, MBI IOAYYUM YPaBHEeHHEe BUJA.

x2+px+qg=0

20+

KrasgpaTHoe ypamHE@HHME TAKOT'0 BHAA HA3bIBAETCH
npuaedenrvim; ypasuenne ax? + bx + ¢ =0(raea # 1) na-
aviBaeTcA Henpusedennsim. Ecau onna m3 meawumH b, ¢
unu obe BMECTe PAaBRHEI HYJII0, TO KBAJPAaTHOE ypaBHEHME
HAJLIBAETCA HENOAHbIM, €CIH U b U ¢ He paBHBI HYJO,
KBaJPATHOE YPABRHEHHE HAGKIBAETCHA NONHbIM.

Hpuwmeps.
3x2+ 8x — 5 = 0 — ONMHOE HENPHBEAEHHOE KBApaTHOe
yPaRHEHHE;
3x2—-5 =0 — HemonHOEe HENpHBeJEHHOE KBaAparT-
HOE ypasHeHMe;
x2 - gax = 0 — HemoJHOe NPUBEEHHOE KBaJApPATHOE
ypaBHeHMeE;
x2-12x + 7 = 0 — mosiHOE TIpUBEJIEHHOE KBAAPATHOE
ypaBHeHHeE.
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HemnonHoe kBaspaTHOE ypaBHEHHUE BHAA
x2 = m (m — u3BecTHaA BeJINYMHA)
ABJAETCA CAMBIM IPOCTHIM THIIOM KBAJAPATHOT'O ypasHe-
HHs M BMECTE C T€M OYeHb BAXKHBIM, TaK KaK K HeMy OpH-

BOAHUTCSA pellleHne BCAKOro KRa/IpaTHOr0o YypaBHEHHA. Pe-
HIeHNe 3TOro YypaBHEHM A UMEET BH]

x=Jm.

BoO3MOXKHEI TPH cyUan:
1.Echum=0,Toux=0.
2. Ecnx m — nosioKuTeNpHOE YUCIO0, TO €ro KBaApaT-

Hblii KOPEHb /M MOeT MMeTh 1Ba SHAYECHHA: OJHO IOJI0-
JKUTEJbHOE, [pYyroe oTpuIaTenbHoe. ABGCOMIOTHbIE BeIU-
YHHBI ITUX 3HAYEHU I ofHaKoBK .. Hanpunvep, ypaBHeHUEe
x2 =9 ynoeBnerBopaeTcsa dHauenueM x = +3 m x = —3. JIpy-
FHMU CNOBaMM, X UMeeT Apa 3Hadenua: +3 u —3. Yacro
9TO BRIDAYKAIOT T€M, YTO Nepel DAaAHKATIOM CTaBAT JBa

3HAKa — MJIIOC U MMHYC: X = iJf_) . IIpu TakoM Hamuca-

HMH NOApa3yMeBaeTcs, YTo BhlpaskeHHe /9 oGosHauaeT
0b11y10 aBCoNIOTHYIO BEMTUYUHY ABYX 3HAYEeHUIl KOPHA; B

HAIUEM npUMepe — uucao 3. Beauuuna J/m Moxer 6b1Th
MppalMOHAIBHEIM YHCJIOM (cM. § 27). 3ameTHM, YTO U ca-
Mo m MoKeT ObITh UPPAUMOHANBHBIM uYucaoMm. Hampw-
Mep, MYCThb TPeByeTCa PeINUTE ypaBHEeHHE

x2=n

(reoMeTpHYECKHN 3TO O3HAYAET HANUTH AJUHY CTOPOHBI
KBajpara PaBHOro o NJIOLIAAH KPYry ¢ paguycoMm 1). Ero

KOpeHE X = /7 . O cniocobe U3BNeYeHUA KBAADATHONO KOD-
HA 13 yuces cm. I, § 44,

3. Ecau m — orpuuarennHoe YHCAO, TO ypaBHEHHE
x2 = m (nanpuMep, x2 = —9) He MOXXET UMETh HHKAKOIr0
TNONOKUTEJIBHOMO M HHUKAKOrQ0 OTPUUATENBLHOTO KOPHS:
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Be/lb ¥ IOJOKHTEABHOE H OTPHIATENLHOE YHCIO IPH BO3-
BEJleHHH B KBA/JpaT AAeT NOJCKHTEAbHOE yncao. Tarum
06pasoM, MOXKHO CKa3aTh, YTO ypaBHeHHe x2 = —9 He ume-

€T PellIeHHH, T. €. YHCI0 /=9 He CylIecTBYeT.

Ho ¢ TakHMM ke OCHOBaHHEM AC BBeJeHHMA OTpHLA-
TE€JLHBIX YHCEN MOXHO BLIJIIO TOBOPHUTh, YTO M yPaBHe-
Hue 2x + 6 = 4 He umeeT pewresrit. O HAKO oCTe BBEJE-
HHMS OTPULATENbHBIX YHCEN 3TO YPaBHEHHE CTAJO paape-
mumMuIM. TouHo Tak xxe ypasHeHHne x2 = -9, He uMelouiee
PeLIeHHH CPEeAH NOM0KHUTENbHAIX H OTPDHIATENbHBIX YH-
ceJl, CTAHOBUTCS pPasPeIIMMbIM IOC/I€e BBEAEHHS HOBLIX
BEJIMYHH — KBAJPATHHIX KOPHEHA H3 OTPHLATEABHBIX YH-
cen. ITH BeJMYHUHBI OLIIH BNepBble BBEACHLI HTAJLSH-
CKMM MaTeMaTHKOM Jx. Kapgaxo B cepeanse 16 Bexa B
CBSI3M ¢ pemreHMeM KybOmueckoro ypaBueHHA (cm. § 2).
KapnaHo Ha3zBajn 3TH 4YMCaa «COPHUCTHYECKHMU» (T. €.
«eMyApeHbIMH»). P. fekaprs 30-x rogax 17 Beka peen Ha-
HMEHOBAHHE e¢MHUMble YHCTAs, KOTOPOE HCNOJIb3YeTCH
10 CHX NOp. B NpOTHBOMON0XKHOCTE MHHMBIM YHCJAM
npeXXae HU3BeCTHbie 4YHMc/aa (MON0XKHTENbHhle H OTPH-
aTeAbHBIE, B TOM YHCJe HppallMOHAALHBIE) CTANIH HA-
3bIBATh OelicmeumenbHbiMu HIH 8eUecmaEeHHbL MU,
CyMmMa feliCTBHTENBHOTO H MHMMOTO YHCEJI Ha3bIBAETCH

komnaexcuoim vwucaomV, Hanpumep, 2 + J=3 ectsb
KOMINJEKCHOe YHca0o., JacTo H KOMIJIEKCHEIE YHucaa Ha-
3LIBAIOT MEUMBIMH. [ToagpobHee 0 KOMNIEKCHBIX YHCAaX
cM, §§ 34 u 29.

Beejs B pACCMOTDEHHE MHHMbIE YHCJ8, MOXKHO CKa-
34Tk, YTO HEMNOJIHOE KBAJADATHOE ypaBHeHHe X2 = m Beeraa
umeeT aABa KopHA. Ecoru m > 0, 3TH KOPHH AeHCTBHTENb-
Hbl; OHH MMEIOT OAHHAKOBYIO a0COMIOTHYIO BENHMHHY H
pasAduHb! 10 3HaKy. Ecnu m = 0, 06a onu paBHB HYIO;
ecau m <0, — OHH MHUMEIE.

1) 9ror Tepmun BBeAcH K. @. fayccom s 1831 r. CAoBo «KOMII-
JIEKCHBI » O3HAYAET B IIEPEBOJE «COBOKYIIHBIA».
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§ 29. PewueHvie kBappaTHOro ypaBHeHuUn

Yrobsl HAWTH pElleHHe NPUBEJEHHOr0 KBaAPaTHOrO
ypaBHEHHSA

x2+px+q=0,
AOCTATOYHO NePEHECTH CBOBONHDIN YeH B IPABYIO YACTH

2
M K 06edM YyacTAM paBeHCTBA [IPUOABHTHL (g) . Toraa ne-

BaA 4aCTh CTAHET IIOJHbIM KBaJApaTOM, M MBI NOJAYYHM
PABHOCHJIBHOC YpaBHEHHC

(+8) = (8) -2

OHO OTJIMYAETCA OT IPOCTEHINEr0 ypaBHEHUA x2 = m

(§ 28) TONBKO BHEIIIHUM BHAOM: X + g CTOUT BMECTO X U

2
(g) —q — BMecto m. Haxoauwm:

Orciona

x=-2+ [B) g %

Ora dopmyJia MOKa3nlBaeT, YTO BCAKOE KBajPATHOE
ypaBHeHHe uMeeT ABa KopHA. Ho 3TH KOpHH MOTYT 6bITE 1

2

MHHMMBIMU (ecm{ (g) < q) . Mosxer Takske OKa3aTbCH,

4T0 062 KOPHA KBaAPATHOIO YpaBHEHH s DABHBI MEXAY CO-
2

6o# (ec.:m (g) = q] .

Dopmyay (1) ocobeHHO y100HO NPUMEHATH B TOM CAY-
yae, KOTJAa p — IeJ0€e YeTHOE YHCJIO.
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IIpumep 1.
x2-12x-28=0; sgece p=-12, ¢ =-28;

x=6+./62+28 =6+.64 =6+ 8;
x,=6+8=14; x,=6-8=-2.
Mpumep 2. x2+12x+10=0;
x=-6+% J36-10 = -6+ /26 ;

X, =-6+ 426 ~-0,9; x,=~-6 - J26 ~-11,1.
ODpumep 3. x2-2mx + m? - n2=0;

x=m+t Jm2—(m2-n?)=m+*Jfnt=m+tn;
xy=m-+n; x,=m-n.

3ameuasdue. Bnpumepe 2 06a KOpHA — AelCTBH-
TeJbHble OTPHIATEIbHEIE YHCAZ, HO HPpalMOHAJbLHEIE
(§ 27). KpagpaTHble KOpPHH, NOJYyYaKUIHECAd IpH Delue-
HMH KBaJPATHRIX YDPABHEHHH, MOKHO H3BJIEKATh C IIO-
MObI0 BEIYHCAeHHA (cm. II, § 44) unu vaxoauTe no Tab-
JHIAM,

Korgza p He aBaAeTcs 1e/IbIM YETHBIM YUCJIOM, IIPH pe-
1IEHHM IPHBEAEHHOTC KBaAPATHOTO YPABHEHHA NIPEAII0Y-
TUTEJBHO MOJb30BATbCA HHIXXENIPHBEAEHHOH Bosee 0b1ueit
dopMynoit (3), monaraa B Held a = 1 (cM. HMxe, IPHMED 5).

HenpueefieHHOE I0JIHOE KBAJIDATHOE YPABHEHHE

ax2+bx+c=0 (2)
MO}{HO pellaTs uo GopMyse
x=—bi.J2b:—4ac . (3)

Ona nmonyuyaercs ud dopmyisr (1) mocse Toro, kax obe
YacTH HETIPHBEXEHHOrO YpaBHeHHA (2) Mbl pasfie/ UM Ha .
IIpumep 4. 3x2-Tx+4=0(a=3,b=-7,c=4).

= 7+J/7°-4-3-4 _1x./1.
2.3

y

= o

7+1

X == =

6

77—

H x2=—-E—=I.

[ZCIY
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IIpumep 5. x2+7+12=0(a=1,6=7,c=12).
_—T+./40-4-12, X =
2 ’

x =-3; x,=-4.
IIpumep 6. 0,60x2+ 3,2x-8,4=0;

o~ 2322/327°4 0,60 (-8,4).

270.60
_32455 -32-55
2= 232455 o g; 28255 o g9
1~ 727060 X2 5060

B npumepe 6, Kxak BuaHO U3 3anucH 0,60x2 (a me 0,6x2),
K03 MHUIMEHTDI NPEANOIaraloTca NPUGIHKEHHBIMH YHC-
JaMu. IToaroMy U AeHCTBHA, yKaskiBaeMble POpMYJIo,
PEKOMEH/IYCTCH BRIMOIHATS COKPAL[EHHBIM CIIOCODOM , M3-
soxedHbiM BII, §§ 33—44; Bo BCAKOM CAyYae HYKHO 004-
JaTeNbHO YYECTh, YTO COTVIACHO MPARMAAM, H3JI0KEHHBIM
B YKasaHHBIX naparpadax, B pesyJbTaTe MC)KHC UMETh
TOJIBKO AIBE TOUHBIE 3HAYALHE MPPHI. 3aMeTHM, UTO Ha-
M Pe3yJIbTaThl BepHbLI ¢ TOYHOCTHIO 70 0,1, HO 3aTO OT-
HIOAb HE 03HAYAET, YTO, MOJCTABRMB HX B JIEBYIO 4aCTh JAaH-
HOT'0 YPABHEHM S, MbI IIQJIYYMM YMCJIO, PABHOE HYJIIO C TOY-
HocThKO A0 0,1. HanpoTus, NOACTABHE B JIEBYIO YaCTh, Ha-
npuMep, sHayende x = 1,9, Ml monyuum:

0,60- 1,92+3,2-1,9-8,4=-0,2.
Ho ecau snayesne x yseawynts Ha 0,1 4 B3aTh x = 2,0, TO
HOAYTHM:

0,60-2,02+3,2-2,0-8,4=0,4.

TaxuM obpasom, nipi x = 1,9 nesaa yacTh 6nlaa oTpHLIA-
TeJbHA; NpH ¥ = 2,0 OHa y2Ke NOJOXKUTENbHA, SHAYUT,
OHA paBHA HYJIO NPY KAKOM-TO aHAYEHUH X, JiesKallem
Mexay 1,9 u 2,0. CnenosatensHo, 6epa x = 1,9, Ml OlIA-
6aemcs He Gosblie yeM Ha 0,1, ITo M UMeeTca B BHAY, KOT-
Jla TOBOPAT, YTC KOpeHb paseH 1,9 ¢ TounocTsIo 10 0,1.

Ecnm b — geTHoe YMCJI0, TO JAYUYIllle OPEACTABUTE 06-
my GopMyny B BUAE
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ODpumep 7. 3x2-14x—-80=0;

= 7+ /72+3-80 _ 7+ ./289 _ T+17,
3 3 3 "’

x,=8; x2=—1?0.

I1oi ke GopMyNol yao6Ho I0ab30BaTLCH, KOIAA KO-
adduuuenTs! a, b, ¢ — GyKBEHHBIE BHIDAKEHHUA,

Npunmep 8. ax2-2(a+b)x+4b=0,
a+btf(a+b)2-4ab _a+btJa-2ab+b? _
a a

x=

_a+b+(a-b)

a

x,=2; x2=2g.

§ 30. CeoinCcTBa KOpPHEW KBafpaTHOro YpaBHEHUs

Popmyna
x= -bt . Jbt—4ac
2a

[IOKA3b1BAET, YTO [P PEIEHUH KBAJAPATHOrO YPABHEHHA
ax? + bx + ¢ = 0 moryr NPEACTABHTRCA CAEAYIOIIHE TPH
cayyas:
1) b2 — 4ac > 0; Torna AsBa KOpHA YPABHEHMS JEeMCTBH-
TeJbHEI ¥ PA3JTHYHEI MeXK Y co0ok;
2) b% — 4ac = 0; TorAa 1BA KODHA yPABHEHHUS REHCTBU-
b

TesibHbl H PABHLI MEXAY COBOMH (06& PaBHEI _ﬁ) 3

3) b2 — 4ac < 0; Toraa 06a KOPHA YpaBRHEHHAA MHHUMBI.

Bripaxernue b2 — 4ac, BeTHYHHEA KOTOPOTO TO3BOAAET
passvMuaTh 3TH TPM Chydas, HA3bIBAeTCA OUCKPUMUHAM-
moxm (B mepeBosie Ha PYCCKHI A3BLIK ¢ IHCKDHMHHAHT» —
«pa3THYAKIHH» ).
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O anaKax KOpDHeH B TOM cJydae, KOI'Jla OHM AeHCTBH-
TeabHBb! (T. €. Korga b2 — 4ac > 0), Jy4llie BCero CyJHTh Ha
OCHOBAHHY CJIEAYIOIIET0 CBOHCTBA KOPHE.

Cymma Kopreir npuéedenrozo K8adpamuozo ypasme-
HUR

x2+px+q=0
PasHa KO3PPuUyLUeHMY NPU Heu38eCcmHOM 8 Nepaoil cme-
nexu, 83AMOMY € OOPAMHBIM 3HAKOM, M. €.
Xy + Xo= —p;
npouseederue He KOpHel PABHO CB000GHOMY YAEHY, M. €.
X Xx=4q.

§ 31. PaanoxeHve KBanpaTHOro TpexuieHa
Ha MHOXUTENU

KpagpaTHniil Tpexuen ax2 + bx + ¢ MOMXHO pa3Jjo-
SKUTb Ha MHOMKHTEJIH NEePBOH CTENeHU CAeAyION UM obpa-
30M: pEllIMM KBaJipaTHoe ypaBHeHue ax2 + bx + ¢ = 0. Ec-
JI Xj ¥ Xy — KODPHH 3TOT0 ypaBHEHHsA, TO ax? + bx + ¢ =
=a(x—x)(x— xy).

IIpumep 1. PaznoXuTh Ha MHOMXKHTEJH (HEDPBOW
crenedu) Tpexyaed 2x2 + 13x — 24. Peumaem ypaBHeHHe

2x2+13x— 24 = 0. HaxoauM KOPHH: X = g ; X, =—8.Cre-

aopateabto, 2x2+ 13x - 24 =2 [x - g) (x+8)=(2x-3)X
X {x + 8).

IpuMep 2. PasnoxuTh Ha MHOXHUTeAu x2 + a?;
ypaBHeHue x2 + a2 = 0 uMeeT MHUMbIE KOPHH: X, = J/—a?;

Xy, =—J—a?, moatomy paznoxuthb x2 + a? Ha feficTBuTE M-
Hbleé MHOJMKHTEJH MEPBOH CTEemeHH Heab3sA. Ha MHHUMBIE

MHOXHTE/ M OH padaaraercs tak: x2 + a2 = (x + J-a?) X
X (x - J—a?) = (x + ai) (x — ai) (uepes i 0603HAYEHO MHH-
Moe YHCHo /-1).



§ 32. YpaBHeHus BbiCIUMX CTeneHemn 217

§ 32. YpaBHeHUA BbICLLWX CTENeHeun,
paspeliaemMbie C NOMOLLbIO
KBafpaTHOTo ypaBHeHVs

Hexoropoie anrebpauyecKkue YpaBHEHMA BbICIIHX
CTENEeHeHd MOKHO PEIIUTh, CBes UX K KBajpaTHOMY. Bor
BAaXKHEHIIHE CIyYaH.

1. HHorza 1eBy10 4aCTh YPABHEHHA JETKO Pa3A0MKUTh
HA MHOXHTEJH, H3 KOTODbIX KaXXJbl{ — MHOIOYJIEH He
BhlIIE 2-1 cTenneHU. Torjla, IpMpaBHUBAA HO OTAEALHOCTH
KaK/bli MHOXHTENb K HYJII0, PelllaéM oI YYeHHEIE ypaB-
HeHHA. HaiijleHHble KOPHH GyAyT KOPHAMM HMCXOZHOrO
ypABHEHHUA.

MDpumep 1. x9+5x3+6x2=0.

Muorounen x4+ 5x3 + 6x2 nerxo pasraraercsa Ha MHO-
skurenn: xZu (x2+ 5x + 6). Pemaem ypaBuenue x2% = 0; oHo
HMeEeT BA PABHBIX KOPHA: X; = x, = 0. Pemaem ypasue-
Hue x2 + 5x + 6 = 0. O603HaYUB €ro KOPHH Yepes xg M X,
nmeeM x3 = -2, x, = —3. KopHr UCXOQHOTO ypaBHEHUS
ecTs X =Xy =0; x3=-2; x, = -3.

IIpumep 2. Pemuuts ypaBHenue x3 = 8.

Ilepenucan ero B suae x3 — 8 = 0, paasioKuUM Ha MHO-
MUTENH JeBYI0 9acTh: x3 — 8 = (x — 2) (x2 + 2x + 4). Ypas-
HeHue x — 2 = 0 gaer x, = 2, ypaBHeHHe x2 + 2x +4 =0

naer xo = —1 + /~3; x5 = -1 — /-3 . Urak, ypasHeHue
x% = 8 uMeeT ofUH AEHCTBHTENLHEIH KOPEHD U /[BA MHH-

mux. JIpyrumu caoBamu, 3/8 , KpoMe OUEBHAHOTO AeiicT-
BHTEJBHOrC JHAYEHHA 2, MMEeT elle ABa MHHMBIX (Cp.
§ 47, npumep 3).

2. Ecnu ypaBHeHMe HmeeT Buj ax?? + bx" + ¢ = 0, To
€ro MOKHO CRECTH K KBAJPATHOMY, BBEJS HOBOE HEH3-
BECTHOE X" = 2,

Hpumep 3. x1-13x2+36=0.

Ilepenucae aTo ypaBueHHe B BHje (x2)2 — 13x2 + 36 =
= 0, BBejleM HOBOE HEH3aBeCTHoe x2 = z, YpapHeHHE NpH-
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mer Bug 22 — 13z + 36 = 0. Ero xopuu 2, =9, 2, = 4. Pewa-
eM Temepb ypasHeHMs X2 = 9 u x2 = 4. [Tepsoe UMeeT Kop-
Hu x; = 3, x, = —3, BTOpOE — KODHHU X3 = 2, x, = —2. Kop-
HH 3aAaHHOIO ypaBHeHMA ecTh: 3, —3, 2, —2.

Takum 06pa3oM MOKHO pElIMTh BCAKOE yDaRHEHHe
Buzaa axt + bx? + ¢ = 0. Ero HaswBaIOT GuKgadpammbim.

IIpumep 4. x5-16x3+64=0,

IIpexcrasias sTo ypasHeHUe B Buje (x3)2 ~ 1623 + 64 =
= 0, BBOJHUM HOBOEe HeussecTHoe x3 = 2, [onyyaem ypas-
HenHue 22 — 16z + 64 = 0, nmeromee Asa paBHEIX KOPHA 2, =
= z, = 8. Pewiaem ypasHenue x3 = 8; noxyuaem (cM. upu-

Mep 2} x; = 2;x,=-1+ J-3;x3=-1- J/-3. Ipyrue 1pu
KOpHA 8 JAaHHOM cixy4dae (TakK Kak 2, = Z,) DaBHBI 3THM
TpeM.

§ 33. CucreMa ypaBHERUH BTOPOW CTEMNeHn
€ ABYMA HEU3IBECTHLIMM

Hau6onee o6muii Bujg ypaBHeHHA 2-i1 CTENIEHH € ABY-
M#A HEeM3BECTHBIMH €CTh

axZ+bxy+cy:tdxtey+f=0,

rae a, b, ¢, d, e, f — naHHBLIE YUCIA MIN BRIDAXKEHHA, CO-
JAepsKanjde M3BeCTHHIE BeJMYHHEI, OfHO ypaBHeHue 2-i
CTENEHH € JBYMH HEM3BECTHBIMM HMeeT OecuucyeHHoe
MHOXKeCT80 pelressH (cp. § 21).

CHcTeMy ABYX YPABHEHHH € ABYMA HEHU3BECTHBIMH,
M3 KOTOpbIX OJHO — KBajpaTHoe, a Apyroe — 1-i creme-
HH, MOXHO PEIIHTh CIIGCOB0M MOACTAHOBKH, OIIMCAHHBLIM
B § 22. BelpakeHHe OZHOro HEH3BECTHOrO Hepes Apyroe
HAaXoAMTCA U3 ypaBHeHHs 1-i cremenu. IopcraBur ato
BLIDA’KEHWEe B ypaBHEHHE BTOPOH CTENEHH, IOJYIHM
ypaBHEeHHE C OAHHM HEHM3BECTHLIM. B 00meM ciydae OHO
6ynet kBajgpaTHbIM (cM. npumep 1). Ho MosxeT oxazaTh-
Cf, YTO YJIEHH BTOPOH CTENIEHH B3AMMHO YHHUYTOMXKATCA, K
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Torga Mbel OyZeM uMeThH YPABHEHUE NEPBOH CTEMeHH
(cM. npumep 2).

IHIpumep 1.

x2-3xy+4y?2-6x+2y=0, x-2y=3.

Ha BToporo ypaBHeHHA HaxoxnM ¥ = 3 + 2y, lloacras-
JIAA 3TO BhIpa’kKeHHe B TepBoe ypaBsHEeHHE, NMeeM;

(B3+2y)2-3(3+2y)y+4y2-6(3+2y)+2y=0.

PemaeM 370 ypaBHeHHe:

9+ 12y +4y2 -9y —-6y2+4y2-18-12y+2y=0;

242 -Ty—-9=0;
_7+.J49+ 72,
y=—>5
9
Lt yy=-L

.. 9
Hajinensele sHauenmnn y; = 52" -1 noacTasaseM 8

BrIpaykeHMe x = 3 + 2y; monydaem xy = 12, x, = 1.

HOpumep 2.

x2—y2=1, x+y=2.

N3 sroporo ypasHenusa Haxogum y = 2 — x. llogcras-
JISif 3TO BLIPAKEHHME B IIEPBOE YpaBHEHME, NOJAYIUM X2 —
- (2 —x)?=1. Iocse npuBeAEHUA TIOLODOHEBIX YJIEHOB UJje-
HBI BTOPOM CTEMEHM B3AUMHO YHUUTOXKAKTCH, U MBI HOJIY-

yaem -4 + 4x =1, oTkyga x = g . Hoacrasnss 3To aHaye-
HHUeE B BHIDAXKEHUE iy = 2 — X, HAXOJUM y = g .

CucreMy ABYX KBaAPAaTHbIX YPaBHEHUH C JBYyMA He-
HM3BECTHLIMM MOKHO pPEeIllaTh TaK: eCJM OXHO M3 ypaBHe-
HHMI He COAEPMUT uieHa ax? (UM uJieHa cy?), To npuMe-
HAEM CIoco0 MOACTAHOBKM, BBIpaXkasdA U3 BTOrO ypaBHe-
HUA X (MM y) uepes y (MM X), ecau sxe 00a ypaBHEHHA CO-
AepIKaT wieHsl BuAa ax? u cy?, To NpejBaPHTENLHO NpH-
MeHfeM cnocob cAoKeHNa Unu BulunTanud (§ 22), urobsl
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[OJIYYHTh YPABHEHHE, He COZepKamiee wieHa ax? u cyl.
Tlocne aroro nonsayeMca cnocobom nmoacranoeku, Ilocae
HMCKJIIOYEHN A [I0JIYYAETCH YPABHEHHE C OAHMM HEHM3BECT-
HhEIM, MMeloLee, Boobule rosops, 4-10 cremess. K ksag-
PaTHOMY YPABHEHHIO OHO CBOAMTCH JIHIIL B MCKJIIOYH-
TEeNALHBIX C/IYYAAX, HO 3TH CAYYAH BCTPEYAIOTCHA A0BOJIbLHO
4YaCTo NPH PEUIeHHH PeOMETPHUYECKHX 3aaaY,
IIpumep 3.
x2+xy+2y2="T74, 2x2+ 2xy + y2="73.

O6a ypaBHEeHHA COAEPIKAT KAK WIEHSI ¢ X2, TAK H 4Je-
bl ¢ y2. TloaToMy cHauaa NIPEMEHNMM CTIOCOD CAOMKEHHA
HJIM BRIYMTAHMA, 4TOOB IONyYHTH YPaBHEHHNE, HE COAEP-
*aljee, cKaxeM, y2,

2x2 + 2xy + y2="73 ’2 4x2 + dxy + 2y% = 146

x2+ xy+2y2="T4 2+ xy+2y2=174

3x2 + 3xy =172,
Y3 nocneasero ypasHeHMsA HAXOAUM BLIDasKeHHeE [ Uepea Xx:
_ 24— x?
Y r -

3To BhIDaXxXeHue [IoACTaBJ1fAeM B OJHO U3 IAHHBIX ypDaBHE-
HUI, HAIIpHUMEp B I€PBOE; Noay4yaem:

—x2 - r2)2
24 —x + 2 (24 X ) - 74-

x x?

x2+x

Ynpowenns aaror:
x4+ 24x2 - xt+ 1152 - 96x2 + 2x1 = T4x?;
2x4-146x2+ 1152 = 0;
x4 - 73x2+ 576 =0.
Tlonyuunoce 6uxksagpaTHoe ypasHeHde (cMm. § 32, mpH-

mep 3). [lonoxus x2 = 2, NPUBOANM €I'0 K YPABHEHUI0 22 —
— 73z 4+ 576 = 0. Pemas nocneguee, Haxo Um:

2= 73+ ./732-4-576 _ 73+./3025 _ 73+55
2 2 2
2, =64, z,=09.
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Ilepsoe pemenue gaer x, = 8, x, = —8; BTOpoe x3 =3,
x, = —3. IloacTaBass 3na4YeHHs Xy, Xy, X3, X4 B BEIpake-

- x?
Hie y = 4=
x

, NI0JIyYaeM COOTBETCTBYIOIUHE UM JHaUe-
HHA Y
y1=-5 ya=+5 yz3=+5; y,=-5.

Jlna peuieHUsa cCHCTEM YPaBHEHHH BTOPOM CTENEHH
YacTO MOJKHO C YCIIEXOM HCIOJIb30BaThH MCKYCCTBEHHBIE
NpUEMBI PEUIEHHA, NO3BOJAKI(ME MOAYYHTL Pe3yNbTaT
GrICTpee M M3ALIHee,

§ 34. O xoMnneKcHbIX Yucnax

B cBasu ¢ passutHeM anre6pw (§ 2) nmorpebosanoch
BBECTH CBEPX NpexKe HIBECTHBIX NOJIOMKUTENLHBIX H OT-
PHLATENLHBIX YACEJ YHUCJIa HOBOro poja. OHM Ha3bIBAIOT-
CA KOMNAEKCHbIMU,

KomnsekcHoe yucjio umeeT Bujg a + bi; sgecba ub —
IeNCTBUTENLHEIC YHCJa, 4 i — YMCJIO HOBOT'O Poja, HAa3hl-
BAEMOE MHUMOU edunuyel:. sMauMeIe» ynucaa (o HUX CM,
§ 28) cocTaBAAKT YACTHBIA BHJ KOMIJEKCHBIX YMCEJ]
{korga a = 0). C Apyroi CTOpOHEI, U ACHCTBHUTEILHEIE
(T. €. MOJIOKUTENbHDBIE H OTPHUATENLHEIE) YHCTIA ARIAIOT-
CH YACTHAHIM BUJOM KOMILJIEKCHBIX uMcen (koraa b = 0).

HefcTBHTENEHOE YHCJI0 @ HA30BEM a0CYLCCOlU KOMII-
JIeKCHOI'0 YUcHa a + bi; gelicTBUTeNbHOE Yncao b — opdu-
Hamoil KOMIJEKCHOro 4ucia a + bi. OcHoBHOe cBoificTBO
yHcaa [ COCTOMT B TOM, YTo NpOM3BeAeHHe i - { paBHO —1,
T. €.

i2=-1. 1)

Honroe BpeMsa He yAaBalOCh HAMTU TAKMC (Puande-
CKHe BeJIMYMHLI, HaJl KOTOPEIMH MOXXHO BHIMIOIHUTL Jeid-
CTBMA, MOJYMHEHHEIE TEM JKe IIPaBHJIaM, YTO U AeHCTBHA
HaJ KOMIIJIEKCHBIMH YMCJAMM — B YACTHOCTH NpaBHJIY
(1). Orcroga HasBaHUA: «MHUMaA €AMHMUIIA», «MHHMOE
YHUCJIO» M T. 1. B HACTOAEe BpeMA N3BECTEH LENBIH Paj
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TAKUX PUIUYECKUX BETHYHH, U KOMIIJIEKCHEIE YHCa -
POKO IPUMEHAIOTCSA HE TONLKO B MATEMATHKE, HO TAKIKE B
$HU3HKe M TeXHHKe (TeOpUA YIPYroCcTH, 3NeKTPOTEXHHKA,
a3pOAHHAMMKAE U AD.).

Huxxe (§ 40) naso reomerpHueckoe M3oOpakeHue
KoMnaeKCcHBIX upcen. [Ipeasapurenvno (§§ 36—39) ye-
TAHABJMBAIOTCA NPABMAA ACHCTBUIH HAaJZl HUMH; [IDH 3TOM
OCTABAAETCA B CTOPOHE BOMPOC O IEOMETPUYECKOM WA
(PH3NUECKOM CMEICTE YHCa {, IOTOMY YTO B Pa3HBIX 00-
JACTAX HAYKM 3TOT CMBIC] PAMJIHMUYEH,

HpaBHnO KaxXJaoro nei‘lCTBHﬂ HaJ KOMIIJEKCHBIMH
YHCAAMH BHIBOANUTCSA U3 ONIPEAeIeH s 3Toro AekicTus. Ho
onpejeseHHU s AeHCTBUH HA/ KOMIINeKCHLIMH YHCIAMH Ye-
TAHOBJIEHBI C TAKMM PAcieTOM, YTOGK OHM COrAACOBANUCH
C npaBuNaMH AEeACTBUM Haj BEUIECTBEHHBLIMH YHCIaMH
(cp. II, § 20). Bear KOMOJEKCHBIE YMCAA JOJDKHBI pac-
CMaTpPHBATLCA HE B OTPHIBE OT ACHCTBHTEABLHbLIX, & COB-
MECTHO C HUMH.

§ 35. OcHoBHbie cornallieHus
0 KOMINEKCHbIX YMcnax

1. leifCTBUTENBHOE YHCJIO G 3ANMCHIBACTCHA TAKXKE B

Bugea+0-i(unua—0-i).
IIpumepsl. 3anucs 3+ 0 io6oaHauaeT To :xe, 4TO

sanuck 3. Sanuch —2 + 0 * [ o3nauaer —2. 3anuch 3—”2/§ +0-i

3.2

0O3HAa4daeT —2—~ .

BamMeuaHue. AHANOIMYHO MBI IIOCTYNAeM H B

00bIUHOI apHU(PMETHKE: 3aNHCh % o6o3HavaeT TO xKe, 4TO

s3anuck 5. 3anHck 002 — To xke, 4TO 2, H T. .

2. KomnnexkcHoe uucao suaa 0 + bi naapipaerca ¢uuc-
TO MHUMBIM» . 3anucs bi 06o3nauaer to xe, uro 0 + bi.

3. [lpa KOMIIIEKCHBIX UHCcna a + bi, @’ + b’i cunrawoTes
PABHLIMH, €CJTM Y HUX COOTBETCTBEHHO PABHBI A6CIIMCCHI H
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OpAMHATHI, T. €. ecina =a’, b = b’. B npoTuBHOM Ciyuae
KOMILJIeKCHBEIE YMCJa HE PaBHbI. JTO onpefie/ieHHe Moj-
CKA3kIBAETCA CIeAyIoOUIUM coobpaxkerueM. Ecau 6b1 Mor-
JIO CyILIeCTBOBATD, CKAXKeM, TaKoe paBeHcTBo: 2+ 5i=8 +
+ 2i, To o npaBuaaM aare6pur Mbl uMenu 6vl i = 2, Torga
KaK i He TOJMKHO ObITh J€HACTBUTEJAbHBIM YHCJIOM.

Bameuanue Mpeme He ONpeeansn, 4TO TAKOE
CrOMeHue KOMILTEKCHBIX ynces. [ToaTtomy, cTporo roeo-
P, MBI €II€ HE B IPABE YTBEPHKAaTh, YTO YKCa0 2 + 5i ecThb
cymma upcen 2 ¥ 5i. Tounee Ouin0 6B CKA3ATH, YTO ¥ HAC
ecThb napa Geitcmaumeavnbvix wucen: 2 (abecuucca) u 5 (op-
AHHATA); 3TH YHUCJA MOPOMKAAKT YHUCIAO HOBOTQ POZAA, YC-
A08HO 0o0o3navaemoe 2 + 5i.

§ 36, CnoxeHvie KOMMNEKCHbIX Yuces

Onpenenenue. CyMMOU KOMIJIEKCHBIX YHCEN
a+biua’ + b'i HA3LIBAIOT KOMIJICKCHOE YHCI0 (@ + a’) +
+(b+b)i.

JT0 ompedeseHMe MOACKA3LIBAETCA PaBHNaMU AeM-
CTBHI C 0OBIYHRIMU MHOTOYJIEHAMH.

IIpumep 1. (-3+5i)+(4—-8i)=1-3i.

Dpumep 2. (2+0i)+ (7 +0i) =9 + 0i. Tak kak
(§ 35) samuce 2 + 0f o3HayaeT TO XKe, YTC 2 M T. A., TO BBI-
MosHeHHoe JeficTBHe coryacyeTcs ¢ oObIyHOH apudmMeTH-
Ko (2 + 7=9).

IIpumep 3. (0+2i)+(0+5i)=0+ Ti, . e.(§ 35)
2i+5i="Ti.

IIpumep 4.(—2+ 3i)+ (-2 - 3i)=~4.

B npumepe 4 cymma ABYX KOMIIJIEKCHBIX YHCEJ paBHA
LeHCTBUTENEHOMY YHCAY. J[BA KOMIIEKCHBIX YHcaa a + bi
U a — bi HaabIBaOTCA conpAxcennvinu. Cymma conpaien-
HbLX KOMNACKCHBLX LUCEN Pasra OelicmEumenbHOMY Luc-
1y 2aV),

3aMeuaHnue. Teneps, korja oelCTBHE CTOKEHUSA
onpejeieHo, MBI KMeeM PaBo pacCMATPHBAThL KOMIJIEKC-

1) Ho cymMa 1ByX HECONIPAMEHHBIX YHCET TOMXE MOXKET GBITh
AeACTBUTENLHBIM YHCI0M; Hanpumep (3 + 5i) + (4 -5i)=T.
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HOe 4Hucyao a + bi kKak cymmy 4ucena a U bi. Tak, yucno 2
(xoTopoe MBI yCA0BHO 3anucsipaem 2 + 0i) 4 yucao 5i (ko-
Topoe corsacHo § 35 o3Havaer TO ke uncao, uro 0 + 5i) B
CyMMe JIaloT (CorjacHo onpefeseHUu) yucao 2 +5i.

§ 37. BbiuMTaHWe KOMNMEKCHbIX yucen

OnpenenenHe. Pa3sHOCTB KOMNAEKCHBIX YH-
cen a + bi (ymenbuiaemoe) u @’ + b’i (BeI4MTAEMOE) HA3HI-
BAETCA KOMILIeKCcHOoe uucho (a —a’) + (b —b') i.

IIpumep 1. (-5+ 2i{}-(8—-5i)=-8+ 7i.

IIpumep 2.(3+ 2i) ~(-3 + 2i{) =6 +0i = 6.

MMpumep 3.(3—4i)— (3 +4i)=-8i.

3amMeyaHHe. BrlYyHTAaHHE KOMIUIEKCHBLIX YHCE]
MOXXHO ONpPeJE]HThL TAKXKE KaK JeHCcTBHEe, 06paTHOE Cao-
Kennw. HMeHIo Mb! HIEM TaKoe KOMIUIEKCHOE YHCIO
x + yi (pas"ocTs), UTOBHI (x + yi) + (a’ + b’i) = a + bi. Co-
rJacHo onpegeseHuio § 36 umeem:

(x+a}+(y+bYyi=a+bi

CoryiacHO YC/JAOBHIO PABEHCTBA KOMILJIEKCHBIX YHCEJ
(§35)
x+a'=a, y+b =0t

Ha aTux ypaBHEeHUI HAXoZUM x =a—a’, y=b—b’.

§ 38. YMHOXEHVIe KOMNNEKCHbIX Yucen

Onpepenenie YMHOMKEHUA KOMILIEKCHBIX 4HcCeJ yC-
TaHABJIMBAETCA C TAKMM pac4yeToMm, 4Tobnl 1) unciaa a + bi
u a’ + b’i MoxHO GbUJIO IEpeMHOXKATh, KaK anrebpauue-
CKuUe€ JBY4JIeHbl, 4 4TOGBI 2) yucio i 06JaKan0 CBOHCTEOM
i2=—-1. Beuay rpe6opanus 1) nponasegenne (a + bi)(a’ +
+ b’i) monxHo pasHATECA aa’ + (ab’ + ba’) i + bb’i%, a B cu-
ay TpeGoBaHMA 2)3TO BBLIpAa’KERHE JOJ/KHO PABHATBLCSA
(aa’ —bb’)+ (ab’ + ba’) i. B COOTBETCTBHY C 3TUM YCTAllAB-
JIHBAETCA CAEAYIOIee ONpeeneHue,
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Onpengenenue. IlpouaBeaeHneM KOMIIEKCHBIX
yucen a + bi v a’ + b’i HA3bIBAETCA KOMILIEKCHOE YHUCIIO

(aa’ - bb’) + (ab’ + ba') i. (1)

3amMeuanue 1. PaseHcrso i2 = —1 g0 ycraHoBAe-
HHA NIPABHUIA YMHOXEHHA HKOMIIJIEKCHBIX YUCE€NT HOCHIIO
xapaktep TpeboBanuA. Teneps OHO BRITEKaeT M3 Onpege-
nenus. Bexs sanmck i2, 1. €. i - {, pasHo3HayHa (§ 35) sanu-
cu(0+1-i)(0+1+-i).3pecea=0,b=1,a"=0,b"=1.
HUmeem ae’ — bbb’ = -1, ab’ + ba’ = 0, Tak 4TO Npou3Bene-
Hue ecTb—1 + 04, T. e. —1.

BamMevanue 2. Ha nparkture He o6a3aTeqnHO
nonab3osaTheA PopmMynoi (1). MoXKHO MepeMHOXKHUThH AaH-
Hble YHCNA, KaK BYYJIeHB!, YYHTHIBaA, uTo i2 = -1,

Mpumep 1. (1 -2i)(3+2i)=3-6i+ 2i—4i%=

=3-6i+2i+4="T-4i.

Mpumep 2. (a+bi)(a—bi)=a?+ b2

IIpumep 2 noxa3sbiBaeT, YTO npousgederue CoONpaxen-
HbLX KOMNACKCHbIX YUcea ecmb delicmeumenbroe u npii-
MOM NOAOHUMENLHOE Yucaol),

§ 39. fleneHne XOMNMNEKCHBIX YUCEN

B cooTBeTcTBUHM € onpeleNeHUeM AeNeHHA AeHCTBH-
TEJBHBIX YHCeJ] yCTaRABJIMBAETCA cleyIoliee onpexene-
HHE.

OnpexeneHHe. PajgesHTh KOMIUIEKCHOE YHCIIO
a + bi (zenumoe) Ha KoMILIeKCcHOE uHcno a’ + b’ (nenu-
TeJb) — 3HAYHT HAHTH TaKoe uucno X + yi (YacTHoe), Ko-
TOpOE NPY YMHOXKEHRH Ha AeJHTENb JACT JeJInMoe.

Ecnu genurens Ne paBeH NyJiio, TO JeJleHHe BCcerga
BO3MOXKHO M CYLIECTBYET €IMHCTBENHOE YacTHoe (A0Ka-

1) Ho npon3sefenne ABYX HECONPSKEHHBIX KOMILICKCHRIX
yHCenl TOXe MOXeT ObLITh HeHCTBUTEABHLIM IOJIOMXKHTEALEAIM
ancaom; sanpHmep (2 + 3i) (4 — 6i) = 26 (cp. § 36, cuocka HA
c. 223). Ecan e ¥ cymma H 11pOH3BEReHHE ABYX KOMILICKCHBIX
YHCEN ABJATCAH ReﬁCTBHTeanbIMH YUCAAMH, TO 3TH KOMILJICKC-
HBbIC YHCAA HCIIPCMEHHO COTIPAXCHHDIE.

8 Buronckuin M.ST.
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3aTeJbCTBO CM. B 3ameyaHu 2). Ha npaxTuxe yacTHoE
ynoGHee BCEro HAXOAHUTh CJAeAYIOIMM obpa3zom.
IIpumep 1. Haditu yactHoe (7 — 4i) : (3 + 2i).

T-4

3+2

conpsxennoe ¢ 3 + 2i (cp. § 38, npumep 1). [Monyunm:
(T-4i}(3-2i) _ 18-26i _q _o;
(3+2i)(3 - 2i) 13

IIpumep 1 npeasigyuiero naparpada faet NpoBepry.

-2+5i _ (-2+5)(-3+4i) _

3anucas 1pobs !, pacurMpseM ee Ha yHcao 3 — 2i,
[

Hpumep 2. ¢ = 34h3+1
_ —14-23i _ _ _ ;
— 0,56 — 0,92i.
IMpumep 3. :_§_j_____21! =-3. 3/ecs IpoIIEe BCETO CO-
4-14i 2

KpaTuTs Ha ( —2 + Ti).

Ilocrynana Tax »e, Kak ¥ B npuMepax 1 u 2, HaiaeM
obmyio popmyny:
+bi):(a’ +b)=08a +bb | a'b-ba,
{(a+bi):(a’+b%) T b7 Tiipe (1)
Yrobsl oKa3aTh, YTO NpaBas yacThk Gopmyssr (1) neiicr-
BHTEJ/ILHO ABJIAETCS YACTHBIM, JOCTATOYHO YMHOXHUThH €€
Haa’ + b’i. [lonyuum a + bi.
3amMeyanue 1. ®opmyny (1) Moxno 6bno 6L
NPHHATH 3a ONpPEJesieHHe JeneHds (Cp. onpeAeneHus
3§36 37).
3ameyanue 2. Oopmyny (1) rakxe MOXKHO BbI-
BECTH cleAyomuM oopasoM. Coraacuo onpeseleHHIO Mbl
JAomKyE uMeTh: (@’ + &%) (x + yi) = a + bi. 3uauur (§ 35),
JOJIPKHBI YROBAETBOPSITHCA CAEAYIOMIMeE JBA YPABHEHUA:
a’x—-by=a; b’x+a’y=». 2)
3Ta cHCTEMa MMeeT EJMHCTBEHHOE Pellleane:
—aa'+by . _a'b-ba
a'?+b'2 4 a’'z+ b’z i

ecsu g-;' * —g—: (§23), T.e.ecana’®+ p'2*=0.
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OcTaerca paccMoTpeTs cayuait a’? + b2 = 0. On Bo3-
MOJKEH JIMIIL Torja (Yucsia a’ u b’ geiicTBHTENBHDI!), KOr-
paa’=0ub’ =0, r. e koraa genurens a’ + b’i pagex Hy-
J10. EciH npH aTOM M geauMoe a + bi paBHO HYIO, TO 4a-
ctHoe HeonpepesaeHnHo (II, § 23, n. 2). Ecan ke genumoe
He PABHO HYJIIO, TO YaCTHOE He CYIIeCTBYET (rOBODAT, YTO
0oHO paBHO GeckoHeuHocTH) (cp. 11, § 23, n. 3).

§ 40. FreomeTpryeckoe usobpaxeHue
KOMMMEKCHbIX Yncen

JleiicTBATEIBHBIE YHCIA MOKHO H306Pa3UTL TOYKAMHU
npAMOMH JIMHAH, KAK IOKA3aHO Ha PHC. 2, PAe TOYKa A H30-
Gpaxcaer yucio 4, a Touxka B — ynceno —5, 3TH ke yucaa

B 0 M A
-5-4-3-2-1 01 2 3 4 5
Pnc. 2

MOKHO H300pa)kaTe Takxe orpeskamu OA, OB, yuyuTsl-
Bas He TOJLKO HX JJIMEY, HO H HaNpaBJAeHHe.

Kaxnas Touka M «uuncaosoil npamoi» uaobpaxkaer
HEKOTOpOe JeHCTBUTEJbHOE UYKCIA0 (pamMoHaAbLHOe, eCIU
oTpesok OM coHM3MeDHM C eAWHHIIEH AJHHELI, H HppaIyo-
HaJbHOe, eclH HecouaMepuM). Taknum o6pa3om, Ha UMCII0-
BO¥ NpAMOS He OCTAETCA MeCTa AN KOMIIJIEKCHBIX YHce.

Ho KoMIJeKCHbIE YMCAa MOXKHO H300pa3HTh Ha «THC-
JIOBOM MJIOCKOCTH» . {17 3TOro MBI BEI-
fuMpaeM Ha IJIOCKOCTH NPAMOYIOJk- Y
Hyrw cHcreMy KoopauHar (VI, § 6) c oa-
HHM M TeM xe MacmraboMm Ha obenx
ocsx (puc. 3). KomnaekcHoe uncno a +
+ bi mpl U306paxkaeM Toukol M, y Ko-
Topoy abcuucca x (Ha puc. 3 x = OP =
= QM) papHa abcnucce @ KOMILIEKCHO-
ro yucsaa, a opauHara y (0Q = PM)
pasHa OpAKHATE b KOMIUIEKCHOrO YHCIa. Puc. 3
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Y ODpumepn. Ha
B puc. 4 Touxka A ¢ abciuc-
A coii x = 3 U opaunaroii
1 y = 5 usobpaxkaer KoMH-
el JneKcHoe yueso 3 + 5i. Tou-
y, Ka B musobGparkaetr KoMmI-
K nexkcHoe uucao —2 + 6i;
X Touka C — KOMIJIEKc-
Hoe yHcao —6 — 2i; Touka
D — KoMmJeKcHOe YHUC-

\ a0 2 - 6i.

bl

|
P
oV

! JeAcTBUTENbHLIE YHC-
na (B KoMIueKCHOI $op-
Puc. 4 Me oHM UmeroT BuA a + 0i)
u306pa>kaT  TOYKAMHU

ocH X, a udcTo MHuMbIe (Buaa 0 + bi) — Toukamu ocH Y.
I1pumepn. Touka K Ha puc. 4 usobpaxaer geiicr-
BUTEJIbHOE YUC0 6 (WIH, YTO TO Xe caMoe, KOMIUIEKCHOe
yucao 6 + 0i), Touka L — uncro mHuMoe uucio 3i (7. e.
0 + 3i); Touka N — yucto MHUMoe uncyio —4i (t. e. 0 — 4i).

Hauasno koopanHaT usobpakaer yucao O (1. e. 0 + 0i).

Conpsi>keHHbIe KOMIUIEKCHEIE YUcaa H3obparkaoTca
napoil TOYex, CUMMETPUYHBIX OTHOCHTEJIbHO ocH abc-
uce; Tak, royku C M C’ mHa puc. 4 u3obparkaioT conps-
>keHHble yueaa —6 — 2i u —6 + 2i.

KoMnnexcHble YMCIa MOXXHO H300pa’kaTh TAKKe OT-
pe3kaMH (¢BEXTODAMM ), HAYUHAOMUMHCA B Touke O U
OKAHYUBAIONIUMUCH B COOTBETCTBYIOIEH TOUKE YHCIOBOH
maockocTy. Tak, KoMIIeKCHOE Yucho —2 + 6 MOXXHO H30-
6pasuTh He TONALKO ToukoH B (cM. puc. 4), HO TaKke BEK-
TopoM OB; komnnexcHoe uucjo —6 — 2i usobparkaercda
BeKTOopoM OC u T. A.

3ameuvanue. HaBaa KakoMy-1uGo OTpe3Ky Ha-
UMEHOBAHUE «B€KMOP», Mhl IOTYEPKHEAEM, YTO CYLLECT-
BEHHOE JHAYEHHE UMEET He TONLKO AJIMHA, HO U Hanpasae-
Hue oTpeska. IBa BEKTOpa CYMUTAKTCH ORHMHAKOBHIMH
(pPaBHBIMH) TOJILKO B TOM cAy4Yae, KOr/ja OHU AMEIOT OaH-
HAaKOBYIO ANHHY ¥ OHO H TO )K€ HallpaBJeHHe.
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§ 41. Moaynb v apryMeHT KOMNEKCHOro 4iana

Jnuna Bextopa, H306paskaOIEro KOMIIEKCHOe YHC-
JI0, HA3LIBAETCA MOOy.eMm BTOrO0 KOMILIEKCHOTO UMCIA.
Moaysib BCAKOTO KOMHJIEKCHOTO YMCJA, He PABHOTO HY-
JI30, €CTH TIOJNOKUTENBHOE YHCJI0. Moy b KOMIIIEKCHOTO
uucsa a + bi obosnauaercs ja + bil, a
Takxke 6yxksoi r. U3 puc. 5 BuaHO,

uTo
r=la+bi=Jaz+b2., (1)

Mozayne AeHCTBUTEJILHOIO YHC-
Na cosBnajgaeT ¢ ero abcoaloTHOM
BeauunHOM. CONpsKEeHHBIE KOMII-
NeKcHbIe YHcaa a + bi ¥ a — bi nMesoT
OMIMH H TOT 3Ke MOAYb. Puc. 5

IIpumepsn.

1. Moayns koMnaekcHoro uucyaa 3 + 5i (T. e. AIUHA
BekTopa OA Ha puc. 4) paseH /32 + 52 = /34 = 5,83,

2. 1+4=J12+12 = /2 ~1,41.

3.|-3 + 4i|= 5.

4. Moayns yucaa —7 (1. e. — 7 + Oi} ecThb yTUHA BEKTO-

pa OM (cM. pHc. 4). OTa AJTUHA BLIPAXKAETCA IOJIOMKH-
TeALHBIM YHCJIOM 7, T, €,

|-7 + 0il= J(CTYZ+ 02 = 17.
5. Moayap umcna —4i (qauHa sektopa ON Ha puc. 4)

paseH 4.
6. Moagysab uucna —6 — 2i (anmuHa BekTopa OC Ha

puc. 4) paBeH J40 = 6,32. Mogyas udcna —6 + 2i (mruna

sextopa OC’ ua pHc. 4) Takxke paBen J40. Ilpa conps-
MEHHBIX KOMIUJIEKCHBIX UMCJI8 BCETa HUMEIOT PaBHbIe MO-
AVJIN.

Yron ¢ mexay ocnio abcumnce U sekTopom OM, uzo-

OpaskalomMM KOMIUJIEKCHOE 4YHCao a + bi (cm. pue. 5)
Ha3bIBAETCA GP2YMEHMOM KOMIJIEKCHOrO 4uciaa + bi.
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Y4 Ha puc. 6 BexTop OM n3obpaka-

eT KOMIJIeKCcHoe ynucso —3 — 3i.
¥Yron XOM siBasercss aprymed-
TOM 3TOr0 KOMIIJIEKCHOIO YHCa.

¢ Ka>xkaoe He paBHOe HYJII0 KOMII-
e X JleKcHoe uncio!) nmeet Becunc-
M JICHHOE€ MHOKECTBO apryMeH-

TOB, OTJHYAKOIUXCH ApPYlr oOT
Apyra Ha IeJoe YHCIAO MOJHBIX
obopotos (t.e. Ha 360°k, rae
Puc. 6 k — mwoboe menoe uucao). Tak,
apryMeHTaMH  KOMILJIEKCHOIrO
yucaa —3 — 3i aBasloTCH Bee yrust Buza 225° + 360° k&,
nanpumep 225° + 360° = 585°, 225° — 360° = -135°.
ADPryMeHT (¢ CBA3aH C KOOPAMHATAMHU KOMIJIEKCHOTO
yuchaa a + bi cneayomuMu GpopMyraMy (CM. puc. B):

teo=2, @)

F—

cos Q= ———, 3)
Ja?+p?
o _ b
sinp= ———. (4)
Jat+b?
OaHaKo HH OAIIA M3 IIMX B OTAENLHOCTH HE TO3BOJIAET HAaii-
TH apryMeHT o abcuucce 4 opauHaTe (CM. IpUMepHI).

IIpumep 1. HaiiTk apryMeHT KOMIIJIEKCHOIO YHCIA
-3-3i.

Ilo dopmyne (2) tg ¢ = :—g = 1. JToMYy yCI0BHIO yAOB-

JerBopAIoT Kak yroa 45°, rax u yron 225°, Ho yron 45° ne
A8asemcs aprymedroMm 4yucaa —3 — 3i (cM. puc. 6). Ilpa-
BHJIBHBIM oTBeT Oyaer ¢ = 225° (uaum —135°, unu 585° u
T. A.). ITOT Pe3yabTAT NOJYUYHTCHA, €CJAH YUECTh, uTo abc-
IHCCA M ODAMHATA AAHHOrC KOMIIJIEKCHOIC YHC/a OTDHLIA-
TeJAbHBI. 3HAYNAT, TOUKA M JIeXKHUT B TpeTheH YeTBePTH.

1} Ina wucna 0 apryMeHT OCTAETCS COBEPILEHHO Heonpege-
NEHHBIM.
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Adpyroi cmnoco6. IIo ¢popmyne (3) HaxoaumM

cos ¢ = }—1 . @opmyna (4) NokaasIBaeT, YTO SiN ) TOXKE OT-
2

punateseH. 3HAYHUT, YroJa () IPUHAAJIEKHT TPETheH Jert-
BEPTH, TakK uTo @ = 225° + 360° k.

IIpumep 2. HaliTu apryMeHT KOMIJIEKCHOIO YHCJIA
-2 + 6i. Haxonum tg ¢ = % = —3. Tak kak abcinacca or-
pHIaTeJbHa, a OPAHHATA NOJ0XKHTENLHA, TO Yroa ¢ BO
BTOpPO# YeTBepTH. C moMoiubi0 Tabaum HaxoauMm ¢ =~ 180° ~
— 72° = 108°. Cm. puc. 4, rge Touka B usofpaxaer -2 +
+ 6i.

HaumeHnsmee no abcon0THON BeJIHUHHE 3HAUEHHe ap-
IYMEHTa HAJRIBAETCHA 22a8HuiM. TaK, ANA KOMIUIEKCHBIX
uucen -3, —3i, 2i, —5i rnaBHble 3HAYEHUA apryMeHTa pas-
Hel —135°, +90°, —90°,

ApryMeHT ZeHCTBUTEIBHOIO MIOJN0KNTEALHOIO YHCIA
HMeeT riaBHoe 3HayeHue 0°; ANA OTPHIATENAbLHBIX YHCEN
rJIaBHBIM 3HAYEHMEM apryMeHTa NPHHATO cypTaTh 180°
(aHe —180°).

Y conpsKeRHbIX KOMILJIEKCHBIX YHMCEJ MJIABHLIE 3HA-
YeHHA AaPrYMEHTa HMEIOT OJIHHU H T€ ke afCONIOTHBIE 3Ha-
YEeHHU A, HO MPOTHBOMOJIOXHKIe 3HaAKK. Tak, rIaBHREIE 3Ha-
YyeHua aprymenTta ydces —3 + 3i u —3 — 3i pasubr 135° 1
-135°.

§ 42. TpuroHomeTpyyeckas opma
KOMNNEeKCHOro Ynuana

Abcuucca a H opaAMHaTa b KOMNJIEKCHOTO YHeaa @ + bi
BRLIDAXKAKTCH Yepe3 MOAYIb I B apryMeHT @ (CM. pHUC. 3)
dopmynamu

a=rcosy; b=rsing.

IToaToMyY BCAKOE KOMILJIEKCHOE YMCJAO MOXKHO NpEACTa-
BUTHL B BUAE 7 (cos ¢ + ising), rae r 2 0.
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ITO BhIp&XXEHHE Ha3bIBAETCH HOPMAALHOIL MPUIOHO-
Mempuyeckoir (Gopmoit uayu, Kopoue, TDHIMOHOMeTpUYe-
CKOM QOPMOI KOMIIJIEKCHOrO HUCA.

ODpumep 1. IlpeacraBuTh KOMILIEKCHOE YHCIO
-3 — 3i B HOpManbLHOU TPHrOHOMETPHYECKoi (popme. Fme-

eMm (§41):
r=J(-3)2+(-8)2 =3.2.
CiegoBaTensHO,
-3 -3i=3.2 (cos (—135°) + i (sin (—135°))
NI
-3 -3i =342 (cos 225° + i sin 225°)

UT. A
II p u me p 2. [[na xomniexcuoro yucaa —2 + 6i uMeem

r=f(-2)7+6? = J40

u (§ 41, npumep 2) ¢ = 108°. CnepoBaTenbHo, HOpMANDL-
HAA TPHroHOMeTpUueckas popMma yucaa —2 + 6i ecTb

J40 (cos 108° + i sin 108°).

IIpumep 3. HopmansHasa TpUroHOMeTpUYeCKad
dopma uncna 3 ects 3 (cos 0° + sin 0°) unu, B o6meM BUAE,
3 (cos 360° k + i sin 360° k).

IIpumep 4. HopmansHasi TPHUIOHOMETDUYECKAN
dopma yucna —3 ecTs 3 (cos 180° + i sin 180°) unu
3 (cos (180° + 360° &) + i sin (180° + 360° k)).
IIpumep 5. HopManbHasd TpPHUroHOMeTpUYECKAN
¢dopMa MHUMOMN efHHUNBI i ecTh cos 90° + i sin 90° unu
cos (90° + 360° k) + i sin (90° + 360° k).
3aecs r =1.
IIpumep 6. HopMmanbHads TPpHTOHOMETpHYECKASN
dopma yncaa —i ecrs cos (—90°) + i sin (—90°) unu
cos (—90° + 360° k) + i sin (~90° + 360° k).
3necs r = 1.
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B npoTHBONOJIOXHOCTL TPUFOHOMETPpUYECKOoil dopme
BBIDAXKEHHe BUJA @ + i HaswBaeTCA a12e6pauiecKoi Han
00pOURAMNOi POPMOL KOMIIIEKCHOTO YHCJIa.,

Hpumep 7. Komonekcunoe uucao 2 (cos {—40°) +
+ i sin (—40°)) mpeacTaBHTL B anrebpandeckoii gopme.

3recs r = 2, ¢ = —40°. ITo popmynam (3), (4) npean-
Ayniero naparpada

a=rcos@=2cos (-40°)= 2-0,766 = 1,532,
b=rsin @ = 2 sin (—40°) = 2 - (-0,643) = -1,286.

Anrebpauueckas ¢opMa ZAHHOrO Yucaa ecTs (npu-
6anxenno) 1,532 - 1,286i.

IIpumep 8. IlpeacraBuTh B anrebpaunyeckoii dop-
me aucno 3 (cos 270° + i sin 270°). Tak kak cos 270° = 0;
sin 270° = —1, To A8HHEOE YACAO PABHO —3i.

Hpumep 9. Ecnn r (cos¢ +isin ¢)ecTb oqHO A3 CO-
OpAMXKEeHHLIX KOMIUIEKCHBIX WHCeJ, TO JPYroe MOMHO
npeacraBHTb ¥ BHAe r (cos (—¢) + i 8in (—¢)) anu B BHAE
r (cos ¢ — i silI ¢); BOpOYEM, flOCTEAHee BLIPAIKECHHE YiHe
ne byget HopManbHO GopMOii.

§ 43. leomMeTpHYECKUA CMBICT CITOXEHNA
M BbIYMTaAHUA KOMIIEKCHbIX Yncen

IIycrs mexktopul OM u OM’ (puc. 7) nmaobpamalor
KOMIneKcHue Iacnaz =x + yiu2'=x" +y’i. As rouxu M
nposeaem sekrop MK, pas-

HHIE OM’ (1. e. uMeer TY ke Y
JJIMHY H TO )K€ HampasJieHue,
yro OM’; ca. § 40, sameua-
uue). Toraa sexrop OK wu3o-
6pakaeT CcyMMy  NAHHBIX ;
KOMILIEKCHEIX qnfenl). r7) P R X

TTocTpoeHHbIH yKa3aHRHBIM

ofpasoM sexkTop OK HaaniBaeT- Puc, 7

[

--iN

1 HeiicterTennHo, TpeyroasEaka OM’'L w MKN pagHnl.
3raunt, x’ = 0L =MN = PR; y' = LM’ = NK. CnefosaTensso,
a6comeca OR=OP + PR=x + x"; opaarata RK =y + y".
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CA zeomempuneckoit cymmoii (MNH, KOpoUYe, CYMMOI1) BeK-
topoB OM u OM’ (Ha3BaHME «CYMMa» IIPOUCTEKAET M3 TO-
ro, 4TO COBEPIIIEHHO TAKHUM e 00padoM ¢CKIaJLIBAIOTCA »
CKODPOCTH ABHXKYIXHXCA TeJ, CHJILI, IPUJIOMKEHHBIE K Of-
HOi TOYKE, H MHOTHE APYrUe PHU3HYECKUE BETUYMHBI),

Hrax, cymma Gayx KoMnrexcHuix ducen npe@cmas-
NACMCA CYMMOL 86eKMOpo8, u3obpaxanuwux omoervhosie
caazaemote.

IOauna croponsr OK Tpeyroanumka OMK MeHblue
cymMbI 4 Gonbire pasHocTH AnuH OM u MK, TToatomy

ol -l <z + 27 < 2] + [27].

PaseHCTBO HMeEET MECTO TOJLKO B TEX CJAyUYadXx, KOorjaa
sekTOpel OM u OM’ nmelorT oAMHaKoBnle (puc. 8) HAU
NMPOTHBOIIOJI0XKHKIE HanpanpJaeHn (puc. 9). B mepsom cay-
uae [OM| + |[OM'|=|OK|, 7. e. |z + 2’| = |2] + |2’|. Bo BTopom
cnyuae |z + 2’| = [Jz| - {z].

K Y
Y oM [ kM
oiM X lo/' X
M;.

Pwuc. 8 Puc. 8

Npumep 1. yctez=4 + 3i; 2" =5 + 12i. Toraa
lo| = J42+ 32 =5; 2| = J/52+ 122 =13; 2z + 2" =9 + 15i;
|z+ 2= J92+ 152 = /306 .

Umeem 13 -5 < /306 <13 +5, 1. e. 8 < /306 <18.
IIpumep 2.Ilyctb 2 =4 + 3i; 2’ = 8 + 6i. ITn KOMTI-
JeKCHBIE YHCIA UMEIOT OAHH M TOT 2Ke aprymeHT (36°527),
T. €. COOTBETCTBYIOIIME BEKTOPHI MMEIOT OlHHAKOBbLIE Ha-
npaBaeHUA. 3AeCh
l2}=5; |2/|=10; z+2"=12 + 9i;

lz+ 2= J122+ 92 = 15.

Hmeem 10 -5<15=10+ 5.
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ODpumep 3.Iycrs 2 =8 ~ 6i; 2" = ~12 + 9i. 3t
KOMIUIEKCHBIE YMCTa HIOOPAKAKTCA BEKTOPAMH, HMEHO-
IIUMH POTHBOIIOJIKHEIE HANPABIEHHA (MX APIYMEHTHI
paBuse 323°08" u 143°08°). Baecs

|2l =10; |z1=15; z+2'=-4+3i; [z+2]=5.

Nmeenm:
15-10=5<15+10.

Cymnsa mpex (4 60avuiezo wuc- Y K
Na) KOMNACKCHLIX HUCeR TaKme
NpeACTABAAETCA CYMMOIl BEKTOPORB M
(OM, OM’, OM’’ ua puc. 10), uso- S
OparKarilMXx OTAEJbHbIe clarae-
Mble, T.e. BekTopoMm OK, 3aMsi-
Karonum Jomanyw OMSK (sekTop o X
MS pasen Bexropy OM’; BekTOop Puc. 10
SK — sektopy OM’’). Cnaraemsie
MO>HO G6paTh B 1I06OM NopsAAKe; JoMaHbIe HYAYT pasnuy-
Hble, HO KOHIBI UX coBnaayT. Tak kak OK He annuHee,
yem Jomanaa OMSK, To

z+2"+ 2"

<] + 2]+

2"|~

PaBeHCTBO MMEET MECTO TOJABKO TOrAd, KOrZa BCE
c¢raraeMhie HMEKT OJHO H TO XK€ HallpaBJeHNe.

Pa3sHOCTb MEXAYy KOMMJIEKC-
HBIMHY quchamu a + bi u a’ + b'i i
paBHa cymme uncen a + bi u M)
—a’ — b’i. Bropoe cnaraemoe uMe-
eT TOT e MOAYJIbL, uto a’ + b’i,
HO NPOTHBOIOJIOGKHOE HaOopaBJie-
nue, IlosToMy pasnocms Komn-
AeKCHOIX qucer, npedcmasase-
muix eexkmopamu OM u OM’
(puc. 11), usobpaxaemca cym-
Moit aexmopoe OM u OM"” (Bek-
Topom OT). Puc. 11
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§ 44. FreomeTprYECKUIA CMbICT YMHOXEHHUSA
KOMMNMEKCHbIX Yncen

ITycTs ABA KOMILIEKCHBIX Yucaa 2 u 2” uaobpakarca
BekTopamun OM u OM’ (puc. 12). Banumem COMHOMKHATE-
JIM B TPHIOHOMETPUYEeCKOM opMe M BRIYHCINM IpoHu3Be-
AeHune:

2z’=r(cos@+isin@) - r'(cos¢’ +ising)=
= rr’ ((cos @ cos ¢’ — sin ¢ sin ¢’) +
+ i {sin @ cos ¢’ + cos @ sin ¢')),
r.e.(V,§17)

22" =rr' {{cos (@ + @') + i sin (¢ + ¢')). (1)

Moaynas npouspeaeRna (0HO H300pa’keHO BEKTOPOM
OL)ectb rr’, a apryMedT DpON3BEACHUA paBen ¢ + ¢, T. e.
npu yMHONMEHUU KOMRAECKCHBLX YUCER ux MOJYyau nepe-
MHONAIOMCR, @ GPZYMEeHmbl CKAAIbiEaI0MCA.

9T0 NpPaBAIC OCTAETCA B CHJE
AN a000r0 YMCAA COMHOMKHTE-
nen.

IIpumep 1. ¥ Kommiekc-
HEIX 9HCEJ], H300pa’keHHHIX BEK-
ropamu OM ¥ OM '’ ua puc. 12, mo-

Xy JIH PABHEI |0Ml=g n oM = 2,
a aprymentn £ XOM = 20° n

Puc, 12 Z XOM’ = 30°. Moayns npous-
BeleEHA, H300paKeHHOT0 BEKTO-

pom OL, ects g + 2 = 3; apryMenT npousBe/ileHHsA

(yron XOL) paBen
20° + 30° = 50°%;

g(cnq 20° + i sin 20°) - 2 (cos 30° + i sin 30°) =
=3 (cos 50° + i sin 50°).



§ 44. leoMeTpUHECKUIA CMbICT YMHOXEHMA 237

IIpumep 2.
4.2 (cos 45° + i sin 45°) - —'{2—5 (cos 135° + sin 135°) =

=4 (cos 180° + i sin 180°) = —4 (puc. 13).
Te ke COMHOXKHUTEIH B aJI- Y
rebpanueckei gopme Oyayr: :

4+ 4iu ~% + %i. [1epemuo-

JKUB, CHOBa HamMjgeM —4, M
IIpumep 3. IlepemHo-
#uTs 2 (cos 150° + isin 150°), L O+ X
3 (cos (—160°) + i sin (-160°))
1 0,5 (cos 10° + i sin 10°). Puc. 13
Mogyab npouasesenns 2+ 3 - 0,5 = 3. ApryMesr npo-
usBegeHUa 150° — 160° + 10° = 0°. IIpoussegeHue paBHO
3 (cos 0° + i sin 0°) = 3.
fIpumep 4.
r{cos@+isin@): r{cos(—¢) +isin (-9)) =
= r2 (cos 0°+ i sin 0°) = r2,
T. €. npousdederue 08YX CONPANEHHbIX KOMNACKCHBLX
qucen ecms OelicmeumenvHoe HUCA0, pasHoe Keadpamy
ux obujezo Modyna.
IIpumep 5.
g (cos (—20°) + i sin (-20°))* 2 (cos (—30°) + isin (—30°)) =
=3 ({(cos (—50°) +isin (—50°)).
CpasHuB ¢ npuMepom 1, BUAUM, 4TO OMm 3aMeMbL CO-
MHONCUMENRL CONPANEHHBIMU LUCAMU npou3sedeHue 3a-
MEHUROCL CONPANCCHHBIM HUCAOM. ITO CBORCTBO — 0oblLiee.
OHo pacnpocTpaHaeTea Ha J1l060e YHCI0 COMHOMHTEIe M.
3amevanue 1. [IpaBuna YMHOXKEeHUHA AEHCTBU-
TeJbHBIX YMCEJ OKA3hIBAIOTCA YACTHBIM CAYYaEM BhIlIIE-
npuBeAeHHOrO npaBuia. Tak, IpU NePEeMHOKEHUH ABYX
urcen —2 ¥ —3 apryMeuTs! ux (180° n 180°) gawoT B cyMm-

Me 360°, Tak YTO NPOM3IBEJEHHE €CTb II0JIGKHUTEJNbLHOE
qucao 6 (t. e. 6 (cos 360° + i sin 360°)).
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3amMmeuanue 2. Korga Kakoe-nubo KOMIJEeKCHOE
yucio 7 (cos @ + i sin @) yMHOXKAETCA HA MHMMYI0 €IHHH-
ny i {ee Moayss ecTs 1, a aprymerT +90°), To MOxyb npo-
H3BEJCHHA OCTAeTCHA DABHLIM 7. APryMEHT Ke YBEeJHUYH-
Baercs Ha 90°, T. e. BEKTOD MHOXXHTENA NIOBOpPAYUBACTCA
Ha yroa 90°, He MeHasAck no AJHHE, B u4acTHOCTH,
ymHoxenue 1 (eexktop OA na puc. 14) Ha i npeAcTaBaneT-
cs MoBopoToM BeKkTopa OA Ha 90°

Y B nonoxeHue OB, a ymHoxeHHe i

Bii Ha i IPeACTaBJAAETCA TIOBOPOTOM

90° 90° OB na 90° B nosaoxenune OC. Ho

c A BekTop OC naobpaxaer —1. Ilo-
=) Ol Tk aToMy i = —1. B pToit reomeTpu-

YeCcKOHi KapTHHE YHCJO { ABJIAET-
Cs «MHHMBbIM» He B GosbilIedt cTe-
Puc. 14 TeHH, yeM umucio —1.

§ 45. TeomeTpUYECKUA CMBICN fileneHun
KOMMNEeKCHbIX Yucen

Henenue ectrb geiicTere, ofpaTHOe yMHOXeHU0. Ilo-
aTOMY (CM. mpeALIAyIMit aparpad) npu denenuu xomn-
NEKCHBIX HUCeR UX MOOyau JeaamcA (MOAYb NEJHMOrO
Ha MOAYJIL JEJIUTENA), @ apzyMeHmbt 8vtuumanmcsa (ap-
I'yMeHT AeJINTes A U3 aPrYMEHTA AeJIUMOro), T. €.

r(cos ¢+ isin @):r’'(cos @ +isin@’)=
= Z (cos (9@ +isin(o -9 (1)
IIpumep 1. 2 (cos 30° + i sin 30°) : 6 (cos 45° +
+isin 45°) = % (cos (~15°) + i sin (~15°)).

HOpumep 2. —4 : 4.2 (cos45° + i sin 45°)
= 4 (cos 180° + i sin 180°) : 4 /2 (cos 45° + i sin 45°)

= % (cos 135° + i sin 135°). Cp. npumep 2 npeaLIAYIIETO

naparpadga.
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B anrebpanuecKoi dopme:

_A- ao =1 _ —1(1-i) _ —-1+i

4+ 4hp=— = = .

4+ d) = T = D 2
IIpumep 3. Paszenurs 1 HAa KOMILJIEKCHOE YMCJIO

r (cos ¢ + i sin @). 3anumem gennmoe B Buze 1 (cos 0° +

+ i 8in 0°). Cornacho dopmynae (1) uactHoe 6Gynrer

% (cos (—9) + i sin (-¢)).
l:r(cos@+ising)= %(cos (—@) +isin(—9)). (2)

TeoMeTpHuecKoe NOCTPOEHHE! ONMIIEM OKDPYXKHOCTH
panuyca 1 ¢ xentpoM B Touke O. [Iycre |r| > 1, T. e. TOUKa
M (puc. 15), naobpaxkarolias AeaHTENb, JEXKUT BHE OK-
pykHocTH. [IpopegeM kacarenpnyio M T, ns rouxu T npo-
Besem nepuneHgukyasp TM’ k OM. Touka L, cammerpuy-
Haa M’ oTHocHTeNBHO OCH abcuuce, M300paxaeT 4aCTHOE,
Helictsurensno, [OL| = [OM’], a u3 npaMoyroasHoro Tpe-
yroasHuka OTM, B kotropoM TM’ — BeICOTA, HAXOAHM

loTl2 = |OM]-|OM ], . e. 1 = r [OM | uau lOM | = %.Apr‘y-

MEHTHI e BeKTopoB OM u OL, oueBHAHO, DABHBI 10 B&JIH-
YUHE H IPOTHBOIMOJOMKHbI HO 3HAKY.
Ins cayuan |[rl < 1 mocTpoente mokasaHo Ha puc. 16.
Hs dopmyant (2) caeayer, uTo mpU AeneHuu 1 Ha
KOMILJIEKCHOe YHCJIO ¢ MoAiyJeM r = 1 nony4aercss KoMi-
JIEKCHOE YHCJI0, CONPSKEHHOE C AETUTEIEM.
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IIpumep 4.
2 (cos (-30°) + i sin (—30°)) : 6 (cos (—45°) + i sin (-45)) =

= %(cos 15+ isin 15°).

CpasHHMB ¢ IpUMEPOM 1, BHAUM, YTO 0m 3aMelbl de-
AUMO20 U Gerumess CONPANEHHbIMU LUCAAMU LACMHOe
3aMenuN0Cy conpaXcennbim wucaom, Popmyna (1) moka-
3HIBAET, UTO 3T0 CBOiicTBO — o0nyee.

§ 46. BoasefieHMe XOMMNNEKCHOro Yuaia
B UENyIo cTeneHb

CornacHo § 44
(r(cos ¢ + i sin @))% = r¥(cos 2¢ + i sin 2¢),
(r (cos @ + i sin @))® = r3(cos 3¢ +i sin 3¢)
H BoOOIIIC
(r{cos ¢ + isin @))" = r* (cos ng + i sin ny), (A)
rae n — Ueyoe NoJOXKHUTeIbHOe YHeao. ®opmyna (A) Ha-
spiBaerca gopmynoi Myaspa (A. Myasp, 1667—1754).
Ona BepHA H AJA IEJOTo OTPHUATEALHOr0 NOKA3aTeNA i
(§ 61), a rakoke ansin = 0.
. -3 1 _
Hanpuumep, (r (cos @ + i sin @)) (—-——-«—r( cosg + Ion o)
_ 1
= ———————— . Cnenosarenruo (cp. npamep 3 npe-
ri(cos3@ +isin3 )
ABIAyinero naparpada),
(r(cos @ +isin @))3=r-3(cos (—3¢) + i sin (-39)}).

Wrak, n1pd BO3BEJEHHHU KOMILJIEKCHOTO YMCJIA B JIKO-
6yIo HeNyIo CTemeHb Modyab 603600umcs 6 my e cme-
nexs, @ apzyMenm yMHOMKAEemCR Ha nokasamens cmene-
xu. O Bo3dseieHHH B IPOOHYIO cTenleHs cM. § 48.

IIpumep 1. BospecTn B WIECTYIO CTENIEHD YHCJIO

2=2(cos 10° + i sint 10°).

Mmeem 26 = 26 (cos 60° + i sin 60°) = 32 + 32./3 i.
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IIpumep 2. Bospectu B 20-10 CTENEHBL YHCIO

Mopyns uncna z (§ 41) ects 1, a aprymenT pasen —60°.
CnenosaTensHo, MOAYIhL yncia 22% ects 1, a apryMeHT pa-
BeH —1200°=-3-360° — 120°, Umeem:

220 = cos (—120°) + i sin (-120°) = —% -~ ? i.

II pu mep 3. HaliTu BbipazkeHne KOCHHYCA U CHHYCA
yraa 3¢ depes KOCHHYC ¥ CHHYC yria @.

Pemenne.

cos 3¢ + isin 3¢ = (cos ¢ + isin @) =
=cos? ¢ + 3icos? ¢ sin ¢ + 3i2 cos @ sin ¢ + B sind ¢ =

=cos? @ — 3 cos @ sinZ @ + i (3 cos? @ sin ¢ — sin3 @).

IlpupasuuBasa abcuyccnl H opaHHATH (§ 35), Haxo-
AAM:
cos 3¢ = cos? @ — 3 sin? g cos ¢
"
sin 3¢ = 3 cos? @ sin @ —~ sin3 @.
IIpumep 4. TakuM ke cbpasom HANAEM:
cos 4¢ = cos? ¢ — 6 cos? @ sin? ¢ + sind @,
sin 4¢ = 4 cos3 ¢ sin ¢ — 4 cos ¢ sind @,
a Takxxe obnue QOpMyaBl 424 sin n@, cos n@(cm. V, § 21).

§ 47. N3BneueHre XOpHSA U3 KOMMAGKCHOIO YACNa

Hanneuenne xkopusa (II, § 9, n. 6) ects geficTene, o6-
paTHoe BO3BeJEHHI0 B cTeneHb. IloaToMy (CM. npeablay-
unit naparpad) »odyny Koprs (Ieso¥ CTENeHN) U3 KoMn-
NEKCHOZO YUCAQ NOAYYAEMCR U3IBNEHeHUeM KOPHA moit
Je cmeneHu u3 Mo0yas nodKopeHH020 wucaa, a apey-
Menm — OeneHueM apzyMeHma Ha noKa3amenv KOPHA:

2fr(cos ¢ +i sin @) = /r (cos;lq-’ + isin “’). (B)

]
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3nech 3HaxoM Y7 0603HAYEHO MONOKHTENbHOE THCIO
(apndMeTHyecKUil KOPEHE M3 MOJYAA).

Kopenv n-it cmenenu u3 8CAK020 KOMNAEKCHOZO YLUC-
aa uMeem n pasauuHbLY 3Haverull. Bce oHM MMEOT O -
HaKOBbIE MOAYJHM /7 ; ADPYMEHTHI e IoNyYaIoTCsA U3 ap-
TyMEHTA 0HOTO H3 HHX TOCJeA0BaTeNbHLIM NpHGaBIEHH-
eMm yria 1 .360°.

n

HeiicTBHUTENBHO, IYCTD Oy €CTH APTYMEHT NOAKOPEHHO-
ro uncna. Toraa @y + 360°, ¢y + 2 - 360° u 1. A. Taxxe fAB-
nsoTea ero aprymeHramMu. ®opmyaa (B) noxaseiBaer, uro 3a

APIYMEHT KOPHA MOYKHO IIPMHATEH HE TOJAbKO Lo , HO TaKKe
n

% + ’-1; -360°, (—2‘-’ + ’% -360° 1 1. A. CooTBETCTBYIOIIME 3HA -

YeHMA KODHA HE BCe Pa3NMyHbl MexAy co6oii: apryMeHTr

%" + % - 360°, T. e. %" + 360°, naet TO ke KOMIIJIEKCHOE

YHCA0, YTO M APIryMeHT %"; apryMeHT ?’f +'—'—;—1 + 360° =

= %‘-’ + % + 360° + 360° maeTt TO Ke KOMILIeKCHOe YHCIO0,

YTO aPryMEHT LIRS 360°, u T. a. Pasauunbtx 3Ha4eHU it
n n

xopHA 6yeT poBHO nn. CM. IpHMepbI.
IIpumep 1. UaBneyb kKBaAPATHBIA KOPEHD 3 YHCAE
—9i. Moaynb 3Toro 4nciaa ects 9. 3HAUMT, MOA YL KOPHA

paser /9 = 3. ADPryMeHT NOAKOPEHHOrO UMCAA MOMKHO
NpuHATE paBHBIM ~90°, —90° + 360°, —90° + 2-360° 1 T. A.
B nepBoM cayuae HOJyyaeM:

1
(-90)% = /8 (cos (—45°) + i sin (—45°)) = % - -} i (1)

)
[ V)

Bo BTopoM cayuyae

1
-9i)2 = /9 (cos 135°+isin 135°)=-3 + B ; (2
(-90)2 = /9 (co ) 55 2
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B 'rpe'rbem ciayuae

(- 9;)2 = /9 (cos 315° +isin 315°) = = —
f f
T. €, TO >X€, 4YTO B neproM. Bepa ¢=-90°+3-360°, ¢ =
=-90° + 4 - 360° usnm ¢ = —90° - 360°;, —-90° - 2 - 360° u
T. A., MBI 6y/ieM nNooYepeAHO MoaydyaTh 3HaueHna (1) u (2).
IIpumep 2. Ussineus KBaApaTHHIA KOpeHbL H3
yucsaa 16. ApryMedT aToro ywucaa ects 360° k (B — nenoe
Yucao), AprymeHT Kopus 6yger 360° &k ; 2 = 180° k. Eciu
k ecTb HyJIb HJIM YE€THOE YHCJIO, TO APryMEeHT KOPHA paBeH
1
Hyro s kpaten 360°. Torga 162 =4 (cos 0° +isin 0°) =
= 4. Eciu ke k — HeyeTHOe UMCJIO, TO API'YMeHT 6yaeTr
180° unu ornmuyaTecs ot 180° na kparnoe 360°. Toraa

1
162 =4 (cos 180° +isin 180°) = —
IIpumep 3. Uzpneurs KyOuuyecKuid KopeHs M3 1.

Mopayns KopHa pased 3/1 = 1. AprYMeHT NOXKOPEHHOro
yHcaa ectbh 360° k& (B — moboc nesoe yucao). ApryMmeHT
Kopua 6yaer 120° k. Tlonaras & = 0, 1, 2, HaXOAUM TPU
3HavYeHUs aprymenTa Kopua: 0°, 120°, 240°. CoorseTcT-
BYIOIIME 3HAYEHHA KopH# OynyTl):
2,=cos0+isin0°=1,

2, =cos 120° + isin 120° = —% + g i
23 = cos 240° + i sin 240° = —% - —? i

1) 3tu pesynbTaThI 10N€3HO IPOACPHUTL. Y MHOMHB YHCJI0 2, =

1,48, " 2 _1_J3,_
2

=- 3 + 3> i camo Ha cebs o nnparnyy § 38, Haiiaem z;=-— 3

3
= 2z3. YMHOM A ellle pa3, MONYYRM Z, = Z32, = 1. Tak e npose-

PACTCH M KOPCHB 23 = -% - _~/§-§ i. HmcHHO:
J3.

1 2
2 =—- + - (=2, 23 =2,23=0L1
2 3 2“3 243



244 Iil. AJINEBPA

Y, Ha pue. 17 311 3Hauenus uso-
A, GpasKeHhl TouRaMu A,, Ay, A5. Tpe-
yronbHMK AjAyA; — PABHOCTOPOH-
HuH, OH BIHCAH B OKDPYKHOCTL
o Ay X paguyca 1.

IIpumep 4. UsBneur Ko-
peHb mectoil creneny us —1. Ap-
FYMEHT NOJKOPEHHOro uMciaa —1
ecte 180° + 360° k. ApryMesnt
xopHa paseH 30° + 60° &k, HmeeM ciaejyiol[He IIECTH
3HAYEeHHH KOPHSA:

Puc. 17

zlzcos330"+isin30°="/?§ +%i,

2, =cos 90° + i sin 90° =,

23 =cos 150° +isin 150°= —“/75 + 11’,

2
2, =cos 210° + isin 210°=—§ - %i,

25 =cos 270° + i 8in 270 = —i,

26 = cos 330° + i sin 330° = g - %i.

Touxku Al' Az, Aa' A4' A5, AG'
uaobparkaoure OTH JIHaYeHHA
{pHuc. 18), ABAATCA BEePLIMHAMH
TNPaBHJAbLHOrO IIECTUYTOJBHHKA.

Y3z popmyas! (B) creayer, 4To
A n KopHed U3 xaxoro-nuﬁoﬂ KOMII-
JIEKCHOI'O YMCJIA U 12 KOPHEei U3 co-
NPAMEHHOT0 YMCJAA NONMApHO CO-

Puc. 18 NpAMKEHSI.
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IIpumep 5. Kopun ueTpepToii cTemedd M3 4quc-

na 16 (cos 120° + i sin 120°) = -8 + 8./3 i 6ynyT:

2y = 2(cos 30° +isin 30°) = J3 +i;

2y =2 (cos 120° + isin 120°)=-1 + J3i

23 =2 (cos 210° +isin 210°) = -J3 -

2, = 2 (cos 300° + i sin 300°) =1 - /3,
a KOPHM TOH e crenend u3 uyucaa 16 (cos 120° -
— isin 120°) = -8 - 8./3 i GyayT:

z; = 2 (cos 30° — i sin 30°) = ./3 —i;

Z, = 2(cos 120° - isin 120°)=-1- /3 i;

73 = 2 (cos 210° — i sin 210°) = —./3 +i;

z, =2 (cos 300° — i sin 300°) =1+ /3.

Yucnaz, u Z;,2, 4 Z; U T. /. TODAPHO CONPAMKEHbI.

§ 48. Bo3BefieHne KOMNAEKCHOro YUUTA
B ntobyio AeCTBUTENbHYIO cTeneHb

Boasenenue B ApobHYI0 cTeneHb JEHCTBHTENBHOIO
yucaa onpegeneHo B § 61. Ho tam paccmarpuraiTrcs
TOJBKO AEHUCTBUTENbHLIE BHA'IEHHA CTENeHM. 3Aech Mbl
nyxxaaemcs g 6onee obmem onpegenenuu. OHo jgaerca
caeaywoei popmynoi:

(r (cos ¢ + i sitt @)y = rP (cos p@ + i sin pY). ©)
3aecs p — nioboe geificTBUTENLHOE YHCAO, a 1P 03HAYAEeT no-
JOHCUMENbHOE YHCIIO, TIPEICTABIAIOLIEE P10 CTENEHb MOAY-
aar. ®opmyna (C) cornanaer ¢ dopmynoi (A) (§ 46), korna

P — 1eJoe 4Heno, U ¢ (B) (§ 47), koraa p ecTb Apobb % . Ec-

JIA P eCTh Apobh % , T0 B cuny (C), (A) u (B)

ﬂ_l
(r{cos ¢ +isim ¢))" = "/(r(cos @+i sin ¢))", (D)
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YTO COTJIACYETCA C OORIYHLIM OlIpe/eleHueM ApoOHOM cTe-
neHu.

JIpobHas cTeneHb BCAKOTO KOMIIJIEKCHOTrO (B TOM YUC-
Jie M IeHCTBUTENBHOTO) YHCIa HMEET /1 DABTHYHLIX MEXAY
coboii anayenuii (n — sHaMeHaTenb Apobu). Popmyna (C)
pacnpocTpaHfieTcd M Ha clydail UppalHMoHAALHOCTH I10-
kKazaresia p. B nocnegHem cnyyae p-a cTEleHb BCAKOrO
YucJIa UMeeT 6ecurcIeHHOe MHOKECTBO 3HAYEH .

MDpumep 1. BosBectd yucao —16 B creneHs %

Nmeem:p= <=, r=16,¢p=180°+ 360° k. Moayab crenesn

3 3
(-16)* cornacuo (C) pasen 164 = 8. ApryMenrt crenenn

paseH 2(180" + 360° k) = 135° + 270° k. Ilonaraa k = 0,

1, 2, 3 (ocTanbHble Ueanle 3HAYEHH A £ HOBLIX PE3YIbTATOB
HE 1allyT), UMeeM CIeyIOlHe YeThpe 3HaYeHUA CTeneH !

2, =8 (cos 135° + i sin 135°) = ~4./2 +4./2;
2, =8 (cos (135° + 270°) + i sin (135° + 270°)) =
=8 (cos 45° + isin 45°)=4./2 + 4./2;
23=8(cos (135°+ 2-270°) +isin (135°+ 2-270°)) =
=8 (cos (~45°) + i sin (—45°) = 4/2 - 4.J2;
2,=8(cos(135°+3-270°)+isin (135°+ 3 270°)) =
=8 (cos (—135°) + i sin (-135°)) = -4 ./2 —4./2..

OTH 3HAYeHHA H300paKeHBl TOUYKAMH
B, B, B, B,, B;, B, (puc. 19).
IIpumep 2. Boapectu uucao 18

1 = 1 = =
crenenb o . 3aecws p 50 T 1,9

B B, =~ 360° k. Cornacno (C) nmeenm:

1
127 = cog 389° 4 +isin = — 360 k.
Puc. 19 21':
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Ha puc. 20 nokasanst Touku By,

B,, B,, Bj, ..., uzobpaxkawomue Te
3HAYEHHHA CTENEHH, KOTOPBIE [I0JyJa-
reanpu k=0,1, 2, 3, ... . Bce oun

JleKAT Ha OKPY3KHOCTH paauyca 1.

Hukakue maps! 3TUX TOYEK HE
COBNAZAKT APYr ¢ ApyroM. B camom
nejte, Kaxpeld ms yraos ByOB,,
B,OB, u T.n. paBeH paguany, T.e. Puc. 20
KaxJaa u3 ayr ByB;, BB, u T. 1. uMeeT JAMHY, PaBHYIO
panuycy. Eciu 651 HekoTopasa Touka B, cosnagana ¢ B,
TO OKa3aNoch ObI, YTO OKPYXXIIOCTH, 00CHAeHHAA § pa3
(8 — HekoTOpOE 1eJI0e YUCC), coflepaKana Obl [ paguycos.
Torza ogHOKpaTHO OOCHAEHHAS OKPYMXHOCTb Mmena Onl
1
8
HECOM3IMEPUMA ¢ PAJUYCOM. SHAYUT, HH OJHA NIApa TOUEK
By, B,, ... He cosnafaer. Uem Gosbilte Touek Mbl Gepem,
TeM IJIOTHEE NCKPLIBACTCH UMH OKPYIKHOCTE. QKOG JI0-
foi ee TOUKH CKomnAeTcA OecKOHEYHOE MHOXECTBO TOUYEK
B. Y Bce e NMOBCIOAY HA OKPY>XHOCTH OCTAIOTCA TaKue
TOYKH, KyAa He oNajaeT HU o Ha U3 Toyek B. Takosa, Ha-
npuMep, TOUKAa, AUAMETPAJbHO IPOTUBCIIONOXKHAR TOUKE
B,, unn nwb6as BepIIMHA KAKOro-HUOYAhL NpaBMJILHOrO
MHOTOYTOJbHHKA, I KOTOPoro B, eCTb 0JHAa H3 BEePIUMH,

3ameuaHnue. MoxHO onpeJe/uTh CTENIEHE KOMII-
JEKCHOT'O YHMCJIA M AJA KOMIJEKCHOr0 MoKasaTes cTemne-
HH. OHa TOXXe HMeeT GeCUHCIEHHOE MHOXKECTBO 3Haue-
HHMIi, HO COOTBETCTBYWIUME TOUKH B 00IL[eM cJaydae He
CKONNATCA, a JIEXKAT BPO3b APYL OT ApYyra.

ANMHHY, B TOYHOCTH PABHYIO - paAuycos. Ho OKpY>KHOCTH

§ 49. HexoTopble ceeneHns o6 anreGpanyeckux
YPaBHeHUSAX BbICLLIMX CTeneHen

Huina ypasHenud 3-it ¥ 4-# cTreneHH o6lero BHaa Hail-
AeHb! (§ 2) dopMynrl, BRIpaxkaoie KOPHH YpaBHEHHA
yepes OykBeHHEle BeJUMYHHb! K0adPuHeHTOB. ITH op-
MYJIbI COAEPsKaT pagHKajkl 2-i 4 3-i crenedu. Onu cnox-



248 lll. AITEBPA

HBI M [IOTOMY MaJIONPHUIOAHL AAA NpaKTHKU, J{ns ypap-
HeHUH 0oJiee BBICOKOH CTENEHH TAKMX (POPMYJa COBCEM
HeT. Jloka3aHo, 4TO KODHH 00mero ypasHeHUs CTENEHH
Bhoillle 4-i Henb3A BHIPA3UTH Yepe3 GyKpBeHHEIE Koapdu-
IMEHTBI C MIOMOUIbI0 KOHEYHOI'0 YMUCAa CIACXKEHUH, BHIYH-
TAHHWH, YMHOXKEHUH, AeJeHUil, BO3BelEHHH B CTENEHb H
u3BJeueHUH KODHA. Taxkoe BhIpaXK€HHE BO3ZMOKHO JHIIE
A1 HEKOTODbIX YACTHBIX BU/JOB OYKBEHHRIX ypPABHEHUH
BBICIIIMX CTENEHEH.

TeM He MeHee KOPHHM BCAKOIO0 aarefpan4yecKoro ypas-
HEHUS C YUCJIOBHIMHM KO3Q@PUUHEHTAMH MOXKHO HAHTH
npUGAHIKEHHO ¢ 11000 CTENEHBIO TOYHOCTH.

Jo BBeJIEHH S KOMIIJIEKCHBIX YHCeJ Ja’ke KBaAPaTHOe
ypasHeHHe He Bcerga umeno pemenue (§ 28). C BeeaenueM
KOMILIEKCHRIX YHCEJ Kaskaoe anred panyecKkoe ypapHeHHe
HMeeT N0 KpalHell mepe oAMH KOpeHb (K0apPHIHeHTH
anre6paMyecKOrc yYpaBHEHHMA MOTYT GBLITE COBEDIUEHHO
NPOH3BOJBHRIMH — JaKe KOMHJ[GKCH]:IMH).

VYpapHeHHE n-f CTENEHH He MOXKeT MMeThk 6oJibine
YCM n pa3JHYHbIX KOpHeH, a MeHbIie — Mosker. Hanpu-
Mep, ypaBHEHuUE naToi crenenu (x —3) (x —2) (x ~1)3=0
(B packphrToM BHJE x5 — 8x1+ 24x3 - 34x2+ 23x -6 =0)
HMeeT KOpHHU X; = 3, X, = 2, x5 = 1. JIpyrux KopHeii y He-
ro HeT. Bce >xe ¢cYUTAOT, YTO 3TO YPABHEHHE UMEET NATh
KopHeit (x, =8, x, =2, x3=1, x, =1, x; = 1). Kopens 1
CYMTAIT TPH pa3a, MOTOMY UTO J€Baf 4acTh JAHHOrO
YPABHEHHA COLEDHKHT MHOXKHUTEAL X — 1 B TpeThei cTe-
TIeHH,

IIpu TakoM cueTe BCAKOE YpaBHEeHHE n-ii CTeNeH:t

apxttax* '+ ... +a,=0 (ayg=1) 1)

HMeeT POBHO n KOPDHEH, H BOT moueMy. YpaBHeHue (1)
MO3KHO (€IUHCTBEHHEIM CIIOCO60M) TIPEACTABUTE B BHAE

ay(x—x)(x~x))...{(x—x,})=0. (2)

Yucna x,, x5, ..., X, — KOpPHHU ypaBHeHu# (1). Cpean

HHUX HECKOJbKO MOTYT MMETb OJHO M TO XK€ 3HauyeHue (B
IpPeABIAYILIEM MPHMEpPE X3 = X, = X5 = 1). D10 3HaueHHe
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CYUTAETCA B KAYECTBE KOPHA CTOJbKO Pa3, CKOJLKO OHO
nosropsaerca. [IpH TtakoMm cueTe oblyee YMCJIO KOpHEH
BCET/ld PABHO 7.

Ecan kosddunuenTbl anreGpaHdyecKorc ypasHeHHA
HefACTBUTENLHBIE, 4 OAUH M3 KOPHEH €CTh KOMILJIEKCHOE
yicsae a + bi, TO CoONpAXKEHHOE KOMIJIEKCHOE YHCJIO
a — bi — Toxxe xopens. Hanpumep, KOMIIIEKCHOE YHCIO

.f f

i (ecTs KOopeHb ypaBHCHUA X1+ 1 = 0 (§ 47); co-

NPSIKEHHOE KOMILJIEKCHOE YHCIO g - _»[2—2 i — TOXe Ko-
peHb 3Torc ypaBHeHHA. TakuMm ofpa3oM, ypaBHEHHE C
AEeACTBUTENBHEIMM KO3(DDHUHEHTAMHN UMEET BCETAa YeT-
HOE YHCJIO KOMIIJEKCHbBIX }copHeii.

Beaxoe ypaBHeHHe HEUETHON CTENEHH C AENCTBHTE b-
HBIMHU ko3dduuyeHTaMmu MMeeT XoTa Okl OAMH AeHCTBH-
TenbHbII KOPEHD (BeAb KOMIIJIEKCHBIX KODHEH BCErja YeT-
HOE YHCJIO, a 0011ee YHCJIC KOPHEH IO YCJIOBHIO HEYETHO).

~ a
CyMMa kopHeit ypaBHeHua (1) paBra —— , a npouase-
ag

.- a vy
AeHHe KOpHe# paBHO (—1)"— . ITH cBoicTBa ObINM YKasa-
do

Hbl (PPAHILY3CKUM MaTeMaTHKoM @. Bueromp 1591 r.V

IIpumep. Ypasuesue x5 — 8x4 + 24x3 — 34x?% +
+23x-6=0(r=5;ay=1,a,=-8, a,=-6) umeer xop-
HH (cM. Bume) 3, 2, 1, 1, 1. Ux cymma cocraBaser 8
(T. e. _:11“3] , & Ipou3BeAeHue 6 (T. e.(—1)%- _Tﬁ) .

ITH cBoiicTBa (a TAKMKE U JPYrHE aAHAJOIMYHKIE) BhI-
BOAAITCA M3 conocrasjeHua ypasaesnii (1) u (2) (v Hux
HOMKHB! OBIThH OAMHAKOBBLIMHU BCE YJIEHbI, B YACTHOCTH
BTOPOMH M NOCNEeAHUI).

1) Buer He mpHMiHaBal OTPMUATEABHLIX umncea (cp. § 3)

M [0TOMY pPacCMAaTpHMBaj CIyuyau, KOrga BCC KOPDHHM IOJOXKH-
TCJAbLHBI.
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§ 50. O6wme cBeneHUA O HepaBeHCTBAX

JBa BbIpa’keHuA, YNCIA0BbIE HIH OYKBEHHEIE, COEAH-
HEHHbIE 3HAKOM «0osbiles (>} MAM 3HAKOM «MEHbILE»
(<), obpaaywT Hepasercmao (MHCA0BOEe nIu GYKBEHHOE).

Bceakoe BepHOe YMCI0BOE HEPABEHCTBO, & TAKXE BCH-
Koe OyKBEHHOe HepPaBEeHCTBO, CIPABE/JINBOE IIPH BCex
YUCJIOBBIX AEHCTBUTENbHLIX 3IHAYEHUAX BXOAANIHX B HETO
OYKB, HA3LIBACTCHA MOXOOCMBEHHbLM.

IIpumep 1. Hucnosoe HepapeHCTBO 23 — 5 <85
{oHO BepHO!) €CTh TOXX/IECTBEHHOE HEPABEHCTBO.

[Ipnumep 2. BykpeHHOE HEPaABEHCTBO a2 > —2 ToxX-
JIECTBEHHO, TaK KaK IIPY BCAKOM YHCJIOBOM (/IeHCTBHUTEIb-
HOM) 3HAYEHHH a BEJTHYMHa a2 [10JI0’KUTebHA HIH PaBHa
HYJIIO U, 3HAYMT, Bcerga boasiue, yem —2.

JBa BbIPAXKEHHA COEAHHAKTCA TaKXXe 3HAKAMH
< («MeHbIUE HJH PaBHO») H 2> («DoJbINE MM PaBHO»).
Taxk, 3anuch 2a > 3b o3HauaeT, YTO BeJHuHHa 2a aubo
6oabile peuyuHbl 3b, 1400 paBHa eit. TakHe 3aNUCH TaK-
K€ HA3BIBAIOTCS HepaseHcmaamu.

BykBeHHBIE BeJIMYMHE], BXOAAIIHE B HEDPABEHCTBO,
MOrYT NOAPas3fienATHCA Ha H3BECTHEIE H HeH3BecTHLIe. Ka-
KHe U3 OYKB IPeACTABRJAIOT H3BECTHEIE, A KAKHE HEH3BECT-
HbIEe BEJHYHHBI, JOJHKHO ORITE OTAENALHO YKa3aHo, O6bIYHO
[JIS1 3TOT'C HEH3BECTHLIE BEJIMYHHBI 0003HAYAKTCA TIOCTEx-
HUMM BYKBAMH JIATHHCKOro adasuTa X, i, Z, u, VM T. 4.

PemiuTh HEPABEHCTBO — 3HAYMUT YKA3ATh I'PAHMILLL, B
KOTOPBLIX AOJMHBI 3aKJIOYATHCA (JeHCTBHTEJLHBIE) 3HA-
YyeHHs HEMB3BECTHBLIX BEJMYHH, YTOOB! HEPABEHCTBO GBLIO
BEPHBIM.

Ecay 1aHo HECKONILKO HEPDaBEHCTS, TO PEIUHTh CHCTEe-
MY 3THX HEPABEHCTB — 3HAYHT YKA3aTh FPAHHLbI, B KOTO-
PbIX OJIKHBI 3aKJIOYATHCH 3HAYEHHMSA HEH3BECTHRIX Be-
JIMYUH, 4YTOOBI BCe AaHHbIE HEPABEHCTRA OLIIM BEPHLIMH.

IIpumep 3. Pelmunts HepaBeHCTBO X2 < 4.

9To HepABEHCTEO BEPHO, eCJH |x| < 2, T. e. ecsu x 3a-
KJIIOYEHO B paHuNax Mexay —2 4 +2. Pemenne umeer
BUA: —2 <x < 2.



§ 51. OcHOBHble CBOWCTBA HepaBeH(Ts 251

IIpumMep 4. Pemuuts HepaBeHCcTBO 2x > 8.

Pemenne nmeer BUA: x > 4. 3aecy X OrpaHHYeHO
TONBKO C OZHOU CTOPOHHKI.

IIpumep 5. Hepasenctso (x — 2) (x — 3) > 0 BepHo,
ecau x > 3 (torza ob6a comuoxuTena (x — 2), (x — 3) moJo-
JKHTENbHBl), & TAKXKe NPpH X < 2 (Torga 06a COMHOMXKHUTENA
OTPHUATEJbHB ) H HEBEPHO, KOr/la X 3aKJIOYEHO B FPAHH-
nax Mexay 2 H 3 (a raxxke npy x = 2 y ipu x = 3). [oaro-
My PEIIeHHE IPEACTABAAETCHA 1BYMs HEPABEHCTBAMH

x>3; x<2.

Hpumep 6. Hepasenerso x2 < —2 He UMeeT pelle-
HHUR (cp. mpuMep 2).

§ 51. OcHoBHble CBOCTBA HEpPaBEHCTB

1. Ecnua > b, o b < a; uaobopor, ecima <b, ro b > a.

IOpumep. Ecanbx-1>2x+1,702x+1<5x~1.

2. Bchrma >bunb>c, toa>c. TodHO Tax ke, ecau
a<bub<c,tToa<c.

IIpunwmep. Ua nepaBeners x > 2y, 2y > 10 cneayer,
yrto x > 10.

3.Ecima>b,roat+c>b+e(ua—c>b-c). Ecnuxe
a<b,toat+c<bitc(Mma—c<b-c¢),T.e. x ofeum wac-
MAM Hepadencmaa Moxhno npubasums (MAH U3 HUX BbI-
YEeCTb) 00HY U My He BerURURY.

IIpumep 1. Jano HepaBeHcTBO x + 8 > 3. Briuuras
u3 06eHX yacTeil HeEpaBeHCTBA YHCA0 8, HAXOoAMM X > — 5.

IIpumep 2. Jano nepanencTso x — 6 < —2. [Ipnbas-
aaa K 06euM yacTaM 6, HaxoauMm x < 4.

4. Ecima>buc>d, toa+c>b+ d; TouHo Tak ke,
ecrua <buc<d,roa+c<b+d,r.e.d8a Hepagencmaa
00uHaK08020 cMbICAQ") MONKHO NOYReHHO ckaadbisame.
OTo cnpaBefJMBO M ANA AI000Tc YHCJIAa HEPABEHCTB, HA-
npuMep, ecnu a; > by, ay, > by, az3 > by, Toay +ay +az >
>by + by + by.

1) ButpaxeHHe «HepaBEHCTBA OAHHAKOBOTO CMBLICAA» O3HA-

gaeT, 4To 064 HEpABEHCTBA COREp KaT 3HAK > HIH ofa conepxar
JHAK <.
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IMIpumep 1. Hepasencrsa -8 > —10 u 5 > 2 sepHsl.
CkaagblBasd HX NOYNEHHO, HAXOAHM BEDHOE HEPABEHCTBO
-3>-8.

1

ITpuMep 2. /laHa cucTeMa HEPABEHCTB 3 X+ éy <

.1
<18,2

x <22,

3aMeyanue, Jlpa HEpPaBeHCTBA OJMHAKOBOIO
CMEICJIA HEAb3A NOYNEHHO 8btiumams KPYT U3 APyra, TAK
KaK PesyJIbTAT MOKET ObITh BEPHBLIM, HO MOKeT BhITh M
HeBepHbiM. Hanmpumep, ecau U3 HepasencTsa 10 > 8 no-
YJIEHHO BBHIYECTh HEPABEHCTBO 2 > 1, TO NOJIyYuM BepHoe
HEpaBeHCTBO 8 > 7, HO eC/IH M3 TOTO Ke HepaseHeTBa 10 >
> 8 mouseHHO BbIUECThL HepaBeHCTBO 6 > 1, To moay4uum
HesenocTh. (Cp. cAeAYIONIHA IYHKT.}

5 Ecima>bunc<d,roa—c>b-d;ecnua<bn
c>d, roa—-c<b~-d,T. e. u3 00HOZ0 HEPABEHCTNBA MO~
HO NOYNEeHHO Bbiiecmb Opyzoe HepageHCmM80 NPOMLEoNno-
AOHHOZO cMbicaal), ocmaansas 3naK mozo Hepagencmaa,
u3 Komopozo avtiumanocs Gpyzoe.

IlIpumep 1. HepaBencrea 12 < 20 u 15 > 7 BepHBL.
BriYuTAA NOYJIEHHO BTOPOE H3 MEPBOT'C U OCTABJAA 3HAK
MepBOro, NOJy4YaeM BepHOe HepaBeHCTBO ~3 < 13. Beium-
TafA NOYJEHHO IEPBOE H3 BTOPOTO U OCTABAAA 3HAK BTOPO-
ro, HAXOAHM BEepHOe HepaBeHCTBO 3 > —13.

x - %y < 4, CknajasiBasi HX MOYJEHHO, HAXOMXUM

IIpumep 2. [laHa cucTemMa HepaBeHCTB %x + % y<

< 18; %x - %y > 8. BriuuTaf H3 IepBOro HEepaREHCTBA

BTOpOE, Haxoaum y < 10,
6. Ecaua > b m — nonoxxkureapHoe YUCIO, TO nad >
a b

>mbu = > =, T e ofe HaCMUL HePABEHCMBA MOKCHO
m m

D BHDBJ{CCHHC «HCPDAaBCHCTE& MTPOTHBOMIQJIQOMHOIQ0 CMBICTA»
03HAYAET, YTO OAHO U3 HCPABCHCTE COAEPXKHT JHAK >, & Jpyroe
JHaK <.
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pa3fenums unu yMHrOMUMSL HA 00HO U MO X€ NOROKU-
meabHoe Yucao (3HaK HeDRBEHCTBa OCTRETCH TEM Ke).

Ecau ke a > by n — oTpHUATENRHOE YUCIO, TO 1A <
<nbu % < % , T. €. 00e Hacmu Hepasencmea MONHO YM-
HOXCUMSb UAU Pa3deaums Ha 0OHO U MO He ompuyamenry:
HOE HUCRO, HO NpU 3IMOM 3IHAK HEPUABEHCIMEA HYNCHO
NOMENSAMb HA NPOMUBONONONHLIEL,

IIpumep l. Paszaenus ofe 4aCcTH BEPHOrO HepaseH-
crBa 25 > 20 5a 5, noJy4YuM BEepHOE HEPABEHCTBO D > 4.
Ecau e Mul ge1uM obe yacTH HepaseHcTBa 25 > 20 Ha —5,
TO HY>XHO IOMEHATH 3HAK > Ha <, M Toraa OJYy4YUM BEp-
HOe HEepaBeHCTBO —J < —4.

IIpumMep 2. U3 HepaBercTsa 2x < 12 caegyer, 4ro
x <6.

IIpumep 3. U3 HepaBencTBa —é x > 4 cieayer, 4TO

x<-12.
IIpuwmep 4. JaHo HepaBeHCTBO ;—; > % ; M3 HETO CJe-

nyert, uto [x > ky, ecqd 3HaKH unucen { 1 k ORHHAKOBHI, H
yro lx < ky, ecau sHaKH unces ! 4 £ NIPOTUBOIIOI0MKHBI.

§ 52. HexoTopble BaXHbie HEPABEHCTBA

1.]la + b <|a] + |b]. 3meck a u b —mpousBoNbLHBIE KEli-
CTRUTENBLHBIE MM KOMILUIEKCHble wucaa (o |a|, b u
la + b| — Bcerza neHCTBATENBHEIE M IPUTOM NIOTOKHTEb-
HElE YHCcna, cM. § 5 u § 41), . e. M0Oyab CyMMmbL He npe-
gocxodum cymmovt Modyneit. PaBeHCTBO HMeeT MecCTo
TOJMBLKO B T€X Cy4asix, KOTAa oba Yicia a M b HMeT 0auH
H ToT ke apryment (§ 41), B wactHocTH, KOrga oba aru
YHCJI8 MONOKUTENBHB] MK 064 OTPHIIATEN EHEI.

IIpumep 1.Ilyctba=+3; b=-5. Tornaa +b =
=-2;la+b|=2;lal=3;|b| = 5. Umeem 2 <3 + 5.

1} YmuO0KATE (2 TAKKE, KOHEYHO, U eJHTh) o6c 4acTH Ecpa-
BEHCTRA HA HY/b HCAL3A.
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IIpumep 2. Iyctsa=4+ 3i; b=6 — 8i. Torna

a+b=10~5i; |a+b= 4102 +(-5)° = J125;
la|= J42+32% =5; |o|= J/62+(-8) =10;

a} + b = 15.

Hmeenm /125 < 15.

3amecvuanue. Hepaseucrsola + b <|al + [b] Moxuo
PacIIpOCTPAaHMThL HA BOLIIIEE YHCAO CAATAEMBIX; TAK,

la +&+c|<|al+ b + .

2.a+l
a

2 2 (a — NONOXKHUTENBHOE YHCA0). PaBeHCTBO
HMeeT MecTo TobKo IpH a = 1.

a+ b
3. Jab < (a ¥ b — monoKMTENAbHbIE YHCAA), T. €.

cpedree zeomempuuecnoe (II, § 45) deyx uucen He npe-
socxodum ux cpednezo apugpmemureckozo. PaBeHCTBO

Jab = "—+b HMEEeT MECTO TOJBLKO B Caydae @ = b.

Hpnmep. a=2,b=8; Jab =4: %’ = 5; UMeeM
4 < 5.
OTO0 HepaBeHCTBO OhIJIO HM3BECTHO
C 6onee 2000 et nasag. ['eoMeTpHUeCKH
‘n OHO OYEeBHJHO U3 pHc. 21, rue
AN

B ¢p-./AD DB nco=Ao=‘%3.

Ero ob6obuieHueM sABAAETCS cle-
AYIOIEee HEPABEHCTBO, YCTAHOBJEHHOE

Puc. 21
2 ¢dpannysckum marematukom O. /I Ko-
wns 1821 r.
a,+a,+...+a
4. nfaja,...a, < 22227 79 (upcna a4, Qg ..., 4,
n

MOJOAKHMTENbHEI). PABEHCTBO HMeeT MeCTO JUUIL B CaAyYae,
KOT/la BCE YMCHA &), Gy, ..., 4, PABHBI.
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5.1: %(% + %] < Jab (¢ v b nonoxurensHb). 3HAK

PABEHCTBA MMEET MECTO JIMIIb NPU @ = b.

Hpnmep.a=2,b=8;1:1(l+l) —-l—q,nmeem
2 \a b 5
16
=2 <4
5
Beanuuna 1: l(l + 1)= 2ab ABJAAETCA CpeAHel
2\a b a+b

(I1, § 45) mexxay a u b. OHa HasbIBaeTcA cpedHeil 2apMOHLUL-
veckoit!),

Taxum o6pasom: cpedree zapmoruieckoe dsyx aenit-
wuKn He npedocxodum ux cpednezo zeomempunecikozo. ITo
¢BojicTBO 06061aeTcA Ha N1060e YNCI0 BEJIMYHH, B COeAH-
HEHHUM C HEDABEHCTBOM 11, 4 AMeeM:

1:1 (l+ L ] < nfajag..a

n \a; a,
Uttt +a,
n

7+ aZ 2
g +ay+ .. +a,l ¢ ’al+az+“'+an (unera gy, dg, ...,
n | n

a, IPOU3BOJBLHBIE), T. €. A6CONMHAR 8eMUNURA cPedHe20
apupmemuneckozo He npesocxodum cpedree kaadpamit-
veckoe (II, § 47). 3nax paBeHc'rBa MMeeT MECTO JHIUbL B
caydae, KOTAA @y = @y = ... = 4.
IIpumMep. a;=3, a2 4,a3="5,a,=6.
a,+ay+azta, _9
4

6.

3necs cpeaHee apupMeTHIECKoe ecTh

-]

a cpeHee KBagpaTH4eCcKoe €CTh
Ja%+a§+a§+a§: 94 16+25+36 _ /86,
4 4 2’

./_6

HMBEM

1) B gpesHerpevyeckoM y4eHMH 0 MY3mIKAJLHON rapMOHUM
_BRXHYIO pOJNb Hrpana cpeAHsAA FapMOHMYCCKAA [JJIHH JBYX
cTpyH. OTCI04a HA3BAHHE «TAPMOHHYECKOE .,
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7.a.by +ayb,+...+a,b, <

< Jai+af+..+a2 - Jbi+bE+... +b2;

YUCHA Ay, Qg ..., Qp; by, by, ..., b, TPOU3BOALHALL. PapeHcT-
BO HMEET MecTo TonbKonpu a, : b, =ay,:b,=...=a,:b,.

IIpumep.llyctsa,=1,a;,=2,a;=5,b,=-3,b,= 1,
by=2. Umeemab, tazb,+...+ab, =1-(-3)+2 -1+
+5-2=9;

Jaz+aZ+ ... +a? = /12422452 = J30;
JbF+bE L +b2 = J(-3)2+12+22 = J14.
Hmeem 9 < /30 - Jf14.
8. Hepapencrsa II. JI. Ye6pbrmena. IlycTs yncnaa,

A, ..us @3 by, by, .., by, TOJTOXKHUTENBHBI.
Ecnua,<ap,<...<a,nub;<h;<...<h,, 10

a,+a;+...+a, by+b,+...+b, < a b, +azb,+...+a,b, %))
n n

Ecmuxkea, <a,<..<@a,H0b 2b,2...2b,, TO

@i +ay+...+a, bi+by+...+b, > abi+azb,+...+a,b, @
n n

B o60oux ciyyaAax paBeHCTBO HMEET MEeCTO TOJABKO TOr-
la, KOrjia BCe uMcaa &, dy, ..., 2, PABHEI MEeXJy coboit n
BMecCTe ¢ TeM Bce uncaa by, by, ..., b, paBHs APYr APYTY.

IIpumep l.IIyecte e, =1,a,=2,a3=Tub, =2,
b, =3, b3=4. Torna

a,+az+...+a, _1+2+7 _ 10

n 3 3"’

brtby+...+b, _2+3+4 =3:
n 3 ’

aby+ab,+..+ah, _1-2+42-3+7-4 =12
n 3 :
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Hmeem:
10 .3<12.
3

MDpumep 2. lyctrea; =1,a,=2,a3=Tub, =4,
by, =3, by =2. Torpa

Ay +d,+a; _ 10 by +b,+ by -3 a by +ayb, +aby -8

3 3’ 3 ’
Hmeem
10
= - > 8.
3 3>8

Hepagenctra (1) n (2) yurawTcs caeayromuM obpa-
30M. Ecau dsa pada nonoxmcumensnsix seaunum codep-
Ham o0UHAKOB0E HUCAO YAeHO8 U 8 000ux pAGAX UAeHb
He yOstaarom (uru 6 00oux He 603pacmaiom), mo npou3sc-
Jenue cpednux apupmemuieckux He npegocxodum cped-
Hezo apupMemueckozo npouzgedenuit. Ecau xe 8 0dHOM
pady unenbt He yOvigawm, a 8 OpyzoM He so3pacmalom,
mo umeem Mecmo npomusonoioNHoe Hepasencnso.

9tu HepaBeHcTBa OhIIM yeTaHOBNEeHR B 1886 r. Besiu-
KHM pPYCCKHM MaTematuxkoM /7. /1. Yebouuessims (1821 —
1894). On xe o60o6mma Ux, JOKA3aB CJAEAYIOUIME Hepa-
BEHCTBA.

Ecnu0<a, €a,<...€a,ul<b <by<...<Hh,, 10

Jai’-+a§+...+a;f _Jb¥+b§+...+b;,‘ <
n n

< J(a,b,)’+(azbzllz+...+(a,,b,,)z, 3)

3 3 3 Kl 3 3
#a‘+a2+...+an.3 f+bi+.. +0} o
n n

g s'j(albl):’+(a2b2):'+ "'+(anbn)3 {4)
n
H Tak jgaJjee.

9 Buironckuii M.A.
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EctmxeO<a,<ay,<..<a,H0ob 2b,>...0b,>0,
TO MMEIOT MECTO NMPOTHBOIIOI0KHEIE HEPABEHCTBA.

§ 53. PaBHOCUNbHbIE HEpaBeHCTEA.
OcHOBHbIe NpuemMbl peLLeHUs HepaBeHCTR

JBa HepaBeHCTBA, COAEPIKALLHE ONHH H TE Ke HEH3-
BECTHhIE, HA3bIBAIOTCH PAGHOCULbHBIMU, ECIM OHU BEPHBI
IIDH OHUX M TEX K€ 3HAYEHHUAX 3THX HEUIBECTHBIX,

Tak € ONPEeAENACTCH PABHOCUIBHOCTE ABYX CHCTEM
HEPAaBEHCTB.

IIpumep 1. Hepasenctea 3x + 1> 2x + 4 u 3x >
> 2x + 3 paBHOCUJBHEI, TaK Kak 06a BEpHBI IpPH X > 3 u
06a HesepHbI, Korja x < 3.

IIpumep 2. Hepasencrna 2x < 6 u x2 < 9 He paBHO-
CUJIBLHBI, TAK KaK PeIleHHe IepBoro eCcTh X < 3, a pellenue
proporo -3 € x < 3, Tak 4T0, HAMpUMep, Mpu ¥ = —4 mep-
BOE BEPHO, 4 BTOPOE HEBEPHO.

Ilpontecc pellleHUus HePABEHCTBA 3aKAKYAETCHA B OC-
HOBHOM B 3aMeHe JaHHOrO HepaBeHCTBA (MJIH AaHHOH CHC-
TeMbl HepaBeHCTB) ApyruMM pasHOCMAbLHBIMHY. Ilpu pe-
IIEHNY HEPABEHCTB IPHMEHAKTCA CJAeY 0N He OCHOBHBIE
npHeMsl {(cp. § 18).

1. 3aMeHa ONHOTO BRIPAXKEeHHA APYTHM, TOXK/ECTBEH-
HO €My PaBHKIM.

2. ITepeHoc caraeMoro M3 OJHOW YacTH HEePABEHCTBA
B APYIVIO C 3aMEHOM 3HAKA HA IPOTHBOIIOIOKHLIH (B cUNY
§ 51, om. 3).

3. ¥YMHOKeHHe HIH fesieHHe ofeHX JacTel HepaBeH-
CTBa HA OJJHY M TY K€ UYHCJIOBYIO BEJHYHHY (He PABHYIO HY-
J110). IIpH 3TOM €CAM MHOMCHTENb NOJOMXKUTENEH, TO 3HAK
HEPABEHCTBA OCTAETCA TeM JKe, eCJIH JKe OTpHIlaTeneH, To
3HAK HepaBEeHCTBAa MEHAETCA Ha MPOTHBOIOJOXKHLIH
(§ 51, mm. 6).

Ka>xpnoe u3 sTHx npeobpasoBanuii 1aeT HEPaBEHCTRO,
PaBHOCHJIbHOE HCXORHOMY.

1} O rpaduuecKkom peresun HepaseHcTE cM. VI, § 10.
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Il pn M e p. Jano HepaBeHcTBO (2x — 3)2 < 4x2 + 2,
3aMeHsieM JIeBYIO YACThb TOXKAECTBEHHO DABHBIM BhIPAXKC-
HueM 4x2 — 12x + 9. I[Tonyyaem 4x2 — 12x + 9 < 4x2 + 2,
ITepenocu™ M3 mpasoii HacTH 4jeH 4x2 B JeByi0, a U3 Je-
BOM yacTn yiaen 9 B npaByio 4yacTe. Ilocne npusegenns no-
noOHBIX 4JIeHoB noayvaeM —12x < —7. Jeaum obe yacTn
HEPABEHCTBA HA —12; IPH 3TCM 3HAK HEPABEHCTBA MEHAEM
HA nporuBononokHbli. [TonyuaeM pemenue gaHHOTO He-

7
ABEHCTBA X > — .
P 12

VYMHOxATE (8 TaK)Ke, KOHEYHO, U JeJINTh) HEPABEHCTBO
HA HYNb HENB3S, YMHOXKAA MU Jels o6e 4yacTH HePaBeHCT-
Ba Ha OyKBeHHbIE BhIpaXKeHHs, MBI TI0JIyYaeM HEPAaBeHCTBO,
KOTOpO€, KaK NPaBUI0, He DABHOCUNBHO UCXGIHOMY.

II pu me p. Jano HepaseHcTBo (x — 2) x < x — 2. Ecau
pasgennts obe ero yacTH HA X — 2, To noayuuMm x < 1, Ho
3TO HEPABEHCTBO HE DABHOCUJILHO UCXOJHOMY, TaK KaK,
HANIDHMED, 3HaYeHUe X = () He YOBJETRODSAET HEPABEHCT-
By {(x — 2) x < x — 2. HepaBeHcTBO X > 1 TOXKE HE paBHO-
CUNBHO UCXOAHOMY, TAK KaK, HAIDUMED, 3HaYeHue x = 3
HepaBeHCTRY (X — 2) x < x — 2 He yA0OBJIETRODSET.

§ 54. Knaccngukauma HepaseHCTB

HeparencTBa, cogepkali{ile HEH3RECTHRIC BeJIHYMHBI,
NoApasaendoTc Ha arzebpauveckue U mpancyendenm-
Hbie; anredpaHyecKHe HEePABEHCTBA NOAPA3JENATCH HA
HepaseHcmaa nepaoit, Mopoit U T. 4. cmenenu. ITa Kac-
CUDHKALMA POM3BOAUTCSA TAK e, KAK H A1 YDABHEHHH
(§19).

IIpumep 1. Heparencrso 3x2 — 2x + 5 > 0 anre6-
paHYecKoe, BTOPOH CTENEeHH.

IIpumep 2. HepaBencreo 2 > x + 4 TpaHCUeH-
JAEHTHOE,

IIpumep 3. HepaBencrso 3x2~2x + 5> 3x (x - 2)
anre6panyecKkoe, NepBCH CTEIEHH, MOTOMY UTO OHO OpPH-
BOAUTCA K HEpaBeHCTBY 4x + 5 > 0.
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§ 55. HepapeHCTBO NnepBoM cTeneHn
€ OAHWMM HeW3BeCTHbIM

HepapeHCTBO 1epBOi CTeneHH C OAHUM HEM3BECTHLIM
MOMHO IIPUBECTU K BUAY

ax>b.
Pemenuem 6y pert:

x>£’,ec.nu a>0,
a

x<'—’,ec.nu a<0,
a

IIpumep 1. Peiuurs HepaBeHCTBO 5x - 3 > 8x + 1.

Pemwenue. 5x—8x>3+1;—3x>4;x<—§.

IIpumep 2. PeruuTs HEpaBeHCTBO 9x + 2 < Tx + 6.

Pemenue. 53x—Tx<6~-2;-2x<4; x>-2.

IIpumep 3. Pemuts HepapeHcTso (x — 1)2 < x2+ 8.

Pemenue. x2—2x+1<x2+8;—2x<7;x>—%.

3amMeuanue. HepaBercrsopupaax+bd>a,x+b
€CTb HEPABEHCTRO IEPROM CTEIIEHH, €CJIH & M & He PA8HbL.
B IpOTHBHOM cJlydae 3TO HepaBEHCTBO IIPHBOJUTCS K YHC-
JIOBOMY (BEDHOMY HJIM HEBEDHOMY).

NDpumep 1. Jano HepaBeHcTBO 2 (3x — 5} < 3 (2x —
—1) + 5. OHO paBHOCHJLHO HEpaBeHCTBY 6x ~ 10 < 6x + 2,
a mocjeAHee NMPUBOJHTCH K HHCJIOBOMY (TOMKAECTBEHHO-
my) HepaBeHcTBY —10 < 2. 3HAYHT, UCXOAHOE HEDABEHCT-
BO — TOKJECTBEHHOE.

IIpumep 2. HepaBencteo 2 (3x-5)>3(2x - 1) +
+ 5 npuBOAMTCS K 6eCCMBICAEHHOMY YHCJIOBOMY HEDABEH-
ctey —10 > 2. 3HAUMUT, HCXOJHOE HEPABEHCTBO HE HMeEET
pellesuit,
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§ 56. CucTembl HepaBeHCTB NepBOY CTeneHy

Yro6b! pelinTh CHCTEMY HEPAaBEHCTB TEPBOM CTEMEeHH,
HAXOAUM DellleHHe KaXXA0ro HEPABEHCTBA B OTAENBHOCTH
M COTOCTABJIAEM 3TH peIleHus. ITO COMOCcTaBNeHue Aubo
/laeT pelieHHe CHCTEMBI, JU00 O6GHAPYIKUBAGT, YTO CHCTE-
Ma He MMEEeT PeIueHu .

IIpumep 1. PemuTs cucTemy HepaBeHCTB

4x-3>5x-5; 2x+4 <38x.

Penienne nmepBoro mepaBeHCcTBA €CTh X < 2, pELICHUE

BTOPOTO ECTb X > g . Pemrenue cucremn! 6yger g <x<2.

IIpumep 2. Pelunuts cucTeMy HepaBeHCTB

2x —3>3x-5; 2x+4>8x.

Pemenue Nepeoro HEPABEHCTBA X < 2; PELUIEHHE BTO-

poro x < g . Pemrenne cucrembl 6yaet x < g (1pu aTOM yc-

JIOBMM HEPABEHCTBO X < 2 M MOAABHO OyeT BEPHBIM).
IIpamep 3. PemtuTh CUCTEMY HEPABEHCTB

2x—-3<3x—95; 2x-+4>8x.

PenieHe nmepBoro HepaBeHCTRA X > 2, PEIUENHUE BTO-
poro x < g . 914 ycnoBUA NpoTHBOPEYAaT ApPYT Apyry. Cuc-

TeMa He UMeeT pellleHU .
IIpumep 4. Peruurh cuCTEMY HEPDABEHCTB

2x<16; 3x+1>4x—-4; 3x+6>2x+7;, x+5<2x+6.

Pemesnus AaHHBIX HEepaBeHCTR GYAYT COOTBETCTBEH-
HO:x <B,x<5,x>1, x> -1, ConocTap/ifaf 3TH yCIOBUA,
HAXOZHMM, 4YTO NEPBLIC BA MOXKHO 3aMEHUTH OJHHUM BTO-
PBIM, 4 TPEThE U YETBEPTOE — OAHUM TpeThHM. Perenue
cucTemsl 6yger 1 < x < 5.
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§ 57. MpocTeitue HepaBeHCTBA BTOPOW CTeNeHU
C O{HUM HEN3BECTHbIM

1. Hepasencteo x2 < m, 1)
Ecau m > 0, To penieHHe €CTh

-Jm <x<.Jm. (1a)

Ecau m < 0, To pemiends HeT (KBaApar gefcTBUTEN b-
HOr0 YHUCJIA HE MOXKET ORITL OTPHUATETEHLIM).

2. HepaBenctso x2> m. 2)

Ecan m > 0, To HepaBeHcTBO (2} crpaBejsiHBo,
BO-IIEDBBIX, IIPDH BCEX JHAUEHHMAX X, GONBIINX YeM J/m , u,

BO-BTODBIX, IIDH BCE€X JHAYEHHMAX X, MEHBIIIHX YeM —Jle “

x>J;zmmx<—Jr71. (2a)

Ecau m = 0, To HepaBeHCTBO (2) cnpaseiuBO MPH
BCEX X, Kpome x = 0;
x>0 unux <0. (26)

Ecau m <0, To HepaBeHCTBO (2) TOXKASCTBEHHOE.

IIpumep 1. Hepasenctso x2 < 9 umeer pelienne
~3<x <3,

“l'I pumep 2. Hepasenctso x? < —9 ne umeer peue-
HHAU,

Ipumep 3. Heparencreo x2 > 9 umeeT pelieHuem
COBOKYITHOCTH BCEX WHceJ, GoNblnX yeM 3, ¥ Bcex uucesn,
MEHBIIHX YeM —3.

NMpumep 4. HepasercTBo x2 > —9 TOMKACCTBEHHO.

§ 58. HepaBeH(TBa BTOpPOM CTENEHU
€ OA\AHUM Hen3BecTHbIM {oBWuI cny4a)

PaspgennB HepaBeHCTBO BTOPOM cTeNeHM Ha Koaddu-
UMEHT NpPH X2, Mbl IPHUBEEM €r0 K OHOMY U3 BHOB

x2+px+qg<0, (0

x2+px+q>0, 2
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TlepeneceM cBOOOAHKIN YJeH B IPABYIO 4aCTh U npnbaBuM

2
K 00eHM yacTam (g) . [Tony4HM COOTBETCTBEHHO

(x+ 122)2 < (g)z ~q 19
(er8) () e @

2
Ecam 0603HAYNATE X + % 4yepes z, a (g) — guepes m, TO MKl

MOJYYHM NPOCTEHIINEe HCPABEHCTBA
22 <m, )
22> m. 27)
Pemenye 3Tux HepaseHcTs 65110 JAHO B IPEALIAYILEM
naparpage. 3Han ero, HaijgeM peiueHHe HepaBeHcTBa (1)
uau (2).
NDpumep 1. Pemruts HepaBeHcTBO —2x2 + 14x —
— 20 > 0. Pasnenus obe yactu Ha —2 (§ 53, n. 3), naiigem
x2~ Tx + 10 < 0. [Tepeneca ceo6oannlii yred 10 Bnpaso i

72 N\ 9
npubasus K 06eMM yacTAM 3 NOAYYUM | X 3 < i

OICIO,I.Ia (§ 5:, II. 1)

IIpubasnas % , HAXOJUM — = + 7 <x< g + % , T. €.

2

Bt

2<x<5b,

IIpumep 2. Pemunts HepasBescTBo —2x2+ 14x —

— 20 < 0. BunosHue Te e npeofpasoBaHHA, TOJIYIUM
2

HEpPABEBCTBO (x - %) > g . Orcrona (§ 57, n. 2) naxoaum,

4YTO HAIll€¢ HEPAaBEHCTBO CIpaBeA/IMBO, BO-IIEPBBLIX, NDH
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X- => ,T.e.npnx>5,n,50-n*ropmx,npnx—%<—g,

N3
oolw

T. e. npu X < 2.
IIpumep 3. Pemiurs HepasencTso x2 + 6x + 15 < 0.
ITepenocsa cBOGOAHKIH yieH BnpaBo M npubapaasn K o6eum

2
YacTAM (g) , T. e. 9, Haiigem (x + 3)2 < —6. OTo HepaBen-

cTBo (§ 57, n. 1) He MMeeT pelieH V. 3HAYMT, HEe HMEET pe-
ILeHNH 1 JAHHOE HEPARBEHCTRBO.

IIpumep 4. Pemunts HepaBencTeo x2+ 6x + 15> 0.
Kak B npumepe 3, naiizem (x + 3)2 > —6. 3TO HepaBEHCTBO
(§ 57, m. 2) TosxkaecTBeHHOE, 3HAYNT, U AAHHOE HEPABEH-
CTBO TOXK/I€CTBEHHOE,

§ 59. ApudmeTrveckan nporpeccus

JIaTMHCKOE CJIOBO <«IIPOTPECCHA» B IePeBO/ie HA pyC-
CKHIl A3LIK 03HAYAET ¢/IBHIMKEHHE BOEDE/»; DTHM TEepMM-
HOM B MAaTeMATHKeE IIPEXK/e Ha3bIBaJIH BCAKYIO TIOCTEI0Ba-
TEJNIbHOCTb YHCEeJI, IOCTPOEHHYIO0 N0 TAKOMY 3aKOHY, KOTO-
PBIH MO3BONAET HEOTPAHUYEHHO MIPOAOJKATE 3TY TIOC/e-
JAOBATENBLHOCTh B 0AHOM Hanpasnenuud. Hanpumep, 80aso-
A4 [OCIeJOBATEIbHbIE LeJible YMCA B KBaAPAT, [I01YYaEM
nocneaosarensHocTs 1,4, 9, 16, 25 U T. aA.; cnepys aToMy
3aKOHY, MOXXHO HEOTDAHWYEHHO €€ NPOAOCIKHATL. Tucna,
COCTaBNAOLIME 3TY TIOCAEJ0BATENbHOCTb, HA3BIBAIOTCH €€
wnenamu. B Hacrosllee BpeMA TEPMHH «IPOTDECCHA» B
3TOM INHPDOKOM CMbIC/IE HE TIPUMEHAETCA; BMECTO 3TOTO
FOBOPAT IIPOCTO ntocaedosamenviocmes. Ho ABa mpocTbIx
H Ba>XHBIX YACTHHIX BUAA NporpeccHd — apubMeTude-
CKas I reOMeTPHYECKAH — COXPAHHJH CBOE IPesxHee Ha-
3aBaHHe.

Apupmemuneckoit npozpeccueil Ha3bi8aemca maxas
nocaedosamenyHOCMy HUCEA, 8 KOMOPOIL PAZHOCTLb MeXH -
Oy nocredyroujum u npedotfyuiuM yreHamu ocmaemcs
Heu3MeHHO. ITa HEM3MEHHASA PA3HOCTh HA3BIBAETCA pa3-
HOCMBIO npOZpeccu.



§ 60. leoMerTpuyeckan nporpeccns 265

IMIpumep 1. Harypansuslif pag uuncen 1, 2, 3, 4,
5, ... ecTb apuPMETHYECKaA HPOTPECCHA C PABHOCTHIO 1.

IIpumep 2. IocnexgosarenbpHocts unucen 10, 8, 6,
4, 2,0, -2, -4, ... ectb apudpMeTUYECKAA TIPOrPECCHA C
pasHOCThIO — 2.

Jw060i unen apudMeTHYECKON NMPOrpecCHH MOIKHO

BBIYUCJUTE N0 hopMye
a,=a;+d{n-1)

(a; — miepBBIil uJieH iporpeccu; d — pa3HOCTH Nporpec-
CUM; N — HOMED B3ATOrO WiIEHA).

Cymma nepgvix n unenog apudpmerndeckoil nporpec-
cUM BrIpaskaeTca Gopmyoi

—_ (al + an) - n

T

IIpumep 3. Boporpeccun 12, 15, 18, 21, 24, ... ac-
CATHIH YJIEH paBeH ;= 12 + 3+ 9 = 39.

CyMMa feCATU NMEePBLIX YJIEHOB paBHa

S10— (01+;m)10 - (12 +239)10 = 255.

s

IIpumep 4. CyMmma Bcex uesntx uucen or 1 go 100

BKJIIOUMTEJBHO PapHa &g())i) = 5050.

§ 60. F'eomeTpuyeckan Nnporpeccun

TFeomempuuecxoit npozpeccueii nHasvi8aemca nocae-
dosameavHocms HucCeR, 8 KOMOPOL omHouwrerue mexcdy
nocredyrouwunm u npedoldYUiurm LACHAMY OCALMCA HeUd-
MeHHbM. JTO HEM3MEHHOE OTHOILIEHHE HA3LIBAETCH 3HA-
MeHameneM nNpozpeccut.

IIpumep 1.YYucnas, 10, 20, 40, ... obpasy:oT reo-
MeTpHYECKY 0 IPOrPeccHIo €O 3maMenareyieM 2.

IIpnmep 2. Yucna 1; 0,1; 0,01; 0,001 u t. g. —
reoMeTpHYeCKaf Nporpeccus co sgamenaresem 0,1.
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leomeTpuueckas mnporpeccus Ha3bIBAETCA 803pac-
mamwei, korga a6CONIOTHAA BeJIMYUHA €€ JHAMEHATeNs
Goaniue efMHUNE! (Kak B npuMepe 1), U y6steanweil, Kor-
Ja OHA MEHbIlle e JUHH B (KaK B IpuMepe 2).

BaMeuanune. 3GHAMEHATENh NPOTPECCHMH MOKET
OLITH M OTPHLIATENBHLIM YHCJIOM, HO [IPOIPECCHH C OTPH-
naTeJBHBIM 3HAMEHATeJEeM NPaKTHYEeCKOro 3HAYeHHA He
HMEKT.

J 060t 4reH TeOMETPHYECKOH MpOTrpecCHM MOXKHO

BBLIYHMCJNTL N0 GopMy e

a,=a,q" ! 68
(@, — mepsbIi YJeH; ¢—3HaMeHaTe b MPOrPecCHU; T —
HOMEp B3ATOro YJeHa).

CymMma nepevix n 4AeHO8 reOMeTPHYECKOi nporpec-
cuM (3HaMeHaTeNlb KOTOPO# He paBeH 1) Beipaxaerca ¢op-
Myno#

a.q—a a,-a
— 8. gq-a _ a6,-a,q ; 2)

g-1 l-g¢
nepBoe U3 BLIPaXKeHUH yao6Hee 6paTh, KOrja Nporpeccus
B0O3pacTalouias, BTOpoe — KOraa oHa yObiBalouias.

Ecau ke ¢ = 1, To Nporpeccus COCTOMT U3 PABHBIX
YJIeHOB M BMeCTO (2) uMeeM: s, = na,.

IIpnmep 3. B reomerpuyeckoit mporpeccuu 5, 10,
20, 40, ... KecATHI YeH a9 =529 =5 512 = 2560. Cym-
Ma QeCATH NEePBhIX YJIeHOB

slo = a%zzal = 5115.

n

CymMmoii Gecioneuno ybvtaaweil npozpeccui HA3bI-
BAETCHA YHCJIO, K KOTOPOMY HeorpaHHYeHHO NpUubanxKaer-
CH CyMMa NEePBbIX 7 YJaeHOB yObIBaKO e IPOrpeccHi IpH
HEOrPAHMUYEHHOM BO3DACTAHMH YHCA 1.

CyMMa GecKoHeuHOoH y6rIiBarouieil NporpeccuM Buipa-
>kaerca GopmyJioin

a,

s= —L

1-¢
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IIpumep 4. Cymma 6eCKOHEUHOH reOMETPUYLCK O

1
11 1 _1 . _1 3
NpOrpeccHH 5 38 (a, =54- E) pasHa : =1,
2
1,1 1
T. €. cymMa 5 + T +...+ 5. TPH HEOTPAHHYEHHOM BO3-

paCcTaHMHM i HEOTPAHHYEHHO I]pHﬁ)THJKaGTCﬂ K YHCAY 1.

§ 61. OTpuuaTenbHbie, Hyneeson u ApobHble
nokasarenu crerneHu

BospeseHHe B n-10 CTENEHb [IEPBOHAYAJbLHO IIOHUMA-
Noch KaK NOBTOPEHHE HEKOTOPOTO YHCJAa COMHOMXHUTENEM
n pas. C 3T0H TOYKH 3PEHHA TAKHE BbIpax<eHus, Kax 972

11
umu 9 2, npeAcTaBAAKTCA GECCMBICTEHHBIMH, TaK KaK
HEeJIb3S BAATh YHCAO 9 COMHOXKHUTENEM ¢MUHYC Bas» pasa

HIH 1% pasa. Tem He MeHee B MaTeMaTHKe 3TUM Bblpaske-

HHUAM NPHAAIOT ONpEAEeHHBIH CMBICT; uMEHHO 972 cun-

1 1 13
TAKT PaBHLIM 5 = 31 ; 9 2 CUMTAIOT PAaBHBIM ..,/9_3 =
=(4/9)3 =27 uT. 4. 30€CH IPOHCXOAUT TO ke 0606IeHHE
TNIOHATHA MaTEeMATHYECKOro AeHCTBUA, KaK0oe CoBepliaeT-
CA B MATEMATHKE IOCTOAHHO; IPOCTEHIHUM H CAMBIM PaH-
HUM 060611eHMeM Takoro Tuna OeL10 0606mEHHE AEMCT-
BHS YMHOXKEHHA Ha cayyvaid ApobHoro Myoxurtens (cm. I,
§ 20). MoskHo 6b1710 651 BOBCE He BBOAUTH HU APOOHBIX, HU
oTpuuaTebHbIX crenened. Ho ToabKo TOrga MpHILIOCH
ObI 3aJa4YH OLHOTO M TOTQ K€ THUNA PEIUATb HE 110 OZHOMY
TNPABHJY, a ¢ IIOMOILbI MHOXKECTRBA PA3IHYHBIX IIPABHI.
3afayy, 0 KOTOPHIX MBI FOBOPHM, IIPHHAANENHKAT IOYTH
BCE K BBLICIIEH MaTeMaTHKe, IIO3TOMY MHOIHX KOHMKpeT-
HBIX IPMMEPOB MEI IPHBECTH 31 eCh He MmoxkeM. Ho oxua Ua
9THX 3a7aY NoApoGHO H3y4YaeTcs B 3JeMEHTAPHOH Mare-
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MaTuke — 370 Jorapudmupopanue (cm. § 62). 3amernm,
4TO Teopua AorapndMoB, KoTOpasa HEPa3pLIBHO CBAJIAHA C
060obuieaeM TOHATHA CTENIeHH, B TEYEHHE IEJIOT0 CToJIe-
THA NOCJE ee OTKPLITHA (Ha pybexxe 16 u 17 BekoB) o6xo-
nunach 6e3 Apo6HOro H OTPHLATELHOTO IOKA3aTe e cre-
MEeHY; Tax e 00CToANO 610 U C JaflauaMH BHICIIEH MaTe-
MATHKM, O KOTODLIX MBI ynomuuaidu. JIuirs B KOHIE
17 Bexa € yCcJA0XKHEHHEM U DOCTOM 4YHCIa MaTeMaTH4de-
CKHX 3a/lay NMoABUIAACH HEODXOAUMOCTE B 0000IEHNH 1O-
HATHA CTENEHHN; B 3TOM HANPABIEHHM H TOWIJIH HEKOTO-
pBle YYEeHBIE; B OKOHYATeJNbHOH &dopMe 3TO cAesa
U. HbioTOH.

Onpenenenne orpnuateabnoit crenenul). Cmenens
KaK0z0-AU60 Yucaa ¢ (4eAbiM) OMPUYAMEALHLIM NOKA3A-
meaem, no onpedeneruio, ecms eduruya, dereHHAR HaA
cmenerv MOZ0 He HUCAA C NOAOKUMENbHbIM noKazame-
NleM, 8eAUNUHA KOMOPOzO pasHa abCORIOMHOL 6eAUUNE
oOmMpuyamMenbH020 NoKa3amens, T. e.

gm= L
am
—3=L=l-(§)'2= (é)z - 16.
IDIpumeps. 2 2 5ol 1: ri 5

(_4)_3 =1: (_4)3 =—é UT. X.

PaBencTBo a~™ = 1 : @™ ocTaerca CpaBeAJTHBBLIM KaK
JJ1A IOJOXKATELHOPO YHCIIA M, TaK U AJIA OTPHUATENBHO-
ro. Ecau, nanpuMmep, m = —5, To —m GyfeT paBHO +5, 4 Ha-

wa popmyna 6yaer umMeTh BHA a® = —1—5 , YTO COTJIACYETCH C
7

BhIILIENIPABEAEHHBIM ONPEJeTeHUEM.
HelcTBUA ¢ OTPUUATENBHEIMH CTEIEHAMH O Y UHA-
IOTCA BCEM NpPaBUIaM, HMCIOIIUM CHAY /A TOJ0XKHUTENb-

1} TepMHHAMHE <«OTPHLATEIbHAS CTENEHb», “HYJEBAs CTC-
NCHBL» M «ApOOHAA CTENEHL» MBI HAJBIBAEM COOTBCTCTBEHHO CTE-
IICHH C OTPHUUATENBHBIM, HYJIEBEIM H APOOHBIM TOKA3ATENSIMH.
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HEIX cTeneHeil. Bosee Toro, nuiue nociae BEAEHUSA OTPH-
HATENBHEIX CTENEHEeH NpaBusia AeHCTBHI HAJA TOJOXKH-
TETBHLIMH CTENIEHAMH IPHOGPETAIOT BCIO OGUIHOCTD.,
Tak, popMyna a™: a” = a™ " {(cM. § 25) reneps MoXKeT
ObITH IPHMEHEHA HE TOJNBKO K CAYYA0 M > n, HO U K CAy-
yaw m < n.
IIpumep. a®: a8 =a’ 8=qa3, JellcrBurensHo, co-

|=

IJ1aCHO OTIpeAENeH o a~3 = - , TAK 4TO PABEHCTBO a%:a8=

1>

5
= a3 o3Hauaer a—s = l, . Urobr! popMmyna a™ : g" = g™~ "
a a

obnagana o6IHOCTLIO, HYXHO, YTOOR OHA COXpaHANA CH-
JIY ¥ TOrAAa, KOrAa m = n, AJIf 3TOr0 IPUMEM Caefyiollee
onpeaesenue.

Onpenenenne ByaeBol crenenn. Hyresas cmenens
6CAK020 YUCAA, OMALYHOZO OM HYAA, ecmb edunuyal).

0
IIpumeps. 3°=1;(—3)°=1;(—§) =1;d5%:a%=

=g%=1
a .
Onpenenenune apobHOH cTenenu. Boszgecmu wucro a

(melicTBUTENLHOE) 6 cmenens = — 3navum ussreud Ko-
n

penb n-it cmenenu u3 m-it cmenernu wucaa a. O ApoGHBIX
CTENEHAX KOMIIJIEKCHBEIX Yucen cM. § 48,

3
l'Ipumepm.Q"’=../S?J =27:

1 4
3 - - -
27 27 27 81’

1
22
32=3

(M)

= /243 ~ 15,58.

1} Bripaxkenue 00, Kak u BoIpasKeHHe g (11, § 23), neonpege-

JIEHHO.
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Bameuanue 1. OcHOBaHME @ MOXXHO ObINCG GBI
6paTh M OTPHLATEJBHBIM, HO TOT/Ia €I'0 APOOHLIE CTETIEHH
MOryT He OBITb AEHCTBHTENbHLIMM Yncaamu. Hanpumep,

(-2)t = 47 = 4.

Kopenr 4/—8 He M0OKeT GbITh J€HCTBUTENBHLIM YHC-
JIOM.

B snemenTapHoii MaTeMaTHKe 00LIYHO paccMaTpHBa-
I0TCA TOJILKO TIOJIOKHTENbLHEIE OCHOBAHHA NPOGHEIX CTe-
MeHeH.

3Bamevuande 2. YTo KacaeTcHa caMHX IOKazaTe-
neil, TO PACCMATPHMBAIOTCH KAaK IOJOMXXHUTENbHEIE, TAK M
oTpULaTeNbLHble APOOHBIE NMOKAZATENH; OTPHUATEJbHbIE
MOKA34TeH He MeHee BAXKHbI, YEM NOJMOKHTENbHbIE, [Ind
OBJAJCHHUA NOrapUPMHUYECKHMH BBIYUCICHUAMH HEODXO-
JHMO YeTKO YCBOHTb CMAICA OTPHUATEIbHBIX M APOOHRIX
TIOKA3aTeNei.

i

Opumepw.92=1:9

2
.(3]'§=Z4_3.
‘27 32’

o
Nl
N
o
1
]

32=1:32=_L1_ 10,0642
/243

C BpefeHHeM JPOOHEIX TOKa3aTeN e Npasuia JeicT-
BHH HaJl CTEMEHAMHU He TIOABEPraoTCad HUKAKHM H3MeHe-
HuaM. Tak, ocraercsa B cuie dopmyna a™ - g* = qgm * 7

u Ap.
i

. HeficrBurensHo, a’ =

-~

= a

3
=Tas, a7 =1:%Ya?, a” = a2, rax uro HamAa 3anuch

o3nauaer “/ad i/é = a2 , 4TO BepHo (cm. § 26, n. 4).
ail
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§ 62. CywHocTb norapvugmMmuyeckoro MeTona;
coctasneHue Tabnuubl norapudgmos

YMHoxEeHHe, JesieHHe, BO3BeJAEHHe B CTelleHb H H3-
BJIEUEHUE KODHsI — JAeHCTBUs, ropasfic BoJsiee Tpyaoem-
KHe, 4YeM CJACKeHHe M BRIuMTaHHe, 0Co0eHHO Torjaa, Koraa
HY>XHO NIPOH3BOAUTH A€ MCTBHS C MHOTO3HAYHBIMH YHCJIA-
mu. HacroarensHaa norpeGHOCTL B TaKHMX ACHCTBHAX
BIIEpBBIE BO3HMKJA B 16 BeKe B CBA3H C pa3BUTHEM Aajb-
HEero MopeIliaBaHHus, BHI3BABIIHM YCOBEpIIEHCTBOBaHHe
acTpoHOMHUYeCKHX HabmoneHHi d seruuciennii. Ha nou-
BE ACTPOHOMHUYECKMX DACYETOB M BO3HHUKJIM Ha pybeske 16
1 17 BexoB Jorapu@MHUYECKHMe BLIYUCIAEHHH.

B nacrosnee BpeMaA 3TH BEIYUCAEHNAA IPHMEHAOTCA
HOBCIOAY, '€ NPUXOAUTCA UMEThb AeJI0 C MHOIO3HAYHEIMH
ypcaaMu. OHH BBITOJHBI YXKE [IPH AEHCTBUAX C YETHIDEX~
3HAYHBIMHM YHUCJAMH M COBEDIIEHHC HEeOOXOAMMEBI B TeX
cly4aax, KOrja TOYHOCTb ACJHA AOXOAHUTbL AC NATCre
3Haka. Bonwsluas TOYHOCTH HA TPAKTUKE TPeByeTcA QUeHb
PeAKoO.

IleHHOCTH IOrapUPMUUYECKOro METOAA COCTOMUT B TOM,
YTQ OH CBOAMT YMHOKEHHE U leIEHHE YUCEJ K CAQXKEHHIO0
M BHIYHTAHHIO — JIeICTBUAM MeHee TpyJAceMKUM. Boase-
JI€HHE B CTETIeHb, U3BJIEYeHHE KODHHA, a TaKe H DAX ApY-
IMX BBIYHCJICHUH (HAIpHUMEp, TPHTIOHOMETDHYEeCKHX)
TaK)Ke 3BHAYHUTEJbLHO YIIPOILAKTCA.

IToacuum Ha IpHMepax HAEIO METOJa,

Mycth Tpebyercs ymMHOxkHUTH 10 000 na 100 000. Ko-
HEYHO, ME] HE CTAHEM BHINOJHATE 3TOTC AeHCTBHA IO CXe-
Me YMHOXXEHHA MHOIMO3HAYHLIX YHCces. MBI mpocTo cocun-
TAEM YMCAC HYJeH B MHO3KHMOM (4) u mHoxkuTene (5),
CACKHM aTH yucaa (4 + 5 = 9) 1 cpa3y HanuIeM IPOH3Be-
aeane 1 000 000 000 (9 Hyneii). 3aKOHHOCThL TAKOIC BbI-
YHCJEHHUs CCHOBAaHA HA TOM, YTO COMHOXMTENH ecTh (ue-
nnle) crenedu yucnaa 10: ymuoxkaerca 104 ma 10% npu
3TOM TIOKA3aTenu cTeneHeil ckaaabBapTcA. TOYHO Tak
e COKPAIIEHHO BBINIONHAETCA U JleJIeHHEe CTeNeHeH AecH-
TH (fleJIeHMe 3aMEeHAEeTCS BhHIYMTAHHMEM NoKajartenei). Ho
TAK MOXHO AEMUTH H YMHOXKATh JUIIb HEMHOTHE YHUCJa;
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HAaIp¥Mep, B IpefesiaxX NepBoro MUJIJHOHA MOXKHO 6paTh
(ge cudraa 1) mume 6 uncen: 10, 100, 1000, 10 000,
100 000, 1 000 000. Tucen, xonycrawIUX nogcbHoe yM-
HOMKEeHMe U ReneHue, 6yaer ropasae 6ojblie, eClH B3ATH
BMecTo ocHoBanuda 10 apyroe, 6onee 6auskoe Kk 1. Boss-
MeM, HalpuMep, oCcHoBaHWe 2 U cocraBsuM Tabauny ero
nepBbiX 12 crenenen.

TOKA3ATCHIb

CTCICHH

(norapugpm) 1 23 4 5 6 7 8 9 10 11 12
CTCIICHB 248 16 32 64 128 256 512 1024 2048 4096
(4ncio)

Yucna, croAlHe B BEpPXHeH CTPOKe (IIcKa3aTesy cre-
neHei), Mol OyfgeM Tenepb HaskIBaTh Jozapupmamu, a
4yucia, CTOALME B HHXKHEH CTpOKe (CTeleHHu), — IIPoCTo
YUCAAMUL.

Yr1o6sl NEPeMHOXUTH KaKHe-1u00 ABA YMCJla HAKHER
CTPOKU, AOCTATOYHO CACKUTHL ABA YKCJIA, CTOALIMX HAJ
namu. Hanpumep, 4robsl HaiiTu npousseneHue 32 U 64,
caomuM crosiiue Haa 32 U HaA 64 yucaa 5u 6; 5+ 6=11.
Hop uncnom 11 Haxopum pesyastart: 2048, Urobs! pasne-
autk 4096 Ha 256, BosbmeM uucaa 12 u 8, crosmue Haj
HuMH, BeruuTaem: 12 — 8 =4. Ioa uncnom 4 HaXOHM OT-
BeT: 16. Ecan npoaonkuth Tabauny BjieBo, BBeAS HyJe-
BYIO ¥ OTPULIATEILHYIO CTEIIEHH YUCIa 2, TO MOXKHO OyeTr
BBINIOJIHATE U JeJIeHHE MeHbIIUX Yuces Ha 6oabpmue.

XoTs cpeay creneseli yucna 2 ropasfo MeHkLIe Ipobe-
JI0B, 4eM CpeAH cTerieHel uncaa 10, sce ke B HUKHEH CTpPO-
Ke Hamell tabnunbl HeT oyeHb MHOPUX 4ucesn. Iloatomy
NPaKTHYECKOTO 3HAUCHH S Y 3Ta TabIUla He MOXKET UMEeTh.
Ho ecnu 3a ocHOBaHHe B3SATHL HHCJIO0, ropasae Gonee 6auaKoe
K 1, yeM YHuci0 2, TO dTOT HEAOCTATOK 6YAET YCTPAHEH.

IIpumem, HanipuMep, 3a ocCHoBaHUe yucao 1,00001. B
npegenax Mmexay 1 u 100 000 okakeTcs cBpIIIE MHJIJIUO-
Ha (1 151 292) ero mocnepoBarenbHBIX creneHeit. Ecan
MBI OKPYTIJIHM 3HAYEHMA 3THX CTeneHei, COXPaHMUB JHUIb
IIeCTh 3HAYalMUX uudp, TO cpead MUJIIHOHA OKDYIJEeH-
HbIX PEIYJBTATOB OKAXKYTCA BCE LEJBIE YMcaa oT 1 go
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100 000. TIpaBaa, aTo 6YAYT AuIlE NPHOAMIKEHHEIE 3HA-
4yeHHA creneHei. Ho Tak KAK NpU YMHOKEHHUHU M JeJIeHNH
NATHIHAYHBIX LeJRIX 4Yucen Hac OYAYT HMHTEPECOBATH
TOJILKO NEPBbl€ NATb 3HAKOB pE3yAbTaTa, TO COCTABJIEH-
Hble TA6JUIEI TO3BOJMAT YMHOXKATE, AEJHUTE U T. 4, IATH-
3HAYHBIE IEJIbIE YHCJIa, 4 CIAeA0BATENbHO, U AeCATHYHBIE
ApofH, UMeloNIHe AT 3HAYAUX IUDP.

HMeHHO Tak U GBIJIM COCTABJIEHB! MEPBbic TABAMILI
aorapudmosl). Buruuciende uX norpeGoBao MHOTOJET-
Heil HeyroMuMoit paboTel. B HacToAuee BpemMs MeToAaMH
BbICIIEH MATEMATHKH 3Ty pabory Mor Obl BLIMOJHHTL
KaxX/Jblil B TeyeHHe KaKoro-Hubyas mecsiua. Tpucra aet
Ha3aZ 3TOMY HYKHO OBIJI0 IOCBATHTSE BCIO xkU3HB. Ho 3aT0
BO MHOT'O pa3 BO3POCJa IPOU3BOAUTENbHOCTh TPYAA MHO-
TMX THICSAY BBIYUCJIMTENEH, NOJL30BABILIHMXCA PA3 HABCED-
Ja COCTaBAeHHBIMH Tabauuamm,

B HacTosee spems B tabauuax norapudMos B OCHO-
BaHUU J€KUT Yucio 10, 4To AaeT PAA BHIYUCIAUTEIBHBIX
NpeMMYyIIecTs (TaK Kak Halla HyMepanua — OecATHY-
nas). [Ipn aTOM A/ MONYYEeHMA UENbIX YHCEs NPUXOSUT-
ca 6paTs dpobubie cTeneHy yncaa 10.

JlorapudmM HEKOTOpOro Yucaa npu ocHoBandu 10 wa-
3BIBAETCA ero decamuiHbiM nozapugmom. CocransieHue
TabJULBI AeCATHYHBIX JIOrapH(PMOB HE IPEACTABIIAELT OCO-
O6rIX TpyAHOCTEH, ecnam yxke cocraBieHa Tabauua mo
ocnosaHuwo 1,00001. [KeficTBUTENLHO, MYCTH MBI XOTHM
HANATH JeCATHYHHIH norapudmM yucaa 3, T. €. TOT IOKa3a-
Teabk CTENeHH, B KOTODYK HYXKHO Bo3mecTH 10, uT0OBI
noayyuts 3. Ha tabauunl no ocHosaHuio 1,00001 mur
HaWgeM:

10 = 1,00001230 258
3 =1,00001109861,

D) Ipeituapuem 4. biopry (0k. 1590 r.); HECKONBKO NO3AHCE
HeaaBHCUMO OT Bropru 6uin cocTabneHul Tabnunbl noraprdmos
MWIOTAAHAUEM Jx. Henepom, KOTOpbli Opan 3a oCHOBaHHE YHCAO,
QueHb OAMOKOC K €IHMHHIE, HO MEEEIIEe YCM cAnHMIA. Bopru
ony6aukosan ¢Bow pabory aume 8 1620 r., pansuic (8 1614 1.)
MOSIBRJIKCE B cReT Tabanun Henepa.
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Boseena ofe yacTM NEpBOro pPAaBEHCTBA B CTENEHb
530_12?8 , Halizem: 1,00001 = 10(1:230258); nosromy BTOPOE
PABEHCTBO 3ANHIIETCA B BuAe 3 ~ 10(109861:230258) 1 ¢,
aecATHYHBIA sorapudM umcaa 3 ects 0,47712. Tomob-
HBIM ke 00pa3oM MOXKHO HAHTH AeCATHYHBIE JOrapHGMEl
M ocTaNbHBIX Yuceal),

§ 63. OcHoBHbIE CBOWCTBA NOrapumos

Jdozapugpmom wucra N no ocros8anun a Ha3bigaemca
noKa3amens CMEneHL X, 8 KOMOPYIO HYICHO 8038ecmu a,
ymobsl noaysume wucio N.

O6osnavenne:log, N=x. 3anucslog, N =x co-

8epuleHHO PAEHOIHAYHA 3anMcH a® = N.
IIpnwmepsr log, 8 =3, tak kak 23 —8; log;,, 16 =

= —4, TaK KakK [%)_4 =16; log, /5 [E-li) =3, TaK Kak (%)3 = % .

U3 onpejeneHus aAorapudma BBITEKAET CAENYIOLIEE
TOXJECTBO:
] N
a %" =N,

A log; 25
HOpnmeps. 2°52° =8, 1.e.23=8;5 °°

10% N = N2),

1) Upes cocrasiteHus TabAHIb! ReCATHYHLIX JOTAPHGMMOE
NpUHATNEXNT Jx. Hemepy M ero cOTPYAHMKY AHTAWYAHHUHY
I, bpurcy. OHH COBMECTHO HAYATH PAOOTY MO NEPECUCTY NPCHKHHUX
Tabauy Henrrepa Ha HoBoe ocuoBanue 10. ITocne emepru Hemepa
Bpure npofosxu 1 3aKOHYHI 3TY padoTy (0H onyOAHKOBaN ee
noaHocTEO 8 1624 r.). JIpo6HEle cTeneHH B TO BpeMA eie He 6bl-
M NPHHATH B MaTeMaTuke, HO Henep u Bpurc obxoauaucs ez
HMX, TAK Kak IOHATHIO JorapudMa OHM RXAAAIH OIpEAENEHHE,
HCCKOJIBKO OTJIMYAKOICCCHA OT HbIHE TPHHATOrQ.

2) Bnakom lg Be3 yxasanusa ocHoBaHMsA 06o3HavaeTes gecd-
THYHBIA orapudm; anaxkom log 6ea ykataHHMA OCHOBAHMA — JIO-
rapud)M 00 NPON3BOJILHOMY OCHOBAHHIO {B IpeResiax ofHOH dop-
MYJEI 3T0 OCHOBBHME NMOAPAIYMEBACTCA OOHHUM U TEM Ke).

= 25;
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Yucaa a (ochosanue rozapugma) u N (iucao) MOXHO
6paTh HEABIMH W ZPOOHLIMH {(CM. IPDMMEDHI), HO HENpe-
MEHHO TNOJIOKUTEMbLHBIMH, €CJIH MBI XOTHM, YTOOBI JIora-
pHDOMEI OLINH JelicmaumetbHbi ML YHCTAMU.

Camu »xe morapu@mMbl MOTYT ObITh M OTPHIATENBLHE;
ompuyamensvibie ROZADUDMbL CMOAL He BANHbL Ha
npaxmuke, Kax noioXumeabmbte.

Ecnu 3a ocHoBatMe Jorapi®MoOB B3ATL YUCIO, 6OMB-
mee eXMHHUIB! (HanpuMep, yucao 10), To Goabliree yucao
nmeer Gonbwui Jorapudm. Jlorapudgmel uuces, 66yb-
WHUX eJHHULEI, TIONCKUTENSLHB], MEHBIIIHX €AMHULLI —
oTpHnAaTeNbHbl. JJorapudm efHHALLI NPH J1060M OCHOBA-
HHMH paBeH Hy 0. JlorapudM YHCIa, PABHOrO OCHOBAHHIO,
Bceraa ectsd 1 (B fecaTrunbix Aorapudmax lg 10 = 1)1,

Jozapupm npousgedenus pasen cymme n02apupmoe
COMHONUMeRelL:

log (ab) =log a + log b.

Jdozapugpm vwacmuozo pasen JozapupMy Oerumozo
Oe3 nozapu@ma derumens:

log % =loga—logh.

Jozapugpm cmenenu paden npousgedenui noxasa-
menr cmenexu Ha n10zapu@m ee OCHOBAHUA:
log a™ = m log a.

Jozapugm xoprsa pasen vacmuomy om Jenenus roza-
pugma nodKopeHHO20 8biDANEHUL KA NOKAIAMEAb KODHA:

log ’"./_ loga

1
{(cneacTBHe NpeAbLIAYIETro CBOMUCTBA, TaK KAK "‘JE =q™).

Ilpenoctepexen ue. Jorapudm cymmsl He pa-
8eH cymme norapudMoB; HeNb3s BMecTo log (a + b) nucatk
log a + log b. 9ra omubKa yacTo genaercs.

1Y Yucno @ He JOMKHO PaBHATLCH CAMHUIC; MHAYC ¥ YHCCH,
He PaBHBIX eJJHHHUIIE, COBCEM He OyaeT sorapuhma, a Anf CAHHN-
16l BCAKOE YHCJ0 6YAET 10rapudmMomM.
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IIponorapndmMHUpoOBaATL HEKOTOPOE BBIPAYKEHUE —
3JHAYHUT BLIPA3KTH erc aorapudM yepes aorapudMbl BXOo-
JSLIMX B 3TO BLIPA’KEHMEe BEJTHYMH.

IIpumenpsl.

2a%b 2hm-2/3
1. log &== =log (2a2bm=2/3) =
3[ 2

m

=log2+210ga+logb—§ log m;

14,352 - /0,20600
. E k4 L] M = R +
2. x 185,06 - 43 1107 lgx = lg 14,352

+ % lg 0,20600 — g 185,06 — 2 1g 43 110.

Hmesn Tabnuuy fecATHYHLIX NOorapHdMOB, HaiieM no
ueli lg 14,352, 1g 0,20600 m T. 1. ¥ BEIYHCAHM NPABYIO
YaCcTh HALIEr0 paBeHCTBa; 310 6yxer lg x. Ilocne atoro no
Tabanle HaAZEeM YHCI0 X 110 ero aorapudmy. IlogpoGiee
cm. §§67—70.

§ 64. HatypanbHble norapudgmbl; 4ucno e

1A npaxTUYecKoro NpumeHeHMA Haubomee ynob-
HBIM OCHOBaHUEeM JorapudMoB sBaAercs yucnao 10. Ho
JUIA TEOPeTHYECKHX WCCAENOBAHHMM HaHbosee NMPUTOAHO
Jpyroe OCHOBaHME, UMEHHO WDPANMOHANBLHOE YHCIO € =
= 2,718 281 83 (¢ TOYHOCTHIO A0 BOCHMOrO AECATHYHOTO
3HaKa). JTOT NOpaszuTeJ]bHbIA HAa NEPBLIA B3rasA PaxT
MOJIHOCTHIO MOKHO 0GBACHUTD TOALKO B BRICUIEH MaTEMa-
THKE; 3[eCh MBI TOKAXKeM JNIIb, OTKYAA 3T0 YHCJO [I0AB-
naetca. OHO HAXOAMTCSI B TECHOM CBASM C TeM crocofom
BbIYMCNEHMA norapudMoB, KOTOpuId Obi oOBACHEH B

§ 62. Korna mul1 6epem 3a ocHoBaHHe yHcio 1 + % , 6nua-

KOe K efinHule, Hanpamep 1,00001 (n = 100 000), To ana
HeBGONBIIMX YMCeJ MOJYy4aroTCA OrPOMHEIE JorapHdmel,
HanpuMep uHcio 3 umeetr gorapudpm 109 861. Urobur
3TOT J0orapudm Guia BEAMYRHOM TOTO K€ NoPAAKAE, YTO H
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caMo 4Hcao 3, ero caeaoBaso 6wl yMEHLINUTL B N1 =
= 100 000 paa. Torma on mmes 6nl Beauumny 1,09861.
Ywucao 3 6yger umers dorapudm 1,09861, ecaun 3a ocHo-
BaHue B3ATL He

1+1=1,00001, a (1 + l)" = 1,00001100 000,
n n

HeficTBUTETEHO, MbI HMEEM!
3 = (1,00001)109861 — 1 00001100000 1.09861 —
= (1,00001 100 000)1,09861

Ecan MBI BHIYHCIHM BeaHuHHy 1,00001100000 74 ¢

TOYHOCTLIO 0 BOCBMOIC AECATHYHOTO 3HaKa HaHaeM; (1 +

+ %)" =2,71826763 (n = 100 000). 310 YKCI0 y>Ke OUEHD

6JM3KO0 K YHCAY €: OHO HMEET OJMHAKOBBIe C YHCJOM €
nepsble NATh LKudp. EcaH 651 Mbl NOTOXKHUIIH B OCHOBAHKE
He 1,00001, a eme 6onee 6anaxoe x 1 yncao, Hanpumep
1,000001, T, e. Basau 611 2 = 1 000 000, To, paccyskpuan
Tax e, Kax [Mpexjae, HaluIH Obl, YT ellje 6osiee yAOOHBIM
ocHOBaHHeM OygeT:

(1+ %) =~ 1,0000011 200 000_

OTO YHCAO C TOYHOCTBLIO A0 BOCHBMOI'O 3HAKA PAaBHO
2,71828047. OHo uMeeT Te ke IepBble IeCTh UUPD, UTO
YHCHO €, 4 B CeAbMOH nu@pe OTIHYAETCH AHIL HA eAMHH-

ny. Yem 6osbie B3ATL YHCAOC N, TEM MEHbIIE YHUCO [1 +

n
+ 1] 6yaeT oTAHYaTLCAH OT YHoiaa €. MiHaue rosops, wucao
n

n
e ecmb npeden, ¥ KOMOPOMY CMpeMunmcs (1 + i) npu

HeoZpArHUREeHHOM so3pacmanuu n, 310 M ecTh onpejgee-
Hue yucaa e.
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1
Mze! BHAEAH, YTO OCHOBaHMe 1 + =, a 3aHauudr, u |1 +
n

n
+ 1) TeM TO4YHEE I03BOJIAET BLIYUCIMTEH JOrapHUdMbI
n

BCEBO3MOXXHBIX YHcesa, yeM 6obiie yucao . EcrecTsen-
HO 0XKHUAATh, 4TO Haubosnee yRoOHbIM A5 TOI XKe neau 0y-

n
JleT Ipefies, K KOTODOMY CTPEMUTCH (1 + rlu) IIpM Heorpa-

HHYEHHOM BO3DACTAHMH T, T. €. YHC/0 e. Tak H ecTh B M-
CTBUTE/JbHOCTH. BhruHcaeHKE TorapHPMOB 10 OCHOBAHHIO
€ coBepiuaeTrcd 6uIcTpee, yeM 1o J10boMy APYroMy ocHOBA-
HU10. Cr1ocobbI 3TOT0 BEIYHCIAEHHSA H3J1AraloTCA B BHICIIEH
MaTeMaTuke,

CaMO 4MCJIO € MOKHO BBIPABHTDL AECATHYHOH Apobbio
¢ n0oboi CTeNeHb0 TOYHOCTH; B TAOMHIAX MOXHO HAMTH
TakHe TPUOJIMIKEHHbIE 3HAYEHHA €, KOTOPhI€ IO CBOEH
TOYHOCTH IIPEBOCXOAAT MO0 MPAKTHYECKH BO3MOKHEBIE
TpebosarnAa. C NoJHOH >X€ TOYHOCTHIO YUCNIO € HH Jlecsl-
THYHOI, HU ADYTrOi PAIHOHANBLHON ApO0LIO IPEACTABUTH
HEBO3MOXKHO. Bojiee Toro, 4ucjio e He TOJbKO HpPpPAaluo-
HaJBbHO, HO H TPAHCUEHAECHTHO (cM. § 27).

Jlorapudmpl, B3ATHE 10 OCHOBAHHMIO €, HA3LIBAIOTCA
Hamypaabhbimu norapudMami. Jacro HX Ha3kIBalOT (MC-
TOPHYECKH HEMPaBHJALHO) HENIEepOBLIMH L),

Ob6oanauenue. Bmecro log, x IpUHATO MHCATD
In x (3Hak In ecTsh cokpamenue cnos eaorapudm nary-
PaJbHBIN» ).

1) OcHoBaHMeM, KOTODLIM GaKTHUYECKH IOAbL30BAACH Jx. He-
nep, buto uucro 1 — 0,0000001. Ecia 66l MBI 3aX0TEAH BCE JIOTA-

prdMer Tabnuns Hemepa ymennwuTs 8 10 000 000 = 107 pas
{cp. npumep, pasobpaHELIH BbILLE), TO 38 OCHOBARHE JOJACHbI ObL1H

1 13
6511 BIATH YHCIO (1 - 5 rae k =107, KoTopoe Mo EO 65110 651 yC-
JIOBHO Ha3BATL OCHoBapueM Tabauuw Henepa. Ho 3T0 4meno or-

HIOAb HC PABHO YHCIY C (OHO O4YEeHb MAJ0 OTINYACTCA OT HHCIa }-) .
e
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IIpumep. In3 =1,09861.

Ymobv: no usgecmuomy Odecamuunomy rozapudmy
uucaa N uaitmu ezo Hamypairbiblii r0zapudm, HYHHO
pasfenumy OGecsimuunviit nozapupm wucaa N Ha Odecs-
musHblt  Aozapupm  ducaa e (nochegHUMH paBeH
0,43429...):

= lgN . _leN .
N = ER ~ e ~2,30259 1 N.

Yucno lge = 0,43429 naswiBaerca modyrem Jecs-
muyHblX N0zapugmo8 U 0003HayaeTca yepes M, tak 4To

1
InN =L 1g NV,
n a8

NDpumep. W3 TabaHubl JeCATHYHBIX JIOrapHPMOB
umeem: lg 2 = 0,30103. Orcrona

In2= %{ -0,30103 = 0,69315.

Ymobbt no us6eCmHuoMy HAMYPARLHOMY R0ZAPUQ-
My wucaa N natimu ezo ecamustbtit 102apudm, Ky HO
YMHONC UMD HAMYPANbHBLL R02apudM HA modyrb Jecs-
muxnbtx nozapupmoe M =lg e:

lgN=IlgeInN=MIn N =0,434291n N.

IIpumep. In3 = 1,09861. Orcioga lIg3 = M X
%X 1,09861 =0,47712.

1) laHHEle 37eCs TPABHIA MEPCXOAA OT HATYPANbHLIX 10ra-
PHOMOB K AECATHYHEIM M 00paTHO MPEACTABAAT CO00M SacTHEIC
cay4an oG ux popmyn
log, N
log,a’
NMO3BOJIAIOIIMX lePedTH OT nTorapudma UYucaa N 00 OCHOBaHMIO b
K JIOrapu@My TOro JKe YHC/a 1Mo OCHOBaHHIo a. Bropas dopmyaa
npu N = b gaer:

log, N =log, N *log, b; log, N =

1 b= ——.
8z log,a
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IO ast o6neryeHna yMHOXKeHUA Ha M U Ha % cocTas-

AAKTCA TAGMIULBL, COAEpIKaIIHE TPOU3BegeHUA M U % Ha

BCe OJHOSHAYHBLIE HJIH HA BCE ABY3HAYHBLIE MHOMMTEIH.
3aeck npuBoAMTCA TabMNNAa yMHOKEHH M U Ald' Ha OHO-

SHaAYHbIE YUCaa.

1

Kpatusie M  Kpartnsie M
1 0,43429 2,30259
2 0,86859 4,60517
3 1,30288 6,90776
4 1,73718 9,21034
5 2,17147 11,51293
6 2,60577 13,81551
7 3,04006 16,11810
8 3,47436 18,42068
9 3,90865 20,72327

§ 65. JlecatnyHble noraprgmbl

B nanpHeilllem pecATHYHbIH jJorapudmM UMeHyeTcA
MPOCTO JOTaApUGMOM.

Jlorapudm eAUHUN B! PABEH HYJIIO.

Jlorapudmsl yncea 10, 100, 1000 i r. a. pasuwl 1, 2,
3 U T. A., T. €. UMEIOT CTOJbLKO IOJOKUTEJbHLIX €JHHNIL,
CKOJIBKO HYJI@H CTOHT IOCJE e HHUIKI,

Jlorapudmel uncena 0,1; 0,01; 0,001 u T, 4. paBus —1,
-2,-3HT.A., T. €. HMEIOT CTOJNBKO OTPHIATENBHBIX U-
HHI|, CKOJALKO HYJeH CTOWT Nepej efMHHNEH (cuptad u
HYJb LEAbIX).

JlorapudmMel ocTajJbHBIX 4YHUCEN UMET JApobHYI0
4acTh, Ha3hIBAEMYIO Maxmuccoit. llenaa yacte norapud-
Ma Ha3bIBAETCA XapaxKmepucmuKxoli.

Yucna, 66abIUHE eJHHHI(bI, HMEIOT IOJO0MHUTENLHEIE
aorapudmul. ITonoxxknrenbHble YHCAa, MEHBIIHE eJHHH-
ne1!), HMeT oTpuUaTeNbHbIE JorapHbMBbL.

1} OTpHIATENLHEIC UNC/IA BOBCC HE UMEIOT AeHCTBUTEILHBIX
aorapHdMoB.
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Hanpumep!), lg 0,5 = -0,30103, 1g 0,005 = -2,30103.

OTtpuiaTeabHbIe JorapudmMpl 114 Oobiuero yaobcTea
HAXOXJEeHUA Jorapudma 1Mo YHCAy M YHUCJa IO JoTapud-
My NpeACTaABIAIOTCA HE B BHILIENIPUBEIEHHON «eCTeCTBEH-
HOH» POpMeE, 2 B ¢« MCKYCCTBEHHOM » . OTpHLIATEIBHBIHA JT0-
rapu®M B HCKYCCTBEHHONH PopMe uMeem noroxumens-
HYI0 MAHMUCCY U OMPUYAMEAbHYI0 XAPAKMEePUCMUKY.

Hanpumep, lg 0,005 = 3,69897. 3ra sanucs o3Haua-
er, uro lg 0,005 = -3 + 0,69897 = -2,30103.

YTo6hl nepeBecTH OTPULATENBHBINA JJOrapudM M3 ec-
TECTBEHHOA POPDMAEI B HCKYCCTBEHHYIO, HYXHO: 1) Ha enu-
HHULY yBEJUYMUTHb abCOJIOTHYIO BEJIMYHHY €ro xapaxTe-
PHCTHKH; 2) IONYYEHHOE YUCI0 CHABINMTE 3HAKOM MUHYC
ceBepxy; 3) Bce uudphH MAaHTHUCCHI, KpOoMe IOcaeJHER H3
uudp, HE PABHBLIX HYJIO, BBIYHTATL M3 AEBATH; IOCHe]-
HIOKO, HE PABHYIO HYJAI0 HOPY BeIUECTh U3 necatH. Ilony-
yaeMmble PAaIHOCTH 3ATHCRIBAIOTCA HA TEX 3Ke MECTaxX MaH-
THCCHI, I'/le CTOAJH Bhruntaemble Wudpsl. Hyau Ha xoHlle
OCTAIOTCH HETPOHYTHIMHU.

ODpumep 1.1g 0,05 =-1,30103 npuBecTH K HCKYC-
CTBeHHOM dpopMe: 1) abCOMIOTHYIO BERIUYHHY XapaKTepHC-
THKH (1) yBesuuuBaeM Ha 1; nonydaem 2; 2) numem xa-
PaKTEPHCTHKY MCKYCCTBEHHOH opMEI B BUAe 2 M OTRENA-
€M ee 3anAToIT; 3) BEIYMTaEM NepBYI0 UHGPY MaHTHCCHI (3)
3 9; nonyyaem 6; sanuceiBaeM 6 HA TIEPBOM MECTE IIOCTE
sanAaToid. Takum ke ob6pasoM Ha CHEAYIONIMX MecTax
MOABAAOTCA UHPPE 9 (=9-0),8(=9-1},9(=9-0)u
7 (= 10— 3). Umeem:

-1,30103 = 2,69897.

IIpumep 2.-0,18350 npeacTaBUTkE B MCKYCCTBEH-
Holt ¢opme: 1) ysenuwumsaem 0 nHa 1, mnoayuaem 1;
2) umeem 1; 3) Borunraem uudper 1, 8, 3 u3 9; unudpy 5 u3
10; HyJIB Ha KOH1iEe OCTaeTcd HeTPOHYTHIM. Umeem:

-0,18350 = 1,81650.

) Bee aanbHeiituue paBeHCTSa — OPHOGIMIKCHHBIC € TOYHO-
CTHIO /0 TTOJAOBHHEI €ANHHLIbI [10CIEJHETO BLITHCAHHOTO 3HAKA,
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YroObl MepeBecTH OTPHIATELHEI JorapudM H3 Uc-
KyCCTBeHHOI GOPMBI B €CTECTBEHHYIO, HY>KHO: 1)} Ha en-
HULY YMEHBIIUTh aGCOJIOTHYI BEJHUYHHY ero xapakre-
PHCTHKH; 2) NOJYYEeHHOE YHCIO0 CHAOANTL 3BHAKOM MHHYC
crnesa; 3) ¢ uudpaMu MaHTHCCHI IOCTYNaTs, KaK U B IIpe-
ALIAYILEM CIyqae. _

HOpumep 3.4,68900 npeacTaBUTs B €CTECTBEHHOM
dbopme. 1} 4 — 1 = 3; 2) umeem —3; 3) BeruuTaem udpPLI
MaHTHccwl 6, 8 u3 9; mudpy 9 u3 10; aBa HyAA ocTarOTCH
HeTPOHYTHIMH. UMeeM:

4,68900 = -3,31100.

§ 66. lencTBUA C NCKYCCTBEHHBIMU BbIPaXeHUAMM
oTpuuaTenbHbIX Norapudmos

TIpu AeHCTBHAX C MCKYCCTBEHHRIMH BRIPAKEHUSIMM JIO-
rapudMos HeT HeoOXOAMMOCTH NIpeABAPHUTE]bHO IIEPEBO-
JHTH MX B eCTECTBEHHYIO (hopMy; NPH He6OIBIIOM HABHIKE B
IIPMMEHEHMH HYKENIPABEAeHHbIX IPHEMOB MOMHO C HCKYC-
CTBEHHBIMH BHIDAKEHHAMH HETOCPEJCTBEHHO IPOM3BOJUTD
BCE JEMCTBHUSA TaK XKe 6EICTPO, KaK U C eCTeCTBEHHBIMH.

CroxeHHe. MaHTHCCHI CKIaABIBAIOTCA, KAK OOLIYHO;
HOCJIE CJI0KEHUS JECATHIX A0JeH MOXKEeT OKAa3aThCs, YTO B
yMe YAEPKHTCA eMHHIA UM HECKOJBKO eUHHAILL; TOraa
TIPH CJIOKEHHUM XaPaKTEPMCTHK {Cpely KOTODHIX MOTYT
6BITH H NOJIOKUTENBHbIE U OTPHLATENBHRIE) YAEDKaHHOE
B yMe YHCJI0 NpUOaBAAETCA K HOJMOKUTENBHBIM XapaKTe-
PHUCTHKAM.

Opumep 1. 1,17350 + 2,88694 + 3,99206.

3[ech DU CAOKEeHHM NECATHIX A0IEH Cxe ma:

noaydeno 2 +1 + 8+ 9= 20V, Hynr aanu- 22111

caH; 2 yAep¥aHo B yme. Cnogcex-me Xa- + é:égggg

pakTepucTUk gaetr 2+ 1+ 2+ 3=0. 3,99206
0,05250

1} Mannie qu@ps! cBepxy 0603HAYAIOT YACPMAHHBIC B yMe
U PEI.
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Opumep 2. 1 11
3nech P C0KEHMH XaPaKTePHCTHK 3’7458
umeem: 1 +2+4=1. 4,3089
1,0547

Berunranpne. ManTHCCa BBIYMTAEMOro IIOPa3pALHO
BLIYUTAETCH M3 MAHTUCChHI YMEHbIIIAEMOTO KaK B TOM CNY-
Yyae, KOrjla nepsas MeHbIlle BTOPOMH, TAK M B ofpaTHOM
caydae, B mocaeanem cayuae g8 uHGPHI AECATHIX YMEHb-
1IaeMOro 3aHMMAeM MOJ0KHNTENLHY O §AMHUIY H3 XapakK-
TEPUCTHKH.

HOHpumep 1.

ITpu BLINHTAHHMY AECATHIX A0OJIEMH IIDU- PRI
HIJIOCE 3AHATH IOJOXKMTENbHYI0 €AUHHIY 2,1741
U3 XapaKTePHCTHKHU 2, OTHETO OHA CTana 5 1846
paBHOi 3. BpiunTanHe XapaKTEePHCTHK 20895
naer 3-5=2. ’

MDpumep 2. .

3nech He NpHILTOCL 3aHAMATh H3 xa- _ 1,2080
PaKTEePHCTHKU: 1 — 3 =4, 3,1916

4,0164

Opumep 3.

3nech BUAHO, YTO H MPH BLINMHTAHHUM I
MOJIGX U TENBLHOTO TOorapuMa U3 MOJIOHKU- 0,1265
TEABHOT'O MOXHO De3yNbTaT cpady e mo-  ~ 1 9371
AYYUTh B HCKyccTReHHOU (dopme. Tak n E-eus

y Y bop 2,1894

PEKOMEHAYeTCA NOCTYNaTh.

IIpu cosmecmuom croxenuy u 8bLiuMAHLL VHOPAA
NMpeANIOYHUTAIOT 3AMEHHTH BCE BBIYHTAHMUA CIOKEHHMAMH.
IIpH 5TOM ecyH BEIUHTAEeMOe ObLIO IOMOKMTETbHBIM YHC-
JIOM, TO COOTBETCTBYIOII€E OTPUIATENBHOE cAaraeMoe ne-
PEBONUTCH B MCKyCCTBeHHYIO QopmMy. Ecnu ke oHo ObLi10
OTPHLATENbHBIM YHUCJIOM, 33JAHHBIM B HCKYCCTBEHHOI
topMe, TO ero NEPEBOAAT B ECTECTBEHHYIO GOPMY H 3aTEM
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otopaceiBaoT 3HaK MHHYC. (ITonyuyeHHBlE cnaraeMele Ha-
3LIBRIOTCH JONOAHEHUAMU.)}

Hpumep. 0,1535-1,1236 + 1,1686 — 4,3009 =
=0,1535 + non. 1,1236 + 1,1686 + aon. 4,3009 =
=0,1535 + 0,8764 + 1,1686 + 5,6991 = 5,8976.
3amnucse:
0,1535 = 0,1535

-1,1236 = 0,8764

+1,1686 = 1,1686

- 4,3009 = 5,6991

5,8976

¥Ymuoxenue. [Ipu yMHOKEHHHM HCKYCCTBCHHOIQ 10Ta-
puMa HA TMOJIOKHTENBHOE YHCIO YMHOMKEEM OTAEJBHO
CHa4yaJla MAHTHCCY, 3aTEM XAPAaKTEPHCTHKY; €CJIH MHOXH-
T€JAh — OAHOZHAYHOE YHMCJO, TO YHMCJO TOJOMKHTENbHBIX
eNMHHL, MOAYYEeHHOE OT YMHOXEHHA MAHTHCCHI, TYT >Ke
npHOaBIAETCA K OTPHIIATENBHOMY TIPON3BEAEHHIO MHOMXKH-
TeNA HA XapaKTepHCTHKY. ECIH MHOMXKHTENL MHOMO3HAY-
HbIA, JOBOJWM /10 KOHILA YMHOIKEHHE Ha MaHTHCCY U TIpH-
fbaBnAeM npousBeeHHe MHOIKHTENA HA XapaKTePpHUCTUKY .

IIpumep 1.

3264
6,4397
X 7
39,0779

IIpumep 2.
(Ioansyemca ><1,4397
npaBHIaAMU 17
COKpalleHHOTo 4397
YMHOMKEHH A; 3078
cm. I1, §41.) _ 7,475
17

10,475
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Ecny Hy>XHO YMHOKHMTE OTPHUATENbHLIH JorapudM™ B
HUCKYCCTBEHHOH (opMe Ha OTPHUATENbLHOE YHCIO, TO VY-
1ife BCEr0 NPEJRAPHTENLHQ IMEPEeBeCTH JOrapugM mu3 muc-
KYCCTBEHHOM (OPMBI B ECTECTBEHHYIO.

Heneune. Ecnu aenuTens — OTPHUATENBHOE HIM
MHOTO3HAYHOE TOJOXKUTEeNLHOEe YMCI0, TO AyYIlle BCEero
nepeiTH K ecTectreHHOM dopme. Ecan fennrens — oxHo-
3HAYHOE MOJOKUTENEHOE YHUCIAQ, JeNTHMOe OCTaBNAeTCH B
HCKYCCTBEHHOM ¢opme. EcaH XapaxTepHMCTHKA AENHTCSH
HAUENO0, TO AEJIAT OTAEILHO XapPaKTEPUCTHKY, 3aTeM MaH-
THccy. EcIM XapakTepHCTHKA HAUEJO HE JEeJIMTCH, K Hel
npubaBiaseTcA B yMe TAKOE HaMMeHbllee YHCJA0 OTpMUA-
TENLHRIX €JMHMI, YTOOB! IONYYMBIIEECHA YMCIQ JETHIOCH
HAUEeNM0; K MaHTHCCE NpUOAaBAAIOT B YMe CTOJIBKO 2Ke [0J0-
HKHTENBHBIX EAHMHHAIL.

IDIpumep. 2,5638:6 = 1,7606. Yrobul xapakre-
PMCTHKA Jenunachk Ha 6, npubaBasieM 4 oTpHLIATEAbHEIE
eqnHHUIb. [lonyuyupumieecs yuciao —6 mpd ZeseHnH Ha €
maer —1. TIpu peneHNM Ke MaHTUCCH AobGaBiaseM K Hel
4 noNOKUTENbHbIE eXHHUIIBI M genum 4,5638 na 6.

§ 67. HaxoxgeHue norapudma no Hnaty

Jlorapu®dmMul neanx crenenei uymcna 10 Haxoxsrcs
0es rabaun (§ 65). Jna HaxokaeHNA JorapudMor OCTaIb-
HBIX YHCEJ MOCTYNAaeM CAeXYIONIHM o6pasom:

A. Haxoxodenue xapaxmepucmuxu. Ina umcen,
66IBIIMX €MHUILI, XADAKTePHCTHKA PaBHA HA eMHHMILY
YMEeHbITeHHOMY YHcy Adp Uesoi 4acTH.

Dpumepsn. lgd528 = 1,...; 1g3,528 = 0,...;
lg 60 100 =4,... .

(Touyxu mocae 3anATON 03HAYAOT, UTO 3AECH AOIKHbI
CTOATH U PH! MAHTHUCCHL.)

JAna ypcen, MEeHbIIMX eJHHHUIBI, XapaKTepHCTHKA
MCKYCCTBEHHOMH (popMEI sorapndmMa pagHa YHCAY HyneH
nepej 3HaYa[MMM Kudpamu yucna (CUHTaA U HYIh Ie-
JIRIX).
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Mpumepsn. lg0,00635=3,...; 1g0,1002=1,...;

lg 0,06004=2,....

B. Haxoxdenue manmucco:. Ilpy HAXOXAEHHU MaH-
THCCHI AECATHYHON APOOH, NpABUIBLHON HAM HEeIDABNJIb-
HOI, oTépacsiBaeM 3anATYIO M UIlleM B TaOJIHIle MAHTHCCY
MONYYHBILIETOCH 1IEJIOT0 YHCAA; NPH HAaXOXKAEHHH MaH-
TUCCHI LIEJIOI'0 YHCJA MOXKHO OTODOCHTHL BCE HYJH B €ro
KoHUe (ecaH Takue uMmelorcs). HampHmep, MaHTHCca
yucna 20,73 paBHa ManTHcce umncaa 2073; ManTHCCA
yucna 6 004 800 pasHa MaHTHCCe uHcaa 60 048,

[Ipn HcOoNbL308BAHMM YeThHIPEX3HAYHBIX TabaHL aora-
PHPMOB y IONYYEHHOTO LIENOTC YHCJIa OCTABIAEM TOJbKO
yeThIpe NepBbIX 3HaKa. OcTanbHble OTOpacHBAIOTCA, TaK
KaK OHHM He IIOBJHMHAIOT (MJIH NMOYTH He MOBJIMHAIOT) HA CO-
JAepauidecd B TabaIune pa3pajhl MaHTHCCHI.

Ilo yeThIpex3HayHOH TaONMHIE MOXHO HAHTH HeEMo-
CPeJICTBEHHO MaHTHCCY TPEX3HAYHOTO yHCada. MaHTHCCH
YeThIpeX3HAYHBIX YHCEJ HAXOAATCA npubaBieHHEM mNo-
MPaBKHM (CM. HHXKEIIpHUBOANMbI€ IPUMEPHI).

Yemstpexznaunas mabruya — cm. ¢. 18—22.

IIpumep 1. Hajitu norapudpm yucna 45,8. Haxo-
aum (6e3 Trabauubl)} xapakTepdcTuky: 1,... . Orbpaceiras
3anATyo, uMmeeM Lenoe yucao N = 458. Bepem nepsnic
JBe ero yapper (45). B crpoxe 45 Huyjesr vaeao, crosuee s
ctonbue 8. Haxogum 6609. 3to — manHTHcca. Mmeem
1g 45,8 =1,6609.

IHIpuwmep 2. Haiitu 1g 0,02647. Haxonum (6es tab-
JIAIILI) XapaKTEePHCTHKY: 2,... . OTOpaceisaeM 3amsaTyio,
monyuaeM yucio 2647. Bepem neperle ave ero nudps (26);
B cTpoke 26 nmjem uucio, croaniee B cronbue 4 (TpeTba
uudpa fansoro yucaa), Haxogum 4216, 310 — maHTHCCA
lg 264. HaxoauM monpaBKy, COOTBETCTBYIOLIYIO MOCAE-
HeH nubpe 7 naHHOro yucaa. OHa moMeniaeTcs B TOM JKe
cTpoke 26, B cronbue 7 pazznena emonpasku». Haxoxum 11.
[IpubaBngeM HoNpasKy K paHee HANAEHHOM MAaHTHCCE.
IToayuaem 4216 + 11 = 4227. Dro — MaHTHCCa AAHHOTO
uucna. Ameem 1g 0,02647 = 2,4227,
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3anuce:

g 0,0264 =2,4216
7 +11

1g 0,02647 = 2,4227

3amedyanie. llonpasku paccyHTaHbI ¢ MOMOLILIO
durepnoaanud (cm. II, § 50); npumeHenne uHTepnO-
nsap My o6neruaer pabGory. U3 TabauIbl BUAHO, YTO MaH-
rucca yucaa 2640 medpine mMaHTHCCRI yHeaa 2650 Ha
4232 - 4216 = 16 (necaTHuHbIx goxneii). PasnocTy un-
cen 10 orBeuaer paszuocTs maHTUcc 16. IIponmopumonans-
HBIH pacyeT AaerT:

x:16=7:10=0,7, x=16-0,7=11.

IMTecmusaHnaurnbte mabauybl MDO3BOIANT HAXOAHTHL
M@HTHCCBI J0TapH(dMOB YHCEJ € IMIECTHI 3IHAYalllHMH
nHdpamull,

IlIpumep 1. Haiitulg 2458,

Haxoaum 3HaueHHE MAHTHCCHI HA TIEPECEYEHHH CTPO-
KU 245 u cronbua c Homepom 8. Ioayunm 0,390581". Bee
sHavamolgde undppel — Bepubre. Tak Kax CipaBa OT YuCAa
CTOHT FEOTLOYRE, TO ZPH OKPF7IERHE ZOCTETHION UHPDY
Hy:XHO yBenuunTh Ha 1, Xapakrtepucruxa norapudma
yHcaa 2458 papua 3.

OxouyatesbHo IonyunM lg 2458 = 3,390582.

I[Ipumep 2. Haiitn g 0,039548.

XapaxTepucTHka Jorapudma pasHa 2. Ha nepeceue-
HUM cTpoKn 395 U cTronbua b Haiigem yucao 0,597146. U3
9TOre 3HAYEHHMHA HYXKHO BHIUECTh NMONPABKY, COOTBETCT-
ByrOIYy0 croabuy monpasox 2 n paBuyw 22. Ilonyuum
0,597124. _

Taknm obpasom, lg 0,039548 = 2,597124.

Y Priskun A. A. IllecTanauyusic MaTeMaTHueckKne Tabian-
nwl. — M: Actpens, ACT, 2000.
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§ 68. HaxoxaeHue yucaa no norapudpmy?

CHavana, He ofpaljaf BHMMaHUs Ha XapaKTePHCTH-
Ky, HaXoAMM B Tabiune ZaHHYI0 MAHTHUCCY UM MaHTHC-
¢y, bamkaitinyio Kk faunoi. ITo meit HaxoauTCA HEKOTOPOR
1es0e 4YUCI0 (B MEPBOM CJAYHae HEIOCPEACTBEHHO; BO
BTOPOM — C NIOMOII[bI0 MONIPABKH, cM. npuMepsl). Ilocne
3TOro MIPUHUMAIOT BO BHUMAHHE JAHHYIO XapaKTEPHCTH-
ky. EcIn oHa paBHa HYJ K0 MM TIOJIOKHTENBLHA, TO B le-
JIYIO YACTh BhlAEAAETCH 4yuciao uMdp, Ha eAuHHLY 60ab-
mee, YeM YHCJA0 eAHHHI, XaPAKTEePHCTHKH (eCAH TOoHAa-
AOOHTCA, B KOHIE YUCAA MOMKHO IIPMIIMCATh CKOJBKO
HY>KHO Hyneki).

Ecnu XxapakTepuCcTHKa OTPHUATENBHA, TO IIepej Hall-
JEHHBIM YUCJIOM CTABUTCH CTONBLKO Hyjne#, CKOJABKO B Xa-
PAKTEPUCTHKE OTPUIATENBHBIX €AMHHI; CTOSLLINM CJeBa
HYJEL OTAENAETCA OT OCTAJNLHOH YacTH sanaToi. Hailigen-
HOE TAKMM 00pa3oM YHCI0 COOTBETCTBYET AAHHOMY JIOTA-
pnomy.

Yembtpexsnaynaa mabaiuya — cM. c. 18—22.

IIpumep 1. HaiiTi yucsno, norapud™M KOTOPOro pa-
BeH 3,4683 (T. e. uncao 103.4683), Cnavama HaXxoAuM B
Tabanue maHTHccy 4683 nan Gnmxanimyo x Hed. ITpobe-
rasg raagaMd OogZMH M3 ctonbuoB Tabamusl, HanpHMep
ctonben O, MIeM B HEM YHCJIO, IEPBbie ABe LHPPLI KOTO-
poro cocTaBaaioT 46 uan 6au3Kkoe K 46 yucao. Taxoe yne-
710 (4624) mer HaMeM B cTpoke 29, B6an3u ot aToro Mecra
Hiem MaHTuccy 4683; HaxozHM ee B ToMH ke cTpoke 29, B
cronfue 4. 3HAYHT, YHCAO, MMewIlee MmaHTHccy 4683,
ecTh 294, Tak KaKk XapaKTepMCTHKA 3 MOJOMUTEAbLHA, TO
B LEJyI0 YacTh Yucsa BeiAensaem 3 + 1 = 4 uudpsl. Ona
3TOr0 B KOHIE yucaa 294 nmpunuceiBaeM Hyab. Mmeem
3,4683 = 1g 2940. '

1 TIpy HAXOXK/CHHH YMCIA 10 YETEIPEX3IHAYHOMY JIorapud-
MY CCTb CMEICH NMOJB3IOBATHCA Tabnuuei aHTHiIorapudgMoB (cM.
§ 69). Ilpu BBIYNCIEHAAX HA IATH 3HAKOB HelexecoobpasHo yA-
BanBaTh 06beM TabaHMIEl NOrapudMOB NPHCOeAMHEHMEM K Heil
TabnHIEI AaHTHNIOTADUGMOB.
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IMIpumep 2. HaiiTu uncio, morapudpm KoTOPOro
pasen 3,3916. IlocTynas, KaK B NpeABIAYIIEM NpUMe-
pe, Mbl He Haiifem camoro yucaa 3916 cpeaun manTHCC,
HO HaljaeM OaMxkaitiiee K Hemy uyucio 3909, croamee
Ha TepeceyeHHH CTPOKH 24 u cronbuma 6. MaHTHcce
3909 coorBercTBYeT, TaKUM oGpa3oM, uuciao 246; oHo
faeT mepsble TDM 3HaYan[ue IHGPPLl UCKOMOrO 4YHUCIA,
YerBepTyio UUGPY HAXOAUM, BBLIUMCAAA MHOIDaBKY.
Hanunaa HaM manTucca 3916 npesocxoauT TaGAHYHYIO
3909 ua 7. Muem aty uudpy Ha moit xe cmpoke 24 B
pasjene enonpaBKu». OHa cToUT B cTonbue 4. I{udpa 4
eCTh 4YeTBepTasa 3Havanasa nudpa UCKOMOro 4YMCHA;
4nCca0, HMewnlee MaHTHcey 3916, ects 2464. IlpuHu-
MaeM BO BHMMaHHUe XapaKTepUcTUKy. Tak Kak oHa or-
PHUATENbHA M COAEPXKUT TPH €AMHHILI, TO INepeS Hau-
AEHHBIM YHUCJIOM CTABHUM TPH HYJAA M CTOAIUH ciaesa
HyJb orjensem 3zanartoi. Hwmeem: Ig 0,002464 =
= 3,3916.

3anucs:
lg x = 3,3916
3909 lg 246
+7 4; x=10,002464.

3916 lg 2464

3ameuaHue 1. Cnegyer TBepAO NOMHHUTHL, 4TO
IIPH HAXOXXJEHUM YHCJa TI0 JOrapudMy MONPABKE 2TOI0
YHCJIa NpUnUchiéaemcA K HeMy, a ne npubasasercs K ero
mocaexHel mudgpe.

Bameuanue 2. He cneayer 3a6b1BaTh, UTO BEJIH-
YUHA MONPaBKH AOJIKHA PA3BLICKMBATBLCA B TOM >Xe CTPO-
Ke, FJle COAePKUTCA Yyuceao, 6muakoe x manTucce. Ecau B
39TOH CTPOKE HET TOM MONpPaBKH MAHTUCCHL, KoTOpas HyX-
Ha, GepeM 6aAMxKaMIIYIO IONIPABKY.

10 Briroackuid M.A.
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§ 69. Tabnuua aHTunorapugmos

Tax HaswiBaemasn rabauua antunorapudmos (c. 23—
27} — 370 Ta Ke Tabauua JorapudpMoOB, HO C UHBIM PACIIO-
JIO3KEeHHEM MaTepHasa, o0JerdamoimuM HaXomjeHne Yuc-
Jla 10 JAHHOMY JIorapHdMy. B TabHie AaHE TONBKO MaH-
THccsl (0603Hauenne m). Ilo manrHcee, umeromeH TpH Ae-
CATHYHBIX 3HAKAa, B Ta6JHUe cpa3y HaXOAUM HEKOTOpOoe
eJIoe YUCJIO; €CJTH B MAHTHCCE YETHIPE JAeCATHYHBLIX aHa-
Ka, 9TC YHCIA0 HAXCNHATCA C TMOMOIULI IICIPaBKH
(cM. npumepsr). Ilocse 3TOr0 NPMHHMAKT BO BHAMaHHE
JAAHHYK XapakTepUcTHKY. Eciii OHA paBHA HY/II0 HIHM HO-
JIOKHTENBHA, TO B IEJYI0 YACTh BRIAENAETCA YnAcIo0 ndp,
Ha eAHHUlY GobLIee, YEM YHCJIO BANHAL] XaPAKTEPHCTH-
KH (ec/TH ToHAA00UTCA, B KOHIE YHCJIa MOYKHO IPHIIMCATD
CKOJIBKO HY3KHO HyJiel), Ecau xapaKkTepHCcTHKA OTpHUA-
TeJbHA, TO MEPE/]] HaWJEHHBIM YHCJIOM CTABHTCHA CTOJBLKO
HyJiei, CKOJBKO B XapaKTepPHCTHKe eXHHHI[; CTOA MK
cjeBa HYJNb OTAENAETCA OT OCTAJLHOM 4YacTH JanATOM.
Hajigennoe takuM 06pa3oM YHCIO COOTBETCTBYET JIAHHO-
My Jorapudmy.

IIpumep l.Haittu uncnoe, forapudm KoToporo pa-
Bed 2,732 (t.e. udcao 102:732), OrbpacslBaeM xapaxTe-
pucTHKY 1 Oepem nepBbie ABe 1HGPLI MaHTHCCH! (73).
B cTtpoke 73 HuieM uucio, cronauee 8 cronbue 2. Haxo-
auM 5395, Tak KaK XapaKTepHMCTHKA 2 II0JIO)KHTEJILHA,
TO B LeAy0 4YacTh BuigenseM 2 + 1 = 3 uudpsi. Umeem
102732 = 539 5, .

IIpumep 2. Hano lg x = 3,2758. Haiitu x. Ot6pa-
CHIBAEM XaPaKTEPHCTHKY. B cTpoke 27 Hiuem unco, crod-
mee B croabue 5. Haxoxaum 1884. HaxoauMm nenpasky, co-
OTBETCTBYIOIIY NociaeaHei mudpe 8 pasjgesia «monpas-
ki». Haxozum 3. Ilpn6aBsiaeM nonpasKy K paHee HAHEH-
HoMmy uucay. [lonyuaem 1884 + 3 = 1887, [Ipunumaem so
BHHMaHHE XapaKTepUCTHKY. TaK Kak 0Ha OTpHIATEJbHA H
COAEPIKHUT TPH €AMHHILI, TC mepex yuciaoMm 1887 crapum
TPM HYJA H CTOAINHI CJeBa HYJb OTAENAEM 3aIMATOH.
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Hmeem:
x=0,001887, . c. 1g 0,001887 = 3,2758.
3anucse:
lg x = 3,2758
275 1884

8 + 3 X = 0,001887.
2758 1887
Hpumep 3.1g x=0,0817. HaiiTh x.

081 1205
7T+ 2 x=1,207.
0817 1207

3amMevaHnue. HDH HaXoXAeHHH YHCJIa 1o Jora-
pubdMy ¢ MOMONBI0 TabAMIIbI AHTHI0OTAPH(MOB NIOTIPaBKa
BCeraa nputagasemcs k nocaegsed nndpe (a He MpUNA-
ChIBaeTcCA K Hell).

§ 70. Npumepnbl
norapupmMuyeckyx BbiNMUIEHUA

[
Hpumep 1. Buuncnurouy= —2 ,raea=4,352,
Jaz-b?
b=1,800.

1. Jlorapudmupyem:
lgu=1lg =22 =g ab =
Jaz —b? Ja+b)a-b)

=1ga+lgb-% (g (@a+b)+1g (a-b)).

2. HaxopuMma +bua —b:
+a=4,352 _a=4,352
b=1,800 b=1,800
a+b=6,152 a-b=2,552
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3. BeiuucaseM cHauasa lg a + 1g b, satem = (lg (a +
+b)+lg(a -b):
lga=1g 4,352 =0,6387
lgb=1g 1,800 =0,2553
lga+lgb=0,8940
lg(a +b)=1g 6,152 = 0,7890
lg (a—b)=1g 2,552 = 0,4068
lg(a+b)+lg(a—b)=1,1958
% (lg (a + b) +1g (a - b)) = 0,5979
4. Haxopuwm lg u u 3aTem u:
_0,8940
0,5979
lgu=0,2961 u=1,977
k
IIpumep 2. Boluucaurs P =pe_!_”l ,rae p =10,33,
k=0,00129, 2 = 1000, e — ocHOBaHHEe HATYPaJbHbLIX JO-
rapudmoe (e = 2,7183)
l.lgP=lgp- hlge= lgp— ZhM,rpeM=lge=

= (,4343 (Moay AL necm‘mmmx .nor-apuq:mon, cM. § 64).
2. Haxoanw 1g p:
lgp=1g 10,33 =1,0141.

3. JlorapudpMHupyeM BrIpaskeHUe E pm:

lg[ hM) =lgk+lgh+lgM-lgp.
4, Bm!mc.n AeM MOJTyYeHHOEe BhIDaXKEHHe Jorapupma:
gk =1g0,00129 =3,1106
g h =1g 1000 = 3,0000
lg M =1g 0,4343 =1,6378
npon. lg p = pon. 1g 10,33 = 2,9859

lg ( hMj =72,7343

Orcroaa g hM =0,05424,
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5. Buruncasaem lg P (cM. 1. 1) u 3aTem P:
lg p=1,0141
E kM = 0,0542

lg P=0,9599, P=9,118

§ 71. CoepuHeHuna

O6mum Ha3BaHMEM coeJuHeHR UL IPUHATO 0603HAYaTh
creaylonMe TpM THUNAa KOMOHHAUMH, COCTABAAEMBIX M3
HEKOTODOT'O YHUCJA PA3NIUYHBLIY MeXAY co0oi npeameToB
(3n1eMeHTOB),

1. IlepecranoBkn. BosbMeM m pasJnuHbIX 3jEMEH-
TOB ay, Gy, ..., ,,; 6y/IeM IEPECTABJIATD 3TH 37IEMEHTHI BCE-
BO3MOYXHBIMH CHoco0aMy, OCTEBJAAA HEH3MEHHBLIM HX
YUCJIO H MeHAA JHUIUb UX nopanox. Kaxkaaa us monyuar-
IMXCA TAKUM 00pasoM koMOUHaUU i (B TOM YHCe U nep-
BOHaYyanbHAA) HOCUT HasBaHMe nepecmarosku. O06iee
YUCJI0 NePeCTAaHOBOK U3 /M 31eMeHTOB obo3Hauaerca P, .
OTO YMCJ0 PABHO MPOM3BEAEHHIO BCEX IENbIX Yucea oT 1
(414, 4TO TO e, OT 2} 0 /M BKJIUHTEIbHO:

P,=1-2-3...(m-1)ym=m!. (1)

Cumeon m! (paxmopuas) ects coxpameHuoe oboaHave-
HUe IpousBegedHun 1:2-3...(m—- 1) m.

IIpumMep 1. HaliTu YHCJI0 mEepecTaHOBOK M3 Tpex
sneMeHToB a, b, c. Umeem Py =1-2-3 = 6. [leficTBUTENDb-
Ho, HMeeM 6 mepecTaHOBOK:

1)abe; 2)ach; 3)bac; 4)bca; 5)cab; 6)cha.

IIpumMmep 2. CroALKUMU cnnocoGaMH MOKHO pac-
MPefeJTUTh NATh A0JXKHOCTEH MEeXAY NATHIO TMUAMH, H3-
OpaHHBIMH B NpPE3UAUYM crnopTHsHoro obuiecrsa? Ecau
COCTABUTL B HEKOTOPOM TOPAAKE CIHMCOK AOJXKHOCTEH H
TIPOTHB KaXXA0il JOJKHOCTH MUCATL GaMMJIMIO KaHAUAA-
TOB, TO Ka>XAOMY DACHDEAeJIeHUI0 OTBeYaeT HEKOTOpad
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«mepecTaHoBKa». Obluee YHCIO 3THX MEPECTAHOBOK Py =
=1-2-3-4-5=120.

Bameuanue. [Ipum=18Boipaxednn 123 ..,
... m ocraerca oAHo 4Hcao 1. Tlosromy npurHMaercsa
(B KayecTse onpeaeaeHns), ure 1! = 1. [Ipu m = 0 Bripa-
seHue 1+ 2 - 3 ... m poBce aumaerca cMmucaa. Opnako
npHHEAMaeTcA (B KauecTse onpegesenusn), yro 0! = 1, Hu-
xke (1. 3) BBIACHAETCA OCHOBAHME JJIA 3TOI'0 COTJIAlIe HH A.

2. Paamemenna. ByaeM cOCTaBJIATE H3 M DAdJIHYHBIX
3JIEMEHTOB IPYIIILL I I 3JIEMEHTOB B KaXKJ 0/, pacmoJa-
rad BasTbie NI JIEMEHTOB B pasJuuyHoM nopspke. Iloay-
yauecs PN 3ToM KoMONHANINM HA3KIBAIOTCSA pasmeiye-
HusaMu U3 m snemeHTos o n, O6iee YHCTO paaMeIe M

H3 /M 3eMEeHTOB Mo 1 ooanayaeTcs A, . DTO 1HCIIO PABHO

MIPOM3BEAEHNI0 N1 IIOCJIEAO0BATENbHBIX UEJRIX YHCeN, Ma
KOTOPBHIX HanboJjibIee paBHo m:

A, =m(m-1)(m-2)...(m-(n—1). 2)
MIpumep 1. Hality yHca0 pasMelUeHH# M3 YEThI-

pex aneMeHToB abed no aApa. Umeem: Af =4-3=12;9tn
PasMEIEHHA CIeAYIolHe:
ab, ba, ac, ca, ad, da, be, cb, bd, db, cd, dc.

MIpumep 2. B npeananym cobpaHus mabpaHul Bo-
ceMb yesioBeK. CKOJILKMMU criocobaMy 0HH MOTYT pacnpe-
AeJNTh MeXAY cofoil 00s3aHHOCTH IpeceaaTe g, CeKpe-
Tapa ¥ cuerydka? PcroMoe YHCIIO €CTh YHC/IO paaMere-

HHUH U3 8 3/1eMEeHTOB 110 3; Ag =8-7-6=2336.

3amevanmne. IlepecTaHOBKH MOKHO CUYHTATH Ya-
CTHBIM CJAY4YaeM pagMeIleHud (MMEHHO PadMeIleHHAMM
W3 71 3JEMEHTOB 110 Mm).

3. Covyeragusa. U3 m pasauuHbIX 3/1eMeHTOB OyAeM
COCTaBJIATH PPYIINbI MO Nt 3JIEMEHTOB B KaA0H, He obpa-
mAA BHUMAHHA HA MOPAACK 3JeMeHTOB B rpynie. Iloay-
YaIHecs IPU 3TOM KOMOHHAIIHN HA3BIBAIOTCHA coYemd-
HURAMU U3 m 3JIEMEHTOR TIC .
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O6iee YMCJI0 pPasIHYHBLIX MeXxAy cofoil coueraumit
obosnauaerca Cr, . IT0 Uncno (OHO, KOHEUHO, [eJI0e) MOK-
HO npeAcTaBUTh Gopmynoil (cp. m. 1):

ch=zfn . __m (3)

m TP P,... nm-n)

0
B xauecTee onpejesenud npuuuMaercd, uro C,, =1

(aTo 3HAYeHHe IonyyaeTca U3 popmynn (3)). Buipaxkenne
m!
ni{m-n)!

OueBuHO, 4TO (m) =( m ), r.e.Ch =Ch "
n m-n
Jna BeluucaeHUH yacTo yaobHee MoAb30BATLCH APY-
TMMH BRID&YKeHUAMH YHCJA COYETAHUH, UMEHHO

cr = An _ m(m-1)..(m—(n-1))
S 1-2...n

4yacTc 0003HAYAIOT COKPAILEHHO ( :’:) .

MM
" —An " _mm-1).(r+1)
m P . 1-2..(m-n)
I pumep 1. HafiTh BCce coueTaHHA H3 NATH 3JIEMeH-
_5-4-3
1-2-3

ToB abcde no Tpu. Umeem: Cg = 10; aTH AECATE

COYETAHHH CAEAYIOIHE:
abe, abd, abe, acd, ace, ade, bed, bee, bde, cde.

Mpumep 2. U3 BOCbMH HaMeUeHHbIX KaHIHAATCGB
HYKHO H30paTh Tpex cueT4HKoB. CKONbKUMHU criocobaMu
MOJKHO 310 chaenatb? Tax Kak 00GA3AHHOCTH KaXKAOTOC
CYEeTYHKAE OAHHAKOBHI, TO B OTJIHYME OT IIpuMepa 2 IPeabl-
Ayllerc NyHKTa Mbl HMeeM He pa3MeI[eHHA, a COUeTaHMA.
HUcxomMoe YHCHo ecTh

3 7.
cd =876 _56
1-2-3

M) HS m 3JAE€MEHTOB MOXHEO COCTABHTb TOJbKO OAHC COYCTAa-
HMe, COlePIKAICC BCE M IJICMCHTOB, Tak uto C, = 1. ®opmyna
(3) AaeT 3TO 3HAYEHHE TOJBLKO B TOM CJIYYacC, ccay npuHaTs 0! aa 1.
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Kpome paccMOTpeHHKIX BBIII¢ KOMOHHAIIUH, B MaTe-
MAaTHKE pACCMATPHBAETCA MHOro APyrux. OAHUM M3 HaH-
0oJjiee Ba)KHBIX THNOB KOMOMHAUIUHA ABNAIOTCA Repecma-
HOGKU ¢ nOBMOPAIOUUMUCR INeMeHmaMy, ONpejense-
Mble caeay LM oOpasom. Boaomem m pieMeHTOB, cpeaqy
KOTOPBIX HMEeTCA My OJANHAKOBBIX MEXAY co00i 2emMeH-
TOB IIEPBOIrO THIIA, M, OJMHAKOBRIX MeX Ay co60ii anemen-
TOB BTOPOTO THIA H T. J. ByeM nepecTaBasaTh HX BCEBO3-
MOKHBIMH criocobamu. [Toayuawirecs KOMOMHALMHA HO-
CAT HA3BAHUE NEpecmaro60K ¢ no6MOPRIOUUMUCA 3Ne-
menmamu. Uucno pasnuuHKEX MexAay coboil nepecTaHo-
BOK C NIOBTOPAKINKMHUCH 2JIEMEHTAMH DABHO

P '
= HAH m
P,,,lP,,,z.,.P,,,. mm,. . .m,

(my+ my +... + my=m; k — 4ucn0 TUNOB).

IIpumep 1. HaiATH yHCI0 pa3NHYHLIX TIEPECTAHO-
BOK C [OBTODAIOIIMMUCH 3JIeMEHTAMU u3 OYke aaabbec.
IlepecTraBasan nepryio OBYKBY Ha MECTO BTOpOH, a BTOPYIO
Ha MECTO MEePRBOH, MLl He HOJYYHM HOBOH KOMOMHAIIMMU.
TouHO Tak e, MeHAA MECTAMH YETREPTYIO H NATYI0 OYK-
BB M B L1€JIOM PAAE APYTUX CJy4Yaer, Mbl HOBBIX KOMOUHa-
Uit He nonyyaem. Ho xombunauuu abaabee, caabeb u
pPAA ADYIMX — HoBule. B arom nmpumepe m,= 3, m, = 2,
my=2;m=m;+m,+my="7. UHc0 paSTUUYHBIX MEXAY
¢000Jt mepecTaHOBOK DABHO

T .2:3:456-7_5,
312121 2.3:2-2
IIpumep 2. HafiTH 4HC/IO0 PASAMYHBIX MEKAY CO-
6031 mepecTaHOBOK HA 3HaKoB + + + + —— —. 3neceb m, = 4,

=3, m=m, + m, = 7. UckoMoe 4MCJI0 DARHO —— TR

= 35. M3 nocaeanero nmpumepa JE€rko BHAELTE, YTO YHCIO
MEePECTAHOBOK U3 M 3JIEMEHTOB, CPEJAH KOTODPKIX IIGBTOPA-
FOTCH M) JIeMEeHTOB IIEPBOTO K M, 3JIEMEHTOR BTOPOI'G TH-
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na, paBHO YHMCJIY COYETAHMH M3 /M 3JIEMEHTOB 110 /M, HIN
YMCJY COYETAHHM M3 /M BIEMEHTOB MO My, HeHCcTBUTEND-
HO, KaX/I0H [1ePECTAHOBKE COOTBETCTBYET OAHH H TOJIBKO
OJMH MOAGOD HOMEPOB MECT, HA KOTOPBIX CTOAT 3HAKH +.
Tak, B nepecTaHoBKe + + — — + — + auaku + croarHa 1, 2,
5 u 7 mecre, TAK 4YTO €ii COOTBETCTBYET coueTanue 1, 2, 5,
7. 3HAYHUT, MEPECTAHOBOK CTOJBKO K€, CKOJbKO DA3JIHY-
HBIX COYETAHHH U3 CEMH HOMEDOB II0 YeThIpe.

§ 72. bBuHom HbloToHa

Bunomom Huviomona sHaspiBaoT dopmyiy, NpejcTaB-
JAINYIO BRIpaXKenue (@ + b)' NpH LeI0M [TOJ0KHTENb-
HOM 7 B BU/Je MEOrouaeHal).

VYnomanyras GopmMysa AN WEJOrO NOJIOKUTEILHOTO
n MMeeT BUA:

(@ + by =an+(’1‘) an-1b+ (g) an-2b2 +

n n—3h3 n n-1 n
+(5) a4 ([T abn b (1)
MJIH, uTo To *Ke (cp. § 71, u. 3),

A= R n! n-1
(a+b) a +—1!(n_1) a b+
n! n-2p2 2)
+__—_—2!(n—2)! at~2b2+...2, (2)

1) HaseaHHe 3TO BABOWHEG HENPABHILHO, TAK KAK, BO-MEp-
BbIX, (2@ + b)" He ecTb OHHOM {«OMHOM» O3HAYAET «ABYYJICH®),
BO-BTOPBIX, pasyoxeHHe {(a + b)" ANA LeabIX NONOKUTCABHHX 7
6B10 U3BecTHO U o M. HbiOTOHA. HRIOTOHY e NMPHHALIEHHUT
cMenas m HeOOHIYANHO MNOSOTBOPHAA MbICAE DACHPOCTPAHHTH
3TO PA3JIOXKEHHe Ha Cy4al n OTPHUIATEILHOrO U ApobHOTO,

2) CorJ/1acHO € 3THM [10J1aralT (g) = (2) =1,aTakxe 0l =1

(cm. 3ameuanne Ha ¢. 294). IIpu 9TOM corNalICeHUH NEPBOMY H O~
CleAHCMY YJIEHAM DA3JN0IKEHHS MOXKHO IPHAATE TOT 3KC BUJ, YTO
H OCTalbHbIM.
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Jnsa BeryucAeHH A yrobHee Bcero dopmyna

(a+b)y*=a"+na""'b+ —--—~——-"({1 _21) a"—2p% +

e A A &

IIpumep l.(a+b)3=a3+3a2b+i';§ ab? + b3 =
=a’+ 3a%b + 3ab? + b3,

Opumep 2. (1 +x)f =1+ 6x + 15x2 + 20x3 +
+ 1524 + 6x5 + x6,

n(n-1) n(n-1)(n-2)

1.2 ° 1-2-3
TCA OuHOMUAAbHBIMU KOdPPuyuermamu. UX MOKHO
NONAYYUTH, TIOJAb3YACh TOJBKO CJA0XKEHHEM, CAEAYIO MMM
obpa3om. B BepxHeill CTPOKE MHIIYTCA ABe eAMHUILI. Bee
CAEAYIOUIHE CTPOKM HAYMHAKOTCA M KOHYAKOTCA efHHM-
neii. IIpoMesKyTOUHbIE XKe YHCIa IOV YAIOTCA CA0KEe HU-
€M COCeZHUX 4YHcen BrlinecToawei crpoxku. Tak,
4YHUCJ0 2 BO BTOPOI CTPOKE NIOYYaeTCH CIOKEHHEM ABYX
€JMHHI] MEePBOi CTPOKU, TPEThA CTPOKA MONYYAETCH H3
propoit: 1 + 2 = 3; 2 + 1 = 3; yeTBepTas Noay4yaercd M3
TpeTheH: 1 +3=4;3+3=6;3+1=4ur.a Yucna,
CTOAIME B OJHOM CTPOKE, ABAAKTCA BUMHOMHANBHBIMH
KoabpHIHEeHTAMH COOTBETCTBYOLIed cTeneHHd., IIpuse-
JeHHas 3/eChb cXeMa HadplBaeTca mpeyzorvHuxom Ilac-
Kans:

Yucna 1, n,

H T. 4. HA3bIBA-
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Bunom Hplotora nns Zpo0HBIX H OTPHMUATENBHBIX
noKa3aTeJieH.

IIycTs umeem Bripa)kenue (@ + )", rae n — apobHoe
UM orTpunareisHoe yucxo. Ilycts Ja| > |b]. Mpeacrapum

(a + b)* 8 Buse a" (1 + x)". Beruuuna x = 2 ; afconIoTHOE

ee 3aHayeHWe MeHblIe eNHMHHUbLI. Bripaxenue (1 + x)7
MOJKHO BBIYHCJIHTSE C J1000H CTENeHbI0 TOYHOCTH 1o $op-
myae (3).

1 _ I _
IIpumep 1. T 1+ x)°l, 3gecu n 1.
Tak kag 2= — (1)-(=2) _ 1, p(n—-1)(n-2) _

1.2 1.2 153
= (_“_*J—l)i(._gz.)é(_:; =-1uTt A, TouMeeM (1l +x)'=1-x +

+x2—x3+xd— .,
Yucno 4jaeHOB NpPaBOH 4YacTH OECKOHEYHO, HO TpH
|x] < 1 cymma unenop npu HeorpanHUeHHOM BO3DACTAHMU

UX YHCJAA CTPEMUTCA K Npefeay (BBIpaskeHHe, CTOA-

1+x
1 €ee B IpaBoi YacTH, eCJH f.rl <1, ecTb GeCKOHeuHan yObI-
BaIONAA PEOMETPHYECKAA IPOrpeccus).

IIpumep 2. Beryncaurs 4/1,06 ¢ TO4HOCTHIO /10 1A~
TOTO AECATHYHOTO 3HAKA.

1
Ipencrasasem /1,06 BBuge (1 + 0,06)2 1 npuMens-
eM dpopmyay (3):

, L(i-1)
(1+0,06)2 =1+ 10,06+ 2_1%_ -0,062 +
11 _)1_

=1+0,03 - 0,00045 + 0,0000135—....
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Crneayolime 4JeHbl HE BAUAIOT HA TIEPBLIE IATH 3HA-
xoB. [TosToMy, CYMMHpYA BBIIIHCAHHEIE YETHIpE cJarae-
MBIX, UMEEM:

J1,06 ~1,02956.

IIpumep 3. HaiiTr nate 3Havanux uudp 4HcIa
J130.

Bamsxaiimnin k 130 xy6 nenoro ydcaa ects 125 = 53,
Mpeacrasnaem 3/130 B suge (125 + 5)1/3 + 1251/3 (1 +
+ 0,04)1/3 = 5 (1.4 0,04)V/3, Brluuc/ieHHe BEJEM HA CeMb

3HAKOB (YYHUTHIBAA, YTO NOIPEILHOCTh HAKOIIAEGTCS IIPH
CJI0}KE€HMH, U 3aTEeM yBEJUYMBaAeTCA B & paa):

111
11y
(1+0,04)3=1+1 0,04+ 3—[3 )
’ 3 1-2
101 \(1
g (l-g
-2
F 222 7 7
1-2-3
~ 0,0001778 + 0,0000040 — ... = 1,0131595.

-0,042 +

-0,04%+ ...=1+0,0133333 -

OrbpolreHHRIe caaraeMele Ha CeILMOM 3HAK He BIMANT.
Haxonum 5 - 1,0131595 = 5,0657975. C ToyHocThIO A0

naToro 3Haka umeem 3/130 = 5,06580. Bonee ToyHoe BbI-
yucaeHde (C Yy4YeToM CJAeAYIONIEro cJaraeMoro) facr
5,0657970, rae Bce 3HaXH BEPHBI.

OTHM IpUEMOM MOKHO HIBJIEKATH KOPHH NHOGLIX cTe-
neHeil U3 NMPOM3BOJbLHLIX YHCESJ Haubosee OBICTDBHIM H
TOYHLIM CIIOCOGOM.

0606meHHan popmyaa 6uHoMa HeloTona.

Ry

n! mng
al az “oa ak

a,tagtazgt...ta)y =% ——r-—
(@, 2 3 ®) Znl!nz!...n,,!

{n — uesoe MOJ0XUTEILHOE YUCIIO).
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Cumson E 03Ha4YaeT, YTO HY2KHO B3ATH CYMMY BCEBO3-
MOXXHEBIX CJaraeMhalx BHja

' n n n
— %  _a'a’..a,,
nylngt..on,t
I/le n ecTh AAHHBLIM MOKAJaTeNb CTEINeHHU, A Ny, fly, ...,
n; — IOPOU3BOJILHBIC IleJIble YHMCAA UK HYJIU, CYMMa KO-
TopbIX paBna n. Yucao O npunumaemca pasnoim 1.
IIpumep.
] n n a n
(a+b+c+d)3=z-3—' a'b’e’d"
nyin,ingtngt
YUCAO0 nn = 3 MOXKHO [IPEACTABUTE B BUAle CYMMBL &k = 4 1ie-
JIKIX CJaraeMbIX CJEAYIOIMMHM ciocobamMu:
3=3+0+0+0,
3=2+1+4+0+0,
3=1+1+1+0.
CorsacHo ¢ 3TUM UMeeM:
(a+b+ct+d)i=

- 3:0?0| 5 (@35%c%d0 + a%3c0d9 + a%0¢3d® + a%0c0d3) +

21 1?0t 51 (2°6c%d? + ab?c®d0 + a?b0cd® + abc?d®) +

o, (abed® + abe%d + abled + aved) =
=a¥+b63+c3+d3+3(a’b+ab’+alc+ac+ad+
+ ad? + b2c + be? + b2d + bd? + ¢2d + cd?) +
+ 6 (abc + abd + acd + bed).

CroiicTsa koathduurenton 6unoma HeloTona.
1. KoadpduuueHTh 4JeHOB, pABHOY/AaJIEHHBIX OT KOH-
OB PA3JIOKEHUA, OAHHAKOBEL.
Hanpumep, B pasjioxeHUH
(a+b)6=0ab+6a% + 15a*b? + 20a%63 + 15a2b* + 6ab® + bS

K0athPHMIMEHTH BTOPOTO M MpeAIocjeiHero YJeHOB paB-
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Hbl 6; K03 DHIIHEHTHI TPETLErO OT HaYaNMa U TPETLErC OT
KOHIIA PaBHLI 15.

2. CyMMa roappuHeHTOR pasncxenu (a + b)" pas-
Ha 2". HanpuMep, B IpeAUIECTBYIOUIEM PA3JTOKEHHH

1+6+154+20+15+6+1=64=26,

3. CymMa K03dbHIIHEHTOB 4J€eHOB, CTOAN[MX Ha He-
YCTHBIX MCCTaX, pPaBHa cCyMMe K03d@PHIIUEHTOB YJ€HOB,
CTOALIMX HAa YETHRIX MecTtaX. Kaxkaasa U3 HUX COCTaBIAET
27 - 1. ganpumep, B pasnoxerRHH (a + b)S cymma xoaddu-
1ueHToB 1-ro, 3-ro, 5-rc U 7-ro YJI€HOB PABHA CYMMeE KO-
adduunenTos 2-ro, 4-ro 4 6-ro YIEHOB:

1+15+15+1=6+20+6=32= 25,



IV. TEOMETPUSR

A. TEOMETPUYECKUE MOCTPOEHUA

1. Yepes dannyw mouky C npoéecmu npamywo, na-
Parnershyo dannol npamoir AB.

IIpOM3BONBHKIM PACTBOPOM LMPKYJS MPOBOAMM OK-
pyxHocTs (pHc. 22) ¢ ueHTpoMm C Tak, uToGsl OHA NepeceKa-
saa AB. Tem ke pacTBOPOM LHPKYJIA OT OAHOH M3 TOUYEK ITe-
peceuenua M orxknaawsaeM na AB B 1106y10 ee CTOPOHY OT-
pesox MN. CHoBa TeM e pACTBOPOM 3aCeKaeM M3 TOUKH N
ayry ab. Touky P nmepecedeHHs AYTH ab ¢ OKPYKHOCTHIO CO-
eIMHAEM ¢ JaHHOH Toukoi C. PC — HCKOMAas NpaMan.

2. Pasdeaumev danuwili ompesox AB nonoaam,

Uz xoH1oB 0Tpe3ka A U B (puc. 23) oaauM U Tem Xe

NIPOM3BOJLHLIM (G6ABIIAM %AB) PACTBOPOM IIUPKYIA

onucuiBaeM e Ayrd. ToukHu ux nepeceyenuna C u D co-
eanHaeM npsamoii. Touka mepeceuenus O npamuix AB 1
CD ectw cepefinHa oTpe3Ka AB.

3. Paadeaumvo darnnstii ompesox AB na Bannoe vuc-
20 pasHbix Yacmell.

IIpoBoaum (puc. 24) npamyio ab, napaainenbuyio AB;
Ha Hefl OTKJaAbIBaeM paBHbIe OTPE3KH INIPOH3BOJILHOM

aklmnbd

\AKILMIN/B

Puc. 22
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ANUHBI B HY)XXHOM YKCJe, HATIpuMep, ak = kl=Im = mn =
= nb. IIposoaumM npamuie Aa, Bb. B nepeceyesnn HX Ha-
xoanM Touxky O. [Iposoaum npameie Ok, Ol, Om, On. 3tu
npamsle nepecexyt AB B Touxkax K, L, M, N, genammux
AB Ha HY»KHO€ YHc/o (B HallleM NpUMepe Ha 5) paBHBIX
yacTeH.

4. Pasderumsv Oannoii ompe3ox ra sacmu, nponop-
YUOHARbHbLE OQHHLIM BEAUYLUHAM.

Pemaerca, kak npegpiyijasn sagada, TOJAbKO Ha ab
OTKJaAKIBAIOTCA OTPE3KH, NPONOPUHNOHAJLHLIE JAHHKIM
BEJHUYHHAM.

5. Boccmaeumov nepnenduxyasp x npamoii MN g
dannol ee mouke A.

Basp npou3BosipHYI TOuky O BHE KAHHOW NpAMO
{puc. 25), npoBOAMM M3 Hee OKPYMKHOCTh paamnycom OA.
Yepes BTOPYIO TOUKY B niepeceyeHHA OKPYHHOCTH C IpA-
Mot MN u toury O nposogum auamerp BC; KoHen pua-
merpa C coequnseM ¢ A; CA — HCKOMBbIH NeplneHAHKY-
AAp.

6. Onycmumeoe nepneHdurxynrsp us dannoit mouxu C
Ha npamyo MN.

W3 Touku C NpoBOoAMM NPOU3BOJBHYI HAKJIOHHYIO
CB (puc. 26); naxogum ee cepeguHy O (cM. m. 2) u U3 gee
ONMCKLIBAEM OKPY>XKHOCTE paauycom OB. OKpyskHOCTb me-
pecekaeT MN euje B Touke A. [Iposeasa AC, nonyuynm uc-
KOMBIH IepIIeHAUKYIAD.

B cayuae, korga touka C semHT OJH3K0O K TIPAMOM
MN, sToT cniocob MOKeT JATh GONbINYI0 HOIPEIHOCTD.




A. leomeTpUyecK1e NOCTpoeHNR

Torga Jyd4llie NOJL3OBATBCA CJIe-
AVIOIIUM nocTpoenueM. M3 TOUKH
C, xak m3 nedrpa (puc. 27), npoeo-
aum ayry DE, nepecekawmyio MN
B Toukax D, E. 3 rouex D, E, kak
¥3 LEHTPOB, IPOBOAHM CAHNM H TEM
’Ke pajiInycoM AiBe AyTH cd, ab, nepe-
cekawieca B rouke F, Ilposegs
FC, mony4yuM MCKOMbIH NEepHeHIH-
Kyagp.

7. IIpu dannoi eepuwiune K u
ayve KM nocmpoums yzonr, pae-
#otit dannomy yzay ABC.

13 Bepuruusr B onuckiraeMm ay-
ry PQ npoussonnHOro paguyca
(puc. 28). Tem xe pacTBOpOM LMp-
KyJda onuckiBaeM u3 lentpa K gyry
pg. Ua Touku p sacekaeM ayry af
panuycoMm, pasasiM PQ. Touky ¢ mie-
pecevenus ayr pq 1 off coepunseM ¢
K. Vron gKM — uckomeIid.

8. ITocmpoums yzawt 60° u 30°.

Ha xonnos A u B (puc. 29) npo-
HIBOJBHOrO oTpeska AB onuchiBa-
eMm paxuycoMm AB nee ayru. Touku
ux nepecevyenus C u D coeguusem
NpAMOH, KOTOpDAasa Ilepeceder OTpe-
3ok AB B ero cepeguue 0. Touky A
coeMHAeM mpsaMod ¢ Toukoi C.
ZCAO = 60°, L ACQO = 30°.

9. Tocmpoumb yzox 45°.

Ha cropoHax npamoro yria
BAC (puc. 30) oTxnagsiBaeM pas-
Hble oTpe3xd AB u AC U coefUHA-
eM ux xoHubl npamoilt CB. [Ipa-
man BC obpasyer ¢ AC n AB yrisl
mo 45°,

Puc. 30
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10. Pasdeaums Oankbiic y2o4
BAC nononanm.

W3 BepmiMHEE A IPOBOAHM AY-
ry DE NpPOU3BOJLHHIM pPagHyCcoM
(puc. 31). U3 Touek D u E ee nepe-
ceveHHA co cTopoHamMu AB u AC
HBIMH pajuycaMmu (ynobHee Bcero
NpeXxHMM pPACTBODOM IMPKYJs)
ayru cd, ab. Touyky ux nepeceye-

HHA COeANHAEM C A; ToayYeHHad NnpAMaa AF IeaUuT yroa

BAC nononam.

11. Pasfeaume Oannwiii yzon BAC na mpu pasHbie

yacmu.

IIpocToit NTHHEHKOH 1 NUPKYAEM TOYHO BHINIOJHHUTE
3TO NOCTPOoeHHe Henb3dd. C MOMOIULIO UMDKYJAA H M3-

EB
K
D F\AJC

Puc. 32

MEPHUTeNbHOH AUHENKHU (Hanpu-
Mep, CaHTHMeTpPOBO#M) mocrpoe-
HHE€ MOXHO BBIIIOJHHTL TakK
(puc. 32): NpOM3BOJLHBLIM pajgH-
ycom AC omHUCBIBAeM M3 TOUKH A
oKpyxHocThb. [Ipogomxaem AC 3a
Touxy A. Knazem uameputens-
HYK JMHEHKY Tax, 4YTo6H OHA

npoxoausna uepes B H BpamaeM ee BOKPYr B a0 Tex
nop, noka orpe3ok ED mMeXAY OKPYXKHOCTbLIO H TpPH-
Mo AK He craHeT paBHbiM paauycy AC. Torza yroxa
EDF ects Tpeth yraa BAC.

12. Yepes 0se daHHbie moxku
A u B nposecmu oxpymcrHocms dan-
Hozo paduyca r.

U3 Trouexk A u B (puc. 33) npo-
BOAMM AYI'M ab 1t ¢d paguycoMm r.
Touka HX mnepeceuenus O ecThb
UEeHTD HCKOMOH OKPY><HOCTH.

13. Yepes mpu dannbvie mouKu
A, B, C (He zemawue nHa odHOU
RPAMOIL) npoecmL OKPYNCHOCMDY.
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Ilporoaum neprnenAnKkyasapsl ED u KL (puc. 34) K or-
peasxkaM AC u BC yepes ux cepeauHel (cM. 1. 2). Touka ne-
peceyeHHsa ITHX NepHeHAHKyAApoB O €CTb LEHTP MCKO-
MOMH OKDY2KHOCTH.

14. Haimu yernmp OanHol yzu OKpyxHocmu,

Ha nanHo# nyre BriGHpaeM TpH TOYKH (IO BO3MOMK-
HOCTH aJeKO0 OTCTOSALME APYT OT Apyra). 3aTeM [OCTyna-
€M, KaK B IpeAbIAYIIeH 3a/a4e,

15. Paadenrums nonoram dannyio dyzy oKpyMHOCTU.

Konubr gyru coeguusaem xopaoi. [Iposoanm nepnen-
JAHKYJIAD yepe3 cepefHHy xopas! (cM. 1. 2). OH pa3nenuTt
Ayry (M Xopay) nonosiam.

16. Haiumu zeomempuueckoe mecmo moyex, uj
xomoperx darnnbiilt ompe3ox AB auden nod danuwM yz-
ROM O,

Hckomoe mecto npeacraBaser cofoil aBe AYry pae-
HBRIX OKPYXXHOCTEH, OIHPAKI{HECA KOHIAMH B TOUKH A H
B (puc. 35) {(caMH TouKH A H B He IPHHAAJIEkKAT PEOMET-
pudeckoMy mecTy). IleHTpm 3THX Ayr HAXOAATCH TaK:
IPOBOJAKUM NepneHANKYAApbl AD u BK B KOHUaX OTpesxa
AB (cM. n. 5). Crpoum yroa KBL = o. B nepeceuennu BL
HAD naxoaum touky C. CepesiuHa orpesxa BC ecTs HeHTD
OTHOM U3 HCKOMBLIX AYT. [ipyrasa [yra CTPOUTCA TaK Ke.

17. ITposecmu yepes dannyio moyxy A Kacamerbnyio
K OQRHOI OKPYNCHOCML.

Ecnu Touka A JIeXKHT Ha OKpY3KHocTH (pHc. 36), cTpo-
UM BAC nepneninKynapuo paaguycy OA (cM. n. 5); CB —
ACKOMaf KacaTelbHAaA.
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Eciu A nexHT BHe Kpyra
(puc. 37), meaum AO nonosam
(cM. 1. 2) 4 U3 cepeauns B npoBso-
aum paguycom BO ayry CD. Tox-
k4 D u C coegunseM nNpAMbLIMHU ¢
A. Hpameie AD u AC — HcKoOMEIE

Puc. 37 KacaTeJIbHEIE,
18. Ilposecmu x OaHHubM
0ayM OKPYHKHOCMAM O0WYI0 BHEULHIOW KACAMEAbHYI.

Ecnu paguychl JaHHBIX OKPY3KHOCTER DaBHEI MEXKAY
coBoii, To 3afaua Bcerga HMeeT ABa peunleHHs (puc. 38).
Yepes nentpe 4 4 B nposoauM auamerpu KK, n LL,,
NepueH UK yIApHbie TuHUHA nentpos AB. Ilposegs KL u
K ,L,, uMeeM HCKOMbIE DElleHUA.

IIycrs paguychl AaHHBIX OKPYIKHOCTEH He DaBHBI:
R > r; ua uenrpa GoabIIOro Kpyra NpOBOAHM OKDPYXK-
HocTh paguycoM AC = R — r (pHe. 39). K neit npoBogum
kacarenbHyo BC n3 nesrpa B menrmero kpyra (o. 17).
IleHTp A coexuHaeM ¢ TOUKOH kacanua C npamoi. Ilpoaon-
’KaeM ee U nosydaeM Ha GoJbllel OKPYXKHOCTH TOYKY D.
ITIpoBoaum BE nepneHAMKyaapHO BC A0 epeceyeHua B
Touyke E ¢ MeHpme# okpyxHocThi0. Touku D u E coeau-
usaeM. Ilpamaa DE — nckoMas KacaTejibHaA. 3a7a4ya a0-
nyckaet Asa pemtenus (DE u D E,), ecin MeHbmIMA KPYP
He JIEXKHUT UEeJUKOM BHYTpH Goaniuerc. Ecnu MeHbUIM#i
Kpyr OEeJUKOM JIEXKUT BHYTpU Gonbmero (puc. 40), to
3ajaya He UMEeT pellleHUit. B npoMeskyTOYHOM cayyae,

K L D £
1
K/ L £y
1 1 D1

Puc. 38 Puc. 39 Puc. 40
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Korjla OKDYXHOCTH HMEHOT BHYTDEHHEE L

KacaHHe (puc, 41}, 3anaya nMeeT oJHO pe-

[IeHHME: 4Yeped TOYKY BHYTDEHHEro Kaca-

aua M nposoagum KL | AM. % M
19. [Tposecmu x dsym Oauneim ok-

DPYHCHOCIMAM OOWYI0 BHYMPEHHION Kaca-

menvHyio.

3afava He UMEeT PellleH|s, eCJAH OAUH
U3 KPYroB JIeKMT BHYTDH APYroro, a Tak- Puc. 41
e eCNH JaHHbIe KPYrd NepeceKawTcA. B
cayyae BHelNIHero KacaHus {pHc. 42) safjaya UMeeT OJHO
peieHme: yepes Touky M nposogum KL | AB.

B ocraaesbIX cayuasx umeeMm asa pewenuns (DE u
D,E,, puc. 43). 3 nenTpa A NpOBOJHM OKPYXKHOCTh pa-
JMYCOM, PABHBIM CYMMeE PaZMyCOB JAHHBIX OKPYXKHOCTEH.
W3 genrpa B nposoauM KacaTeabpHyio BC K noCTPOEHHOH
okpy:xkuocTH (n. 17). Touky kacauus C n nenTp A coeju-
HaeMm nupamoi AC; nocieinAA nepeceyueT OKPYKHOCTE (A)
B Touxke D. U3 B nposogum paguyc BE | BC. Ero koueu E
coeaunsaeM ¢ D, ED — uckoMasa KacaregbHad. Tak xe
CTPOHMTCHA W Apyras KacateasHaa E,D,.

20. Onucambe 0Kpy’HHOCMb OKOLO JAHHOZ0 MPEYZORbL-
nuxa ABC.

Yepes mepmtdanl A, B, C NpoBOAUM OKPYKHOCTh
(cM. H. 13).

21. Brucambo OKpy*HOCMb 8 JAHHbLIIL MPEYZORbHUK
ABC.

Ienum nonosam jsa yria TpeyroabHHKa (puc. 44),
nanpumep A 1 C (cm. n. 10). 3 Touku O nepeceueHHs

K
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6uccexktpuc nposogum OD | AC (cm. . 6). PaguycoM OD
ONHNChIBAEM MCKOMYIO OKDY>HOCTb.
22. Onucamb oXpymHOCMb O0KORO OAHHOZ0 NPAMO-
yzoavHuxa (uru xeadpama) ABCD,
IIposoaum guaroHaau BD u AC

BA o\ (puc. 45). U3 Touxu O HX TEpecedeHHA
v TIPOBOJMM OKPYHOCTE pagnycom OA.
AL Vb OKo0J/10 KOCOYTONMBLHOTO TIApaJIesor-

PaMMa OIMCATh OKPYKHOCTh HENh3A.

23. Bnucams oxpyxrocms 8 pomb
(uau xeadpam) ABCD.

W3 toukn O mepeceyeHN A JUATOHA-
nei nposoaum  OFE L AB (puc. 46). Ox-
PY>KHOCTL C UeHTpoM O W pagHycoMm
OE — uckomas.

B HepaBMOCTOPDOHHUM IIapassie/or-
paMM BIHCATH OKPYIKHOCTH IEJIb3A.

24. Onucamb OKPYMCHOCTb OKORO
0aHHO0Z0 NPABUABLHOZO MHOZOYZONLHUKA.

Ecnu yncNo cTopoH yeTHo (puc. 47),
coepuHAeM npambeiMu AB n CD pBe nio-
frle maphl TPOTHBOMOJOMXKHLIX BEPIUNH.
U3 Touky HMx nepeceuenus O paguycom
OA onMChIBAEM OKPYKHOCTD,

Ecau 4MCcA0 CTOPOH HEYETHO
(puc. 48), onyckaeMm H3 ABYX JIO0BIX
pepiiuH K u M nepnenauxyaapsl KL H
MN Ha NPOTHBONIOJIOXKHBIE CTOPOHBI.
W5 Touxu ux nepecevennn O pagnycom
OK onHuchiBaeM OKpPYH HOCTh.

25. Bnucamv oxpyxrocms 8 dan-
Abtit NPABUAbHBLIL MHOZ0Y20IbHUK.

I[eHTp OKDYXXHOCTH HaXOAHWTCA,
KaK B IpeAbiaymei sagade. 13 nenTpa
onyckaeM nepneHANKyaap ON Ha onHy
u3 cropoH (cMm. puc. 47). Paguycom ON
(s OL, cu. puc. 48) onuceiBaeM Ox-
DPYKHOCTb.
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26. ITocmpoumbv mpeyzorbHUK NG mMpem CMOPOHAM
a,buc.

Ilycre HaMGONBUIYIO AMMHY HMeEET OTPe3ok a. Ecnu
a < b < ¢, To HCKOMBIA TPEYTOJbHUK MOXHO MOCTPOHTH
TaK: oTKNageiBaeM orpesok BC = a (puc. 49). Y13 ero koH-
1nos B u C onucwiBaeM AYrUd mn u pg paguycaMu ¢ 1 b. Tou-
Ky nepecedeHud Ayr A coegunaem ¢ Bu C.

Ecnu a > b + ¢, To 3agaua He HMeeT pelueHud, B npo-
MeXYTOYHOM cay4ae (a = b + ¢) yC/IOBHIO OTBEYAET TONbKO
«BRIDOMAEHHBIH TPEYTOABLHUK »: TPU €0 BEPLIHHBI T€XKAT
HA OIHO MIPAMO,

27. Hocmpoumes napaanrenozpamm no OAHHbLM CMO-
poram a u b u o0HOMY U3 yzn08 o.

Crpoum £ A = o (cM. 1. 7); HA €r0 CTOPOHAX OTKJa/bI-
BaeM oTpesku AC = a, AB = b (puc. 50). IIporogum u3
ToukHd B ayry mn pagnycom a u u3 C — Ayry pq paguycom
b. Touky nepeceueda stux aAyr D coequnsaem c Cu B.

28. ITocmpoums npamoyzonbHuk no OaHHbLM OCHO8A-
HUIO U 8bicome.

IMoctynaem, xak B NpeAnAyINeld 3ajade; NPAMONR
yroJa ¢t CTPOUM, KaK B II. D.

29. ITocmpoume Keadpam no 0GHHOL CMOPOHE.

IMocrynaem, xax s . 27 u 28.

30. Hocmpoums keadpam no GaHHOL ezo Ouazonaru
AB.

Yepes cepeauny AB (puc. 51) nposoaum K AB mep-
neHAUKYAAp MN (cMm. . 2). Ot Touxu O ero nepecevueHHst
¢ AB otxknaasiraem Ha MN orpesku OC u OD, paBuble
OA; ACBD — ucxoMbli KBajpart.

m_ C m-—..\D
D ™ A
[ A B
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C B
D O—t—)A
E F
Puc. 55

31. Bnucame xsalpam 8 danmbill
Kpye.

IIpoBoAMM ABa B3AMMHO NEDPNEH-
AUKYNApHuIX juamerpa AB u CD;
ACBD — uckombrit kBaapar (puc. 52).

32. Onucamb keadpam okoro dan-
HOZ20 KpYy2za.

IIpoBoauM AB& B3aWMHO NepneR-
OUMKYyIApHbIX Auamerpa AB u CD
(puc. 53). s uX KOHUOB, KaK U3 XEHT-
POB, OIMMCHIBAEM YETHIPE IMOAYOKDYMK-
HOCTH pafuycamu, paBubiMmu OA. Tou-
ku F, G, H v E ux nepeceuennsa — sep-
[MIKHHK HCKOMOT'0 KBaJApaTa.

33. Bnucamb npaeunvhbtii namu-
yzonvHuk 6 danHbtit KpYy2.

IIpoBogHM ABa B3aMMHO NEpPIIEH-
AUKYJAAPDHEIX awamerpa AB u CD
(puc. 54). Heaum nononam paauyc AO
B Touke E. Ha E paauycom EC npoBo-
oam pyry CF, nepecexas e AHAMETD
AB B Touke F. U3 C paguycom CF npo-
Boaum ayry FG, nepecexasn e JAHHYIO
OKpY>HOCTH B Touke G; CG (= CF) ectb
oflHa cTopoHa MCcKoMo#M durypst. [Ipo-
BOAHM TEM JK€ PagHyCcoM AYTY mn H3
uearpa G, NosnyyaeM elle 0AHY BepIIK-
ay H nckoMoit GUIYypLI M T. 4.

34. Bnucamv 6 dannbiii xpyz npa-
BuMbHbLIL WeCMUuYyzONbHUK U mpe-
Y20AbHUK.

PacteopoM UMpKyas, pABHBIM pa-
AUyCYy Kpyra, fjeJaeM Ha OKPY>XHOCTH
3aceyku B Toukax A, B, C, D, E, F
(puc. 55). Coegunnsa rouku A, B, C, D,
E, F noxapaa, nmoayuum npaBUIbHBIH
HIeCTAYroabHuK, CoeguHAsa UX yepes
OJHY, MOJAYYHM NpaBHJALHBIHA (pPaBHO-
CTOPOHHMI) TPeyroJbHHUK.
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35. Bnucamb npasunvhblii 60Ch- D
MUYLONbHUK 6 danHbtil Kpy2. E 2T NF
ITpoBoAMM AR B3aMMHO NepIEH- / \
ANKYAADHBIX puamerpa AB, CD Aj B
(puc. 56). PaspenuB nomonam Ayru \
AD, DB, BC,CAroukamu E, F, G, H H \/ G

(m. 15), mocjieloBaTEILHO COEJHHAEM
IIOJYUEHHREIE BOCEMbBb TOYEK,

36. Bnucambs npasuabhbiii decamuyzoibHux 8 0an-
HbLi KpYZ.

ITocrponm Touky F (cM. puc. 54), Kak 4 B . 33. OF
eCTh CTOPOHA MCKOMOM durypsl. PacTeopomM uMpkyns,
paBHniM OF, ciesnaeM Ha OKPYsKHOCTH AeCAThH NOCJEeA0BA-
TenbHBIX 3aceyeK. IlonydMM BepIIMHLI HCKOMOH ¢H-
TYDPHI.

IIpaBuAbLHBIE MHOTOYTIOJBLHMKH, BIIMCAHHbBIE B KPYT' U
HMeILHe CeMb U AEBATH CTOPOH, HE MOIYT OBITH TOUHO
MOCTPOEHBI TOJBKO € IIGCMOIBI0 UHPKYJIA H JUHEHKH.

37. Oxono dannozo kpyza onucamb NPasulbMbill
MPpeyzoAbHUK, NAMUYZONbRUK, WECMUY20NbHUK, 80CH-
MUYZORLHUK, OeCAMUYZOALHUK,

OTmeTuM Ha oxpyxHocTH (pic. 57) Bepmnuul A, B, ...,
F npaBMJbHOrO BIMCAHHOTO MHOTOYIGJBHHKA € TEM 2Ke
yHcaoM ctopoH (cM. nir. 33—36). IIposenem paguycst OA,
OB, ..., OF u npoaonxumMm ux. [yry AB pagzeium mo-
nonam Toukoi & (cm. ni. 15). Yepes E npoBeaem JP L OG.
Otpesok J P, 3aKN0YEHHBIH MEXAY
MPOAOJIKEHUAMU COCEIHMUX DagH-
YCOB, €CTh CTOPOHA MCKOMOH PuTry-
pul. Ha npoAoKeHMH OCTAJbHBLIX
PagMycoB OTKJIaALIBaeM OTPE3KH
OK, OL, ..., ON, paBuste OP. Tou-
kud,K,L,..., N, Pnocnenosaren-
HO coefuHseM. MHOTrOyroabHHMK
JKLM ... NP — UCKOMBIH.

Puc. 56
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N M_y4 38. Ifvempoume npadaAbRbl
n-yzonrbHUK no JanKoll €20 cmopoKe a.

I'\“ L Ha orpeske BK, paBaom 2a, Kak
c % N\, 18 AuaMerpe, CTponM (puc. 58) mony-
‘ KpYr. 3TOT NOJYKDYr AEAMM Ha 71
K A B paBHEIX yacted Toukamu C, D, E, F,

Puc. 58 G (BepIIMHAMH NpPABHJIBHOTO BITH-
) CAHHOr0 2n-yroJbHHKA; Ha HalleH
durype n = 6). IleaTp A coefUHAEM NYyUaMU CO BCEMH [10-
Jy4YenHbIMM TOYKAMH, KpoMme AByx nmocaeaHux (K u G).
U3 Touku B pagunycom AB npoBoAuM AYry ab, 3acekas €Ha
ayue AC toury L. FI3 Touku L Tem ke pajUuycoM IDOBO-
UM ayry ¢d, sacekas Ha ayde AD touky M u T. 1. Touku
B, L, M, N urT.x. NOCNeZOBATENbIO COELHHAEM MPAMEI-
M. MnoroyroabHuk ABLM NF—UCKOMBIH.
9Ty 3aauy PEUIHTL C MOMOIBIO JHHEWKH M LHDPKYIA
MOXCHO He BCETa; HANPHMEpP, IpH A = 7, n = 9 aTOTO CAE-
JlaTh HEJb3A, TAK KAK MOJYKDYr JHHENKOH M LHDKyJAeM
Ha T uau 9 uacTed reOMeTPHMUYECKH TOUHO He AeJNTCA,

b. NMTAHUMETPUS

§ 1. MNpepmer reomerpun

T'eomempus!) MaydaeT TNpPOCTPAHCTBEHHBIE CBOMCTBA
MPEAMETOB, OCTABAAA B CTOPOHE BCE OCTAJTBHEIE MX NIPH3IIA-
ku. Hanpumep, pesuHOBbIH MAY AHameTpoM 25 cM H wy-
FYHHOE AAPO TOTO e JHAMETDPA OTJIHYAXTCH APYT OT Apyra
Maccoi, UBETOM, YNPYroCThi0 M T.A. OAHAKO BCe 3TH
CBOMCTBA MAYA M AAPA B T€OMETPHH OCTAIOTCA De3 BHUMA-
HUS; IPOCTPAHCTBEHHBIE XKe HX cBOMCTBA (popma u pasme-
pbl) OAUHAKOBBI. C TOYKH 3pEHUS FeOMETPHHM KaMAbIA H3
3THX NPEIAMETOB IIPEACTABIALT Wap AUaMeTpoM 25 cM.

IIpeameT, y KOTOPOro MBICAEHHO OTHATHI BCE €0 CBOIA-
CTBAa, KPOME MPOCTPAHCTBEHHEIX, HAGLIBAGTCA 2eoMempu-
yeckum menoxm. lllap ecTb 0AHO U3 FEOMETPHUECK MX TeJl.

1) O npoKCxOMACHUH HA3BAHHA «PeoMeTpRaA» eM. § 2.
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Crenys panbile IO MYTH OTBJIEYEHUA, MBI TIOyYaeM
MOHATHA TEOMETPHYECKOt nosepxnocmiu, reoMeTpHYe-
CKOM JILHLL M TEOMEeTPHYecKoi mouxi. IloBepXHOCTL MBI
MBICJICHHO OTAEJNSieM OT TeJa, KOTODOMY OHa NpHHaaIe-
MUT, 4 JAINAEM ee TONIMHE. JIMHUIO MBI JIMIIaeM TOJ-
HNUHBI U IUMPHHbI, 4 TOYKY BOBCE JIMIIIAEM H3IMEDEHHH.
MuI npencTaBnsneM, YTO TOYKA MOIKET CIYKHUTh IPaHHUIEH
JHHUHU (MJIM €€ 9acTH), JMHMA — FPaHULEH MOBEPXHOCTH
M TIOBEPXHOCTL — rpaHuueii tena. Mbl npeacraenseMm
TaKe, YTO TOYKa MOXKET JBHIaThCHA H CBOHM JBHMKEHHUEM
IIOPOXKAATh JUHHIO, JHHHA MOYKET JABUIKEHHMEM IIOpOK-
BaTh TIOBEPXHOCTE, 4 IOBEPXHOCTL — TIOPOKAATH TeJIO.

B npupose Her Touex, NHILEHHBIX U3MEPEeHMH, HO
€CTh IPEeAAMETH! CTOJNE MaJIbIX PA3MEDOB, UTO MX B HEKOTO-
PHIX YCJOBHAX MOMHO IIPDHHATH 32 F€OMETPHYECKHE TOY-
kH. B npupose HeT Tak>Ke HU reoMeTPHYECKUX JTHHHH, HU
reOMeTpUYecKUX NOBEPXHOCTeH, HO BECe CBOHCTBA JTUHUMA
¥ NoBEepXHOCTeM, paccMaTpUBaeMble B FeOMETPHH, HAXO-
AAT MHOrOoGpa3HuIe IPUMEHEHHA B HayKe N TeXHHKe. JT0
MPOMCXOAUT HOTOMY, YTO 'eOMETPHYECKHe NOMATHA NO-
POXXAEHBLI IPOCTPAHCTREHHBIMHM CBOCTBAMM JeHCTBU-
TeabHOro mupa. OTsBieyeHHad ¢GopMa PeOMETPHYECKHX
NOHATUH AJA TOrO M CAYKUT, YTOOBI 3TH cBOHCTBA M3Y-
YaTh B YHCTOM HX BUAE.

§ 2. Uctopuyeckune cBefeHUR
0 pa3BUTHKN reoMeTpuy

IMepBrie TreoMeTpHYeCKHe INOHATHA TIPHOGPETEHBI
MIOABMU B rayBokoi aApeBHOCTH. OHU BO3HUKAHU U3 MO-
TpeOHOCTH ONpEeReNATh BMECTHMOCTh DAa3JMYHEIX IIPEA-
MeToB (COCYAOR, aMBapoB M T. I.) U MAOMIAAH 3€eMeJIbHBIX
y4ACTKOB. [{peBHejilIIMe H3BECTHLIE HAM TIMCbMEHHbIE IMa-
MATHHKHU, COAEpKAIME IPABUIIA JUISA OTIpeAeieHUA IJIO0-
majae# 1 06emoB, 66114 cocTaBiens! B Erunte n Baspuno-
He 0Ko0J10 4 ToicAY aeT Hasax. OkoJo 2,5 TeIicAY JIeT Ha3aj
IPEeKU 3aMMCTBOBATH Y €THIITAH H BABHJIOHAH HX TEOMET-
puyecKue 3HaHUsA. [lepBOHAYasrIBbHO 3TH 3HAHUA NpHME-
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HAJIMCh NPEMMYILECTBEHHO /IS M3MEPEHUS 3eMebHbLIX
yyacTtkoB. OTCIOfla I'peyeckoe HA3BAHHE «TEOMEeTPUA»,
YTO O3HAYAECT «3eMJIEMEPDHEY .

I'pedecKye YYEHHIE OTKPBIJIM MHOXECTRO reoMeTpH-
YeCKHX CROMCTB H CO3/ajId CTPOHHYI0 CHCTEMY IeOMeTpH-
4YecKHX 3HAHHI. B ee 0CHOBY OHH N0J10HJIH IpOCTEHI1HE
reoMeTpHYEeCKHEe CBOMCTBA, NMOACKA3aHHBIE onkIToM. Oc-
TaAbHBIE CBOHCTBA BLIBOJAHJIHCH H3 NPOCTEHIIMX C To-
MOILYBIO PACCYKACHHIH.

Ota cuctema okoso 300 r. g0 H. 3. moayynsIa 3aeep-
weHHblh BuA B ¢ Havanax» £a«imqsl), rae nal0xe sl TaK-
’K€ OCHOBBl TeOpeTHYecKoi apudpmMerHku. ['eomerpnue-
ckHe pa3aensl ¢«Hayaas 1o COAEPKAHUIO H N0 CTPOTOCTH
WM3JIOKEHHA INPHMEDHO COBNAZalT € COBPEMEHHBIMH
IIKOJBHBIMH yYeOHHKAMH PEOMETDHH.

OapHako TaM HHYEro He roBopHTCA HM 00 obbeMe, HH O
IIOBEPXHOCTH miapa, HH 06 OTHOLIEHHH OKDPYXXHOCTH K
AHaMeTpy (XO0TA ecTh TeopeMa O TOM, YTO IJIOIIaJH Kpy-
rOB OTHOCHATCA, KaK KBaApaTsl AHameTpos). IIpubausxen-
HAA BEJMYHHA 3TOM0 OTHOLIEHHA 6b11a U3BECTHA U3 OTILITA
aagoaro a0 Eerkjguja, Ho TOALKO B cepefuHe 3 BeKa 0
H. 3. Apxumeq (287—212 rr.) ctporo poxasas, 4YTO OTHO-
LIeHUE OKPYKHOCTH K fHaMeTpy (T. €. YHCJIO 1) 3aKJIi0Yye-

HO Memay 3% H 3,17—(1) . Apxumezn AokasaJ TaKKe, 4YTO
obbem niapa MeHbllle 00’beMa OTTHCAHHOI'O IMIUHADPA POB-
HO B 1% pasa ¥ YTO NOBEPXHOCTD apa B 1 % pasa MeHblle

TIOJTHOM IOBEPXHOCTH OITMCAHHOIO UMJIHHADA.

B cnocobax, npuMeHeHHbIX APXUMEAOM ANSA pele-
HHA YIOMAHYTLIX 387184, COAEPIKATCA 3aYaTKH METOAOB
BBHICILIEH MATEMATUKH. OTH cITocobbl ApXUMe  IPUMEHMU
K DEIIeHHK MHOMHX TPYZAHBIX 3a7a4Y 'eOMETPHH M MeXxa-
HUKH, OYeHb BAYKHBIX AJIA CTPOUTENBHOIO €18 H IJIA MO-
penJiaBaHuA. B 4YacTHOCTH, OH omnpefenus o0beMBl M

1) «Hauana» neperefieHs! Ha Bee faniky Mupa. Ha pycckom
ABLIKC OHM HaZaBanuch, MHoro pas. Hepeson 6mn cfenan
O. O. Mopayxaii-Boatosckum, v. 1—3, M.—JI., 1948—50.
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LIEHTPBI TAMXKECTH MHOTHX TEJ M H3YYHJ BOIPOC O PABHO-
BECMH IIJIABAIOIIMX TeJ pasauIHOH GOopMbI.

TI'peveckye reomeTprl HCCEA0BAIN CBOiCTBAa MHOIHX
JHHHH, BAXKHBIX [|J1A IPAKTHKH U AJaA TeopuHd. OcobeHHO
0JIHO OHH HIYUIMIH KoHuYeckue cevenur (em. IV, B, §9).
Bo sTOopoM Beke 1o H. 3. A70//10H17 060TaTU NI TEODHIO KO-
HMYECKHX CeYEeHHH MHOTMMH Ba’KHBIMH OTKPRITHAMH, OC-
TABABUIHMHUCA HEIIPEB30OMAEHHBIMH B TeYeHHe 18 BeKos.

OnA H3ydYeHUs KOHMYECKHX ceveHuH ANONIOHUH
noJab30Basica xemodom koopdunam {cm. VI, § 6). K nay-
YEHHIO0 BCEBO3MOXKHRIX JIMHHH Ha NJIOCKOCTH 3TOT METO[
6511 npuMeneH aumsb B 30-x rogax 17 Bexa ppaHny3cku-
My ydeHbIMH /7. @epma (1601—1655) u P fexaprom
(1596-—1650). Ona TexHUYECKOH NPAKTHKH TOrO Bpeme-
Hi OBIJIO JOCTATOYHO MJOCKHX JHUHu. JIMUIL CTO JeT
CIyCTH, KOrjga 3TOro norpeboBajd BO3POCIIME IaHPOCHI
ACTPDOHOMHHM, 'eOAE€3MH U MeXAHUKH, KOOPAMHATHBIN Me-
Tox ObLT MPUMEHeH K U3YYEeHHIO KPHBLIX OBEPXHOCTEH U
JIMHHHA, HPOBEAEHHEIX HA KPHBHIX IOBEPXHOCTHAX.

CucreMaryyecKoe DA3BUTHE METOJa KOODAHHAT B
npocTPaHCTBE OBIJIO JaHO PYCCKUM aKafeMUKoM J]. Jine-
LOM — T€HHAJILHBIM H BCECTOPDOHHHM YYEHEIM.,

Bosee apyx TeIcAu seT cucrema EBKanaa cuntanace
Henpenoxunoi. Ho 8 1826 r. reHHanbHBIH DYycCKUE yue-
HBIH Hukonay MBarnosuy /IobaveBCkuii CO3RAN HOBYIO reo-
MeTPHYECKYI0 cUcTeMY. MCXOHEBIE ee TOJOKEHHA OTJIH-
YalOTCA OT OCHOBHBIX IOJIOKEeHHIT EBKIHAA TUIIL B OfHOM
nyuktel), Ho oTCio/ja BEITEKAET MHOYKECTBO OUYEHb CYILe-
CTBEHHKIX 0COO€HHOCTEM.

Tak, B reomeTpuH JlobauyeBCKOr0 cyMma YIJIOB Tpe-
yroJabHUKa Bcersia messle, yem 180° (B reomerpuu EBk-
auaa oHa pasHa 180°), Ilpu sTom HemocTaTok A0 180° Tem
Gonpine, yem Gonbllie NJICLHIaAL TPEYTCJAbHHKA.

MoxeT nmoka3aThCs, YTO ONBLIT ONPOBEpraeT 3TOT M
npyrue sbiBoasl JIoGauesckore. Ho ato He Tak. Henocpep-

1} B reomerpur Enknupa yepes TOUKy A NPOXOAMT TOABKO
o/lHA MpAMas, JeXallas B OJHOM NMIOCKOCTH ¢ AAHHOH NPAEMOI
BC u Bc nepecexkntomasn ee. B reomerpun Jlo6ayeBcKoro TaKHx
npsaMerx 6ecUHCIICHHOE MHOCECTBO.
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CTBCHHO U3MEPSAA YTl TPEYrONbHHKA, Mbl HAX0AHUM, UTO
OHM B CYMMe cOCTaBaA0T npuMepHo 180°. TouyHoil xke Be-
JHUYHHBl CYMMBI Mbl He MOJKEM HAHTH BCJEACTBHE HECO-
BEpPIIEHCTBA H3MEPHUTEIbHEIX HHCTPYMeHTOB. Mexxay tem
BCE TE€ TPEYTrOJbHHKH, KOTOPbIE€ JOCTYIHBI HAIIEMY H3-
MEPEHHK), CAULIKOM Majbl, YTOOBl HENOCpPEeACTBEHHLIMH
U3MEepEeHUAMU OOHADYKHMTH HENOCTATOK CYMMEI YIJIOB
no 180°,

IIpu gankpHeliuieM pa3BMTHH FreHHAALHBLIX HaeH JIo6a-
YeBCKOI'0 0KA3aJ0Ch, YTO cCHUCcTeMa EpKanga HeJoCTATOU-
Ha JAJ1A HCCJIeZOBAHUS MHOTHX BOIIPOCOB ACTPOHOMHUH U
(PM3BHKH, Te MBI UMeeM AeJIo ¢ PUrypaMi OrpoOMHBIX pas-
mepoB, O HAKO B YCJOBHAX [TOBCEJHEBHOT'O OIILITA OHA OC-
TAeTCHA BIQJHE NPUIOAHOH. A TaK KaK K TOMy ke oHA 06-
JajaeT NIPEeUMYINECTBOM POCTOTHI, TO €€ NPHUMEHSAIOT U
OyAyT NPUMEHATH B TEXHHYECKHX pacyeTax, €e H3yyawT
H 6yAyT H3y4YaTh B IIKOJAX.

§ 3. Teopembl, aKcMoMbI, onpeaeneHKs

PaccyxaeHHe, ycTaHABJMBAIOIIEE, KaKoe-THG0 cBOM-
CTBO, Ha3bIBaeTCHA doka3amenscmsom. JloxaaniBaeMoe
cBOMCTBO HasmBaeTcs meopemoit. IIpu aoxasarenscTee
reoMeTpPHUYECKOH TEOPEMEI MBI OTHPaeMCs Ha paHee ycra-
HOBJIEHHbIE ¢cBOMCTBA. HeKOTOPHIE M3 HHX B CBOIO O4Y€EpeAb
ABJAKTCHA TEOPEMaMH; HEKOTOpble e CYHTAKTCA B I'eo-
METPHH OCHOBHLIMM M NMPpMHMMAaIOTCA 6e3 AoKa3aTeanLeT-
Ba. CBoiicTBa, NpHHHMaeMbie 6e3 JoKal3aTe N bCTBA, HAJKI-
BAIOTCA GKCUOMOA MU,

AXCcHOMBI BO3HHKJIH H3 OIILITA, H ONLIT XKe TIpoBepsaeT
HCTHHHOCTh 8KCHOM B HX COBOKYNHocTH. IIpoBepxa co-
CTOMT B TOM, YTO BCE TEOpEMbI FreOMETPHH COTJACOBLIBA-
FOTCA C OIIKITOM; 3TOr'C HE CAYHUHIOCH Onl, ecyan 6ut cucTema
aKCHOM OpLia JIOKHOM.

Hu o0 reoMeTpHUYECKO€ CBOMCTBO, B3ATOE B OTAENE-
HOCTHM, He ABJNAETCA aKCUOMOIi, TaK KAK eI0 BCerja MOX-
HO AOKAa3aTh HA OCHOBAHMH APYrHX ceoiers. Tak, B reo-
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MeTpHUH OOBIYHO NPDHHHMAETCH 3a aKCHOMY caeayiollee
CBOMCTBO NAPAJI/IE/IbHRIX TIPAMBIX! «4eped OfIHY U TY JKe
TOYKY HeJib3A IPOBECTH ABE pa3jIUuHEBlE IIPAMAIE, Mapas-
NeJibHEIE ONHOH M TOH *Ke IPAMOIi» (aKCHOMa NapaJienb-
HoctH). Ha ocHOBaHMH 310 aKCHOMEI (M pAAA APYTHX) A0-
KagdLIBAETCHA TAKOE CBOMCTBO TPEYrOJbHHKA: ¢«CyMMa yr-
JIOB TpeyroabHHka papHa 180°s. Mexay TeM MBI MOTJIM
Onl mocaeaHee CBOMCTBO NPHHATEH 32 aKCHOMY BMECTO aK-
CHOMbI TIAapajJelbHOCTH (OCTABHB OCTAJBbHEIE AKCHOMEI
npexxHuMH). Toraa ynoMaHyToe CBOHCTBO NapaajlelbHBIX
NIPAMBIX MOKHO JOKA3aTh H OHO CTAHET TeOpPeMOid.

Takum 0o6pazoM, CHCTEMY 8KCHOM MOXKHO BEIGHpaTh
pasTUYHbIMHU cnocobamMHi. HyKHO TOABKO, UTOGB! BRATHIX
aKCHOM 6BLIIO JOCTATOYHO AJid BEIBOJA BCEX IIPOYHX I'eo-
METDHYECKHX CBOMCTB. B IeOMETDHMH CTPEMATCH YUCIO
aKCHMOM TI0 BO3MOXXHOCTH YMEHbILIMTL. JTO Aejlaercd AJA
TOTO, YTO0H YACHUTEL JOTHYECKHE CBA3H MEXAY OTHENb-
HLIMM CBOHCTBaMH.

AKCHOMEI NIDEANIOYTHTENSLHO BhIGMpAOTCA U3 Yucaa
NPOCTEMIIMX TeoOMEeTPHYEeCKHX CcBOMCTB. BmnpoueMm, mo
BOIIPOCY O TIPOCTOTE TOT'C UJIKX HHOr'O CBOHCTBA MHEHH A MO-
ryT OBITH PA3THYHEIL.

HekoTopiie MOHATHA B reOMETPHH MEI IDHHUMAEM 32
HayaJbHble, HX COJEePAKAHHE MOMKHO BEIACHUTE TONBKO M3
onsiTa (TAKOBO, HATIpUMeEP, NOHATHe moxku). Bce oc-
TaJbHble MOHATUA Mbl 00BLACHAEM, OIMPAACh Ha HaYalb-
Hue. TaxkHe O0GBACHEHUA HABBIBAIOTCA onpedeleMUAMU.
Kaxnoe reomerpHyeckoe onpexnesreHHe onmMpaerca Jjubo
HEeIIOCPECTBEHHO Ha HaYa/IbHEIe MOHATHA, TUO0 Ha TIOHA-
THdA, ONIPeieJIeHHEIE TIPeXAe.

ORHO H TO XKE TeOMeTPHYECKOe MOHATHE MOXKHO Olpe-
JendaThs paaauyHo. Hanpumep, AHaMeTp OKDYMHOCTH
MOXXHO OIIpeje/IMTh KaK XOpAY, NPOXORAINYI0 ueped
LEeHTP, UM K&K Xopay Haubonsweit aAnunsl. IIpuHAR 3a
onpefesieHHe OJHO M3 3THX CBOMCTR, MOXXHO JOKAa3aTh
apyroe. IIpefnouTuTeLHO B3ATH 3a ONpejeseHHe Ipo-
cTeilluee CBOHCTBO; BIPOYEM, H 3JeCk HEBO3MOXKHO obec-
TIeYUTH BCeoBIero coraacus.
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§ 4. Npsaman nnHws, nyy, oTpesok

IIpsaMyl0 JMHHIO MOKHO MBICJEHHO IPOAOJIKHMTH B
o6e cropous! 6eckoneuHo. B reomeTpuu HasBaHuMe ¢npa-
Mas» o0o3HayaeT oOBIYHO NPAMYIO JHMHHIO, HE OrpaHM-
YEeHHYI0 HU C OJHOIi, HM ¢ APyroii cropousl. [IpAaman au-
HHA, C OMHOH CTOPOHEB] OrpaHHYEHHAad, a ¢ APyroil — HeT,
HasbIBAETCHA NOAYNpAMoil, uau aytox. [Ipamasa anHuA,
orpaH4dYeHHaA ¢ 00eMX CTOPOH, HA3LIBAETCA OMPEIKOM.

§ 5. ¥Yrabl

Yzox ectb durypa (puc. 59), o6pazosagHasa AByMA ay-
yaMu OA u OB (cmoporst y2aa), MCXOZATIMMH M3 OJHOH
ToukH O (6epuwiuna yzaa).

Mepoii yzaa cay)KUT BeAUYIMHA MTOBO-

:’ B poTra BOKDYP BepuMHE O, IepeBogAIlero

A yd OA B nonoxenue OB. IHupoko pac-

0O NPOCTPAHEHBI [B€ CUCTEMBl M3MEDEHHH

yryoB: paduannas wm zpadycuax. OHu

Puc. 59 OTJMYaATCHA BoiGopoM equHUIBl Mepol. O
paauaHHo# mepe cMm. V, § 3.

B zpadychoit cucmeme usmeperus yzaosl) aa egMHHU-

1y IPHHUMAETCA [10BOPOT Jy4a Ha 5%—0 YaCTh OAHOTO [10]1-

Horo ofopora — zpadyc (o6oanayenue °). [lonnniit o6opor
(HanpuMep, NpM ABMMKEHUU 4yacoBoi ctpenkm ¢ 04 go
12 4) cocTtaBnaer, TakuM obpasom, 360°. 'pagyc nenurcs
Ha 60 yunym (obosnauenne ' ); muUHYTa — Ha 60 cexynd
(). Banmcn 42°33'21” osnayaer 42 rpagyca, 33 MUHYTHI,
21 cexyHay.

) Mpagycuas cucTeMa BOCXOAHT K riayboxoit gpesHOCTH
{em. 1, § 7, 1. 4). Bo Bpemsa nepsoit ppaHy3cKoH §ypKyasHOR
peeomonnu (1793 r.) po PpaHIN K BMECTe € ACCATHYHOI (METPH-
YecKoi) cucteMoil mMep 6bina BBeleHa COTCHHAA (LI@HTE3NM&b-
HAafA) CUCTeMa M3MePeHHUs YIa0B. B Heli npAMOil yros aeTHTCA Ha
100 rpaaycoB («rpafoBs»), rpagyc xa 100 muuyT, MUHYTa Ha
100 cexyna. 3ta cucTema HaubOJIEE YACTO IPUMCHACTCA B reoge-
3INYCCKHX M3MEDEHHAX.



§ 5. Yramt N

Yron B 90° (T. e. % MONHOTG 060poTa) HA3LIBAETCS

npamvex (puc. 60).

Yron, Mmersmiuii 90°, HasnBaerca ocmpuiy (AOB Ha
puc. 59); 6oasmuit 30°— myneix (puc. 61). IIpamere 1uU-
HHUH, ofpaayonne NPAMOM YyroJi, HA3BIRAIOTCA nepneHdu-
KYAADHBIMU OAHA APYTO.

B[— B¥’ L
) A 0 A o) A
Pnc. 60 Puc. 61 Puc. 62

YacTo BajKHO YKA3aTh, B KAKOM HANPABJEHHAH IPO-
HCXOAHUT Bpamenue ayya. OObIYHO Mepa yrja cUMTaeTcH
ROAONUMENbHOU, eCIN BPANUEHNE COBePIIAETCA MPOTHB
4acoBOH CTPeNKM, U OMPUyAmMenbHOL -~ B NPOTUBHOM
cayqyae. Hanpumep, ecnin ayuy OA nepemectunca 8 OB,
KaK I0Ka3aHo Ha puc. 62, to LAOB = +90°, Ha puc. 63
£ AOB = -90°. Ha puc. 64 £ AOB = -270°. OgHOMY 1 TO-
MY >Ké B3IaMMHOMY PAaclojoXeHHI0 Jy4yeil MOTyT COOTBCT-
CTBOBATHL DAdHble YIJIOBhle MEPhl B 3aBMCHMOCTH OT Xa-
pakTepa Bpawenua. Tak, £ AOB xa puc. 65 MoK Ho cuu-
TaTh paBHbIM +450°. B aneMeHTapHOIl reoMeTpuHu Mepa
yriaa CYHTAeTCA BeCera IOJOKHUTEIbHOH M H3Mepser
KpaT4yaiIuuii TOBOPOT, TaK YTC Mepa yrJja He MOXKeT npe-
BBICHMTL 180°.

Cruexncrvie yeav (puc. 66) — napa yrsos AOB u COB
c obnyreli BepmmHoiit O u obnteit croponoit OB; nse aApyrue
cropousl OA u OC cocTaBAANT NPOICJIKENNE OAHA ADPY-
roii. CyMma cMe»xXHbIX yraos paBHa 180°,

0‘7—> A B B / B
B A? -A O A C—5 £
Puc. 63 Puc. 64 Puc. 65 Puc. 66

Il Buroackuit M.A.
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Bepmu)ca.ubnbw yZJ!bt — Iapa yrijaos, Yy KOTOPEIX BED-
NIMHa 0011as, a CTOPOHBI OJHOTQ COCTABJSIOT NIPOAOJIKe-
HHe cTopoH apyroro. Ha puc. 67 L AOC n £ DOB (a Tak-
e £ COB u £ AOD) — BepTHKanbHble. BepTUKaabHEE
YIJIbl PaBHBI MekAY coboit (£ AOC = £ BOD).

C B
B A GucceKTpHUCca
-; (0] é
D (o) A
Puc. 67 Puc. 68
¢ N
M, B
’?702“ \ LN
M B C 9] A
Pwc. 69 Puc. 70

YacTo roBOPAT: « Y201 Mendy G8YMA NPAMIMLS ; IPA
9TOM MMeeTCA B BUAY OAMH H3 06padyeMbIX MMM YeThIpex
yraoB (OGLIYHO OCTPBIH).

Buccexmpucoii yrja Ha3bIBAETCA JIYY, AeJANMM yros
nonoysam (puc. 68). Buccextpucst (OM un ON, puc. 69)
BEePTHKAJBHLIX YIJIOB COCTABJIAKT MPOJAO/XKEHHEe OAHa
Ipyroi. BucceKTpuchl CMEXHBIX YIJIOB B3AUMHO fI€pIIeH-
IUKYNApHB (puc. 70).

§ 6. MHoroyronbHuk

IInockasn ¢purypa, ofpasoBaHHAsA 3aMKHYTBIM DAAOM
NIPSIMOJIMHEHHBIX OTPE3KOB, HA3LIBACTCA MHOZ0Y20bHIL-
xom., Ha puc. 71 wusobpaxkeH 1mecTH-

C D yroasHuux ABCDEF. Touxku A, B, C, D,

E, F — aepuwunvt MHOZOYyzOAbHUKA; YT-

B g bl UPHM HHX (yzabt MHOZOYZOAbHUKA)
obosnavarorea LA, LB, ZC, ..., LF.

A F Orpeaxu: AC, AD, BE u t. 5. — duazo-
Haau, AB; BC, CD un 1. 5. — cmopoHest

Puc. 1 MHOZOYZOAbHIUKA; CyMMa AJMH CTOPOH
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AB+ BC+CD+... + FA naasiBaerca nepumemponm u 06o-
3Ha4yaeTcH p, & HHOrAa 2p (Toraa p — NoNyIepUMeTp).

B saeMedTapHO# reoMeTpHH pac- A
CMATPHBAIOTCH TOJBKO /1POCIIbie MHO-

FOYTOJbHUKH, T. €. TAKHE, KOHTYP KO- O D
TOPLIX HE HMeeT CAMOIEepPeCeYeHHH.

MHOTOYTONBHMKHA, KOHTYD KOTOPBIX

HMeeT CaMoIlepeceyeHH A, HA3bIBAKOT- E B

cA 36e304amuiMU  MHO20YZ0NbHUKGA- Puc. 72

mu. Ha puc. 72 usobpasken 3seapgua- :
ThIil MHOrOyroabdunk ABCDE.

Ecnu Bce JHATOHANTH MHOTOYTOMNb-
HHKA JIEKAT BHYTPH HEro, MHOTO-
YTONBHUK HA3LIBAETCH 8biNYKAbIM.
IlecTuyronsHux Ha puc. 71 BHINYK-
JBId; NATHYTONLHHK HA PHC. 73 HEBRI- A B
NyKJablil (auaroHans EC nexxuT BHE Puc. 73
MHOTOYTOJIbHHKA). ’

Cymma 8HYMPeHMUX YzA08 BO BCAKOM BLINYKJIOM
MHOTOyTroJIbHIKe paBHa 180° (n — 2), rae n — 4yHcsIO0 CTO-
POH MHOTOYTOJbnHHKaA ).

o)

§ 7. TpeyronbHUK

Tpeyzoavruk (A) — MHOrOYroJn-
HHMK ¢ TpeMa cropoHaMd. CTODOHEL
TPeyroJbHUKA YacTo o0003HayalTcd ¢ a
MaJnIMHM OYKBAMH, COOTBETCTBYIOIIH-

MM 0GO3HAYEHHIO TIPOTHBOIIOIOMHEIX A 5 C
BepliHH. EcnH Bce TPH yria oCcTpble,

TO TPEYrOJbHHK — OCMPOYZOLbHbLIL

(puc. 74); ecad OAMH M3 YIJOB Puc. 74

1) 3To CBOHCTBO CIPABEANMHBO ANA BCCX NPOCTHIX MHOTO-
yroabHuKoB. Hy>KHO 3aMeTHTh, UTO B HCBBINYKJIOM MHOTOYIO/b-
HUKE OJHH HJH HeCKOJbKO BHYTPEHHHX YIJI0OB npessluraioT 180°,
Tak, B HEBLIMYKJIOM NATHYTONbHUKC, H306paKCHHOM Ha pHuc. 73,
[BA Y18 — NpAMbIC, ABA yria HMCIOT o 45°, a OMH coaepIKHT
270°. Cymma yriaoB cocrasascer 180° (5 — 2) = 540°.
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NpaAMOil — npamoyzoavibiit (puc. T75); cropousl, obpa-
3yW0Iil{He NPAMOI YroJ, Ha3wBalOTCA kamemamu (a, b);
CTOPOHA NIPOTHUB IPAMOro yria — zunomerysoii (¢). Ecau
oAMH u3 yriaoe tynoin (Hanpumep, Z B, puc. 76), to
TPEYTONbHUK — MYNOoYZOALHbLL.

B
C
b
[+ a a
A b C B ¢ A
Puc. 75 Puc. 76

A ABC pasroGedpennsiis (puc. 77), Korga ABe €T0 ¢TO-
pousl pasubl (b = ¢); paenocmoponnuii (puc. 78), Koraa
TPM CTOPOHKL paBHH (@ = & = ¢). PaBHbIe CTODOHEI PABHO-
GeXPeHHOro TPEYroJIbHMKa HAa3BIBAIOTCA OO0KO0BbIMU,
TPETbA CTOPOHA — OCHOBAHUEM.

Bo BCAKOM TPEYroJibHMKe NPOTHB 60JbIIEH CTOPOHBI
JIEXUT 6OABIIMH yTOT; IPOTHE PABHALIX CTOPOH — PaBHBIE
yrasl, #  o0paTHo. B yacTHOCTH, paBHOCTOPOHHUH
TPeyroJbHHK BMECTe C TeM PA8HOY20NbHbLi, ¥ 06PATHO.

Bo gcarxom mpeyzoavruke cymma yznoe pasia 180°; s
PABHOCTOPOHHEM TPEYTrOJAbHUKE KaXKABIH yroa pasex 60°.

IIpogon:kus OAHY M3 CTOpPOH Tpeyronsauka (AC Ha
puc. 79), moaydyaeM eHeutnuii yron £ BCD. Buewnuii

A B B

C ¢ B A b ¢ A~¢c 0»

Puc. 77 Puc. 78 Puc. 79
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YeOr pagen CYMMe BHYMPEHHUX, ¢ HUM HECMENCHLIX:
LBCD=ZA+ ZB.

BeaAkas CTOPOHA TPEYTOJBHHKA MEHBIIE CYMMBlI H
fonpile pasHOCTH ABYX APYrux cTopoH (a < b + ¢; a >
> b —e)

ITnowady mpeyzoaviuxa pagHa npouseéefenuio no-
ROBUHbBI OCHOBAHUA HA 6bicomy (0 BbICOTE TPEYTrOJbHH-

Kacm. §9): S= % ak,.

§ 8. Mpu3Haxu paBeHCTBa TPEYroNbHUKOB

J{Ba TpeyrossHHKAa paBHbl, €CIH Y HUX COOTBETCTBCH -
HO PaBHBI:

1) ABe CTOPOHH H YTOJ, 3aKJIIOUEHHBIH MEXAY HH-
MH; Hanpumep, AB = A'B’, AC = A'C’, LA = LA’
{puc. 80);

2) aBa yrjla ¥ NPHJAEXKAIIAAd K HHM CTOPOHA; HAIPH-
Mep LA=LA', LC=LC ,AC=AC";

2a) nBa yryia ¥ CTOpOHA, IPOTHBOJIEKAIafA OJHOMY H3
HUX; Haupumep, LA= LA, L B=4ZB',AC=4A4"C’,

3) tpu cropous: AB=A'B’, BC=B'C',AC=AC’;

4) KBE CTOPOHKI H YI'OJI, ICXKAIIMH IPOTHB 60AblL el U3
HUX; Hanpumep, AB = A’'B’, BC = B'C', LA = LA’ Ha
puc. 80, rae BC — 66nnmana us eropod AB, BC. Ecau ke
paBHKIe YTJH JIE’KAT HPOTHE MEHBIIHX CTODOH, TO Tpe-
YFrOJIBHHKH MOTYT ObITHL HE paBHbl. HanipuMep, TPEYroib-

c C'

Puc. 80
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M L' M’

Puc. 81

HMKY LMN u L’M’N’ na puc. 81 He paBHRI, XOTA y HEX
LM=L'M"IN=L'N'u/ZM=/ M’ 3peco yrnst M, M’
Jie3KaT NPOTHB MeHbIIMX cTopoHd LN, L'N’,

§ 9. 3amevarenbHble JIMHAN N TOYKKU
B TpeyroslbHuKe

Bstcomoii TpeyroibHMKa Ha3biBaeTCA MEePHEeHAUKY-
NAp, ONYIEHHLIHA U3 J000i BePLUIMHBI TPEYTroJbHHKa HA
[POTHBOJIEKAIIYIO CTODOHY MUJIH Ha ee NpojoJikeHne (cTo-
poHA, HA KOTOPYIO ONYCKAETCA NNEPIeHANKYNAD, HAa3bIBa-
ETCA B 3TOM CAYUae OCHOBAHUEM TPeyroasHuka), B Tyno-

B
i
A i
NCE
e
D
Puc. 82

F

B

D
VN
A E C

Puc. 83

yronsHoM tpeyronbHuke (ABC, puc. 82)
aBe BeIcOTH (AD, BE) nmazaoT Ha npo-
JOMXKeHHEe CTODOH H JeXaT BHe Tpe-
yroasauxa; Tperhbda (CF) — BHyTpHM
TpEeyroapbHUKa. B 0CTPOyroakHOM Tpe-
yronbHuke (puc. 83) Bce TPH BHICOTHI
JNEeXAT BHYTDHU TpPeyronsHuka. B nps-
MOYTOJIbHOM TPEYTONAbHHKE KaTEThI
cnyKaT i BpicoTamu. TpH BLICOTHI Tpe-
YTOJBbHHMKA BCETAa IEPECEeKATCA B O~
HOH TO4YKe, HAIBLIBAEMOM ODPMOYeHm-
poM: B TYNOYIOJBHOM TpPEYroJbHHKE
OPTOLEHTP JEXXHT BHE TPEYTrOJbHHKA;
B IPSIMOYTOJILHOM OH COBIAJAET C Bep-
LIMHOH NPAMOro yrja.
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BpicoTa TpeyrospbHuKa, ONYIIEHHAA HA CTOPOHY 4,
ofozHavaercA h; Yepe3d TpH CTOPOHLI OHA BhIPAXXAeTcCH

dopmynoi

h, = 2/p(p-a)(p-0)P-€) [0 p=0tbre,
a 2
Meduanoii TpeyroJbHuUKa Ha3biga- C

eTCHA OTPE30K, COSAMHAWINHHA mbyio
BEDITHHY TDEYTOJbHHKA C CepefnHOi
npoTHsoaexaimeii croponsl. Tpu Mean-

amnl Tpeyronsumka (AD, BE, CF, A F B
puc. 84) nepeceKalTca B OAHOH TOUKe Puc. 84
(Bcersa BHYTPH TPeyroibHHKA), ABIAIO-

medcA YeHmpoM MANECMU TPEeyrojh-

HHKa. JTa TOYKA AEJHUT Ka*KAYI0 MEAMAHY B OTHOILEHHH
2 :1 (cyHTas oT BEepLIHHK). MeauaHa, COeAHHAIOLIANA BED-
IIIMHY TPeyroJkHUKa A ¢ cepeAHHOH CTOPOHE! g, 0003Ha-
4yaeTcA m,. Yepes cTOPOHLI TPEYTONbLHHKA OHA BRIDAXKAET-

cAa fopMmyoii
mg = % N2b%+2¢2-a?.

Buccexmpucolt TpeyroasHukKa Ha- B
3EIBAETCA OTPE30OK BUCCEKTPHCHI 1I000T0 D
yriaa (cM. § 5) OT BepLIHHBI 0 IIepeceye-
HHS ¢ TpOTHBOJAexaiuei croponoi. Tpu
OuccekTpuCcHl Tpeyroasuuka (AD, BE, A E c
CF, puc. 85) mepeceraloTca B OAHOHI Puc. 85
TouyKe (BCerga BHYTPH TPeyrolhHHKAE),

ABJAAIONIEHCS LEeHTPOM BIHMCaHHOro Kpyra (cm. §19).

Buccexrpuca yrina A oGosnauaetcs f3,. Uepes cTOpoHH
TPEYroabHHMKA OHA BRIpa)xkaerca Gopmynoi

Ba= ;o Woep(p—a),

rAe p — TNoJynepHMeTp. BHcceKTpHca AeJHT IPOTHBEOJIE-
JKAIy10 CTOPOHY HA YacTH, NMPOMOPLUHOHANLHEIE IDHJIE-
JKAIMM K Hell croponaM. Ha puc. 85 AE : EC = AB: BC.
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HOpumep. AB = 30cM, BC = 40 cm, AC = 49 cm.
Haiitu AE u EC. [se yactn (AE u EC), Ha KOTOpBIE HYXK-
Ho pazfenanth AC = 49 cm, oTHOCATCA, Kak 30 : 40 man
kak 3 : 4. IIpunsas 3a eAHHHUOY MaciuTaba X — OTPE3OK,
cogepxauruiica B AE 3 pasa, a 8 EC 4 pasa, nmeem AC =
=3x+4x=Tx,x=AC:T7=49:7, otrkyna AE =3x =21,
EC=4x=28.

Tpu MNcpAeHAMKYJApPa K CTOPOHAM TpEYroJbHHKA,
NpoBeAeHHEIE Yepes ux cepeaunsl (D, E, F na puc. 86, 87,
88), mepeceKarTCA B OAHOM TOYKE, CAYMKAlIeH HEeHTPOM
onucansoro Kpyra (§ 19). B rynoyronsHOM TpeyrojbHHKeE
(cm. puc. 86) 3aTa TOUKa JIEXKHUT BHE TPEYTOJAbAKKAE, B OCTPO-
yroJibHOM (CM. puc. 87} — BHYTDH, B HPAMOYIOJBHOM —
HA CepeArHe THIOTeHY3s! (M. pHc. 88).

-

———
Vil N B

[ F1p
1 J
\
ACEC
Puc. 86 Pwuc, 87 Puc. 88

B paBHofepeHHOM TpeyroJsHMKe BhiCOTa, MeAHaHa
u bBucceKTpHCa, ONyIUeHHBle Ha ocHoBaHuel), a rakixe
TNepNEHAMKYAAD, NPOBE/ICHHLIH Yepe3d CepeJHHY OCHOBA-
HHSA, COBMAJAIOT APYT ¢ APYTOM; B PABHOCTOPOHHEM TO JKe
HMEeT MeCTO AJH BCeX TPeX CTOPOH. B ocTanbHEIX cayya-
AX HY OZHA M3 YIIOMAHYTHIX JHHMH He COBMAAAaeT ¢ Apy-
roit. OpTOLUEHTD, HEHTP TAXKECTH, UEHTP BIUCAHHOIO Kpy-
ra ¥ HeHTP OMHCAHHOrO KPyra COBNAAAIOT APYF € APYrOM
TOJLKO B PABHOCTOPOHHEM TPEYTOJLHMKE,

1Y Qcnosarnuem pasHOGEAPEHHOIO TPEYTOJLHAKA BCErAA HA-
3BIBAIOT CTOPOHY, HEe DABHYIO ABYM APDYLHM.
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§ 10. MNpsamoyronbHbie Npoexkuumn;
COOTHOLLIEHUA MeXAY CTOPOHAMK TPeyrofibH1Ka

ITpamoyeoneroii npoexyuelt (WU, KOPOUYE, NPoeKyL-
eil) TOUKH HA NPAMYIO HA3bIBAETCA OCHOBAHHUE TIEPIEHU-
Kynspa, ONYIeHHOrc M3 3TOM TOYKM Ha npamyr. Ha
puc. 89 Touxd a, b, ¢, d — npoexuun Touexk A, B, C, D Ha
npamylo MN. Ilpoexkuuei orpeska AB na npamywo MN
Ha3bIBaeTCA OTpe3ck ab npamoid MN, orpaHHYEHHBLIMH
NpoeKUMAMH a U b KOKUOB oTpeaka AB. Orpesox be ecTs
npoekudsa BC u t. A. O6osnauenne:

ab = npy;y AB; kopoue, ab = np AB. B D
CymMa Opoekuuil sBempeB JoMa- A ps =7 ;
HOH JHHHH DaBHA INPOEKLHHA 3aMEI- 2 Y

Kalomero orpeska. Ha puc. 89 npAD =
= upAB +np BC + np CD. lIns nonHoH

Puc. 89
OO HOCTH 3TOrC NMpasmia HeoOXoAUMO
CMOTpPETh Ha IPOEKIMI0 OTPe3Ka Kak c F
Ha BEJHYHHY anzefpauiecKyro, IpoeK- B -
nuie ab orpeska AB IpUHATO CUMTATH ¢l q r-',,\
nonoHumMenbHoil, eciu b npaeee a, K ! WDy 1
ompuyamenvrol, ecnu b nesee a. Tax bacdf e
Ha puc. 90 np AB = ab oTpHLiaTebHA;
up BC = be, np CD = cd, np DE = de Puc. 90

nosiokuTeabHbl; np EF = ef orpHua-

TeabHa. IloaToMy (aarebpandeckyio) B
CYMMy [pOEKOVH OJBE€HbEB JOMAHOH
JMHUH ABCDEF Mul mOoaydYuM, C€lo- G e
A= C
b

JKMB JJIHHB! OTPedkoB be, cd, de U BHI-

YTHA OTCIOAA CYMMY AJIMH OTPE3KOB ab u

ef. [lonyyennas BeJJHIHHA DaBHA af —

HpOEKUHH 3aMBIKAIOIIero oTpeska AF. Puc. 91
Kpaapat cropoRs! TpeyroJbHHKa p

PaBeH CyMMe KBaApaToB ABYX APYTHX !

ero cropon Gea yABOeHHOrO MPOU3Be- 1 a

JZeHHsA OAHOM U3 ITHX CTOPOH Ia B3fA- | x

Ty Ha Hell npoekunio gpyroi. I[Ipu pi C
b

oboanayennax puc. 91 u 92 umeem:
a?= b2+ c2- 2b ip,o AB. (1) Puc. 92
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Ecan x o6o3HayaeT AJMHY NPOeKIHH (MOJ0XKHUTENb-
HO€ YHCJI0), TO, Koria yroa A ocTpulit (npyc AB = x, cMm.
puc. 91),

a?=52%+ ¢2 - 2bx, 2)
a Korga yrox A Tynoit (np,c AB = —x, cM. puc. 92),

a? =52+ c2+ 2bx. 3
Ecnu yron A — npamoii (puc. 93),

B TO Ip4c AB = 0, H MBI HMeeM!
a a?=b2+ 2, (4)

¢

KBaJipaT M’MIIOTEHY3bl DABEH CYMMe KBaj-
¢4 paTOB KaTeToB (TAK HaakIBAEMAsA /Meope-

ma ITugazopa)!. Teopema ITudaropa

Puc. 93 4acTO NpHMEHAETCA B pasHoo6pasHbIX
NPaKTHYECKHX 3afavax.

Dopmyny (1) MOXHO NpeACTABUTL TAKIKE B BUIE

a?="5b2+¢2 - 2bccos A
(cMm. V, §22).

§ 11. NapannenbHbie NpaMble

HOee npameie AB u CD (puc. 94) nasrisarorca napan-
NeNbHbIMU, €CTH OHM JIEIKAT B OJHOH NJIOCKOCTH H HE Ie-
pecexaTca, CKOIbko 6bl UX HU npoxomkars. OGo3Hayve-
HHe: AB || CD. Bce TOYKHM OfHOI M3 TapainjelbHBIX
NPAMEIX PABHOYZAAJEHBI OT APYIOH.

Bce nmpsamMeie, napannienbHble NpA-

A-——— B MOl AB, napanneJbHb! 4 MEKIY COBOI.
C D CyuTaeTcs, YTO JBE apanieJbHbIe
npaMele o6pa3yT YroJ, paBHBIN HYJIO
(B mIpAMOM CMBICIE 31€Ch MBI BOOGIUE HE

Puc. 94 HMeEeM yTria).

1} Ilpunucsisanacey /Mgaropy — rpedeckoMy Qurocody
6—235 BB. 1o H. 3. Ha camoM fiene ata Tecopema 651018 M3BECTHA HA-
poaam apesxero Boctoka eme 3a 20 BeKoR 10 H. 3.
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Ecnn aBa nyuya npMHajnexaT napajijielbHbIM IIpP:-
MBIM, TO YIOJ MEMXAY JNYYaAMH CYHTAETCA PDABHBLIM HYJIO,
KOTZla HalpaBieHusA JIYyUel OJMHAKOBbI, H paBHeIM 180°,
KOT/Jla HanpaBJeHU A NyUeil IPOTUBOIIOTIOMKHEIL.

Bcee nepnengukynapsi (AB, CD, EF, puc. 95) x oaHoil
npamoit MN napannenbns! Mexay coboii. O6paTHo, nps-
Masa MN, nepuneHANKYJIAPDHAA OAHOH M3 mapaJjenbHbIX
[IPAMBIX, IEPIEHAUKYIAPHA BCeM APyrUM. Bee neprnes-
AUKYJADPLI K OAHOH U3 ABYX Napasjeib-

HHIX MPSIMKIX CJyXAT NePIeHAUKYaA- BDF
pamu U K Apyroi. OTpesku aTHX nep-
MEHAUKYJASAPOB, 3aKJIOYEHHBbIE MEXKAY
ABYMA TMapajlieNlbHRIMH  [OpAMmIMM, M ACE N
paBHbl. Ofujafs MX JAJHHA €CTh pac-

CMoAHue MEXAY TapANENLHEIMH IPA- Puc. 95
MbIMH.

[Ipu mnepeceueHMH ABYX mapan-

JEeNbHBIX NPAMBIX TPETheW NpAMOM 06- 2,1
paayeTcs BoceMb yryios (puc. 96), koto- 4/3
pbI€ IOCTIAPHO HOCAT HA3BAHMA: 6/5

1) coomsemcmaenuvte yeavt (I ns5; 8/7
2U6;3n7; 4£u8); 3TH Yyran MomapHo
paBuBI (L1 =£5; L2=26, L3=LT; FMES5
L4 =1/L8);

2) anympennue Haxkpecm aexcauwjue yzavt (4 u 5,3 u
6); OHHU [ICIIADHC PABHBI;

3) arHeuwrnue nHaxpecm nexcauiue yeavt (1 m8; 2 u 7},
OHM TaKKe [TOTIAPHO DABHBI;

4) enympennue o0nocmoponnue yeavt (3u5; 4 ub), B
cymmMe cocTasaawoniue 180°(L 3 + £ 5=180°% L4+ £6 =
=180°);

5) snewnue odnocmopornue yzroe (I 17, 2n8), B
cymMme coctaasouiue 180°(L I+ £ 7=180; L2+ /8 =
= 180°)1),

1} TIpu nepeceyeHHH ABYX HellapaJjebHbIX IPAMBIX TPCTh-
cit o6pa3yeMhIc yI/abl HMCHOT COOTBETCTBCHHO TC K¢ HABBAKHSA,
YTO M HNepCUHCJCHHBIE BHIIIE; A HCNAPAJNCABHEIX NPSMLIX
NPHBEACHHBIC 3€CH COOTHOIICHHAA MEMAY YIJJAME HC BCDHbI.



332 V. 6. NAAHUMETPUA

Y D

a bc
Puc. 97 Pwuc. 98 Puc. 99

Y sl ¢ coomeemcmaeeHHo RAPAANEAbHBIMU CMOPOHA-
mu 1460 paBHK APYr Apyry (ecan ofa oHM ocTpbie MK oba
Tyneie}, 160 B cymme garot 180°; na puc. 97 £ 1 = £ 2;
Ha puc. 98 £ 3 + £ 4 = 180°. Yram ¢ coomeemcmeernHO
nepnenOuKYARDHBIMU CMOPOHAMU TOYHO TaK ke JUGO
PaBHBI APYT APYTY, 1160 B cyMMe cocrapasaoT 180°.

IIpu HepeCceYEeHRHU CTOPOH YIJid NAPAJIAEJbLHM MU MPA-
MbIMH (puc. 99) Ha CTOpPOHAX yrja OTCeKawTCs HPOIop-
HHOHAJNbHBIE OTPE3KU!

0A _ 0B _0C _AB _BC _AC .. .
Oa ob Oc ab be ac

§ 12. MNapannenorpaMm U Tpaneuus

Iapannenozpamm (ABCD na puc. 100) ecTs yeTsIpex-
YFOJILHUK, IPOTHBONO/0XKHEIE CTOPOHLI KOTOPOTO [IOIaPHO
napauienabasl. IIpOTHBONONOMXHEIE CTOPOHBI IAPAJLIENOr-
pamMMa paeHbel: AB=CD, AD = BC. JI1o0ble ABe NPOTHBOIO-
JIOXKHBIE CTOPOHBI MOXKHO CYHUTATh OcHosanusmu. Pacerosa-
HME MEXKAY HHMHU (IO TePIeHAMKYIADPY) Ha3bIBAETCA 8bLCO-
moii (BF). Juazonanu napamienorpaMma JefldaT Apyr
apyra nononaam (AO = OC, BO = OD). IIpoTuBonoxoxusie
yrjsl napajiesorpaMmma pasupi (L A=ZC, L B =4 D).

Cymma xeadpamos duazonaneil pasna cymme xead-

pamos wembipex cmopon: AC?+ BD? =
B C =AB2+BC2+CD2+AD?=2(AB%+ BC?).
Inowads S napannenozpamma pas-
Ha npoussedeHuio ocHosanunr (a) Ha 8bvt-
AF D comy (h,):
Puc. 100 S =ah,.
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Ilpusuaxu napanaerozpamma. JeTbipexyrolLHUK
ABCD sBaserca IapanaaesorpaMMoM, €c/H BEINOJHAETCH
OJIHO H3 CNeAYIOIKX YCIOBHUii:

1) npoTHBONONCKHbIE CTOPOHBI NOMAPHO PaBHBI (AB =
=CD, BC = DA);

2) ZBe NPOTHBONOJIOKHLIE CTOPOHB! PABHLI U MapaJ-
neabHsl (AB = CD; AB || CD):

3) AHaroHasy B3aMMHO AENATCH NOHOJIAM;

4) NPOTHBONOAOXKHEIE YIJIBI [OMNAPNOC PaBHbl (£ A =
=ZLC;LB=4D).

Ecnyn opuH u3 yrnos napannenorpaMma — NPSIMOI,
TO U BCe yriibl — NpaMeie. TaKoi napaiaienorpaMM Hasbl-
Baerca npamoyzoavrurom (puc. 101). CropoHs! npsmo-
yroapHHKa (@, b) ORAHOBPEMEHHO CIYKAT H eI0 BHICOTAMHM.

ITnowads npamMoyconbHUKA pABHA NPOU3EedeHUIo
cmopox: S = ab.

B npaMoyroisHUKe AHaroHanu pasuui: AC = BD.

B npamoyzonvnuxe xeadpam duazornanu pager cym-
Me xeadpamoa cmopon: AC?2 = AD? + DC2.

Ecnu n napannejorpaMMe sce CTOPOHBI DABHbI, OH Ha-
3nlBAETCHA poMOom (puc. 102). B pomGe guarosanyu saaum-
HO nepneHANKyAApHbL (AC | BD)u genar yrast pom6a no-
nonam (L DCA=/LBCAwur. a.).

ITrowads pomba pasna nonosuie npoussedenus
duazonaneii:

S= %d,-dz (AC=d,, BD = dy).

Keadpamom nasniBaeTCs HaPanneJ orpaMm C NpAMBI-
MH yrJT8MH U PaBHLIMH cropoHamu (puc. 103). Kesaapat
eCTh YACTHBIA BHJA NMPAMOYrOJIbHHKA, 4 TAKMXKE YaCTHBIN
BHA poMba. II03TOMyY OH MMeeT BCe BRIIIeNePEYNCAEH Hbie
HX cBOHCTBA.

Puc. 101 Puc. 102 Puc. 103
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Tpaneyueii HA3bLIBAETCA YETHIPEXYTONbHHK, ABE IIPO-
THBOIIGJOKHBIC CTOPOHBI KOToporo nmapannenshs (BC ||
| AD, puc. 104). IlapansenorpaMM MOKHO CYHTATE YACT-
HBIM BUACM TPaNELIHH.

TlapannenbHble CTOPOHEBI HASLIBAXTCA OCHOBAHUAMU
Tpaneuuu, Ase Apyrue (AB, CD) GokosbiMu cmoponaMu.
Paccrosinne meRIy OCHOBAHMAMHY (IO NEPNEHAMKYIADPY)
HaanIBaeTcH sbicomoit (BK). Orpesok EF, coeauHA0OMHUIHE
cepeuHbI GOKOBBIX CTOPOH, HA3KIBAETCA CPedHell AuHuell
mpaneyut.

Cpedrnas nunusa mpaneyuu PAGHA NONAYCYMME OCHO-

sanuii: EF = % (AD + BC), u napaareavna un: EF || AD.

ITrowadv mpaneyuu pasra npoussedeHnuio cpedueir
AuHUL HA 8biCcomy:

=§(a+b)h (AD = a, BC=b, BK = h).

TpeyronsHUK ABAAETCA NPefeJbHEIM clydaeM (€BbI-
POKIEHHEM » ) TPANIEIUH, KOTAa O HO U3 OCHOBaHU o6pa-
mjaerca B Touky (puc. 105). B BripokaeHHOH Tpaneuuu
COXPaHSAIOTCA ee CBOMCTBA, HANIDMMED: AUKLLA, C0eOUHAL-
was cepedunsvt E u F crmopon mpeyzonvhurxa ABD (cped-
HAR MUHUA MPeyz0abHUKA), naparrenvia cmopone AD u
pasHa ee noaogure.

Tpaneumna ¢ pagHLIMM GOKOBRIMH CTOPOHAMH (€CHH
OHa He NapanJieJorpaMm) HasrniBaeTca pasrobokoit (AB =
= CD, puc. 106). B pasHoOoxoit mpaneyuu yzabt npu oc-
HosaHulx pashol (LA= L D; LB=ZC).

B ¢C B (C) B C
N [
A K D A D A D

Puc. 104 Puc. 105 Puc. 106
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§ 13. Nopo6ue nnockux ¢uryp,
NpU3HaKKU Nofobus TpeyronbHUKOB

Ecau sce pasMeps! J0OCKOH (HIypPhI U3MEHHUTSH (yBe-
JIUYHUTH HJIH YMEHBIIUTH) B OAHOM H TOM JKe OTHOLIEHHH
(omnowernue nofobua), To cTapas M HOBasA (hUrypHI HA3bI-
BaKOTCA nodobhbtmu. HanpuMep, KapTHHA H ee HOTOCHU-
MOK NIPeACTaBAAT Nog00HkIe GUTyPhI.

B deyx nodobuvix ¢ueypax awbvie coomeemcmayio-
wjue yeavt pasnet Mexwdy coOoil, T. e. eciH TouKU 4, B, C,
D opHo# GUTrYyDEI COOTBETCTBYIOT TOYKaM a, b, ¢, d Apy-
roft, 7o LABC =L abc, L BCD = ZLbcdur. z.

IOea muoroyrosbuuxka (ABCDEF u

abedef, puc. 107) mogo6GHBI, €CJTH OHH HMe- B
10T papuple yrul (L A=/ a, /B=/b,..., A C
Z F = Z ) 1 UX COOTBETCTBYIOIIUE CTODO-
AB _BC _cp _ F D

HBI IIPONICPUHOHAIBLHEL ( >~ be - od )

y 0
=..= —) . OruM obecneuuBaeTcA TIpo- F\/d

fa e

MOPL{HOHAJBLHOCTL H BCEX OCTAJbHBIX Puc. 107
CXOJACTBEHHEIX YACTEH MHOIOYTrOJLHHMKOB;
HaNpHMep, AHarosaiu AE 1 ae HMeIOT TO >Ke OTHOWIEeHHE,

YTO CTOPOHBI (AE AB
ae ab

TH CTOPOH MHOTOYIOJLHHKOB AJA HX NOA0DHA HEJOCTAa-
TOYHO; HAaIpPHMep, Ha puc. 108 uersipexyroasuuk ABCD

(kBaapaT) HMEET CTOPOHBI, IPOIIOPLHOHAILHbIE CTOPOHAM
yeTsipeXxyroasHuka (pomba) abced;

) OfHOMH e MPOIOPLHOHATBHOC-

KaxJas CTOPOHA KBajpaTa BABOE p c
GoaplIe CTOPOHBI poMba. OnHaKo AHa-

roHajM KBagpaTa yMEHbIUMIIMCh He- b _c
HpONOpUHOHANLHO (0fHA Gosbie YeM D
BABOE, ADYrad — MEHbIUE), TAK KaK A D a d

yrasl pomba abcd He paBHBI yrjaam
kBagpata ABCD. Puc. 108
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B Insa nopobusa xe TpeyroibLHU-
KOB NIPONOPUHOHANBHOCTH CTOPOH
b  AOCTATOYHO: 06a@ mMpeyzoabHuUKa
nodobrbt, ecau UX cmMOpPoHbL npo-
nopyuonaavist. Tak, ecan cropo-
A DE C adec Hwb A ABC (puc. 109) sasoe 60ib-
mie cTopod A abc, To H GUCCEKTPH-
ca BD srBoe Soabiie 6HCCEKTPHUCBI
bd, u Buicora BE paBoe Goabiue
BLICOTHI b U T. 1., H COOTBETCTBYIOILHE Yr/Ll Y HUX DAB-
Hel (LA=/La, L B=J/Lb, LC=L).

Ecau yezavt dsyx mpeyzoatHUK08 COOMBLMCMBERHO
paeibl, mo mpeyzonbruxy nodobret (AoCTaTOYHO O6HA-
PYXHMTh DPABEHCTBO JBYX map
yIrJI0B, TAK K8K CyMMa YIJIOB B
TpeyroabHuke Bcerga 180°). na
b c NPOU3BONBHALIX  MHOIOYroJbHH-
| ' KOB 3TOT HPHAHAK HENOCTATOYEH.
A D a d Hanpuwmep, kpagpatr ABCD M nps-
MOyroasHMK abcd (puc. 110) ume-
Puc. 110 OT COOTBETCTBEHHO paBHbIE YT,

HO OHH He HoA00HbI.
Tpeyzonvuuku nodobubt makice, Kozda dae cmoponst
001020 RPONOPULOHAAbHYL O8YM CMOPOHAM Opyzozo u yz-

Abl, 3AKTHUECHHbLE Me.‘)k‘ay HUML, DABHbL (T. €. €C/IH ég; =
a

Puc. 109

B _¢C

=B_Cn43=4b].
bc

Ipamoyzonvnvie mpeyzorvhuku nodobuvt, ecru zu-
nomerny3a 4 kKamem 00HO020 mpeyzonbHUKA NPONOPLUOC-
HAJAbHbL ZUROMeRYy3e U Kamemy 0pyzozo.

Beaxue aBa Kpyra mofo6Hbl Mexay coboii (ogun ua
HUX €CTh YMEHbIIEHHOE MJH YBENMYEHHOE H300parkeHHe
ApYyroro).

IInowadu no@o6uetx ¢uzyp (B 4aCTHOCTH MHOrO-
YLOJLHMKOR) NPONOPYUOHAAbHBL K8adpamam ux cxodcm-
8eMHblX auHuil (manpumep, cropod). B uactHoCTH, n.20-
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wadu Kpyz08 OMHOCAMCR, KAK Keadpambt paduycos unu
duamempoa. TaruM o6pasoM, 6bL10 Gbl rpy6oil omnbGKOR
CYHTATH, YTO OTHOIIEHHE MJOLIAEH ABYX KPYI'OB DABHO
OTHOILUEHMI} MX AHMaMETpORB. Ozn-[arco aTa oumﬁxa qacTo
BCTPEYAETCH.

IIpumep 1. Kpyrasit merannuueckuil ZHCK Ana-
metpoMm 20 ¢cm mmeeT Mmaccey 2,4 kr. Haiita maccy Beipe-
3aHHOrO U3 HEro Aucka fuaMerpom 10 cm?

IIpu peiueHHu aToi 3aga4d 6u1710 661 oIHOGOUHO pac-
CYIKIATH TaK: AMAMETP MAJIOT0 ANCKA BABOE MEHBILE, YEM
aHaMeTp 6ONBIIOro; 3HAYMT, MACCA MAJIOTO AHCKA BABOE
MeHBIIE, T. €. 1,2 Kr.

IIpasunvHoe pemense Takoso. Tak Kak MaTtepuan U
TONIGMHA JUCKA OCTAIOTCH TEMH JKe, TO MAaCChl AHCKOB
NPONOPUHMOHAJNBHEl TIOMAAAM, 8 OTHOMIEHHEe IIOLAANu

2
MaJoTo AUCKa K raomaiu 6osblioro PaBHO (;—g) = i‘

3Ha4uT, Macca Masoro Aucka 2,4 ¢ i = 0,6 (kr).

IIpumep 2. Hacenenue Tonnasguu cocraBadAer
15,6 munnuona, a Illsefinapun — 7,1 munnuona. Yuc-
nenHocTs HacesieHHAa IlIseiimapuu uaobpakeHa Ha auar-
paMMe KBaApaToM co cTopoHoid 10 cm. Kakosa gomxHa
OBITH CTOpOHA KBajapaTa, H300pa’kaiollero YUCAeHHOCTH
nacenendda Fonnangun?

0603HAYUB HCKOMYIO CTOPOHY UYepe3 d, UMeeM:

aY? _ 156 _ oo, a . ~ e
(1_0) -2l J2.2 ~1,48;a~ 14,8 cm.

§ 14. Feomerpuyeckoe Mecro. Kpyr u okpyXHoCTb

T'eomempuueckum mecmom moyex (obiaamauinx
JaHABIM CBOMCTBOM) HA3BIBAETCA COBOKYIIHOCTD 8CCX TO-
YeK, YAOBJAETBOPAIORINX 3a/JaHHBIM YCJIOBUAM.

OxpyxcHOCmb ecmb 2eoMempuiecKoe Mecmo mouex
naockocmuy, pasHoylanreHHsix om 00HOLL ee mMoOYKU

(yenmpa).
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PaBubIe OTPEIKH, COEANHAIOLIUE IEHTP C TOUKaMU OK-
PYKHOCTH, HaadblBalOTCA paduycanu (0603naYeHUA: I UIAU
R). Yactb okpysxHOCTM (Hanpumep, AmD, puc. 111) Haasl-
BaeTcs Oyzoit. [Ipamaa M N, HpoxoaAman yepes Be TOYKH
OKDY’XHOCTH, HAa3bIBAETCA cexyuyeit; ee orpesaok KL, ne-
SKAIMH BHYTDH OKDPY>XHOCTH, — X0pdoi. C npubankenn-
eM K LIeHTPY Xopaa yBenuuusaerca. Xopaa BD, npoxoan-
wan uepes rentp (O) nasvipaerca duamempon (obosnayve-
una: d unu D). Juamerp paBen AByM papuycam (d = 2r).

Kpyz ecThb 4acTb NJIOCKOCTH, Je€’Kallasd BHYTPH OK-
PY>KHOCTH.

Mycrs cexyman PQ (puc. 112) mpoXoauT yepes TOUKH
A u B ua oxpyxHocTH. ITyeTs Touka B ABHKeTCA MO OK-
pYyaHOCTH, Iprbamxkancs k¥ A. Cexymaa PQ 6yaer me-
HATH MOJIOXKEHHe, Bpaiyadck oxkosno Toukn A. Ilo mepe
npubaMKeHda TOYKH B K Touke A cexymana PQ byxer
CTPEMHTBCA K HEKOTOPOMY TIPEAESbHOMY IIOJOXKEHHIO
MN. Tlpamaa MN Ha3bIBaeTCA KACAMEeAbHOU K OKPYK-
HoCTH B TOuke A. KacaTenbHad M OKDPYXHOCTb HMEIOT
TONBKO OAHY oB6uIyIo Toukyl). KacaTesbHYI0 MOXHO CUH-
TaTh BLIPOAUBILEHCA cCeKyILeH.

KacaTenbHana K OKPYIKHOCTH NEPIEHAHKYIASPHA pa-
auycy OA, npOBeIEHHOMY B TOYKY KacaHua A.

Puc. 1M1 Puc. 112 Puc, 113

1Y 3710 cBOMCTBO OOBIWHO IPHHUMAIKT 3a ONPCACICHHC KAaca-
TeALHOM K OKPYXKHOCTH; OJJHAKO A4 ADYLUX JIHHHH 3TO OlIpeje-
JCHHC MOXKCT OKABATHCH HCACHCTBHTCAbHEIM. Hanpumep, Ha
puc. 113 MN ccte Kacatenbuas K ineuu CADE B Touke A. Ogna-
Ko MN, kpoMc A, umeer ¢ tnadeit CADE euse oauy ob1myio TOYKY
N. JaHEOC K¢ B TEKCTC ONPCACICHUC KACATCABHON KAK IIPCAC/Ib-
HOTO MOJ0XKCHHUSA CCKYIICH NPHMEHNMO K JIOB6IM JIHHHAM.
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M3 TouKM BHE Kpyra MOKHO [IPOBECTH K OKPY>KHOCTH
JIBe KACATEJILHBIE; AJHHLI HX paBHEl {cM. puc. 120).

Cezmermonm HA3BIBAGTCHA YACTh KPyra, OrpaHHYeHHAaA
ayroit ACB n craruBaomei ee xopzoi AB (puc. 114).

TlepneHAUKYIAD, BOCCTABACHHBIH M3 CEPEIMHbBI XOP-
ael AB 5o mepeceuenus ¢ ayroi AB, massiBaerca cmpea-
xoiz gyru AB. [Inuna crpenku DC (cM. pHc. 114) HaswiBa-
eTcA 8biCOMOLL CerMeHTa,

Cexmopom Ha3bIBaeTCA YACTh Kpyra, orpaHW4YeHHad
AYToi U ABYMA PagUyCAMH, IPOBEAEHHBIMH K KOHIAM AYTH
(puc. 115 u 116). Cexrop, oTcekaeMbIH pagHycaMmH, obpa-
sy MM yroa 90°, nassiBaerca xeadpanmon (puc. 117).

C B B BE
A D B OAA 4 O A
Puc. 114 Puc. 115 Puc. 116 Puc. 117

§ 15. Yrnel B Kpyre; piviHa oKpyXHOCTU U Ayru

I{enmpanvruiii yzon — yroa, o6pascBaHHBLIN ABYMSA
paguycaMu (£ AOB ua puc. 118).

Bnucannvtii. yzon — yroja, o6pajcBaHHBIW ABYyM:A
xopaaMu CA n CB, HCXOAALIMMH H3 OZHOH TOUKH OKPYXK-
HocTH (£ ACB na puc. 119).

Onucannwtit yzon — yroa, o6pasoBaHHBIA ABYMA Ka-
cateqbHRIMH CA U CB, HCXOAAIUMMH M3 ONHOH TOUKH
(£ ACB na puc. 120).

Puc. 118 Puc. 119 Puc. 120
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Oruna Oyzu, onUCHIBAEMON KOHIIOM pagHyca, npo-
[IOPUHOHAJIbHA BEJHYMHE COOTBETCTBYIOIUETO NEHTPANh-
HOTG yrJa; MO3TOMY AYTH OXHOH M Toil e OKPYKHOCTH
MOKHO H3MEPATh, K&K U Yk, zpadycamu (§ 5). Amerno,

3a 1° gyru npuHUMaeTCH ﬁ YacTh OKPyXHOCTH (T. €.
Ayra, UEHTpaJAbHbIl yroa kotopoii pasen 1°). Beca okpyx-

HocTh uMeer 360°, mosnosuHa ee copepkutr 180°,
Bo uabexkanue yacTo BeTpeEYalo-

A C mHUXca omHGOK HeoOX0AHUMO OTMETHTS,
YTC BEJAMYHUHA IEHTPAJNBHOrC yIja co-

(o) B D BEPILEHHC HE 3aBHUCHT OT AJUHK Daad-
yca, Torja KaK BeJJHYMHa COOTBEeTCTBYIO-

Pnc. 121 el AYra IponopiiuoHankHa pagmycy.

Tak, Ha puc. 121 neHTpansHLIR Yroa co-
XpaHAeT OAHY U TY K€ BeTUYHUHY He3aBUCHMO OT TOro, 06-
pasyeM Ju MH ero paguycamy OC m OD unu BiBOe MEHb-
muMu paguycaMu OA u OB, [Iyru sxe AB n CD, xoTa Kax-
Jlasd M3 HHX UMEET O/JJHO M TO JKe YHCJO IPaAyCOB, He DABHKI
ro guHe: gyra AB uMeeT MEeHbIUYIO ANHAY, ueM ayra CD.
Boobue AnuHa Iyrd npornopuuoHanbHa: 1) ee paguycy

M 2) BEJIHYHHE COOTBETCTBYIOILETO I€HTPAILHOrO YyTNa.

daruna oxkpyxrocmu p cCOCTaBAAET 0KOJIO 3% AJHHBL
AMaMeTpa:
1
=3- d.
P=23

Huaye roBops, OTHOILEHHE AJHH OKDYXXHOCTH H AUE-

METpA COCTABJSAET NpUMepPHO 3 % :

LS
d3

-3

ToyHOEe OTIOIEeHHE 5 o603anayaeTca rpevyeckoit 6yKBoil
(emmms):

E=m 03]
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3% ecTs npubarikeHHoe (H30LITOYHOR) 3HAYEH e YHCca 1.

Yucno © mppaumonansso (cm. 111, § 27), T. e. ero nensas
TOYHO 3aMMCaTL B BUJE AP0oOH. C TOUHOCTHIO A0 IATOrO Ae-
CATHYHOrC 3HAKA OHO IpejacTasasgercsa yucaom 3,14159.
Jnsa npakTHKH AOCTATOYHO B3ATHL NpHbanxenue (Hego-
CTaTOYHOE) 3HayeHue T = 3,14, 4To JaeT HECKONBKO (HO

HOCYIIIOCTBBHHO) MEHBIUYIO TOYHOCTh, YEM T =~ 3% -

®opmyna (1) gaet
p=nd, (2
HIIH
p=2nr (n=3,14). (3)
Hdnuna ayru B 1°
o= 20r  ®r
PI°= 360 ~ 180 @
dnuHa xyru B n°
ﬂ:rn
Pr®= 130" (5)

Popmynnl (2)—(5) (Bce OHH J1eTKO BRIBOAATCA U3 Qop-
Myas! (1)) uMeroT GoNkIIoe TEOPETHUECKOE H MPaKTUYE-
CKOe 3HaueHue.

IIpumep 1. U3 xene3noil nonocsl JAHHOH 2,4 M
HYXXHO M3rOTOBHTb 0OpyY; Ha 3aKJIENKy DacxoAayeTcs
0,2 M Ha KoHnax. OnpexenuTs paguyc obpyuya.

Onuna okpysxkuoctu p = 2,4 — 0,2 = 2,2 (m). Ha pop-
myunsi (3)

IIpumep 2. Quamerp xoseca asromobuna 0,36 M.
CKOJIbKO 000POTOB B MUHYTY fleJlaeT KOJIeco IIPH CKOPOCTH
aBToMobuna 60 xm/u?

3a 1 MmuHyTY Koneco npoitaer 60 : 60 = 1 (xM), T. e.
1000 M. IIpu ogaoM 06opoTe OHO IPOXOANT NYTh, PABHBIHA
JANHHE OKpYKHocTu p; p = nd = 3,14 - 0,36 = 1,13 M. He-
KoMoe uHcao oboporos 1000 : 1,13 = 895.
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IIpumep 3. Paauyc xxele3HOXODOIKHOTO 3aKPyTJIe-
Husa 800 M. [Inuna penscoBoro nytH Ha HeM 60 M, CkoJb-
KO rpajilycoB B iyTre 3aKpyTJIeHna?

Ha gopmyasl (5)
_ 180p . 18060

= 3147800 = 4°20’ (peaynpTaT OKpYTIJIEH).

n

Irowade Kpyza paséHa npou3eedeHul0 noROBLHbL
drunet okpyxcnocmu Ha paduyc:

= épr. wm S =mr2,

Irowade cexmopa (S,,,.) paABHA IPONIBEAEHUIO IIO-
JIOBHHBI AJUHBI AYTH (D .,,) Ha Daguyc (r):

1
Scem‘ = E DPeexr’-

IInomaae cexTopa ¢ Ayroi B n°

A S o __ nrin
n° = .
m 360
B ITrowade cezmernma HaAXOAUTCA Kak

PasHOCTh Nomaayu cekropa AOBm u tpe-
Puc. 122 yronsHuka AOB (puc. 122).

§ 15a. Mopmyna ToireHca ana [AKHBLI AYrn

Ha npaktuke dacto TpeGyerca HalTH ANUHY AYPH,
JAHHOM Ha YCPTEXEe HJIM B HATYPE, IPMYEM HEH3BECTHO,
KAKYI0 YaCTh OKPYXXHOCTH COCTABAAET Jyra M KaKOB €e
paguyc. B TAKUX CIyuasax MOIKHO MOJTb3OBATHCA CIEAYIO-
[IUM IPHEMOM, -

OtmeTuM Ha KaHHOM Ayre AB (puc. 122a) ee cepegu-
Hy M (oHa nexxuT Ha nepnesankynspe CM, nposeaeHHOM

/f\g

Puc. 122a
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K XopAe AB 4epes ee cepeiuny C). 3aTeM W3MEpUM XOPAY
AB u xopay AM, cTATHBAOILYIO ICAOBUHHYIO AYry. Iau-

S
Ha p ayru AB BripaxkaeTcs (nprONUIKEHHO) CAEAYIOLER
dopMmynou X. fodreqcal):

p=2l+ % (21— L),
roel=AMulL =AB.
OTHOCHTENbHAA OrPEIHOCTh 3TOM DOPMY JIbI COCTAB-

nset oxonao 0,5% , Koraa AB conep>xkuT 60°. C ymeHnbie-
HHMEM YIJIOBOH MEphl AYT'Y INPOUEHT MOrPCIIHOCTH PE3KO
nagaet. Tak, ana ayru B 45° OTHOCHTEAbHAS IIOrpell-
HOCTb COCTaBJIAeT npumepho 0,02%.

IIpumep. Hapuc. 122a uzobpaskena ayra Aﬁ, AndA
KoTopoii [ = AM = 34,0 mm, L = AB = 67,1 mm. @opmyna
T'oitrenca gaer

p=2-34,0+ % (2-34,0-67,1)= 68,3 (MMm).
3aeck Bce Pl REPHBI, TAK KaK AyTra AB (aTo BuA-
HO Ha TJIa3) COAEepPXKWUT NPUMEpHO 45° u, 3Ha4YuT — IoOo-

rpeltHocTs hopMyanl cocrapaneT npumepHo 0,02%, T. e.
meHbe ueM 0,05 MM,

§ 16. UsmepeHue yrnos B kpyre
Bnucannetit Y20n cocmasaixem noaosu- C
HY UEHMPANbHOZO, ONUPAIOULEZOCR HA MY ’A
we dyzy. Ha puc. 123 £ ACB = 1 ~ A0B. AL
2
ITosTomMy BCE BOUCAHHBIE YIVIBI, ONHPAIOIIIHE-
Cf Ha AAHHYKO Ayry, paBHBl MeXJAy coboi. Puc. 123

D Xpucrvan Nodrerc (1629—1695) — ronnaracknit yyeusti,
3HAMCHHTBIA CBOMMH paboTaMH B 06JIACTH ONTHKH ¥ MECXAHUKH.
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Ha pue. 124 L ACB = LADB =
= £ AEB. Unaue, xopja AB BUHA NOK
OAHHM M TEM XK€ YIJIOM H3 BCEX TOYeK
onupamneicsa Ha xee Ayru. [osopsar,
ayra ACDEB gmewaem yron onpejesieH-
HOU BenuyHHsl, Hanpumep, noayox-
pyxHocTh BMeljaer yroa 90° (puc. 125).

Taxk KaK UeHTPANBHBIH yrosa copep-
JKUT CTOJBKO € rpajycoB (yrioBbiX),
CKOJIBKO ero Ayra (AyTOBEIX), TO BRLCAH-
otk yzoa (£ ACB, puc. 123) uamepser-
¢fA NOJIOBUHOMH yrH AB, Ha KOTOpYIO OH
onupaeTca.

Yzoxn, cocmagnenuwtic dsyma xopda-
Mmu (Hanpumep, £ AOB, puc. 126}, uame-

PAETCA MOAYCYMMOH %(Cﬁ + A‘B) Aayr,

3aKJIOUEHHRIX MEXAY ero CTOPOHAMM
(mpomo/KeHHBIMU B 06€ CTOpOHBI). Bnu-
CAaHHKIM YroJ — YacTHBIHA ciayyail pac-
cMarpuBaeMoro (ojlHa M3 AYr paBHA
HYJII0).

Vzeon, cocmasaeunvtii deyma cewy-
wumu (ZAOB, puc. 127), usmepserca

MOJNYPAasHOCTHIO %(AT? - CTJ) Ayr, 3a-

KJIOYEHHBIX MEXAY ABYMS €T0 CTOPOHA-
MH. BriMcausbIi yros — yacTHEIM cayJaid

yraa Mexxay AsyMA cexymumu (CD = 0).

PaccMaTpuBas KACATEIbHYIO KAK BbI-
poxxaeHue cexyiei (§ 14), nonyyaem or-
CIOAQ: YzOn, COCMABACHHbLL Kacamely-
Hail u xopdoii (manpumep, ZABC,
puc. 128), namepsaerca MOJ0BHHOR AyrHY,

3aKJIOUEHHOH BHYTDH HETO [% A;B);

yzoAa, cocmagreHHbtii KacamenvHou u ce-
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rywelt (nanpumep, ZBOA, puc. 129), ns-
MEPAETCA NMONYPAZHOCTHIO % (B::t - D‘;t)
3aKJIOYEeHHBLIX MEXJY €ro CTOPOHaMHM AYT;
onucannwti yzon (£ COA, puc. 129) uame-
pAETCA NONYPA3HOCTRIO % (Cm - cEa) aa-
KJIIOYeHHBIX MeXAy ero CTOpoHaMH Ayr.

§ 17. CreneHb TOYKV

Cmenenvio mouxu O OTHOCHUTENBHO JAHHOH OKPYXK-
HOCTH DAHyCa I HashiBaeTCa BenuvHHa d? — r2, rae d —
paccrosinie OC 0T TOYKH A0 HeHTpa oKpyxHocTH. CTeneHn
BHELIHEH TOYKH NOJIOMHUTENbHA, BHYTPEHHENH — oTpHIA-
TenpHa. 118 TOUEeK OKPYKHOCTH CTeNeHb PaBHa HYJIO.

AGCoMOTHAR BeTUYHHA CcTenmeHH ToukH [d? — r?] obo-
3HAYAETCA Yepes pZ, TaK YTo AJIA BHEIUHeH TouKn p? = d2—
— r2, a pa BEYTpeRHeH p2 = r2 — d2, BeanunHel p2 u p (HO-
caeanas NPeAnoaaraeTcs MoJOXKUTEIBHOM) NIPAIOT BAXK-
HYIO POJIb.,

HmenrHo, nycts yepes Touky O (puc. 130 n 131) npo-
BOJATCA BCEBOIMOXKHEIE ceKymue (AB, DE, FGu r. n.).
IIponaseneHne ANHH 0TPE3KOB CeKylueit oT Toukn O J0 T0-
YyeK ee nepeceyeHn ¢ oKpyxkHocThio (OA - OB, uan OD X
X OE, unu OF - OG ¥ 1. A.) eCTh BeJIMYUHA IOCTOAHHASA H
paBHa p2. OcobeNHo BaXkeH cayuaii, KOTAa CeKylas Ipo-
xoAMT yepes uenTp C (cM. npHMepsl HUXKE).

Ecnu rouka O — BHemHss (cMm. puc. 130), To, pac-
CMATDUBAA KaCATEJBHYI0 KaK BhIDOKICHHE CEKYyINei,

— \]
o B R\C

: F—7N)
Er' DL,

Puc. 130 Puc. 131
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umecem OT?2 = p2, 1, e. afcormuas 8erununa cmenexu
moyku ecmv kgadpam OMuHbL KacameasHoit, Beluunua
p, Taknm o6pasom, paBHa fnHHE KacaTensHol OT.
Ecautouka O — BHyTpeHHsas (cM, pHc. 131), o, npo-
Bojs ueped O xopay L, L,, nepIeHAHKYAAPHYIO ZHAMETDY

DE, nweem OL, = OL?, rak uro OL? =p2, 1. e. cmenens

mo4xu pasrna keadpamy HaouMeHbvuieil noryxopdst, npo-
xodsuelt Yepes 3my mouxy. BerH4uHa p, TaAKHM ofpa-
30M, paBHa AJUHe noayxopast OL,.

IIpumep 1. Kakopa ZanbHOCTb BAAEHHS C CAMOJE-
Ta, JeTALEro Haj MopeM Ha BricoTe 2 kM? (Jnamerp 3em-

12 700 km.)
Ha puc. 132 naH (cxemaTHyecKun) sep-
Q THKaNbHEIA paspe3d 3emun. O — MecToHa-
£ p  XOXMIEHHMe camoJeTa, OF = 2 kv, ED =
=~ 12 700 xm. Haubosee ygajieHHas TOYKa
3emau, BHAUMAA C CaMOJIETA, 6CTh TOUKa T';
OT — KacatenbHasi K OKpyxHocTn ETD;
D OT = p. C apyroii cropousl, p2 = OE - OD =
Puc. 132 =212 700 (Mer 6epem OD = 12 700 kM,
oTOpachBas 2 KM KaK BCJAHYMHY 3aBEJOMO
MEHBIIIYI0, YeM NIpeZieibHAA NOTrPEIIHOCTh NMPHGIHKEH-
Ho# BeauyHuHEBl 12 700 kM), OTcroga

= /25400 = 160 (xm).

IIpumep 2. Ilponer KaMEHHOrO CBOZA COCTABJAET
6 M; ero crpenka 0,4 M. OnpeieINTE PaINYC AYTH CBOAA.
Ha puc. 133 (cxematnueckom) L L, =
=6 ™, EO = 0,4 M. Crenenn Touku O paBHa

2
p?=OL} = (leL”] = 9. C gpyroii cropo-

uul, p2 = EO « OD; rak kak EO HeBenuxo
cpaBuuTensHO ¢ OD, MOXHO UDHHATH
OD=2r,u nonyqaem 9 = 0,4 2r. Orcroaa

Puc. 133 -9 =
ue T~ 8 11 ().
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§ 18. PanukanbHan ocb; pafvKanbHbIA LLEHTP

T'eomerpuyeckoe mecto touexk M (puc. 134, 135, 136,
137, 138), uMeONUIMX PaBHbIE CTENEHH OTHOCHTCALHO ABYX
JaHHBIX OKpYxkHocTel ¢ uenrpamu O,, O, (MK, = MK,),
eCTh HpAMas JHHHA AB, NepleH UK yIAPHAA JHHUY LEHT-
POB.

Jra nNpAMasa HA3LIBAETCA padukalbHOil 0CbI0 KPYroB
O, u O,. Paccrosinun d|, d, oT paguKaNdbHOH OCH IO I€HT-
poB O, O, NaHHBIX OKPYXHOCTEH MOXXHO BEIYMCIHUTL MO
dopmynam

d | ri-r}

= =2 4 ,
d,=O,N 3 57
—-NO,= ¢ 4 1i-rt

dy=NO, 3 + 74’

rfe d ects paccrosuue 0,0, MexAy HUEHTPAMH KPYroB, a
r, M ry —paAnycel Kpyros. I'opasfo npole HaiTH pajgu-

Puc. 135

Pwuc. 136

Puc. 137 Puc. 138
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KaJbHYIO OCh C IIOMOILLIO IOCTPOeHU A, ECIH OKPYXHOCTH
0, n O, nepecekarrcd B Toukax C, D, To xaxaas U3 3TUX
TOYEK HMEeT HYJEBYIO CTeIeHb OTHOCUTENbHO 060HX KpY-
roB M, 3HAYHUT, PAAHKANbLHAA OCbh NPOXOAHT yepes C n D
(cM. puc. 136). Ecnan okpysXHOCTH KacaoTcA B Touke C
{cm. puc. 137, 138), T0 HX paAUKANbHOMN OCHIO CAYHKHUT 06-
as xacareakHas. [ s HenmepeceK alINXCH KPYroB paju-
KaNlbHYH OCh MOXKHO HaiTu Tak. IHocrpomm (pmc. 139)
BCIIOMOTaTeJbHYI0 OKPYXHOCTh (g, IepeceKaloulyio OK-
pyxHocTs O Broukax C, D u okpyxHocTh O, B Toukax E,
F. Mpsaimepie CD, EF ecTk paiuKaibHBIE OCH ABYX Nap OK-
pyxHocTeit O, O3 n O,, O,. IloaToMy TOUKA HX nepeceye-
HUA P uMeeT OXMHAKOBYIO CTENEHb OTHOCHTeNbHO Oy, O3, a
TaK™Xe OTHOCHTENbHO Oy, Oy. 3HAYUT, OHA HMEET O HHAKO-
Bbi€ CTEIIEHU OTHOCHTENLHO O H Oy, T. €. JeXKUT Ha pajn-
KaJbLHOM OCHM AABYX AaHHbLIX Kpyros. Hailign Takum ke 06-
pa3oM enle oAy TOYKY WM OMYCTUB MepneHaurynap PN
u3 P Ha O,0,, HalleM HCKOMYIO DaJNKaJIbHYIO OCh.

9To paccy;cAeHHEe NOKA3bIBAET, YTO TPH PaAHKATb-
Hble 0cH JMIO6BIX TPEX IONAPHO B3ATHIX Kpyros Oy, O,4, Oy
NepPeceKarTCs B OAHOM ToYKe. DTa TOUKA HA3LIBAETCH Pa-
durxarvroim yenmpom xpyros O,, O,, O;. B uactHocTH,
Tpy oBlIMe XOPALI TPEX NOMAPHO TIEPECEKAIOIUXCA OK-
py:xHocTel (puc. 140) nepecekarwTca B oxHoii Touke. Tpu
obujue KacaTeJbHble TPEX HONAPHO KACAIIINXCA KPYToB
(puc. 141) Toxxe nepecexaloTca B 0JHOI1 TOUKe.

Puc. 139 Puc. 140 Puc. 141
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§ 19. BnucaHHble N onucaHHble MHOTOYTONIbHUKU

Bnucannvim 8 Kpy: MHOZOYZONbHU- B
KOM HalBIBaeTCA TAKOM MHOTOYIOJNBHHK,
BEPIIMHLI KOTOPOTO JIEXKAT HA OKPYHKHOC- / \
TH (puc. 142); onucanrbim 0KOAO KPyza Al C
MHO20Y20ILHLLICOM  HA3LIBAETCHA TAKOH \ /
MHOT'OYT'0JIbHHK, CTOPOHKI KOTOPOTO Kaca- D
I0TCA OKPY>KHOCTH (pHc. 143). Puc. 142

Onucannoil 0KORO MHOZOYZOALHUKA
OKDYNCHOCMBIO HA3LIBAETCA OKDYMKHOCTb,
NPOXOAfANIasA 4Yepe3 ero  BepUIMHbI
(cMm. puc. 142); snucanHoit @ MHOZO-

YZOAbHUK OKDYNHHOCMbIO HASBIBACTCH OK-

PYKHOCTb, KAacaloIllasiicsi ero CTOPOH

(cm. puc. 143). Eciu MHOPOYIONEHUK B3AT Puc. 143
TIPOM3BOJEHO, TO B HETO HEJIbL3A BIIMCATH H

OKOJIO HEroc HeNb3sl OIIMCATb OKPY>KHOCTL. B cayuae Tpe-
YrOJbHUKA BCETZa MOXMHO INOCTPOHTH KAK BIIHCAHHYIO, TaK
H OIIMCAHHYIO OKPYKHOCTL {cM. IV, A, . 20—21u § 9).

Paduyc r snucarnnozo Kpyza BpIpa’kaeTca Yepes CTo-
POHHBI 2, b, ¢ TpeyroasHUKa GopMya0ii

r= ﬁ(P-a)(p-b)(p—c)( =a+b+c).
p 2

Paduyc R onucarnozo kpyza BeipaXkaetcs hopMynoit

R= abc .
4Jp(p-a)(p-b}p—rc)

B 4eTHIPEXYTrONLHHK OKPYMXHOCTh MOKHC BIIMCATH
JIMUIS B TOM CJYyYae, €CJM CYMMBbI €r0 IPOTHBOIOJIOMHBIX
CTOPOH OAHHAKOBLI; U3 BCEX NAPAJIEJOPPAMMORB JHIIL B
poMG (B 4ACTHOCTH, B KBAAPAT) MOYKHO BHHCATh OKPYX-
HOCTb. II€HTp ee JIEXKUT HA TepecedueH Ny AnaroHae.

OKOJNO YETHIPEXYTONLHHKA OKPYXXHOCTb MOXXHO OTIH-
CATh JIMUIG B TOM CJydae, eCIM CYMMa IPOTHBOIICJACKHEIX
yrios pasHa 180° (ecam ato 06HapyKeHO /ISl OLHOH mapht
NPOTHBOJNEXKAIMX YIJIOB, TO APyras mapa HeIpeMeHHO
cocTanuT B cymme Takxe 180°). U3 Bcex napasinenorpam-
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MOB . THIIL OKOJIO IDAMOYIOJbHHKA (B YacTHOCTH, KBagpa-
Ta) MO>KHO OIHCATH OKDPYKHOCTB; LUEHTP €€ JIEXKHUT Ha Me-
pecedeHHU AHUaTOHAJeH.

Okoo Tpalneqdd MOXKHO OIIMCATE OKPY2KHOCTBH TOJb-
KO Toraa, Korga oHa panﬂoﬁoxaa.

B gwinyxaom uvemvipexyeonvHuxe, 6nucCanHOM 8
Kpyz, npousgedenue uazonaneil pasro cymme npouseede-
HUll RPOMUBONORONCHBLX cmopoK (meopema ITmonemesn).
Ha puc. 142

AC-BD=AB-DC+AD- BC.

§ 20. MpaBunbHbIe MHOrOYrONbHUKK

ITpagunvHotii. MHO020Y20NbHUK — MHOIMOYTOJNBHHK C
pPaBHLIMM CTOpOHAMHM M yrnamu. Ha puc. 144 u 145 uso-
OparkeHsl IpABHIIBHBIE 1IIECTHYTOMbHHK H BOCbMHYIOJb-

HHUK. [IpaBUIBHBIR ‘IETI:-IDEXYFOJILHHOLIZ K €CTB KBaJpAaT;
NPABHJLHBIM TPEYIrOJIbHUK — PaBHOCTOPOHHMA. Kasaniit

° —
YroJ IpaBUILHOTO N-YrOMbHUKA DAaBeH 180%(n -2)
n
C BHYTPH NPABUILHOTO MHOFOYLOMAb-
Huka umeercsa Touka O (cm. puc. 144),
B D DAaBHOOTCTOAILAS OT BCEX €ro BepIUIMH

g (OA=0B=0C nr. Aa.), — yenmp npa-
A E BHJILHOr0 MHOToyronsHuKa. Ilentp pas-
P HOYZAJIEH ¥ OT CTOPOH NPABHJBLHOIO MHO-
Q royronbHuka (OP=0Q =ORwur. x.).

Otpesxku OP, OQ ¥ T. A. Ha3BIBAXOTCH
Puc. 144 anopemanu; orpeaxu OA, OBuT. 1. — pa-

Juycamu NpasUNbHOIO MHOTOYTONBHH KA.
ITrowads npasuibH020 MHOZ0Y20Nb:
HLUKXQ DA6Ra npou3sedenuiro ezo noayne-

pumempa Ha anogemy.

S=ph,
rae

Puc. 145 =% (AB+BC+CD+...), h=0P.
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OKOJI0 NMPaBHALHOIC MHOTOYINOJLHUKA MOXKHO OIH-
CaTh H B HEr0O MOXKHO BIIMCAThL OKPY#HOCTh. LleHTpH BITH-
CaHHOH M ONHNCAHHOH OKDYXKHOCTEH JexaT B LEHTpe
NpaBUALHOIO0 MHOTrOYrolbHHKA. Pajiuyc ollMcaHHOA OK-
PYXXHOCTH €CTh Pafiuyc NpaBUALHOIO MHOIOYIOJLHUKA;
pagnuyc BIHCAHHOM OKpYM»HOCTH — ero anodema. (Ilo-
CTPOEHHME BIIMCAHHKIX W OIHCAHHBIX MHOrOYrOoNLHHKOB
cm. IV, A, nn. 30—38.) Cropona b, npaBUALHOIO ONUCAH-
HOrO MHOTOYI'OJBHHMKA BBLIDAXKAETCH 4Yepe3 CTOPOHY a,
TIPABHJILHOI'O BITHCAHHOI'O MHOTOYT'ONBHUKA C TEM YKe UHC-
JIOM CTOPOH hOopMY a0t

b,=Ra,: [R*- %a}: (R — paguyc kpyra).

CTOpOHa a5, IPABHJBHOI'C BIIMCAHHOTO MHOTOYIONb-
HUKAa C YABOCHHAIM YHCJI0OM CTOPOH BbIpa><aeTcsA vepel a,

tbopmynoi
—_ ’ ; f , 1,
a;, = [2R*-2R RZ—Za‘.

Caepyrompne GOpMYIn! AAOT BHIPAXKEHUA COOTHOIIE-
HU I MeKAY CTOPOHAMM HEKOTODBIX IPABMALHBIX BIIMCAH-
HBIX MHOT'OYTOJRHHKOB U PagHyCcoOM Kpyra:

a; = R.Jf3 =1,7321R;

a, = RJ2 = 1,4142R;

as = R [2=0% ~ 1,1755R;
ag = R;

ag = RJ2-.J2 =0,7654R;
aj= RYL-1 ~ 0,6180R;

a,,= RJ2-./3 =0,5176R;

a5= %R (J10+2J' - J3(J5 - 1)) ~0,4158R.
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BhlpaxkeHHs Anf @y, @4, Gg 9aCTO IPHMEHSAIOTCA Ha
NPAKTHKE; HX >KeJaTeJbHO NOMHHTb; BRIYHCICHHE CTO-
POH OCTAQJIbHBIX MHOTOYTOJILHUKOB yJ00HEee BCero npous-
BOAUTH o popMyaam TpuroHomerpuH (cm. V, § 13) ¢ mo-
Moulpio Tabauy. Jna GoaApIUHMHCTBA MHOTOYTOJbLHHKOB
OTHOIIEHMA @, : i He MOTyT GbITE BEIDAJKEHH! B BHAE all-
refpandecKknx GOPMYJN fiake C MOMOINLI) HATDOMOXKJE-
HHA PAAMNKAJIOB.

I1puwmep. Moo 14 U3 6peBHa, UMEIOMIErO Mome-
peuHnK 40 cM, BBINNJIATL KBAAPATHLIN Gpyc IUMPHHON B
36 cm?

Tlonepeunoe ceuenye 6peBHA MOXXHO IIPHHATDL 38 KPYT
pajuyca

R= % — 20 (cm).

B HaunbonbiiiM KBagpaTOM, NOMEILEI0-

/ \ IIMMCSH B KPYTe, ABAAETCA KBaApaT, BIIH-
A caHHRI B HeTo. Ero cropona AB (pHc. 146)

\ / pasua 20 /2 = 20- 1,41 = 28 (cm). oato-

My 6pyc mwHpHHoi 36 cM Ha GpeBHA BRINH-
Puc. 146 JINTH HEJb3A.

§ 21. Nnowaamn nnockvx duryp

B sTom naparpade cobpanbl BakHelimue GopMyThl
Aaa unomazeit S naockux GUryp (HEKOTophie H3 HUX Gbl-
JIH IPHBEJEHBI B COOTBETCTBYIOLIMX naparpadax).

Keadpam (cm. puc. 103). a — cropoHa; d
HaJb!

Juaro-

a2
§=q2=12
2

ITpamoyzonvrux (cm. puc. 101). a, b — cToponsbl:
S = ab.
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Pom6(cm. puc. 102). a — cropona; d,, d, — guarosa-
AW, O — OAWH U3 yra0oB (OCTPHH UIH TYNOH):

ITapanaenozpamm (cm. puc. 100). a, b — cropoHsl;
O — OAUH U3 yraA0B (OCTPRIHA UK TYyNOH); & — BhicOTa:

S=ah=absina.
Tpaneyur (cM. puc. 104, 106). a, b — ocuoBanus;
h — BrIcOTE; ¢ — CpenHAA NNHUA:

=a;bh=ch.

Jwboit yvemvipexyzoavnux. d,, dy — au- d,

arOHAJHU; O — YToJ MeXAY HuMH (puc. 147):
= % d, dy sin a. &

YembipexyzonsHuK, OKONO KOTOPOro
MO’KHO onycaTth oKpyxHOCcTh (IV, A, . 22). Puc. 147
a, b, c,d — cTopoHDI:
_a+b+c+d,
p 2 b

S=Jp-a)p-d)p-o)@-d).

Hpamoyzonvheiit mpeyzoavruk (cM. puc. 93).a, b —
KATEThI:

S‘—“%ab.

Paanobedpennsiic mpeyzorvnux (cM. puc. 77). a —
ocaosaHue; b — GoxoBaa cTropoHa:

—_-l 2...0_2
S 2.:1}!; T

Paasnocmoponnuit mpeyzorvnurx (cM. puc. 78). a —
CTOpOHa:

S = %azﬁ.

12 Brrogckuin M.Sl.
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A Jwboit mpeyzonvHuk. a, b, ¢ — CTO-

b ¢ POHBI @ — ocHOBaHHE; h — BBICOTA; A,
B, C — yrabl, gexaliie IPOTUB CTOPOH

¢ a a b, c;p =224 (puc. 148):
Puc. 148 2
_1 1 : _a?sin Bsin C _ h%-sind _
S=3ah=3absinC 2sin A Zsin Bsin C

=Jp(p-a)p-b)p-c).

Muo20yzoabHuK, TINONARL KOTOPO-
ro rtpebyerca wHaitTh, pasbusaercsa
awbpiM  06pazoM HA TPEYrOABHHKH
(ManpumMep, Aauaronanamu). MHoro-
YroJibHHK, OMHCAHHBIA OKOJI0O Kpyra,
yno6uo pasbuBaThL NPpAMBIMH, HAYU[UMH
OT IEHTpa Kpyra K BepIIMHAM MHOTOYTOJbHHKA
(puc. 149). Toraa monyvaem:

Pnc. 149

S =rp,

rae r — paaguyc Kpyra, p — MOJAYMEPHMETD.

B wactHocTH, 2Ta hopMYysIa MMEET MECTO ANA BCAKOTO
NPaBHUJILHOIO MHOTOYIONLHHKA.

Ipasunvueiii wecmuyzonbhiuX. a — CTOPOHA:

s=3.Ba
Kpyz. d — nuamerp; r — paanyc; C — AHHA OKPYX-
HOCTH:
= }Z Cr=nr?(~3,142r%) = n% (= 0,785d2).
Cexmop. r — paAMyc; n — rpajycuas

Mepa IeHTPaJIbHOro yria; pn® — AJHHA
ayru (puc. 150):

_nrin
360 °

Puc. 150 S= % rpn®
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Kpyezoeoe xoavyo. R, r — BHemHHi _k
M BHYTPEeHHUH paguycel (puc. 1561); D,
d — BHEIUHHH M BHYTDEHHMH JMa-
MeTpbl; T — CPeHH# paauyc; B — M-
PHMHAa KOJblia:

S=m (R~ r?) =1 (D2~ d% = 2nFk.

A m
Cezmenm, Ilnomans cermenrta -
(puc. 152) HaXogMTCA KAK pPa3HOCTH NN
nnomaneit cektopa OAmB u Tpeyroas- OB
HHka AOB. Puc. 152

§ 21a. NpubnuxenHaa dpopmyna
naowWwanu cerMeHTa

Ha npaxTHke yacTo Tpebyercs HaliTh miomaas cer-
MEHTa, JaHHOTI'C Ha YePTeXKe MJIH B HaType, NPHYeM HeHG-
BECTHO, KaKYI0 YaCTk OKPY>KHOCTH COCTABJIAET Ayra cer-
MEHTa H KaKo0B ee pagnyc. B Takux cayvyasax noabsyores
cneayionieid npubanxeHHoi QopMymnoi:

S= gah,

rae a = AB (puc. 152a) — ocHoBanHe cermenTa, i =
=CM — ero BolcoTa. HHEIMH CIOBaAMH, CHUTAIOT, UTO CeI-

2
MEHT ITO IIOMANH PaBeH  MPAMOYTOJbHAKA. Ha camom

Jexne IUIoLIalb CerMeHTa HeCKOAbKO Oonbiue. Ilpn AB =
= 60° oTHOCHMTEIbHAA NOTPEINHOCTEL POPMYJBI COCTABIASAET

D M E

A C B
Puc. 152a
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1,5%; npn AB = 45° oHa BaBoe MeHbule; npu AB = 30°
oHa cocrasjger 0,3% M B faabHEHIIEM CHMIKAETCH €IS
OnicTpee.

IIpumMep. Halttu naomaas cermenTa AMB
(cM. puc. 152a), y koToporo ocuosarhe a = 60,0 MM, a BLI-
corah =8,04 mMm.

Pemenue S= % -60,0- 8,04 =~ 321 (MmM2). Oguako

TpeTha HHGpa 3aBeIOMO HEBEPHA, TAK Kak ayra AB (aro
BUJHO Ha TJ1a3) coep>XuT npumepHo 60° u, sHauur, no-
rpewHocTh GopMyast cocraBaser 1,5%, T. €. IpUMEDPHO
5 mm2. Ecau cAenaTs COOTBETCTBYIOUIVIO MOIPABKY, TO
HaitgeM, uTo S = 326 MmMm2. 3aeck Bece HH(DPHI BEPHEL.

B. CTEPEOMETPUA
§ 1. O6wme 3ameyaHus

Cmepeomempus M3yuaeT reoMeTPDUYECKHE CBOHCTBa
NPOCTPAHCTBEHHKIX Tesn M duryp. Ilpu perreHuy crepeo-
METPHYECKHUX 38484 BaKHEHIIHM NDHEMOM SHBIAETCH
pPACCMOTDEHHME TIJIOCKUX JIMHUA U Puryp kKak tex, KOTo-
pblé HENOoCPEeACTBEHHO OGHADY)XHBAIOTCA B HM3yyaeMoM
TIpeAMeTE, TaK M TeX, KOTOPbIe CTPOATCHA B Ka9eCTBe BCIIO-
MoraTeJbHEIX. [I03TOMY OUeHS BaXKHO HAYUHUTHCH PACIoa-
HABaTh M BHIEIATH B HPOCTPAHCTBEHHBIX 06pasax pasmo-
ofpasHbie IIOCKUE PUIypPHI.

§ 2. OcHOBHbIE NOHATHA

Ilogo6HO TOMY Kak B IIJIAHMMETPHU M3 BCEX JHHMI
0cO0eHHO BERIICJIAETCH MPOCTEHIAN JIMHUA — TIpAMasf, B
CTEPEeOMETDHH H3 BCEX NOBEPXHOCTEeM 0COOEHHO BLIAENA-
€TCA IUIOCKAS MOBEPXHOCTEL — NJAockocms. Inackocme u
npAMAsL AUHUA — OCHOBHBIE 3JIeMEHThI CTEPEOMETDHH.

Yepes a106bte mpu moiKu npocmpancmea, He aexa-
wue na 00HOU NPAMOL, MOXHO nposecmu 00HY U MOAbKO
00HYy naockocme. Yepes TPH TOUKHM, JexallKe HA OfHON
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NpAMOM, MOXHO MNpoBecTH 6GecymcieHHOEe MHOMKCCTBO
IIocKocTeH, 06pasyoIUMX Ny4YoK NIOCKOCTCH; mpAMasd,
4Yyepes3 KOTOPYIO IPOXOJAT BCe IIJIOCKOCTH NMyYKd, HadbiBa-
eTCs ero 0cbi.

Yepes nN106y10 IPAMYIO U HE JEXKAIYIO Ha HEH TOYKY
MOXXHO IPOBECTH OJHY H TOJNBKC OAHY [IJIOCKOCTh.

Yepes ABe NPAMBE INIOCKOCTE MOXHO IPOBECTH HeE
Bcerga. JIBe npsAMnie, Yepe3 KOTOpPBIe HENb3A [MPOBCCTI
IJIOCKOCTH, HASKIBAIOTCA CKPEWUBAIOWUMICA.

IIpumep. FopusonTansHas npfAMasd, IIPOBEACH-
HaA Ha OTHOM CTeHEe KOMHATHI, H BepTHKalbHAA npaMas,
MpoBeJleHHAaAd Ha TIPOTHBOIIOJOXHOH CTeHe, ABJIAITCA
CKPeNHBaILMMUCA.

CrpeunBaomecs IpaMble He NepeceKarTes APYr C
APYTOM, CKOJIbKO OB MX HHM MPOJOJI’KAaTh, HO MX HE HAJhI-
BAOT NaAPaNieabHhIMH.

Ilapaaneavrbimu HA3LIBAIOTCA TOJBLKO TAKHE JBE He-
nmepeceKanHecsa npsaMbie, Yepe3 KOTOpble MOXKHO IMPO-
BecTH IockocTs (cp. IV, B, § 11).

Pasnuune Mexxay napannenbHhIMU IPAMKIMH H CKpe-
IMBAIOUIM MU CH HATJIAAHO X4APAKTEPH3YETCH TEM, YTO JBE
mapanfielsHble NPAMKLIE HMEOT OJHO ¥ TO K€ HAIpaBJe-
HHe, TOrJa K&K HAMpaBJI€HHA CKPEUHBAIOUIMXCA NpPS-
MBIX DA3JIHUHB.

Bce ToukH oHOM napaanenbHOM IPAMOM HAXOAATCA
HA OJHHAKOBOM PAacCTOAHHM OT Apyro# (paccTosaHHe H3-
MEpAETCH 110 MEePHEeHAHKYAAPY), TOTAA KAK TOYKH OJHOMH
M3 CKPEeIIMBAOIMIHXCA MPAMAIX HAXOAATCH HA PA3THYHbIX
PacCTOAHMAX OT APYTOi.

Yepes aBe nepeceKarlidecs MpsMble BCErAa MOMHO
TWPOBECTH OAHY ¥ TONBKO OHY NJIOCKOCTH.

Pacemosnuem mewdy Odayma ckpe- =M=
WUBGIOWUMUCR NPAMbIMU HA3LIBAETCH 7/ S
AnnHa otpeska MN, coeanHAwmero 6amn-
JKaimmue Apyr K Apyry touku M u N
(puc. 153), nexxkamue Ha ckpemmsap- 0 de—""
muxcH npaAmux. [Ipavas MN nepneH-
JUKYIAPHA O00eHM CKpeumuBapuMes
HPSAMbBIM. Puc. 153




358 V. B. CTEPEOMETPUA

PaccToaHde MexAy napajnelbHbBIMH IPAMBIMH OII-
penenseTcs, KaK B MIaHUMETDHH, PaccToRHUE Mex Ty ne-
PeceKarMMHACH NPAMBIMH CYHTAETCH PABHbLIM NYJIO0.

JlBe nJIOCKOCTH MOTYT Hepecekarbca (Mo npAMoOM Jau-
HMH) MM HE nepecekaTsca. Hemepecekamoluecsa Niaoc-
KOCTH Ha3bIBAIOTCH NAPAAAEAbHOLMU.

IIpamMaa ¥ nnocKocTh Takke nUl0 mepeceKarTcA
(B ofHOH TOouke), AU6O Ne nepeceKalwTCA; B MOCJAEIHEM
cJydae TOBOPAT, UTO APAMAR NAPAAAEALHA RAOCKOCMU
(M1 YTO NIOCKOCTH MapaJjijiejbHa NPAMOIi).

§ 3. Yrnbi

Yzon mendy dayma nepecexarowuMuca nPpAMbLMIL U3-
MEpSETCA TaK XXe, KaK 3TO JeNaeTcsd B IUTaHUMETPHH (Tak
KaK 4Yepe3 ABe TaKue NPAMBIE MOXXIO MPOBECTH ILJIOC-
KOCTb). Y20 MexdYy napannenbHbiMu NPAMbLMI CUATAET-
ca paBHbIM HY M0 HAH 180° (cMm. IV, B, § 11). Yzon mexcdy
cxpewusarouumuca npamoimu AB u CD (puc. 154)D
onpeaeNsaeTcA TaK: yepes 106y TouKky O NPOBOAAT Ny4Hd

N OM | ABunON || CD. Yroa mexay ABu

D CDcuuraercs pasunim yray NOM. Ipy-

V THMH CJ0BaMH, npaMbie AB u CD nepe-

o< ¢ HOCATCA B HOEOE€ TIONOYKEeHHWe Tapai-
\ JIENIBHO caMHuM cefe 10 MX MepeceYeHHs

B npyr ¢ gpyrom. B uacTHOCTH, MOXKHO O

M B3SITh HA OAHOI H3 ipAMbIX AB, CD, Ko-
Puc. 154 TOPAsA TOr'Aa OCTAHETCH HENIOJBHMKHOM,
A Ilpamaa AB, nepecexamomas

naockocT, P B Touke O, o6paayer ¢

PasnMuUHBRIMH npaMumMu OC, OD, OF,
NpoBeIeHHAIMU HA MJIOCKOCTH P uepes

Touky O, BooOiue roBopA, pasJIHyHbIE

yrasl  (yram AOC, AOD, AOE,

B puc. 155). Ecan oHa nepneHaguKyaap-
Puc. 155 HA /IBYM TAKHM NpPAMBIM (Hanpumep,

1} Ha npsamoii AB (i ra npaMoit CD) MOXKHO IPOR3BOJBHO YC-
TAHOBHTL HANpasJcHKC: OTAKR Buanor Bx A{forCk Drundor D
x C). B mepBoM cayuac npamyle 0603HavaoT AB, BOo BropoM BA.
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OE, OD), To oHa NepneHAuKyJApPHA M
BCEM JIDYTHM NPAMBIM, NPOXOAAIMM Ye-
pe3 O (sanpumep, OC). Toraa npamywo OA
(puc. 156) naspIBAKOT NeprnenGuUKYAAPHOL
niaockocrn P, a nyockocTs P — nepneH-
AUKYyAApHOi npamoii OA.

Ilpamoyzoavroit.  npoexuyueit (umnm
MPOCTO NpOoEKLHEeH) mouku A Ha niaoc-
xocme P naswiBaercs ocHoBanue C mep-
NCHAHKYAApa, ONYIEHHOr0 U3 TOYKU A
Ha miockocTsk P. ITpoexyus ompesxa AB
Ha naockocme P ecTs orpesok CD, KOHUa-
MH KOTOPOI'O CJYKAT NPOEKUUU KOHIIOB
otpe3xa AB (puc. 157). Ilpoeuupopanne
€CTh OAMH U3 OCHOBHEIX IPHEMOR FEOMeT-
puueckoro uccaegoraHusa. C momonieo
NPOELIHPOBAHUA  ONPEAENAETCH  Yron
MEXAY NIPAMOI U ILJIOCKOCTBIO,

Yenom mexncdy npamoii OA u naocko-
c¢mpio P pasniBaeTcs yrosa, o6pasyeMnlil
upamoi OA u ee npoeruueit OB Ha mioc-
kocThb P (puc. 158). Ecau npamaa MN na-
pamnenrsHa miaockocra P (puc. 159), to
OHA NapaJieNbHa CBOeH IPOEKIHH H (0CT-
pulii) yroa Mexay MN u nnockocteio P
CYHMTAETCA PABHBIM HYJIIO.

durypa, obpazoBaHHaA IBYMA HOAY-
NIO0CKOCTAMH P U @, HCXOTAIUMMH K3 O]-
Hoit npamoii CD (puc. 160), HasbiBaeTca
dsyzpannoim yzaom. llpamaa CD nasbiBa-
eTcs pe6poM ABYPPAHHOTO YTJa; IUIOCKOC-
T P U @ HASBIBAIOTCA €70 2paHAMLU.

IInockocrs R, nepneHguKynApHas
pe6Gpy ABYTDAHHOTO YTIJa, B IEPECEYEHUH C
rpanaMH P u Q gaer yron AOB, HasuiBae-
MBIH AUHeUHbLM YZAOM J8Y2pAHKOZ0 Yy2aa.

3a Mepy ABYrPAHHOrO yrja NPUHUMA-
IOT BEJIMYHMHY €ro JUHEHHOoro yraa. BmecTo
«Mepa AsyrpaHHOro yria ecth 30°» romo-
PAT « ABYrpaHHbIH yroy paseH 30° U T. 1.

Puc. 158

M N
I

L]
x4

Puc. 159

<P

éO<B€/

p\vQ
Puc. 160



360 IV. B. CTEPEOMETPHA

YacTo roBOPAT TAKIKE «YIOJ MEXAY ABYMSA IIJIOCKOC-
TAMHA», TOA06HO TOMY KaK B IIAHMMETPHUH FOBODAT « YOI
MEXJY ABYMA NpAMbIMHM». IIpH 3TOM HMEETCA B BHAY
OOMH H3 YeTbIpeX YTIJOB, 06GpPA3IOBAHHLIX IJIOCKOCTAMH
(06b1uno ocTpBIH)),

Yeon (ocTpriit) Mexcdy d8yma naparierbHbtMu nAOC-
KOCMAMU CYATAETCH PABHBLIM HYJIO; B IPAMOM CMBICJE
MEI 3leCh BOOGIIEe He MMEeM YTJa.

JlBe nnockocTH, obpasyioi(ue APYr ¢ APYroM IpAMokH
YTOJ1, HABLIBAKOTCA NeprneHOUKYJAPHbIMU.

Yrasl, o0pazoBaHHBIE JBYMS
npaMbiMy AB u CD, cooTseTcTBeH-
HO NePHEeHAMKYJIADHBIMH TLIOCKOC-
Tam P u @ (puc. 161), pasHb! yraam
mexay P u @ (ocTphie — OCTDHIM,
Tynsle — TynbiM), Iloaromy mepy
yrJja MeXKAY ABYMA MAOCKOCTAMU P

B ¢ U @ MOXKHO OIPEefeIUTH ellle uHave,

a UMEHHO KaK BeJIHYHHY yria, obpa-
Puc. 161 3oBanHOro npaMeIMH AB u CD,

§ 4. Npoekuun

Ha naockocms MOKHO TIPOCLIMPOBATL HE TOJIBKO [IPA-
MYI0, HO 4 J100YI0 THHMIO, JeXKalYI0 B KaKoH-1u60 mioc-
KOCTH, TaK H He Jexawwmyw. [Iyers ABCDE (pnc. 162) —
KaKafA-HuGyas TUHMA (KpUBas Uiy JjoMaHan). Byaem me-

D IPEPHIBHO  TCPCABUIATH  TOYKY
cC 2E BR0Jb oTol sunuu. Korga rouka 6y-

AB i ! JeT 3aHUMAaTh nonoxeHuda A, B, C,
= D ur. a., ee npoernus (§ 3) 6yner,
= d9 nepeMeniafch, 3aHHMATH IIOJIOMKE-

2 Hua a, b, ¢, d ur. g. JJunusa abede,
ONMCAHHAA TIPOEKIMEH ABHKYIIEH-
Puc. 162 csi mo AUHUH ABCDE Touxmn, Ha3nl-

1) BepTuxalbHEIE M CMeXHEIC JBYTDAHHBIC YLl OIIpeeA-
I0TCSH TAK K€, KAK BEDTHKAJLHLIE H CMEMCHEIE YIITH MeXAY Ops-
MuRIMM, BepTHKaJABHEIC ABYTDAHHEBIE YUJABI PaBHBI APYr APYTY;
CMCKHBIE 8 CyMMc cocTaBasaioT 180°.
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BaeTcA npoexyueii TuHUH ABCDE. ®opMa npoeKuHH, Xo-
TH C2Ma 4 3aBUCHT BCELEJIO OT (POPMBI IPOELMPYeMOil JTx-
HUH, He onpeAeiser popmy npoeuupyemoii nuau. Ho ec-
JIM U3BECTHBI MPOEeKIHU HeroTopod dukuu ABCDE Ha
d8e nrocxocmu, To 3TUM onpegeasercal) u dopma camoi
NHHAN ABCDE. 9ToT haKT JeXKuT B OCHOBE METOAA Hayep-
mamensroil zeoMempul, B KOTOPOil reoMeTpuuyeckas QH-
Typa H3y4aeTcA ¢ IOMOMIBLIO €€ IPOeK U Ha ABE B3AUMHO
NepPneHAHKYAAPHbBIE IIOCKOCTH.

IIpu npoenMpoBaHUM JTHHUHM Ha
NJ0CKOCTh ee (opMa OOABEPraercs
usMeHeHno. Tak, Ranpumep, e€ciau
CHIPOEIMPOBATE HA IJIOCKOCTH P ®pyr
(pHrce. 163), nockocTs @ XOTOPOro He
napajenbra IMWIOCKOcTH P, To B
OPOEKIMA [OJAYyYaeTcA OBaJIbHAA Puc. 163
KPHBasA, HA3LIBAECMASA IAAUNCOM.

Ecnu saMKHyTas JUHUA, NEXKANIAA B IJIOCKOCTH @,
npoenHpyerca HA NAOCKOCTh P, To maomans S, orpaHu-
YeHHAS NpoexiHeil, CBA3aHA ¢ MIOMAAbIO S, OrpaHHUYEH-
HOH npoenupyeMoii purypoii, COOTHOIIEHUEM

S;=Scosq,

TAe &t — YToJI MeXJy MJIOCKOCTAMH P 1 Q.

AHanmornuHasa GopMyJia CBA3BIBAET ANHHY ¢ OTPE3Ka
AB (cwM. puce. 157) ¢ pnuHoit a, ero npoexnuu CD na nnoc-
KocTb P:

a,=acosa,
rae 0. — yroj Mexxay npAMoi AB H NJIOCKOCThIO P.
YacTo NoNb3yIOTCA TAKKe Mpoe-
{MPOBAHUEM TOYEK U OTPE3KOB HaA
npamywo (ocv npoexyui). .

IIycts nMeem npamyo AB i1 Tou-

Ky M (puc. 164). I[Ipoenem uepes M 4
ILJIOCKOCTh, NIEPIIEHAUKYAAPHYIO NPA-
Mot AB. Ona nepeceuet AB B HEKOTO- Puc. 164

1) 3a HcKnwUYeRueM HEKOTOPBIX OCOOBIX CAYHaeB pacHoJo-
KEHNA AUEKH.
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pOIt TOUKE /m; TOYKA M HA3bIBAETCA npoexyueir mowku M
Ha npamyio AB.

Ilpoennpysa koutel M u N otpeska MN Ha IpaMy0
AB, Mbl TONYyYaeM TOYKH m U N1; OTPAHNYHMBAeMhIi MMU
OTpEe30K HaswlBaeTcs npoexyueii ompesxa MN na nps-
myio ABY. [lnnua a orpeska M N cBasana ¢ JAUHOMN a, ero
npoeKuMH mn Gopmynaoci

a, =acosa,

rje o — yroa mexay npameimu M N u AB. IIpoexumu or-
PC3KOB Ha NPAMYIO MOXKHO CYMTATH BeJHMUYHHAMM anreb-
PaHYeCKUMH COBEDIIEHHO TaK JKe, KAK M IIPH IIPOeLNpo-
BaHHM B OHOH maockoctH (em. IV, B, § 10). Torga umeer
MECTO TeopeMa, aHAJOrMYHAA IJAHHMEeTPHYECKOH: CyM-
Ma nPoeKyLil 36eHbed AOMAHOL NTUHUL PABHA NPOeKyuL
3AMbLKAIOULE20 OMPEIKA.

§ 5. MHororpaHHbIA yron

0 Ecnu uepes Toury O (puc. 165) npose-
AeH pajx mwaockoctein AOB, BOC, COD.
M T. A., NOCTEAOBATENLHO NEPECEKAIONMMX
APYT Apyra no npavmeiM OB, OC, OD u r. 1.

A ¢ (nocaeguan nnockocts AOE mepecexaer
E D nepBy0 no npAMod OA), To monyyenHHas

durypa HashIBAETCA MHOZOZDAHHBIM Y2-

Puc. 165 nom. Touxka O HA3BLIBAETCH 8EPUILUHOLU MHO-

rOrpaHHOro yraa.

ITnockoctu, o6pasymoiie MHOFOrpAHHBIH YIoJa, Ha-
3LIBAKOTCA €r0 ZPAHAMU; IPSAMBIE, 10 KOTOPKIM NepeceKa-
JOTCS1 MOCJeROBaTeJbHble TpaHH, HA3HBAKTCA pelpamu
MHOrOrpaHHoro yria. ¥rast AOB, BOC u 1. A. Ha3b1BaloOT-
CH ero naoCKuMu ye.flamu.

1} O6paTure BHHMAHUE HA TO, 4To Mm ¥ Nn nepneHguxy-
napust AB, Ho B obuici enyyac (cp. puc. 153) He napannenbHn
Mex Ay co00H; OHM CKPCIUBAIOTCH, ccin npamsic AB u MN sB-
JIAKOTCA CKEPCUIRBAOILUMACH.
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Haumenbmee unucno rpaHed MHOIOTPDAHHOrO yria —
TpH (mpexzpannoiii yzor, puc. 166). Kaxxasrii nnockuit
YroJl TPeXIrPaHHOIo yria MeHbIle CYMMBbI U DoJbie pas-
HOCTH /IBYX APYIHX IIJTOCKUX YIJIOB.

CeueHne MHOrOIpPaHHOTO YIJIA IJIOCKOCTBIO (He Tpo-
XoasAllleil yepe3 BEPIIHHY) ecTh MHOTOYroyibHUK (ABCDE
Ha puc. 165}V, Ecny oH BRINYKABLIA, TO MHOrOrpasHbIi
yroJl Ha3pIBAEeTCA 8bLRYKAbLIM. B 8binykaom muozozpau-
HOM YzJie CymMMa nAOCKUX Y2108 He npesocxodum 360°.

ITapannensHBIE IIOCKOCTH OTCEKAIOT Ha pebpax MHO-
rorpaHHoro yria (puc. 167) nponopiHoHaILHBIE OTPE3KH
(SA : Sa = SB : Sb u tax nanee) u 0o6pasyoT NofoBHLIE
MHOTOYTroasHUKH (ABCD u abed).

o S
a '1# b
A B
A B ﬁ%
(o] p—C
Puc. 166 Puc. 167

§ 6. MHororpaHHuku; npusma,
napannenenunep, nMpamvaa

MHozozpahHUKOM HA3bi8AEMCA Mmeno, zpaHuya Komo-
pozo cocmoum u3 KYCKo8 naockocmeir (MHOZOYyzOAbLMHU-
x08). ITH MHOIOYIOJIbHUKHY HA3bIBAIOTCA ZpAHAMLU, UX CTO-
POHBI — pefpami, HX BEPIIHHB] — S8EPUILHAMY MHOZ0ZPAN-
Huxa. OTpesKH, COSTUHIOIIUE ABE BEPILIHHBI, HE IEMKATIHE
Ha OJHO 'PaHK, HA3LIBAIOTCA JUAZOHANAMU MHO20ZDANKY-
xa. BoinyxabiM MHOTOrpAHHHKOM HA3BIBAETCS MHOIO-
IrPaHHMK, BCE JHATOHAJIK KOTOPOrO JEKAT BHYTPH HEro.

1) B snemenTapHON reoMeTPMH PACCMATPHBAOTCA TOALKO
TAKHE MEOTOTDAHHBIC YTAHI, Y KOTOPBIX KOHTYDp ABCDE He uMe-
eT camonepeceuycHuii. [IpocToH MHOrOTpPAHHEIR Yroa BeIACASET
YACTb NPOCTPAHCTRA; €€ TAaKJ)Ke Ha3bIBAIOT MHOTOIDAHHBIM YT-
noM. O6 U3MCPEHUH MBOTOIDAHEDBIX yTrnoB cM. § 14.
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ITpussoi (puc. 168) HasnIBaeTCA MHO-
POTPAHHHUK, Y KOTOporo ABe rpann ABCDE
u abcde (ocHos8anua npu3mel) — paBHbIC
MHOTOYIOJBERUKH C COOTBETCTBEHHO NapaI-
JNeJbHbIMH CTOPOHAMM, & BCE OCTAJILHBbIE
rpanu (AabB, BbcC u 1. 5.} — napannaenor-
PaMMbl, IUIOCKOCTH KOTOPBIX Napaaseib-
HE! OAHOM npamoit (Aa, umu Bb, umu Cc
U T. A.). Ilapannenorpammur ABba, BCcb
M T. A. HA3h[BAIOTCA O0KOBbIMU 2ZPAHAMU.

Puc. 168 Peb6pa Aa, Bb u T. i. HaaepaoTcA 60K08be-
Mu. Bbicomoii NpU3MBI Ha3bIBAETCS IEP-
NEeHAMKYJAp Mm, onymeHHbId U3 11000 TOYUKH OJHOTO
OCHOBAHHUA Ha MAOCKOCTH gpyroro. IlpuamMa HasnIBaeTCA
TPEeYTroJILHOH, YeTHIPEXYroALHOM H T. A., B 38BUCUMOCTH
OT TOro, JEKHUT U B OCHOBAHHM TPEYroMbHHK, YEThIpexX-
YPONBHHK M T. O.
Ecnu 6oxornle pebpa npM3Mul nepnen-
0 JMKYJASPHBI TIJIOCKOCTH OCHOBAHMA, IPH3-
Ma — NPAMAA, eCNH HET — HakaonHas. Ec-
JM B IpAMOH NIpPU3Me OCHOBaHME — Ipa-
BHJBHBIA MHOTOYroJIbIIHK, TO NpPH3Ma —
npaguavias. Ha puc. 168 — naxkmoHnas
nATHyroasHags npusma. Ha puc. 169 —
NPaBUJILHAM IIECTUYTONLHAA IPU3Ma.
Iepnenduxyraproim cevenuem
Puc. 169 TN IV
a’b’c’d’e’ NpuaMbl Ha3LIBaeTCA cedYeHHe,
00pa3oBaHHOE ILTOCKOCTLIO, NepleHAUKYAApHOi 6oKoBO-
My pedpy (cM. puc. 168).

IInouaas 60KOBOH MOBEPXHOCTH NPHU3MBI paBHA MPO-
H3Benenuio nepumetpa (p') NepleHAMKY IAPHOTO Ce9eHUS
Ha anuny (I) boxosoro pedpa:

Soox = Pl

J s npAMOi HPU3MBI HEPIIEHAUKYAADIILIM CeYeHHEM
ABJIAETCA OCHOBAHHUE, OOKOBHIM pebpom — BricoTa ki, Tax
4To

Stox = Ph.
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O6wem (V) npu3Msl paBeH IPOH3BEACHHIO IIJIOWAAU
TepIeHgUKyAsipHoro ceyeHud (S') na anuny (!) 6okoBoro
pebpa:

Vv=_81,
MJTH TUJIOUIAAN OCHOBAHHKA (S) Ha BLICOTY, T. €.
V= Sh.
Hapaaneaenunedon Ha3bIBAETCA a b
fIpH3Ma, OCHOBaHHE KOTOPOH — mapaJsiie- TAN
aorpamm (puc. 170); taxum obpasom, ma- c

pannenennne] HMeer WECTs 2paHell U Bce
OHH — TapaJjienorpaMmmul. llpotwBomo- A
JIOKHbLIE MPAHH MONIAPHO PaBHbI M Napaj-
nenwsusl. [Tapansenenunes HMEET YeThIpe D ¢
dugzonaiu; Bce OHH NEPECeKAIOTCA B OJ- Puc. 170
HOH TOUKE K AeJATCA B Heill monojaM. 3a

ocHOBaHUe MOXKET ORITh IPAHATA Ji06as rpaHs; 06mem pa-
BEH NPOH3BeACHHIO IO aAH OCHOBAHNA HA BLICOTY:

V =S8h.

IMapannenenunef, 4ersipe OOKOBBHIE
TPaHM KOTOPOI0 — NPAMOYTOJBHHKH, Ha- 3
3bIBACTCA NPAMbILM. d

IIpamoii mapasnsiesielIunes, y KOTOPO- v e
ro BCE NIECTH 'PAHEH — NPAMOYTOJLHAKH,
HA3RIBACTCHA NPAMOYZOnLHuiM (pHC. 171). b
O6rem (V) mpsamMore uapanjenenunena
PaBeH IPOH3IBEACHHIO ILJICIUAAH OCHOBA- Puc. 171
Hus# (S) Ha BeicoTy (h):

V=_S8h.
Jsta npAMOYTOJIBHOTO NapaJuieslenunena, KpoMe To-
ro, HMeeT MecTo popmyaa
V =abe,
rae a, b, ¢ — pebpa.
JMuarcHans (d) DpAMOYroJILHOTO TNapaJuieclHiena
CcBA3AIMA ¢ ero pebpaMu COOTHOLIEHHEM

d?=a?+b%+ 2
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IIpamMoyronsHbIi  ITapanjenemume)j, BCe TI'pPaHU
KOTOPOro — KBaApaThl, HasbIBaeTcsa kybox. Bce pebpa
ky6a pasHbl; o6beM (V) kyba BeIparkaeTcs Gopmynoit

V =a3, rae a — pebpo Kyba.

S Iupamudoii Ha3LIBAETCA MHOIO-
FPAHHHK, Y KOTOPOTI'C OXHA I'PaHb — OC-
HOo@aHUe nupaMudst — TPON3BOJIbLHBIN
muoroyroasHuk (ABCDE, puc. 172), a
ocranbHble — 00KO8ble ZpAHU — TpE-
yrOJBHUKMU ¢ 001ell BepintuHou S, HasbI-
BaeMoi @eplrunoi: nupamuds. Ilepnen-
JHKyAAp SO, oNylesHbld H3 BePIU HHbI
Ha OCHOBaAHME, HA3LIBAETCH @abICOMOLl
nupamude:. IlupaMuza Ha3sIBAGTCA TPE-
YTOJIBHOM, YEeTHIPEXYTOJBHOM U T. A., B
3aBHCHUMOCTH OT TOTO, JIEXKHAT JIN B OCHO-
BAHUH TPEYIrOJILHUK, YETBIpeXyroJsHUMx U T. . Tpe-
yrojbHasA NMUpaMUAa €CTh YEeThHIPEXPPAHHUK (TEeTpasap),

YeTRIPEXYroJbHAA — NATUTPAHHUK U T. X.
s [IupamMuga HaswIBAETCH npasuns-
HOU, eC/IH €€ OCHOBAHHE — NIPaBHAbLHLIH
MHOroyronbHHK (puc. 173) u Bbicora na-
JaeT B LIEHTPp OCHOBaHHA. B nmpasuabHOM
napaMuge Bce O0xosble pebpa paBHBI:
Bce GOKoBbIe I'DAaHHM — paBHLIE PaBHO-
i be/ipeHHLIE TPeyroAbHHKH. BricoTa (SF)
0OKOBOM IPAHH HA3LIBAETCA AnNoGQeMOll

Puc. 173 NpaBUJIBHOM NUPAMUALL.
ITaoujade Goxosoit nosepxrocmu
npasuaviol nupamMudsvl pasHa npousgederul0 norynepu-

Mempa OCHOBAHUA (%p] Ha anogpemy (a):

1
Sox = 3 pa.

O63eMm acakoii nupamudst paser oGHoiL mpemu npo-
usgedenusa naouwiaou ocrosarun (S) Ha avtcomy (h):

_1
V—§Sh.
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Ecau B nupamuze NposecTH cede- b C
Hue abcde, mapajjesbHOe OCHOBAHMIO (ﬂb
ABCDE (puc. 174), To Teno, orpaHuyeH-

HOE OTHM CEYEHHEM, OCHOBAHHEM M 3a- p

KJIIOYEHHOH MeX/Jy HMMH YacThio 00xO- D
BOM NMOBEPXHOCTH NMMPAMHALI, HA3LIBAET-

ca ycewennoii nupamudoir. Mapannens- 4 "
Hble TCpaHH YyCEYeHHON NHUpPaMHALI

(ABCDE H abcde) HasnBawTCst €€ 0CHO- Puc. 174

BAHUAMU; DPACCTOAHUE MEXAY HUMU
(00,) — sbicomoii. Yceuennaa mUpaMHAa HA3bLIBAETCA
npasunbHOil, eCTU NMPaMHUJA, U3 KOTOPON OHA MOJyYeHa,
6pina npaBuapHoii. Bce 60KOBRIE PAHH IPAaBUALHOIM yce-
4YeHHOM MHpaMUkl — paBHblE PABHOOOKHE TPAMEIIHH.

Bricora Ff GoxoBOH rpaHy Ha3bIBaeTCa anopemoi
NpaBUJABHONH YCEUEHHON NN paMHLL.

Haowads 6oxos0ol nogepxrocmu npasunbHoOL Yyce-
YenHoi nupamudsl pasrna npoussederuio NOIYCyMMoL ne-
Pumempo8 OCHO8AHUIL Ha anopemy:

1
Seox = 2 (P, +pz)a,

rae py, p; — NEPHMETPLI OCHOBaHHM; @ — amodema.

Obsem V gcanoil ycewennoil nupamudsvi pager mpe-
mu npou3sedenus 8biCombt Ha cCyMMy nrouadeii sepxHe-
20 OCHOBAHUS, HUNHEZO OCHOBAHUA U cpedrell nponop-
L{UOHAAbHOIL Men Oy RUMU:

= %h (S, + JS,S; +5,),

rae S, — mnowaae ABCDE, S, — naowmags abede, h —
BricoTa 00,.

B uvacrHocTH, 06beM V NpaBHABHOH YEThIpeXyroJb-
HOH yceuyemHo# MMPAMHUIEI BeIpaXkaerca Gopmyaoi

=§h(a2+ab+b2),

rpeaub— CTCPCHLI KBaJpaTeCB, JeXalHuX B OCHOBA-
HHAX.
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§ 7. Uvnuuap

Hunundpuveckoit noéepxHoCcmbl0 Ha3RIBAETCA II0-
BEDXHOCTE, o0pa3dyemas JABUXKeHueM npamMoi (AB,
pHc. 175), coxpanamwen oJHO M TO XKe HanpaBJeHHe U
nepecexarollel Aanaywo AHHHI MN. JInuua MN unassiBa-
eTCA HaAnpasAfAuiell; IpaMbIe JHHNAH, COOTBETCTBYOIIIHe
Pa3JIMYHLIM [I0JOXKEHHUAM NIPAMOH AB, HaablBaOTCA 06pa-
3ywuME UUIHHIPUYECKOH moBepxHocTH. Tesno, orpa-
HHYEeHHOE NHJIMHAPHYECKOM NOBEPXHOCTHIO (C 3aMKHYTOUR
HAIpaBNAKNIIel) ¥ JABYMA napajijieNsEHBIMU IJIOCKOC-
TAMH, HasbiBaeTcs yuaurdpom (pvc. 176). Yacru na-
pajjenbHLIX NAOCKOCTeH, OrpaHUYMBAIOIIUX IHUJIMHAD
(ABCDE wu abcde), HaabIBAIOTCA OCHOBAHUAMU IAJTHHAPA.

PaccroaHmne MeXAY OCHOBAHUAMHU
M B HA3LIBAETCA 6biCOMOU OUINHAPa (Ha
puc. 176 — MN).
ITIpusMa ecTh YaCTHRIA BHA OH-
A N aaHapa (ofpasyooniue napanienhHb
Puc. 175 GoKOBHIM pebpam; HanmpapIAomas —
MHOPOYTFOJIbHHMK, JIEXKAIUH B OCHOBA-
Huu). C Apyro# CTOpoOHBI, TPOUIBOb-
HEIA TWJIMHAD MOMKHC DacCMaTpHUBATh
KaK BBIPOAMBINYIOCA ( «CrJIA2KEHHYIO»)
TPHU3MY € CYeH: OGONBIIMM YHUCACM
oyeHb y3knx rpaseit. ITpaxktuueckn
IAJAKHADP HEOTAWYUM OT TAKOH IpM3-
Mbel. Bece cBoHcTBa IPH3MBl COXPaHs-
KOTCH H B IINHAPE (CM. HMXKe).
unuagp — npamoil, ecau ero ob-
paayolise HepOeHAHK YIS PHBI OCHOBA-
E HUIO; B IPOTHBHOM cJIydae — HaKAOH-
ubili. INNMHAD — Kpyzoaoil, ecau B oC-
HOBAHHMM ero xexxut Kpyr. Ecam nu-
c JAHAD OJHOBDEMEHHO NMPAMOH M KpPy-
4 rOBOM, OH HAJLIBAETCHA KDY2AbiM
(puc. 177). Kpyrasiii (HAMHAD MOXKHO
paccMAaTpPHMBATh KaK BHIPOXKJAEHHe Ipa-
H BUJIBHOU NIPU3MbL. @OpPMY KpPYriaoro
Puc. 177 IMHJIHHAPA MMEIT MHOTHe IpeaMeTsl
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(TpyORI1, cTakaHEl 4 Ap.). Kpyriaeiil {HIHHAD MOXKHO mOIY-
4YHUTH, BpauaA NPAMOYTOJbLHHK BOKDYF OZHOH H3 ero CTo-
POH, NICITOMY KPYF/IBIH IIMJIHMHAD HA3KIBAETCA TAKIKE yu-
AuHOpoOM apauieHus.

CeueHusn 00OKOBOI MOBEPXHOCTH KDYrOBOr0 IIHJIMHJ-
pal), napannenuHuie ocaopanuo (ABCD na puc. 177), —
OKPYKHOCTH OAMHAKOBOro paguyca. Ceuenusd, napad-
JNennHBIe 00pAa3yomel, — Nnaprl TapajaiebHbIX TIPAMBIX
(EF u HG). Ceuenusn, He napaijesbHble HH OCHOBAHHIO,
HH ofpasyromeit (abed), — pnnunce (cM. § 4).

IInomans 60KOBOM TMOBEDXHOCTH IMJIMHAPA DaBHA
HPOH3BeAEHHIO 0bpasyloniei Ha ATHHY IUHUM, OPPAHHYM-
BaloLleil cedeHue, epnesguKyaapHoe obpasyomei. na
HPAMOTO LUAKNAPA TAKHM CeYeHHEeM fBJSETCH OCHOBa-
Hue, a 00pasyinasn ABJAETCA BLICOTOM.

ITrouads 60Kx0601 NOBEPXHOCMU KPY2A0Z0 YUAUHODA
DasHa npous3eedenitio ONuNbL OKPYHHOCMU OCHOBAHUS HA
avicomy:

Seox = 20rh.
O63em 6CK020 YUAUKAPA pPABEH nPpOU3BedeHU nAao-
wadu OCHOBAHUA HA BbICOMY:
V =Sh.
Jlnsa Kpyraoro MUAHHADPA
V =nr?h (r — paguyc ocHOBaHHuA).

§ 8. Konyc

Konuvecxoit noeéepxHocmvio HA3LIBAETCA IIOBEDX-
HOCTb, 06pasyeMan ABMKeneM npsamoii (AB na puc. 178),
npoxojsnieii Bce BpeMs Uepe3 HEeNOABHUK-

HyK0 TOYKy (S) MU mepecexraloweil AaHHYIO ‘17,7:\3
auauo (MN)?), M s~

Jinaua MN wuasmBaserca xanpagasio- A N
uyell; MpAMEIe JHUHHH, COOTBETCTBYIOIME
Pa3/IM9IHKIM NI0JIOKEeHUAM AB, Ha3kBAOTCA  Puc. 178

1) BokoByI0 MOBEPXHOCTH MEI TPEAIIOIArAeM MPOJIOMMKCHHOMN
38 OCHOBAHNE [IHJANEIPA.

2) B aneMeRTAPHOH reOMeTPHH PacCMaTPHBAIOTCA TOIBKO Ta-
KHe KOHHIECKHE IOBEPXHOCTH, Y KOTOPHIX HET CAMOIIEPCCCUCHMA.
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00pa3yowuML KOHUIECKOH MOBEPXHOCTH; ToYKa S — ee
gepuwunoir. KoHuueckass HOBEPXHOCTL MMEET JBE NONOC-
mu: oOgHA OITMCBbIBAaeTCA Ny4oM SA, apyras — ero npojoJs-
xenueM SB,

YacTo nojs KOHMYECKOH IOBepXHOCTHIO N0APa3yMeBa-
0T OJHY U3 ee nonoc'rei'z.

Konycom Ha3bIBAETCA TeJsOo, OrPAHMYEHHOE OJHOH
MOJIOCTHI0 KOHUYECKOH MOBEPXHOCTH (C 3aMKHYTOM Ha-
npasaAwIged) H nepecekamomed ee IJOCKOCTHIO
(ABCDEFGHJ, puc. 179), ne npoxogsawmen yepes eep-
muHy S. HYacTs 3TOH NIOCKOCTH, JIeKallasda BHYTPH KO-
HMUECKOH MOBEPXHOCTH, HASBIBACTCHA OCHOBAHUEM KOIY-
ca. lepunenauryaap SO, onyuieHHbld H3 BePUIMHBLI HA
OCHOBAHHE, HA3KLIBAETCH BbCOMOL KORYCA,

ITupaMuda ecTh YaCTHRIN BHUX KO-
Hyca (HANpaBJIfgoad — MHOTOYIOdb-
HUMK); OPOM3BOJBHEIA KOHYC €CTb BbI-
POXXAEHHE MHPAMH/LL.

Konyc =nasoiBaeTca kKpyzosbim
{puc. 180), ecnd ero ocHoBaHme —
KpyT.

IIpsamaa SO, coepuHsAwIan Bep-
IIHHY KOHYCa H ILEHTD OCHOBAHHA,
HA3LIBAETCA 0CbI0 KoHyca. Ecau BeI-
coTa KpPYroBOoro KOHyca IajaerT B
UEHTD OCHOBAHHHA, OH HAJILIBAETCHA
xpy2avim KonycoM (puc. 181). Kpyr-
AR KoHyC MOeT ORITE INOaAyuYeH
BpalleH4eM IPAMOYIOABHOrC Tpe-
YyrOJbHHKA OK0JIO OZHOT0 H3 KATETOB.
Puc. 180 IloaTOoMy KpYTJAblH KOHYC Ha3plBAIKOT
TAKKe KOHYCOM 8PAllieHuUA.

CeuyeHHe KPYTrOBOTO KOHyCa IJIOC-
KOCTbIO, TNAapanieabHoil OCHOBAHHIO,
ectb Kpyr {cM. puc., 180). O ceyenuax
KOHYCA NJOCKOCTAMH, He Napajijeib-
Puc. 181 HBIMY OCHOBaHMIO, cM. § 9.




§ 9. KoHuyeckue cevenna n

ITrowads Goxosol noeepxuocmu KpYyzaozo rkonyca
PasHa nPouU3BedenuI0 NOA06UHbL UKL OKDYHCHOCTIL OC-
nosanus (C) na obpasyouywo (I):

Sox = %C! =qrl (r — paguyc oOCHOBAHMSA).

Obvem 8caK020 KOHYCA pasder mpemu npouigedeHun
naoujadu ocnoganus (S) na astcomy (h):

-1
V 3 Sh.
Ilnsa Xpyraoro KoHyca:
_1 N —
3 Sh 3 arsh.

§ 9. KoHnuyeckune ceyeHun

Konuyeckumu cederHuAMit HA3BLIRAIOTCH JUHUH [e-
pecevyeHH A PA3TUYHBIX NIIOCKOCTEH ¢ GOKOBOI IOBEPX HO-
CTBIO KpYy208020 (He obA3aTENARHO KPYTAOre) KoHyca. Ko-
HHYECKAas I0BEPXHOCTh HPEACTABIACTCH
HEOrPAHHYEHHO NPOJOIIKEHHOH B 0be
CTOPOHLI OT BEPLUIKHLI.

Ecan cexkyuwan mJIoOCKOCTh, mepece-
KaeT JHIUL OIHY MOJIOCTL KPYTrOBOIo KO-
HyCa M He IapaiJielbHA HH OJHOM H3 ero
o6pasyronux (puc. 182), To KoHMUYeCKOe
ceyeHue aApagerca saauncorm (§4). B Puc. 182
HCKJAIOYHTENbHBIX CAYYAAX JIAMIC 06-
pailaeTcs B OKPYKHOCThY),

Ecnu cexkymasa NJ0CKOCTL Iepece-
KaeT JHMIb OAHY IIOJOCTHL KPYIOBOIO
KOHYCa M IapaianesbHa OAHOH H3 00-
pasywitux (puc. 183), To B ceueHHHU
NONY4YaeTCA HEOrPAHHYCHHAA (B OZHY

CTODOHY) JHUHWA, Ha3blBaeMasa napa-
Sonoir. Puc. 183

1) HanpuMep, B KPYILJIOM KOHYCC BCC CCHUCHNSA, MapataCib-
HBIC OCHOBAHMIO, — OKPYXXHOCTH.
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Ecau cexynasa njaoCKOCTh mepece-
KaeT ofe MOJIOCTH MOBEPXHOCTH Kpyro-
Boro konyca (puc. 184), To B ceueHuu
NOJYyYAETCA JTUHUA, COCTOANAA U3 BYX
HEOTPAHMYEHHO YAANAILNXCS ReTBE,
HasplBaeMas zunepbonoii. B yacTHocTH,
runepbosia noJydyaeTca B TOM cJjyyae,
KOrja ceKymnjas IJIOCKOCTb Napalieib-
Ha OCH KOHycAa.

Kouuyeckue ceuenud NpeAcTaBIA-
10T 60/1bUIOI HHTEpeC KaK B TEOPETUYE-
CKOM, TaK H B MPAKTHYECKOM OTHOLIIe-
Huu. Taxk, B TeXHHMKE PUMEHAIOTCA
JNMUNTAYECKHE 3yGuaTele Koyeca, ma-
pafonuuecKue MPOMKEKTOPSHI; NJ8HETH U HEKOTOPHIE KO-
METH! ZIBUMKYTCA MO 3JJUINCAM; HEKOTOPbIE KOMETHI JABHU-
KyTesa no napabonam U runepbonam.

OcHoBHRBIE CBOMCTBA KOHUYECKUX CEYeHU N M3J1araor-
€A BO BCEX PYKOBOJCTBAX M0 aHATHNTHYECKOH reOMeTpHHU.

Pnc, 184

§ 10. lWap

HTapogoit, uan cgreputeckoit, nogepxnocmero (MHOr-
[a IPOCTOo ¢epoil) Ha3bpIBACTCA reOMETPHIECKOE MECTO TO-
4yeK MpOCTPAHCTBA, PABHOYAAJEHHKIX OT OJHOH TOUKM —
yenwmpa wapa (Touka O Ha puc. 185). Paduyc OE u dua-
memp EG maposoil IOBEPXHOCTH ONPEAENAIOTCA TaK e,
KaK aadA okpyxHoctH (IV, B, § 14).

Teno, ozpanuier oe Wwaposoil n08epXHOCMbIO0, HA3bl-
Gaemca Wwapom,

Illap ™MOHO MOJYYMTHL, Bpamas OOJAYKPYr (WUad
KPYT) OKOJIO ero AMaMeTpa.

Bce mnsockuwe ceyeHWA mapa —
Kpyr# (ABCD na puc. 185). C nputan-
JKEHHEM CEKYINel NJOCKOCTH K IeHTPY
mapa pajgMyC Kpyra yBeJUYHBaeTCH.
Haubonsmuit kpyr EFGH noayuaerca
B CeYeHMU HI1apa JIOCKOCTLIO, IPOXOAA-
nieit yepes ueutp O. Takoii Kpyr gesur
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NONOAaM [ap M ero NoBePXHOCTH U Hadkl-
paeTca foxsvwiuMm Kpyzom. Pagnyc 6onbiuo-
ro Kpyra paBeH Daguycy muapa.

Besakas napa 6oapivx KPYTroR mnepece-
KaeTcA o A4aMeTpy wapa (AB na puc. 186),
CAYKAUEMY AHMAMETPOM TaK3Ke H JJIA KaXK-
JIOT'O K3 TIePECEKATUMXCA KPYros. Puc. 186

Yepes AB€ TOUKHK IIAPOBOI IOBEDXHOCTH, JieKalue
Ha KOHILAX OXHOIC H TOTO Ke AxaMerpa (HalpHMED, IO
Chl 3EMHOIC LIapa), MOXKHO IIPOBECTH DeCUHCIeHHOe MHO-
xecTBO BobLINX KpyroB (MepHaHaHbl). Yepea ABe TOUKH,
He nexkamjie Ha KOHIaXx OAHOro AHAMETPA, MOXXHO NpO-
BECTH OAHH H TOJALKO OQHH GOJNILIIOH KPYT.

KpaTtuaiiwee paccroaumne Ha cepH1eCKOii IOREPXHO-
CTU MeX ]y IBYMA ee TOUKAMH eCTh Ayra (MeHblllad Iony-
OKPYXKHOCTH) 0OJBIIOr0 Kpyra, NPOBeACHHAA Yepes 3TU
TOYKH.

ITrowads nosepxnocmu wapa pasia yuemaepeH Hoil
naowadu 60abUI0Z0 KpY2a:

S = 4nR? (R — paauyc mapa).
OGsem wapa pasern o0zemy nupamudvi, OCHOBEHUE

Komopoii umeem my xe naoujade, ¥mo u NOBEPXHOCMS
wapa, a gvicoma ecms paduyc wapa:

-1 =4,
3RS 31tR.

O61eM napa B OATOPa pa3a MeHblIe 00'heMa oITHCaH-
HOrO BOKPYr Hero umausapa (puc. 187), a maomaas
DOREPXHOCTH MIapa — B IIOJTOPA Pa3a MeHLIe IJIonaau
TIOJIHOM MOBEPXHOCTH TOPC e IMIMHIpa
{(meopema Apxumeda):

2 2
S=§Sl, V=§V1|

rae S;, V, — mromazes moxHoi noeepx-
HOCTH H 06'beM UMINHADA, M300Pa’KeHHOTO
Ha puc. 187.




374 V. B. CTEPEOMETPWA

§ 11. Chepuyeckne MHOroyronbH1UKU

Cghepuneckum MHOZOYZOALHUKOM Hal3biBaeTcA Gury-
pa, COCTaBJeHHAsA 3aMKHYTHIM PAAOM AYT OOJBIIMX KPY-
roB; Ka)Xaas Ayra He J0JI2KHA IIPEeBOCXOAHUTE NOJAYOKDPYXK-
HocTd Goawiuoro kpyra. Ha puc. 188 usobpasxeHn chepu-
YeCKUH IATUYTOJIBLHMK.

Oyru AB, BCu . 1. — cmoporst chepU4YecKoro MHO-
royronsHuka; Toukn A, B, Cur. . — gepwiunst.

CoepHyecKMil MHOTOYTOJLHHMK — 8binyKAblil, eclHn
BeCh ero KOHTYD paclojiaraetcs Ha o0Hol U3 ABYX IOJAyY-
chep, 06pa3oBaHHKIX OOJBLIIUM KDPYroM, KOTOPOMY IIpH-
HAJANEeXKHNT KaKasa-a11ubo cropona. Muoroyroasauk ABCDE
Ha puc. 188 — Brinyknni. MuoroyronsHuk LMNP Ha
puc. 189 — HeBBINYKJLINA; €ro KOHTYD paclojaraeTcs Ha
obeux nosycdepax, o6pazoBaHHbIX OONBITUM KPYTrOM CTO-
poHbl NM (a taxske ctopoust N P).

Bameuanue. B 3reMeHTADHON reoMeTpuM pac-
CMaTPHBAKTCA TOJLKO npocmsie chepHYecKHe MHOro-
YrOJLHUKH, T. €. TAKHE, ¥ KOTOPbIX KOHTYD He IlepeceKa-
et cam cebdA. BeAkHit npocToii MHOrOYroJibHUK pastueaer
noaycdepy Ha ase 061acTH. OfHY M3 HUX MOKHO CYMTATh
BHYTPEHHEH, APYTYi0 — BHemHel. Ecnu nnomangu obaac-
Tell He paBHBI, 32 BHYTPEHHIO OGLIYHO NPHHHMAKT TY
obaacTs, IIoHMIagE KOTOPOM MeHbIIIE.

Brympennuit yroy chepuyecKoro MHOrOyroJlbHHKa, Ha-
npumep yroa ABC, obosnayeHHbli Ha pac. 190 yepes f3, us-
MepAeTcs JMHENHKIM yriiom A'BC’, koTopelii 00pasoBaH Jsy-
yamu BA’, BC’, kacaomumucs cropod BA, BC. Bmecrto nu-

Puc. 189 Puc. 190
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HeitHoro yria A'BC’ MOMKHO B3ATh H3MEPAEMbIH MM IBY-
rpaHHbIA yroJ, pebpo Kotoporo ects pasuyc OB, a rpaHaAMH
ABNAIOTCA II0CKocT OBA’, OBC’ 6onbiinx kpyros BA, BC.

TakuMm xKe obpaszom erHewHuil yroa cdhepHYeCKoro
MHOTOYroJbLHHKA, Hanpumep yroa D”BA, 06o3HayeHHbI
Ha pHc. 190 uepes (', usMepsercs JHHEHHBIM yIrJOM
D’BA’ M4 COOTBETCTRYIOIIMM JBYTPaHHBIM yriaom. CymM-
Ma BHYTPEHHEr0 ¥ BHEIIHEro yrjoB [IPH OXHOH BeplInHe
pasHa 180°, T. e. T pagHaHOB.

IInockHi#* MHOrOYroNEHHK MMEET CAMOE MEHBIIEE TPU
cropodbl. ChepuyeckHH MHOrOYrOJILHHK MOKET HMETB /IBC.
Ha puc. 191 usobpaxken chepHyeCKIM ABYYroJbHHK, BHYT-
PEeHHHe yTJsl &, B ABYYroJbHHKA PABHBI MEXKAY COBOI.

IInomasAs ABYYrOALHUKA, BHYTPEHHHH yroJ KOTOPO-
ro COJEP>XHT O PAJHAHOB, BblpakaeTca Gopmyaoiu

S = 2R%q,
rae R — paguyc mapa.

IIpumep. [BYYroTbHHK, Y KOTOPOr'0 BHYTPEHHHIT
yroj npaMoi (YeTBEPTHHKA NMOBEPXHOCTHM IlIapa), HMeeT

nromans 2R? - '2-‘ = RZ, 1. e. Ty e, 4TO ¥ 6ONBLINOH KPYT
(cp. 1V, B, § 14).

B chepHYECKOM TPeyroNbHMKE CYMMA BHYTPEHHHX
yryioB Bcerga Goasue 180°; mnouagb TpeyroibHHKA MpPo-
nopuHoHAJAbHA H3GLITKY 9T0M cyMMul Hag 180°, UmenHo,
€CJM BHYTPEHHHE YIJIbl COAepkaT ,, O, O3 PAAHAHOB
(puc. 192}, To

S=RZ(0; +0,+ 05— ). 1)

B
Puc. 191 Puc. 192
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CyMMa BHEIIHHX YIVIOB CPEPHYECKOr0 TPEYFOIbHHKA
Bceraa Mensiue 360°. Ecru of, ), 0y — BHEIIHME YIJIBI
TpeyrosibHHKAa, BBIpad<eHHble B pagHaHHOH Mepe, TO

S=R?(2n - (o} +aj+ay)). (2)

Ota ¢dopmMyna pacupocrpaHserca 1 Ha aw0boi chepu-
YeCKUM MHOroyrosbHuk, Umenno,
S=R?(2n— (o} +ta%+ ...+ )},
T. €. OTHOLUEHHE III0LAaaH cPepUIecKoro MHOrOy roJibHHU-
Ka K KBaApaTy pagnyca lllapa paBHO H30BITKY 27 Haj CyM-
MOii BHEIUHHX YIJIOB.
v MIpumep. Pacemorpum chepu-
H YECKHH TPeYroJsHHK, 00pasoBaHHbIH
] TPEMA B3AUMHO NEPNEHIUKYAAPHBI-
- B - mu GonblinMu xkpyramu (puc. 193).
CyMMa ero BHYTDEHHHX YTJIOB DaBHa

\ %’3 . ITo dopmyne (1) Haxoaum:
A

1
Puc. 193 =3 nR2.

Tor e pe3yTbTAT DOAYIHM, YITH, UTO AAHHKIH TPEYroNb-
HHUK COCTABNAET % yacThb cdepel (cp. § 10).

CyMMa BHEIIHHX YTJIOB JAHHOMO TPEYTOABHHKA TOMXE
pasHa 3?” . [To dpopmyne (2) HAaXORHUM CHOBA S = -21-1T.R2.

§ 12. Hactu wapa

YacTe WIapa, oTceKaeMas OT HETO
Kakou-uubyas maockoctoio (ABCD
Ha puc. 194), HaswIBaeTCsa wapoabim
(MM chepNUYECKHM) CeZMeHMOM.

OcHosanuem 1ApOBOro CErMeHTa
HaseiBaerca Kpyr ABCD. Bsicomoii
LIAPOBOT'0 CErMEHTA HAJLIBAETCA OT-
Puc. 194 pe3ok NM, T. e. inMHa NepreHAnKy-
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J1fpa, BOCCTABJIEHHOT'O U3 weHTpa N OCHOBaHMA 0 nepece-
YeHHUA ¢ noeepxHocThio wapa. Touka M HasniBaercH gep-
WuHOU IAPOBOro CErMEHTA.

ITrowadv xpueoit nosepxHoCcMmuU Wapogozo cezmernma
PaBHAETCA TIPOUIBEJEHMIO €r0 BRICOTHI HA OKDPYXXHOCTB
6osB1IIOTO Kpyra mapa:

S=2nRh
{rie R — paanyc mapa, i = MN).
O6vem Wwaposozo cezmenma BLIPAKAESTCA TAK:

V=nh? [R— %h,) o V= énh (h2 + 3r2),

Fle ¥ — PAfAyC OCHOBAHNA CETMEHTE.

Yacts mapa, 3akJ04YeHHAA MEXAY
ABYMA CeKYI[HUMH Iapa/ielbHBIMH
nnockoctamu (ABC u DEF na puc. 195),
HaanlBaeTCa WapossiM croem. Kpusasa
OBEPXHOCTH 1IAPOBOrO CJAOA HAJbIBA-
e€TCA WApP08biM ROACOM (UNU 30HOILL).
Kpyrn ACB u DFE Ha3bBalTCH 0CHO- Pnc. 195
8aHuAMU WIADOBOTrO nosca. Paccroanue NO mexay oc-
HOBAHMAMU €CTH 8biCOMA MIAPOBOTO CJ0A (M mosca).

ITrowade xpusoit nogepxrocmu waposozo caof (S)
paBHa NPOU3BEJEHHIO ero BuICOTHI £ = NO Ha naowanb
foabIIOTO Kpyra mapa:

S = 2nRh.
O6sem wapogozo croa BeIpaXkaeTca popMynoi

v=im+inef+rin,

rje r; U ry — Paguychl OCHOBaHMH,

YacTb mapa, OTpaHAYEHHAA KPH-
BOM IOBEPXHOCTRI [IADOBOrO Cer-
meHTa (AC Ha puc. 196) U konHue-
ckoi mosepxuoctsio (OABCD), ocHo-
BaHHEM KOTODOMH CJAYKHT OCHOBAHHE
cermenta (ABCD), a BepmuMHOH —
UEHTP ImAapa, HASLIBAETCA WaAPOSbIM
CexmopoM.
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IToeepxnocme waposozo cexmopa CKIaJbIBAETCA
M3 KPHBBIX MOBEPXHOCTEH IIAPOBOrOo CerMeHTa M Ko-
Hyca.

O6zem wiapo8pzo cexmopa paBeH 06beMy IHpaMHABL,
OCHOBaHWE KOTOPOH MMeeT TY 3Ke ILIoIaAk, UYTO H BRIpe-
3bIBacMasa CEKTOPOM 4YacTh IIAPOBOI MOBEPXHOCTH (S), a
BBLICOTA PaBHA PAajMyCy Iapa:

~lpoc_2_po
v 3RS 3111-1'};,

rae h —— BBICOTA HIAPOBONO CErMEHTA, NPUMHANEHKAIIETO
1IAPOBOMY CEKTODY.

§ 13. KacatenbHas nnockoctb
lapa, UMAMHAPa U KOHYCa

Heb6onnmyio ayry AB Kakoi-uubyap xpusoit aunuu
(HanpuMep, OKPY’KHOCTH) Ha IpPAKTHKE yacTo b6e3d 3amer-
HOI OIIUOKY MOKHO 3aMeHUTh HeGoAnuNM oTpeskom AT
nNpAMoii, KacaTeapHOM K ayre AB B rtouke A (puc. 197).
Taxk, HanpuMep, Mbl FTOBOPHM, YTO HAEM H3 OJHOTO MecTa B

Jpyroe no NpAMOi JHHHM; HA ca-

A T MOM JeJie Mbl [IepeMeiaeMca npu

= 5r0M He 10 NPSAMON JAWHMM, a 110

B ayre 60sabpm0r0 Kpyra, MpoBegeH-

Puc. 197 HOro Ha IIOBEPXHOCTH 3JIEMHOIO
mapa.

TakuM ke 00pasoM HebOJILIUYIO YaCThb Kpusoit no-
éepxHocmu (HalpuMep, MOBEPXHOCTH IIAapa) YacTO MOXK-
Ho 6e3 3aMeTHOMH OLTHOKM 3aMEeHHThL HeGOMbLIHM KYCKOM
KacameasMHoll nNAOCKOCMU, T.e. MJIOCKOCTH, KOTOpas B
MAaJIOM CBOEHM YaCTH NMPAKTHYECKHU HEOTJIHYMMA OT MAJOH
JKe YACTH KPHUBOH MOBEPXHOCTH., ITOT PaKT GbIJ MPHUHA-
HOH TOro, 4YTO B TEYEHHME MHOIMX TRICAYEJNEeTHH AU
omIMGOYHO CUMTAM IOBEDXHOCTh 3eMIH JIOCKOH.

TouHoe onpeaesneHHe KacaTeNhHOM MAOCKOCTH MOXK-
HO /IaTh B IOJIHOM COOTBETCTBMH C perk e nanunm (IV, B,
§14) TOYHBIM OnpefieIeHUEM KacaTenbHoi npamoi. Tor-
212 MBI pacCMaTpuBanu dge moikiu A u B HeKOTOPOt Kpu-
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BOH (HANDUMEP, GKPYMKHOC-
TH); OAHY M3 HHX Ipr0aniKa-
JH K IPYTO# M oTMEeYaaH, YTo
npH aToM npaMmas AB npu-
fmmkanack K HEKOTOPOMY
npefleIbHOMY  IIOJIQKEHHIO,
Teneps e BO3bBMEM Ha Ka-
Koi-1H60 nmoeepxHOCTH (HA- Puc. 198
npHMep, Ha TNIOBEPXHOCTH

wapa) mpu mouxku A, B, C (puc. 198); uepes HUX nipose-
JIeM CeKYINYIO NI0oCcKOCTh P. Ise Touxku B u C 6yaem npu-
OJMKATH K TOUKE A ITO0 JBYM Pa3udHbtM HaNlpaBJeHHAM.
IIpu atoM niockocTs P GyfaeT npubaHKATECHA K HEKOTOPO-
MY TIpPeJeIbHOMY IOJI0KEHHIO @ He3aBUCHMO OT TOTO, rle
6b11u B3ATH! TOUKH B U C M K2k OHM ABMTAJIHUCH, IIPHOIH-
kafack K A, IInockocTs ) HA3KIBAaETCA KACATEIBHOM MNOC-
KOCTBIO (B TOuKe A)L).

Kacamenbroli naockocmbio Kk nosepxHocmu 8 ee
mouyke A Hazvieaemca NAOCKOCMb, K KOMOPoit Heozpa-
HUYEeHHO Rpubruxiaemca Cexyuwas nAOCKOCMb, NPOXo-
dawax wepe3 mpu mouku nosepxrocmu A, B, C, kozda
mouku B u C npubruxawomca ¥ moike A no pagrui-
HutM HanpasrenuaMm., MoeT ¢IYYUTBCA TaK, YTO MO-
BEDXHOCTh B HEKOTODOH TOUKe A BOBCe He MMeeT Kaca-
TeJbHOH niockocTu. Taxk, HanpuMep, B BePUIMHE KOHYCA
KOHHUYEeCcKas NMOBEPXHOCThL KACATEJNLHOH MJIOCKOCTH He
HMeeT.

1) Tpe6oBauue, uro6st Touku B u C mpUGIHIKANTACH K TOYKE
A MO padNMYHLIM HANPAaBJICHUAM, CYIUecTBCHHO. Ecau Hanpn-
Mep, ABa yTellecTBeHHNKa 6yAyT npubmuxkarses k CesepHomy
noa1cyY Mo OAHOMY M TOMY Ke MePHAHAHY HJIH 110 ABYM MepH-
OMAHAM, COCTABJAOIMM IPOAOIKCHIC OAHH ApYTroro, To Mioc-
KOCTb, IPOX0AsA1{asn yeped noawc A M nyHKTsl B u C, B KOTOPBIX
HAXOJAATCA IYTCLIECTBEHHUKH, Bce BpemMA OyaeT cosBmajaTo ¢
NJIOCKOCThIO MepHAMAHA W He OyneT, clepaoBaTesnsHo, npubiu-
XKaThCA K KacaTeNLHOM IIJIOCKOCTH, T. €, BCE BPeMA ByneT oqHOHR
H TOH XKeE CeKYLeH MIOCKOCTEIO. Y NOMAHYTOC TpeboBaHne MOXK-
HO ¢cTporo PopMyTHpOBATh TAK: KacaTcNbHEIC K Ayram AC n AB
B TOYKEe HX NepecedeHHs A HOMMKHBL ObITh PAa3NHUHLIMH OpPs-
MbIMH.
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Inockocts (@, puc. 199), xacamens-
HAA K Waposoit noéepxHocmu, NepIeH-
ouKyaspuaa paguycy OA, npoeeseHHOMY
B TOYKY KacaHdsa. [In0cKoCTh, KacaTeiasb-
Hafg K mAPOBOM IOBEPXHOCTH, MMEET C
HeH TOJLKO OJHY 00U Y0 TOUKY.

Puc. 199 ITocnegHee cBOMCTBO IPHHHMAETCHA

06KnIYHO 34 OnpefiesieHHe IIJIOCKOCTH, Ka-

caTenbHOH K mapy. OfHaKO OHO COBEePILUEHHO HeAeHCTBH-

TeJNbHO JJA APYrMX NOBEPXHOCTEH, B YACTHOCTH AJA TIO-

BEPXHOCTM LMJIHHADA M KoHyca. [laHHoe e BhilIe ompe-
JleJleHHe IPUMEHNMO M K 3THM [IOBEPXHOCTAM.

IInockoctes @ (puc. 200), xacamenn-
HAA K NOBePXHOCMU KPY2R020 yurukHdpa B
TOYKE A, IPOXOAHUT uyeped 06pasyoINy:o
MN, npoxoaAiLy:o Yepes TOUKy A, 1 yepes
kacaTesibHyI0 BC K OKpyXKHOCTH OCHOBa-
HHA B Touke N, MpHHAAJeKanei obpa-
sytoieit MN. IlnocKkocTe, Kacare/ipHasa K
NOBEPXHOCTH KPYIJIOTO UHJIMHAPA, OTCTO-
HT OT BCEX TOYEK erc OCH HA PACCTOSHHHU,
PaBHOM pagnycy R oCHOBAHMS IHJIMHADA.

IInockocts Q (puc. 201), xacamens-
HAA K NOBEPpXHOCMU KPY2R020 KOHYCA B
TOYKE A (He COBIaAaloI el ¢ BePUIWHOH S),
npoxoauTt yepes obpasywoumyo SB, npo-
XOAAILYIO yepe3 TOYKY A, ¥ yepea Kaca-
TenbHYI0 MN K OKDYXXHOCTH OCHOBAHHUA
B TOuKe B,

Hunundp HABKIBAETCA GNUCAHHbIM 8
npuamy, ecnd GOKOEblE 'DAHH MPH3ME
ABJAAIOTCH MIOCKOCTAMH, KACATEIBHBIMAM
K OHJIMHADY, 8 IJOCKOCTH OCHOBAHWM Y NDUSMBM M I[H-
JUHAPA OAHM U Te xe. [{unrundp Ha3hBAETCA ONUCAHHLIM
OKORO npu3ambt, ecan Go0xoBble pefpa IPUIME] ABIAAIOTCA
obpasylonuMu GOKOBOH MOBEPXHOCTH HUAHEADA, a JI0C-
KOCTHM OCHOBAHHM Y IPM3MEI H I{HAUHADPA OAHHU H TE JKE.

CoBepIIIEHHO TaK XK€ ONpeAeNAeTcH KOHYC, 8RUCAH-
Hbill 6 RUPAMUOY UNH ONUCAHHBLIL OKORO Hee.

Puc. 201
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§ 14. TenecHble yrnbl

TenecnbviM yza0M HA3RIBAKOT YaCTh IPOCTPARHCTBA, 3a-
KJOYEHHYIO BHYTDU OAHOM MOJOCTH KOHMYECKOMH NMOBEPX-
HocTH (§ 8B) ¢ samkHyToii Hanpasaawmeit. Tak xe Kak H
yroj MeXxay AByMsA NPAMBIMU HA NJIOCKOCTH, TEJECHBIN
yroJl IPOCTHPAETCA HeorpaHYeHHO (GeCKOHeYHa A BOPOH-
Ka). MHororpaHnsliii yroa (§ 5) ecTs uacTHBIH cyyait Te-
JIECHOTO yrJia (MIMpaMmuJanbHAaA NOBEPXHOCTL — YaCTHHIH
cAy4Yail KOHHYeCcKoil),

Tak e Kak BeJJMYMHA YrJia MexAy ABYMA IIPAMEIMH
U3MEPAETCA AYTOit OKPYIKHOCTH, TeJECHLIH YIoJI H3MepsH-
eTCA KYCKOM IIOBEPXHOCTH Iapa. IMeHHO, U3 BEPIUHHEL S
TeJIeCHOro yrjia MpoBOAMM JIOGBIM paju-
YCOM IIapPOBYIO IOBEPXHOCTHL. Ha aroit no-
BEPXHOCTH IIOBEDXHOCTH TEJECHOIC yrja
BRIDEXKET HEKOTopyw dacts (ABCD,
pHc. 202). Ilnomaar atol yactu 6yaer me-
HATHLCA B 3aBUCHMOCTH OT BEJIMYHHHI pa-
AMyca 1mapa, HO Bcerga 6yAeT cOCTARAATH
OJIHY M TY K€ J]0JI10 TIJ0Ia 1 BCEH oBepPX- Puc. 202
HocTH wapa. [Ioatromy mepoi TelecHoro
yriia MOTJIO 6Bl CHYKHUTh OTHOUIeHHe naomaau ABCD
NA0MIA/H IAPOBOM IOBEPXHOCTH, TOAOGHO TOMY Kax yroJ
MeXKAY ABYMS NPAMBIMH MOXHO Gb1JI0 6K H3IMEDATE OTHO-
LIeHHEM 3aKJIOYEHHOM MeXKAY HHMH JIyIM (¢ I(EHTPOM B
RepIIMHE yrjaa) K JJMHE OKPYKHOCTH TOTO Ke pajuyca
(yroa B «mnonofopoTrar, B «4eTBepTh 0f0OpOTa» H T. A.).
IIpuHsaTo, 0fHAKO, 3a MepPY TEJIECHOrO yrjaa GpaTh OTHOIIIE-
Hue nnomagd ABCD K niomaAu KBajipaTa, IOCTPOSHHOrO
HA pajuyce Iapa (3Ta NMJOIajb BbIPAYKAETCS BEIHYHHOM
R?, nponopuMoHaiLHONA rtomagyu 4R mopepXHOCTH Lua-
pa). Takoe U3MepeHHe TEJECHRIX YIJI0B mORo6HO pagnaH-
HOMY M3MEPEHHIO YIJIOB MEXKAY NPAMBIMHE (cM. V, § 3).

HrTak, 3a Mepy o menecHoz0 yzaa ¢ 8epututoil S npuru-
MAIOM OMHOULEHUE NA0u,a0u, 8biPe3blBaeMoll MereCHbuLM
Y2I0M HA NOBEPXHOCMU Wapa, ONUCAHKO20 NPOUSBONLHIM
paduycom us yenmpa S, k xeadpamy paduyca 3mozo w.apa

SABCD
—_—— .

o= R
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IIpuwmep 1. Tenecusnidt yroa, obpa-
3yeMblii TpeMA B3AHMHO MNEPNEHIHKY-
JAPHBIMM IJIOCKOCTAMH (HanpuMep,
JBYMA CTEHKaMH ¥ JHOM NPAMOYronb-

. o ks Y
A\ HOH KOpOoOGKH), paBeH — 3" HedicTBH-

TeNbHO, ECJTH U3 BepPILUHL S Takoro Te-

Puc. 203 JIECHOTO yrJjla olMcaTh N1apPoBYIO IOBEPX-
HOCTB, TO Ha NOBEPXHOCTH IIAPA BhIpE-

KETCA é ee yacTb (puc. 203), Tak KaK TPH B3aHMHO IIep-
OEeHJUKYJSIDHBIE TIJOCKOCTH PasdpeyT ee Ha 8 paBHBIX
yacTeil (npeacrasbTe cefe Ha NMOBepXHOCTH rnofyca Ky-
COK, BLIPEIaHHKIA JBYMA B3aUMHO IIePIIeHAWKYTAPHLIMH
MJ0CKOCTAMM, IPOXOAANIHMH Yepes3 MepHAHaHbI, U ITJIOC-
KOCTBLIO, NMPOXOAsAIIEed Yepe3 IKBATOP); CAEAOBATENLHO,

- 2
IA0MIaAb 3TOM YaCTH MOBEPXHOCTH paBHA 4TR? : 8 = Egi- ,

1 ee oTHomeHKe K R? pasHO g .

IIpumep 2. HaftTu TesecHsil yroa
Py BePIUMHE KOHYCa, Y KOTOPOTo BLICO-
TA paBHA paguycy ocHoBanus. Omuiuem
U3 BEPIUHHBI KOHyCa ILap pagHycoM,
PaBHHM obpasyioieit KOHYyCa I
{puc. 204). Buicory OD KoHyca MOKHO

Puc. 204 BRIPa3uTh yepes I; OD = % ; Buicota CD

12
2
cKafa njaoniaAb, BblpeiaemMas TeJECHBIM YIJIOM, €CTbhb KPH-
Basi IOBEPXHOCTH 3TOrO cq)epuqecxor*o cerMeHTa, OHa paB-

Ha (§12)

cpepuueckoro cermedta ABC pasna [ — ; chepnue-

2nz-CD=2nz2(1—§).
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CJIBZIDBHTGJT}:HO, BEJIM4YHHa TEJIECHOrO yrJjia eCTh

2n(1-§).

EanHnuei Mepb! T€JIECHOMO yIia ABJASAETCH TEAECH hIH
YroJI, BIpe3arllui u3 cdepsl (¢ MEHTPOM B BEPILIMHE yr-
J1a) IJIcIaAb, PABHYIO IJIOIIAAH KBafpaTa, TOCTPOEHHOrO
Ha paauyce. Takoi TeJeCcHRIA YyroJl HAIBIBAETCH CMEPEO-
paduarnom.

§ 15. NpaBunbHble MHOrOrpaHHUKA

MHKozozpahHuK HG3b16aeMCA NPABURLHBIM, €CIM
BCE ero 'paHH — paBHbIe NPaBHUJLHbLIE MHOTOYIOJALHH-
KM, U B K&X»/JI0H BepHInHEe CXOAHTCA OAHO M TO K€ YHCIO
rpaHes.

B NpoeTHBONOJICAKHOCTE TOMY, HTC cyllecTsyer Gec-
YMCIEHHOE MHOXKECTBO He MoAo6HLIX APYr Apyry npa-
BMJILHBIX MHOTOYTOJbHMKOB, CYIIECTBYET JHIUb OrPAHH-
YEeHHOE YHCJA0 He NOAOGHLIX APYr APYry NPaBUILHBIX
MHOTI'OTPDAHHHKOB, BbinyKavix RpasuibHbiX MHOZ0ZDAH-
HUKOB MOKET GBITh TOJLKO NATH (CBEPX TOrO, CYIECTBYET
ellle YeThlpe HEBLIMYKJKIX). OTH NATH IPAaBUJLHLIX BhI-
NYKJAbIX MHOTOTPAHHHKOB CJAEAVIOIIMEe: RpABUNbHbLLL
mempd3dp (4YeTnIpeXrPaHHUK) HJIH Kopode, IIpPoCTo
mempaadp (puc. 205); zexcdsdp (WeCcTUrpaHHUK), KOTO-
PHIH ecTh, He 4YTC HHoe, Kak Ky6 (puc. 206); oxmdadp
(BoCLMHMIpaHHHK, pHC. 207); dodexdsdp (l2-rpaHHuK,
puc. 208); uxocdsdp (20-rpansuk, puc. 209).

9% O

Puc. 205  Pwuc. 206 Puc. 207 Puc. 208 Puc. 209
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Yucaa BepiinH u pebep, a TaKKe MI0IAaTH IOBePX HO-
cTell U 06bemMsbl, BhIpaXKEHHBIE Yepea pefpa @, MpaBHib-
HBIX BBITYKJLIX MHOTOTDAHHHKOB JAHEI B CIeAyIOLei
Tabauue:

3
g
=
25| 2ls | E
calee | @ g a =
AN | Om - @ &
O Qo o a. '=] a 8
£ ] al e @
vel|lac| w ] (=% 2o
cFioX| o o o ] H
EXla%| =2 |8 |5 g & b
EX ISR | X = = S ©
T [T oo | j=p =2 =] o
1. Terpasap 3 3 4 4 6 | 1,73a2 |0,12a3
2. Il'ekcaapp (ky6)| 4 3 6 8 | 12 | 6,00a2 a’l
3. Okrasxgp 3 4 8 6 12 | 3,464a2 |0,47a3
4. Nonexkasnp 5 3 12 | 20 | 30 |20,64a2|7,66a3
5. Uxocasgp 3 5 1201 12| 30 | 8,66a% |2,18a3

B ka kIl npaBUAEHEIN MHOMOMDAHHUK MOXXHO BIIM-
carth map. OKO0J10 KaXXAOT0 NPABHALHOr0 MHOTOIPAHHHKA
MOYHO OIIHCATH IIap.

§ 16. CummeTpua

T'peueckoe ciaoso cummempus GyKBanbHO O3HAYAET
scopasMepHOCTE». Iloa cuMMeTpHeil B IMHPOKOM CMEICaE
MOHUMAIOT BCAKYIO NPABUILHOCTH BO BHYTPEHHEM CTPOE-
HUU Tena uau QUIypH. YYEeHHE O PA3THYHEIX BUAAX CHM-
MeTPHU NIPeACTABJIAET OOJMbIUYIO H BAXKHYIO BETBL 'EOMET-
PHH, TECHO CBA3AHHYIO CO MHOTHMMH OTPACASMH €CTeCTBO-
3HAHUA M TEXHHKU, HAYUHASA OT T€KCTUIBLHOTO IPOM3BOA-
cTBa (pa3pHUCcOBKa TKaHeH) ¥ KOHYadA TOHKMMHM BOTIPOCAMU
CTPOEHMHA BEIIeCTBA.

IIpocTefiuuMu BHAAMHM CHMMETDHH HABJSIOTCH Cle-
AYIOI{ME TPH.
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1. 3epkansHasg CHMMETDHA, XO-
pOIIO 3HAKOMAA KaXJAOMY H3 MOBCEJ-
HeBHoro Habmoaenus. Kak nokaseisa-
eT caMO0 HagBaHMe, 3epKaJbHAfA CHM-
METDUA CBA3ILIBAET HEKOTODHIN Tpex-
MET U €ro u306paxKeHHe B IJIOCKOM
sepkane. ['eomeTpUYecKoe omnpexese-
HHUE 3ePKaJbHOU CHMMETDHH TAKOBO:
durypa (puc. 210) HagwiBaeTca cum-
MEMPUNLHOL OMHOCUMERLHO NAOCKOC-
mu P (aepkasnHasg NJOCKOCTb, IJIOC-
KOCTb CUMMETDHUH), €CJAU KAaKA0M TOU-
ke E aToil GHrypHI COOTBETCTBYET Ta-
KafA npMHajiexalliad TOH e purype
to4yka E’, uTo orpesoxk EE’ nepHengn-
KYJAPEH MJIOCKOCTH P ¥ feJHTCA 3TONR
ILTOCKOCTHIO TOIICAaM.

ToBopsAT, 4Te ofHa dHUrypa (uay TeN0) 3epKaibHO
cuMMempuura JPYro#, ecay BMecTe OHM o6pas3ymoT 3ep-
KaJIbHO CHUMMETPHYHY0 OHurypy (uan tene). Ha puc. 210
ausna ABC cummerpuuHa JuHHH AB’C; npasaa pyka
CMMMETDPHUYHA JIEBOH.

Ba>kHO OTMETHTH, YTO ABAa CUMMETPHYHBIX ADYT ADY-
T'y Teaa, BooO1e TOBOPA, HE MOT'YT GbITH « BJIOXKEHBI APYT B
Apyra»; HHa4ye, OQHO M3 3THX TeJ HE MOMKET 3aHATh MEeCTa
apyrore. Tak, mepyatka ¢ €8O PYKH He MOAXOANT ANA
TpaBoif pyKH.

CuMMeTpHYHEIe QUIYDLI IPH BCEM MX CXCACTBE Cy-
U[ECTBEHHO OTAHYAKOTCA APYT oT zpyra, Urobnl yoenurnca
B 9TOM, monpobyJiiTe, mocrasus 6ymMary IPOTHB 3epkana,
TIPOYECTH B 38PKAJie HECKOJLKO HATleYaTAHHBIX HA Hymare
CJIOB.

CuMMeTpHYHLIE [IPeAMEThI HeJb3A I03TOMY HadBaTh
PaBHbBIMH B YIKOM CMBICJIE CJIOBA. Hx Ha3bIBAIOT SEPKaJlb-
HO pasHbimu. Boollue 3epKasbHO PABHBIMK TenaMH (HJIH
dHrypaMH) HadsIBaOTCA Teaa (MAd PUTYPHI) B TOM CHIY-
Yyae, eC/1M P ONpeAe]eHHOM CMellleHHM OHH MOTyT ofpa-
30BaTh ABE IOJOBHMHBI 3€PKANBHO CMMMETPHYHOIO Tesaa
(nnu durypst).

Puc. 210

13 Buroackud M 2
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2. lenTpansHan cummerpHua. @urypa (Mau Tesao) na-
BBIRAETCA CUMMEMPUYHOL omHocumensHo yermpa C, ec-
M KedKAoH Touke K aTtoit Qurypsl (Tesa) COOTBETCTBYET
TaKadA TpUHAJLIeKaIAaA ToH ke ¢urype (Tely) Touyka 4,
4T0 0TPE30K EA npoxoauT yepea Touky C U JeNUTCA B Hel

. __ momoxaam (puc. 211). ®urypa ABCDE, co-
D £  crasnennasa ua ABYX TPeyroabHuKos ABC

1 EDC (cM. puc. 211), y KOTOPHIX CTOPOHEI
NOTIAPHO PABHAI M CHY3KAT OPCAOIKEHHEM
IPYyr Apyra, uMmeet yenmp cummempuu (C).
A B Mexay coOTBETCTBYWOIUHMH APYr ADYrYy
Puc. 211 nmapaMy TOYEK BCerja JeKaT paBHLIE OT-
Pe3KH; COOTBETCTBYKOIIUE ADYT APYry yr-
Jbl IBYX [MOJIOBUH TeAa, 061a4ai01ero LeHTpaabHON CHM--
MeTpuei, Taksxe pasHul, OHAKO, BOOGLLE IOBOPA, ABE [10-
JIOBMHEI TeJla C LEHTPAJbHON CHMMETpUEl He MOryT aa-
HATbh MECTO OJHA APYroif, KaK U ABE NOJOBMHBI Tejaa, 06-
najapilero 3epKaasHoi cummetrpueii. Bosee Toro, ogHy
M3 NIOJIOBUH TeNa ¢ NEHTPAIBHO! CHMMeTPHEH MO3KHO (II0-
BopoToM Ha 180° okoao Awboit ocu, npoxoasuied yepea
LCHTP CAMMCTPHU) NIOCTABUThL B 3¢€PKAJIbHO CHMMETpHUY-
HOE TIONIOXKeHUE C JIPYroif (OTHOCHTEILHO NTJOCKOCTH, Mep-
NeHAMKYASIPHON ocu moeopoTa). I[loaToMy gBe mosnoBu-
HbI TCJIA € LEHTPANbHON CHMMETPHEHN 3epKAJTbHO PABRHBL
{cM. BelIIE) APYT APYTY.

IIpumep. Ecnu npoaomxkurs pebpa
SA, SB, SC, ... nupamuast SABCDE
(pnc. 212) Ha paccTOAHHA, paBHbBIE AJIH-
HaM 3THX pebep, B IPOTHBOIIOA0XKHYIO CTO-
pOHY OT BepINUHBI, TO ABE HUPAMHILI
SABCDE u Sabcde Bmecte 06pasyioT Teno,
CHMMETPHYHOE OTHOCUTEIBLHO 1leHTpa S.

Ecnu nupamuga SABCDE na puc. 212
1ojaad U He umeeT ¢aHa» ABCDE (nmupa-
MHJalbHasd BOPOHKA), TO, BLIBEPHYB ee
HAM3HAHKY, MNOJYYHM Tea0, B KOTOpOe
MOXXHO BJIOXHTL nHpaMuay Sabcde; He
Puc. 212 NPON3BOAA BLIBODAUYMBAHHA, HEAb3A (B 06-
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LeM cJydyae) COBMECTHTb 3TH /iBA TeJa, TaK 4TO B 0b1eM
cnyuae SABCDE u Sabcde He paBHbl, a JHILb 3ePKANLHO
pPaBHBI. B HCKAIOUMTEALHKIX cAyyaax (Hanpumep, ecau
nupaMuna SABCDE — npaBHabHasf) BOIMOMXHO 4 pa-
BEHCTBO.

3. Cummetpua Bpamerus. Teno (uan durypa) obaa-
AAET cumMempueil 8pateHuA, €CIU NPH NOBOPOTE HA YLOJI
360°

(n — Uesioe YHCZO) OKOJIO HEKOTOPOH NpsiMoit AB

{(oCch CHMMETDHH) OHO MTOJHOCTELIO COBMELIIAETCA CO CBOAM
HCXOAHRIM moJoxkenuem. Ecau yumcno n pasuo 2, 3, 4
M T.A., TO OCb CHMMETPHUH HA3BIBAETCHA OCbI0 8/MmOopozo,
mpembvezo u m. 0. nopadka.

Dpumep. Paspexem Kpyr Ha TpH
CeKTOpa C eHTPaJdbHEIMH yryaaMu o 120°
{puc. 213). Hano»HM 3TH CEXTODHI APYT HA
apyra (He nepeBopayMBaf MX APYIO# CTO-
POHO#) M npopexeM Ha HUX PUTYpY @ nipo-
M3BOIbLHON Hopmbl. ClI0KHB CHOBA CEKTO-
PBI TAK, KaK OHH JIeKAJIH, NONYIHM PHTy- Puc. 213
pY (Kpyr ¢ Tpems BhHIPE3aHHEIMH Ha HeM
AbIpoYKaMH), o6JafalIlyI0 OCbIO CHUMMETPHH 3-ro mno-
pPAAKA. ITA OCh NEPINEHANMKYIAPHA IIJIOCKOCTH YepPTerka.
IToBoporom Ha 120° durypa noJHOCTEIO COBMENIAETCH CO
CBOMM HCXOAHBIM I0JIOKEHHEM,

B Gonee yaKOM CMBICHE 0CbI0 CUMMEMpPuL HA3BIBAKOT
0Cb CHMMETPUMH 2-T'0 IOpAJKA U FOBOPAT 00 <0CeBOW CHM-
METPHU » , KOTOPYIO MOKHO ONpefieTuTh TaK: purypa (dan
Tesio) 00nanaeT 0ceaoit cumMempueil OTHOCUTEILHO HEKO-
TOpOJ OCH, €CJIM KaXKJ0M ee TouKe E COOTBETCTBYET TaKasd
npuHazanexamasa Toii ke ¢urype touxka F, yro orpesok
EF nepneauKkynspeH ocH, nepeceKaer ee U B TOUKe Iepe-
CeyeHHA JeJuTcA InomojaM. PaccMOTpeHHasa BhRIIUE
{cM. puc. 211) mapa TpeyroabHUKOB ofnajaer (Kpome
LEHTPANLHOM) enle oceBoil cumMerpueli. Ee ocs cummer-
PHM IPOXOAMUT ueped ToYKy C nepneHAMKYNApHO nJoc-
KOCTH 4epTesxa.



388 IV. B. CTEPEOMETPUA

IIpumepsbI NepeYHCIEKHBIX BUIOB CHMMETDHH.

IlTap obnafaeT ¥ UCHTPaJIbLHOM, X 3epPKaJbHOH, U Ooce-
ROJi cuMmeTpueil. IleHTpOM CHMMeTPUY ABAAETCA UEHTD
napa; IMJIOCKOCTHI0 CHMMETPUU — TJIOCKOCTh JiioGoro
60abIIOTO KpYra; ocbkio — Jo6oi auamerp mapa. ITopsa-
JoK ocy — nwboe nenoe yucao.

Kpyzavtit konyc nmeeT oceByro cuMmeTpyio (awboro
IOPAJKA); OCb CHMMETPUM -—— OCh KOHYCA.

ITpasunbhas namuyzonvbHas npu3Md UMeeT ILJIoC-
XOCTh CUMMETDPHH, NPOXOAANIYI0 NAPAJJIEIbHO GCHOBA-
HUAM Ha PABHOM OT HUX PACCTOAHHM, U OCh CUMMETPHH
IATOro MOPAAKA, COBNAAAKINYIO € OChI0 npuamel, [Inoc-
KOCTHIO CHUMMETPHH MOXKET TAKIKE CIHY>XKUTh IJIOCKOCTD,
JesnfAlias molesaM OfNHH U3 ABYTPAHHLIX YrJioB, ofpa3ye-
MhIX BOKOBLIMM IpaHAMH.

§ 17. CummeTpUa NNOCKMX duUryp

1. 3epkaasHo-oceBaa cHMMeTpusa. Ecnx niockas
dHurypa (ABCDE na puc. 214) cuMMeTPHYHA OTHOCHATE  b-
HO TIJIOCKOCTH P (4T0 RO3MOIKHO MU B CyUyae B3ANMHOH
NnepneHAMKyAapHocTH naockocted ABCDE u P), To npsa-
masi KL, 1o KOTOPO# mepecekamTcsa YIOMAHYTHIE TIIOC-
KOCTH, CAYXKHAT OCBIO CUMMETPUH (2-ro nopajka) Gurypst
ABCDE. O6patio, ecau naockasa durypa ABCDE umeer
och cuMMeTpHuy K L, nexaniyo B ee IJI0CKOCTH, TO 3Ta -
rypa CMMMeTpHYHA OTHOCHTEJBbHO NIJIOCKOCTH P, mpose-
AcHHOH yepe3 KL nepneHAHKyJAPHO IJIOCKOCTH GUTYPHI.

Iloaromy ocb KL MOXXHGC Ha3BaTh
C TaKIKe 3epKALbHOl npAMOiL NJI0-
B cxoit Guryper ABCDE.
K JA \ ; I JBe 3epxanbHO CHMMETPHY-

N ! Hble nJ0CKHe QHIYPHL BCerga
MOKHO HAJOKHUTh APYT Ha pyra.
Onnaxo And aroro HeobxozuMo
BBLIBECTH OAHY M3 HMX {uau obe)
Puc. 214 M3 MX 06IIEH IIOCKOCTH.
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2. lienTpansuan  CHM- L
meTpusa, Ecou nnockas oury-
pa (ABCD Ha puc. 215) nmeer A B
0Ch CHMMETPHH 2-T0 MOPAJKA, o)
NepneHjUKYIAPHYI0  ILJIOC-

KocTH Jurypsl (npsamana KL D C
Ha puc. 215}, To Touka O, B
Kotopoit KL  mepecekaer K
IIAOCKOCTh QUIYDHI, CAYXKHUT Puc. 215
yeHmpom cummempuu bury-

pol ABCD. ObpatHo, ecaM naockasa ¢gurypa ABCD umeer
neHTp ciMmMeTpHH O (OH HENMpeMEeHHO JIEXKHUT B IIJIOCKOCTH
¢urypsl}, To aTa dUrypa MMeeT 0ch CHMMETPHUH BTOPOrc
HOpAAKA, NPOXOoAALLYIO yeped O MepneHAHKYIAPHO NJIOC-
kocTH durypsl. Takum 06pa3’oM, ABe LEHTPaJbHO CHM-
METpHYHEIE TIJIOCKHE PUIYDRI BCErAa MOXKHO HaJOXKHTh
JAPYT Ha Apyra, He BLIBOAA HX U3 obmei nnockocTu. na
9TOr0 AOCTATOYHO OAHY W3 HUX NOBEPHYTH Ha yrou 180°
O0KO0JIO EHTPa CHMMETPHH,

Kax B cnyvae zeprajibHOH, TAK M B Cydae LEHTPalb-
HOWM CHMMETPHH NJOCKAA QUI'ypa HENIPEMEHHO HMEET OCh
CHMMETDPHH 2-I0 IOPAAKA, HO B [IEPBOM CJIy4ae 3Ta OCh Jie-
KHUT B JIOCKOCTH QUTYPHI, 4 BO BTOPOM — IE€PHEeHAHKY-
JsIPHA 3TOH IIJIOCKOCTH,

[losTomMy B NIaHMMETPHH JHIIL B IIEDBOM CJy4ae
CHMMETDHA HA3bLIBAETCA 0CCB0{.

§ 18. NopoGue Ten

ITodo6ue HPOCTPAHCTREHHBIX TeJ H PUryp MOKHO OIl-
PeeNHTh TaK ke, Kak moaobue mockux duryp (IV, B,
§ 13). [Tsa tena nodoOHbt, €CAH OJJHO M3 HUX MOJYYAETCSH
M3 JpYroro yseJMYeHUEM HJIH yMeHUbIIeHUEeM BCEX ero
pasMepoB (JTMHEMHbIX) B OJHOM M TOM >Ke OTHOINEHHH.
MamwuHa U ee Mojiens — nofobHbIe Tena. [ea Tena (Unu
(bHrypnl) 3epraavio nodobHsL, €CIIHA OJJHO X3 HAX IIOACBHO
aepkaJlbHOMY HaobpaxkeHuio apyroro (§ 16). Tak, nanpu-
Mep, HeraTue (OTOCHHMKA C MOPTpeTa 3epKalbHO MO-



390 IV. B. CTEPECMETPUA

poben noprpery. Jsa 60THHKA PA3IMYHbIX PA3MEPOB, HO
onHoTo hacoHa, OAMH — C TIPaBOil, APYroH — C JIeBOH Ho-
r'H, 3CPKAJbLHO IOA00HBI,

B noaoOHbIX U 3epKaibHO og00HbIX GHUrypax Bce co-
OTBETCTBYIOIL[HE YT/ (JMHeHHbIe U JBYrPaHHbIE) PABHEI.
B nofoOHLIX Te1ax MHOTOTMDAHHLIE M TEJeCHbIE YIJIbI paB-
HEI, B 36PKAJbHC NOACOHKIX — 3epKaJIbHC PABHKI.

Ecau dea wemstpexeparnurxa (T. e. iBe TpeyroJbHuIe
MUPAaMHBI) UMEMm coomeemcineeHHo NPOROPYUOHANb:
Hbte pefpa (MIM YTC TO >Xe, COOTBETCTBEHHO NOAOOHbLIE
FPaHH), MO OHU NOJG06HbL UL 3epKAAbHO noFo6HbE; TaK
Y4TO, HAMPUMeEP, ecJH pedpa nmepeoro Basoe Goabure pedep
BTOPOI'C, TO H BBICCTHI IIEPBOI'C BABOE 60J1bllle BBICOT BTO-
POro U PaJNyc OMHXCAHHOTO Llapa NepBOro BAsoe Oosbliie
pajguyca BTOpOro u T. A.

1A MHOrOrpaHHHUKOB ¢ 6OILINHM YKCAI0M rpaHeil aTa
TeopemMa yxe He HmeeT mecra. Ilpeacrasum cebGe, HanpH-
Mep, 4To 12 paBHEIX CTep>XHel COefHHEeHbI TaK, YTO OHM
obpasyioT pebpa kyba. Ecay coefHHEeHNSA 3THX CTepXKHel
Yy BCPUIMH cAefaHBl Ha INAPHHPAax, TO, He paCTArdpas
cTep)KHei, MOXXHO M3MeHHThL GOopMYy 00pa3oBaHHON UMM
¢urypsi 4 43 Kyba monyunts napannenenunen P, [Tapan-
nencnunex P, nogobunit P, He 6yneT Hu noaobeH, HU 3ep-
KaJbHO Mono6eH kyby, xoTA pebpa ero NpONOPIHOHAIbLHBI
pebpam kyba; ¢ 4eTbIpeXIPAHHHKOM, MOCTPOEHHBIM M3
6 cTepsKHeH, 3TOro CAYy4YUTHCA He MOXKET, TAK KaK OU CO-
XPaHHUT CBOIO POPMY M B TOM CAyuae, eCJH BCe COeNHHe-
HHuA BYAYT WADHUDHBIMH.

Hrak, Boobuie roRopsi, HPONCPIHCHANLHOCTH BCEX
pebep HeAOCTATOYHO A5 TOTO, YTOGHI Tena 6blIn MoA00HBI
{(MJM 3epKaILHO MOXOOHBI).

Iee npHaMEl HJIM ABEe MHPAMMALI MOJOOHLI HAH 3ep-
KaJbHO MOA00HbBI, €CIH OCHOBAHHME W OJHA U3 OOKOBBIX
rpaHeil MepBOH COOTBETCTBEHHO NOAOOHEI OCHOBAHHIO H
GokoOBOl rpaHH BTOPOH M €CNH, CBEPX TOr0, ABYTPaHHLIE
yrJibl, o6pasoBaHubie B 00eux 1puaMax (IMpaMHAAX) yIIo-
MSAHYTHIMH FDAHAMH, PABHBI MEXAY cob0M.
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Jine npaBUJILHBIE IPU3MEI MM DUDAMHUIEI C OJHUM U
TeM >X€ YHUCAOM rpaHell mogofOHKI, eCIM PAANYCE] HX OCHO-
BAHUH NPONOPUMOHAILHLI BHICOTAM.

JBa KPYrablX WHIHHADA HJIN KOHYCA MOL00HEI, eclid
paguychl MX OCHOBAHHH NPONOPIHOHAJBHLI BLICOTAM.

B nonobHbIx Teaax MIOMAAH BCEX COOTBETCTBYIOIIUX
OPYr OPYry NJOCKHX M KPHBLIX NOBEPXHOCTEH Npomop-
{MOHAJIbHBI KBALpaATaM JI00bIX COOTBETCTBYIOILHX OTPE3-
KoB (T. €. OTHOIIIEHHE TJomazel paBHO KBaJApATy OTHO-
meHnA noaodnd).

O6seMbL no0obHbLX Men, a TaKXXe 06 beMbl JI00LIX CO-
OTBETCTBYIOI[HX HX 4YacTel IPOMOPIMOHANBHBI KybaM
NI0OBIX COOTBETCTBYIOIUHX OTPE3KOB (T. €. OTHOLIEHHE
065emMoB paBHO KyBy OTHOWIEHUA NIOA00H).

Ilonbayach nocreAHHMH ABYMs CBOHCTBAMH, MOXKHO B
pAfe CAYYaeB 0Y€Hb YIIPOCTHTS HEKOTOPHIE BRIYNCIEHUA.

IIpumep 1. Ha nokpacky noayuiaposore Kymonaa
ruametpoM 9 M uAer 6,5 kr onHdnl. CKOJAbKO OTHQBI
HYXHO 1A OKPACKH KyTnosia AuaMmerpoM 8 m?

Besaxue [Ba moNymapya SpAAKOTCA NOAOOHBIMH TeNa-
MH. UX NOBEPXHOCTH, 8, CAEAOBATENbHO, U KOJHYECTBA
onHdbl, HEOBXOAMMEIe OJA HX MOKPACKH, NPOMOPI{HO-
HaJbHBI KBaZpaTaM aguaMeTpos. O603Hauas yepes X NCKO-
MO€ KOJIHYECTBO OJIHDEI, HMeeM:

2 2
6_3,:5 = [g) ;x=6,5 [g) =~ 16,6 xr.
Opumep 2. KoxcepsHan 6arnka BeicoToii B 11 cm 1
nonepeyHukom B 8 ¢cm BMemaet 0,5 kr korcepsos. Kaxo-
Bbl pasMephl 6aHKHM TexX e KoHcepBoB (dopma Ganxkn —
Ta xe), BMerwanmeii 1 kr kouceppop?
Ofoauauas 4epe3d A BhICOTY W uepe3 d TONEePEYHMUK

3
(amamMeTp ocHOBaHHA) 3TOM HaHKH, HMeeM (ﬁ) = (ﬁ) =2,

oTKyna h = 113/2 = 14 cm.

Touno tak xe d = 83/2 = 10 cm™.
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§ 19. O6beMbi U NOBEPXHOCTY Ten

O6oszxHauvenua: V — obwem; S — nnomans OCHO-
BaHnA; Sg, — IUIOmMaAs GOKOBOH moBepxHocTH; P —
nJjonlab MOJHOH NOBEPXHOCTH; A — BBICOTA; A, b, ¢ —
U3MEPEeHHA NPAMOYIONLHOr0 Napaiienenunena; A —
anodema npaBUNIBLHON DUDAMUIBI U NIPABUNBHOM ycedueH-
HO¥ nupamuabl; | — ofpa3yomas KoHyca; p — IepuMerp
HIM OKDYKHOCTH OCHOBAHMHA; I — pagUyC OCHOBAHHA,
d — nuaMeTp OCHOBaHHuA; R — paamnyc wapa; D — gua-
MeTp Liapa.

ITpusma, npamas u HAKAOHKAR; napaniereniined:

V= Sh.

ITpamas npuima:

Sﬁuk = ph‘

Iapannenenuned npamoyzonvubiii:

V=abe, P=2(ab+ bc+ ac).

Ky6:

V=ald, P=6ad2.

ITupamuda, npasurbnas u HenpasuUnbHAR:

1
= - Sh.
3 h
IHupamuda npasurvian:
-1
Sﬁox ZPA‘

Vcevennas nupa.uuaa, npasunvHanR U Henpasuadv-
HaA:

V= %(sl + ./S,S, + Sy) h.
Vcevennas nuparuda npasuivHai:

Sﬁox= %(pl +p2)A.
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Hunrundp kpyzoeoii (npamoil U HAKAOHHbLL):

V=Sh=nr?h = ;nd’h.
Hununudp kpyzaveis:

Seox = 2nrh = ndh.

Konyc kpyzosoil (Kpyzastit u KAKAOHKbLL):

—lgp=1lp2p— 1 g2

1’4 3 Sh 3" lznd .
Konyc xpyeabiii:
1 1

Sgox = E‘Dl =arl= 5 ndl.

Yeeuennstii koryc xpyzosoil (xpyzavii U HOKAOK-
Hobtil):

V= %nh(rf trrtr)= liznh(df +dydy + dl).

YceuenroLii Koryc KpyeabLii:

Seox =T (ry + o)L= 27(dy +dp) L.

HIap:
V= LpRS=2nD% P=dnr=nD2

ITorywapue:
V==2nr3=Lqp3, g=nr?=1np2,
3 12 1
Soox = 2nR? = LD, P=3nR?= 3nD2.

IMapoeoit cezmerm:
—qar2(R=1p) = T8 (2 2
V=nh (R 3h) % (k2 + 3r2),

Seox = 2ARE=n(r2+ k?), P=mn(2r2 +k2).
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HTaposoit caoir:
V= é nh3 +% n (rf + ri YA, Sgox = 2nRA,

IITapoaoii cexmop:

2 ’

= oh
3 TR
(h" — BbICcOTa cerMenTa, COZlePIKAIErOCHA B CEKTOpE).

Honweit wap:

v=in(r} - R =T (D} - DY),

P=4n(R’ + R2)=n(D? + D})

(R, n R, — paauychel BHelllHeil U BHYTPEHHEH IIapPOBBLIX
MOBEPXHOCTEH).



V. TPUTOHOMETPUA

§ 1. NpeameT TpUroHOMeTprK

C/n0BO ¢«TPUTOHOMETPHA» MCKYCCTBEHHO COCTRBJIEHO
M3 TpEeYEeCKHX CJOB: «TPUrOHOH» — TPEYrOJbHUK U
«MeTpe3nc» — U3IMEPEHHE (COOTBETCTBYIOIUHM PYCCKHM
TepMUHOM 6bL10 Ob1 «TPeyrolnHHUKOMepues). OcHOBHAA
3a/laya TPUIOHOMETDHH COCTOMUT B PEWICHIL MPEYZONbHU-
K08, T.€. B BBIYMCJICGHHM HEHMIBECTHLIX BEJHYHH Tpe-
YroJbHUKA 110 JaHHBIM 3HAYEHHAM JAPYTHX CrO BeJIMYHH.
Tax, B TPHTOHOMETPUH PEIMAIOT 3a4a4y O BHIYMCJIEHHH yT-
JIOB TPeyroJbHHMKA 110 AAHHBIM €ro CTOPOHaM, 33xady o
BbIHUCJEHUU CTOPOH TPEYroJbHUKa — M0 IJIOWAAH U
JABYM yryam ¥ T. A. Tax Kak m06yI0 BEIMHCAUTENBHYIO 3a-
a4y reOMeTPUH MOXKHO CBECTH K DPEeIleHHI TPEeYroJbHH-
KOB, TO TPUTOHOMETPUS OXBATKIBAET BCIO IIJAHHMETDHIO H
CTEPEOMETPHIO H IIHMPOKO IPHMEHAETCA BO BCex obaacTax
€CTeCTBO3HAHUA H TEXHHKH.

YueHue 0 pellleHUH chepuuecKUX TpeyronbHUKoB (IV,
B, § 11) naswiBaeTca cgepureckoit mpuzoromempueii; B
[IPOTHROIIOJIOKHOCTb 3TOMY YUeHHe 0 PelleHuH 06bIYHBIX
TPEeYroAbHMKOB Ha3bIBAKOT NAOCKOI MM NPAMOAUHEUHO
mpuzonHoMempueil.

YPaBl IPOM3ROABHOTO TPEYrOJAbHHUKA HENh3sl CBAIATH
HEMOCPeACTBEHHO C eT'0 CTOPOHAMH € IIOMOIILIO anrebpan-
YeCKUX COOTHOmEHUH. [103TOMYy B TPUTOHOMETPHHU BBO-
NATCA, KPOME caMUX YIJIOB, eilje HOBbl€ TPUTOHOMETpHYE-
CKMe BeJUUHMHBI (HX IepeyeHb M ONpejesieHuA cM. § 5).
OTH BeJUUYMHBI V)K€ MOXKHO CBAI3ATH CO CTOPOHAMH Tpe-
YrOJMBHHKA IPOCTHIMHU AnrefpandyecKMMH COOTHOIIEHHA -
mu. C ApYyrod cTOpOHEI, 110 ZJAHHOMY YIJIY MOXHO BBRIUMC-
JIHTb COOTBETCTBYIOLEE 3HAYEHUEe TPHIOHOMETPHYeCKOoIl
BeJIMYHHBI, X 06paTHO.
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3HaueHne Ka*XJ0H TPUIOHOMETDHYECKOH BeJHUYMHBI
U3MEeHAEeTCA C U3MeHeHHeM yrJja, KOTOpOMY OHA COOTBET-
CTBYeT: APYTHMH CJIOBAMM, TPUIOHOMETPHUYECKaA BelH-
yuHa ecTh ¢yuruna yraa (VI, § 2). Orcroga HaHmMeHOBA-
HUE: mpuzoHomempuiecrkue QyHryuu.

Mex Ay pasaAHYHEIMU TPHIMOHOMETPHMYECKMMU (PyHK-
UHAMHA CYIIECTBYOT BA’KHbBIE 3aBUCHUMOCTH. Hcnoanzosa-
HHE UX [103BOJIAET COKPaaTh U 06J1er4aTs BhIYUCHAEH HS.
YacTs TPUrOHOMETPHUM, INOCBANIEHHAA M3YYEHHIO 3THX
COOTHOILEHN, HA3bIBAETCH ZOHUOMempueil, T. e. «yriao-
MepueM» («MOHITa» — IMO-TPEYECKH «YTOJI» ).

§ 2. UcTopuueckvie cBefieHVIn
0 pa3’BUTUM TPUrOHOMETPUH

IlorpefHocTh B pEIIEHMH TPEYroJbLHHKOB paHbIle
BCEro BOSHHKJIA B ACTDOHOMMH, M B TEYEHHE JI0JTOr0 Bpe-
MEeHH TPHCOHOMETDHA pa3BHBAJACh M H3y4yasJgack Kak
OZMH M3 OT/AEJOB ACTPOHOMMH.

Hackoabpko H3BECTHO, CNOCOOBL! PEIIEHHA TPEyrojb-
HUKOB (cdepuyecKUX) BHepBble GBITH MUCHMEHHO M3JIO-
JEHhl TpeYyecKuM ACTPOHOMOM /[U/NapxoM B cepefiMHE
2 Beka a0 H. 3.). HauBbICIUUMM JOCTUMEHMAMH rpeyve-
ckafg TpPWUTOHOMeTpuA obazaHa acTpoHoMmy /[Ironemero
(2 Bek H. 3.), CO3AATENIO FEOEHTPUIECKONR CUCTEMBl MU-
pa, rocrioAcTeoBaBweli no H. KonepHuka.

T'peyeckie aCTPOHOMKLI HE 3HAJHM CHHYCOB, KOCHHY-
COB M TaHreHcos. BmecTo tabiaul 3THX BEeJIUYUH OHU
ynotpebaanayu tabJuibl, TO3BOJABIINAE HAXOAUTE XOPAY
OKPY>KHOCTH IO CTAPMBaeMoOit Ayre. [lyrd namMmepsiucs B
rpajycax ¥ MUHYTAX; XOPABI TOKE U3MEPAJIUCH I'pajlyca-
Mu (OAMH rpajyc COCTaBJSAJ IUECTHAECCATYH 4YacTh pa-
auyca), MUHYTAMHM WM CEKYHAAMH. OTO IIECTHAECATE pUY-
HOe moApadfiesieHue PPeKH 3aMMCTBOBAJM Y BABHJIOHAH
(em. IL, §7).

1Y Coyunenue 'unnapxa o Hac He JOULNO.
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Tabauiel, cocraBnennkle IltojiemeeM, COAEPKATH

o
XOpAB! BCEX AYT Yepea Kax gue —21— 1), BEIYHCICEHHbIE € TOY-

HOCTBIO A0 CeKYyHAbl. C NOMOUIbIO HHTEPNOAANUHU 110 HUM
MOXCHO OhIJIO HAHUTH € TOMH »Ke TOYHOCThIO XOpAY J1060H AY-
rd. (Ina ynpomerusa uarepnondauuu IlronemMel saer no-
npaBxu Ha 17.) ITpu sptuucaesun rabaunn IlToneMei onu-
paJsicsi Ha OTKPLITYIO HM TEODEMY O AUATOHANAX BIIHMCAH-
HoOro yerbipexyroashuka (1V, B, § 19).
3HAYUTENLHOH BBICOTH ACCTHIJIA
TPUTOHOMETPHU S U Y HHIAMUCKUX CpeAHe- B M
BEKOBBIX aCTPOHOMOB. KaK u rpeku, mH-
AUAI B 38MUMCTBOBATH BABHJIOHCKOE I'pa- h
AycHoe uamepenwe Ayr. Ho uupmiinsl A
paccMaTpUBaIUu He XOPAbI AYT, & JUHHU
CUHYCOB M KOCUHYCOB (T. e. 1ueauu PM u
OP pna ayrn AM na puc. 216). Kpome
TOro, paccMarpuBanacek JUHHA PA, no-
Ay4yuBlIas no3AaHee B Eppone HasBaHue
«CHHYC-BEpP3YyC».
3a exHUNY Mamepenus orpeskoB MP, OP, PA npu-
HUMaJach AyroBas MuHYTa. Tak, JAUHUA CHHyCa AYTH
AB = 90° ectp OB — pasgnyc OKPy»KHOCTH; Ayra AL, pas-
HaA pajuycy, cojepxut (oxpyraexHo) 57°18° = 3438".
Ioaromy cunyc ayru 90° cuMTasnca pasHnM 3438°.
Howeauine a0 HAc MHAMMCKHE TabAHIbI CHHYCOB
(ApeBHeHIIaN cocTaBneHa B 4—5 Beke H. 3.) HE CTOJb TOU-~
HBI, KaK IITOJEeMeEeBbl; OHH COCTaBJeHH yepes 3°45” (1. e.
1
24
JanpHelniee pa3BUTHE TPUFOHOMETPHA TOJYYHIA B
9—14 Bekax B TpyAax apaboa3puHbIX aBTopoB. B 10 Beke
6arpaackuil yuenntii Myxammeq mu3 bygxata, A3BeCTHbLH

Puc. 216

yepes 9ACTh AYPHM KBAAPAHTA).

1) Ecny BIATH NEHTPAABHKIR YOI, ONKpAIOIMiics HA T10J10-
BHHY PACCMATPABAEMOM JAYTH, TO Xopja GyAeT YABOCHHOH THHM-

cii chHyca aToro yraa. Ilosromy Tabanna IlTosemcesa paBHOCHAL-
o

" . 1
Ha nATHIHAYHOH TaGaAHNIC 3HAaYCHH CHHYyCa 4cpel —4-—.
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nox uMeHeM Aby-nb -Bega, NpUCOeIUHUN K TUHHAM CHHY-
COB H KOCHHYCOB JINHUH TAHT'€HCOB, KOTAHI€HCOB, CEKaH-
COB ¥ KoceKaHcoB. OH 1aeT MM Te ke onpeie/IeHHA, KOTO-
pbie coaep:kaTca B HamuX yyeGHmkax. AGy-nn-Beda yc-
TaHABJUBAET TAKIKE OCHOBHBIE COOTHOIIEHUA MEMKY STH-
MH TUHHUAMMA (cooTBeTcTBYIOUIHE dopmyaam § 14). B py-
KaX B3HAMEeHHTOr0 MYCYJBMAHCKOI0 Yy4YeHoro Hacup
3g-fm+a na Tyca (1201 —1274) TpUroHoMeTpHUs CTAHO-
BUTCH CAMOCTOATEJAbLHON HayuyHOH aucuunanHoi. Hacup
3a-[lMH cHcTeMaTHYeCKH pacCMATPUBAJI BCe CAyYad pe-
MIEHUA TMAOCKHX U chEPHYECKHX TPEYTOJBHHKOB H YKa-
3aJ pAA HOBHIX cI0CcOB0B pelIeHNA.

B 12 Beke 6u11 nepeseaeH ¢ apalCKOro A3bIKa Ha Ja-
THHCKHMH PAA acCTPOHOMUYECKHUX paboT, H IO HUM BIiep-
BhIe EBPONEHIH TO3HAKOMHJIMCE C TPUroHoMeTpHeiill
OnHaKo CO MHOTHMHM JOCTHXXEHHAMH apaboa3sIvHoll HaY-
KM epponeduaM He yAaj0Ch NO3HAKOMHTLECH CBOEBPEMEH-
Ho. B wacTHocTH, MM ocTajsach HeHaBecTHOH pabora Ha-
cup 9a-[uHa. Brigaromuiics HEeMEUKHH acTpOHOM
15 Bera Penpromorram (1436—1476) uepes 200 net nocne
Hacup 3a-J{1Ha 3aHOBO OTKPBLJI €T0 TEOPEMBI.

PernoMoHTaH COCTaBUJI O0IUHPHBIE TAGIHI LI CHHYCOB
{uepe3 1 MMHYTY € TOUHOCTLIO A0 CeALMOH 3Hauaei nud-
pb1}. OH BnepBBbIe OTCTYNHA OT IIECTHAECATEPHIHOrO Je-
JIeHMHA paguyca ¥ 3a eJMHUIlY HIMEPEHHS JHHHHA CHMHYCA

1) B 3TO «BpeMA MOSIBHNCSH JIATHHCKHHA TePMMH 4CHHYC»,
YTO OJBAYAET «flasyXxa» HJIM «KADMAaHs. JT0 — rnepeBo/ apab-
CKOro crnoBa «Jxeib», HMewIero To ke agaveHue. Kak mo-
SABAIICA 3TOT apaGckuit TepMuH, HenaBecTHO. HexoToprle mona-
raioT, YTO OH IPOHIOMIE] M3 HHAHIKCKOro (CAHCKPHATCKOTO0) CJI0-
BA <«JKMAas WM «XkHna» (OepBoe 3HAYEHHe — TeTHBa; B
reomeTpun — xopaa). Ho cHHyc B HHAMHCKONH TEPMHMEOJOIHH
HMEHYCTCH «8DPAXA-)KHAA», T, €. [IONYXOPAA.

Haasauue «KOCHHYC» NMOSaUAOCH TONLKO B Hadane 17 seka
KaK COKpalleHHe HAUMEeHORaHuA complementi sinus (cuHyc A0-
IIOJTHEHU ), YKA3bIBAIOUIEN0, YTO KOCHHYC yria A eCTh CHHYC yT-
na, ponorHAIero yroa A ao 90°, HanMeHOBAHHA « TAHTEHC» U
«CCKaHC» (B aepesoaAc C JATHHCKOr0 QRHAYAKIIHNE «KacaTenb-
HAasg» M «CeKyllas») sBeAcHHl B 1583 r. HeMenkuM YUeHBIM
DunKOoM.
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OpUHAJN OAHY AeCATUMUJUIMOHHYIO 4YacTh paguyca. Ta-
KMM 00pa3soM, CHHYCBLI BEIDAXKAJHUCH UEJABIMH YHUCAAMHU
(a He 60-puuHBIMU Zp0GAMU). o BBEACHMSA JECATHUUHBIX
apobeit ocraBanca Toapko oJuH war. Ho on norpebosan
6osee 100 ner (cm. 11, § 31).

3a TabnunuaMu PeruomMoHTaHA nHOCHEN0BAN  DPAX
apyrux, eme Oosnee noapobumx. Apyr Konepuuwa Perix
(1514—1576) BMecTe C HECKOIBKMMH NOMOII{HUKAMH B Te-
uyenue 30 ner pabotan nag tabAuuaMu, 3AKOHYEHHBIMHA M
u3gaHHbeIMuU B 1596 r. ero yuenukoM Oro. Yras: mnu yepes
10", a paguyc geauaca Ha 1 000 000 000 000 000 uyacreii,
TaK 4YTO CHUHYCHI uMeau 15 BepHuIx nudp!

Byksentsle 0603HaueHns (B anrebpe OHU NOSABUIUCH
B KOHIle 16 BeKa) yTBepAHIUCH B TDUTOHOMETPHH JHILb B
cepeiuHe 18 eka OaarozapA pyCcCKOMY AaKaAeMHKY
/1. Svnepy(1707—1783). DTOT BeNUK U MaTEMaTUK [IPU-
ZaJl BCed TPUTOHOMETDHHM €e COBPeMeHHbIH Buy. Beanuu-
HBI SiN X, COS X U T. I. OH PacCMaTPHUBAaJ KaK QYHKUUHU
(VI, § 2) udcna x — pafMaHHOH Mepbi COOTBETCTBYIOLIC-
ro yraa. Jijep ZaBaj YMCAY X BCEBO3MOMKHBIE 3HAUCHUSA:
NOJIOKUTENbHbIE, OTPHIATEIbLHBLIE M Ja’ke KOMIJIeKcC-
Hole, OH BBeJ U o0paTHBIE TPUTOHOMETPHUYCCKHE DYHK-
nuu (§ 24).

§ 3. PapuaxHoe namepeHme yrnos

Hapsaay c rpaaycuoi mepoii yrnos (IV, B, § 5) B Tpi-
POHOMETPHH MPUMEHAETCSA H ApPyras Mepa, Ha3biBaeMas
paduarroii. B neil 3a eJNHUIlY M3MEPEHHA NPUHUMACTCA
ocmpetii yzon (MON Ha puc. 217),
nod xomopsim gudna u3 yenmpa ox- N
pyxcrocmu ee fiyra MN, paBHas paau-

ycy (M7V = OM). Takoi#t yron Hassbl-
Baercs paduarom, Benyuuna atoro yr- M
JIa He 3ABUCHUT OT Pajuyca OKpy KHOC-

TH M OT NOJOKeHUA AyrH MN Ha OK-

pykHocTH, Tak Kak NOJIYOKPYKHOCTH

BHMAHA U3 HeHTPpa oA yraoM 180°, a ce Puc. 217

Paanan
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AJIIHA paBHa N paguycaM, TO paZHaH B T pa3 MeHbIlIe, YeM

yroa B 180°, T. e. 0AMH pagHaH paBeH 5%9 TPafycoB:

1 paguau = 53’_:3 =~ 57,2958° =~ 57°17°45"".

OGpaTHO, OAMH rpaAyC paBeH 1_80 paAHaHA.
1°= m panuana = 0,017453 paanaga.
180 50 paauana = 0,000291 paguana.
V= R =
15060 60 PaAMaHa 0,000005 papguana.

A Paduannois mepoit moboro yr-
na (AOB na puc. 218) ssaserca or-

' pg HOIIEHWe JTOrO yraa X pagHay

A (MON na puc. 218); HO oTHOmIERHE

L AOB : / MON pasHO OTHOUWIEHHIO

Ayr AB : NTIV, T. €. OTHOINEHHIK AYTH
AB K paguycey.

Puc. 218 TaxuMm obpasoMm, paduanHas Mepa
1106020 yena AOB ecmb omuowenue 0aunbt dyzu AB, onu-
CAHION NPOU3BONbLHLIM paduycom u3 yerumpa O u 3aKA10-
4eHHOI Mewdy cmoporamu yeaa, k paduycy OA amoit dyeu.

Beesenne pajuaHHOR MEDHI YIJIa TO3BOJIAET TPHAATD
MHOrHM ¢opmynam Gosee npocroit sual).

1) ¥ p pagMaHHOi M B TPAAYCHON CUCTEME YroJ M3MepACTCH
edunuyeir yeaa. To, HTO HAMMeHOBAHNE B OHOM cay4ae (14 rpa-
Jiyca) IpoCTaBisieTCs, a B APYroM (414 pafnaHa) moJpa3yMeBaeT-
cd, He NI'pacT POBHO HHKAKOH PoJaHd.

PaananHasa Mcpa yria, BbIPaXKafCh OMHOWeEHUEeM [BYX
JUIMH, COBEPUIeHHO HC 3aBUCHT OT BhIbopa eAWHUL K AITHHEK. Ho u
rpajycHad Mepa yrja Hc 3aBMCHT OT 3Toro Buibopa; 6onee Toro,
OHA TOMXC CCTh OTHOMICHHE ABYX AJHH, HMEHHO, JAMHRI AYIH,
on Hcannoﬁ M3 BePLIKHE YIJa U 3aKJIOYEHHOH MeXcqy ero CTopo-

HaMH, K §§6 YACTH JYTH OKPY>XHOCTH TOro e paguyca. 310 oT-

HOOICHHE HHUYCM HE XYHe OTHOILCHMA TOH JKe AYrH K ee paguycy.
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TosesHO 3aNMOMHHUTL CAEAYIOUIVIO CPABHUTENBHYIO
Tabauy rpafyCHOM 1 PaAMAHHOH MEDPb! HEKOTOPBIX YACTO
BCTPEYAIOI[UXCA YITIOB:

Yrael B rpaaycax | 360° | 180° | 90° | 60° | 45° | 30°

¥raet B pagnagax 2n n

]

N IR
wiA
(=1

§ 4. NepeBop rpagycHoit Mepbl
B papuaHHylo v obpaTHo

1. Ymobut Haiimu paduannyw Mepy Kaxozo-Hubyods
yeaa no 0auHoit zpadycroit ezo Mepe, nyxHo (cm. § 3) yu-

HOXMuMb YUCA0 2paAdycos Ha I% =~ 0,017453, vuczo mMu-

n =
HYm Ha ety 0,000291, a wuucno cexynd na
n = 5 7 -
1806060 0,000005 u naiidennoie npouzeedenuiss cAo
Hume.

IOpumep 1. Haiitu paadannyio mepy yraa 12°30°c
TOYHOCTBIO 10 YETBEPTOTC ACCATHYHOrO 31{aKa.

Pemeunune. ¥YMmuoxaem 12 Ha -ig-o , YUHUTHIBAS H
OATHIA JeCATHIHBIH 3HAK MHOXXHTENA (TaK KaK IpU yM-
HO>XeHHH Ha 12 abcoJyloTHAA NOrPemHOCTh BO3PACTAET
npumepHo B 10 pas, cp. I, § 40): 12+ 0,01745 = 0,2094.

YMmHoxaem 30 Ha , YIHTHIBAA W IICCTOH 3HAK

n
180 - 60
muoxurend; 30 - 0,000291 = 0,0087. Haxognm 12°30" =
=0,2094 + 0,0087 = 0,2181.

Ina yopollleHWA BLIYMCAEHHH cayXuT tabanua I,
§ 8, pamruiaf TOYHOCTH 710 YETBEPTOre AECATHYHOIO 3HA-
Ka. B nepeomM ee crosbiie («rpasycels» ) npoTHB nudpsl 12
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HaxozauM 0,2094; B npeanocienneM cronbue (¢« MMHYTEI»)
nporus uudpst 30 Haxoxum 0,0087.

3anuce:
12°=0,2094 (pannaHa)
30" = 0,0087
0,2181

IIpumep 2. Haiith paguaHuyo mepy yrna 217°40°.
C nmomornbio TOH ke TabauILl HAX0oUM:

200° = 38,4907
17°=0,2967
40’ =0,0116

3,7990

2. YmobsL Haiimu zpalychylo Mepy yzra no dauHoil
e20 paduanroit mepe, Hy#Ho (cM. § 3) ymHoNCUMb YUCAO
paduanos Ha % = §7,296°, T.e. Ha §7°17°45" (ecnn
tpebyerca touHocTh A0 0,5 U yron comepkur He Gonee
2 pagMaHOB, TO MHOXKHTEIb MOXKHO OKPYTAKMThL A0 57°307,
Tak Kak rorpewHocts B 0,004 rpaayca coctaBaseT 0Koao
YeTBePTH MHHYTHI),

IIpumep 3. Haiitn ¢ TounocTsio fo 1’ rpanycuyio
Mepy yria, coxepskamero 1,360 paanana.

Pewcuwne 1,360-57,30°=77,93°=T7°56".

Jlna ynpouieHus BIYMCIAEHHH cIy>xHT Tabanoal, § 9.
ITo neit HaxooUM:

1 pagunan = 57°18°

0,3 paguana = 17°117

0,060 pagnana = 3°26’
77°55"D

1) Pacxoxzacuue B 1’ MPOMCXOAUT M3-3a HAKOIJICHHA MO-
rpeitHocTel cnaracMeix; cm. 11, § 38.
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Ilpumep 4. HailTy rpaiycayio Mepy yrja, coaep-
kamero 6,485 paaguana. C noMonbio TabaMI K HAXOOHM

6 paguan = 343°46°

0,4 paguana = 22°557
0,08 paauana = 4°357
0,005 paguana = 0°177

371°33° (npemenvHasn
morpemHocts 27)

§ 5. TpuroHoMeTprUeckne YHKLMK OCTPOro yrna

Pemienue BCAKUX TPEYrOJbHHKOR B KO- B

HEYHOM CYeTe CBOAMTCA K PEIIEHHIO IPAMO-
YTOJbHLIX TPEYronbHUKoB. B nmpamoyrosas-
HOM e TpeyroabHHuKe ABC o0THOLIEHHE ABYX a
€ro CTOPOH, HANPMMED KATETa @ K TUIIOTEHY-
3€ ¢, BCEIEJIO 3ABUCHT OT BEJHYHHBI OTHOTO A b (
M3 OCTPLIX yryios, Hanpumep A (puc. 219).  puc 219
OTHOILIEHHA Pa3JIHUYHBIX Nap CTOPOH NPAMO-
YrOJAbLHOTO TPEYIrOAbHHKA H HA3KIBAKOTCA MPUZOHOMEMP-
yecxumu QyHxyuamu ero ocrpore yriaa. Ilo oTHouleHnio
K yray A oTH QYHKUHMH TOJYYAIOT CAEAYIOL{HE HASBAHUA
n oBosHayeHHs.

1. Cunyc:sin A= 2 (omunowenue npomueonexcayezo
c
xamema x zunomery3e).

2. Kocunyc: cos A = (omHuowerue npurexcaiyezo

a o

xamema K zunomery3ae).

3. Tanzenc: tg A= % (omrowenue npomusonexaue-
20 Kamema K npuiexcawiemy).

4. KomaMzenc:ctg A= g (omHuowerue npunexawyezo

xamema K npomusoneixa u;euy).
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5. Cexanc: secA = g (omuowenue zunomenyssvt K

npunexaujemy Kamemy).

6. Kocercanc: cosec A = £ (omuowenue zunomenysot
a

K npomueojexcawemy xamemy).

ITo oTHouieHHIO K yray B (¢/[0ON0NHATENBHOMY » YTy
0 OTHOHNIEHHK K A) Ha3BaHHA COOTBETCTBEHHO MeHHA-
0TCA:

sinB="Y; cosB=9%; tgB-
c c

Q)

ctgB=9; secB=%; cosecB=¢.
b a b

,IIJIH HEKOTOPRIX YyI'JIOB MOJKHO HAIMCATL TOYHBIE BbI-
Pa)K€HHA MX TPUIOHOMETPHYECKHMX BelMYnH. Bakueli-
e clyyau fansl B Tabaune Ha c. 4050,

91a tabnHna mumeeT GoJibUIE TEOPETHUYECKOE, YEM
pAKTHYECKOE 3HAUEHHE, TAK KAK COAEPXKHUT HEH3BJIEKae-
Mble TOYHO KODHHU. (/1A GONBLIIMHCTBA e YIJIOB JaXKe H C
HOMOINLID KODHEH HeNh3A 3alMHCaTh TOUYHLIE YHCJIOBLIE
3HAYEHHU A TPHroHOMeTpHYeckux dyHKuuit. Ho npubiu-
JKEHHbIE UX 3HAUYEHHA MOXKHO BLIYHCIHTD C JI060 kenae-
MO CTeNeHbio TOYHOCTH (cM. § 26). TabaHUkl CUHYCOB M
KOCHHYCOB (U€ThIDEX3HAYHbIE) HOMelmeHk Ha c. 36—39

1Y ¥raw 0° u 90°, erporo rorops, He MOTYT BXOAMTE B NTPH-
MOYTOJIbRBIH TPEYTOJLHUK B KauecTBe ero ocTpuix yrios. OgHa-
KO NpPH PACUIMPCEHY TNOHATHA TPUTOBOMCTPHYECKOH QYHKUMUHU
(CM. HM2Ke) PACCMATDHBAIOTCH 3JHAYEHAH TPHTOHOMETPHYECKHX
GyHKIU 1 ART aTUX yTI108. C IpYyroi CTOPOHKI, OMH U3 OCTPBIX
yLJI0B TPCYTOJILEUKA MOXCT CKOJb YTOAHO NPHOAUIKNTECA K 90°,
apyroit 6yaer Torga npHOAMKATECA K HYJI0; TOTAA COOTBETCT-
BYIOIUHC TPHIOHOMCTPHUYECKHC BeJUUHHBI OBYyAYT NPUOANKATL-
¢S K SHAUCHHMAM, YKAa3aHHLIM B TaGaune.

3HaK 00, BCTpevarIlHiics B 3Tolf TabaNIe, YKA3HIBACT HA TO,
4YTo afCONIOTHOC 3HAYEHHC AAHHOK BCJIHMYMHEI HCOCPAHHYEHHO
EO3PACTACT, KOrAa yroy npubiamxacTea K TOMY 3HAYEHHIO, KOTO-
poc ykaaaHo B Tabaune. 3To ¥ MMEIOT B BUAY, KOP/IA TOBOPSAT, YTO
BEIMYMHA «PaBHACTCA GCCKOHEYHOCTH » MIH ¢ofpamacTcs B 6ec-
KoHcuHOocTh» {cp. II, § 23 n VI, § 12).
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(I, § 6), Tabauub! TAHreHCOB K KOTAHTEHCOB — Ha ¢. 40—
471, § 7).

A sinA | cosd tgA ctg A | sccA | cosecA
0° 0 1 0 oo 1 oo
1 J3 1 2
30° = 2= - - 2
2 2 J3 /3 J3
45° % g 1 I R
J3 1 1 2
60° N2 = — 2 =
0 2 2 /3 J3 3
90° 1 0 oo 0 oo 1

§ 6. Haxoxaerve TpUroHOMeTprUYeckon hyHKLUN
no yray"

1. Cunyc u kocunyc. B rabaune I, § 6 ganep! cuHyCHI
Bcex yrsioB oT 0° 10 90° yepes 1’ ¢ TOUHOCTLIO [0 UETREPTO-
ro 3Haka. Tak KaK CHHYC yrJjia paBeH KOCHHYCY JOMOMHK-
TensHOro yria (§ 5), To no Toii xke TabAUIE MOKHO HAUTH
KOCHHYCHI BceX yryios ot 90° 1o 0° yepes 17,

IIpu HaxOxIeHUM CHHYCA YUCTIO TPAAYCOR IPOYHTHI-
BAETCA B A€B0M CTONDLE ¢IPAAYCHI», A OKDYIJIEHHOE HHC-
ao munyt (0’, 10°, 207, 30’, 40, 50"} — ceepxy (06 aTom
HaNOMHHAET HAANMCH <«CHHYCHI» HajA Tabauuei); npu
HAXOMJEHUH KOCHUHYCA YHCJIO IPAZlyCOB MPOYNTHIBACTCS
B npasom cToAOLE «Trpajychi», a OKPYIJIEHHOE YHCIQ
MHHYT — CHU3Y (00 3TOM HAIOMHHAET HAJANMCh «KOCHHY-
chl» 1o TaGauneii). Ha mepecedeHHH cOOTRETCTBYOIEH
cTpoxkM M cTonbua HaxoAHUM OCHOBHOMH pegynbraT. Ha He-
aocrampiyee Yucae MuHyT (ot 1 1o 9) genaetcsa nonparka.

1} Ecnu pas yria Bana ero pagHaHHAs MCDA, TO MCPCBOANM
ee B rpaAycHyo (cMm. § 4).
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Ona bepercs B pasfiesie «NONPABKH» B TOM >Ke CTpOKe, Ir'Ae
B3AT OCHOBHOM pe3yasrtar. EcniM vmerca CHMHyC, TO IIO-
rnpaBra npubasnsenmca K OCHOBHOMY pe3yJbTaTy; €CAH
e HIIeTCA KOCHMHYC, TO NONpaBKa 8bi4umaenmca U3 oc-
HOBHOrO De3yJbTaTa (TaK KaK NpH yBEJUYEHHUH YTJa CH-
HYC YBEIUYMBAETCA, & KOCHMHYC YMEHbIIAETCH).

M pumep 1. Ha#itu sin 53°40°,

B nesom cronbne «rpagycesl» 6epem uncao 53, a B
géepxHelt cTpoke — HanMeHosaHHe 40°. Ha nepeceueHnu
HaxozxuMm 0,8056. Ilonpasku He Tpebyerca:

sin 53°40’ = 0,8056.

IIpumep 2. Haiitu cos 63°10°.

B npasom cronbne «rpaaycsl» Gepem umcio 63, a B
HuxcHeil cTpoke — nanMenoBaHnue 10°. Ha mepeceuenmnu
HaxonuMm 0,4514. ITonpasxku He TpeGyeTca:

cos 63°10" = 0,4514.

IIprumep 3. Hairru sin 62°24°,
B nesom cronbue Gepem 62, B 8epxreil cTpore — 207,
Ha nepeccyeHun HaxoauM ocHoBHOM pesynstatr 0,8857. B
TOH e CTDOKE pasjena «Ionpasku» {ctonbey 4°) Haxo-
anm yueno 5 (t. e. 0,0005). IIpu6aBasas ero K CCHOBHOMY
pesyaerary, noaydaem 0,8862.
3anuce:
sim 62°20° = 0,8857
+4’ +5
sin 62°24° = 0,8862

Mpumep 4. Haiitu cos 42°16°.

B npasom cronbGue Gepem 42, B HuXNHell CTPOKe —
10°. Ha nepeceyeHMM HAXOAMM OCHOBHONH pe3yJabTaT
0,7412. B To#t e cCTpoOKe B pasjese <IIoNpaBKU»
(cronben 6°) Haxoaum uuca0 12. Beiuntas ero us ocHOB-
HOTO pedyanTarta, nojaydaem 0,7400.

3anmHcsb:

cos 42°10° =0,7412
+6’ -12
cos 42°16° = 0,7400
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2. Tanrenc u koraurenc. B rabnune I, § 7 nanw Tan-
reHcol Bcex yrnos ot 0° 1o 90° uepes 1’ ¢ TouHOCTHLIO A0
YyeTBepPTOM 3Havaieid wudpel. B npegenax or 0° xo 76°
TabJIMIa TIOCTPOEHA TaK XK€, KaK Tabauna cuHycos. B npo-
MexyTKe Mexay 76° u 90° (rae TaHresHc u3MeHAeTCA
OYeHb HEPABHOMEPHO) pa3fieia ¢IIONPABKM» HET, HO 34TO
cama tabiuna 6osee nospobHa.

Tay - aK TAHTFEHC yrJda paBeH KOTAHIEHCY AOIOJHH-
TeabHOro yria (§ 5), To no Toi xxe TaGaANILE MOXKHO HAUTH
KOTaHTeHChl BceX yraoB ot 90° 10 0° uepes l’. Ilpu
HAXOXJEHHHU TAHTeHCA 3HAYEHHE yrja MPOYHMTHIBAETCA
TAK 2Ke, KaK NP HAXO0XXAEHHH CHHyca 1o Tabanne I, § 6
(cM. 1. 1); npM HAXOXAEHHH KOTAHTEHCA — KAaK IpH
HAXOKAEHHHU KOCHHYCA.

IMIpumep 1. Haittu tg 82°18".

B resom cronbue «rpanycel» Gepem 82°107, B gepxreil
crpoke — 8°, Ha nepeceyeHun HaX0 UM pe3y/ibTaT

tg 82°18’ = 7,396.

Ipumep 2. Halitu ctg 12°35".

B npasom cTonbue «rpagycei» Gepem 12°307, B nux-
Heil crpoke 5°. Haxonum:

ctg 12°35° = 4,480.

IIpumep 3. Haiitu ctg 58°36".

B npasom cronbue srpaaycei» GepeM 58°, B HumcHeil
crpoke 30°. Ha nepeceuenuu Haxozaum 0,6128, B Toii »xe
CTpOKe B pasjiefie «mnonpaBku» {(crosben 6’, CHH3y) Haxo-
M yucao 24. Beryuran ero us 0,6128, monyyaem 0,6104.

3anmuch:

ctg 58°30" = 0,6128
+6" 24
ctg 58°36" = 0,6104

IMIpumep 4. Hajitn tg 48°43’.
Haxoaum:

tg 48°40" = 1,1369
+37 +20

tg 48°43°=1,1389
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§ 7. Haxoxpenve yrna
No ero TPUroHOMEeTPUHEcKon PyHKLMK

Yroa no aaHHOMY €ro CHHYCY HJAH KOCHHYCY
HAXOAHTCA ¢ MOMOIUbI0 Tabauuel I, § 6; mo Tanrency uau
KOTaHreHcy — ¢ nomMombio trabauuer I, § 7. [IpoGeras raa-
3aMH OfHH K3 cToabuoB (Hanpumep, cToaben, noMedyeH-
Hbli cBepxy 0°), Halzem 6o HYKHOE HAM 3HAYEHHE, JHU-
0o Onmokaiiee K Hemy. B nepBom cayuae HenocpeacTeeH-
HO MPOYHTHLIBAEM BEIMYHHY MUCKOMOre yria (NoJb3yAch
JEBBLIM CTOJA0OIOM IrpajiycoB X BepXHeH CTDPOKOI MHHYT,
KOP[a HMeeM JeJI0 C CHHYCOM M TAHTPEGHCOM, MJH [IPABBLIM
cToa6UuoM H HUXKHENH CTPOKO, KOIZja HMEEM ZEJCo ¢ KOCH-
HYCOM HJM KoraHreHcom; cp. § 6). Bo BTopom cayuae
CMOTDPHMM, HET JIU HelloAaleKy Gosee 6IM3KOro 3HaYeHHA.
Ecau ecThb, TO A/ HETO TAKUM 2Ke 06pa3oM NPOYHTHIBAEM
PEJIMYMHY YIJa; eCAU HET — COXDaHAEM NPex e HalileH-
Hoe 3HavueHue. HakoHen, korja a3To Heo0X0AUMO, YUHTHI-
BaeM nonpasky. [Ipy 3TOM HYKHO IOMHHTL, YTC Bo3pac-
TAHWIO CHHYCA M TAHIEHCA COOTBETCTBYET IIOJOMUTE/b-
HadA IONIPAaBKAa, 4 BO3PACTAHUIO KOCUHYCA U KOTAHTEHCA —
orpunarensaaal),

IIpumep 1. Haittu ocTpulif yroa o, ecnu cos oo =
=0,7173.

IIpoGeras rnazamu cronbey Tabauust 1, § 6, nomeyen-
Hbl cBepxy O’, Haxoaum 3Hadenwe 0,7193, Onuskoe k
rannomy. Henogaseky OT HEro HaXOAMM 3HAYMeHHE
0,7173, coBnajamiee ¢ JaHHbIM. [IpouuTeIBad FpajyChl
B IPABOM CTOJA6IE, A MUHYTEI B HH)KHEH CTPOKE, HAXOLUM
o =44°10".

IIpumep 2. HaiiTH ocTpulii yroa o, ecnau cos o =
=0,2643.

B rabaune I, § 6 Gaumaxanuiee sHauenue ects 0,2644.
OHo ornuvaetca ot gaHHoro Ha 0,0001, a B pasgene «mo-
NMPaBKHM» HAMMEHbIIEE YUCJAO €CTh 3 (EMY COOTBETCTBYET
nonpaska B 1°). TTosToMy monpaBka He YYHTBLIBAETCA.

1 Ecniu HY»KHO, HaiifieHHAaAa TPAJYCHAA Mepa YTJA MOXMET
661TH ICPCBEJCHA B paJUAHHKYIO (cM. § 4).
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Honaraysacs ONpaBsIM CTONAGIOM FPAJYCOB M HUXMKHEN CTPO-
KOW MMHYT, HAXOAMM Ot = 74°40°,

IIpumep 3. HailTi ocTpelii yron o, eci1M cos O, =
=0,7458.

Bamxaiimiemy tabauuysoMmy 3Havenmwo 0,7451 coor-
BeTcTByeT yroi 41°50°. JlaHHoe 3HauyeHHE NpPEBBILIAET
TabnnyHoe Ha 7 egMHUI, YeTBEpPTOro 3HaKa. B Toil xe
CTPOKe pazje)ia «1I0NpaBKH» HaXOAHM 4yucya 6 u 8. Moxk-
HO B3ATh Jw0Goe H3 HHUX H @blvecmb w3 yrha 41°50°
nonpasky 3° wiu 4’. [Hoaygaem 41°47" (¢ naGeiTKOM)
wiH 41°467 (¢ HegocTaATKOM).

3anuce:

0,7451 = cos 41°50’
+7 -3’
0,7458 = cos 41°47’

Opumep 4. Haiith ocTpelil yroa o, ecau tgo =
=4,827.

B rabauue I, § 7 naxogum Ganxkaifiiee HeAoCTATOU-
HOe 3HayeHHe 4,822 y Oauxkakmee uabprrouynoe 4,829,
Tak KakK BTopoe 6aHKe K JaHHOMY, UeM nepBoe, To 6epeM
pTopoe. B neBoM croabue yuraem 78°10°, B BepxHeit
crpoke 8°. HaxonuMm o = 78°18".

§ 8. PewreHue npAMoyronbHbIX TpeyronbHUKOB

1. ITo xeym croponam. Ecau faHbl gBE CTOPOHBI OPA-
MOYFOJLHOIO TPEYTFOJBHHKA, TO TPEThHA CTOPOHA MOJKET
OBITH BhIUMCJEHa no sTeopeme [Tudaropas (IV, B, § 10).
OnpezesieHHe e OCTPRIX YPJA0B IPOH3BOAUTCSH NIO OLHOI
H3 Tpex nepsbiX popmMyna § 5, B 3aBHCHMOCTH OT TOTO, Ka-
KHe CTOpOHE! AaHbI, Ecny, HanpuMmep, JaHBI KaTeTH a, b,
TO OCTPRIN YToJ A onpefiensAerca no GopMyie

=a
tgA 5’

a ocTpslit yroa B Haxoauresa o popmyne B = 90° ~- A4,
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Cnyuaii 1. Jausl Kater a = 0,528 M 4 runoTenysa
c=0,697 m.
1. Onpenenenne Katera b:

b= Jc?-a2 = .f0,6972-0,5282 = 0,455 (m).
2. Oupepgenenue yriaa A:

sin4 = ¢ = 0,528 g 757.

ITo Tabanue cuaycoB Haxoaum: 4 = 49°10° (npegens-
HafA norpemHocTh 57). HaXxoZHTL A C TOUHOCTHIO O MUHY-
TBI HET CMBICIA, TAK KAK, PACCMATPHUBAA 3HAYEHHA & K C
Kax npuBJMIKeHHEBIe YHCAa, MBI HE MOXKEM pydyaThea Aa-

SKe 3a TPeThio Undpy YaCTHOTO g =0,757 (11, § 42).
3. Onpegesenue yraa B:
B =90°-A4=90°-49°10" = 40°50".

Cnyuait 2. Jaubl Katetbia = 8,3 cm, b=12,4 cm.
1. OnpenesieHUe FrUNOTEHYSEI C:

c=JaZ+b% = J8,32+1242 = 14,9 (cm).
2. Onpeaenenne ymaA°

tgA=g =Ié_4 ~0,67; A=34°

3. Onpeaenenue yraa B:
B =90°- A= 90°~ 34° = 56°

2. Ilo cropoHe m octpomy yray. Ecam naH ocTpbii
yros A, 1o B naiigerca no popmyne B=90° — A. CropoHs
ke MOKHO HaWTH mo dopmynam § 5, KoTODEIE MOKHO
NpeACTAaBMTh B BUJE:

a=csiHA, b=ccosA, a=btgA,
b=csinB, a=ccosB, b=atgB.

BeibupaTb Hy>xHO Takue (PopMyJibl, B KOTOpble BXOAUT
JaHHAfA MJIH y¥Ke HafileHHasA CTOPoHA.
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Cnygaihrt 3. Haun runorenysac = 79,79 M u ocr-
phIli yroa A = 66°36°.
1. Onpeaenenue yraa B:

B=90°-A=90°-66°36"=23°24".
2. Onpegenedne KaTeTa a:
a=csinA=179,79-sin 66°36" = 79,79-0,9178 =
= 73,23 ().
3. Ompegenenue Karera b:
b=ccos A=179,79:0,3971 = 31,68 (m).
Cnyuait 4. MHaub! kater a = 12,3 M u ocrpeiid
yroa A = 63°00".
1. Onpegenenne yria B:
B =90°-63°00"= 27°00".
2. Oupepenenne Katera b:
b=atg B=12,3tg 27°00"=12,3- 0,509 = 6,26 (M).
3. OupeneneHne THIIOTEHYSEI €t

__a _ 123 _ 123 _
¢~ Gind  sin63°00° 0,891 13,8 ().

§ 9. Tabnwnua norapudmos
TPUroHoMeTpuiecknx QyHKUWA

Ilpu pelmreHMU NPAMOYIONLHBIX TPEYIOJABHHKOR IIPH-
XOAHTCHA BCET A BBIIICJIHATSh YMHOXXEHHE H ICJIEHHE, EC.TUI
TpefyeMas CTenedb TOYHOCTU 3HAYMTCAbHA {HATIpHMED,
eC/IM NEePeMHOXXACMbIE YHUCJA YeTbIPDEX3IHAUHBI), TO 3TH
ZeACTBUA OTHHMAIOT MHOIO BpeMeHU; Gojee TOro, oHH
YTOMHTEAbHbI, U TOTOMY BePOATHOCTb OIUHMOKH YBeau-
YHBaeTCA. BLITOJHAA UX C MOMOILIO JOrapM@PMOB, MbI
3KOHOMUM BpemA U cunpl. [Ipu sorapupMUYECKHX BhI-
YHCAEHHUAX BMECTO TAGTHILl TPHIOHOMETPHUECKUX BeH-
9UM NoAb3YTCA Tabaumueill UX jJorapudpMoB, UTC Jaer
fONBIIYIO DKOHOMHIO BpeMeHH (BMeCTO TOro, YTOGLE CHa-
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Yyasa MCKATb CHHYC yria no tabamie TPUroHOMeTpuye-
CKHMX BEJIHUMH, a 3aTeM norapu¢M 3Toro cuHyca mno Tabau-
e sorapupMoB, HAXOAAT NIpAMOo Jorapudm cuHyca).

B tabnuue I, § 5 (c. 28—35) manbl 3HayeHUd Jsora-
PHGOMOB CHHYCA, KOCHHYCA, TAHM€HCA M KOTAHIEHCAa C TO4-
HOCTBIO [0 YEeTBEPTOr0 AeCATHYHOrO0 JHAKZ 4Yepes
kaxkzaple 10, Ecnu yron He npessiiuaer 45°, To HasBanue
HYHOH dyHKuuu GepeTca CBepxXy, a BeJAHYUHA yriaa —
caepa. Ecau yron npepumaer 45°, To Haspanue QyHK UMM
YyHTaeM CHU3Y, & BEIMYUHY yrjia — crpaBa.

Ilo To# ke TaGaHUe MOXHO BBIYMCIANTH JOTAPHPMDI
TPUCOHOMETPHUYECKHUX DYHKUHHE U yepes 1’. Cnocob Brl-
yucaeHud (cM. §§ 10, 11) ocHoBaH Ha TOM, YTO HIMEHEHHNE
yraa B npexgesnax 10’ MOKHO CUMTATH TPONOPLMOHAND-
HBIM M3MeHeHunw lg sin, lg tg, lg cos u lg ctg. TTorpem-
HOCTh, IPOMCTEKAINAA U3 3TOTO JONMYIEHUA, KAK Npa-
BHUJIO, HE OTpa’kaeTcd Ha YeTBEPTOM AeCATHYHOM 3HaKE.
Hcknrouenue coctaBasaioT A4 lg sin u lg {g nums yrasr,
6nuskue K 0° (ot 0° 5o 4°), a gna lg cos u lg ctg nums yr-
abl, 6auakHe K 90° (ot 86° g0 90°); AnA TaKUX yrao08 Mo-
rPeIlHOCTh CTAHOBHTCA OI[YTHMOH,

TlosicHM 3TO IpUMePOM. YBenudeHHw yraac 12°20°

a0 12°30° cooTBeTCTRYET yBeNHUYEHHE lg sin ¢ 1,3296

no 1,3353, 1. e. Ha 0,0057. Basoe Gonbemy ysenuue-
HHIO yrya ¢ 12°207 no 12°40°Y cooTBeTCTRYET YBEAMYEH HE
lg sinc 1,3296 z0 1,3410, T. e. na 0,0114. D10 yBenuue-
Hue BABOe 60JbllIe NPeAbIAYILIErC.,

HUsmeHneHusa lg sin, CoOTBeTCTBYIOIHE POCTY yria
Ha 10’, He HYXKHO BBHIYHCAATE. QOHM IIOMELIEHbI B CTONG-
max, orMeuennmx Oykeoiid.?. Tak, B croabue

1g sin mpoTus 12°20’ uuraem 1,3296, mpotus 12°30” uu-

1} Mu! 83411 yBeTMYeHUe, BEIXOAAIIee 3a npedens 107, uro-
651 He npuberaTs K 6osee nogpobuoit rabaune. B 6onee TecHbIX
npeAcrax NPONOPIMOHANLHOCTD H ITIOAABHO GYAET MMETE MCCTO.

2) HawanbHana GykBa naTuHckoro ciaopa differentia (paa-
HOCTB).
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taem 1,3353. PasHocrs 1,3353 — 1,3296 = 0,0057 mpo-

cTaBJieHa B JieBoM croabue d., Mexay 1,3296 u 1 ,3353
(ansa kpaTkocTH 3anHcaHo 57).

Te ke pasHOCTH (TONBKO B3ATHIE CO 3HAKOM MHHYC)
Ja0T U3MEeHeHMA lg COS, COOTBETCTBYIOI(HE DOCTY yrJja
Ha 10’. Tak, Ta ke Hagnuck 57 paer ymeHvuienue lg cos
npH pocte yraac 77°30° go 77°40°.

Jnna lg tg u lg ctg pasHoCcTH npocTaBIEHBI B CPEIHEM
cronbue, ozarnasnaesnoM d. c.!). OnH o6eay’>KuBalOT cpa-
3y ABa cToA6La, npuiaerawiux K ctoabuy d. ¢. cupasa 1
cnera. Tak, pasnoctu lgtg 12°30° — lgtg 12°20° u
lg tg 77°40° — lgtg 77°30° umeroT ofmee 3HaueHUE
0,0061, upocrasnennoe B cronbue d. c. MeKAy COOTBETCT-
ByrouuMu crpokamu. Hucao 0,0061 aaer Takixe ymens-
wenue lgctg npu pocre yraa c 12°20° 1012°30° u
¢ 77°30" po 77°40".

Yucna, npoctasjennsie B croabuax d. u d. ¢., Haskl-
BAIOT « MAOAULHLIMU PAZHOCMAMU» .

§ 10. HaxoxaeHnwe norapncma
TpUroHomeTpudeckon hyHKLUK no yray?)

Ona yrjaoe, coAep:Xamjdx KpYrjoe YHCJIO0 MHHYT
(0’, 107, 20’, 30, 40’, 50’), Tpebyeman sBenuuuHa (¢ TOU-
HocThIO A0 0,0001) Geperca npamo u3 tabaunw I, § 5,
OnHCaHHOH B mpeAblAymEeM naparpade. Insa ocTaabHbIX
VYIJIOB BEINQJHAETCA NPONOPIUOHAJBHEIA pacyeT (MH-
TEePHOJANUA).

IIpH 2TOM HY>XHO IOMHHTE, UTO AJA sin M tg 3HaKku
NONPpAaBOK YIJla M JIOTApHGPMOB TPHrOHOMETPHYECKOH
GYHKIIUH OAUHAKOBHI, a JiA coS U cig — npoTuBono-
JI0XK HBI.

1) To ects differentia communis {o61uras pasHoeTs).
2) Ecnu A5 yrJla JaHa ero pagdaHHasg MCDAa, TO IpeABapH-
TeAbHO NIePeBOAMM e B rpagycHylo (§ 4).
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IIpumep 1. HaiitTu lg cos 24°13".
Hauuslii yron mensine 45°. IloaTomy 6epem cronbern,
osariaBlleHHBIH 1g cos  ceepxy. Tam  naxomgum!

lg cos 24°10° = 1,9602. Tabauunasa pasHOCTh (YUCHO B
npasom cToabue d.} (= lg cos 24°10 — lg cos 24°20°) pas-
Ha 0,0006. Haiizem nonpasxy x Ha 3’. U3 nponopuuu
x:0,0006=3":10"
HAXOIMM:
x=0,0006 - 0,3 =~ 0,0002.

OTy NMONPAaBRY HY>KHO 8biveCMb U3 1,9602. Tlonyuaem:

1g cos 24°13" = 1,9600.
3anuce:
lg cos 24°10° = 1,9602 d.=6
+3’ -2
lg cos 24°13° = 1,9600

BamMevanue. Jina HaxoxJeHMA NONpPABKH He
HYXXHO NPOU3BOAUThL NMUCLMEHHBLIH pacueT. JIoCTATOYHO
YMCIN0 MUHYT YMHOXHUTL (B yMe) Ha TaGIUYHYIO Pa3HOCTh
¥, OKPYIJIUB IPOM3BeNeHue, 0T6PoCHTEL HY b, CTOAIUME B
KOHIle. B HameM IIpUMepe HYXXHO YMHOXHTL 3 HA G
npousseaeHue 18 okpyrauts no 20. Or6paceiBada HYJIb,
HAXO/HMM HOIDaBKYy 2.

IIpumep 2. Hajitulg tg 57°48".

Jaunsiit yron 6Gouseie 45°. Iloatomy cMoTpum B
cronbel, osariaBieHHu# lg tg crusy. Orryaa Gepem
g tg 57°50’=0,2014; uucaorcronbued. c.(=1g tg 57°50’ -
- lg tg 57°40’) pasuo 28 (T. e. 0,0028). Hiem nonpasBry
Ha Hedocmawujue 2°, YMHOoxaeM (CM. 3aMedyaHUe K
npuwmepy 1) 2 na 28. Haxoaum (okpyriaenso) 60. Or6po-
CUB HYJb, HAXOAUM noupasKy 6. Beruuraem ee u3 0,2014,
Tlonyuaem lg tg 57°48° = 0,2008.

1} Hy>kHO NOMHHTB, uTo B Tabaune I, § 5 xapakrepucTHka
BCEX JOTapu¢MOB yBeanyenbl Ha 10, 7. e. BMecTo 1 Hanucano 9,
BMeECTO 2 HAMUCAHO 8 U T. A.
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3anuce:
lg tg 57°50" = 0,2014 d. =28
-2’ -6
lg tg 57°48° = 0,2008
3aMeuaHHe. Moxuo B3ATh u3 TaGAHULI

lg tg 57°40’ = 0,1986, naiiTu noupasky 22 (8 - 28 = 220),
npuxoaaulyca Ha 8, u nputasume ee k 0,1986. Peaynb-
TaT GyAeT TOT e, HO YMHOxKaTh 28 Ha 2 Jerye, YeM Ha 8,
TaK YTO MEHLIUE IIAHCOB OLIMOMTHCA HpPHM JEHCTBHAX B
yMe.
IDpumep 3. Hajitu lg ctg65°17".
lg ctg 65°20° = 1,6620 d.= 34
-3’ 10
lg ctg 65°17’ = 1,6630

MIpumep 4. Hajtru lg sin 40°34°,
lg sim 40°30° = 1,8125 d. =34
+4’ +6
lg sin 40°34’ = 1,8131

§ 11. HaxoxpeHwne yrna no norapupmy
TPUrOHOMETPUYECKON YHKLMN

Ilpoferasi rjaasamMd COOTBETCTBYIOU{HE CTOAGLBI
rabauue! I, § 5 (sHaueHHA kax 0¥ GQYHK MM pa3MellarT-
cA B ABYX croabuax), HaxoauM aH60 HYKHOE HaM JHaue-
HHe, THOOo OaMxaiillee kK HeMy; B IOCNEJHEM CJAYy4ae Bhi-
nucbiBaeM TabAUYHYIO pasdHOCTh. ECau HanmMeHOBaHe
AaHHOH TPHTOHOMETPHYECKOH GYHKIHH CTOUT CBEPXY, TO
rpajiyChl U JECATKU MUHYT HPOUYHMTHLIBAEM CJIEBA; CCJIH XKE
CHU3Y, TO — cIpasa. HakoHel, eCJIH 3TC HEO6XOANMO, HA-
XOAUM TMONPABKY Yrja C MOMOINLIO IPOITOPIMOHAIBHOTO
pacyeTta (414 sin 1 tg MoNpaBKa yria MMeeT TOT K¢ 3HAK,
YTO MoNpaBKa Jorapudma TPUrOHOMETPHYECKHX (PYHK-
HH#i; A8 cos H ctg — IPOTHBOIMOMOMKIBIH).
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IIpumep 1. HaiiTu ocTpslii yron o, ecau lg tg o =
=0,2541.

3unavenue 0,2533, Gnuskalimee K gannoMy (rabauy-
Hafl pasHocTs d. c. = 29), crout B Tom cTonbue lg tg, rae
3TO0 HaUMEHOBAHMe HamncaHo CHudy. IlosToMy yuTaem
cnpasa 60°50°. TlonpaBky x Ha H36bLITOYHbIE B eAMHHI
Hocaeasero sHaka (0,2541 - 0,2533 = 0,0008) naxoaum
M3 IPOMOPUHH

x:10°=8:29,
OTKyJa X = % = 3’, [Ipnbapasasa 3Ty MONPaBKy, HaX0-
Ium o = 60°53",
3amHucCse:

lg tg o = 0,2541
0,2533 =1g tg 60°50° d.=29
+8 +3’

0,2541 = 1g tg 60°53’

3amMeuanue. [lonpapKy MOXHO HAWTH B yMe Clie-
AyioluM obpasoM. PaccMaTpHeaeM paaHoCTh MeXXy JaH-
HBIM JHAYeHHeM M TabGJAMYHBIM — B HAIIEM IpHMepe
0,0008 — kak nesoe uHcao 8 (7. e. He o0panaeM BHUMA-
HHA HA 3aNATYIO 4 HYJIU caeBa). B3sAB ero AeCATHKPATHO
(80), nenum Ha TabiHYHYIO pasHocTs (29). OxpyrienHoe
(A0 eAmHu1]) YacTHOE — B HallleM NIpHMepe 3 — JAaeT Io-
MpaBKy B MHHYTAX.

IIpumep 2. Haiitn ocTpslil yroa o, ecau lg cos o=

=1,4361.

Brausxkaitinee tabnuunoe anadenue 1,4359; tabauu-
Has pasHocTh d. = 44. HauMeHnosaHue g cos crour cHu3zy.
Iloaromy untaeM ciega 74°10°. lecATHKpaTHaA pa3HOCTh
MeXAy JAaHHBIM 3HaueHHeM U Tabanunsim ects 20. YacTt-

HOE %g (0HO MEHBIIE TOJTOBUHBL) OKPYIIEHHO DABHO HYJIIO.

3unaumTt, 0. = 74°10°.
IIpumep 3. HaiiTH ocTpriii yroa «, ecau lg ctg o=

=1,6780.
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Bamskaiimee tabauuHoe 3Hauenue 1,6785; rabmmu-
HafA pasHocTh 32. HammenoBanue lgctg cromr crusy.
IIpouuTtsisaeM cnpasa 64°30°. JanHoe 3HaUEHHE MEHbIIE
Tabauunoro Ha 5. [lecaTuxkpaTtunoe uucao 50 genum na 32.
YacrHoe okpyrienHo paBHo 2, [Ipubasnsem 2°; HaxoguM
o =64°32".

3amucs:

lg ctg o = 1,6780
1,6785 = Ig ctg 64°30°  d. = 32
-5 +27
1,6780 = Ig ctg 64°32’
[Ipumep 4. Hafith ocTpslif yroa a, ecau lg sin o =
=1,7414.
lg sina = 1,7414
1,7419 = lg sin 33°30° d. =19
-5 -3’
1,7414 = Ig sin 33°27°

§ 12. PelueHvie npAMOYronbHbIX TPEYronbHUKOS
C NoMoUbIo NorapuPMUpoOBaHUS

Cnyuai# 1. Jfansl: rumoredysa ¢ = 9,994, karer
b =5,752. Oupegennts a, B, A.

1. Onpepenenue B: sin B= g .
lg b=0,7598
-lg ¢ = 1,0003

lg sin & = 1,7601 B=35°8"

2. Onpenenenne A: A= 90° — B = 54°52’.
3. Onpenenenrea: a=btg A,
lg b=0,7598
lgtg A=0,1526

lg a=0,9124 a=28,173

14 Buronckuu M5
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Cnyva#t 2. Jlans xatersl @ = 0,920 u b = 0,849,
OnpesenuTh FTUIIOTEHY3Y U OCTPbIE YIsl,

1. Onpeaenenne yraa B: tg B = s .

lg b=1,9289
-lg a = 0,0362
lgtg B=1,9651 B =42°42’
2. Onpenenenve yrna A: A=90°—- B =47°18".

3. Onpenenenue rUNIOTEHY3HI C: € = ,b .
sinB
lgb=1,9289
-lg sin B=10,1687
lg ¢ = 0,0976 c=1,252
Cnyuai 3. [ausl: runorenysa ¢ = 798,1; octpoii
vron A = 49°18°, Onpegenuts a, b, B.
1. Onpenenenne B: B =90° - 49°18" = 40°42".
2. Onpegenenne a: a = csin A.
lg ¢ =2,9021
lg sinA =1,8797
lga=2,7818 a =605,1
3. Onpexenenne b: b= ¢ sin B.
lg ¢ =2,9021
lgsin B=1,8143
lgb=2,7164 b=520,5
Cnyuai 4. [aun: Karver a = 324,6; ocTpolit

yron B = 49°28’, Onpenennts b, ¢, A.
1. Oupepenenue A:

A=90°-B=90°-49°28"=40°32".
2. Onpepenenune b: b=atg B.
lga=2,5113
lg tg b= 0,0680
lg b= 2,5793 b=379,6
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A= 8

3. Onpepenenue ¢: ¢ A"
lga=2,5113

-lgsin A = 0,1872

lge=2,6985 c=499,5

§ 13. NpaxkTuyeckme NPUMEHEHNA peLlieHns

NPAMOYTOnbHbIX TPeYronsHMKOB

IInAa 4CTIONLIOBAHHA HMIJOXKEHHBIX IPHEMOB pelle-
HHA 38a4 Ha NPaKTHKe Heo6X0AMMO IIPeXKae BCero Xopo-
IO OCBOHThLCA ¢ TabGJHllaMn U HAYUYHUThCA Ge3omrnbouyno
HaxXOAUTh 10 HHM peayabraThi. Ho aToro Mmano; ocralorca

eme aBe TpyaHoctu. Ilepsas

YHCTO reOMeTpH4YeCKOoro

xapaxrtepa. HyxHo Hayuumusca Haxodumbs B JaHHOM reo-
MeTpHYecKOH GUTrype NpocToil ¢nocob BulAEIeHHA B Hel
NPAMOYTrOJAbHOro Tpeyronbaukxa. lIpueBeaeM THIHUHEIe

[IDHUMEDHI.

IIpumep 1. B paBHoGeapeHHOM
Tpeyronbarke ABC (puc. 220) uaBecr-
Ho ocHoBanme AC u OokoBas cTopoHa
AB. OnpeaenuTs yron B npu Bepuune.

IlpoBoauM BeicoTy BD, KoTtopasa
pasgenut ocHoBanue AC u yron B npu
pepminHe nonojam. 3uaa AC, naiigem
AD = A?C . BpaMoyrosisHoM Tpeyrons-
nuke ABD no katery AD u rMNIoTeHy3e
AB naiinem (cnydait 1 § 8 m § 12) LABD.
¥YasouB eroc, HaAHAEM HCKOMBIHA yrosa
[IPH BepLIHHE.

IMIpuwmep 2. Jdam paguyc Kpyra
R, BEIMHCANTE CTOPORY AB npasHUALHO-
0 BIIMCAHHOTQ AeBATHYTOJbHHKA.

IIporoas paanycet OA, OB K KOH-
nam xopau AB (puc. 221), nonyuaem
paBHOGe/ipeHHbIA TDEYrOJIbHUK, B KO-

B

Puc, 221
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TOpPOM M3BecTHa GokoBasa cropona OA = R. Kpome Toro,
JIEPKC HAWUTH yros npu BepiudHe £ AOB = % = 40°.

Pagbnsan rpeyronnauk AOB Ha 1BA IPAMOYTOAbLHBIX TPE-
YroJsibHHKA BHICOTOH, KAK B IIPeALAYIeH 3aja4e, IPHUBE-
aem 3aga4uy K cayyarw 3§ 8 m § 12.

Hpyraa TpyaHocTs — Hanbosee CyIeCTBEHHAA — CO-
CTOMT B TOM, 4TOGBI KOHKPETHO IIOCTABJEHHYIO 3aJa4y ne-
pesdecmii Ha mMamemamuiecKuil A3viK.

IIpumep 3. Paccumrars, KAKOBHI JO/KHH ObITH
BHYTPEHHHUI ¥ BHEINHUN PAZHUyChl IIAPMKOBOIO IXOIIHII-
HUKA, 4TO0bI B HEr0 yJI0XKHIOCH ARAANATS CTAJbHEIX ILa-
pHMKOB fuaMeTpoM 16 MM.

(187 yopomeHHa 3aa4 MBI IPEATOIO0KNM, YTO IIA-
PHKH JOJI2KHBI JI€}KaTh BIJIOTHYIO. )

OcHOBHAA TPYAHOCTL 3TOH 3aja-
YH COCTOHUT B TOM, UYTOOBI BHAECIHTD
B Hel ee MaTeMATHYECKOE COepKa-
Hue. [Tocrpons puc. 222, 3aMmeuaem,
YTO HaM H3BECTEeH AHAMETD LIapMKa
BC = 16 MM, a 3HaYHT, U ero paguyc
AB = AC = 8 mm. CBepx TOr0, yroa
Mexay paauycaMd OA u OD, uay-

Puc. 222 IUHMHM B UEHTPBHl COCEJHHX INapH-
©
KOB, JJOJI2K€H COCTABHTH 3—268— = 18°. Hanee, orpe3ox AD,

COEJMHAIOMMA UEHTPEl KacaloWHXCcA IUAapoB, JOJXXEH
PaBHATLCA JHAMETPY KaX»AO0ro U3 HUX, T. 8. AD =16 mMmM.
Teneps Mbl UMeeM paBHOOeADeHHBbIH Tpeyroasuuk AOD, 8
KOTOpPOM U3BecTHO ocHoBaHue AD = 16 MM M yroa mpH
pepmiHHe £ AOD = 18°. PasbuBas ero Ha ABa NpAMO-
YroJdbHBIX TPEYTOJBHHKA, IPHBOOUM 3384y K caydaro 4
§ 12 u monyyaem OD = OA = 51,1 mm. OTcrofa HaXOAHM
BHEILHU paguyc
OB=0A+AB=51,1+8=59,1 (MM)
M BHYTPEHHMI pajHyc
OC = OA - AC =43,1 (mMm).
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§ 14. CooTHOLWeEHUA MeXay
TPUrOHOMETPHUYECKUMY (DYHKLUAMMN
OfIHOTO ¥ TOro Xe yrna

31{38 OAHY U3 TPUTOHOMETDHYECKHX BEJIHYHH HEKO-
TOPOIO GCTPOTO yIJid, MOYKHO [T0 HUMKEIPHBOAMMEIM QOp-
MYJIaM BHIYHCAHMTL Bee ocTaipHble. OAHAKG IMIaBHOE MX
3HAYEHHE COCTOHUT B TOM, YTO C HX [IOMOIUBIO MOIKHO, 3HA-
YUTEJbHO YOPOILaaA BUA MHOIMMX o6mIHx GopMyJ, cokpa-
THTb HDOLIECC BBIYYTHUCJIEHHA.

sinfa+cos?o=1; tgo-ctgo=1;
tg o= SN, iy o= £0SA.
cosS QL sina
sin+cosecaa=1; coso-‘seco=1;
sec2a=1+1g2a; cosecZo=1 +ctg? o

2 v — 1 _ ctgla
€Oo8° O = = H
1+1tg2a 1 +ctg2a
sin? o = 1 = _tgla

1+ctgla 1+tg2a’

3ty QOPMYJIBl OCTANOTCHA CIPABEAIUBLIMH H AJS TPH-
TOHOMeTpHYecKUMX PYHKI U nwboro yria (cMm. caeaymwo-
muit naparpadg).

§ 15. TpuroHomeTpuyeckue dyrKUMKM Moboro yrna

MokHO 6110 6Bl TOCTPOHTH BCIO TPUTGHOMETPHIO,
MONL3YACH TOJIbKO TPUTOHOMETPUUECKHMH BEAHYHHAMH
OCTDHIX yryaoB. OZHAKO TOrZa HPH DelIeHUMU KOCOYTOJib-
HbLIX TPEYTOJBHHKOB W B APYTrMX BOOpocax, Tpebyromux
NpHMEHEeHNA TPUTOHOMETDUM, HYKHO Obiio 6bI pasau-
YaTbh MHOXKECTBO OTAEJLHBIX CJyYaeB OJHOH H TOM 2Ke 3a-
AayH, B 3ABUCHMOCTH OT TOr0, KAKOBA BEJHMYUHA TOrO HJIAX
MHOTO 3aAlaHHoro yrya. Hanportus, peliieHHe BCeX 3ajay
NPUHUMAET eAUHO06DPa3HyI QOpMY, eclH CAeHYIOUHM
o6pazoM pacupoCTPaHHThL IGHATHE CHHYC, KOCHHYC
U T. . HA YIABI 1000 BETUYHHBI, HE TONBKO 3aKJIKOUYEH-
Hble mexxay 0 u 180°, Ho 1 npeBocxoasaniue 180°, He TOAL-
KO II0JIGKUTEAbHbIE, HO ¥ oTpHuaTeabHble (cM. IV, B, § 5).



422 V. TPMITOHOMETPMA
B Hnsa orcuera yrios GepeM oKpyx-
#octh ABA’B’ (puc. 223) ¢ Asymsn B3a-
M,/1 I'\M uMHO TNepUHEHAUKYIAPHEIMA  AH4-
A S~ MeTpamu AA: (¢nepewiis guamMerp) H
ON BB’ (eBTOpOiis). Touky A npumem 3a
I/ Hayano orcdera Ayr. Hanpasneuue,
IIPOTHBOMONICKAOE ABHIKEHHIO Yaco-
M, B"M; o CTpenKH, 6y/ieM CYMTATEH HOJIOXH-
Puc. 223 TensHbIM. «llogeusxaniits paguyc OM
) ¢ «HenoABHKHBIM» OA 06pasyeT yToi o,
OH MoXeT NpUHaANekKaTh NepBoii uereepru (MOA), BTO-
poit (M0A), tperbeii (M,0A4) nan uyerBeproii (M;04).
Cyuras nonoxKuUTensHbIMH Ranpasaerud OA, OB u oTpH-
paTensHsiMu OA’, OB’, MBI OnIpefie/1ieM TPUTOHOMETDHYE-
ckue QYHKIUY YDJIOB CAeAYIOIUM 06pasom.
Juruu cunyce yrna o (puc. 224)

M ecTb npoerursa OQ MOXBHIMKHOrO Paju-
7 yca Ha BTOpPO# ANaMeTp (B3ATAA C COOT-
/o) BETCTBYIOIIHNM 3HAKOM); JUHUR KOCU-
Hyca OP -—— npoeKuusi MOABHIKHOTO
WP panuyca Ha MepPBbIH AUAMETD.

Cunyc yzaa o (cM. puc. 224) ects
OTHOLUEHHE JHHHH CHHyca OQ!) K pa-
Pwuc. 224 .
auycy R OKpY>XHOCTH; KOCUHYC — OT-
HOIlleHne JUHHH Kocunyca OP!) k paauycy. Ha puc. 225
yKa3aHbl 3HaKH CUHYyCa, Ha pHC. 226 — 3HAKH KOCHHYCA B
pasNHYHLIX YETBEPTAX.

Puc. 225 Puc. 226
3HAKH CHHYCA H KOCCKaHCA BHEKH KOCHHYCA ¥ CCKAHCA
B PAINHUYHEIX YUCTBCPTAX B pAalJIMYHBIX YETBCPTAX
OKPYXHOCTH. OKPY>HOCTH.

1) BasaToil ¢ COOTBETCTBYIOIIHM 3HAKOM.



§ 15. TpmroHomeTpHyeckue dyHxUuK noboro yrna 423

Junus manzenca (AD,, ADy u T. 1.) €CTb OTPE30K Ka-
catenbHOH, NMpoBeAEHHON Yepe3d KoHell A mepBoro Aua-
METPAa, OT TOUKH KaCaHHA A0 NepecedyeHns ¢ NPOACIKEHHU -
€M noABM>KHOro pafuyca (OM,, OM, u. T. A., puc. 227).

Junus xomauzenca (BE,, BE, nT. 1.) ecTb OTPe30K
KacaTeJbHOI, POBeAeHHOR Yepe3 Korel B BToporo fua-
MeTpa, OT TOYKU KacaHusf B g0 mepeceyenus ¢ NPogoKe-
HUeM NoABMaKHoro paguyca (OM,, OM, u T. A., puc. 228).

Puc. 227 Puc. 228

Tanzenc yria eCTh OTHOLUCHHME JHUHUM Tanrescal) K
paauycy.

Komanzenc — oTHOMEHRHE IMHU K KOoTaHreHcal) K pa-
AHYCY.

3HAKHM TAHreHCA U KOTaHIreHca
AJI1 pa3NHYHKIX YeTBEPTEH yKasa- ‘h
HbI Ha pHC. 229.

Cexanc ¥ KOcexasc mpomie
BCEr0 OMPeAe]HTh Kak obpaTHbIe ‘,
BeJMYMHKI KOCHHYCA M CHHYyCA. 1

B rabaulte, MOMEIEHHOH Ha Puc. 229
¢. 424, pank BEIDAYKEHUSA KAaXKACH BHAKM TAHFCHCA
M3 TPHIrOHOMETPHYECKHX (QYHK- A KOTAHTEHCA
uui Jro6orc yraa yepes BCE OC- B PAMIMYHBIX YETBCDTAX
TanbHEle. B TeX BRIpa>KeHHAX, KO- OKPYHHOCTH
TOPBIE COMPOBOM/AITCA ABYMSA 3HAKAMH, BbIOOD 3HAKA
38BMCHT OT TOro, B KaKoi YeTBEPTH JEeXHUT Yyroia
(cm. puc. 225, 226, 229).

I'padMKy TPHrOHOMETPHYECKHMX GYHKIMH JaHK B
VI, § 8.

1) BaaToii ¢ COOTBETCTBYIOIMM IHAKOM.



BblpaxeHna OaHNX TPUrOHOMETPUYECKMX DYHKUWA Yepe3 apyrie
sin cos tg ctg sec cosec
sin x =+./1 -cos?x | tgx = 1 _tJsec?x -1 =_1
+J1+tg?2x| 11 +ctglx secx cosecx
cos x |= t./1 —sinx - 1 = ctgx =1 _teosectxr-1
+J1 +tg2x] +./1+ctgex secx cosecx
tg x ~_sinx | +/1-cos’x -1 =tfsecir—1|-_ _ 1
+./1 = sin?x cosx ctgx +.Jeosec?x — 1
ctg x |= +J1 -sinfx |~ ___COSX =1 -1 l=#/cosec?x~1
sinx +./1 - cos2x tgx t.fseciy -1
secx |= ——e | = L. |=tJ/Tvtgix|_ :/Trcte’x —__coseer
1.1 - sin2x cosx ctgx t.Jecosectx - 1
cosec x| = —— |= —L | tJ1+tg%|= /T rctgix |- __BeCX
sinx 1.1 —cos?x tgx t./sec?x -1

vy

BWALIWOHOIUAL "A



§ 16. Gopmynnui npvBeneHns 425

§ 16. ®opmynbi NnpuBeseHKn

Tax HasLIBAIOTCA HHAXKENpPHUBEeAeHHHE GOpMYJn,
Jalue BOIMOXKHOCTH: 1) HAXOAUTH YMCJEHHHIE 3HaYe-
HHA TPHIMOHOMETPHYECKHX (MYHKUHM M YIJIOB, NpeBsl-
mapniux 90°; 2) copepuats npec6pasoBaHud, ypouiao-
e BUA Gopmya.

Bce 3t GOpMyIst REDHRE A8 BCAKUX YIVIOB O, XOTHA
HCIIONL3YIOTCH IIPEMMYUIIECTBEHHO B TEX CAYYaAX, KOrZd
O — OCTDBIH yroJ.

Irpynna:

sin{(—a)=-sinqa, tg(-a)=-tga,
ctg (—a)=-ctga, cos(—a)=+cosa.

O1i GOPMYJILI NO3IBOAAIOT U3GABUTRLCA OT PACCMOTpe-
HHUA OTPHIATEIbHBLIX YIJIOB,

Il rpyana:
sin sin
€os 5 _ cos (3gecs B — uenoe
tg (360°% + o) tgf & NOJOKUTENABHOE YHCNO0).
ctg ctg

Oti GOPMYJIEL I03BONAIT H3BABATHCH OT PACCMOTPE-
HU#A YIII0B, Goabumnx 360°.
IIIrpynna:

sin Fsin
cos —Cos

tg (1800 + (1) = itg o.
ctg tctg

Haspauua PyHEKNHME COXPAHAIOTCA; 3HAK B IPaBoi
yacTtu OepeTcA TOT, KOTOPhIi OyJeT MMETh JeBasg 4YacTh
TIpU OCTPOM yTJIE QL

Hanpuwmep, sin (180° — o) = + sin @, TaK KaK NpH ocCT-
poM o yroa 180° — ot IeXKKUT BO BTOPOii YETBEPTH, A KO-
TOpPO# cHHyC nmoaokKuresne; sin {(180° + ) = —sin o, Tax
KaK 0pu ocTpoM o yroa 180° + o nexur B TpeTneil ver-
BEPTH, AJA KOTOPOil CHHYC oTpUuaTeNeH; cos {(180° — o) =
= —CO0S ({, TAK KaK KOCHUHYC BO BTODPOH YETBEDPTH OTPHILA-
TeJeH, U T. AI.
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§ 17. Qopmynbl CHOXEHUA K BEIYUTAHNA 427

IVrpynmna:
sin +cos sin —cos
cos _ F¥sin|  cos o __ *sin
te [ (0T W) = Fopo 0 O pg 1 (2T0° T @) = Topop O
ctg Ftg ctg g

HaaBanne QYHKIUHM MeEHAETCA: BMECTO KaXKA0M
yHkuuU GepeTca ee «JONONHATENbLHAA». [IpaBuio 3ua-
KOB TO <€, YTO U B nNpeawaymei rpynne. Hanpumep,
cos (270° ~ o) = —sin «, Tak kak yroa 270° — o npu ocrt-
POM O MPHHA/VIEIKUT TPEeTheH YeTBEPTH, A€ KOCHHYC OT-
pHunareiaet; cos (270° + o) = +sin o, TaK KaK B 4€TBEPTOM
YeTBEPTH KOCHHYC NOJOXKHUTENEH.

Bce BrimenpuseieHHEIE GOPMYABI MOXKHO TIOJYYHTE,
NOJBb3YACH CAEAYIOIMUM IIPABHIOM.

Jwbas mpuzonomempuiecrkas Pyrryus yziaa 90°n +
+ o no abcormHol 6eAURUNHE DABHA MO He PYRKYUU
y2na O, €CAU HUCAO N — HemHoe, U GONORHUMENLHOU
dynryuu, ecru wucro n — Hewemnoe. Ilpu amom, ecau
dyrryus yera 90°n + o nonomumensra, Kozda ¢ — ocm-
puLit y20n, mo 3naxu ofeux PYHHYul 0OUHAKOELI, €CAU
ompuyamenvra, Mo pa3ruinbt.

PeaynsTaTsl AaHHKIX BRIIIE POPMYJ IDHBEJEHHUA CBE-
JAeHBl B IOMEIeHHY 0 Ha ¢. 426 TabiHny, B KOTOPYIO JO-
6aBJsiessl rpadbl 18 CEKAHCA U KOCEKAHCA.

§ 17. ®opmynbl CNOXEHUA W BbIYUTAHUA

sim (ot + B) = sim a cos f§ + cos a sin B;
sin (o — ) = sin o cos f — cos o sin f3;
cos (ot + 8} = cos o cos § — sin a sin ;
cos (ot — 3) = cos o cos 3 + sim o sin 3;

tg (o + ) = EXTIED

1-tgatgp’

_Qy= tgo-tgf
tg (a—p) 1+tgatgB’
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§ 18. ®opmynbl ABONHDLIX, TPOUHBIX
N NOJTIOBHUHHBIX Yyrnos
sin 2a = 2 sin a cos o;
cos 2o =cos?a —sin2a=1-2sin2a =2 cos?qa —1;

_ 2tga _ctg?fa—-1

tg 2= 22— ; ctg 2a= 286 =2

g o l—tgza’cg 2ctgo

sin 3 =3 sin o — 4 sin®«; cos 30t =4 cos3 — 3 cos «;

3tga-tgia ctg3a—3ctga,

tg 3a= ; ctg 3a=
g 1-3tgla g3 3ctg2a-1
in @ — 4 [1-cosa. o _ 4 [l+cosa,
sin 2 T cOS 2~ 1 ’——2 4
tgg=+ l-cosa _  sina _ l-cosa,
2 T Nl+cosa 1+cosa sina

ctgg=+f1+cosa___ sina =1+cosa.

2 “Wl-cosae 1-cosa sino

3HaxKH nepes paAuKaaaMH GepyTCH B COOTBETCTBHH C

TeM, B KAKOH YETBEPTHU JIEXKUT yroJ g (§§ 15— 16).

§ 19. Npeo6pasosaHue
TPUrOHOMETPUUECKUX BbipaXeH i
K BUpYy, yaobHoMy ana norapudmMmpoBaHun

sina+sinB=ZSin5;—@ cosc-’-;—g;

sina—sinB=2005a—§-ﬁ sina—;:-ﬁ;
cosot+cos|3=2cos“-—;--ﬁ cosa—g-@;

cos . —cos 8 =-2sin (1_21_[3 sin‘-’—;-ﬁ =2sin ‘-’-»;—B sinB%"



§ 20. MNpeobpalosanne K NorapuMHIECKoMy BUAY 429

cosa+sina= Jﬁ cos (45° - a);
cos o ~sin o= /2 sin (45° —a);

tgotigp=SEED)  opg ot ctgp= SinBia),

cosacos fB sinasinf’
tg o +otg p= @ =B): tg o ctgp—-cos(@tB),
cosasinf ’ cosasinf’

tg o+ ctg a = 2 cosec 2a; tg a—ctg a=-2ctg 2a;

1+cosa=20052%l; 1—cosa=25in2%l;
1+sina=2cosz(45°—g);

1—sina=Zsin2(45°—g);

sin(45°ta) _ J/2sin(45°t ).

lttga=
cos45°cosa cosa
1+tgotgp= 08B oipqetgp+1 =052zl
cosacos 3’ sina sinf’
42— COS20, 4 2 . __cos2a,
1-tgfo cos?a ’ 1-ctg®a sinfo

sin{o + B)sin (o~ Q)

cos?a cos? f3
sin(a +B)sin(f-—a) ,
sinZa sin?f '
tg2a - sin?a =tg2a sin?o; ctg?2 a — cos?a = ctg? a cos? a.

tg2o—tg2p=

ctgZa—-ctg2f =

§ 20. NpeobpasosaHune
K NnorapugmMmUuecKkoMy By 4y BbipaXxeHUn,
B KOTOPble BXOAAT YAk, TPeyronbHuKa

Ecnu A, B, C — yrinl TpeyroJbHMKa Uiau Boobiue ec-
a1 A + B + C = 180° To HeKOTOpble BHIDAXMKEHHH, He
AMelonue JorapuPpMudeckoro BHAA, MOKHO MPUBECTH K
norapMPMAYECKOMY BUAY € IOMOIYBIO caeaAyoumux Gop-
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MYJI, KOTOpbIE IIOJE€3HBl NPH PElIeHHH KOCOYTrOJbLHBIX
TPEYPOJIbHUKOB:

sin A +sin B=2cos 4=8 cos g;
sin4 - sin B=2sin 42 sin §=
cosA+cosB=2cosA;B sin g-;
cos A—cos B=2sin B;A cosg;
tg A+tgB= &:siﬁ%a’
ctg A+ctg B= %,
s'mA+sinB+sinC=4cos“1 cosg cos g;

tgA+tgB+tgC=tgA-tgB-tg C;
4 B C _ctgd otg B otg €
cth +cf:g‘E +ct.g‘E ctg‘2 ctg 5 ctg 5"

§ 21. HexoTopble BaXHble COOTHOLLEHUA

sin o sin = % (cos (o — B) — cos (a + B)):
cosocosff = % (cos (o — B) + cos (a + B));
sin ot cos § = % (sin (o + B) + sin (o — B)).

3TuMu GopMyIaMH MOXKHO NOJLIOBATECA, YTOGLI U3-
besxaTh yMHOXKeHNA (IpU BHIYHCIeHnUAX 6e3 norapudmMon
MMH YaCTO MOJL3IYIOTCA B BEICIIEH MaTeMaTHKe, HAanpUMep
NPH HHTECPUPOBAHWH TPUIOHOMETPHYEeCKNX GYyHKIMT).
2tg‘2-" 1-tg2¥ 2tg%‘
sing=——>"=—; cos @@= —=; tga= —
1+tg2d 1+tg22 1-tg22
B2 €2 €32



§ 22. COOTHOWEHWUA MeNay INeMeHTaMHU TPeYronbHUKa 431

OTH DOPMYIHI NOJEIHK NMPH PEILIeHHH TPUIOHOMET-
PHYeCKHX YpaBHeHHI (B BHICIIEH MATEMATAKE — IIPH MH-
TErPUPOBAHUH TPHIOHOMETPHYECKHX DYHKIHIT).

cos%- cos &;—IE

sin oo + sin 2o + sin 3a + ... + sin o= ;
2sin$
sm2

sin (___2n; Da_ sing

cos o + cos 2a + cos 3o + ... + cos noL = H
Zﬁn%

cos not =cos” o.— CZ cos" 2o sina+ C1 cos” 4asintfo—...;
sin not = n cos" 1o sin ot — C3 cos" " 3asinda +
+ C2cos" Sasinfa-....
B nocrepuux asyx popmynax CX¥ — GuaoMuaabHbIe
koaddunnentu (cm. 111, § 72), 3naKku yieHOB 4EpPeAYIOT-
CH; MpaBbleé YaCTH 3aKAHYMBAIOTCA HYJEBOH HAH NMEpsou
CTENeHbIO KOCHHYCA.
IIpume pu.
cos 3o = cos3 @ — 3 cos a sin? «
sin 3a = 3 cos? o sin o ~ sin3 &
cos 40 = cos? ot - 6 cos? o sin? o + sind o;
sin 40 = 4 cos3 o sin ot ~ 4 cos a sind a.

§ 22. OcHOBHble COOTHOLLIEHVA
MeXay anemMeHTamu Tpeyronb: .mka’

O6o3HaueHnusn: a,b,¢c—cropousl; A, B,C — yr-
a+b+c

> — noJyiepumerp; b —

JIbl TPEYrOAbHHKA; P =

) Bce HmKenpuBcleHHBIe (GOPMYJIE JAIOTCA TOABKG B
OXHOM BADHAHTC; M3 KAXA0H QOPMYJEI MONYYAKTCA CLC XBC
8HAJOTMYHLIC C TOMOLILIO COOTBCTCTBYIONICH BAMCHBI GYKE.

_ bZ + c2 — aZ
Hanpumep, Ha ¢opmynsr cos A = T nonyyacm
c
2 2 2 2 2 2
ye2— -
cos B=2*¢ b ;cosC=a+b <

2ac 2ab ’
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BHICOTA; S —mAom@aAs; R — paguyc OMMCAHHOIO Kpyra;
r — pajgMyC BOMCAHHOIO Kpyra; r, — pajuyc Kpyra, Ka-
CAIOLErocs CTOPOHE! @ ¥ IIPOJOKEHHA CTOPOH b U ¢ (BHE-
BIOMCAHHBIHA KPYT); f, — BHLICOTA, ONYI[EHHAA HA CTOPO-
Hy a; 4 — GuccexTpHca yraa A,

1. Teopema xocurnycos

a?=0b2+c2-2bccos A, mancos A = gi%-——“z

(cp. IV, B, § 10).

2. Mla TeopeMbl KOCHHYCOB BBIBOAATCA «(DOPMYJIHI [10-
JIOBHHHBIX yr.nos» :

: }(p b)(p - <), fp(p a)
S]l'[ 2 be OS 2 be

tgA - [E=Bp-o) _

2 pip-a)
-1 fp-a)p-b)p-c) _ _r_
p-a P p-a

M3 HUX nonyvyaem:

A B
tgzt 3

3. Teopema cunycos
e b _ __c¢ _
sind sinB sinC 2R.
U3 Hee BuIBOAATCA CAeAYyIOIME ABE GOPMYJIEL.
4. Teopema manzencos (popmyavt Pezuomornmana)

A+B C
a+b _ B3 cte 5
a-b A-B . A-B’
tg—— tg ——
€3 €3
5. @opmyarvt Moaveeiide
cosA—B sind="
a+b _ 2 . a-b_
b
¢ z"ing ¢ cosg

2 2
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6. Popmyavt naowadu
S = besind S = b2sinAsinC,
2’ 2sin B
hsin B

S= - - -¢); S= ————
Jp(p-a)p-b)(p-c); S= ;= ST

=r2otg 4 B c.

S rct‘.g‘2 ctg2 ctg2,

S=ptgg e tg s

A hZsinA
S = —a)tg<; S= ey S= Jrr r,r..
pp-a g.2’ 2sinBsinC’ aee
7. Paguycsl ONMCAHHOTO, BIIMCAHHOIG ¥ BHEBIHCAH-
HOI'0 KPYyToB

R=_9 _—abc_ p — bc
2sinA 48

4cos‘% oS g cos g 2k,

dR=r,tr,tr.—r:

. B _. C
asin 7 sin —

r=S5 =@p-aytgd = —2 __ 2 —4Rsin4 sin Zsin &;
p 2 cos A 27272
2
1_1,1,1;
r [ Ty S
S A
r,=— =ptg=.
aT 5o TP
8. BuccexTpHca
Ba= —22
A C‘
COs

§ 23. PelueHne KocoyronbHbIX TpeyrosibHNKOoB

Cnyuwa# 1. JaHsl TPH CTOPOHEI &, b, C.
IIpyu ¥cnoib30BaHMH HATYPANBHbIX TABMHI CHavasa
HafijeM OAMH U3 YIJIOB IO TEOPEME KOCHHYCOB!
b2+ct-a?
2bc

COS A =
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Bropo#t yroa (Hampumep, B) HafifeM o Teopeme cH-
HYCOB:

sin B = bsind
a

Tpetuit yron maigercs no gopmyse
C=180°—-(A + B).

Ecnu ny)KHa 3HAYMTeNbHAS TOYHOCTH (Zake Ko 10%),
BhluMCAeHUE (0COBEHHO NEePBOro PE3YALTATA) YPE3BbIYaH-
HO YTOMMTENbHO.

IIpu ucnons3osanuu Tabauy JorapudmMoB yrasl A, B,
C (RocTaToYHO BEIYUCIUTD ABA U3 HEX)} HAXOAATCA 1O Of -
HOMI 13 GOpMYyJ HONOBHHHLIX yrJoe (§ 22, n. 2).

3anMch BRBIYHCAEHHHA.

Hanni: a = 74,5 =130, c = 186.

2p=a+b+c=390, p=195, lg p=2,2900;

p—-a=121 | lg(p—a)=2,0828
p-b=63 lg (p—b)=1,8129
p-c=9 lg (p —c)=0,9542.

1. Briuucnenue A:

tgd - 209,
2 pp-a)y

lg(p—b)=1,8129

ig(p-—c)=0,9542

non.lg p=3,7100
xon. lg (p—a)=3,9172

2,3943
-2,3943 = 1,1971;
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AHanoruyHas BRIKNAAKA AA€T PEe3YIbTAT
B =32°40".
3. Briuncaenne C (KOHTPOJBHOE):

c_ ’(p—a)(p-b)
€3 plp-c)

Pesynwrar: C = 129°26"

IlpoBepka:
A=17°54"
B =32°4¢’
C=129°26"

A+B+C=180°

Cnyygaii 2. JaHb fBE CTOPOHEI a, b U yron Mmexay
uumu C,

IIpu Mcnonb30BAHMHM HATYPANbHAIX TAOTHI HAXOAMM
cHaYasa CTOPOHY ¢ 110 TeopeMe KOCHHYCOB:

c2=qa2+ b2 - 2ab cos C;
3aTeM yroa A, 1o TeopeMe CHHYCORB:

- aasi
511'|A=an;
c

TIPH 3TOM YroJy A, COOTBETCTBYIOUHM HAHAEHTI.OMY CHHYCY
b b <cosc.
a a

Tpermit yron onpegeaserca aubo no ¢opmyne
C =180° — (A + B), nubo TaK e, Kak A (A1 KOHTPOAA).
BriuucneHue CTOPOHEI ¢ ¢ 6OALINONH TOUHOCTHLID YTOMH-
TEJBHO.

IIpu Mcnoxs30BaHMH Tabauy AorapudMos CTOPOHA ¢
HAXORAUTCA MO TEOpEMe CHHYCOB YXKe IIOCJIe TOr0, KaK OIl-
penesens! yriw A, B, [locnenuue ke paxogarcs mo ¢pop-
myne PermomMonTaHa

6yaeT oCTpPBIM, eClIU = > c0s C, 4 TYIIBIM €CJH
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13 KOTOpPO#M 10 JaHHKIM 4, b, C Haxoaum A%B , M, TAK KaK

KPOME TOT0, H3BECTHO A+ ( 90° - 2) oJy4yaeM Jerko

Hcamm A, B.
3anuAChr BHIYHCJAEHH A.
Haun: a = 289, b = 601, C = 100°19°.
1. Buruucnesue B;A :

B-A _

tg 24 =12
lg (b — a) = 2,4942
Ig ctg g =1,9214

zom. 1g (b + a) = 3,0506

ctg

Ig tg 3_;‘_“ =1,4662; 3—;4“ =16°18".
2. Beluucienne B n A:
Bid —g0°- £ =39°50,; B-4 =16°18";
2 2 2
CKIaAuBas, umeeM B = 56°8’. Beiuurasa, nonyyaem A =
= 23°32".
3. BriuucneHue CTOPQHBI €:

c= as‘inC .
sinA
lg a=2,4609

1g sin C = 1,9929
nom. lg sin A = 0,3987

lg c=2,8525; c¢=1712,0.

Cnygai 3. fausl asa mobeix yraa (Hanpumep, A, B)
u cTopoHa ¢. Kak npu ucnonssosanuu sorapadMos, Tak H
HE NTOJIE3YACHL HMH, BEJEM BEIYMC/IEHHE B CIEAYIONIEM II0-
PAZKe: CHAYANA ONMPEAeNAeM TPETUH YI'oa TPEYroAbHUKA
0o dopmyne 180° — (A + B), 3aTeM cTOpoHEI a, b o Teope-
Me CMHYCOB,




§ 23. PelwieHne KOCOYronbHbIX TPEYronbHUKOB 437

3amHCch BBIYUCJTEHHA.
Hausr: A = 55°207, B =44°41", ¢ = 795,
1. Buiuucnenne yrna C: C = 180° — (A + B} = 79°59".
2. BerupcneHue CTOPOHEI a:
_ cSsin4.
sinC ’
lg ¢ = 2,9004
lg sin A =1,9151
pon. lg sin C = 0,0067

lga=2,8222; a=664,0.
3. BeluHcnenue CTOPOHSI b.

csin B
sinC

Ilo dopmyne b =

b=567,7.

Cnyuaii 4. Jaunsl ABe CTOPOHKI @, b 1 yroa B, npo-
THBONEXKAIHH OFHOH M3 HHX.

U ¢ noMoiusio norapudMoB, 4 6e3 HUX BeJeM BbIYHC-
JIeHHe TaK: cHayaja HAXOAMM Yroj A, IPOTHBOJIEXalHi
JAPYroil AaHHOM CTOPOHE IO TeopeMe CHHYCOB: sin A =

TaK e, KaX BhIllle, HAX0AHM

= ‘%‘. IIpu 3TOM MOryT NpPeACTABHTHCF CJEAYIOMIHE

BO3MOYXHOCTH:

a)a > b; a sin B> b — 3afaua He HMeeT pellleHNs;

6) a > b; a sin B = b — oaHo pemenne; yron A — npa-
MOH;

B}a > b; asin B < b < a — 3agaua aonycxaer Asa pe-
LIeHHA: yroa A, COOTBETCTRYION MM BBIUHCIEHHOMY CHHY-
CY, MOYKHO B3ATb TU6GO OCTPRIM, THGO TYNBIM;

r) a € b —3aaaua JONyCcKaeT OAHO pelueHye: yroa A
GepeTcs OCTPLIN.

Onpeaenus yron A, maxogum C no dopmyne C =
=180° - (A + B). Ecau A Mo)keT HMETh 1BA 3HAYCHH A, TO
JABa 3Ha4YeHHA nonyyarorcs u ansa C. HaxoHen, TpeTbs
bsinC

CTOpOHa ¢ HAXOJAHTCH II0 TEOpeMe CHHYCOB C = sinB
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Ecau naiineno asa 3nauenna C, To M AJH ¢ HOJYyYaeNM ABa
3HAYEeHHd, M, TAKMM 06pasoM, YCAOBHI YAOBIETROPHIOT
JABA PA3JIMYHBIX TPEYTOJNbHHAKA.

3anuch BRIYMCIECHH A.

Hanbl: a = 360,0; b=309,0; B=21°14".

Hmeem: a > b u a sin B < b (o6napy’kuBaetca B Xxo4e
Oamoxaimei ebikaagkM). CregosaTenbHo, HAJIHUIO CAY-
yai B).

1. Boruncnenne yraa A:

sinA = a_sian .
lga =2,5563
lg sin B = 1,5589

xom. lg b = 3,5100

lgsinA =1,6252V;

nepsoe peimeHue A, = 24°57’; sropoe pemenue A, =
=180° - 24°57’ = 155°3".

2. Buruncnenue yraa C = 180° — (4 + B): nepsoe pe-
menue C; = 133°49’; sropoe pemenne C, = 3°43".

3. BriuucieHHe CTOPOHEI ¢

_ bsinC,
sinB ’
nepBoe percHue BTOPOE pellleHHe
lgb=2,4900 lg b =2,4900
lg sin C, = 1,8583 lgsin C, = 2,8117
gom. 1g sin B, = 0,4411 porm. 1g sin B, = 0,4411
lg ¢, = 2,7894; lg ¢, = 1,7428;
¢, = 615,7; ¢, = 55,31.

1Y Ecnu 651 66110 @ sin B > b, TO xapaKTepUCTHKA Jorapud-
Ma Hp1a 6b1 NONOXKUTCABLHOMR M 3aJa4Ua He HMeJ1a Op PCUICHNA.
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§ 24. O6parHble TpUroHomeTpuieckme (Kpyrosoie)
yHKLKIK

CooTHomreHne ¥ = 8in ¥ NO3ROJIAET € NOMOIIBIO Tab-
JIMIY HAMTH KaK X M0 JaHHOH BeJIMYHHe Y, TAK U ¥ 110 AaH-
HOM BesmuKHe ¥ (He npeBbiluawinei 1 no abconwTHOH Be-
nuurHe). TakuM o6pasoM, MOXKHO CUMTATE HE TOJBKO CH-
Hyc QyHRIHeH yraa, 2o H yroa GyHKI{HeH cuHyca. IToT
GaKT HaAXOJUT BHEIIHee BHIPDAYKEHHE B 3BAINCH y =
= arcsin x (arcsin yuTaeTca <«apxcuHyc»). Hampuwmep,

BMECTO % = sin 30° Mo)KHO HamHcaTe 30° = arcsin %

OBBIYHO NIPH 3TOM BTOPOH 34IIMCH YIoJ BEIpA’KaeTcH B pa-

AHAHHOMH, 4 He B TPajycHON Mepe, TAK 4YTO NHIUYT '—; =

= arcsin % . JTa 3anMCh NpeAcTaBafAeT JHUILL ¢ IepecKass

3aMHCH % = sin ’(—; , HO OHA HA TIePBBIX MOPaX JOCTABJAET
3aTPYAHEHHA.
Meskay TeM MhI He HCHBITRIP4€M TPYAHOCTH, KOrJa

HapAny ¢ cooTHOomMEeHUeM 28 = 8 numem 2 = 3/8 . Bro moto-
My, 4TO HM3BJIEUEHHE KOPHA COREPIIAETCA MO GIHHUM IIpa-
BHJIAM, 8 BO3BeJleHHE B CTENIeHb I10 PYTHM, H MbI TIDHBSI-
KaeM BH/JETh 3[1eCh ABA PA3NHUHLIX Jeizcmaus. Haxoxge-
HHeE e CHHYCA II0 YIJIY U YIJIa [10 CHHYCY COBepIIaeTca 1o
OJHHUM M TEM >Ke TabJHIIaM, B KOTOPBIX K TOMY 3Ke Bblfe-
JIEHO HA3BaHHUeE «CHHYC», 4 ¢«APKCHHYC»> He YIIOMMHAETCH.
IToaToMy HHKaxoro ocoforo deilcmaus, pesyJbTaTOM KO-
TOPOro Ghla 6K APKCHHYC, MEI HE BHAHM; ¥ ROODIIE B Tipe-
JAesIaX 3JEMEHTAPHOH MATEMATHKH BBEJEHHNE 3TOr0 IOHA-
THS [I0 CYILIECTBY He onpaBAbiBaeTcH. B Boiciieii ke MaTe-
MATHKE APKCHHYC YACTO NOABJAETCH KAK HEOBXONUMBIN
pe3yabTaT HEeKOTOporo deiicmeus (MHTErpMpOBaAHHA), M
EMEHHO 3/1eCh BO3HHKJIO IIOHATHE ADKCHHYCA M ero 060-
3HAYeHUe.
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OnpezxeneHde. arcsin x eCTh yroJ, CHHYC KOTO-
poro paBeH X. AHAJOPHYHO ONPEAENSIOTCA Aarccos X,
arctg x, arcetg x, arcsecx, arccosecx. DOYHKUUU
arcsin x, Arccos x 4 T. 4. o6paTtHs! (cM. VI, § 3) byHkuuam

sin x, cos x U T. A. (NoA06GHO TOMY KaK QYHKIHA ./;: 06-
paraa ¢pysakuuu x2). Iloaromy oum masmnmarorca o6pam-
HbIMU MPpuzoHoMempuveckumu Qynxyuamu (UHade xkpy-
206vtmu). Bee obpaTneie TpUroHOMeTpUdecKUue QYHKIUM
MHOrO3navHsl, T.e€. AJA KaXA0H U3 HUX CHOpaBeAJTUBO
caeayoonlee: OJHOMY IHAYEHHUIO X COOTBeTCTBYeT (fecuuc-
JIEHHOE) MHO»KeCTBO 3HaYeHUH byHKIHN (Tak KaK fecauc-
JIEHHOEe MHOXKECTBO YIJI0B, HanpuMep o, 180° — o, 360° +
+ O, ©UMeeT OJMH U TOT XKe CUHYC).

I'raenwm 3naverueM arcsinm x Ha3uIBACTCA TO €ro

3HAYEGHUE, KOTOPOe 3aKJIIOUEHO MEXAY -—g (—-90°) u +g

(+90°). Taxk, riaBHOe 3HAYEHHE arcsin g eCTh g; riaas-
. J2 R
HOE 3HaYeHHe arcsin —% ) ecTh - i

T'rasnstM 3Ha4EMUeM arccos X Ha3bIBAETCA TO ero
3HaYeHHe, KOTOpoe 3aKJloyaerca Mexay O u n (+180°).

Tak, r1apHOe 3HAYEHHE arccos g ecTh %‘; rJapHOE 3HA-
_J2 3
YEHUE arccos 3 €CThb +Z m.

Irasnbie 3Haxenus arcctg x u arcsecx (KaK M
arccos x) coaepxarca Mexay 0 u n. I'zaersie 3navenus
arctg x v arccosec X (Tak ke KaK M JJI4 arcsin x) HaXogAT-

-T R
oA Mensay ~5 M+ .
I pumepun. [nasuue sHavenus arctg (1) = —g s

arcctg J/3 = +" , arcsec (~2) = +§ m.
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Ecnu yepea Arcsin x, Arccos x uT. A. 0603HaYUTL
nwoboe U3 3HAYEHHH COOTBETCTBYIOIHX OGPATHBIX TPHIO-
HoOMeTpHYecKHX GYHKIMH, a AJIA IVIABHBIX 3HAYEHHUH CO-
XpaHHUTh 0603Ha4YeHHA arcsin x, arccos x 4 T. A., TO CBA3E
MEXAY 3HAYeHHUAMH o6paTHOH TPHIOHOMETPHYECKOH
GYHKIHMH K ee I'JIABHHWIM 3HAYEHHEM NPEACTAaBUTCH clie-
AyIDMMH bopMynamu:

Arcsin x = kn + (—1)* arcsin x, 1)
Arccos x = 2kn + arccos x, (2)
Arctg x = kn + arctg x, (3)
Arcctg x = kn + arcctg x, 4)

rae k — nwboe uenoe yuncao (MOJAOKHTENbHOE, OTPHIA-
TeNbHOE HJIH HYJIb)

I'padbnkud oOpaTHLIX TPHUTOHO™.TPHYECKHX (QYHK-
uuH cm. VI, § 8.

INIpumep 1.

Arcsin % =kn + (—1)* arcsin é =kn+ + (1) g .

i

6

(usn 30° — ryaBHOE 3HAYEHHE);

Hpnk=0nmeem0'n+(—1)°g =

mpuk=1umeeml -n+(-1)F =n-% = gn (un 150°);

6
npu k = 2 UMeeM 2'1t+(—1)2§ =2n+ g =2é1t
(unu 390°);
nopd k= -1 uMeem -1 + (—1)‘12 = ——n—g = —lén
(wnm —210°);
npu k = -2 umeem —21 + (—1)'zg =-2n+ :—; = —lg T
(nru ~330°)

HT. A.
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IMIpumep 2.
Arccos% = 2kn * arccos % =2k + g

IIpu k= 0 umeem g (nan 60° — rmaBHOoe 3HAYEHME) H

—g (st —60°); ipu k = 1 nmeenm 21 + g = 2% 7 (s 420°)

U 21— =1§1t(mm 300°) u T. ;.

T
3
§ 25. OcHOBHbIe COOTHOLIEHMA ANA o6paTHbIX
TpUroHomeTpuyecknx GyHkumun’

sin Arcsin a = a, Arcsin (sina)=kn+ (-1)* q,
cos Arccos a =a, Arccos{cosa)=2knt «,

tg Arctga=a, Arctig(tgo)=kn+a.
ctg Arcctg a =a, Arcctg (ctg o) =kn+ o.

arcsin a = arccos /1 — a2 =arcetg —%—
J1-n2 ’

a

arccos a = arcsin /1 — a? =arcctg — npu
-a
a>0

1 : a a
arctg a =arcctg - =arcsin =arccos
a J1+a? J1+a2’

arcsin a + arccos a = g s

arctg a + arcctg a = g ; arcsec a + arccosec a = g .

Arcsin a + Arcsin b= Arcsin (a/1 - b2 + b./1-a?),
Arcsin a — Arcsin b = Arcsin (aJ1 - 52 - b./1-a?),

1) Kopun, Bxogduue Bo Bce GopMyasl 3Toro maparpada, —

noAoXumenvHbie HUCHA.
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Arccos a + Arccos b = Arccos (ab — /1 -a? J1 - b2),
Arccos a ~ Arccos b= Arccos (ab + J1 ~a? J1 - b2),
Arctga+ Arctgb= Arctg at+b

ab’
ab
arcsin(a J1~-b2 + b Jl —ad
arcsina + (ecnna?+b2<1,
+arcsin b — a Taxske, ecnn a? + 42 > 1, Ho ab < 0),

+(n — aresin (a J1 —b2+ b J1 - a?))

(ecnu a? + 52> 1l u ab > 0),

arcsin (@ J1-02 - b J1-a?)
arcsina — _ (ecnu a2+ b2 < 1,
—arcsin b a taxxe, ecnu a? + b2 > 1, no ab > 0),

+(n — arcsin (e V1 - b2 - b /1 -a?)
(ecnua?+b2>1uab<0).
B ofeux mocnenaux dopMmysiax mepex KaskAoW KBaj-

paTHOM CKOOKOI HYXXHO B3ATb 3HAK +, €CIH & MMOJNOXKM-
TEJBHO, H —, €CJIH @ OTPHLATEIbHO.

§ 26. O cocTaBneHun Tabnuy,
TPUroHOMETPpHUYECKNX PYHKUMNIA

Oyra oxpysxHoctu (MAM,, puc. 230) Bcerna anus-

M1
MPM,

Onnako uyeM MeHBINe [EHTPATLHEIN
yron MOM,, rem MeHbUIe OTHOIIEHHE ‘h
——

MAM, OTJIMYAETCA OT €AHHHILBI, T. €
Mle ’ ' . W
T€M MEHBLIYIO OUTMOKY Mbl COBEPUINM, 1

cuuTad AYTY M ee XOPAY PaBHBIMH, Puc. 230

Hee cTarysaoollei ee xopasl (MPM,), Tak uro >1.
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Tak, npu ueHTpansHoM yriae 10° nyra MM, cocrasnser
0,174533r (r —paauyc OKDY>XHOCTH), a ee Xopja
0,174312r

0,174533r
’ =1 11:
(0,174312r 00 )

OpMHAB XODAY PpaBHOM JAyre, Mal cjejiaeM OLIHOKY
B 0,0002r, uTO COCTABHT BCEI0 OKOJIO ONHOMN AECATOH Npo-
HeHTa.

IIpn yrie B 2° oTHocHTeabHada olIMOKa GyAeT yike
npumepHo B 10 pa3 MeHBIIE, HMEHHO, Jyra paBHa
0,034907r; xopaa pasHa 0,034904r. OrHomeHue HuX
0,034907r
0,034904r
naeM OIIUOKY OKOJIO COTOH NIPOL{EHTA.

=~ 1,0001. [IpuuaB AYry paBHO X0OpAe, MBI Ae-

C npyroit cropoHsl, oTHOenKe Ayrn MAM, k xopne
MPM | B TOYHOCTH pABHO OTHOIIEHHK PAJMAHHON Mephl
yraa MOA (cocTaBagwiero nofosuny yrna MOM, )k ero

cHHycy. B caMom fene, Mm, tMPM, = 2MA : 2MP =

= 1\7:4 :MP = A%i : ﬂ%) , HO MTA ecTh pafjuaHHaA Mepa

yraa MOA (§ 3), a Mﬁe €CTh CHHYC TOrO K€ yriaa.

3HayuT, IPUHAB 32 Bin A BEJIUYUHY CAMOTO yriaa o
(B paguaHHON Mepe), MEI cAenaeM He(OJBIIYIO OINMOKY,
€CJIM Yros O HEBENHK. B3fAB AOCTATOYHO MANBIMR yros,
MOXHO HAMTH CHHYC 3TOT0 YIJIA ¢ HY>KHOM CTeNeHbK TOY-
HocTH. [Tocste 3TOre MOKHO COCTABUTH U BCIO TabAnIy TpU-
roHOMeTpHYeckuX GyHKUuMA. IIycTs MEl HaIlIM, HAIIpH-

Mep, sin 30°. Toraa no dopmyse cos 30" = /1 —sin2 30’
MBI HAMIEM U KOCHHYC 3TOrO yria; sateM Haiinyres tg 307,
ctg 30" u. x. 1o dopmynam c. 424. Hanee, GopMyJsl
sin 2 = 2 sin « cos & ¥ cos 200 = cos? a — sin? o no3BOSAT
HaftTu sin {2 - 30°) = sin 1° ncos 1°. [lorom no dpopmynam
caokeHus (§ 17) eprumcnum sin (1° + 307) = sin 1°30° u
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cos (1°+30°)=cos 1°30’. Tenepn, 3Ha4 CUHYC U KOCHHYC
yraos 1°307 u 307, najisem sin 2°, cos 2° u T. A.

Tak MOMxHO cOCTaBHUTb TaGJHIEI TPHIOHOMETpHYE-
cKHUX GYHKIHH (T0J1b3yACE 3THM criocoboM, HYXKHO CHa-
Yajia HAATH ¢ JOCTATOYHOM TOUHOCTBIO YHCJIO T — HHaye
He HalzZeM paguaHHyw Mepy yria). Ho Beiknagku 6yayr
4Ype3BbIYa8HHO TpoMo3gKkMMH. [lo 18 Beka cocTaBUTENIH
Tabaun (§ 2) N0AL3CBANHCH TIOYTH CTOJb JKE CACHKHBIMH
pacyeramu. B HacTosiniee BpeM#A CYHIECTBYIOT ropaszo 6o-
Jee OBHICTDHIE NIDHEMbI; OHM OCHOBaHbl HA METOAAX BLIC-
el MATEeMaTHKH.

§ 27. TpuroHoMeTpw' .eCcKve YpaBHeHus

YpaBHEeHHE, COAEPXKARICE HEH3BECTHYIO BEJIHYHHY
[OZ 3HAKOM TPHIOHOMETPHYECKOH GyHxnuHul), HasnpaeT-
CH MPUZOHOMEMPUYLECKUM.

HDpumep 1. YpaBHerHesin y = % TPHMIOHOMETpHYE-
cxoe. Ero kopHu: y=30°, y = 180° - 30°=150°,y=2-180° +
+30°=390° y=3-180°—-30°=510°ur. ., aTakxke y =
=-180° - 30° = -210° y=-2-180° + 30°=-330°n 1. A.

Ofmee peniesue (T. e. COBOKYIIHOCTb 8C2X KOPHel)
MOXKHO 3anucaTth Tax (cp. § 24, dopmyaa (1)):

y=k-180°+ (—1)*- 30°,
rae k — nwoboe nesoe YUCaAO (IOJOKHTENBHOE, OTPHUA-
TeJIbHOE HJIXA HYJB).

PaccMoTpHUM ofHO H3 penleHu#, sanpumep y = 30°.
Ero Mo Ho 3anHcaTs Takxe y = 18007, uau y = 108 000”7,

1} Hexoropbie aBTOPH NOHHMAIOT TEPMHUH « TPHTOHOMETPH-
Jeckoe ypaBHenue» B fonee y3kom cMuIcae, Tpebys, 4Tobb1 HeHa-
BECTHAS BEJUYHHA COACPIKANACh MOALKO O], 3HAKAMH TPHIOHO-
MeTpHuecKuX QyHKNHMH. B Takom cnyuae ypasHeHHMe nipumepa 3
He 6yner TpHroHoMeTpuyeckum. OEaKo, KAk Gbl HH NOHNMANCH
TepMUH «TDUrOHOMeTPHUYECkKOe YPaBHEHHE?*, PACCMOTPEHHC
ypaBHEHMI, re HEHIBECTHAS BEAHYHHA COACPXKNTCH HC TOABKO
10J 3IHAKAMY TPUTIOHOMETPHYECKUX DYHKIHM, HO ¥ B APYIUX CO-
YeTAHAAX ODONAE3IHO BO MHOI'MX OTHONIEHHAX.
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UIN Y = g ~ 0,5236 (nogpasymepass HAMMEHOBAHKE «pa-

nuanos»). Takum o6pasoM, B ypaBHEHMY Sin y = % HEeHns3-

BECTHOE ¥ €CTh BeJTHYHUHA Y2A4, 4 He ero YMCJI0BOM Mephl.
Yncosas ke Mepa 3aBUCHT OT BEIGOpa eJUHULLI H3Mepe-
HuA yriaos (Frpaayc, MHHYTa, PAAHAH U T. 4.).
MOXKHO TIPUMHMMATL 38 HEM3BECTHYIO BEJUYHHY TAK-
’Ke U 1HCJOBYIO MepPy YIa; Toraa ueo6XoiuMo yKasaTh, B
KaKuX eAUHALAaX H3MEPAIOTCH Ykt (CM, npuMep 2).
Ipumep 2. Xopaa AK (puc. 231)
PaBHa pajuycy okpyxHocTH R = OA.
CKOJIBKO TpPaAyCcOB COJEPKHT IeHT-
43&' paabHuI yron AOK? 3aecs HCKOMOU
BeJUYUHOH ABAAETCA 4“ucso; 0003HAa-
YMM ero OyKBoOM X; TOrAa BeJUYMHA yT-
na AOK ecrs x° (£ AOK = x°). Ilo-
Puc. 231 crpous 6uccexrpucy OD yriaa AOK, ume-

ev ZAOD = (E) Tax xak AK = 2AD = 204 sin Z AOD =

K

= 2R sin (%] , ano ycaosuw AK = R, To noJy4aeM ypagB-

Henue 2R sin (g) =R, 1. e.

sin (’E] = l
2 2

OaHo u3 peteHnH 3TOr0 YypaBHEHH ecTb X = 60.

Ha npaxTuke 4acTo BCTPEYAXTCH 3aJauM, A€ Nnep-
BBIJ cr1oco® HenpurojeH (cM. npumep 3).
IIpumep 3. Hvra AK oxpyxHoctn (cM. puc. 231)

NPEeBOCXOAUT CTATHBAIOLIYIO €€ X0pAy B g ~1,0472 paaa.
Haiita nentpaabubiit yroa AOK.

IIpumeHuM BTOPOi criocof. O60o3HAYNM Yepes X Ipajyc-
HYIO MEDY MCKOMOro yrIJIa (T. €. X eCTb HEKOTOPO€E HLUCA0).
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Kak B npumepe 2, Haxogum AK = 2R sin ( ) I'pa-

aycHas mepa xyru AK Toxe paBHa X, T. €. AJIUHA p;ymAK
COCTaBASET 3% OT AJTMHK OKPYXXHOCTH 2nR. 3Hauur,

%% x _ nRx
AK = 360 + 2R 180 °

Tlo ycnosmio AK : = =, iJonyuyaem ypaBHeHHE

1
3

1Bx opgin(Z) =1
130‘2R5m(2) 3’

x:sin (’_2‘) - 120. )

310 ypaBHeHHe HMeeT (eAHHCTBEHHOE) pelenue x = 60,
T. e. uCKoMbIH yzor AOK pasen 60°.

Ecau 66t 33 HEHIBECTHOE X Mh! NPHHAJIH Mepy yria
AOK 8 Munymax, Mpl NONyIUIH Gbl ypABHEHNE

x:sin (g) = 7200 (2)

{ero KopeHn ecTs x = 3600, 1. e. L AOK = 3600").

Taxum o6pasom, NDHHAB HHYIO €/JTHHHIY HaMEPEHHA
yria, Mbl IOJy4YaeM CYIeCTBeHHO HHOe ypaBHeHHe. Bhl-
XOAMT, UTO AJNA pacCMaTPUBAEMON 3aZlauyM HEJb3A COCTa-
BHTh TAKOIO ypaBHeHHA, rAe Onl 6yKBa x 0603HAYANA Be-
JTUYHHY CAMOrO yrJja, a He ero YACJIOBOH Mephl.

3amMeuanue. Ecan yepes x 0603HaYNTH PARHAH-
HYI0 Mepy yriia AOK, Mbl NOJTYyYHM ypaBHeHHe

2

cain X = 2
x:ising =gm 3)

(ero KOpEHb eCTh X = g) .
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Ilo BHemIHEMY BHAY 9TOr0 YDABHEHHS MOXKHO IOAY-
MaTh, 4TO OYKBO# X 0003HAaYAeTCA caM MCKOMBIA yroj
AOK, a He ero uucnoBaa mepa. Ha camMoM pene sgech x
eCTh YHCJO — paguaHHasa mepa yria AOK, tak Kak
ypapnesue (3) ecTs JHIb COKpPalUeHHAas 3aNUCL YPAaBHE-

HHus X :sin [%) paj. = % 7. ITogo6HEM ke 00pasoM MOXKHO
6p110 661 BMeCTO YpaBHeHUA (1) yCIOBHO HaMUCATh:

sin X =
:t:.sm2 120.

§ 28. Mpuemb! pelseHun
TPUrOHOMETPUYHECKUX YPaBHEeHU A

IIpH pereHMH TPUTOHOMETDHYECKHX YPaBHEHHH CcTa-
paloTCH HalTH 3HAYEHHUA KAKOU-TN00 TPHrOHOMETpHYe-
CKOH (GYHKUHH HeudsecTHo# Benuuussl. Orcioga ¢ no-
MOIIbIO TAGIHUL MOXKHO HAHTH INAYEHU A CAMOM HEU3BECT-
HOH BeJUYHMHE! (B ofmieM cayyae npubauxenHsie). na
sardcH o6njero pelieHuA cayxKar GopMynas! § 24,

OnHo ¥ TO >Ke ypaBHeHHEe MOXXHO PelllaTh pa3JuYHbI-
MH npuemMaMi, IIpy 3TOM MOryT OKa3aThECA IOJE3HKIMH
¢opmynst § 19 n B ocobennocTu §§ 17 u 18.

IlogBeprafd TPUIrOHOMETPUYECKOE YPABHEHHE TOMY
HJIN HIIOMY npeofpasoBaHUI0, HYXKHO IIOMHHUTL O TOM,
uyTo NpecHpa3oBanHOe YpaBHEHUE JACJIKHO GBITh paBHO-
CUJBHO MCXOAHOMY. Brnpouem, uHorza nenecoo6pasHo
COBEpPIHATH U TaKHe Npeobpa30BaHUA, IDU KOTOPBIX paB-
HOCUJILHOCTL HeNb3s 3apaHee rapaHTUpoBaTs. Ho Torpa s
caydyae BO3MOXKHOCTH NOABJEHUA NUINHUX KOpHeH (Ha-
npuMep, NpU BO3BEJEeHUH obeux vacTeld ypaBHeHHA B
KBajApaT; cM. IpuMepsl 5 U 6) HeoOxoguMo nposepums
BCe HalileHHAKIe pellleHNA. B ciayyae BO3SMOXHOCTH NOTE-
PH KOPDHE# HY¥<HO YCTAHOBHTH, KAKHE HMEHHO KOPHHM MO-
r'yT NponacThb U ﬂeﬁcTBHTe.ﬂbHO JIM OHH niponagarT.

BnipoueM, OIIacHOCTH IIOTEPATH KOPHHU MOMCHO JETKO
u3bexarn. IlokaxkeM 310 Ha npumepe. IIycTh JaHO ypas-
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sin x
cos x
Ecyu pa3genuts obe 4acTH Ha sin X, Mbl IOJYYHM ypaBHe-

HeHHe tg x = 2 sin x. 3anuuieM ero B BHAE = 2 sin x.

Hue —— = 2, He PABHOCHIIBbHOE JaHHOMY: OYAYT noTeps-
cCOos X

Hbl KOPDHH ypasHeHHUA ia x = 0. Ho BMecTo aToro moxcHo
MOCTYIMTH CAeAYIoIr M obpazom. [Ilepenecem 2 sin x nie-
BO U BbIHEceM 3a CKLOKY sin x. MBI Moay4YuM paBHOCHIb-

HOe ypaBHeHHeE sin x (Efs—; - 2) = 0. OHO yaoBAETBOPAET-

¢ JUIOb B ABYX cayyaax: 1)ecau sinx = 0; 2)ecnn

=2,T.€.C08 X = 1 . B mepsom cnayuyae x = k7; BO BTO-
cosXx 2

poMm x = 2kn + T§[ . MBI NONYyYUIH BCE KOPHH.

3ameuyande. IIpupaBHUBAA K HYJIO OAHH U3 COM-
HOXKHUTENEH, Hy>KHO y6equThCA, YTO DK ATOM APYroii COM-
HOXKUTENb He ofpaujaemcA 8 OeckonexHocmb. B Hamem
npuMepe Tax 4 ecTh. IIpu sin x = 0 umeeM cos x = +1, Tak

YTo L S pasHo —1 uau -3. Ilpu cos x = uMeeM

cos x E
simx ==+ ? . Ecaim 5xe BTOpOI COMHOXHTENL 06paItaeTcs

B OECKOHEYHOCTD, TO PE3YJIbTAT, KaK NpaBuio, 6yaeT He-
Bepen. [IycTs, Hanpumep, fauo ypasHenHe sin x = 0. Ero
MO>KHO 3aMIMCATh B PABHOCH/ILHOM BHAE cOs x * tg x =0, Ho
HeJb3A MOJOXUTE c0s X = 0 (npm cos x = 0 ypasHeHue
simx = 0 zasefoMo He yjosJeTsopaercA). HMcTouHUK
OMMOKH 3aKITHOYAETCHA B TOM, YTO MPH c0s X = 0 QYHKIHA
tg x obpamaercAa B 6ECKOHEYHOCTH (tg x = L%g—:-gﬁ’f) .

IIpocTtefimuuit mo uhee (HO He Bcerjga KparTdaWiumit)
cnocof pelleHUA TPUIOHOMETPHYECKOI0 YpaBHEHHA cO-
CTOHUT B TOM, YTO BCE TPUIOHOMETDMYECKMEe GYHKLIMH,
BXOAALIHE B YPaBHEHUE, BHIPAKAKTCA Yeped OAHY H TY

15 Boiroackuit MSI.
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e (PYHKIHIO OJHO M TOH >Xe BeJIMYMHLI, HAIDHMED 4Ye-
pe3 sin x, wiu yepesd tg x, HAH yepes tg % U T. 4. (Taban-

ta Ha c¢. 424 u dopmyns! ans sing, cosa u tga § 21).
Ynausei BeI60D 5TOH GYHKIIHHM 4YACTO COXPAIAET BEIYHNC-
JIeHHA.

IIpumep 1. 3+2cosa=4sin? o

3aeck yno6HO BeIpA3HThL Sin? o yepes cos ¢, Mmeem
sin? o = 1 — cos? a. [Tonyyaem paBHOCHIILHOE YDPABHEHHE
3+2cosa=4{1 —cos?a)nnndcos?a+2cosa—1=0,
OTo ypaBHEHMe — KBaJ/paTHOe OTHOCUTeNbHO cos o, Ha-
XOJIMM /iBa 3HAYeHHA COS O

{(cos o), = :—-l—ztti-‘;’ =0,3090, (cos a)y= -_—IZLE =-0,8090;
oTryaa o = 360°k = 72°00" u a = 360°k + 144°00’.

IIpumep 2. =8tgx—2.

cos?x
3necs yaob6Ho BHIPasuTh cos? x ueped tg x. Hmeem

1
cos? x = Triets ITonyuyaem paBHOCHJIEHOE YPAaBHEHHE
+tg2x

3tg2x-8tgx+5=0.
Orciona (tg x); =1, (tg x); = g . ¥YpaBHeHre HMeeT pe-

menua: x = 180°k + 45° n x = 180° k + 59°02’ (neprasn
¢opMyna — TouHas, Bropas — OpHONHKeHHAaR).

IIpumep 3. sin? x—5sin xcos x—6 cos2 x=0.

Bnech Ipore BCero paseanuTh Ha cos? x. [Tonyunm:

tg2x-5tgx—6=0.

IIpu nenenun Ha COS x MEI He TepAeM KopHei. [len-
CTBHTEJIBHO, NIOACTABMEB cOs X = 0 B JaHHOE ypaBHEHHe,
HaiaeMm sin x = 0, a papeHcTBa c0S x = 0 M sin x = 0 Hecos-
MECTHBL.

W3 ypasHenns tg? x — 5 tg x — 6 = 0 HaxogumM (tg x),=
=6u(tg x)};=—-1. Kopun 6yayr x = 80°32" + 180° knx =
=—-45°+ 180° k.
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IIpumep 4. 2sin? x + 14 sin x cos x + 50 cos2 x = 26.

3aecs Heneneccobpa3Ho BEIPAXKaTh COS X Yepes sin x
MM Ha0GOPOT, TAK ¥ aK BO BTOPOM YJIEHE HOABHTCHA UPpa-
1IIHOHANBLHOCTE. Ef MOXHO YHMUTOXHTBH, YEAHMHHB 3TOT
4JIeH U RO3BeA N yaBHeHMe B KBaapat. Ho 3To cacxHO; K
TOMY >X€ MOTYT IOABUTHCA JHIIHHE pelueHUA. Byaer nyu-
nie BboIpa3HTh sin x ¥ cos x 4yepe3 tg x. UMeeM sin x =

_ tgx . 1
=% __ cos x= ——-——.Borux popMynax snaxn
tflrtgix +/T+tg%x

Gepytca Aubo ofa BepxHHe, b0 00a HMXKHHe (TAK KaK
Sin X : COS X JOoMKHO paBHATheA tg x, ane —tg x). [Tonyua-
€M PaBHOCHJIbHOE YDABHEHHE
2tgix + 14tgx + 50 _ 26
1+tgex
OcsofoauMca OoT 3HaMeHaTeaAd. JIMIIHAX KOpHeH He
NOAYYHTCH, TAK KaK 1 + tg2 x He MOKeT PABHATHCA HYJII0.
Ilocne npuBeAeHUA NOARCOGHLIX YJI€HOB NOJYYHIH PABHO-
cuJnHoe ypaBHeHHel)

24 tglx—14tgx—24=0.
Orciona (tg x}; = % , (t8 x)y = —g .

Pemenans 6yayr: x = 53°07° + 180° &k, x = —-36°52" +
+ 180° k.
IIpunmep 5.
sinx+ Tcosx=35. 1)
Bripaauwm sin x gepes cos x. [lonyunm:

+.J1-cos?x + Tcosx=5 2)
HITH
+.1-cos?x =5 -7 cos x.

1} 3T0 ypaBHeHHe MOXKHO KOPOYC TONYUYHUTH CACAYIOIHM UC-
KYCCTBCHHBIM NPHEMOM! TaK Kak $in? x + cos?x = 1, To npasyio
YACTh AAHHOIG YPABHEHHS MOXHO 3a8MHCaTh B BUAc 26 (sin?x +
+ cos? x), 3aTeM NCPCHOCHM BCC YCHRI BIEBO M IENHUM Ha c0s? x.
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Ecnu 651 OBITH U3BECTHRI AHAYEHHSA COS X, TO MEI 3HA-
s 6, KaKO# 3HAK B3ATH Nepej, pagjuKaioM (mioc, ecau
npaBafd 4YacTk NOJOMKHUTENbHA, MHHYC — €CJH OTpHIAa-
TenpHa). He 3Haa kopHen ypapHeHUA (1), MEI BBIHYKe-
HEI COXpaHMTb ofa 3naxka. IlosTomy ypaBHeHmue (2) He
paBHOCHIIBHO (1), M1 BBen M HEe KopHU, Bo3soas obe
gacTH (2) B KBaApaT U NPHUBOAA MOAOOHLIE YIEHDI, TIONY-
YaeM YPABHEHME

50 cos2 x—T70cos x+24 =0, 3)

PaBHOCHJbHOE YPaBHEHHIO (2), HO He ypaBHeHuUo (1).
Haxopum (cos x), = 0,8; (cos x), = 0,6.
Otcropa x = +36°52" + 360° ku x = £53°07" + 360° k.
IIposepum nmonyyenswle KOpHH. ITogcrapnsas cos x =
=0,88(1), monyyaemsinx=5—-Tcosx=5- 5,6 =-0,6.
3HayuT, KOPHHU x = +36°52° + 360° k — nuMuIHMe, TAK KAK
CHHYC 3THX YIJIOB (OHM TIDHHAJEXXAT IMEePBOM YeTBEPTH)
pasel +0,6. Kopuu xe —36°52" + 360° k& npunagnexar 1
ypaBHeHHUIO (1), Tak Kax cUHyc 3THX yryoB paeed —0,6.
IToacraBuM Teneps B ypaBHeuue (1) 3HaueHHE COS x¥ =
= 0,6. ITonyumum sin x = 0,8. Orcroza aaka04uaeM, YTO KOp-
HHU x = +53°07’ + 360° k npunaanexar U ypasHeHUIo (1)
(cunyc aTux ymios pased 0,8), a xopuu x = —53°07" +
+ 360° & — nunHMe (CUHYC 3THUX yraos paseH —0,8).
Perenus ypasHeHus (1) 6yayr!)

x=-36°52"+360°k n x=53°07"+ 360° k.

IIpumep 6. YpaBHeHHEe, DACCMOTPEHHOE B IpPHMe-
pe 5, ecTh yacTHBIH BUJ ypaBHeHUsA asin x + bcos x = ¢.
Bce ypapHeHMA 3TOro 00mero BUa MOXXHO DEILATH YKAa-
aaHHbIM cnocobom. IlokasxeM eme gBa cnocoba Ha ToM »xe
puMepe

simx + 7 cos x = 5. 1)

1) Ypasuenue (1) MOXHO 3aIHCATL B PABHOCHALHOM BHAC
sin x = 5 — 7 cos x. Boasopsa B xBajgpaT, nonxyuaem sin? x = (5 —
— 7 cos x)%; HO 3TO YPARHCHHC HE PABHOCHJIBHO (1), TAK KAK OHO
mony4yurock 6bl U M3 ypaBHEHHA —sin x = & — 7 cos x, 3aMeHHB
sin? x na 1 — cos? x, monyunm cHosa (3), u JaJLHCHIIEe pCLIEHUC
COBITAJACT C H3JNOXKEHHBLIM B TEKCTE.
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Ilepsw#t cnoco6. Bossoaum B KeaApar (npu
3aToM BROAATCA AninHHEe Kopuu D), [Tonyyaem:

sin? x + 14 sin x cos x + 49 cos? x = 25.

IIpuMeHHB OAUH U3 IPUEMOB, YKA3aHHBIX B IpumMepe 4,
nonyunm ypassenue 24 tg2 x — 14 tg x — 24 = 0; 3ro xe
ypaBHeHHe Mul Noayynaud B npumepe 4. CHOBa Haugem
(tg x), = % , (tg x)y = “2 . OgHaKo Teneps U3 KOPHEH
x =53°07"+ 180° k n x = —36°52” + 180° k Hy>xHO ycTpa-
HUTL nuiuHue, Ecin tg x = % , ToO uMeem yubo sin x = 0,8,

cos x = 0,6, nubo sin x = —0,8, cos x = —-0,6. [loacranos-
Koii B (1) y6exxgaemcs, 4To NOAXOAMT TOJNbKO [1epBad napa
3HAYEHHH, T. €. yroJ X NPUHAAJNEXHT NePBOH YeTBEpPTH.
3HauuT, cCpeAd kopHed x = 53°07° + 180° k noaxonAT
TOJBKO T€, KOTOPbIE NOAYYAIOTCA NPH YETHLIX SHAYEHHAX
k. Ilonaraa k = 2k’, nonydaeMm x = 53°07’ + 360° k’. Tak
ke HaliieM, 4To U3 kopHel x = —36°52’ + 180° k noaxoasT
TOJILKO T€, AJf KOTOPbIX K — YETHOE YHCO, T. €.

x=-36°52"+360° &’.
Bropoit cnoco6. Buipadum sin x u cos x yepes

tg JEC (dopmyne! § 21). [locne ynpolleHuii noniydyaem pas-

HOCHJILHOE ypaBHeHHe 12 tg? ‘% —2tg % -2 =0, oTkyaa

(e5), =3 (3), =5

Haxopum % = 26°34" + 180° k n ’—; =~ —18°26" + 180° &.
Kopuu 6yayr x = 53°08" + 360° ku x =~ -36°52" + 360° k.
IIpenMyliecTBO 2aTOrO crnocofa B TOM, YTO OH HE BBOAUT
JHIDHHAX KODHEH.

1} Cm. npeABIAYIYIO CHOCKY.
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3amMeuaHue. Bropoit ciocob o6aagaet GoabIIoi
obmnocTeio. Korza TDHrOHOMETDHYECKOE YpaBHEHME
OPHBOAKMTCA K TAaKOMY BHMAY, YTO B HEro BXOJAHAT TOJBKO
TPHTOHOMETpHYecKHe GYHKIIHY OJHOrO M TOTO 2Ke yria,
TO BCe 3TH DYHKIIMH MOXHO ¢ Tomo1sio dopmya § 21 Bri-
pasuTh vepe3 TAHTEHC IOJIOBMHHOTC yrja. BrluHcieHus
NIPH 3TOM CNIOCOGe 0Ka3hIBAKTCA 4acTo 601ee TPYAOEMKH-
MM, Ye€M IIPH IPYTHX, HO 3aTO MBI H36aBJIAEeMCA OT NIOKC-
KOB HCKYCCTBEHHHEIX [IDHEMOB M BO MHOTHX caydasax usbe-
raeM NOsABJIEHHA TMIIHAX KOPHEH,



V. ®YHKUWUN, TPADUKN

§ 1. MocTosiHHble U NepemMeHHble BEMYMHDI

IIpnMeHeHMe MATEMATHKH K H3YYEHHIO 3AKOHOB ITPHU-
POABI H K MCIIOJI530BAHUIO MX B TEXHHKE 34CTABMJIO BBECTH
B MaTeMaTHKY MOHATHE TePeMeHHON BEJAYHUHH U, B IPO-
THBOIIOJOXHOCTE €i, IOHATHE NMOCTOAHHOH BEJHYHHEL
ITepemennas 6equiuna — 3TO TaKasa BeJHUHHA, KOTOpaA
B YCJIOBHAX JaHHOT'O BOIIPOCA MOXKET NPHUHHUMATD Pa3IHy-
Hble 3HauYeHHud. [TocmosHHas 6eAutuna B YCAOBHAX JaH-
HOI'0 BOIIPOCA COXpaHAeT HeHaMeHHoe aHadenue. OxHA U
Ta )Ke BeJIJHYMHA B OQHOM BOIPOCE MOXKeT ObITh MOCTOAH-
HOH, B APYTOM — N€pEeMeHHOH BeJTHYHHOHM.

IIpumep. Temneparypa T kunenus Bogbl B 60/b-
MIUHCTBe GUIHYECKHX BOMPOCOB €CTh BEJIHYHIIA IOCTOAH-
Has (T = 100 °C). OaHaxo B Tex BONpOcax, r'ie HY>KHO CYH-
TAThCHA ¢ U3MeHeRHeM aTMochepHoro gaBjeHds, T ecTs
BeJHYUHA NePEMEHHAS .

PagnnyeHHe IOCTOAHHBLIX H IEPEMEHHKIX BeJXHYHH
0CO0EHHO YACTO MPUMEHAETCA B BHICILEH MaTeMaTHKE; B
9JeMEHTapHOH MAaTeMaTHKe OCHOBHYIO POJb HUI'paeT pas-
Je/iende BeJHYMH HA M3BeCTHRIE H menaBecTHre. Ilocnen-
HEE cOXpAaNAeTcs U B BhHICILIEH MATEMATHKE, HO HE HI'DaeT
TaM OCHOBHOH pONH.

Yauie BCErc mepeMeHHBIE BeJIHYHHBLI 00603HAYAKTCA
nocregHUMHU OyKBaMu saTunckoro andasura x, y, 2, ..., a
IOCTOSIHHKIE — IEepBbIMH a, b, ¢, ... .

§ 2. DYHKUMOHANBHAA 3aBUCMMOCTb
MeXAY ABYMSA NepemeHHbIMK

FOBODﬂT, 4YToO ABE NIepeMeHHhIEe BEJIMUHHBI X, i CBA3aHBI
(pyHKuUOHﬂJIbHOﬁ 3a8UCUMOCTIbIO, ECJIH KAXKAOMY 3HaYe-
HHIO, KOTOPOEe MOXKeT NPHHATE OJHA U3 HUX, COOTBETCTBYET
OJAHO HJIH HECKOJILKO OIIPEACAEHHBI X JHaYeHHH ZIDYI‘OI."I.
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IIpumep 1. Temneparypa T KUIIEHHUA BOJABI H aT-
mocdepHOe AaBJIeHNE P CBA3AHEl GYHKIMOHANLHOMN 3aBH-
CUMOCTBIO, TAK KAK KaXKA0My 3HAYEHHIO T COOTBETCTBYET
OXHO OIIpeZesieHHOe 3HaueHHe p u obpaTtHo. Tak, ecau T =
= 100 °C, To p HcipeMeHHO paBHO 760 MM pT. CT.; ecau
T =70°C, T0p=234 MM DT. CT. 4 T. 5. HanipoTHe, aTMoC-
()epHOE KABJIEHNE P H OTHOCHTE/IbHASA BJAA2KHOCTH BO3Y-
Xa x (paccMaTpuBaeMble KAK NCPEeMEHHBIE BEJHYHHBI) HE
cBA3aHEl QYHKIHOHANALHOM 3aBHCHMOCTHIO; €CJIH H3BEeCT-
1O, 4T0 X = 90% , TO 0 BeIHYHHE P HeJIL3A elUe CKadaTh HI-
yero OﬂpB,T_[eJIBHHOI‘O.

IIpumep 2.1In0mass paBHOCTOPOHHETO TPEYTOJb-
HMKa S U ero [epaMeTp p CBA3AHK (PYHKIMOHAILHOMK 3a-

pricumocTeio. Popmyna S = (V3 : 36) p? npeacrasnfeT
3Ty 3aBMCHMOCTb.

Ecau »kenarenbHo NOAYEPKHYTH, YTO B JAHHOM BOII-
poce 3HAYEHHA IePeMEeHHOMH I O HBI HAX0/JUTLCA T10 3a-
JAHHBIM 3HAUYEHHAM [IePEMEHHOM X, TO IocAeAHAA (X) Ha-
3LIBAETCHA He3A8UCUMOLL NepeMeHHOll U apZYyMeHmoM, a
nepsada (y) — 3asucumoil nepemerHoll HAH QyHKLUCIL

IIpumep 3. Ecnu no sennyuHe nepuMeTpa p pas-
HOCTOPOHHErO TPEeYroJILHHKA MBI XOTHM CYAHTH O €70 ILJ10-
mazn S (cM. npuMep 2), TO P €CTh apLyMEHT (HEe3aBHCH-
MaA nepeMerHaA), a S — GyHKUHA (3aBHCHMAas NIepeMeH-
HafA).

ame Bcero HezaBpHCHMMaA NlepeMeHHaA obosznavaeTca
OYKBOH x.

Ecnu kaxkaomy 3HaUeHHMIO API'YMEHTA X COOTBETCTBY-
eT TONhKO O/IHO 3HaYeHue PyHKIUHH Y, TO QYyHKIHA HA3kI-
BAETCS 0OHO3HANHOU, ecny ABa UnH Gonee — MHOZO3HANY-
1ot (ABy3HAUYHOM, TPEX3HAYHOH U T. 1.).

IIpumep 4. Teno GpoiueHo BBEpX; S — BHICOTA €0
ToA'bEMA Ha/ 3eMJieii; t — BpeMA, Mpollefllee C MOMEHTA
6pocka. BennunHa § ecTb ojHo3HAaYHaA dyHKuHA ¢, Tax
KaK B KAXKABIH JaHHBIX MOMEHT BbICOTA Tena — BIOJHE
onpefeneHHas BeaWYuHa. BenuuumHa ¢t — JABy3HauHaA
dyHKUHA §, TAK KaK TeJO HAXOAMTCHA HA JAHHOI BrICOTE S
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ABaXxJbl — OAMH Pa3 npH NoJieTe BBEPX, APYroi pa3 mpu
NajicHHHU BHHUI.

dopmyia s = vyl — %gtz, CBA3KIBAIOLIAA [TEPEMEHHbIE

s, ¢ (HavanpHAS CKOPOCTH Uy H YCKOpPEHHE CBOGOJHOIO
nafgeHusa & — B AGHHOM CJ1y4ae NOCTOAHHbBIe BEJIHYHHHI),
[OKA3hIBAET, 9TO IIPH JJAHHOM ¢ HMeeM OHO 3HAYeHHE 8, &
NpH AaHHOM § — JABA 3HAYEHHA {, ONpefeaseMble U3 KBaj-
pPaTHOrO YPaBHEHU S

%gtz—vot+s=0.

§ 3. ObpartHas ¢yHxuma

HAna xapakrepucTHKd GHYHKIUH COBEPIIEHHO HE CY-
nieCTBEHHO, KaKo# OykBoi oboanadaerca caMa GyHKIUSA
U ee apryMeHT; TaK, ecjid uMeeM y = x2 u u = vZ, TO y ecTh
Takaf ke QyHKIHUA ¥, KaK 4 GYHKIHA U; HHAYE TOBODA,
x% u v? — 3To oftHA M TA Xe PYHRKOUA, XOTH apryMeHT ee
0603HAYEH HEOAMHAKOBO.

Ecnu B 1apHO0H PYHKIAOHANBHON 3aBICMMOCTH APTY-
MEHT U PYHKIHIO (IOMEHATH POJNAMH, MBI MOJAydaeM HO-
BYIO GYHKIOHIO, HA3BIBAEMYIO 06paMH Ol 10 OTHOIEHHNIO K
UCXOHOI.

IIpumep 1. IlycTs nmeem dyHKIUIO 4 APTYMEHTA U

u=rv2
Ecay moMeHATH PONAMHA APTYMEHT U GYHKHUIO, BETUYH-
Ha v 6yaer GyHKUMeld u 1 npeacTaBUTes POPMYJNIOH v =
= Ju. Ecan apryMeHT B 000HX caydasix 0603HATUTH Of-
HOH U Toil e 6yKBoii x, To HcxoAHAA GYHKIHA ecTh X2, a
obpaTras eif Jx .

IIpumep 2. ®ysxuueit, obparHoii sin x, ABnAeTCH
arcsin x. [leficrBuTenbHO, €CAN § = Sin X, TO X = arcsin y
(V, § 24).

O rpajpuke o6paTHoil pyukyuu cM. § 8, n. 7.
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§ 4. 3anaHve dyHKUuK HopMynoin n Tabnuuen

MHuor#e QpyHKIHOHANBHBIE 3ABUCMMOCTH MOrYT ObITh
(TOYHO MM TPUOJIMIKEHHO) NPEACTABIEHEl IPOCTHIMH
dopmynamu. Hanpumep, 3aBUCHMOCTD MEXKAY MJIOIAABIO
Kpyra S ¥ paguycom r npeacrasiserca dopmyioin S = nre;
3aBHCUMOCTh MeXJY BHICOTOH § OPOLIEHHOrO TeJia U Bpe-
MeHeM f, IpOIeJIIMM ¢ MOMEHTA Opocka, — dopMyoH

8§ = vgt — %gtz; TIOCTENHAA TI0 CYIMECTBY — NPHUBIHIKEH-

Has GOpMysia, TaK KAK OHA HE YYUTRIBAET HM COIIPOTHUBIE-
HMA BO3AYXA, HH 0cHabJeHHUsA CUJIBbI THIKECTH € yBeJHnde-
HMEM BBICOTHI.

YacTo GYyHKIHOHAJLHYIO 3aBUCHUMOCTh HE YJaeTcs
NpPEACTaBUTL B BUAe GOPMYaEI HJHM, €Cad yAaercd, Hop-
MyJia OKa3biBaeTCHd HeyAoOHOM aAnsa BuuMcAeHMiA. B atux
CAy4aAx NOoNAb3YyTCS APYTMMH crnocobaMu, yalije BCero
mabauvrom U zpagureckum (cM. § 7).

IIpu™mep. PyHKUMOHANBHYIO 3aBHCHMOCTL MEXAY
JaBIeHHEM p U TeMIepaTypoil kunesusa soanl T (cp. § 2,
npumep 1) He yAaeTca NpeACTaBUTL OHOM GOPMYJIOi, KO-
TOpas ¢ HYXHOH CTENEeHbK TOYHOCTH OXBaThIBaNa Onl Bce
NpAKTHYECKU BaXKHbIE CJAyd4ad. ITa 3aBUCHMOCTbL IpEN-
cTaBafAeTCA TabJUIEN, BHIAEDKKA H3 KOTOPOH UMeeT BUJ:

Mm;ﬁ.m. 300 | 350 | 400 | 450 | 500 | 550 | 600 | 650 { 700

T°C |75,8(79,6]83,0(85,8{88,5|91,2/93,5{95,7}97,6

Ina ynobcTea BRIYMCAEHUIH 3HAYEHNA ONHOH fIepeMeH-
HO# GonbIeli yacThIo 6ePYTCS Yyeped PaBHKIE IPOMEXKYTKH;
JTa NepeMeHHAaA Ha3bIRAeTCS ap2yMermom TabauukL.

Bcex 3HaveHnuii apryMesTa Hikaxkas tabnuua, KoHed-
HO, He MOJKET COAEp»KaTb, HO NPAKTHUYECKU IPHUTOLHASA
TabauLa A0AKHA COAEPIKATE CTONBKO 3HAMEHUH apryMed-
Ta, YTOOLI /151 OCTaNbHbIX 3HAYEeHHE QYHKUUH MOXKHO ObI-
J10 GBI HONYYHUTH € HYKHOM CTEMEHBIO TOMHOCTH NIPH MOMO-
mu uHTepnoasuun (cMm. I1, § 50).
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§ 5. O0o3HaueHne pyHKUUN

ITycTh M3BECTHO, YTO MEPEMEHHAA § €CTh HEKOTOpaA
dyHkuusa nepeMennou x. Kax sagana 3ra QyHkuusa —
dopmynoil, Tabaudueit UaM kKak-n1nbo HHaye, — Geapas-
JIUYHO; 3Ta GyHKIMA MOKET GbITh Jla’Ke BOBCEe HE H3BECT-
HOM, f0J2KeH GBITh YCTaHOBJIEH IMIUL caM parT PyHKIHO-
HaasHOM 3aBucuMocTH (§ 2). Iror GpakT oGosHayaeTcs 3a-
nncelo y = f(x).

Bykea f (mauanbHaa OyKBa JATHHCKOTO CIOBa
functio — dpyuknus), pasymeercs, He 0603HAYAET KaKOMH -
160 BeTHUMHBI, TaK XKe, KaK 4 0003HayeHHsn g, tg u 1. 1.
B samHcax lg x, tgx ur. A. Banucud y = lgx, y=tgx
M T. . OIPEACTABAAIOT BIOJHE ONpPEAeJEeHHhIE PyHKIHO-
HaJbHbIE 3aBHCHMOCTHM ¥ OT X; 3anucsh 4 = f(x) Hpefcras-
asaer A6y GYHKIHOHATBHYIO 3aBHCHMOCTD.

Ecax XoTAT NOg4YepPKHYTh, YTO GYHKIHOHANLHAA 34~
BHCHMOCTE 2 OT ¢ OTJIMYHA OT GYHKIXHOHATBHOH 3aBHCH-
MOCTH y OT X, TO ee 0603HAYAIOT MHOH GYKBOR, HAaIpUMep
F, u mumyr: 2 = F(t), y = f(x).

Ecau e XOTAT Bbipa3HTh, YTC QyHKIMOHANLHAA 3a-
BHCHMOCTD 2 OT f Ta e, YTO 4 PyHKIINOHANLHAA 3aBHCH-
MOCTBb § OT X, TO e¢ 0003HAYAIOT TOH XKe caMoi 6yKBoli f,
T. €. IHINYT 2 = f(1), y = f(x).

Ecsu HalieHO UIH JaHO BhIPAXKEHHeE ¥ Uepes X, TO ITO
BBIpa’KeHHe COeTHHAIOT ¢ f(X) 3HAKOM paBeHCTBA.

IIpumeps.

1. Ecau n3secTHo, uro y = x2, 1o nHmyt f(x) = x2.

2. Ecnu U3BeCTHO, YTO ¥ = Sin X, TO MOKeM 3alHcaTh
f(x)=sin x.

3. Ecau f(x) = 1g x, To cumBoX f(y) o3HavaerT lg y.

4. Ecnu f(x) = J1+ x% u F(x) = 3x, To MOKeM HANHA-

F(x)- flx)=3x/1+x2; £W = 3¢
cath F(x): f(x)=3xJ1+x 1o Ao
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§ 6. KoopauHatbi

Y/ L Iise B3aWMHO nNEpOEeHAIH-
KyJasapHbIe npaMble XX ' u YY’

(pHc. 232) obpaayior npamo-

T Y2ORbHYI0 cucmemy Koopdu-
M R M nam. Ilpameie XX’ u YY’ na-
1 Qi{ 11| swsaorcs ocanu Kxoopdunam,

X' P, \P,|JO | P | |x onHa u3 HuX XX’ (obbruno
! n3obpaxkaemas TOPH3OATAJNL-

| Q’ HO) Ha3hIBAETCH OCbI0 OCYLCC,

| { | M, | ¥ apyras YY’ — ocvio opdunam;
I S I | Touka O MX nepecevyeHHs —
Y' rayanom  koopduram. Ha

Puc. 232 KajA0i U3 0Ceid TPOU3BOJIBHO

BeiOMpaerca macorrab.

B3 NpoH3BROABHYIO TOUKY M Ha J0CKOCTH, B KOTO-
pO# PACIIOJIOKEHB] OCH, HaliieM ee IpoeKOHU P n @ Ha Ko-
opauHaTHEIe ocH. OTpesok OP ua ocu abcumce, a Takxe
YUCJO X, A3MEPSAIoLee ero B H36paHHOM MaciuTabe, HASHI-
paeTcs abcyuccoit Touku M; orpesox OQ Ha OCH ODAHHAT,
a TAKXKe M3MEePAIORIEE ero YHCIO0 ¥ — opdunamoit TOUKHU
M. Beauuuut x = OP u y = OQ HA3KIBAIOT NPAMOY201b-
HbiMu KOOpAUHamaMmu (WIN POCTO KOOPAuH amamu) Tou-
KH M. Onu CYMTAIOTCA HOJOMKUTEJIbHBIMH MJIH OTPpHIA-
TEALHBIMH B COOTBETCTBHHU C 3apaHee YCTAHABJIHBAEMEIMH
HaNpaBJcHURMH NDOJOXKHUTENLHEIX OTPE3KOB HAa Kax(JoH
3 oceii (06BIYHO HA OocH AfCNHCC TON0XKHUTEIbHbLIE OTPE3-
KH OTKJIaAhIBAaOTCH BOpaBo, 4 Ha OCH ODAMHAT BBEPX).

Ha puc. 232 (rge MacmtaGel Ha 06eHX OCsIX OAMHAKO-
Bbl) TOuKa M nMeer abciguccy x = 3 H OpAUHATY Y = 2; TOY-
ka M, — abcuuccy x, = —2 noppanarty Yy, = 1. Coxpanien-
HO 3TO 3anHuceiBaeTch Tak: M(3; 2); M,(-2; 1). Touno Tax
we M,(-1,5; —3).

Kaxaoi TouKke MJIOCKOCTH COOTBETCTBYET OAHA I1apa
yucesa x, y. Kaxaoil nape (4eiiCTBUTENBHBIX) YACEN X, Y
COOTBETCTBYET 0fHA TouKa M. [IpamMoyronasHas cucTema
KOODAHHAT YACTO HA3HIBAETCH JEeKaAPTOBOH 0 HMEHH
¢pannyackoro puyaocoda u mareMaTura £, flexkapra, mu-
POKO [IPUMEHHMBIIEro KOOPAUHATEI K HCCJEJA0BAHHIO MHO-
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THX MeOMETPHYECKHX BONPOCOB. ITO Ha3BAHME, OJHAKO,
HeTIpaBHJIbHOL,

§ 7. Fpadnueckoe nsobpaxeHne HyHKLNA

Yrobbl rpaduyeckn n3o0pasUTh 3agaHHY0 QYHKIHO-
HaJIbHYIO 3aBUCHMOCTB, Ha OcH abciuce oTMedaeM pAJ 3Ha-
YEHHH X1, Xy, X3, ... OAHOM U3 NIEPEMEHHRIX X {00OBIYHO apry-
MEHTa) H CTPOUM ODAHHATLI ¥y, Y3, Y3, ..., NPEACTABIAIO-
T[HEe COOTBETCTBYIOIIME 3HAYEHHA APYrOH NepeMeHHOH Y
(byukxuun); nonyuaem pag rouek M (xy; y,), Moy(xg; ys5),
Mj(x3; x3), ... . CoeunAA HX HA [1a3 IJIABHOH KPHBOH /-
Hueil, moayuaeM rpadHk JaHHON GYHKIMOHAIBHOMN 3aBUCH-
mocTd. IIpeumyme-

CTBAMH I'padHYecKo- 10 !—I_
ro usoSpaxenns » £, 107 73
4

CpaBHEHHUH C Tabauy-
HbIM ABISIOTCA €10 o) o 1T TT]
HATJAAJAHOCTE H JIer- ’ ™~ i
kaf  obospumocTh; 97 g _.1_“__\_:\\ I 0 I
HEJOCTATKOM — Ma- ’ M
nas cTeneHb TOYHOC- 20,5 |- +-1— x\i -
Tu. Boarmoe mnpak- ' .
THYecKoe 3HayeHue 20,0 T —ST
UMeeT YAAYHBIH BEI-
6op Macirabos. 19,5

Ha puc. 233 rpa- P TT 17

A t -
buueckn uzobpaxce- S50 100 150 200 250 £, °'C
Ha (PyHKIHOHANbHAA
3aBHCHMOCTH MEMXKAY

MoayJseM ynpyrocTH £ Puc. 233

1} IekapT no/1L30BasICcA He ABYMA OCAMM, a OAHON, HA KOTO-
poil OTKJIaabIBAMHCh A0CUMCCHI; OPAMHATLI ONPCACNAANCE KAK
PacCTOAHHUE OT TOYEK MIOCKOCTH A0 0cH abcIice; 3TH pacCTOAHUA
Jexapr orcunTsiBaia mo mobomy sapaHee BLIOPAHHOMY HaIpas-
neHMI0, a He o6A3aTeAEHO Mo NeplcHAUKYIApY. Kak afcnuces,
TaK M ODAMHATHI ¥ JekapTa OblJM BCCIAA BCIUYHHAMM TIOJAO0MKH-
TEJBHBIMH HEIABHCHMO OT HANPABJCHHUS COOTBCTCTBYILHX OT-
PCc3KOB. PastHyeHHe HAaTIpaBACHHMM Ha OCAX 3HAKamMn + H — BbLI0
BBEJACHO JMTHIb €ro yYEHUKAMU.
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KOBRHOTO 2KeJjie3a U TeMuepaTypoii skenesa t. Maciuralur
abcyucc () 4 opaunar (E) nokasaaHbl YUCAOBBIMH OTMET-
kamu. (Hayano koopgHHAT ¥ 0Ch abDCI(MCC Ha yepTeske He
MOKa3aHbl, YToOLI HEe YBENUYMBATH Pa3Mepsl rpaduKa. )

T'paduk puc. 233 cocTaBneH HA OCHOBAHMH CJEAYIO-
e rabauum:

t, °C 0 50 100 150 200 250

E. wmﬁ2 21,5 { 21,4 | 21,2 | 20,9 | 20,5 | 19,9
M

ITo rpaduKy MOKHO HAATH (IPUOIUBHUTENLHO) 3HAYE-
Hye QYHKIMHU H AJIA TeX 3HAYeHUH apryMeHra, KOTOpbIE B
Tabaune He nmoMeliensl. Hanpumep, nycrs TpeGyerca Hal-
TH 3HayeHHe E nipu ¢ = 170°. Otn05xuB Ha ocH aGeunce (M
Ha npamMoi At, el napannensHoii) adcuuccy AP = 170 u
BOCCTABHB IepIeHAUKYnAp PM, npouteM opauHary E =
=PM = 20,75. Yrenne ynpouiaercs, ecinu rpabuk naue-
ceH Ha rpadyenyo (RanpuMep, MHIJMMETDPOBYIO) Oymary.
HaxoxaeHue npoMeKYTOYHBIX JHAYEHUH QYHKIUY 110 ee
rpaduKy Ha3BIBAETCA zpaguueckoll unmepnoarsyueil.

Ha npakTHke BCAKMHA rpadMK CTPOUTCA «II0 TOYKaM»,
T. €. OT DYKH IIPOBOJMTCA IJIABHASA JIMHHA, COeJMHANOLIAA
pAA OTAENBHBIX Touek M, M, ... . IIpu aToM Teopermyeckn
HHUKOT/la He MCKJIFOYAeTCA BOZMOXKHOCTh, YTO IIPOMEIKYTOY-
Hble TOYKH, ellle He HAHeCeHHble Ha rpadHK, JekaT O4eHb
Zla71eKC OT IIPOBEACHHOM MAaBHOH KpHBOoH. BeuAy aToro Te-
OpeTHYeCcKH CJeAYeT ONpeAenuTs rpabuK KaK zeoMempuye-
cxoe mecmo (IV, B, § 14) mouex M(x; y), xoopdunamut xo-
mopuvix c8A3anbl OaHHO GYHKYUOHAIBHOL 3A8UCUMOCTIBIO.

§ 8. Npoctenune pyHxuUU U nx rpadukn

1. IIponopunovansubie BeaHYuHbl. Ecu nepemennsie
BEeJIMYHMHLI ¥ U X (IpAMC) nponopuuonaisuul (11, § 49), To
GYHKIHOHANLHAA 38BUCHMOCTE MEXKAY HAM M BLIPAIKAETCH
ypaBHEHHEM

y =mx, 1)
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rge m ecTh HeKOTOpas mo- Y4
CTOsiHHAA BE€NWYMHA (K0ad-
duyuenm npPOROPYUOHATb-
nocmu). I'padpux npamoi ]
NPONOPIIHOHANBLHOCTHY) eCTh  y=— %x :

npsaMas JNMHHA, TPOXOAA- L
njas yepe3 Ha4ajl0 KOOPAH-
HAT 4 0o0pasyiolas ¢ OChio
abcice yroa o, TAHIEHC -
KOTODOI'0 paBeH IIOCTOAH-
HoM m; tg o = m. [losTomy
K02 PHIIUEeHT NPOIOPIIHO-
HANBHOCTH m HA3LIBAETCH
TakkKe yerogotx Kodppuyuenmom. Ha puc. 234 noxasa-

N
|
|

|
V4
15

w
[
o
At
\47
7
A
™

T~

LI5S
/.
i

Puc. 234

HuI rpaduki QyHRIOMA y = mx npum = % ,ym=1,m=2,

m=-3.
4

3aMeuanue. [aa onpeAesieHUA yraa o MexAy
ocbio abcuuce ¥ rpadUMKOM HanpasJeHHe Ha ocH abemmcc
bepeTca moJsoxkKUTenbHOe; Ha rpaduKe ke Oeperca aioboe
HanpaBbJjeHue (BeanyuHa tg o oT BeI6opa HATIpaBJdeHNs He
3aBHUCHUT).

2, JIuneitgaa dysxuna. Ecan nepeMenHble BeJUYH-
HBI X, I CBA3AHBI YDABHEHUEM NePBO CTETIeHH

Ax+By=C 2)

(mo xpaiiHeil mepe 0HO U3 YHcea A, B He PABHO HYJIO), TO
rpaduK GYHKIIMOHANLHOA 3aBUCHMOCTH €CTh IpAMAN JH-
uuda. Korga C =0, ona IpoXoauT yepes Hayaao KOOPAMHAT
(cp. n. 1), B IPOTHBHOM cJayYae — He IIPOXOAMT.

IIycre HU A, Hu B He paBHBI HYJTI0; Toraa rpaduk ne-
pecekaet obe ocH KOODAMHAT, OTCeKad Ha ocu abcuuce oT-

PEe30oK a = g y» 8 HA OCH ODAHHAT OTPE3IOK b= % .

1) Bnecs, u B AaJNbHCHLIEM MPEANONATACTCH, YTO MACIITAOHI
Ha 00eNX OCAX OJUHAKOBEI.
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Yk Ipumepwn. TIpadhux
T By ypaBHenns 2x + Sy = 10 ecTs
i _,_7*431?_ BREN npamaa AB (puc 235); a
ERnnyi =10 _5 p-_10 = 2. I'pa-
‘A L 2
NN "bx B GHUK ypaBHeHHSA 2y -3x=9
1\}‘ I_:b nSSE ecTs npaMaa A, B,; 3pecsa, =
Ao et TN X == =-3, bl_'—45
4,10 11" 3

FH i Paspenins ypasueHnue (2)
OTHOCHUTEJILHO Y, IONYUMM:
Puc. 235 §=mx+ b, (3)
rae m = —%; b g

Dyuxuua y = mx + b HaobIBaeTCA AU HelLHOU PyHiKyu-
eii. BEe rpadmxk — npsaMas TUHHA.
Ilpumep. Ypasuneune 2y — 3x = 9, paapemiensoe

OTHOCHMTENBHO Y, IIDHMET BHA Y = '3 x+ g [m = '“? = g >

b= J I'padux pyHxgun y = gx +2 €CTb NIpAMAaA JNU-

2
uuA A, B, (cm. puc. 235).

IIpamasn, cnyscawan rpaduKom yHKUUUA y = mx + b,
obpaayerT ¢ {TON102XxMTEJLHO HaNIpaBJaeHHOI) och 0 abGeyce
yrosa, TAHMeHC KOTOPOT'0 PaBEH /M, K OTCEKAeT Ha OCH OpAH-
HAT oTpe3ok b. [locToAHHAA BeJIUYHHA m Na3bIBAETCH y2-
J0BbIM KOIPPUYLUEHMOM.

II p n m e p. [na npamoii A, B, cayxaiueil rpadnxom

byHrUUH y = ‘gx+ g umeem tg Z XNB, = g;OL= 3

YpasHenue y = mx (IpAMAA NPONOPIHOHANBLHOCTS;
cM. 1. 1) ecTb yacTHbld BUA ypaBaeHna y =mx + b (b =0).

YpasHeune y = b ecTh TOXKe YACTHBIN BHA ypaBHEHU A
y =mx + b (m = 0). BaroM ciyyae peJMUMHA I TIOCTOAH-
Haf U, 3HAYHUT, OT X He 3aBUCHT. TeM He MeHee ee MOKHO
cUMTATh PyHKIHEeH IePEMEHHON BeTHUMHE X, Bean kax-
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AOMY JHAYEHHMIO X COOTBETCTBYET ONIPEAEIEHHOE 3HAUEHUE
Y; TONBKO TE€IEPh 9TO 3HAYEHHEe — OJHO M TO € JUIA BCEX
sHavyeHnH x. OcobenHocTh PyHKIUMU ¥y = b (y =0 -x + b)
COCTOMT B TOM, YTO TE€NEPh X He ABALEMCA QYHKLHEH y
(TaKk KaK 3HAYeHHAM Y, He DABHBIM b, He COOTBETCTBYET
HMKaKoe 3aavyeHue x). I'padpmk PyHKuuHu ¥ = b ecTh npa-
Masd JMHMs, HapajiiensHas ocd abciucc.

Ha puc. 236 nunua PQ ects rpadpMK ypaBHEHHA ¥ =
=6,a P @, — rpapuK ypaBHeHHHA y = —4.

YpaBHeHUe y = b oJiyyaercs U3 ypapHeHus (2), koraa

A=0 (b = %) . Econ sxe B = 0, To ypaBHeHue (2) MOXKHO

IpeaJCTaBUThL B BUAE X = Qa ( = %) , T. €. X — [IOCTOAHHAasA

BeJIMuHHa. Ee MoscHO cunraTh GyHKIHMeii nepeMeHHOM Be-
AduuHel ¥ (HOo y He Oydem (yHKIMeH X; CM. BbIIIE).

T'padpux ypaBHEHHs X = @ eCTh NpAMas JHHHUA, na-
pannenbHas ocu opauHat. Ha puc. 237 npamaa auHuA
RS ects rpaduk ypaBHeHHMs x = +4, a R; S, — rpadpux
ypaBHeHHA x = ~2.

Ocp abcumce ects rpadpuk ypasHeHus y = 0; ock
OpPAMHAT — rpadHK ypaBHeHus x = 0,

3. O6paTHaa NPONOPUHOHAIBHOCTH. ECJIY BeIHMYHHBI
x ¥ y obpaTHo nponopixoHaabusl (11, § 49), To pyHrIMO-
HAJIbHAA 3aBHCUMOCTE MEXK1Y HUMU BBJPAXKAETCH YpaBHe-

Y4 Y4
o i
e . TR TR T
1) X BN ERE o
7, at TN
= i ST S I

Pwuc. 236 Pwuc, 237
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HHEM § = < , TAE ¢ eCTh HEKOTOpPAaA NOCTOAHHAA BEJ1HUYHUHA.
x

I'pagpux oBpaTHO! NPONMOPIIMOHANBLHOCTH €CTh KpMBas
JIUHHA, COCTOAINAA U3 IBYX «BETBEH»; HAIpAMep, GYHK-

uua y = k. uzobpaxkaercsa (puc. 238) KpuBOii, BeTBU KOTO-
x

poii AB 1 A’B’. Ha puc. 238 usofpaxkensl eme rpadpuxu
dyuxnuu y = € npuc =1 (myaktnpom) u ¢ = —1. DTn Kpu-
x

Bble HA3ILIBAIOTCA PABHOCMOPOHHUMU zuneploramu (MX
MOCHO [IOJYUHTh, lepeceKas KOHYC C IPAMBIM YIUVIOM NPH
BepLIMHE ILIOCKOCTAMH, IIapannenbusiMy ocu; IV, B, § 9).

4. KsagpatuaHana ¢pysxunsa. OyHruua
y=axZ+bx+c
(a, b, ¢ — mocrosaHHLIe BesiuuuHbl; 2 * () HazblBAETCH
keadpamuynoit. B npocteiirem cayvae y = ax?(b=c=0)
rpadMK ecTh KpUBAA JUHUA, NPOXOXAIAA Yepe3 HAYATO
KOODAHHAT.

Ha puc. 239 usobpakeHnl rpaduxu QyHKIUM iy = ax?:
AOB ( = %) : COD (a = 1); EOF (a = 2); KOL (a = —%) i

Kpusas, cayxamas rpadukoM QYHKIUM ¥ = axZ, Ha3bl-

Y 1A ¥}
(L T [TACETTIE DR
1 1 AN I
\ y=% | A Q'R 'R
\ e
f \y=;._ \ /
L \...- -“-.—n _B-_ N
~ O 1 X 0 ‘-‘ X
hiy=-z 1 '
A\H 7 1
1 / X
1 Ll [ L
Bl K LT
BV

Punc. 238 Puc. 239
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BaeTcs napaboxroit (IV, B, § 9). Kaxxpas napabona umeer
ocs cummerpun {OY na puc. 239), Ha3BEIBaEeMYIO 0Cbl0
napa6oavt. Touka O nepeceyeHNA NapaboJLl C ee OChi0
Ha3bIBAeTCA 86PLLILHOL napalonbt,

Tpaduk dynrnun y = ax? + bx + ¢ unMeer Ty xke dop-
MY, 4TO H TpaduK GYHKNHUHA ¥ = ax? (IpH TOM Ke aHaye-
HHH a), T. €. TaK»XKe ecTb napabona. Ock 3Toli Hapaboasl
Mo-NIPpeKHEeMY BePTHKajXbHA, HO BEePIIMHA JIE)KHUT He B
HayaJe KOODAMHAT, 8 B TOUKE (—i ;C— ﬁ) .

2a 4a

IIpumep. I'padux Y

GYHKUIUH .

y=%x2—4:c+6

A' - Bll J|
\
\

e

(a= %;b=—4;c=6) ABJISA-

erca (puc. 240) napabonos
A’O’B’, umeromedn rtakyio O N X
e ¢dopmy, uTo H mapabona O

y= %xz (AOB na puc. 239).

BepuidHa JiexHT B TOYKe Puc. 240

a;-2)[-b =4 4 - g 16 __
0'(4; 2)( i fic-q, =6~ 5 2).
2
5. Crenennana dynkuna. Oyuknus y = ax” (¢, n —

IIOCTOSTHHbIE BeJlH‘-lHHl:l) HasbIBAGTCA CMENERHOL. (I’YHR-

[\

nMay =ax,y =ax?, y = ;!: (em. nn. 1, 3, 4) — uacTHbIE

BUABI cTennedHod QyHKNUU (n =1, n =2, n = -1).

Tax KaK HYJIeBas CTeNeHb BCAKOTO YHCJIa, He PABHOrO
HYJIO, €CTh €MHUA, TO npu n = 0 creneHHAA QYHKIMA
CTaHOBUTCA MOCTOSHHON BesHunHOHD: iy = a. B atom cay-

1) Bripaxkenne 00 HeonpeAencHHO; B JAHHOM clydae, KOraa

byHKuMA ¥ = ax® Ans Bcex 3mAYEHMI X, KPpOMC HYNA, paBHa a,
MBI CYHTAEM, YTO ¥ npu x = 0 BeJIMYMHA ¥ pABHA Q.
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yae rpadUK €CTL NpAMAadA JUHUSA, NTapanienbHas ocy afc-
uuce (cM, 1. 2).

OcrtanbHble Cly4Yad MOXKHO pa30MTh Ha ABE FPYINHL:
a) n — IOJIOMHUTEIbHOE 4UucHo; 0) 7 ~— oTpUUATENBHOE
YHCJIO,

Ha puc. 241 uso6paxeHbl rpadMKy QYHKIIUH ¥ = x*
mpun=01;1; 1, 1,24, 3 . 2; 3; 4; 10. Bee onu npo-

1’3723’
XOZAT Yepe3 Ha4yaJllo KooanHaT ¥ yepea Touky (1; 1). [Ipu
n=1 uMeem npsamyw — 6uccexktpucy yraa XOY. [Ipu n >
> 1 rpaduk HAeT cHavana (Mexay x = 0 U x = 1) Huxe
3TOH NpAMOH, a 3aTemM (ipn x > 1) Bhime ee; npun < 1 —
HaoboporT.

Mgl OrpaHMYMINCE CIy4YaeM a = 1, Tak Kak Apyrue
cnyyaM OTAMYAXOTCA NPOCThIM HM3MeHeHMeM Maciurafa.
OTpHuaTe bHBIE 3HAYEHNA X HE B3ATHI, TAK KAK IIpH X <
< 0 HEKOTOPLIE CTENIEHHbIe QYHKIIHH ¢ JPOGHLIMU IIOKa3a-

TeNAMM, Hanpumep y = x1/2 = Jx , Tepstor cmbica. Ipu
LEeNBIX I0KA3ATeASX CTeNEeHEbIe PYHKIIUN HMEIOT CMBICI

10 4 3 2 3/2
g‘ TRRA2
y=x";n>0
2/3
-1/2
. 1/3
~1/4
1 O,l
O 1 2 X

Puc. 241
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u npu x < 0, Ho rpad®UKM HX HMEIOT PA3NHUYHKIK BHA B 34a-
BHCUMOCTH OT TOI'G, YETHO A MJIH HEYETHO.

B kadecTse THNHYHBIX NMPUMEpPOB Ha puc. 242 u3lo-
6paxeust rpaduxyu dyskuuit y = x2 n y = x3. pu ver-
HoM n rpadux cuMmmerpuueH (IV, B, § 17) orHocuTensHo ocu
ODAHHAT; IDH HEYETHOM —

OTHOCHTEJBHO Hauaja Ko- Y
OpAMHAT. r —»--—t—? =
ITo aganorun c rpadm- ‘ | y=x1
y=x Iy=x

KoM pyaKnuu y = ax? rpa-
¢uKHM BCeX CTENeHHLIX
GyHKUMA ¥ = ax™ npHU no-
JIGXKUTEJLHOM 7 HA3hIBAIOT —
napaboaaMu n-z0 nopadia /O
(unu n-# crenenu). Tak,
rpadpuk QyHkouu y = axs
(cM. puc. 242) nHassiBaercs y=x
napabonoii 3-ro mopsajkKa L_14
nau xybuveckoil.

Bameuaunmne. Ecau Pnc. 242

/

n ecTh APOGHOE YHCIO g c

YETHBIM 3JHAMEHATENEM ¢ 1 |
HEYETHBIM YHCJIHTEIEeM p, y=V
TO BeNHUMHA X" = YxP mo- T
SKeT MMeTh JBa 3HaKa T
(£¥x?), u y rpadpmuka no- T - —t=

ABJAETCHA ellle cAHa YACTh >
cHHM3Y oT ocH aldcuuce, 2\ S A S R S .4

CHMMeTpUYHAA BepXHeH
nonosune. Ha pwme. 243 [ | '\(‘——"“‘ B
AaH rpadMK JBy3HaqyHOH e e e
1
byHKOUH y = £2x%, 1. €.

= % y? (napabona ¢ ropnu- Puc. 243
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.o -
IR
// I

Ol ™\,
N
™\

Puc. 244

30HTAILHOM OCKI0); HA puc. 244 —
rpauK ABY3HAYHOH QYHKIHH y =

3
= i% x2 (noayxybuseckas napa-

Oona unu napabona Heiins).
Ha puc. 245 usoOpa>kensl rpa-
GUKU GYHKUMHA y = X" npu n =

=01 -1._1._4. 9. 3. _
Olli 33 2; 1, 2, 3, 10.

Bcee atu rpadHKkU IpoxoaAT yepes
Touky (1; 1). B coryuae n = -1 ume-
eM runepbony (n. 3). Ilpu n < -1
rpad K cTeneHHOH PYHKIIMHK pac-
nmojaraerca cHauana (Mexay x =0
u x = 1) sb1111e runepbonl, a 3aTem

(opua x > 1) HuKe ee; npd 7 > —1 "HaoGopor. OTHOCHTENMBHO
OTPHIIATEIbHBIX 3HAUYCHUMN X M APOOHEIX 3HAUCHUIA 71 MOMKHO
NOBTOPMTH CKA3AHHOE INA MOOMKHTENbHLIX 1.

Bee rpadukn puc. 245 HeorpaHMYEHHO NPHOGIMIKA-
I0TCA KaK K OCH abcyuce, TaK U K OCH OPJAUHAT, He JOCTH-
ras H4 TOHM, HU APyroi. BeaeacrBue cxofcrsa ¢ runepbo-
JIOM 3TH MpadMKU HAIBIBAIOT 2unepfonramu n-20 nopadxa.

YA
2
y=x";n<0
50,1
1 /=1/3
5:1/2
L
/_2
“10
O 1 2Xx

Puc. 245
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6. IloxasareabRas H JnorapupmMuyecKkans QYHKIHH,
DyHKUHA ¥ = a*, rjle a — NOCTOAHHOE NOJICXKNUTETbHOE
YUCNO, HA3KIBAETCA nokaszameavhoil. Yucno a 6epercs

1

TNIOJOKHUTENbHBIM IIOTOMY, YTO IPH a < { BeTMUHHBI az =

3

= ,/(_1 , at = ,J(?’ H T. 1. He ObLaH 6Bl AEHCTBHTEABHLIMH.
ApPryMeHT x MOXKET NPHHHMATL J100ble JeHCTBUTEbHDIE
anaueHHda (III, § 61). 3navenna GpyuKkuuH ¥ = a* bepyrca
TOJbKO NOJoKHTeAbHbIe. Tak, 111 pyHkuun y = 16* npn

x= % 6epeTcsa TOBKO 3HaAYeHHE ¥ = 2, 3HAYeHHe ke —2 (A

reM Gosee 2i u —2i) He paccMaTPUBAETCA.

Ha pue. 246 uzobpascenst Yi
rpadHku noxa:;arelnbﬂfﬁ g=ll1 a=10 3 2
=1 2 2 2 10
quHKD;HH npua a 2 ’ 3 s 10 ]

2,3, 10. Bce oM NpoXoAAT de-
pe3 Toury (0; 1). (TIpu e = 1
MMEEM TPAMYI0 JMHHIO, MHa-
paanensHyl ocu abcijuce; ‘
¢dyBknMa a* craHoBUTCH [MO- A
cToAHHOM BeawdyuHoi.) Ilpu
a > 1 rpadpMK nNpH ABHKEHHH

P
e

et
=

Sy

BNpPAaBO MOAHHMAETCA, MpH et Rl
a <1 — onyckaercsa. Bce rpa- | .o X
GOHUKH HEOTPAHMYEHHO IIPH- y=a
6IHKATCA K 0CH abcumce, Ho
He JoctdranoT ee. paduxu Puc. 246

x
OYHKIMHA Yy =2 U Yy = (%)x,a'ramxey=3"ny= G) u

Boobme y =a*uy= (l)z CHMMETPUYHEL APYT APYTY OTHO-
a

CHTEJNILHO OCH OPAMHAT.

dyuruua ¥ = log, x, rie @ — NOCTOAHHOE NOJOXKH-
TeasHoe uyucao (He pasHoe 1;cm. III, § 63, cHocka Ha
c. 275), Ha3BIBACTCA A02APUPMULECKOL,
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JlorapudMHuyeckaa QyHKUHA o6paTHa NOKA3ATEAb-
Hoi1. Ee rpaduk (puc. 247) nonayyaerca U3 rpadrka Ino-
Ka3aTeNbHOH GYHKUUHU (IPH TOM >€e OCHOBAHHM) mepe-
rubom YyepTeXka no GUcceKTpUCe MEPBOrC KOOPAUHATHO-
ro yraa. Tak ske nonyyaercsa rpadHk BCAKOW o6paTHOMR
DYHKUMUH.

I'paduk rKaxA0H JorapudMHYecKor PyHKIIUHA TONY-
yaeTcA Ha rpaduKa Kax o Apyrod NIponopuioHanbHRIM
M3MEHEHHEM OPAUMATLI (IorapudMel YUCeJ OIPH PAIHKIX
OCHOBAHHAX NPONOPIHOHANBHEL; cp. 111, § 64).

Y a
2
et
1 k T 3
- = 10
[——
AR =
/3
y=log, x 1/2

Puc. 247

7. Tpurornomerpuueckne pyHkuuu. [lepuognuHoCTS.
OnpesesneHue TPUrOHOMETPUYECKUX (PYHKUHUI AaHO B
V,§5uV,§15.

Jns nocTpoenus rpadmKa KAKoH-THOO TPUrOHOMET-
pudyeckod )yHKIMH (HaOpumep, CHHyca) IepeMeHHOTo
yriaa Hy»XHO Ha ocd abcuyucc 3aflaTh OTpPe3ok, usobpa-
KAIIHA KaKol-1H00 onpeaeneHHbIA yroa (Hanpumep,
90°), a Ha OCH OPJAMHAT — OTPE30K H300pa’XkaroniMi Ka-
Koe-JH60 yucao (Hanpumep, 1). O6 0fHHAKOBOCTH MACIL-
Ta6OB HA 06eMX OCSAX PeYb MOXKET UATH JIMIIL TOJBKO I10C-
Jle TOr0, KaK YCTAHORJEHO, KAKOH yrosJ NpUHUMAETCA 34
eAMHUIY UaMepenuda. JIMmEe TOrga 4McCAC X, U3MEpAo-
IIee YroJi, 4 YHCJIO i, Aalollee ero CHHYC, MOXKHO M300pa-
3HTh OTPE3KaMM, NPONOPUMOHANBLHBIMM 3ITHM YHCIAAM
(cp. V, § 27).
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IIpu nocrpoesun rpad®MKOB NPUHATO 332 €AUHHILY H3-
MepeHua yrua 6paTte paguad. Torga dyHxkUua y = sin x
(mon, x moapa3dyMeBaeTcsl HAUMEHOBAHHE «DAJHAHOB»)
naobpaxkaeTca rpaduKom puc. 248 (macmrabnl Ha ocAX
onuHaxossl}). Ecnu 3a efuHNIY H3MepeHUS yIaa NPUHATH
Mno/JpafgnaHa, TO, COXPAHAA Te XKe mMacuTabnl, IpHAETCA
rpa®MK MOABEPTHYTHL PACTAMEHHMIO BLONL ocH abcuuce B
oTrHomenuun 2 : 1.

JIuuusa, apnawiaaca rpadpukoM pyHKUMH y = sin x,
HAZBIBACTCH CUHYCOUDOLL.

g r

Ny b

0 e ﬂ\ : RX (LE " in 2“
1 24— \._A|_+ - 2 12
y=sinx y=cosx
Puc. 248 Puc. 249

TI'padpmk pyHrIHM ¥y = cos x n306paxxeH Ha puc. 249.
9T0 — ToXXe CHHYCOMZA; OHA TIONIy4aeTca u3 rpaduka y =

= sin x cMemeHuneM paoas OX BJIEBO HA OTPE3OK g .

IIpu cMemeHHH rpadKa CUHYCA MJIM KOCHHyCa Ha
OTpe30cK 27 (BIpaBC UJU BJAEBO) OH COBMENIAETCA CaM C
cobo¥.

Ecau rpadHk HekoTopor dyRKIUKE y = f(x) npH cMe-
[E€HHH erc Ha HEKOTODBIH OTPE3OK BAOJh OCH abcliuce CoB-
MeILaeTcs caM ¢ coboit, To GYHKUHUA HASLIBACTCA Nepuodu-
YeCKOil; YUCIOo P, U3MEPAIONUEE 3TOT OTPE30K, HAJBIBAETCA
nepuodom byukuum f(x). 9ro ciaoBecHOe ompefeseHHe
KpaTKo Bblpaxkaerca gopmyaoit f(x + p) = f(x). Ecau p
ecTh nepuoh PyHruuH f(x), ro 2p, 3p, —2p, -3puUT. 1. —
TOXX€ NEePHUOAbLI.
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_ Y
I [} | |
{ / /|
- 3 / 3!
e/l E (/2T
—n 0 /n X
/ /
[ /
[ ! [
y=tgx
Puc. 250
Y
! | |
\
A RACRAS
— \\ 0 \\ n \21t ~X
\\ \ \
-

y=ctgx
Puc. 251

Bce rpuronomer-
puyeckue GyHKIHU
UMEIOT NIepHof 21,

Pyuxauun y =
=tgx Uy = cigx
MMET CBepX TOro
nepuol T (Tak Kax
tg(x + kn) = tg x).
I'padux y = tg x nau
Ha puc. 250, rpadur
y=ctgx — Ha
puc. 251. Tpadux
TAHrEHCA HEOTpaHu-
YeHHO mpHubIMxKaer-
CA K IIpsAMBIM, IIa-
panjenbHLIM OCH Op-
AMHAT U OTCTOAIHM
OT HEEe H& paccTof-

+%, +3% 157
mm_z,_Sz,_SZ

U T. 1. (Ho He AccTH-
raeT 3THX NPAMBLIX).
AHanOruuHyw poJab
Aasa rpadUxa KOTad-
FeHCa& MIpaKT OpA-
MEIE, OTCTOSIME OT
ocu OY na *n, +2m,
+3n, A T. 4., 4 camMa
oce OY.

8. O6paTtHble TpHroRomeTpHueckue GyRxuun, Omn-
peaenieHHe oBPATHHIX TPUIFOHOMETPHYECKUX (DYHKUHM
Oninm paHul B V, § 24 (cp. § 3). 3necs panm rpadpuxu
dyaxuui ¥y = Arcsin x (puc. 252), y = Arccos x (puc. 253),
y = Arctg x (puc. 254), y = Arcctg x (puc. 255). Onu mony-
garoTca U3 rpadukxoB QyHKIHHA ¥ = Sin X U T. A. Meperu-
60M yepTeKa 0K0JIo GUCCEKTPHUCH IEPBOrG KOODAHHAT-
Horo yraa (cp. n. 5). 'paduxu GyHKnHi y = Aresin x 1
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Y
—] %n_
—— n
| 2 -
y=arcsinx x y=arccos
-1 0l
§ e
2_
NA wiil
y=Arcsinx y=Arccosx
Puc. 252 Puc. 253
Y Y
3 et 2r =
]
2 N _
A" %n\
R [—
T = S L ==
N\ 4=
— n\y=arcctgx
v arctg.::_ 0 X z \\\ -
Rive- SN SN S N it
I_n / \>\ _j
-3 T2l N !
._....-—-"'/ g e ll.__ —nf\:'ﬁn-‘__{l
y=Arctgz y=Arcctgx
Puc. 254 Pwnc. 255
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y = Arccos X IeJHKOM MOMelalTCA BHYTPH BePTHKaJb-
HOJA IOJIOCKH], OTPAHHYEHHOH! NPpAMEIMH X =+1 1 x =—1 (aTit
dyHruuK opu |x| > 1 He HMeIOT EHCTBUTENLHEIX 3HAYE-
uuit). Kaxkaaa BepTUKaNLHAA IPAMAas, JieKalaa BEYTPU
YIIOMSAHYTOH HOJOCHI, nepecekaeT rpadux GecyuUcaeH-
Hoe MHO>KeCTBO pas. To »xe aya rpadukoB y = Arctg x u
y = Arcctg ¥ — TONBKO BePTHKAJBHYIO IIPAMYI0 MOXHO
B3AThb ['ie YTOAHO,

B 3ToM cKa3pIBaeTCA MHOMO3HAYHOCTE OOPATHRIX TPH-
roHoMeTpuuecKux ¢pyHknuit (V, § 24). Te yactu rpadu-
KOB, KOTOPbIE€ COOTBETCTBYIOT I'JIaBHbIM JHAYEHUAM, BbI-
JAeJeHbl Ha PUC. 252—255 xupHOI TUHHEH.

§ 9. 'pacdmuyeckoe pelweHue ypasHeHuA

T'paduueckoe usobpaxkenue QyHKIHR faeT BOIMOXK-
HOCTB JIerK0 HaXOAHTH NPHOIH>KEeHHOe pelieHHe aw0oro
YPaBHEHHS C OHHM HEHM3BECTHBIM M CUCTEMBI ABYX ypaB-
HEHHM C ABYMA HEH3BECTHRIMHM,

Ymobut Haltmu pewienue cucmeMvt 08YyxX ypasHenuil
¢ 08yMA Heu38ecmMHbIMU X, Yy, Ml KAX/10€ U3 YPaBHEHUH
paccMaTpuBaeM KakK (DYHKIHOHAJbLHYIO 3aBHCHMOCTH
MEX/AY NePEeMEHHLIMH X, § U CTPOMM JJf 3THX JBYX 3aBH-
cumocrei Apa rpaduka. KoopauuaaTs! Toyek, ofIHX AAa
JABYx rpadHKOB, JaIOT UCKOMbI€ 3HAYEHHA HEM3BECTHBIX
x, Yy (KOPHH JaHHOM CHCTEeMB! YPaBHEHHH ).

IIpumep 1. Pemuth cHCTEMY YPABHEHH I

7x + 5y = 35,
-3x+ 8y =12.

TI'paguk xKa>k0ro U3 3THX YpaBHeHHH — NpAMan JH-
Husa. OTpeskHu, orceKaemble rpadHKOM IEPBOr0 ypasHe-
HMSI HA KOOPAHHATHBIX OCHAX, CCTh
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(§ 8, n. 2). ITo 3Tum oTpes-
KaM C¢TpouM npamyio AB :
(puc. 256). Tak ke HaM-
[eM 1A rpad@uKa BTOporo
ypaBHeHHsa a = —4, b= K
=1,5 U TMOCTPOMM TmIpA- 1
MYI0 CDIL S I a-‘/ I N
Koopamnatel To4KM
K nepeceuenusa rpadu-
KOB JaJyT HCKOMbIE 3HAa-
YEHHA X, Y. SHAYEHHE KO-
OpAMHAT ITPOYUTEIBAEM
Ha rnas: x (OP) = 3,1, y (PK) = 2,7. Tounble 3HaUEHHA
47

" 7
6 OBl x=3.—,y=2-—.
KopHe# 6b1H 65l 710 Y 71

P2

(o

T

|

»
7
=}

I N J N R Erad

Puc. 256

IIpumep 2. Peluuts ypaBHEHHE %xz— %x—2=0.

Ero MoxHo rpadHyeCcKH PellMTh KAK ypaBHEHUE C 011~
HUM HEU3BECTHBIM (CM. HHXKe TpuMep 4), HO nponie 3aMe-
HUTb CHCTEMOMH ypaBHEHMNIH

1_» -1

3 x2, y 3 x+ 2
U rpaduyYecKHd DPEIIHTh
3Ty CHCTEMY,

Ilepeoe  ypaBHenue
rpaduyeckn H306paIUT-
ca (puc. 257) napabonoi
AOB (§ 8, . 4), roTOpYIO
MOCTPOHM TII0 TOYKAaM,
T'paduk BTOpOrOc ypasHe-
HHAl — MpAMas JHHHA
CD, orcexamomaa Ha OCH

y=

Puc, 257

1) BMcCTO HAXOMACHHA OTPEIKOB ¢. b MOXKHO HAHECTH Ha
yeprek J106bIe ABE TOUKH NPAMOM, AAA Yero BCAHYHHC X A81UM
q06ple BA 3HAYEHHA M BHLIYHCIMM COOTBCTCTBYIOLIMC 3HAYC-
HHA Y.
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opauHat otpe3ck b (OE) = 2; ee yranoboi koadduuuent m

(tg £LDCX) = % (§ 8, n. 2). B nepeceuenvu npamoit CD ¢
napabonoiit AOB naxoaum ase Toukd K u L, abcuHccsl Ko-
TOPbIX (IPDOYHTAHHbIE Ha IJa3) x; = —1,6 ¥ x, = 2,6 galoT

npubaHKeHHble 3HAYCHHA KOpHEH AAHHOrC ypaBHEHHH.
TouyHble 3HAYEHHA KOpHEeN GbLIH Obl

_1-17. _ _ 1+J17
L S 2 S

x

i IDpumep 3. Pemurs
32 v paHeHHe 2% = 4x. 910 ypasHe-
HHE He NPUBOAMTCA K anreb-

28 paHyeckoMy. OguH XopeHb
24 y= 2% (x =4) nerxo noaobpars. 4ro-
20 OBl HANTH APDYTHE KODHH (eCnH
AZ{ OHM ECTb), JydYIlle BCErc Ha-

16 yathk ¢ rpadHyecKoro perne-
121 y=4x HHA. 3aMeHAeM JaHHOE YDaB-
8 HEHHe cHCcTeMOH y = 2% y =

4 = 4x. CrpouM (puc. 258) rpa-

U B/~ dux nokasarenpHoit GYHK-
_ UHH ¥ = 2% (mo Toykam, gaBas
1012345 X apryMmeHTy 3Hayenye x = —1,
Puc. 258 0,1,2,3ur. a.)n Gyukuuu

y = 4x (upamada aunHda). Op-
AMHATBI PACTYT 34ech Popaano 6picTpee abcuuce; no3ToMy
ayduie sulbpaTte Ha ocH OX macmiTab MeHbIIHIA, YeM Ha
OY (ua puc. 258 oH BYETBEPO MEHKIIIE).

B nepeceyeHMH HaxogMM ABe ToukdH A H B. H3 nocr-
POEHHA BHMAHO, YTO APYIHX O6IHMX ToYex rpadHKH He
umeT. AbciHcca TOUKH A ecTh ¥ = 4; abcuucey Touxku B
NpOoYHThLIBAeM Ha rzas x = 0,3.

Haiigennoe pelieHHe MOXKHO YTOYHHUTh BbIYHCIACHH-
em. Iloabayacs Tabauuamu JorapudMoB, HallgeM 3Haye-
aHe 2* npu x = 0,3. Moayuum 1,231, ITC YHCAO HECKONB-
ko 6onbie, yvem 4x = 1,200 (ua 0,031). 3nauur (cM. rpa-
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duk), yucao 0,3 Mensure abecuuccnl Touky B, IIposepnem
sHavenue ¥ = 0,35. [Hoayuum 27 = 1,275, 4x = 1,400.
Teneps 2* mennmie, yem 4x (ua 0,125). 3Hayur, yuc-
a0 0,35 Gonemie aGcuuces! TOYKH B, TAK YTO UCTHHHOE
3HaveHUe x nexuT Mexay 0,30 u 0,35 npumepHo B 4 pasa
6amMxe K MepBOMY 3HAYEHUIO, €M KO BTOpOMYy (TakK
kak 0,031 B 4 pasa menbiue, yem 0,125). [Tosromy x =
=~ (,31. Ilpopepka maet 2* = 1,240, 4x = 1,240. Bripouem,
x = 0,31 He ecTh TOUYHRINA KOpeHb. Eciu BasiTh Tabauub
AorapudmMos ¢ 6ONBIIMM YHUCIAOM 3HAKOB, TO MEXAY 2* U
4x OOHADYMUTCA pasaudue B NATOH 3Havaued uudpe.
Tem ke cnocobom MoxHO OyaeT HaliTn 6oJee TOUHOE 3HA-
YyeHHe KOpHA.

Ymobvt naiimu peuwenue YpagHeHUR ¢ OOHUM Heus-
8€CMHbLIM, MOXKHO, IEPEHECSH BCE YIEHBb! B JIEBYIQ 4acThb,
npeacTasuTs eroc B BuAe f(x) = 0. Ctpoum rpadpuk QyHK-
u¥u ¥ = f(x). AGcyuccsl Toyek mepecedyeH s aToro rpadH-
Ka ¢ ochblo abcupcc 6YAYT KOPHAMH AAHHOPO YPABHEHUA.

[Ipumep 4. Peminth ypaBHeHUE %xz = %x + 2.

ITepeHOCHM BCe YJIEHBI B JIEBYIO HACTh: % x2— % x-2=

= 0. Crpoum rpaduk pyHKUMH ¥ = % x2 -~ % x — 2 (o Tou-
kam). IMonyuum (puc. 259) na-

pabony A’O’B’; ee dopma Ta Y4
3Ke, YTO B IpeAbIAYIIeM NIpH- ]
Mepe; BEPIIMHA JIE’KUT B TOY-

Ke 0'(% : —2%) (cm. § 8, 1. 4).

B nepeceuenuu rpaduxa ¢ 07 11 1 X
ocblo abecumce HAXOOMM JBe fa
ToukHu. [IpouNTEIBAEeM HA IJag O,
ux abcuyucchl, HAXOAUM X =

= —-1,6; X, = 2’6. Puc. 259
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§ 10. I'padnueckoe pelleHne HepaBeHCTB

T'padpmueckoe perneHHe HEPABEHCTB (K&K U YPaBHEeHM 1)
obnagaer He ocobeHHO 6oJsbloi TouHocThO. Ho mHaraag-
HOCTH U JIerkas o603pUMOCTE, CBOHCTBeHHAA rpadHYecKo-
MY METOAY, IPH PEIIEHUH HePaBeHCTB (H 0COGEHHO HX CHC-
Tem) HeHHbI enye GoJsibiie, YeM MPH PELIeHHM YpaBHEHHH.
Crioco0bl pelieHMs — Te e, 4TO AAA ypasHeHu# (§ 9);
TOJBKO PEIIEHUA N300PaKaITCA OTPE3KAMM, 4 HE TOUKAMH.

IIpumep 1. PelrdTs HEPaBeHCTBO

le 1y oo
el zx 2<0,
Y Crpoum (puc. 260) rpa-
CA B'] —ly2 1,
B _\_ 7 pHK QyHKOUH ¥ 2x 2.::
—— Y1 -2 (cp. §9, nupumep 4).
L‘"—\ 1 3: IIo yCIOBHIO AOMIKHBI HMETH
RENA y < 0; 3nayMT, TOYKH, CO-
V: OTBETCTBYIOI{HE PEIIEHHUIO,

X RN OI7[L X [OAXKHBI J€XATh [OOA OChIO
abeyuce. T'paduk mMoxassiBa-

€T, YTO reOMeTPHYECKOE MecC-
TQ 9TMX TOYEK eCThb JAyra
Puc. 260 KO’L napa6onn A’O’B’ (kon-

unl aroit ayru K u L uckiio-

yalTed: ANA HUX y = 0). 3HaYeHHAM X, YAOBJIETBOPAIO-
MM [@HHOMY HEPaBEHCTBY, OTBEYAIOT BHYTPEHHHE TOY-
KH orpeaka KL ocu abecuuce. Ilo rpaduky npoudThIBaEM
-1,6 < x < 2,6. Ec/iH KesaTesbHO HMETb TOYHOE pellie-
HHE, HY>KHO HaUTH abcnucchl Touex K H L BRIUHCIIEHHEM,

T. €. PEIIUThL KBaJPaTHOe YPaBHEHHe %xz - %x -2=0.

Torpa naitgem

1-17 1+ 17
2 2
NDpumep 2. PeluuTs HEPABEHCTBO

Ly2_1,_ >
2x 2Jc20.
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Crpourca ToT »xe rpadux, uto B npumepe 1. Teneps
JOJIZKHBI HMETh Y > O, T. €. TOYKH JIOJ2KHBI JeXaTb Haj
ocekio abcuucc. 'eomerpuyeckoe MECTO 3TUX TOYEK €CTb
ananu KA’ u LB’, HeorpanM4eHHO NIPOZOJIXKAEMbIE BBEPX
(Hauana ux K u L uckarouarwTca). COOTBETCTBYIOIIUE TOUY-
KH ocH abeuuce sanoananT aydu KX’ u LX (touku K u L
uckJIoyalorea). JlaHHOe HepaBeHCTBO CIpaBe/UIHBO: 1) npy
x < —-1,6; 2)nipu x > 2,6. Tounoe pemenue: 1) x <

<1-“2Jﬁ;2)x>1+£/Fr.

IMpumep 3. Pemiurs HepaBeACTBO

leclyyn,
2 2

3TO HEpABEHCTBO PABHOCHJIBHO HEPABEHCTBY %xQ -

- % x — 2 <0, penieHHOMY B npuMepe 1, HO B AaHHOM BHAE

€ro PeIIHTH Jerye.
Ctpoum {cp. § 9, npumep 2) rpaduky GYHKIHH y =

- %xz (napabona AOB, puc. 261)u j = % x + 2 (npamasn

CD). Yepra Hapx 6yKBoil ¥ HOCTaBJeHa AJS TOTO, YTOOH
OTJIMYUTH OPAHHATY NIPSIMOHA OT OPAYHATHI Napabobl Ipu
ToM ke abcitucce. Ilo yecno-

BHIO JOJIXKHBI HMETL Y < [, Y} .
T.e. TOYKH mnapabonm N %B_i_
AOJIZKHH JIEXATL HHXKE TO- - D
Yexk npAMoil ¢ Toit ke abe- L f?’z 1
uuccoit. 'padpnk noxasriBa- K.
€T, 4TO COOTBETCTBYII[HE
KYCKH JAHHEHA AOB u CD
(ayra KOL wu otpesox KL) LC 1-
JeXAT Haf (OKHPHBIM) OT-
pesaxom KL, ocmu abcuucc
(xonunt K, u L; ucrmwo4a-
orca). IIpounrtsiBaa abc- Puc. 261

L

N

SN
(3
=

1y

16 Berroxckuii M5,



482 VI. ®YHKUMW, TPAGUKA

uHccesl Touek K o L, naxoaum (mpH6JIHIKEHHOE) pellleHHe
-1,6 <x <2,6.

IIpumep 4. PemwunTh HEpaBEeHCTBO %ﬂ <x-—3.

Crpouwm (puc. 262) rpa-

—T T Y T ¥ - _ 1 z
LA B || duxu GdYyHKIUR Yy = Ex
\ (nmapabona AOB)n gy =x-3

\ / D (npamaa CD). [onxHo
N 6uiTe y < . Mexay TeM

o) » papabosa AOB nennkom
| X jexur na npaMonn CD.
i JlaHHOe HepaBeHCTBO He
¢ HMeeT PeleH .
HOpumep 5. Pemiute

Puc. 262 HepaBeHCTBO %xz >x -3
IoctpoeHne To ke, 4TO B mpeapraymem npumepe. Ho
Tenepb AOJMXKHO OBITh ¥ > § ; IOITOMY JaHHOe HEePAaBEHCT-
BO — TOM/IECTBEHHOE.

IIpumep 6. PeminTh cucreMy HepPABEHCTE:

1 3 _1

<x2<6-x; -x2>5 - -z,
r+4<x2<6-x 25”37 1%
Y4 BmecTo ABYX mepswiX
Ui_'A' |r IB+ HEPABEHCTB MOMKHO 3amHu-
L ® D| carb paBHOCHMJIBHRLIE %x +
l +
B \o ST . .
ASQ_Q,Q +2<§x2<3—§x.CTpo-
C._;?QV:RPO':; ‘\I',‘L___}L{ UM (puc. 263) rpadun
QP 11 byHknui y = %xz (napa-
L1

, 1
6ona AOB); = -x + 2
Puc. 263 %y 2
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(npamaa CD); " = 3 - %x (npamaa UV); § = % - ix
(npamasa EF). Ilepeme nBa HepaBeHcTBa TpebyoT, YTOOR!
Ayra napa6osisl TpoxoAHia Belile npaMoid CD u Huxe
npamoit UV nan uMena obuine TOUKH ¢ 3TUMM IPAMBIMH.
JTuM Ha nmapaboJsie Beifensierca gyra RP (skawoyaroulas
KoHugs! R, P), a Ha ocu abcuuce — otpeaok R P,. Tperse
HepaBeHCTBO TpebyeT, 4To6bl Ayra napabossl Ipoxoauaa
TaKkxe Bollue npsaMoit EF. 3tuM ua ayru RP Bufenserca
ayra QP (Bkawouas KoHen P U HcKouyas KoHenl @), a HA
ocu abcuuce — otpesok P Q. [IpouuTniBas abcuuccs To-
uek @, P, uMeem: -3 € x < -2.
x2+x-6
x2-x—4 <0
ITO HEPABEHCTBO MMEET MECTC B ABYX CAyYaaX:
D korpax2+x—-6 <0usmecrecteM x2—x —4>0;
2) korpa x2+ x— 6> O BMecTe cTeM x2 - x — 4 < 0.
B nepsoM caydae uMeeM x + 4 < x2 < 6 — x. Pewenue
aTOH cHCTeMBI (cM. npuMep 6) rpadpuuecKkH npeacTaBad-
erca orpeskom PR, (kounwl P, u R, uckmoyawTcs,

IIpuMmep 7. PeludTh HEpaBEHCTBO

.

puc. 263). Bo Bropom cnydae umeem x + 4 > x2 > 6 — x.
Pemian a1ty CHCTEMY TaK e, KaK IPeJLIAYLIYIO, HAXOAHM
ayry P’R’ mapaGonst AOB U cooTBeTCTBYIOIIMH el OT-
pesok P| R] ocu abcumuce (xoHun P| u R} Hcrmouya-
torcda). IlIpounrrran abeuucenr Touek P, R, P’, R’, naxo-
AMM, YTO JaHHOE HepaBeHCTBC YAoBJieTBopAeTcHa 1) npu
-3<x<-1,6;2)npu 2 <x < 2,6.

IIpumep 8. Pemnrte HepareHCTRO 2% < 4x.

Crponm rpaduxu pyHruun y = 2* (kpueasg UV na
puc. 258) u byuruuu § = 4x (npamasa AB). ITo yciornio
JACJIKHO OBITh ¥y = ¥, T. €. TOYKH Ha KpuBoH UV nomaxHbl

JiexaTh HHXKE TO4YeK Ha mpamoit AB. IlpounteiBas abc-
yuccs Touek A U B, Haxoaum pewcHue: 0,3 < x <4,
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§ 11. NMoHATHe 0 NnpeaMeTe
aHannTUYeCKol reoMeTpun

B 3n1eMeHTADHOH reOMEeTpPHH pelleHHe Ka>KJAOH OT-
feJbHOH 3aaauM Tpebyer 6oabine# uau MmeHpuieii naobpe-
TATEJBLHOCTH, M YACTO 3aJauyHd, BECbMA CXOXXHe ApPYT C
APYroM, TpeGyT COBEPIIEHE0 PA3JUUYHBLIX NPHEMOB pe-
meHnA, KOTopble HeJIErKo yrajats. Boasmem, Hanpumep,
3aJa4y: HANTH FeOMETPHYECKOE MECTO TaKHX Todek M,
paccroanne MA ot XoTopeIX A0 AAHHOH TOYKH A paBHO
paccroaumio MB no aauHoi touxu B. Mckomoe reomer-
pHYECKOE MECTO eCTh, KAK H3BEeCTHO, NPAMAA JHHHA
{(nepneHANK yaAp uepes cepeauny AB). Ho cnocob, koro-
PHEIM B 3JIEMEHTAPHOH reoMeTpHUH O0BIYHO peIIaeTcHA 3Ta
3aza4a, He TOAXOAHUT A CAEAYIOUeH 3ajayd: HAHTH
reoMeTpMYecKoe MecTo Touek M, paccroarne MA ot Ko-
TOPBIX A0 TOYKH A BABoe Goasuie paccroauua M B go rou-
Ku B.

AHarumuveckas zeomempus, cO3jaHEHasa OAHOBpe-
MEHHO ABYMA GpannyscKuMu yueHbIMH — P. fexaprom
(1596 —1650) u /7. ®epma (1601—1665), daem edunood-
pasHbie npuembt PeUleHUA ZeoMempuieckux 3adad u
CBOAMT pellleHHe ILIUPOKOr0 Kpyra 3ajay K HEMHOIMHM
MeTOAHYECKH NIPHMeHsAeMuM cnocobaM. [aa gocruixke-
HHUA 270l UEJH BCce JAHHBIE U HCKOMBIE TOUKH H JHHHH
OMHOCAM K HEeXOmOpoll cucmeme Koopduram (NPUHLH-
nuajsHo 0e3pa3znUuHO, KAK ee BhIOpaTh, HO VAAYHBIM
Beifop ynpomiaer peunrenye 3ajgauu). Beibpae cucremy
KOOPIHHAT, Mbl MOJKEM KAXKAYIO TOYKY OXapaxTepu3o-
BATH €€ KOOPJHHATAMH, & KAXKAYIO JHHHIO — YPABHEIIH-
eM, rpaMKOM KOTOPOrO 3Ta JHHMSA ABIAETCA. JTHM
IaHHAsA reOMeTPpHUYECKad 3afaya CBOAUTCA K aareGpau-
YyecKO, a 4AA pelueuu A ajarebpanyeckux 3aaad Mbl pac-
noJjaraeM Xxopolmo pa3paboTaHHBIMH OGIMMH METO-
LaMH.

Jna NoACHEHHA BRIIIECKA3AHHOTO PACCMOTDHMM CJie-
LVIOLMe IPHMEPHI,



§ 11. NoHaTHe 0 NpeameTe aHANUTUHECKOW reoMeTpumn 485

IIpumep 1. OkpyxKHOCTL pa-
JUyca r OTHECEHA K CUCTeMe KOOpAn- /)
Hat XOY (puc. 264), B KoTOpOH ee )
HenTp C umeer abcuuccy OQ = a U E
opauHaty QC = b. CocTaBUThL ypaBHe-
HHE 3TOH OKPYIKHOCTH.

IIyers M(x; y) ecTb IpOM3BOAG- o QPX
HAA TOYKA OKPYXKHOCTH (x = OP; y = Puc. 264
= PM). Ilo onpesesIeHN 10 OKPYKHOC-
TH, ANuHA oTpeska MC Bcersa paBHAETCH IOCTOAHHOM Be-
auyuHe r. BeipasuM MC yepes OCTOAHHBIE KOODAMHATHL
a, b uentpa C 4 mepeMeHHble KOODAMHATLL X, ¥ TOUKH M,
W3 puc. 264 nmeem:

MC = JCR2+RM? = J(OP-0Q)2+(PM -QC)2 =

= fx=ai+(y-b2.
JE=ay sy -y =

(x—a)2 +(y—b) ~r2. (1)

9To ypasHEeHHUE MpPeJCTaBifAeT OKDYMHOCTb; HHbIMH CJIO-
BaMH, rpathuxomM ypaBHeHHUA (1) CAYKUT OKPYKHOCTD.
IIpumep 2. HailTu reomeTpu-

CneposatenpHo,

HIH

yecKoe MecTo ToueK M, ITA KOTOpBIX Y4

MA = 2MB (A v B — faBe aafiaHHbIE /I\

TOYKU; PpACCTOAHHe MexAy HuMU A B

obosnaunm yepes 21). 0 _J X
BosbmeM Hayalo KOOpPAUHAT B - 2

cepeanre O orpe3ka AB n HanpaBuM Puc. 265

onuny M3 oceit (OX na puc. 265) saonn

AB. Yrtobw 3anucats ycnosue MA = 2MB B Buzie ypaBHe-
HVA Mexy KoopaunataMu Touku M(x; y), ssipasnm MA u
M B yepea xoopauHatsl. M3 Tpeyroasauka M BP umeem:

MB=,/PB?2+PM? = J(OB-0OP)2+PM? =
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TouHo Tak Ke M3 TpeyrojnHMKa AMP Hallpem MA =
= J(x+ D% +y?, uyciosue MA = 2M B npuMer BUA

Jx+l2-y? =21~ x)2+y2.
Hocae ynpomeHuii nonyynm:

xz-l—;lx+y2+lz=0. (@)

HickoMoe reoMeTpHYECKOE MECTO €CTh 'padHK 3TOrO ypas-
HEHHA, H METOALI AHANHTHYECKOH reOMeTPHH IO3BONAIOT
cpasy cKasaTh, YTO 3TOT rpaduK ecTs oxkpyxcrocms. B
3TOM JIErKO y6eauThCs, CONOCTABHB YpaBHeHue (2) ¢ ypas-
aexueM (1). [Ipuaas ypasuennio (2) popmy

5,32 4,2
x—-t] + 2=(-z] .
( 3 73
MBI BHZMM, YTQ OHO €CTh YaCTHHL ca1yyail ypapHerus (1)

npua = g Lb=0;r= % {. 3HayHT, Hallle reOMEeTPHYeCcKoe
MECTO €CTh OKPY>XHOCTE C IIEHTPOM B TOUKe C(g IR 0) Mc

PasHycoM r = % l.

§ 12. Npegen

IlocTrosinnas BeTHYMHA d HA3LIBAETCA npedenrom ne-
PEMEeHHOH BeJMYHHBL X, eC/IM 3Ta IIepeMeHHAas [IPH CBOeM
H3MEHeHHM HeoTpaHNHYeHHo NpuGanxaerca Kk all,

1} IIpuBOANMOE ONIPCAEACHHC He BIIONEE CTPOrO, TAK KAK BhI-
Pa>keHHe «HEOTPAHMUYEHHO NPUOMIDKAeTCA» HYXKAACTCA B JIOTH-
4eCKOM YTOYHEHHH. ¥ TOYHUTD ero HafaeKamHM 06pa3oM KopoT-
KO 1 BMCCTe C TCM SICHO BPAA JH BO3MOXKHO, Ha HMKCnpuBoau-
MBIX [IPEMEpPAX ero CMBIC] BLIACHAETCH B TOH CTeNeHH, KoTopas
HeobXoauMa AJIS NOHHMAHHA CYTH Aena. [IpHBoAuMbie B 31€MEH-
TADHHX yueGHHKAX oOIpeaesleHHA o HeoOXOQMMOCTH Bceraa
CTPAARIOT TAKOH JKC HEIIOAHOTOM, XOTH 3aYACTYIO Ha BHA MOTYT
noxasarecs 60J1ee TOUHRIMH,
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CyiecTBEHHO MMETh B BUAY, YTO DM PACCMOTPEHUH Ca-
MOl no cebe 63amoll nepeMeHHOU Benutlrbl HE MOMKET
OLITL peYH O HAXO0X/AEHNH ee TIpejena. Ecau xxe paccmaTpu-
BAIOTCA JBE IIEPEMEHHRIE BEJIMYMHLI M OJHA eCTh QYHKUMA
JADYTOH, TO AJA OAHON M3 HUX (apryMeHTa) MOXKHO 3adamy
npenen, a ais Apyroil — uckame ero (ecjaM OH CYLIECTBYET).

IIpumep 1. lepemeHHble X, y CBA3AHEI 3aBHCHMO-

2 _
c1'1>10y=’;

24 s HAHTH TIpefen y, KOrja X HMeeT npejeom

yucao 6.

Byaem neorpaHwyeHHO NPHOMMIKATL NMEPEMEHHYIO X K
yueny 6 kakum-nubo cnocobom; Haupumep, 6yJeM AaBaThb X
sHaueHun 6,1; 6,01; 6,001 u T. A.; MbI HajigeM 0JA y 3HaYe-
uusa 8,1; 8,01, 8,001 i 7. A.; 3Tk 3HAYEHUA HEOIPAHWYEHHO
npubarkarorea K ykaeay 8. To xke OxeukeTes, €C/IM X Heorpa-
HHYEeHHO HPHOMIMIKATE K YHcy 6 Jiobbtx Opyzurm cnocobom,
Hanpumep noaarate x = 5,9; 6,01; 5,999; 6,0001 u . 1. I[1o-
3TOMY, KOTZla X MMeeT npejesioM 6, y uMeeT npenenom 8,

3anucse:

limy=28
r—8

HIH
2 _
lim ©-4 —g,
x—6 x—2

Ofoanayenne lim npeacrasiseT cokpaweHue ¢paH-
1Y3CKoro cjoBa limite (TMHMHT), 03HAYAIOLIETO «TIPEACT».
ITonyyeHHbIH pe3yanLTaT B JAHHOM CJIy4ae MH MOTJH OBl

x%2-4
. B cre-
2

HaWTH, MoAcTaBHB X = 6 B BbIDAXEHHE ¥ =

AYIOWEM NPHMEPE 3TOT CII0CO6 He IPUBOAUT K YCIEXY.
Hpumep 2. Hano
x2-4
x-2"

., 2
Hairu lim y. ITogcraBus x = 2 B BhIpakenue I——z‘l s
xr—2 X -

HalifleM HeoNpe/leIeHHOe BhIPAXKEHHE % (11, § 23). Mesxxny
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TeM BHIYMCJAEHHA, NOA00HbIE IPOeIaHHLIM B IpuUMepe 1,
IOKAXYT, YTO
. 2
lim =4 —4
x—2 x-2
OTOT pe3yAbLTAT MOKHO ObIN0 ObI MOJYYUTH €Ile U TaK:
uMeem

x2-4 _ (x-2)(x+2)
x-2 r—2 .
Korna x # 2, MOHO COKPATUTH NOCAETHION APOOHL HA
x - 2 (npu x = 2 coxpaiyenHe HenpapomepHo!). [lonyyaem
x + 2 (npu x # 2). ByaeM HeorpaHMYeHHO npubauskaTs X
K 2, He dadas eMy amauenua 2; Torjga y, OCTABasACh paB-
HBIM X + 2, HEOPpAHUYEHHO NPHOIMKAETCA K 4.

PaccMoTpeHHYIO HAMY 3aJaYy HHOTAA PODMYAUPYIOT

o x2-4
TaK. ¢HAHUTH HCTHHHOE 3HAYEeHHE BBIDAXKCHUA
X —

IpH

2 _
X = 25 WM «pPACKDHITH HEOIDENEJIeHHOCTh > npu

x = 2». TOUHBIH CMBICJT 3TUX BRIDAXKEHUH COCTOUT B TOM,

o maxogurest lim =4
r—~2 x-2

B pacCMOTDEHHOM TIPHMeEpEe «pacKpbITHE Heolpese-
x2-4
2

Ha

JIEHHOCTH» JOOCTHraeTca COKpameHHueM ,leOGPl

x — 2 cnocneaymouleii noacranoskoi X = 2. Ho u ator npu-
€M JlJafeKO He BCer/ia BefleT K Neau.

§ 13. BeckoHeuHO Manas
1 6eckoHeyHo Gonbluan BeNUYUHDI

ITepeMeHHas BEeJHMYVHA, NPEfeN KOTODOH paBeH HY-
JII0, HAALIBAETCH 0eCKOHE HO MANOIL.

IIpumep 1. Ilepemennas BeauumHa Jx+3 — 2
ecTb GECKOHEUHO Masiad, ecAl x cmpemumes k 1, Tak Kak

lim (/x+3 -2)=0.
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IlepeMeHHas BeJINMYMHA, HEOrDAHUYEHHO BO3pacTaio-
wag no abcoJTHOMY 3HAYEHHMIO, HAJBIBAETCH GECKOHEY-
HO 0oabiioil.

Mpumep 2. lepemennas neruuna x—’r—é ecTs Bec-
KOHEYHO 6OblLAs BETUUNHA, eCAU X CIPEeMILMCA K 5.

BeckoneuHo 6obIasa BeIUYNHA He uMeem npedena.
OaHAKO NPUHATO POBOPHTE, UTO 6ECKOHEYHO HosbIIas Be-
JIMYUHA <«CTPeMHTCA K OecKoHeunoMmy mnpegenays. Co-
IJIACHO C 3THM ITHIIYT:

lim -"—5 =00, 1)

3HakK o0 (fecronetHOCMb) HE O3HAYAET KAKOro-1ub0 umc-
Ja, ¥ paBeHcTBo (1), HocAlee YCJI0OBHLIM XapaKTep, Bhipa-
>KaeT JHUIbL TO, YTO NPU HEOr pPAHMYEHHOM NPUGIHIKERHH

x & 5 abconoTHAA BeNHUMHAE Apobu —‘5 HEOrPAHUYEHHO
x—

pacter. Hlpu aToM apobs —"—5 MOYKET IPHHHMATh KAK I0-
Py

JIOXKHTEJbHBIE 3HaUeHHnA (Korjaa x > 5), TaK U oTpMua-
TenbHuIe (Xorga x <§).

BamMeuyanue. B gpyrux ciaygadx 6GecKOHEYHO
6oJbllIas BETUYMHA MOJXKET NPMHUMATE TOJBKO NOJOMH-
TenbHhle (MJIH TONBKO OTpHUNaTenbHEe) sHaueRusn. Tak,

HPH 6eCKOHEYHO MAJIOM X BeIUYMHA lz 6eCKOHEYHO BeJIHU-
x

Ka; Ho u npu x > 0 ¥ npn x < 0 BeANIUHA lz ONOJIOXHTEN b~
xX

Ha. 9To BbIpAXKAalT 3aNMChIO
1

lim = = +o0,
x=—0 X
Hal'[pOTHB, BeJHYHHA — -Lz BCeraa OTpHIATE/ILHA. IIo-
x

3TOMY IMHINYT

. 1 —_
lim (_x_z) = —00,

x—0
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B cOOTBeTCTBHH € 3THM Pe3yabTaT NpMMepa 2 3allH-
CHIBAETCA TAK KE CAEAYIONHM obpagoMm:

lim %~ =+too,
x—5 X—

IMIpumep 3.3anucs

lim =1 -1

x—o X
03HAYaeT, YTo, KOorga x 6eCKOHEeYHO BEJMKO (T. €. KOTAa X
HEOIrPDAaHHYEHHO pacTeT 1o abCoNIOTHON BETHYHHE), BENH-

yuna =1 cTpeMHuTCA K npegeny 1. CumBoa x — 00 yyra-
x

IOT: «X CTPEMUTCA K 6eCKOHEYHOCTH?.

IIpumep 4. BripaXkenue «maomaagbs Kpyra ecth
npezxea NAONaaAH NPaBHJABHOTO BIIHCAHHOIO MHOI'QOYTronb-
HHKA DA 6eCKOHelIHO 6OJILHIOM YHCJa€E CTOPOH» G3HaA4aerT,
YTO NpH HEOTPAHMYEHHOM BO3PACTAHHMM YHCAA CTOPOH
YIOMAHYTOTO MHOTOYI'CJABHHKA €ro NJIoaAs HeorpDaHH-
YEeHHO NPHOJHXKAeTCA K IOMAAH KpYTa.



APEAMETHO-UMEHHOMN
YKA3ATENDb

A

Abeas H. X. 151

AfconoTHAA BETHYNHA
157

— norpemrHocTs 106

Abcuucca 460

— KOMIUIEKCHOrO YHcaa
221

Aby-arv-Bepa 398

Akcuoma 318

Aunrebpa 146

Anrebpauueckas popma
KOMILIEKCHOTQ YHCAa
233

Anrebpauueckue yncia
208

Anrebpauyeckoe ypasHe-
Hue 144, 183

An-Kawu 99

Anv-Bupyru 147

Anv-Xaitam 147

Aav-Xsapusmu 67,99, 146

AHanluTHYecKasa reoMert-
pusa 484

AHRTUnorapudgmsr 290

Anonnonui 317

AnogemMa MHOTOYIOJILHHU-
Ka 350

— nupamuan 366

Apzan 150

AprymenT 456

— KOMILJIEKCHOTO YHucia
229

Apudmeruka 55

ApudmeTnyeckas npo-
rpeccus 264

Apxumed 316

Apxumena reopeMa 373

ATTHYecKkas HymepauHa
61



492 MpeameTHO-KUMEHHON yKa3aTenb
b Bpuze I'. 274
Besy 3. 168 Bropeu H. 273

Beay Treopema 168

BeckoncuHo Manbie u Hec-
KOHEYHO DoJIbIIHE BE-
nU4YHHE 488

Beckoucunocts 90, 489

BukBaapaTrHoe ypaBHeHHEe
218

Bunauoun 69

Buxom HuroTona 297

— — , o6obwieunan Gpop-
mynaa 300

— — , cBOHCTBA GMHOMHU-
aNbHBIX KOddduLHeH-
Toe 301

Buccextpuca TpeyronrHHu-
Ka 327

— yraa 322

BokoBasi rpaHk THPAMMLI
366

— — npu3Mel 364

— noeepX®ocTb Tes (dop-
myabr) 392

— cTopoHa tpanenuu 334

— — TpeyronbHEuKa 324

Bonsmoit xpyr 373

Bombennu P. 150

Bpamazynma 99

B

BasunoHnckaa Hymepanuusa
63

Banaue Jx. 150

Bepruxkaabpusie yrabl 322

Bepmnna konyca 370

— MHoOrorpaHHuka 363

— MHOTOTPAHHOTO YrJia
362

— nupamus 366

— nnockoro yraa 320

Beccenv K. 150

Buem . 148, 249

Buewminumi yron 324

Boseezenue B fpobuyio,
HYJIEBYIO, OTPHIIATENb-
HYIO cTeniedn 267

— B IEAYIo cTeneHn 71

— — — — IPHOJUIKEH-
HBEIX uHcen 126

BrnucaHHbIN KPYT (OKPY2K-
HocTh) 349, 433

— MHOTOYTroJbHHUK 349

— — npaBuUABHBIHA 351

— yroa 339, 343

Brinecenne 3ackobku 161,
171



MpepmeTHO-UMeHHON yKadaTenb

493

BrINyx/b1it MHOTOrDaH-
HUK 363

-~ MHOTOYTOJBHUK 323

Bricora xonyca 370

— nupaMHAhLl 366

— npuamal 364

— rpaintenun 334

— TpeyrojbHuka 326

— nuaveapa 368

Bourunraemoe 69

Briuuranue gpobei geca-
THYHHX 93

— — npocteix 84, 85

— uwncen (oopegeneHue) 69

— — KOMILJIEKCHEBIX 224

— — oTpunatTeabubix 157

— — npubamxkeHHnx 109

r

Lanrya 3. 151

layecc K. $. 150, 211

I'excasap 383

Tervgpond A. O. 208

I'eomerpryeckas nporpec-
cus 265

T'eomeTpHyecKoe MeCTo To-
yex 337, 462

— reno 314

Teomerpua 314, 315

— aHaJnTHYecKaa 484

T'eoMeTpusn HauepTaTeNb-
Has 361

T'mnepGona 372

I'mnorenysa 324

Tunnapx 396

I'napHble 3HAYEHUA 06paT-
HEIX TDHTOHOMETpUYe-
cxux dpyuxuuin 440

I'ouuomerpus 396

I'paayc pyrosoit 340

— yrJiosoit 320

T'panb gyrpansoro yria
359

— MHoOrorpaHnuka 363

— MHOrOrpaHHOTO yIJa
362

— napananenenumeaa 365

T'padmixu pyuxumnin 462

I'papuyeckan MHTEPIOAA-
nus 462

T'paduueckoe uzobpare-
Hue Qyukiui 461

— pellleHHe HePAaBEHCTB
480

— — ypaBHeHHi# 476

Twitzenc X. 343

AByxrpanHei yroa 359
Hexapm P. 148, 155, 211,
317,484
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NpeameTHO-MMeHHO yKa3arenb

Henenue npobest necaTHy-
Huix 94, 96

— — npocTeix 88

— KopHei 204

— MHOro4JeHa Ha ABY-
4JieH epPBoM CTENEHM
168

— ofHousneHoB 161

— OTpe3Ka IolloJaM, Ha
JIAHHOE YHCJIO PABHBIX
vacreit 303

— — MPOIOPUHOHANLHO
JAHHBIM BEJIHYMHAM
304

— coKpamenHoe 123

— cocraTtgkoM 71

— creneHel 202

-~ CYMM M MHOI'CUJIEHOB
165

— upceJi (onpeaenenue) 70

— — oTpuUarenbHsIx 159

~— — npubauxkeranx 121

Henumoe, genutens 70

Henutens o61UA HaU-
Gonbmuii 78

HMecsaTHuHAS CHCTEeMA
cuncnenus 57

Hecaruunsre Apo6u 91

— norapudMbl 280

HerepmuHauT cM. Onpede-
aumens

JnaroHaas MHOTQOYT'OJIb-
HHKa 322

— mapaanenunena 365

— nmapaanejaorpamma 332

Huamerp Kpyra 338

— miapa 372

Huogpanm 144

HOuckpumuHant 215

Honexasap 383

HokasarenscTso 318

JononHUTEeNLHBIA MHO-
JKHUTENb 84

JpesreapMAHCKadA, APEB-
HETPY3UHCKAaa HyMepa-
uuda 63

JpesHerpeueckas HyMmepa-
uusa 61

O pobr anrebpanueckan;
AedcTBUA Hag ApobAMuU
172

— AecATUYHAsS 91

— — , Aenenne 94, 96

— — , obpamenue B Ipo-
cryio 96

— — , CBOMHcTBa 92

— —— , CILOYKEHME, BBIYUTA-
HHe, yMHOxkeHue 93



NpegMeTHO-MMeHHOR ykazaTens

495

O pobs npasuanHan,
HenpaenjasHas 80

— mpocran 80

— — , aenenue 88

- — , obpaujeHme B gec-
THYHYIO 96

— — , IpHBeAeHHe K 00-
1temMy 3namMeHareno 83

— — , CJI0KeHHE H BhIYH-
ranue 84

— — , COKpamnieHue H
¢pacimrpenue» 81

— — , ymHoxeunue 85, 87

— , CHCTEeMAaTH4YecKHe Apo-
6u 91

— , IIeCTHAECATUPHYHAIE
apobu 91

Jyra okpyskHocTH 338

— ~— , AGJIEHHE IIOII0JIOM
307

E
Egkaud 55,316

X
Hupap A. 148

3

3aBUCcHMan TepeMeHHAaA
456

3aBHCHMOCTb QYHKIHO-
HanbHaA 455

3epkrajbHasA CHMMETPHSA
385

3epranbHoe nofobue 389

— paBeHcTBO 385

3epKaibHO-0CeBas CHM-
meTpua 388

3nak Konuuectsa 153

3namenarens 80

— , mpHBefenue gpobeii K
o0nieMy 3HaMeHAaTeN I
83

3nauvangue uudper 104

3mauHocTs yncaa 104

3ona maposas (chepuue-
cran) 377

n

Hapneuenue kopHa 71

— — KBaApaTIoro H3 IpH-
OaHKeHHBbIX uHcea 126

— — KYyOHYecKOoro ua npH-
OaHKeHHBIX uncen 130

Hkocasap 383

Unpuiickan Hymepanus 67

HHrepnonanusa rpaduye-
cxasn 462

— yycaosan 140



496

NpegmerHo-MMeHHoI YKa3aTens

Honuiickas cucTeMa HY-
mepanuu 61

HppausoHansHOE YHCIO
60, 206

HppanmoHaNBLHOCTH, HX
yHHuTOxKeHue 204

K

Kapdaro Oxe. 148, 150,
211

KacatenpHas IJI0CKOCTh
379

— — KoHyca 380

— — pnuuuHapa 380

— — mapa 380

— npaAmasn 338

— — K ABYM OKDY><HOC-
TsM, nocTpoenue 308,
309

— — K OKpy»HocTH 338

— — — — , IOCTPOEHHE
307

Karer 324

KeaapauTt 339

Keagpar 333

— , BIUCAHHBIN U OTKCAH-
HblH (mocTpoenue) 310

— , moctpoenue 311

— yuena 71

KsazpaTuuHaa GyHKuUA
466

KragpaThoe ypaBHeHHe
209

— — , pemuenue 212

— — , CBOMCTBA KODHE#
215

— — , CHCTEeMA KBaApAaT-
HBLIX YPABHEHWH C ABY-
M5 HEMIBECTHHIMH 218

— — , ypaBHEeHHHA, OPHUBO-
OUMEIE K KBaJpaTHAIM
217

Knacc 68

Komniexcuuie uncaa 60,
149, 211, 221

— — , anrebpanveckasn
(xoopauHaTHan) popma
233

— — , apryMmenrT 229

— — , BO3BEJcHHE B CTe-
neHs 240, 245

— — , reoMeTpHYecKHit
CMBICA ACHCTBUHA Haj
KOMIUIEKCHBIMHE YHCAA-
mu 233, 236, 238

— — , reoMeTpHUYeECcKOe
uaobpaxenue 227

— — , Aeiicteua 222, 223,
224, 225

— — , H3BJIEYEHHE KOpHA
241



lNpeaMeTHO-MMEHHOM yKalaTens 497
KomniekcHsbIe urcaa, Mo- KparHoe 70

ayas 229 — ofulee HanMeHbuiee 79
-- — , TPUTOHOMeETpHUYe- Kpyr 338

ckas dpopma 231

KoHHueckas NOBEPXHOCTH
369

Konnueckue ceuenun 317,
371

Konyc 370

~— BIHCAHHBII H ONTACAH-
Hbli 380

Koopauuare! (mpamo-
yroabueie) 317, 460

Kopeus, geiicrBua ¢ Kop-
HAMH 203

— H3 yHcaa 71

— — — , IIPABUJIO U3BJE-
Yemua KBaApPaTHOro
KopHa 126

— — — , — — KyOHYECKo-
ro kopua 130

— , KBAJIpATHKIH, Ky0Hue-
ckui 72

— ypaBHeHus 180

Kocekanc 404, 421

Kocunyc 403, 421

Kocuuycor Teopema 432

Koraurenc 403, 421

Koadpduuumenr 160,

— HOPONOPLHOHAABLHOCTH
139, 463

— , mJaowajAb Kpyra 342
Kpyrozsoe koasuo 355
Kpyrosoii Konyc 370

— uuauHAp 368
Kpyroseoie pynkiumu 439
Ky6 366

— yHcna 71

Kysemun P, O. 208

n

Jundeman K. JI. @, 208

JluneitHas dyHxuua 463

JTuueiiHoe ypasHernue 184

Juaua 315

— CHHyCa, KOCHHYCA, TaH-
reHca, KOTaHreHca
422—423

Jobaueacrkuit H. H.151,
317

Jlorapudmuposanue 274

— , IpHUBEJEHHE K BUAY,
yaobHOMY ANd jora-
pudmMuposanua 428

Jlorapudmser (o6niue cee-
nennsn) 271

— HecATHuHKIE 280

— — , HaXOKJeHue Jora-
pudMa no uncay 285
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MNpegMeTHO-MMEHHOW yKalarTenb

JlorapucdMbr fecATHYHLIE,
HAXOK/EHUE YUCIa
no norapudpmy 288

— — OTpHLUATeNbHLIE,
JeHCTBMA ¢ HUMH 282

— — , Iepexoy oT AecH-
THYHBIX K HATYpaib-
HBIM 1 o6paTHo 279

— HatypasbHhle 276

— TPHUTOHOMETPUYECKHX
Benuuun 411

M

ManTtucca 280

Mapxos A. A. 208

Mepguana 327

Munnuox 68

Munnuapa 69

Muumasn eguauna 221

Munmele uncaa 211

Muororpanuik 363

MuororpaHHEI yrosa 362

MuorosnayHas QyHKUUA
456

MHuoroyroabHUK 322

— BIIMCAHHbIA H OTIKCAH-
HeIl 349

— BBINYKJbI 323

— aBeagyaTeit 323

MHOTrOyrobHHMK NPaBHIb-
HBIH 350

— — , ANHHA CTOpOoHLI 351

— — , maomaas 350

— mpoctoi 323

Muorousen 161

— , pasjoXeHHe Ha MHO-
xuTend 171

— , cTeneHs ero 166

Muoxxumoe 69

Muosxurens 69

— NOMNOJHHTEABHbIHA 84

— , PA3JI0XKEeHHe Ha MHO-
sxurean 77

Moayns gecATHYHBIX J0-
rapudmos 279

—— KOMIIJIEKCHOT'O YHCIa
229

Monwreiige popMyant 432

Mopdyxai-Boamosckoii
H. 4. 208

Myasp A. 240

Myaspa dopmyna 240

Myxammed u3 Bydmarna
397

Myxammed uz Xopeama
67, 99, 146

H

HauGonnmivii obniuii ae-
aurens (HOO) 78

Haumensuiee obiee KpaT-
noe (HOK) 79



NpeameTHO-MMeHHOM ykasaTens

499

HaxpecT neskamue yriasl
331

Hanpaenamiyasa KoHUue-
CKOH moBepxHocTH 369

— I{AAUHAPUYECKOH I10-
BEpXHOCTH 368

Hacup 20-Jur 398

HarypaJbHble 1OrapudM sl
276

— yucaa 55

HatypansHsiii pag 55

HaueptaTtensHnas reomer-
pusa 361

HeszaBucumasnepemMeHHas
456

Henep IJxc. 273, 274, 278

HemnmonHoe xBagpaTHOe
ypasHenue 209

— yacTHoe 71

HenpaBunsuaa Apobs 80

HenpepriBHaA nponopuus
138

Hepapencrsa 250

— anrebpandeckue 259

— , knaccuduranua 259

— , HEKOTODLIE BaXXHble
HepaBeHCTBa 253

— , OCHOBHBIE IIPMCMBI PE-
mwenus 258

— paBHOCHJBbHBIE 258

HepagencTsa, pereHue
260, 261, 262

— , — rpadHuuecKoe 480

-— , cBoHcTBa 251

-— TPAHCUEHAeHTHbIe 259

— Yebwuimena 256

Hynesas crenens 269

Hyns 60, 153

— , AeHcTBHA c HyJiem 88

Hymepauus «apaGekaso
(unauiickasn) 67

— BaBUJIOHCKaA 63

— ApeBHeapMsHCKad,
JipeBHEerpysuHckas 63

— puMcKas 65

— caaBaHcKag 62

Hviomon H. 268, 297

HuioToHa 6uHOM cM. Bu-
nom Heiomona

O

O6pasyoimas KOHHYECKOIT
noBepxHocTu 370

— UHJINHAPHYECKOH I10-
BEepPXHOCTH 368

O6paTHBIE TDUIOHOMETPH-
vyecKkue by 439

— — — , rpaduxu 474

— byaruuu 457
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MpeameTHO-MMeHHOW yra3aTent

O6bemel Ten (GopMyabl)
392

— — noacbunrx 391

Opuo3nayHasa QyHKOUA
456

Onnocropounne yrisl 331

Opuounel; nogobusie of-
HouneHbI 160

OxpyxHO0CTL 337

— , AnuHa 340—341

— , HOCTPOEHUE BIIUCAH-
HOH U ONMCAHHOH OK-
pyxHoctu 309—310

— , — IO ABYM TOYKaM H
paguycy 306

— , — IO TPEeM TOYKaM
306

Oxkrasap 383

OnucaHHKII MHOPOYTOME-
Huk 349

— yrox 339, 345

Onpeaenenue reomeTpude-
CKUX MOHATHH 318

OnpenenuTens 2-T0 nOpAX-
Ka 193

— 3-ro nopaaka 196

Opausnara 460

— KOMIUJIEKCHOTO YHCIa
221

OpTtouentp 326

Ocesan cumMeTpua 387

OcHosanue konyca 370

— Jsorapudma 275

— mapannaenenumnesna 365

— napanasienorpamma 332

— nupaMuan 366

— — yceueHnHoi 367

— npu3MEl 364

— paBHOGeApeHHOro Tpe-
yronbHMKa 324

— cremeHH 71

— rTpanenuu 334

— TpeyroJrHuka 326

— muauHEApa 368

Ocrartox 71

Ocs koopauHaTt 460

— ny4Ka IIockoctei 357

— panukanpHan 347

— cummeTpuy 387

OTHOCHATEeIbHAA TIOrpeL-
Hocts 106

OTtxotenne 137

— OKDYMITOCTH K fHa-
Metpy 340—341

— nonobus 335

OTpesok 320

n
IMapa6ona 371
[Iapannenenunen 365



NpeaMeTHO-MMEHHOW YKalaTenb

501

ITapannenorpamm 332

— , momjans 353

— , nocTpoeHue 311

ITapanienbHOCTb MJIOCKOC-
TH 4 npaMoi 358

ITapannenbHbIe IAOCKOCTH
358

— npamsete 330, 357

— — , IOCTPOEHHE IIpA-
MOM, MapaJiiebHOK
AaHHoi 303

[lackansa TpeyronsHuk 298

IlepeMeHHAas BeTHYHHA
455

ITepecranoska 293

— C IOBTOPAKIMIAMHCA
aneMmeHTamMu 296

Ilepumerp 323

Ilepuon; nepHOANUECKHE
byHKIuu 473

[TepnenanKynapHoe ceye-
HHe (mpuamsel) 364

[lepHEHANKYNAPHOCTH
NIPSAMOH M IIJIOCKOCTH
359

IlepnenguKyAApHEIE
LAoCcKocTH 360

— npAMble 321

— ~—— , IOCTPOEHME TIep-
neHauKynapa 304

ITu (oTHOIIEHHE OKPYIK-
HOCTH K Anamcrpy) 340

ITupamuga 366, 370

— yceyenHas 367

ITndaropa Teopema 330

IInockocts 356

— cumMeTpuu 385

IInomwagn (popmynanr) 352

— nopobunix dpuryp 336

IInomans TpeyroJbHHKA
353—354, 433

IlosepxHocTH Tea (bopmy-
nni) 392

TloepxHocTs 315

— KOHMYecKaa 369

— chepuueckas 372

— yuaAuHApHAYecKkan 368

TlorpemuocTs abconTHAR
4 oTHOCHTenbHasa 106

— mnpegenbHan 107

— npousseaeHUA 114

— cYMMBI 1 pasuoctu 110

— yacTHoro 121

Ilonxopennoe uncyo 71

ITopobue nnockux puryp
335

— Ten 389

IToanunoHHas HyMepauma
63
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MpeamMeTHO-MMeHHOA yKazaTens

ITokasarenn creneHH (Kop-
Ha) 71

— — npo6uelii 269

— — HyJeBoji 269

— — oTpuuaTenbHbIH 268

ITonnoe KBaZpaTHOE YpaB-
Henue 209

T16/10CTH KOHHYECKOIi To-
BepxHocTy 370

IlocTosHHAS BENHYHHA
455

Tlosc maposoit 377

IIpasunsuan apo6s 80

— nupaMmuga 366

— — ycedenHan 367

— npuama 364

IIpaBuabHBI# MHOTOI'PAH-
HHK 383

— MHOroyroasHuk 350

IIpenen 486

IIpenennHan abconoTHAA
norpelHocTs 107

— OTHOCMTEJbHAA IO-
rpemHocTs 107

TIpu6GausxeHHbIE BLIYHUCTIE-
Hua 102

— YHCAA; cI0CoH 3anucH
102, 104

IIpusenenue apobei k 06-
IuemMy aHaMesaresno 83

IIpuBenenne moao6HLIX
uyneHoB 161

IIpuama 364

IIpusnakyu feauMocTH 74

— noaobus TpeyroJbHH-
KoB 336

IIporpeccus apudmernye-
ckas 264

— BogpacTrawomana 266

— reomeTpHueckasn 265

— — GeckoHeuynas 266

— yb6eiBaroman 266

IIpoexkuus (NpAMOYroyL-
nan) 329, 361

Ipoussemenue 70

IIpousBoaHbIE€ MPOMOPIUHK
175

IponopuuoHansHOCTS 06-
patHasa 139

— — , eerpathuk 465

— npamas 139

— — , ee rpaduk 462

IIponopumsn 137, 174

— HenpepsiBHAA 138

IIpouent 100

— , 381844 HA MPOLEHTHI
100

IIpamas anana 320

— npuama 364

IIpamoi uuauuap 368



MpeamerHo- UMeHHON yKazareno
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IIpamMoyronrnHas cucreMa
KoopauHat 460

IIpamoyroasuuk 333

— , IMaroHAalhb, BRIPAKE-
HHE ee Yepe3 CTOPOHBDI
333

-— , mocrpoenue 311

ITmonemeir 396

IITonemes Teopema 350

P

PaBnobenpeHnHWH Tpe-
YyTOALHUK 324

PaBHOCHABLHBIC HEPABEHCT-
Ba 258

— ypaBHeHus 182

PasHocTOpOHHUE TDE-
yroJibHuK 324

Pagnan 399

PanuanHaa mMepa yraa 399

PagukannHas ock 347

Pagukanbiblit neatp 348

Panuyc okpyxHuoctu 338

— MPaBUJIbLHOI'O MHOI'O-
yroiasHUKa 350

Paguyc wapa 372

PaznoxeHue Ha MHOMHUTE-
JU4 MHOrO4JIeHoB 171,
216

— — —yucen 77

Paameruenns 294

Pasuocts 69

«Pacurupenues apobu 81

Pebpo aAByrpanHoOTO yriaa
359

— MHOTOrpasHuka 363

— MHOTOTPaHHOIC yria
362

Pezuomornman 398

Pernomonrana ¢popmyna
432

Pemuwr 399

Pemenue TpeyrossHMKO8
395, 409, 417, 433

Pumckue unudpsr 65

Pom6 333

— , nuomans 333, 353

Pypdunu IT. 151

C

CermeHT Kpyra 339

— — , omanes 342, 355

— mrapa, ero o6sem u no-
BepxHocTh 376—377

Cekanc 404, 423

CekTop Kpyra 339

— — , mnomanh 342, 354

— wapa, 06'beM 1 NoBepXx-
Hocth 377, 378

Cekynpa 320



504

NpegmerHo-MMeHHoM ykalatens

Cekywan 338

CeueHus konyca 371

— nuausapa 369

Cummerpnsa 385

— Bpalenns 387

— 3epKaanuasn 385

-— 3epKaibHO-oceBas 388

— ocenas 387

— nedTpanbuas 386

Cunyc 403, 421

Cunycoe Teopema 432

Cucremarnyeckue apobu 91

Crolkru 72

— , BEIHECEHHE 38 CKOOKH
161,171

Ckpemusawiggeca Op-
Msle 357

— — , PACCTOAHUE MEXAY
auMu 357

CnaBgHcKas HyMepaIus
62

Cnaraemsle 69

Cnoxenue (onpenenesue)
69

— npoGeii anreGpanye-
ckux 173

— — AecATHYHRIX 93

— — npocThix 84

— OTpHUUIATENbHBIX YUCE
157

CnoxxeHnue npubimxeH-
HeiX yHcen 109, 110
Croif uaposoit (cdhepnue-
cKkuir) 377

CmesxHble yrasl 321

Coeaunenns 293

Cokpauwenue apobeit 81

CoMHoxutean 70

CoOTBETCTBEHHBIE YTUIbI
331

ConpsaxeHHhIe KOMILJEKC-
Hule YyHcaa 223

Couerauusa 294

Cpeanee apudpMeTHYECKOE
u reoMeTpHyeckoe 132

— — , COKpallleH HO€ Bbl-
YHCAEHHE CPEJHETO
apudmMeTuyeckoro 134

— -~ , TOYHOCTb CPEAHEro
apudmeTnyeckoro 135

— KBaApaTHYHOE OTKJIO-
nenge 135

Cpeasue seTHYHHLI 132

Cpeanas TUHUA TPaNeHH
334

— — TpeyroasHukKa 334

Crarnyeckue cpegaue 134

Cmesun C. 100

Crenens mHorou1€Ha 166

— ToukH 345
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Cremens ypanHenus: 183

— umucaa 71

— — xapobuas 269

— -~ Hynesan 269

— — oTpHUaTeAbHan 268

-— — , IpaBMJa AeUCTBHIA
cocrenensamu 201

Crepeomerpusa 356

Crepeopaguan 383

CTOpoH2 MHOTOYTOJbHHUKA
322

— — npaBuabHOro 351

— yraa 320

Crpenka ayru 339

CyMMa yrjioR MHOTQYIOIb-
Huka 323

— — TpeyroJabHHKa 324

— yucen 69

Cdepuyeckan moeepx-
HocTb 372

Cohepuueckre MHOIO-
yroasHAKU 374

Cdepuuecknii  (1apoBoit)
cnoii (3ona) 377

T

Tanrenc 403, 421
Tapmaass H. 148, 149
Tenecnanrii yron 381

Teopema 318

— Besy 168

— KocuHycos 432

— IIudaropa 330

— HrTonemen 350

— cHHycoB 432

— TaHreHcoB 432

Teopus unucea 55

Terpasap 383

Toxacerso 179

Touka 315

TpaHcUeHAEHTHOE YHCIIO
208

Tpaneuusa 334

— paBHOOokana 334

Tpeyronbauk 323

TpeyroabHHK, BHEIIH Hit
yroa 324

— ITackana 298

— , mIowjans 325, 353 —
354

— , pellIleHNe KOCOYTroJIb-
HBIX TPeyroasHuKoB 433

— , — — — IO OIBYM CTO-
POHAM M YIJ1y MeXAY
HuMuy 435

— , — — — [0 ABYM CTO-
POH&M H YIJy, IPOTHBO-
JexameMy oOJHOR U3
Hux 437
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Tpeyro/iibHUK, PellleHHe
KOCOYTOABLHBIX TPE-
YrOJIBHMKOB 10 IRYM yT-
naM u cropone 436

— , — — — IO TPEM CTO-
ponam 433

— , — TPEeyroJLHUKOB
NIPAMOYTONbHLIX 63 110-
Mollu Jorapugmor 409

— , — — — C IOMOIUBIO
aorapudmor 417

— , COOTHOIIIEHHE MEXKY
aneMeHTaMu 431

TpeyroneHUKHN NoacOHbIE
336

TpHroHOMETPHYECK HE JIH-
Hun 422—423

— tbyuxuuu 396, 403,
421,472

— — awboro yraa 421

— — ofbpaTrHbie 439, 474

— — — , rJIaBHbIE UX 3HA-
yenud 440

— — — , COOTHOIUEHHHA
Mexay HUMH 442

— ~— , COOTHOIUEHHHA
Mexay HuMH 421

Tpuronomerpusa 395

— npaMonuHeiiHaa 395

— cdieprucckasa 395

Tpunnuon 69

Y

YraoBoi KoapdHuNeHT
463

Yrael BepTHKaabHbie 322

— BuHcaHHble 339, 343

— MeXJy XOpAaMH 1 Kaca-
TeALHLIMH 344

— HakpecT aexamme 331

— onHocToporHMe 331

— onucannble 339, 345

— OCTpbIE, IPAMBbIE, TY-
nnre 321

- cMexkHbIe 321

— coorBeTcTBeHHBbIE 331

— ¢ napanjielbHEIMH H
nepneHAMK yaAAPHBIMH
CcTOpPOHaMHu 332

— neHTpanbHbie 339

¥Yroxn (onpegenenue) 320

— , AeJIcHHE [I0I0JIaM, Ha
TpH yactu 306

— , 3HaKH yrios 321

—- JJUHEGHHLIA ABYTPaHHO-
ro yrsaa 359

— Me¥KAy IJ0CKOCTAMM
(mryrpanHsiii) 359

— — IpAMOH H NJOCKO-
cThi0 359

-~ -— CKPeIMABAIIIMMHCA
npaAMbIMH 358
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¥ron, mepa yraa rpagyc-
Has 320

— , — — pagvaHHasa 399

— MHOPOPpaHHBINA, ero
nJoCcKHe yranl 362

-— , IOCTPOEeHHE yIJa, paB-
Horo gaiHomMmy 305

-, — — 30°, 45°, 60° 305

— TenecHbli 381

¥Ymenbmaemoe 69

YMuoxkeHne gpobeit (onpe-
nenenue) 85

— — anreGpauveckux 174

— — JecATHYHBIX 93

— — mpocThix 87

— KopHue# 203, 204

— MHOrOYJEHOB COKpa-
mensoe 163

-— opHOuYNeHoB 161

— crenenei 201

— CYMM 4 MHOT'OYJIEHOB
162

— YHCeN OTPHILATeNbHBIX
158

— — npubanKeHHBIX
114,116,119

— — 1eabLIX (enpeAene-
HUe) 69

YpaBHenue 176,177, 179,
182, 183

YpaBHeHHUC, OCHOBHEIC
HpHeMb] pereHnd 182

— , coctaBnenue 176, 177

-— YHCJIOBOE U GyKBEeHHOe
180

Ypapuenus anre6panue-
ckue 183

— GuxpagpaTHee 218

-— BTOpOH cTeneHH (KBaa-
patHbie) 209

-— — — , cBOMCTBA KOp-
Hen 215

— — — ,cucTema 218

— — — , opmynsl peule-
Hunx 212

— BBICIIMX cTencHel 247

— , rpaduyeckoe pelle-
HHUe 476

— nepBoll cTenedy (u-
Helnbie) 184

— — —— C ABYM# HEM3BECT-
HoiMu 186, 188

— — — C OJHUM HEHus-
BECTHLIM 184

— — — C TpEeMHA HEU3BECT-
HuMu 195

— paBHOCHJbHEIE 182

-~ TPUTOHOMETPHUYECKIE
445

— — , IDMEMBI PELIEH U

448
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n pPeaMeTHO-H MEeHHOH ykasarenb

(¢)

PaxrTopuaia 293

Pepma I1. 317, 484

Peppapu JI. 148

Deppo [. 148

PYHKIIMOHAJbHASA 3aBHCH-
MocTh 455

— — , 3ajanue rabnuuei
u popmynoi 458

— — , uaobpasxxenue rpa-
¢pnyeckoe 461

Dyuruusn 456

— , ee oboanavenue 459

X

XapaxkTepucTHKa (Jora-
pudma) 280

Xopaa 338

L

Henoc yucno 55

— — , HAXOXKJAeHHe 110
vactu 91

Lentp okpyxkHOCTH 337

— TIPaBHJBLHOT'O MHOTO-
yroasHauka 350

— pagMKaJbHbIi 348

— cummerpuu 386, 389

— THAMXKECTH TPEYTOJLHH -
ka 327

LleuTpansHblii yroa 339

uaunap 368

— BIIMCAHHBIA K OMMCAH-
HbIH 380

— MNPAMOI, HAKJOHHBLIH,
KpPYroBoi, KpYIJbii
368

MunuuapHrUecKan moBepx-
HOCThL 368

udpa 60

udper spavamme 104

— puMcKue 65

y

YacrHoe 70

YacTs; HAXO0MXK/AEHHE 110 Lie-
Jomy 90

Yeboriuea I1. JI. 257

YeThIpeX yroJMLHHMK, ero
nromanb 332, 352—
353

Yucna anrebpauveckue
208

— BEIECTBEHHBIE (JeHCT-
BUTeNbHBIE) 211

— B3aHMHO NpocThie 79

— apoGHble cM. [[pobs

— uppauuoHanbune 60,
206
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Yucaa Kommaekcuuie 60,
149, 211, 221

— mHuMBIe 211

— HaTypanxbHble 55

— HEYeTHhIe T4

— orpHLaTeaALHbIe 60,
148, 151, 154, 157

— ROJOXHUTensHue 153,
157

— NpUOGJIHIKEHHEIE H TOY-
Hule 102

— mpocTble (HepBOHAYANb-
Hb1e) 76

— panuoHanbHble 153,
207

— cmemanHse 81

— CONPAXEHHBIE KOMII-
nexcuple 223

— cocTaBEbEIe T6

— TpaHcUeHAenTHbie 208

— yeTHhIe T4
Yucaurens 8¢

(5]

IITap, mapoBaA noBEpPX-
HOCTL 372

IITaposoi (cohepuyecKui)
cermesrt 376

— — , obbem 377

— — , moBepxHocTb 377

— cextop 377

— cnoit 377

IlfecTHaecaTepHuHas HY-
Mepanus 63

HImugene M. 145

2

diirep JI. 150, 317, 399
Aununc 361, 371
Ipmum HI. 208
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