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Preface to the Third Edition

This is the third edition of our book Fundamentals of Ocean Acoustics, revised
and supplemented, including much new material responding to the progress in the
theory of sound propagation and scattering in the ocean over the last 10 years.
New topics arc devoted mainly to such questions as the intrathermocline lenses
and their effect on sound fields in the occan, weakly divergent bundies of rays,
ocean acouslic tomography, coupled modes, invariants of an interference pat-
tern in a range-dependent oceanic waveguide, sound scattering by random highly
anisotropic volume inhomogencities (fluctuations of the refractive index of the sea
medium) with a fractal spectrum, fractal nature of low-frequency attcnuation in the
underwater sound channel, small-slope approximation in treating sound scattering
from the rough sea surface (Voronovich’s approach), sound scattering by an air
bubble near the sea surface, collcctive bubble behaviour, etc. Both the direct and
inverse problems are considered. Some rccent experimental data are also added.
More than 60 new references are presented. Some new references and figures are
preceded by the letter A.

The book is intended for experts in acoustics and oceanology, engineers, post-
graduates, and students of universitics and institutes of geophysical and hydrome-
teorological profiles. Thus, it can be used as a scientific monograph and textbook
of advanced type.

The authors are grateful to T.I. Tsyplakova for her great help in preparing the
manuscript.

Moscow, Russia L.M. Brekhovskikh
December 2001 Yu.P. Lysanov



Preface to the Second Edition

The general structure of this second edition remains the same as the first. How-
ever, the reader will find some new material in almost every chapter, for example,
Snell’s law for a range-dependent environment, the hybrid ray-mode method, in-
variants of an interference pattern in the coordinates of range and frequency, new
considerations concerning the parabolic equation method, peculiarities of the cor-
relation function of the field scattered by a sea surface, the new phenomenon of
fore-reverberation, etc. New references have also been added. Errata of the first
edition have been corrected.

Moscow, Russia L.M. Brekhovskikh
October 1990 Y. P. Lysanov

vii



Preface to the First Edition

The continents of our planet have already been exploited to a great extent. There-
fore man is turning his sight to the vast spaciousness of the ocean whose
resources—mineral, biological, energetic, and others—are just beginning to be
used. The ocean is being intensively studied. Our notions about the dynamics
of ocean waters and their role in forming the Earth’s climate as well as about
the structure of the ocean bottom have substantially changed during the last two
decades.

An outstanding parl in this accelerated exploration of the ocean is played by
ocean acoustics. Only sound waves can propagate in waler over large distances.
Practically all kinds of telemetry, communication, location, and remote sensing of
water masses and the ocean bottom use sound waves. Propagating over thousands
of kilometres in the ocean, they bring information on earthquakes, eruptions of
volcanoes, and distant storms. Projects using acoustical tomography systems for
exploration of the ocean are presently being developed. Each of these systems will
allow us to determine the Lhree-dimensional structure of water masses in regions
as large as millions of square kilometres.

The rapidly extending applications of ocean acoustics require a manual where
the theory of sound propagation in the ocean in its most fundamental form is
systematically and rather completely presented. The authors have tried to write
such a book. After looking through its contents the reader can scc that all the
most significant aspects of the theory are presented in this book. These include a
deterministic theory of the underwater sound channel whose characteristics either
are constant or change with distance, the theory of anti-channel, shallow water, the
problems of sound reflection from the bottom, and so on. The stochastic aspects of
the theory are also presented rather completely for sound scattering at the random
ocean surface and at the bottom, propagation in the presence of internal waves,
turbulence, etc.

The authors are thoroughly convinced that theory cannot be developed without
close connection with experiment, Hence, a book on theoretical underwalter acous-
tics should also elucidate principal cxperimental data. On the other hand, mixing
theory and experimental facts in (he presentation is undesirable since theory is
more “fundamental” and steady in time as compared with the rapidly changing

iX



X Preface (o the First Edition

experimental background. Solving this contradiction, the authors preface the main
theoretical chapters with a rather bulky first chapter where the most interesting ex-
perimental facts are presented and the main characteristics of the ocean as an
acoustical medium are considered. If it were possible (o revise the book continu-
ously after its publication, then the first chapter would have (o be rewritten every
other year or so, while the principal content of the theoretical chapters would have
(o be changed approximately every ten years.

The book is intended for students, postgraduates, researchers, and practical
workers dealing with ocean acoustics.

The authors are sincerely grateful to V.M. Kurtepov for his critical reading of
the book, V.V. Vavilova who had (he main task of translating the book into En-
glish, and LF. Treshchetenkova and E.A. Turina for their great help in preparing
the manuscript.

Moscow, Russia L.M. Brekhovskikh
January 1982 Yu.P. Lysanov
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The Ocean as an Acoustic Medium

The ocean is an extremely complicated acoustic medium. The most characteristic
feature of the oceanic medium is its inhomogeneous nature. There are two kinds of
iInhomogeneities, regular and random, and both strongly influence the sound field
in the ocean. For example, the regular variation of the sound velocity with depth
leads to the formation of the underwater sound channel and, as a consequence, to
long-range sound propagation. The random inhomogeneities give rise to scattering
of sound waves and, therefore, to [luctuations in the sound field.

In this chapter the acoustic characteristics of the ocean are considered in detail,
including the effects of the rough sea surface and ocean bottom, internal waves,
synoptic eddies and small-scale turbulcnce, deep scattering layers of biological
origin, and the absorption and attenuation of sound.

1.1  Sound Velocity in Sea Water

Variations of the sound velocity ¢ in the ocean are relatively small. Asarule, ¢ lies
between 1450 and 1540 m/s. But even so, small changes of ¢ significantly affect
the propagation of sound in the ocean.

The sound velocity can be measured directly in situ using spccial instruments—
velocimeters—or calculated by empirical formulae if the temperature 7', salinity S,
and hydrostatic pressure P (or depth z) are known. The error of measurements by
modern velocimeters is about 0.1 m/s. The accuracy ol calculations by the most
complele empirical formulae is about the same. However, formulac providing
such high accuracy are very cumbersome. A less accurate but simpler equation
1s [1.1]

¢ =1449.2 + 4.6T — 0.055T7 + 0.000297 >
+ (1.34 — 0.0107)(S — 35) + 0.016z. (1.1.1)
Here the temperature 1s expressed in °C, salinity S in parts per thousand [%c],
depth z in metres, and sound velocity ¢ in metres per second. Equation (1.1.1) is
valid for 0°C < T < 35°C, 0 € § € 45%«, and 0 < z < 1000 m.

The sound velocity increases with temperature, salinity, and depth. According
to (1.1.1) the increase of salinity by 1% at T = 10°C and of depth by 100 m



2 1. The Ocean as an Acoustic Medium

lead to an increase of the sound velocity of 1.2 m/s and 1.6 m/s, respectively. The
increment of the sound velocity Ac due to a change in temperature of 1°C depends
on the value of the temperature:

T [°C) 5 10 15 20 25 30
Ac [m/s] 4.1 3.6 3.1 2.7 2.4 2.1.

When the temperature and the salinity are constant, the sound velocity increases
with a rise in the hydrostatic pressure (hydrostatic gradient of the sound veloc-
ity). The relative gradient (dc/dz divided by c¢p) in this case is 1.1 — 1.2 x
(107> m~"). The vertical gradient of the sound velocity in most regions of the
ocean is about a thousand times the horizontal one, except in areas of the conver-
gence of cold and warm currents where the horizontal and vertical gradients arc
sometlimes comparable.

Thus, in a first approximation, the ocean may be considered as a plane-stratified
medium, the characteristics of which vary only with depth and are constant in the
horizontal plane. The influence of internal waves, large eddies, currents, and some
other factors perturbing this picture must be considered separately.

1.2 Typical Vertical Profiles of Sound Velocity and
Corresponding Conditions of Sound Propagation

The form (profile) of curve ¢(z) and the distribution of the sound velocity gradient
with depth, rather than an absolute value of the sound velocity, are most impor-
tant for the propagation of sound in the ocean. For one type of profile ¢(z) the
sound can propagate hundreds and thousands of kilometres, and for another type,
sound of the same frequency propagates only as far as a few tens of kilometres or
even less.

The c(z) profiles are different in the various regions of the ocean and vary
with time as well. The largest fluctuations are in the upper ocean, mainly due
to seasonal and diurnal variations of temperature and salinity. At depths below
1 km vertical variations of tcmperature (as well as of salinity) are usually weak,
and the increase of the sound velocity with depth is almost exclusively due to
the increasing hydrostatic pressurc. As a consequence, at great depths the sound
velocity increases almost linearly with depth.

We will now consider the main forms of the profiles ¢(z) and the corresponding
types of sound propagation.

1.2.1 Underwater Sound Channel (USC)!

In the deep-water regions tbe typical profile c(z) is that for which the sound ve-
locity minimum is at a certain depth z,,, (Fig. 1.1a). This depth is an axis of the
underwaler sound channel. Above this axis the sound velocity increases mainly

It is often called the SOFAR channel.
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FIGURE 1.1. Underwater sound channel of the first kind (¢ < ¢p). (a) profile ¢(z}, (b} ray
diagram

duc to temperature increases; below it the increase in hydrostatic pressure is mainly
responsible for increasing the sound velocity. If a sound source is on the axis of the
USC ornear it, some part of the sound energy is trapped in the USC and propagates
within it, not reaching the bottom or surface, and, therefore, not undergoing scat-
tering and absorption at these boundaries. The ray diagram in the USC is given in
Fig. I.1b. The rays leaving the source at a small or moderate grazing angle (angle
with a horizontal plane) return to the channel axis repeatedly. This is a kind of
waveguide propagation. The USC is one particular case of a natural waveguide.
There 1s an analogous acoustic waveguide in the atmosphere, as well.

Waveguide propagation for the casc shown in Fig. 1.1 is observed in the interval
of depths 0 < z < z.. Thedepths z = O and z = z,. are the boundaries of the USC.
The channel traps all sound rays which lcave the source (located on the axis) at
grazing angles x < xmax, Where

Xmax = [2(co — em)/cm]'?,

and where ¢, and cg are the sound velocities at the axis and boundarics of the
channel, respectively. Hence, the greater the difference ¢y — ¢,,. the larger is
the interval of angles in which the rays are trapped, i.c., the waveguide is more
effective.

The depth of the axis of the USC is usually 1000-1200 m. In the tropical zone
it falls down to 2000 m, and rises up closer to the surface at high latitudes. At
moderate latitudes (say from 60°S to 60°N) the sound velocity on the USC axis
ranges from 1450 to 1485 m/s in the Pacific and from 1450 to 1500 m/s in the
Atlantic Ocean.

If the sound velocity below the axis of a sound channel increases only due to the
hydrostatic pressure, we say that such a sound channel is hydrostatical. However,
in some casces in the occan a USC arises as a result of the presence of warm waters
with high salinity below the channel axis. This type of USC is called thermal. The
typical thermal USC occurs, for example, in the Baltic and Black Scas.
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() (b)

FIGURE 1.2. Underwater sound channel of the second kind (¢y > ¢). (a) profile ¢(z),
(b) ray diagram

There are two types of USC depending on the ratio ¢o/cp. The case when
co < ¢, is shown in Fig. 1.1a. For regions of shallower water the opposite case
co > ¢y is true (Fig. 1.2). Here the USC extends from the bottom up to the depth z,.
where the sound velocity cquals ¢;. Two limiting rays are shown in Fig. 1.2b for
this case. Trapped rays do not extend above the depth z.. Only the rays reflected
from the bottom reach this zone.

The maximum distance of sound propagation in the USC is limited mainly by
absorption in sca water. Sound of sufficiently low frequency, for which absorption
is fairly small, can propagate over distances of hundreds and thousands of kilome-
tres. For example, sound signals gencrated by a 57-Hz source located at a site near
the Heard Island (the Indian Ocean) at a depth of 157 m (the local sound channcl
axis) have been detected by scveral receiver sites in the Indian, Atlantic, and Pa-
cific Oceans at distances of 18,000 km (Fig. A.1.1) [1.2]. Such sound propagation
is called long-range sound propagation.

A number of interesting features arise for the case of a source near the ocean
surface. A typical case for the USC “zonal structure” of the sound field—a
sequence of insonified and shadow zones-- is clearly seen in the ray diagram
(Fig. 1.3). Shadow zones are denoted by Ay, A2, ..., By, B> .... Trapped sound
rays do not penetrate into them. As the source approaches the USC axis, the width
of the shadow zones decreases and that of the insonified zones increases. If the
depths of the source and the USC axis coincide, shadow zones disappcar at this
depth. Quite a number of rays arrive at the receiver in this case if the latter is not far
from the USC axis. Such multipath propagation is onc of the most characteristic
features of the sound field in the USC.

The secondary emergence of sound rays at small depths after their refraction
in deep laycrs is usually associated with their convergence and the formation of
so-called caustics (thick lines in Fig. 1.3b). As a result, these areas are called
convergence zones. They are charactcrised by high sound intensity levels.

Distinct zonal structure is somctimes observed at great distances. In the tropical
Atlantic between distances of 400 and 2300 km up to 37 convergence zones were
observed (frequency: 13.89 Hz) [1.3]. At grealcr distanccs the zonal structure was
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FIGURE 1.3. Typical zonal structure of a sound field in the USC. Ay, A», ..., B, B>, ...
are shadow zones

smearcd due to variations of the profile ¢(z) along the path of sound propagation.
The transmission loss of the sound ficld at distances from 400 to 1000 km is
shown in Fig. 1.4. The two upper recordings correspond to the sound frequency of
[11.1 Hz (the depth of the source is 21 m). The top recording presents the sound
intensity as a function of distance after averaging over distances of 7 km, and the
second from the top after averaging over 215 m. The locations of convergence
zones (maxima of the sound intensity) with numbers from 7 to 15 is shown by
vertical lines. The distance between convergence zones is 65 km. The two bottom
recordings were obtained at the frequency 13.89 Hz (the depth of the source was
104 m) by averaging over distances of 7 km and 400 m, respectively. Convergence
cones are 61.7 km apart. The difference in distances between convergence zones
at various frequencics is due to wave cffects.

1.2.2  Surface Sound Channel

This channel is formed when the channel axis is at the surface. A typical profile
¢(z) for this case is shown in Fig. 1.5a. The sound velocity increascs down to
the depth z = h and then begins to decrease. The corresponding ray diagram is
shown in Fig. 1.5b. Rays leaving the source at grazing angles x < xp (where
x» 18 the grazing angle of the boundary ray tangent to the lower boundary of the
channel) propagate with multiple reflections from the surface. If the ocean surface
is smooth, these rays remain in the sound channel regardless of distance from the
source and give rise to waveguide propagation. If the ocean surface is rough, part
of the sound energy is scattered into angles x > xp atcach contact with the surface
and, therefore, leaves the sound channel. As a result in this case, the sound field
decays in the sound channel, but in the area below the channel its level increases.

The case shown in Fig. 1.5 frequently oceurs in the tropical and moderate zones
of the ocean, when the temperature and salinity in the upper ocean layer are almost

JT 7777777 777 77 77T 777777777 77777 77777777 7777777777777
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FIGURE 1.4. Transmission loss vs range in the tropical Atlantic {1.3]. The arrows show the
shift in range between corresponding high- and low-frequency convergence zones

@ ' (b)

FIGURE 1.5. Surface sound channel. (a) profile c¢(z), (b) ray diagram

constant due (o wind mixing. In this casc the sound velocity increases with depth
due to the hydrostatic pressure gradient.

An increase in the sound velocity can be observed from the surface to the very
bottom in the Arctic and Antarctic regions, in medilerranean seas in the tropical
zone, and in shallow seas during autumn and winter. The typical profile c(z)
for the Arctic Occan is schematically shown in Fig. 1.6. The existence of a thin
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¢ |lm/s| FIGURE 1.6. Typical sound velocity profile ¢(z) tor
1440 1480 the Arctic Ocean
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FIGURE 1.7. Two-axis sound channel. (a) profile ¢(z). (b) ray diagram

surface layer with very low sound velocily and a large sound velocity gradient
[a ~ 4 —5 (1073 m~1)] is characteristic.

1.2.3 USC with Two Axes

This casc takes place most commonly when surface and deep sound channels arc
present simultaneously. A typical profile ¢(z) is shown in Fig. 1.7a. The axis of
the upper channcl is at the surface, and the other at depth z,,,. The corresponding
ray diagram for a source located in the upper channel is shown in Fig. 1.7b. Here
ray | propagates in the upper channel, and ray 2 mainly in the lower one. Some
rays initially belonging to the upper channel can also penctrate into the lower
channel due to scattering at the rough surface (for example, ray 3). These are
called leakages. Variations of the profile ¢(z) along the propagation path can also
give risc to leakages. A pronounced two-axial sound channel is observed in the
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FIGURE 1.8. Formation of a geometrical shadow zone when the sound velocity monotoni-
cally decreases with depth

northern Atlantic off the coast of the Portugal peninsula. The upper axis is at a
depth of 450-500 m, and the lower axis is at a depth of about 2000 m. Such a
distrihution of the sound velocity with depth is due to the intrusion of warmer and
saltier Mediterranean waters into deep layers (~1200 m) of the Atlantic Occan
[A.1.1].

1.2.4 Antiwaveguide Propagation

The simplest kind of antiwaveguide propagation is observed when the sound ve-
locity monotonically decreases with depth (Fig. 1.8a). This is often the result of
the intensive heating of the upper layers by solar radiation. The ray diagram is
shown in Fig. 1.8b. All rays refract downwards. The ray tangent to the surface is
the limiting one. The shaded area represents the geometrical shadow zone. For
typical conditions in the ocean, the distance from the source to the shadow zonc
is only a few kilometres.

The geometrical shadow zone is not a region of zero sound intensity. In the
ideal case shown in Fig. 1.8 the sound encrgy penetrates into the shadow zone due
to diffraction. In real cases sound waves reflected from the bottom and scattered
by the random inhomogeneitics of the medium also produce some insonification
of this zone.

1.2.5 Propagation of Sound in Shallow Water

This type of sound propagation corresponds to the case when cach ray from the
source, when continued long enough is reflected at the bottom. A typical profile is
shown in Fig. 1.9a. It is obscrved in shallow seas and at the ocean shelf, cspecially
during the summer-autumn period when the upper water layers are well heated. A
proper ray diagram is given in Fig. 1.9b. Since every reflection from the bottom
causes a marked attenuation of sound waves, propagation of sound over large
distances is associated with great losses of acouslic energy.
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FIGURE 1.9. Sound propagation in a shallow sea. (a) profile ¢(z), (b) ray diagram

1.3 Absorption of Sound

When sound propagates in the ocean, part of the acoustic energy is continuously
absorbed, i.e., is transformed into heat. This absorption is partly due to the shear
viscosity of thc liquid. However, the volume viscosity due to some relaxation
processes in sca water is mainly responsible for absorption at frequencies 100 Hz—
100 kHz.

Another reason for the decay of the sound intensity with range in the ocean is
the scattering of sound waves by inhomogencities of a different kind. As a rule, it
is possible to only measure the combined effect of absorption and scattering. This
is called sound attenuation. On (he basis of an analysis of extensive laboratory
and field experimental data, Marsh and Schulkin [1.4] have obtained the follow-
ing empirical formula for the attenuation coefficient in sea water at frequencies
between 3 kHz and 0.5 MHz7:

s [ SAfrf* | Bf? 4p
=8.68-10° | = + 1 —6.54- 107P) [dB/k 13.1
B ( it )( ) [dB/km]  (1.3.1)

where A = 2.34 - 107%, B = 3.38 . 107°, S is salinity [%c], P is hydrostatic pres-
sure [kg/em?], f is frequency [kHz], and

fr = 21.9. 106~ 1520/(T+273)

is arclaxation frequency [kHz], with T the temperature [°C]. While the temperature
ranges from 0° to 30°C, fr varies approximately from 59 o 210 kHz.

In (1.3.1) the first term in the first parentheses describes absorption due (o
relaxation of MgSQOy4, and the sccond term corresponds to the viscous absorption.
The expression in the second parentheses gives the dependence of absorption upon
the hydrostatic pressure. However, the dependence is comparatively weak; up to
4-km depth, its variation does not exceed 30%.

2ﬂ is expressed in decibels per kilometre [dB/km]. The difference between pressures p;
and p> is N decibels if 20 log |p1/py| = N.
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At low frequencies (100 Hz-3 kHz) the attenuation of sound is better described
by the Thorp formula [1.5],

0117 N 44 f2
1+ f2 0 4100 4

f being the sound frequency [kHz]. Both terms have typical relaxation structures:
the first (most important at the frequencies considered) describes absorption which
is apparently due to the relaxation of boric acid, H3BO3 (relaxation frequency:
1 kHz); the second describes the relaxation of MgSOy (relaxation frequency:
~65 kHz). The absorption coefficient due to boric acid relaxation has a marked
geographic variation associated with the difference in the pH values throughout
the oceans [1.6]. This pH dependence requires a modification of the [irst term
in (1.3.2) by introducing a pH-dependent additional factor K. lts values range
throughout the oceans from 0.5 to 1.1. The analysis of the regional variability of
the boric acid sound absorption was carricd out by Lovetr [1.7].

According to (1.3.2) the attenuation of low-frequency sound is very small. For
instance, a tenfold attenuation of the sound intensity at a frequency of 100 Hz
occurs at a range of 8333 km. No other kind of radiation can compete with low-
frequency sound waves for long-range propagation in the ocean. Electromagnetic
waves, including those radiated by powerful lasers, are absorbed almost completely
at distances of less than | km.

Figure 1.10 summarizes experimental data for the frequency dependence of the
altenuation cocfficient; they arc given for the Atlantic, Indian, and Pacific Oceans,
as well as for the Mediterranean and the Red Seas [1.5]. Calculations according to
(1.3.1) for frequencies above 3 kHz for 7 = 1240 m, and according to (1.3.2) for the
frequency range 0.1-3 kHz, give the attcnuation coefficient which is in sufficiently
good agreement with experiment. However, below 100 Hz experimental data
significantly cxceed theoretical values and have large dispersion (more than an
order of magnitude). Kibblewhite and Hampton [1.8] revicwed all the relevantdata
on low-frequency absorption in the USC, grouped them according to water masses,
and achieved consistent results within each group. Watcr masses were specified by
the sound velocity profile ¢(z). As a result, they proposed the following formula
for the absorption coefficient in the USC below 1 kHz:

B=p8+0112K(1 + f2) ' +0.011f? [dB/km], (1.33)

B

72 [dB/km], (1.3.2)

where K is the coefficient which accounts for the regional variation of the boron-
related effects. B, is the additional attenuation coefficicnt independent of the
frequency. Its values depend on the type of water mass and range from 0.2 - 1073
to 4.2 - 1072 dB/km.

Though this regional grouping of the experimental data gives consistent values,
physical reasons for the excess attenuation at frequencies below 100 Hz are not
quite clear yet. Frequency-independent sound scattering by large-scale turbulent
inhomogeneities is a possible reason for the attcnuation in this frequency band.
At frequencics of a few Hertz, diffraction losses associated with sound cnergy
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FiGurk 1.10. Experimental attenuation coefficient vs frequency. (o) sinusoidal measure-
ments; (o) explosive measurements. Curves 1 and Il are predictions based on (1.3.1) and
(1.3.2). respectively {1.5]

leakages from the USC arc important. The attenuation due to diffraction losses
increases with decrcasing frequency.

1.4 Variability of the Ocean and Its Effect on Acoustics

From the acoustical point of view the ocean is extremely variable: currents, internal
waves, and small-scale turbulence perturb the horizontally stratified character of
the sound velocity and cause spatial and temporal fluctuations of the propagating
sound.

1.4.1 Large-Scale Currents and Frontal Zones

Boundaries of large-scale currents, such as the Gulf Stream and the Kuroshio,
represent frontal zones separating water masses with essentially different physical
characteristics.  Within thesc frontal zones, temperature, salinity, density, and
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FiGURE I.11. Sound intensity
levels (normalized for
attcnuation and cylindrical (2
spreading) vs range in one-third
octave bands centred at 50, 8(),
and 160 Hz [or propagation
across the Gulf stream [1.9); N
and S are north and south
boundaries of the Gulf Strcam
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sound velocity suffer strong variations. For example, at the northern boundary of
the Gulf Stream (northward of 35°N) the temperature drop is 10°C per 5 nautical
miles. The southern boundary is represented by a weak front—the temperature
drop between the Gulf Stream and the Sargasso Sea waters is about 1-2°C.

In Fig. 1.11 the results of experimental studies of long-range acoustic propa-
gation along the track crossing the Gulf Stream from southeast to northwest are
given. Explosive charges of TNT used as a sound sourcc werc dctonated at a
depth of 244 m along the part of the path covering the Gulf Stream, 600-900
km away from two deep hydrophones located on the bottom ncar Bermuda. Re-
ceived signals were analyzed in one-third oclave bands centered at 50, 80, and
160 Hz. Measurements of the profile ¢(z) along the path were carried out nearly
simultaneously with acoustical experiments.

Figure 1.11 shows that the received levels wcre lowcest when the charges were
dectonated near the southern and northern boundaries of the Gulf Stream. A strong
variation of the sound level (610 dB) caused by a small shift of the position of the
explosionis noticeable. The theoretical analysis showed that the observed features
of the sound field can be explained by the variation of profile ¢(z) along the path,
in particular, by the increased depth of thc sound channel axis hetween cold slope
water and the warm waters of the Sargasso Sea.

1.4.2  Synoptic (Meso-Scale) Eddies

Large eddies in the ocean are most frequently observed near intensive frontal
currents, such as the Gulf Stream and the Kuroshio. The frontal eddies have the
shape of rings and are formed as a result of the separation of great meanders from
the main flow. Recently synoplic eddies were also found in the open ocean [1.10].
Thc parameters of synoptic eddies varyover a rather wide range: the diameter of an
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Range [km] FIGURE 1.12. Sound
isovel section in vertical
plane passing through a
cyclonic ring separated
from the Gulf Stream.
The numbers near curves
dcnote the sound velocity
inm/s [1.11)
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eddy 25-500 km, the velocity of water in the eddy 30—150 cm/s, and the velocity
of motion of the eddy centre up to 10 cm/s.

In the cddy zone the sound velocity has a complicated structure. In Fig. 1.12
the distribution of the velocity of sound is shown in the vertical plane crossing a
cyclonic ring separated from the Gulf Stream. An elevation of the isovels as high
as 700 m s observed in the central portion of the ring. As a result, the vertical
gradient of the sound velocity markedly increases towards the centre of the ring.

InFig. 1.13 transmission loss versus range is shown for sound propagation across
the northern half of a cyclonic ring (Fig. 1.12). The data have been calculated in
the ray approximation for a point omnidirectional source located in the centre
of the ring at a depth of 200 m. The receiver depth is 300 m. The calculation of
transmission loss takes into account wave-front spreading, absorption in the water,?
and leakage of sound energy into the bottom. For comparison, the transmission
loss for the Sargasso Sea conditions outsidc the ring is also given here. When
sound propagates through the cyclonic ring, two features are observed: first, the
removal of energy from the middepth channel to the deep USC duc to the incrcascd
downward refraction of rays and the decrcase of the sound intensity level; second,
the decrease of the horizontal extent of the convergence zoncs and the displacement
of their position as compared with the standard position in the USC in the Sargasso
Sea. Atadepth of 1000 m, on the contrary, transmission loss curves show increased
sound intensity levels (Fig. 1.14). Analysis of the ray diagram shows that effeclive
sound propagation in the deep USC (z,, = 1000 m) arises in this case even if a
sound source is located at a relatively small depth within the cyclonic ring. At a
depth of 300 m, the first and second convergence zones are displaced towards the
source by about 5 km, whereas at a depth of 1000 m they are displaced by 20 and
30 km, respectivcly. Thus, the cyclonic ring produces considerable perturbations
of the sound field.

3Absorption was taken for a frequency of 100 Hz.
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FIGURE 1.13. Sound
intensity levels vs range
for a receiver at a depth
of 300 m. The solid
curve corresponds to the
Sargasso Sea ray
diagram and the dashed
curve represents the
cyclonic ring ray
diagram [1.11]
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1.4.3 Internal Waves

Considerable fluctuations of the intensity and phase of sound waves arisc in the
presence of internal waves. These are wavelike motions which arise when gravi-
tational forces act on changes from the mcan density in the medium. They have
pertods from a dozen minutes up to an inertial period 7 (T = 12 hours/sin ¢, ¢
denotes latitude). Tn Fig. 1.15 [1.12] temporal fluctuations of the amplitude (a)
and the phase (b) of a 367-Hz signal recorded at the range of 1318 km are shown.
The sourcc was located at a depth of 527 m on the bottom slopc near Eleuthera,
and the receiver was at a depth of 1723 m on the bottom near Bermuda.

Figure 1.16 [1.13] presents spectra of fluctuations of the Cartesian pressurce
components X and Y (Sect. 10.4) for a 220-Hz sound signal: phase-rale spectra
(on the left), spectra of the log amplitude (in the middle), and amplitude spectra
(on the right). The expcriment was performed southeast of Bermuda. A sound
source was moored on the axis of the USC, at a depth of 1100 m near Bermuda.
The signals were received by hydrophones suspended from a drifting ship at 500-,
1000-, and 1500-m depths, at a range of about 250 km from the source. The phase-
ratc spectra fall monotonically, at a rate between % and w~'. The spectra from
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FIGURE 1.15. (1) Amplitude and (b) phase Auctuations of 367-Hz sound signal at a range of
1318 km [1.12]
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FIGURE 1.16. Frequency spectra of 220-Hz sound signal fluctuations: phase-rate (dg/dt)
spectra on the left; spectra of the log amplitude (10 log £) in the middle, and amplitude (E)
spectra on the right [1.13]. Smooth curves are predictions based on the random multipath
model in [1.14] (see also Sect. 10.4)

the deeper hydrophones fall somewhat more rapidly. The amplitude spectra fall
monotonically as @~ !3. Solid lines are theoretical results based on the random
multipath model of sound propagation developed by Dyson et al. [1.14] using the
Garrett-Munk model of internal waves (Chap. 10). It is seen that the theoretical
results and experimental data are in good agreement.
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The calculations have also shown that in the presence of the first mode of an
internal wave with sufficiently large amplitude and rclative small length in the
seasonal thermocline, a system of additional caustics appears in the first conver-
gence zonc. These caustics appear at those moments when a crest of an internal
wave passes hy the source and disappear when a trough passes by. The possibility
of the formation of convergence zoncs duc to sound refraction at the crest of an
internal wave near the source was also shown [1.15]. The internal waves can also
cause marked horizontal refraction of sound rays, i.e., a change of the propagation
direction of rays in the horizontal plane.

1.4.4  Fine Vertical Structure of Waters

Quite recently it was found that such characlteristics of the occan water as salinity,
temperature, density, and curtent velocity do not vary smoothly with depth, but in
a discontinuous fashion. They remain almost constant within certain layers and
change rapidly in passing from one layer to another. The thickness of these layers
varies from tens of centimetres to tens of metres; their horizontal extent may reach
up to ens of kilometres. The values of vertical gradients of the tempcrature and
salinity at boundaries of layers excced the values of their mean gradients by 1-2
orders of magnitude. The vertical gradient of the current velocity may reach the
significant value of 2 cm/s per metre of depth, and in some cases even 5-10 cm/s
per metre of depth in houndary layers [1.16]. Sometimes the vertical profiles of
temperature, salinity, and density look like regular steplike structures.

An example of such a steplike structure in the temperatare 7', salinity S and
density oy = (0 — 1) 10? fields is shown in Fig. 1.17 [1.17]. Experimental data
were obtlained with a STD probe in the northwest part of the tropical Atlantic.
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The thickness of the quasi-homogeneous layers varies from 8 to 55 metres, and
the thickness of interlayers from 1 to 8 metres. The analysis of possible physical
reasons for the generation of the steplike structures is given in [1.17, 1.18].

The fine-layered structurc of the ocean can considerably influence the sound
fields. For instance, vertical gradients of the current velocity at boundaries of
layers can become comparablc with vertical gradients of the sound velocity. This
can significantly change the trajectory of sound rays if their direction at this level
is close to horizontal. In order to illustrate this, Sunford [1.19] has done the
calculations for a simple environmental-acoustic model shown in Fig. 1.18. The
profile of the sound velocity was observed in the Sargasso Sea. The current velocity
1S equal to zcro everywhere, except in the layer of 250400 m. A sound source is
located at a depth of 350 m. In Fig. 1.19 ray diagrams for sound propagation in
the direction of current and against current are shown.

The observations have shown that the fine-layered structure of water leads to the
multipath mechanism of sound transmission even in the case when in the absence
of the fine structure only one ray would arrive at the receiver. In turn, multipath
propagation causes some additional fluctuations of phasc and amplitude of the
sound signal.

1.4.5 Small-Scale Turbulence

Oceanic turbulence has a fairly wide spectrum ot scales. Small-scale turbulence
with spatial scales from a lew centimetres to dozens of metres is very important for
acoustics. Due to the direct influence of the atmosphere, turbulence is permanently
obscrved in the upper mixed layer of the ocean. Atlarge depthsit bccomes apparent
in the form of separate “patches” in which fast pulsations of the current velocity
and fluctuations of thc physical parameters (temperature, salinity, sound velocity)
of the medium are observed [1.20].

Current speed [em/s] Sound speed {m/s]
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FIGURE 1.19. Ray path {or (a) propagation in the dircction of the current and (b) propagation
against the currcnt [1.19]

As cxperiments have shown [1.21] the fluctuations of the acoustical refractive
index n(r) in the upper mixed layer may be described by a structure function

Dy (0) = ([n(r1) — n(r)]%)

(the brackets indicate ensemble avcraging) obeying the Kolmogorov-Obukhov
“2/3” law for local isotropic turbulence:

D.(0)=Co*?  o=|r—r] (1.4.1)

where C), is the structure constant. The law (1.4.1) is valid for values /p < p <
Lo, lp and Ly being the internal and cxternal scales of turbulence, respectively.
According to expcrimental estimates the value of /o does not exceed 1 cm, and L
is equal to a few metres.

In Fig. 1.20 the normalized structure function of the refractive index fluctuations
is shown at a depth of 40 m for a 80-m-thick mixcd laycr. Whenp = L & 1.8 m,

“saturation” of the structurc function is observed.

Fluctuations of the sound velocity (the index of refraction) give rise to scattering
of sound waves. The superposition of the primary and scattered waves leads to
fluctuations of the amplitude and phasc of the sound signal. Part of the scattered
acoustic cnergy can leave the USC, resulting in additional attenuation of the sound
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ficld. In Fig. 1.21 a scrics of normalized transverse structurc functions of the
sound signal amplitude A is presented. Fluctuations for 6 different distances from
a sourcc arc shown as an cxample.

1.5 Ocean Surface

The ocean surface is rarely calm. Its most characteristic {cature is a complex
wave motion. Waves gencrated by turbulent wind have an extremely irregular,
random character. As a resull, the main experimentally obscrved characteristic
of thce wind-generated waves—the displacement ¢ (7, t) of the surface from the
mean plane—is a random function of the horizontal radius vector r and time 7.
According to cxpcrimental data obtaincd in the occan, the statistical distribution
of ¢ at a fixed point is closc to the normal (Gaussian) law, but has a small skewness
and, furthermore, appears to be more peaked (Fig. 1.22). The two-dimensional
distribution of the wave slopes has a similar character, but the deviation from the
normal law is cven greater (Fig. 1.23). Howcver, for most of the problems relating
to sound scattering from thc occan surface these deviations are not very significant,
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and the normal distribution for the wave displacement and slopes may be assumed
as a first approximation.

The frequency spectra have becn studied in some detail for fully developed
roughness. Its parameters depend only on wind speed. In Fig. 1.24 are presented
the results of thc dimensional analysis of a great mass of cxperimental material
carried out by Pierson and Moskovitz [1.25].

The angular distribution of the energy of wind-generated waves in the horizontal
plane dcpends on the wave frequency. The low-frequency components of sea
roughness have a narrow angular spectrum, but the high-frequency part of the
spectrum is practically isotropic.

In the polar areas of the oceans the effect of the ice cover on sound propagation
is significant; the relatively smooth areas of the ice cover are interrupted with rows
of sca-ice ridges. An irregular underwater part of the ice ridges gives rise to strong
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scattering of the sound waves which have multiple contacts with the ice cover duc
to the positive gradient of the sound velocity in water.

1.6 Sound Scattering at the Ocean Surface

When a sound wavc in watcer is incident on a rough occan surface, scattered waves
arise. There arc cohcrent and incoherent components in the scattered sound ficld.
The coherent component is a wave propagating in Lhe direction of spccular reflec-
tion and can be calculated by the statistical averaging of the scattercd field on the
enscmble of the functions {. The ratio of the amplitude of this wave to that of
the incident wave defines the coherent (mean) reflection coefficient. If the surface
is even, the reflection coefficient of sound from it is rather close to —1, i.e., the
ocean surface is practically perfectly reflecting. The acoustic energy incident on
the rough sca surface also rcturns to water completely, but because of the dispersal
of a part of it to the scattered field, the coherent reflection coefficicnt is always
Icss than unity and decreases with increasing height of the surface waves (scaled
to the sound wavelength). The useful quantity is the coherence parameter, that
is, the ratio of the coherent intcnsity componcnt Lo the total (coherent plus inco-
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herent) intensity. Figure 1.25 gives experimental data for the dependencc of the
coherence parameter upon the Rayleigh parameter P = 2ko sin x, where X is the
sound-wave number,  is the root-mean-square displacement of the rough surface,
x is the grazing angle of a sound wave (relative o the horizontal plane). The data
obtained for different o are denoted by different symbols. The function exp(—P?)
(the dashed line) approximates the experimental dependence rather well. For large
values of the Rayleigh parameter, P >> I. the coherent component is closc to zero,
and the scattered field is almost completely incoherent.

In underwater acoustics the back-scattered sound, i.e., that scattered in the di-
rection of the sound source, is of great interest. The typical dependence of the
back-scattering coefficient* upon the grazing angle x¢ is given in Fig. 1.26 [1.28].
The data were obtained in midocean conditions with tully developed wind waves
(wind speed v = 9.5 m/s). At grazing angles xo > 60° the scattercd field is mainly
due to the specular reflections—*glitters”—from separate facets of the rough sea
surface. At smaller grazing angles the “resonant” scattering of sound is more im-
portant (Chap. 9). At high frequencies (10-20 kHz) and small grazing angles the
scattering coefficient depends only slightly on the grazing angle; in this case air
bubbles in the upper ocean layer are the main contributors to the scattered field.
The relative contribution of the air bubbles increases with an increase in sound
frequency.

The frequency spectrum of the field scattcred in the specular direction consists
of a spectral line at the frequency of the incident wave fy, a coherent component
of the field, and a continuous spectrum of the incohcrent field in the form of two
“wings” on the left- and right-hand sides of this line. Such spectra for incident
wave frequencies of 110 and 312 Hz are shown in Fig. 1.27 [1.29]. The experiment
was carried out in a deep ocean area with wind speed about 8.5 m/s and grazing
angle xo =~ 30°. The solid lines 1 and 2 are the wings of the scaltered wave spectra

4The scattering coethcient ms (a nondimensional quantity) is equal to the ratio of the
acoustic power scattered by the unit surface per unit solid angle to the incident wave
intensity.
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for f > fo. The wings, shown by the dashed lines, are supposed to be on the left-
hand side relative to the central line, and are mirror images with respect to the
central line in the figure for better comparison with the right-hand wings. It can
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be seen that the right-hand and left-hand wings are similar to each other as well as
to the rough surface wave spectrum (curve 3).

1.7 Sound Scattering by Air Bubbles

Air bubbles generated by wave breaking in a relatively thin surface layer con-
tribute considerably (o sound scattering and absorption. The effect is especially
large when bubbles are “resonant,” i.e., when the eigenfrequency of their radial
oscillations coincides with the sound-wave frequency. The resonant frequency ol
an air bubble in water at depth z in metres is approximately given by the formula
(Chap. 11)

fo = (327/a)(1 +0.12)'/? [Hz] (1.7.1)

where a is the bubble radius [cm].

Bubble radii distributions, especially their concentration as a function of depth
and environmental conditions, have so far been hardly investigated; experimental
data are scanty. The distributions at depths ot 1.5, 4, and 8 metres are given in
Fig. 1.28 [1.30). The measurements were carried out in the midocean isotherm
(14°C) layer of 25-metre thickness. The bubble concentration n(a)—the number
of bubbles per cubic metre with radii between ¢ and a + Aa, Aa=1.5-1073
cm—is plotted along the vertical axis. It can be seen that bubbles with radii
between 1.5 - 107 and 3.5 - 1072 ¢m (resonance frequency band ~10-235 kHz)
are present at the depth of 1.5 m. The resonance frequency band becomes narrower

104 -

5 -

._
)
)
]

8 m

T

FIGURE 1.28. Distribution of bubble radii 10 = T ~,
at depths of 1.5, 4, and 8 m for a wind 0 107 2107~ 3-107°
velocity 11-13 m/s [1.30] a [em]
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FIGURE 1.29. Depth dependence of
the volume scattering coefficient for
a sound frequency of 10 kHz and a

o 5 wind velocity of 4-8 m/s (curve 1)
\ and 11-12 m/s (curve 2) [1.31]
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at greater depths, the maximum of the bubble distribution is displaced to larger
radii, and its value decreases. At the depth of 8 m the resonance frequencies vary
from 25 to 97 kHz.

The dependence of the volume scattering coefficient #2,° upon depth at fre-
quency |0 kHz with two values for the wind speed is presented in Fig. 1.29. The
scattering coefficient has a maximum value at a depth of 1.5 m (the smallest depth
of the measurements), decreases monotonically with depth, and falls off down to
the noise level (=10~7 m~!) at a depth of about 20 m.

The propagation of sound through a medium containing bubbles is accompanied
by fluctuations of the sound-wave phase due to the sound velocity fluctuations.
The latter are the result of a change either of the distribution of bubble resonant
frequencies due to a change in the height of wind waves with time and, therefore,
in the hydrostatic pressure, or of the total volume of air contained in the bubbles,

1.8 Deep-Scattering Layers (DSL)

Another mechanism of sound scattering is related to the existence of deep sound-
scattering layers 1 the ocean formed by assemblages of small marine animals—
fish, siphonophores, crustaceans, small calmars, jellyfish, and so on. The DSL
are of very large horizontal extent, often stretching from one continent to another,
They can be observed in all deep-sea arcas, except the polar ones, but sometimes
they have been detected even there. The characteristic feature of DSL is their
diurnal migration. At sunset the laycrs rise to a depth of 100-150 m, at sunrise
they go down to depths ol 300600 m. It is this migration that suggested the
idca of the biological nature of DSL after their discovery. Now the point of view
is generally accepted that the sound scattering by the DSL is mainly due to the

SThe coefficient my is determined in the same way as mg above but in respect to unit
volume.
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resonant oscillations from the swimming bladders of small bathypelagic {ish with
a length between 2-3 and 10-12 cm. According to theoretical calculations, the
presence of a few “resonant” fish per 1-10 thousand cubic metres of water is
sufficient to produce the acoustic effect observed. The resonant frequency of the
swimming bladders depends upon both their size and the depth of the DSL. The
theoretical dependence of the resonant frequency upon the fish length for different
depths is shown in Fig. 1.30 [1.32]. The largest fish (~7-20 cm) present in the
DSI. at a depth of 600 m (daytime) have resonant frequencics betwcen 3 and 7
kHz. The resonant frequency of the smallest fish (2-3 cm) at this depth is about 20
kHz. With the rise of the DSL at night to smaller depths, the resonant frequencies
decrease by u factor of about 1.5-2. These predictions of theory are in good
agreement with numerous experimental data. The frequency dependence of the
scattered-sound intensity obtained in the tropical Atlantic [1.32] is presented in
Fig. 1.31. Every curve (for day and night) has two maxima corresponding to the
resonant frequencies of two kinds of fish present in a layer. At nighttime when
the laycr was at a depth of 150-200 m, the resonant frequencies were 3.5 and 15
kHz. In the daytime (depths observed 400-500 m) the resonant frequencies were,
indeed, much higher—35 and 20 kllz, respectively. With the help of Fig. 1.30 one
can conclude that the length of the two kinds of fish present was 8 and 2 cm.
Subsequent biological trawling confirmed these estimates.

Nonresonant scatterers, mainly animals with hard skeletons and testae, are re-
sponsible for sound scattering at frequencies above 30 kHz.

In the ocean, as a rule, regions with similar fauna stretch in the east-west direc-
tion, and sound scattering depends much more on latitude than longitude. As a
result of extensive experimental studies over many years in the Atlantic and Pacific
Oceans and adjacent seas [1.33] the following regularities have been established.
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The column strength® reaches its greatest value at the equator in both the Atlantic
and Pacific Oceans. At latitudes 5°-20° its general level decreases by a few deci-
bels in both hemispheres. At higher latitudes, the scattering strength increases
to values comparable Lo those at the equator. Very low valucs are observed in
polar waters.

1.9 Ocean Bottom

It the ocean surface only scatters sound, the bottom of the ocean scatters and
absorbs it, as well. A part of the acoustic energy incident on the bottom goes
down into the ground. This is the main reason limiting the propagation range of
low-frcquency sound when the USC is absent. On the other hand, rays reflected
from the bottom “insonify” the shadow zones where direct rays do not penetrate.

At present, the acoustical parameters of the very upper sediment layer down Lo
a dozen metres have been investigated more or less completely. On the basis of
the analysis of a great many specimens of deep-water sediments taken in different
regions of the oceans some relations between the main acoustic parameters of the
bottom have been established (Fig. 1.32). The sound velocity and the density of
the sediment in Fig. 1.32 are related to those of the water. The reflection coefficicnt
was calculated for normal incidence.

According to experimental data the sound absorption coefficient in a sediment is
proportional to sound frequency. Its absolute value at the frequency | kHz equals
0.3-0.5 dB/m.

Regarding the reflection of sound by the ocean bottom, experimental studies
in different regions of the oceans have shown that sound reflection is determined
by the parameters of the scdiment only at comparatively low frequencies. At fre-
quencies above a few kilohertz, bottom relief plays a dominating role. Reflection
from a very rough rocky bottom may appear to be less than that from a muddy
sediment. In the case of a rather smooth bottom, the situation is reversed. Figure
1.33 shows the dependence of the reflection coefficient at normal incidence of a
sound wave with a frequency of 9.6 kHz upon the general bottom relief. The data
were obtained during the continuous passage of a research vessel. It can be seen
that during the transition from a very rough bottom region Lo the abyssal plain the
reflection coefficient undergoes a steep increase. Numerical values ol the reflec-
tion coefficient for some regions in the Atlantic and Indian Oceans are given in
Table 1.1 [1.36].

Within various geomorphologic zones (abyssal plains, basins; abyssal hills and
oceanic rises; crests of underwater ridges) the angular and frequency dependence of
the bottom sound-scattering coefficient are different. In Fig. 1.34 the dcpendence
of the back-scattering strength (10 log my, where my is the scattering coefficient)
upon the angle of incidence at different frequencies is shown for the abyssal plain,
One can see a rapid decrease of the scattering strength with an increase in the angle

5The scattering strength of the water column or, briefly, the column strength, equals the
integral of the volume scattering coefficient over the depth between boundaries of the layer.
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TABLE 1.1. Average values of the reflection coefficient from the bottom for frequency
9.6 kHz and normal incidence of sound [1.36]

QOcean Area

Degree of Roughness  Reflection Coefficient

The Atlantic Occan

The crest of the Mid-Atlantic ridge Maximal 0.6-0.09
Greater Antillean Arcs Maximal 0.09

The Bermuda Rise Mean 0.19-0.21
The region off the Cape Verde Islands ~ Mean 0.12-0.22
The abyssal plain Nares Smooth relief 0.39-0.48
The abyssal plain Sohm Smooth relief 0.41-045

The Indian Ocean

The Maldive Ridge

Rough part of the Andaman Sea

Hill’s zone of the Central Basin
The Bay of Bengal

The plain of the Andaman Sea
The plain of the Central Basin

Maximal 0.09
Maximal 0.06
Mean 0.31
Smooth relief 0.44
Smooth rclief 0.37
Smooth relief 0.49

of incidence for small angles. When the angle of incidence € > 15° the angular
dependence approximately corresponds to Lambert’s law (mg ~ cos” @). Figure
1.35 represents the scattering strength at the same frequencies in the case of the
very rough bottom near the southern boundary of the abyssal plain Sohm. Here
the dependence upon the angle of incidence is weak for nearly the whole range

of angles.
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FIGURE 1.36. Fluctuations of the
envelope of the scattered signal at
normal incidence of 5 kHz sound, with
the drift speed of the vessel 1.2 knots
[1.36]

When a sound source or a recetiver (or both) is in motion, fluctuations of the
bottom-scattered signal are observed. Figure 1.36 is an example of a record of
the scattered-signal envelope at a normal incidence of sound with the frequency
3 kHz when the speed of the drifting vessel with a sound source (and receiver)
was about 1.2 knots. The spectral-correlation analysis of fluctuations of this kind
allows us to obtain data on the bottom relief which cannot be obtained by using

an echo sounder.

1.10 Ambient Noise

An important acoustic characteristic of the ocean is its underwater ambient noise.
[t contains a great bulk of information concerning the state of the ocean surface,
the atmosphere over the ocean, tectonic processes in the earth’s crust under the
ocean, the behaviour of marine animals and so on.
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At low frequencies (0.1-10 Hz) the main noise sources are earthquakes, under-
water volcanic eruptions, distant storms, turbulence in the ocean and atmosphere,
as well as some processes at the ocean surface (nonlinear interaction of surface
waves).

In the frequency band 50-300 Hz underwater noise is mainly due (o remote ship
traffic. More than one thousand ships are under way simultaneously in the North
Atlantic alone. Since the attenuation of sound at these frequencies in the deep
ocean is small, a continuous noise background is generated.

In the frequency band 0.5-50 kHz underwater noise is directly associated with
the state of the ocean surface and the wind in the area considered. There are many
mechanisms responsible for noise generation in this frequency band, including the
breaking of waves and the collapsing of air bubbles in the air-saturated surface
layer (cavitation noise).

At frequencies above 100 kHz molecular thermal noisc is dominant.

Biological noise produced by marine animals for communication with each
other, the location of prey, frightening enemies and so on, is relatively intensive
only in some regions of the ocean and at certain periods of time. This kind of
noise is very important for studying the individual and group behaviour of many
representatives of marine fauna.

The frequency spectra of underwater noise in the band from 1 Hz to 100 kHz
are given in Fig. 1.37. These spectra were measured at various locations by
many researchers, summarized by Wenz [1.37] and supplemented by Furduev at
a later time [1.38]. On the average, noise levels decrease with frequency. For
each given frequency the dynamic range can vary from 40 to 60 dB depending
on hydrometeorological conditions. At low frequencies the noise levels usually
decrease rather steeply—from 8 to 10 dB per octave. In the band 10-500 Hz, the
noise spectrum is greatly variable——its smooth growth sometimes is changed by
the steep decay. Al frequencies of 0.5-500 Hz, the typical rate of the noise level
decrease is 56 dB per octave.

The specific kind of ambient noise is observed under the ice in the polar regions
of the ocean. This noise is mainly related to the dynamics of the ice cover—
movements and oscillations of separate ice floes and whole ice fields, fracturing
of the ice under compression, friction of the ice floes against each other, thermal
cracking, sweeping of the snow or ice pellets by the wind along the ice surface, etc.
To this kind of the noise, we can assign the noise of melting icebergs in their motion
from polar regions to warmer ones. It is assumed that this noise is due to the explo-
sion of tiny air bubbles residing in the ice under pressure and released when icebergs
melt or by the collapse of the air cavities inside the ice under the force of water. The
iceberg noise level depends on its size, sea depth, air content in the ice, the rate of
melting, and so on. In one of the experiments carried out in the Northern Atlantic
[1.39], the noise level of an 1solated iceberg 25 m in height and 60 m in diameter
was 82 dB re 1 Pa/Hz!/? at a frequency of 10kHz in the band of 1 Hz at a distance of
150-200 m (Fig. 1.38). Referming to Fig. 1.38, we can see the rise of the noise level
in the range 5-50 kHz, which exceeds the background level by 15—40 dB at a depth
of 10 m.
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FIGURE 1.37. Averaged frequency spectra of occan ambient noise [1.38] 1, 2—maximum
and minimum levels of dynamic noise; 3—noise during a calm, the numbers in circles—
wind speed force (Beaufort); 4, 5—under-ice noise; 6—secismic background noise; 7, 2
and 7, |0—pseudo-sound (numbers after comma denote the pulsation speed of turbulent
vortex, m/s; 8-—noise from earthquakes; 9—traffic noise (region C—noisc of shipping
lines); 10, 11—noise off fish from the drum and shrimp families; 12—very heavy rain at
sea; 13—thermal noise. Horizontal arrows denote frequency ranges of main sources of
noise: a—seismic background, explosions. earthquakes, and ice recfing; b—turbulence;
c—surface waves; d—industrial activity; e—cavitation and rain; f—thermal noise;
g-—sea organisms

1.11 Intrathermocline Lenses

In the last two decades very inlense meso-scale eddies of a specific kind, called
intrathermocline lenses, have been discovered in the ocean. Contrary to the rings
near the large-scale frontal currents and eddies of the open occan (see Sects. 1.4.1
and 1.4.2), they have a deepened core which greatly differs in hydrological charac-
teristics or their vertical distribution from surrounding waters. So for a lens found
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FIGURE 1.38. Frequency spectrum of an isolate iceberg. Depth of reception (1) 10 m;
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in the Canary Basin of the Atlantic Ocean in 1989, this difference makes up to
4.6°C in temperature, 1.1%o in salinity, and 18.6 m/s in sound velocity at depths of
9001000 m [1.40]. It seems to be the greatest anomalies of hydrological charac-
teristics of all lenses described up to now. Now more than 300 lenses are found in
very different geographic zones—irom tropical zones to subpolar regions of the
Arctic and Antarctic, at depths from 50 to 4000 m. The lens parameters vary in &
rather wide range: a diameter from 1 to 100 km or even more; a vertical size from
tens of metres to several kilometres; an eddy current speed up to several tens of
cm/s; and a lifetime of | to 10 years depending on the lens size and the other condi-
tions (instrumental observations of one Mediterranean lens have been continued for
two years) [1.41]. Figure 1.39 exhibits the vertical profiles of the density anomaly
01(z), temperature 7'(z), salinity S(¢), and sound velocity ¢(z). The intrathermo-
cline lenses were first recorded apparently al the drifting ice station “North Pole-1"
[1.42]. However, at the time such high anomalies ol the unsteady current speeds
(20-30 cm/s), detected at depths of 50100 m, did not receive the attention they
deserve. Now these data are interpreted as the manifestation of the Arctic lenses.

The field observations show that the most pronounced lenses are gencrated
at boundaries of dilterent water masses. A typical example is the intrusion of
the Mediterranean waters at intermediate depths into the Atlantic Ocean near the
Gibraltar Strait. The lenses of this kind (“meddies™) have been studied the best.

The intrathermocline lenses perturb the sound velocity field, which results in
the modification of the spatial-temporal structure of the sound field in the ocean—
shadow zones are insonitied, boundaries of convergence zones are displaced, new
deep shadow zones are tformed (in the absence of the zonal structure for back-
ground conditions), and a horizontal refraction of sound rays appear. The rotation
of the lenses results in a phase change of sound waves transmitted through the
lens. Figure 1.40 presents the ray pattern calculated for the sound velocity profile
shown in Fig. 1.39 [1.39]. A sound source is located at a depth of 900 m at a
33-km distance [rom the lens center. The insonification of the first and second
shadow zones is clearly seen; it is caused by the lens.
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Ray Theory of the Sound Field
in the Ocean

Ray theory, in spite ol its approximate nature, is a very effective method for the
study of sound propagation at sufficiently high frequencies in inhomogeneous
media such as the ocean. In this chapter we derive the basic equations of ray
acoustics and give their solutions for a stratified ocean. In later chapters the ray
approach 1s applied to waveguide sound propagation, reflcction of the sound from
the sea surface, and some other problems.

2.1 Wave Equation for an Inhomogeneous Medium

The propagation of sound in inhomogeneous media (ocean. atmosphere) is de-
scribed by the wave equation obtained by the linearization of the hydrodynamic
equations of the ideal liquid. The initial equations appear here [2.1].

The Euler equation is

-~

ov

]
+ W)y = —=Vp, 2.1.1)
ar 0

where v is the particle velocity, p is the sound pressure, p is the density of the
medium, and ¢ is time. The continuity equation is

)
5 + V(pv) = 0. (2.1.2)

By neglecting the thermal conductivity and diffusion of components, we may
treat sound propagation as the adiabatic process. In this case, the state equation
wrilten as

dp _ 2dp

—_— (' _’

dt dt
where ¢ = /(dp/dp)s. 1s the adiabatic sound velocity. S-entropy. In the general
case, ¢ and S can depend on spatial coordinates. For an inhomogeneous medium,
Equation (2.1.3) should be written only in total derivatives because this equation

(2.1.3)

35
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must be satisfied for a chosen particle rather than for the chosen point of the
medium.

Under the effect of a sound wave, the pressure p and density p are disturbed,
they take the following values:

p=po+p. 0 =po+p, (2.1.4)

where pg and pg are the values of p and p in the absence of sound wave; and p” and
o’ are disturbances ol these quantities caused by the sound wave (p’ « po, o’ <
po). Assuming p” and p’ as quantities of the first order of smallness with respect
to v/c, we neglect the terms of the second and higher orders in (2.1,1)-(2.1.3). As
a result, we obtain

— =V, 2.1.5
y 0 p ( )
8 7
= V(ov) =0, 2.1.6)
{
I dp"  8p’
— = =2 4 (vV)pp. 2.1.7
6‘2 Y 9t (‘U ):00 ( )

In the case of the homogeneous medium, the convection term (vV)py vanishes
in (2.1.7).
Differentiating (2.1.6) with respect to time, we obtain

920’ dv
— 4V — =0 2.1.8
572 + (,00 at) ( )
Substituting pgdv/dt, according to (2.1.5), yields
3%’
= Ap’, 2.1.9
o2 p (2.1.9)

where A is the Laplace operator.
Differentiating (2.1.7) with respect to time, we rewrite it in the following form:

Lotp' _ e (ovg 2.1.10)
c? 92 9r2 or © )P o

Having replaced the first term according to (2.1.9) and dv/dr according to (2.1.5)
in the right-hand side of (2.1.10), we obtain (omitting indices)
1 3%p
¢ Ute
In a homogeneous medium (o = const) the last term in (2.1.11) vanishes and
(2.1.11) reduces to the wave equation

1 E)zp
Ap — ——= =(. 2.1.12
P= 2% ( )
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In this case, the sound field can be characterized by the acoustic velocity potential
¥ determined by the expression

v = Vi (2.1.13)

Substituting (2.1.13) in (2.1.5) yields the relation between the velocily potential
and sound pressure:

p=—pdy/or. (2.1.14)

For harmonic waves p ~ exp(—iwt), the wave equation (2.1.12) reduces 1o the
Helmholtz equation

Ap+kip =0, (2.1.15)

where k = w/c is the wave number of sound. The velocity potential 1 also satis-
fies (2.1.15).

Equation (2.1.11) can be converted to that of the Helmholtz equation type.
Introducing a new function F instead of p:

F=p//p (2.1.16)
we obtain
AF +K’F =0, (2.1.17)
where
K2=k2+$Ap—%(£Vp)2. (2.1.18)

Boundary Conditions. 1f the liquids are bounded or their parameters are dis-
continuons at some surfaces, then boundary conditions must be specified for these
equations. At free water surface, the boundary condition consists of the equality
of the sound pressure to zero:

p=0. (2.1.19)

At an inter[ace of (two liquid media, the boundary condition consists of the con-
tinuity of the sound pressure and the normal component of the particle velocity
[rom both sides:

1 ap 1 dpy
=p|, Vp=Vip. O ——=——of 2.1.20
P = Pl n In: Il 0 o1 o o1 ( )
where n is the unit vector of the normal to the interface. The index 1™ refers to
the second medium.
)
Ly (2.1.21)
on

2.1.1 Simplest Solutions of the Helmholtz Equation

Now we consider two of the simplest solutions of (2.1.15) for an inhomogeneous
medium (k is constant).
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The first one is the spherical wave describing the field of an omnidirectional
point source (a pulsating sphere of small radius)

iwpVy .
p = ——— exp(lkR), (2.1.22)
47 R

where R = (x% + ),2 + 2H)172 v = 4a’vy is the volume velocity of the source,
a is the radius of the oscillating sphere, and vg is the amplitude of its surface
velocity. The sound source 1s assumed to be at the origin of coordinates x = y =
z = 0. One can easily verify that(2.1.22) satisfies (2.1.15) by direct differentiation,
writing the Laplacian in the spherical system of coordinates

?p 2 ap
o’ " ROR’
allowing p to depend in this case only on R.
Another simple and important solution of (2.1.15) is a plane wave

p = Aexplitkyx + kyy + k:2)], (2.1.23)

Ap =

where A is the amplitude of the wave, and &, ky, and k; are three arbitrary con-
stants (components of the wave vector along the coordinate axes) satisfying the
relation

K2+ kS + k=K (2.1.24)

The surfaces of constant phase (wave fronts) of the spherical wave (2.1.22)
are spheres (R = const), and the rays, which, by definition, arc a family of lines
orthogonal to the fronts, are straight lines starting from the point R = 0. In the
case of the plane wave (2.1.23), the fronts are planes, k,x + k,y + k,2 = const,
and the rays are the family of parallel straight lines orthogonal (o these planes.

The solution of (2.1.5) in the form of a plane wave is of great importance. In
many cases, especially at sufficiently large distances from the source, the sound
wave can be represented as a plane wave or as a superposition of plane waves.
This is obvious, for instance, for a spherical wave at large distances where the
wave front curvature may be disregarded.

2.2 Refraction of Sound Rays

Consider first a horizontally stratified ocean where sound velocity only depends
upon the depth ¢ = ¢(z)], and the surface and bottom of the ocean are horizontal
planes. Even with these simplifying assumptions one can only succeed in find-
ing exact solutions of (2.1.1) in exceptional cases. Therefore, the ray acoustics
approximation is widely used. The necessary (but not sufficient) condition tor its
application is that the product of the relative gradient of the sound velocity and
the wavelength must be small:

) |de

5 1. (2.2.1
¢ idz « \ )
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Furthermore, it is necessary that the reference point is not in the shadow zone
or near its boundaries, and also not at the caustics (see below) or near them. If all
the conditions ol applicability of the ray theory are fulfilled, one can determine the
sound intensity (and as a consequence the sound pressure) at any point, according
to the law of expansion of a ray tube. In the ray theory approximation one can
also define the sound-wave phase or the travel time of the sound pulse along a
given ray.!

I et us now show that in a horizontally stratified medium, at every z, a ray must
satisfy the relation (Snell’s law),

= const (2.2.2)

where y (z) is the grazing angle which a ray makes with planes z = const. For this
purpose we imagine that the medium is divided by horizontal planes into a setol'a
great many thin homogeneous layers, and assuine that the ray at the boundaries of
these layers does not undergo reflection, just refraction. l.et us denotc the layers

by 1,2,....n,n+1,.... According to the refraction law (see below), at the
boundary of layers » and n + 1 with velocities ¢, and ¢,4| we have
COS Xnt+1 _ €OS Xn
Cpt) Cn

Similarly at the boundary of layers n and (n — 1):
COS Xn _ €COS Xn—|

Cn Cn—1
and so on.

Let the number of layers tend to infinity and their thickness to zero, then we
obtain the law (2.2.2) for the layered medium. This law, despite its simplicity.
appears to be rather useful. So, all ray pictures in Sect. 1.2 have been plotted on
the basis of this law.

With its help one can solve, {or example, the problem of what angle x a ray
should leave a depth at which the sound velocity is ¢ in order to be horizontal at
the depth where ¢ = ¢2 (Fig. 2.1). Since the grazing angle of this ray is zero (and
its cosine is equal to unity) at the latter depth, then. using (2.2.2), for these two
depths we have

cos x =ci/e

FIGURE 2.1. Relation between the grazing
angle of a ray and the turning depth

'More detailed description of the transtorm of the Helmholtz equation to ray-theory equa-
tions is given in Sect. 2.6.
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[rom which we define the angle x. Usually ¢z is close to ¢y, and x is small.
Therefore, expanding the cosine in a series in x, taking into account terms up to
the second order, and denoting ¢; — ¢ = Ac¢, we find

X = (2Ac/cl)”2. (2.2.3)

This formula will be used often in the subsequent discussion.
Let us determine the relation between the ray curvature and the sound velocity
gradient. For this purpose we shall write (2.2.2) in the form

€O COS X = €COS X0,

where xo and cg are the grazing angle and the sound velocity at some fixed depth.
Differentiating this equality with respect to 7 gives

) X de dx dc
—CpSIn Y — =COSxp— Of — = —q —, 224
0 X dz A0 dz ds dz ( )
where ds = dz/ sin x is the element of the ray path length (Fig. 2.2) and
208
g = —X0 (2.2.5)
4]

is the constant parameter for each ray. We see that the derivative d x /ds, that is,
the ray curvature at a given depth, is proportional to the sound velocity gradient at
this depth. The minus sign in (2.2.4) shows that the grazing angle decreases with
the increase in the sound velocity with depth, and vice versa.

The radius of curvature of the ray % is

dc
dz
When the gradientdc¢/dz = const, Z = const, i.e., for the case of a constant sound

velocity gradient, the ray is the arc of a circle.
Substituting (2.2.5) in (2.2.6) yields

d
B = I—X —q|%. (2.2.6)
ds

1

acos xo

K =

where ¢ = cal dc/dz is the vertical relative gradient of the sound velocity. The
greater a and the less xo, the stronger the ray refraction. On the contrary, if a ray
comes out from the source vertically up or down (o = 7 /2) % = oo and the
refraction is absent.

FIGURE 2.2. Ray clement
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2.3 Horizontal Distance Covered by a Ray

Let r =0, z = zy, and r, z be coordinates of a source and reference point, re-
spectively. For an arbitrary infinitely small element of a ray (Fig. 2.2) one has
dr = |dz/tan x|. The total horizontal distance covered by the ray is

f dz
-, tan x

According to (2.2.2) the grazing angle x (z) can be expressed in terms of x;, the
angle at the source depth,

V=

. (2.3.1)

cos x = (l/n)cos xi.

where n = n(z) = ¢y/c(z), and ¢y is the sound velocity. Thus, (2.3.1) can be
written as

r = CoSs x| ‘f"[nz(z) ~ cos? x|]_1/2 dz|. (2.3.2)
2

We shail use this equation very trequently later on. Here 7 is assumed to be a single-
valued function of z. If this is not the case (for instance, in the underwater sound
channel where a ray repeatedly returns to some fixed depth), (2.3.2) is applied to
those parts of the ray for which it is single valued. For instance, if a ray between
the source and receiver has its turning point at depth z’, the equation for r consists
of two parts:

F = cos X| f (n* —cos® x1)"2dz| + cos X1 f (n* —cos® x1) 12 gz

(2.3.3)
The travel time of the sound wave along the element of length ds is
dt =ds/c = |dz/(csin x)|.
Hence, the total travel time along the ray is
iJz, csinx
or, expressing x and ¢ in terms of # and x,
t = % f n*(n* — cos? x1)“1"2 dz (2.3.4)
' 21

where for the sake of simplicity we omit the argument z in n(z). If a source radiates
a harmonic wave of frequency w = 2x f, its phase at the reference point (#, z) is
wt; the time ¢ is given by the latter equation.

Differentiating r and f with respect to x, we obtain
ar/dy i
ot/oy "~ cos X1

V= = const.
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Thus, v = 9r/dt—the horizontal component ol the phase velocity of a wave prop-
agating along the ray—is constant. Note also that ¢/ cos x is equal to the sound
velocity at the turning depth z” and, therefore, v = ¢(2').

2.4 Constant-Gradient Approximation
of the Sound Velocity Profile

In order to plot rays for an arbitrary profile ¢(z) one usually assumes a medium
which consists of a certain number of layers with the simple law ¢(z) and, as a
consequence, with a simple rule for tracing the ray within each layer.

At the very outset of underwater acoustics the medium was divided into a set of
homogeneous layers. The sound velocily changes by jumps at the layer boundaries.
The rays in these layers are straight lines. Their direction changes upon refraction
at the layer boundarics.

Later, division into layers where the dependence of velocity on depth is lincar
became widely used. In this case not the sound velocity but its gradient undergoes
a discontinuity at the boundaries. As we already know. the rays in these layers are
the arcs of circles. The direction of a ray, when it goes through a layer boundary,
changes continuously, but its curvature changes discontinuously. A certain draw-
back of this method is that the discontinuity of the velocity gradient at the layer
boundaries leads to pseudocaustics, as Pedersen [2.2] first showed. Approxima-
tions of ¢(z) in some layers by polynomials ol second and third orders (see, for
example, |2.3, 4]) are used, as well.

Considering the simplicity and wide application ol the constant-gradient ap-
proximation, we shall discuss it in detail. In Fig. 2.3 on the left-hand side, a profile
¢(z) 1s shown according to this approximation, and on the right-hand side one of the

0 € ¢

(a) (b)

FIGURE 2.3. On the calculation of the ray diagram for the case of a constant-gradient
approximation to the sound velocity
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rays. We denote layer boundaries by zy, zaetc. Leth; = z; — 2z, (i = 1,2,3,4)
be the thickness, and ¢; and x; the sound velocity and the grazing angle at the
lower boundary of each layer, respectively. They are related by Snell’s law,
cos x; /c; = const, where the constant is determined by the grazing angle x, of a
ray at a source. The sound velocity gradient in the ith layers is (¢; —c;i—1)/ h;.
In Fig. 2.3 the gradient is positive in the two upper layers and negative in the two
lower ones, and, correspondingly. the ray curvature has different signs in these
layers.

Let us find the horizontal distance D; covered by the ray in the ith layer. Set-
ting x1 = xi—) in (2.3.2), using the relation cos x = cos x)/n(z) [where n(z) =
ci—1/c(z)], and passing to integration over x, we obtain with (2.2.4)

1 1 | 1

Xt
_ —[ cos x dx ——— [ (sin xj — sin xi—1)|.
COS Xi—1 1Gi Jy COs Xi—1 |4

D; =

(24.1)

where a; = (¢; — ¢;—1)/ci—1h; 1s the relative sound velocity gradient in the ith
layer, and x; _, x; are the grazing angles at its boundaries. For the total horizontal
distance covered by the ray we have

f‘=z D,'.
i

2.5 Sound Intensity, Focusing Factor, and Caustics

It can be shown that the acoustical cnergy flux at any point in the medium is
directed along a ray. Therefore, it is pertinent to imagine a ray tube formed by a
set of rays leaving the source O and passing at some distance through an arbitrary
small contour I' (Fig. 2.4). In the ray theory approximation the acoustic encrgy
15 supposed to “flow” along the ray tube and not cross its walls. In what follows
we will be interested in the sound intensity, that is, the energy flux per unit area of
a cross-section of the ray tube per unit time. It is obvious that this quantity will
decrease with distance from the source inversely proportional to the area of the
ray tubc cross-section.

In a homogeneous medium the area of the ray tube cross-section increases
proportionally to the square of the distance from the source and, therefore, the

FIGURE 2.4. Ray tube
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sound intensity decreases as the inverse distance squared. It is given by

WN(x1, ¢1)
4 R?

where W is the radiated acoustic power, R is the distance from the source, and
N(x1, @1) 1s the factor (often called the pattern function) characterizing the direc-
tivity of the source. It depends upon the grazing angle x| and the azimuth ¢; of a
ray al the source.

By definition, the mean value of the pattern function over all angles is equal to
unity, that is

Iy = (2.5.1)

2 pr/2
(4m)™! / f NG i) cos xidxider = 1.

J0 —m/2
In what follows we will omit the factor N(x|.¢1) for the sake of simplicity.
Therefore, our results will be valid, strictly speaking, only for omnidirectional
sources. However, this factor can always be included in the final formulas for the
sound intensity.

Now we obtain a formula for the sound intensity at an arbitrary point A(r, z)
(Fig. 2.5) for the horizontally stratified medium [c = ¢(z)] when sound refraction
takes place. Let the source be located at the point r = 0, z = z;. The horizontal
distance r travelled by an arbitrary ray is a function of the initial angle x, i.e.,
r = r(x1). Let the ray leaving the source at the angle x; + d x| arrive at point C
located at the same depth z as point A. Obviously AC = |8r/0 x1|d xy. The ray
tube cross-section in the r, z plane illustrated in the figure 1s
or

BC =ACsin x = sin x d x1.

where x is the grazing angle at point A.
Since the source is supposed to be omnidirectional, the sound field has cylin-
drical symmetry with respect to the z axis. If we imagine that the diagram in Fig.
2.5 is rotated about the z axis, we obtain for the area of the wave front contained
between these rays
ar

dS =2nr sinx d .-
X1

F1IGURE 2.5. On the calculation of the
focusing factor

I8
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The power W radiated by the source into the interval € x| flows through this area.
Obviously, the power d W is related to the total power output of the source, as the
solid angle 27 cos x d x| corresponding to this area is related to 4. Hence,

dW = (W/2)cos x1 d x1.

Now, for the sound intensity, i.e., for the power flux per unit of the wave front
surface, we obtain

dw W cos
=4 ' { (2.5.2)
dS or | .
4mr |—|sin x
X

In the case of a directional source, the factor N (), ) must be introduced into
this equation.

In the theoretical analysis of the sound field structure, the source power W
is not essential (linear acoustics!) and, therefore, it is reasonable to normalize
! to the value Iy = W/ (47 r?)—the sound intensity of the samc source in the
homogeneous medium at point (r, z). We shall call the ratio

! r COS
foo o X (2.5.3)
Iy or | .
— | sin ¥
‘)Xl

the focusing factor. The case f « | corresponds to a strong decrease of the field
due to an anomalously large divergence of rays (as compared with the spherical
wave). In contrast, the case f > | corresponds to an increase of (he field due
to the focusing of the rays.?> Ray theory is not applicable, as a rule, in these two
extreme cases.

Caustics is the term used (o describe the loci at which the focusing factor is
equal (o infinity. These are the envelopes of the family of rays. In Fig. 2.6 the ray
diagram with a caustic AA is shown.

The equation for each ray can be given in the form

r=r(x1,2), (2.5.4)

where x; s a parameter of the family of rays leaving the source O. As is known,
the envelope of such a family of rays can be found by elimination of x| from
(2.5.4) and

dr(x1.2) _

‘ 0. (2.5.5)
ax1

2The exception is the case r = 0 (z # z1), where f is equal to zero, not because of any
peculiarity of the field, but just by virtuc of our definition of f. Sometimes for the definition
of f the quantity / in (2.5.2) is rclated to Iy = W/ (4 R?), where R is the total (inclined)
distance from the source to receiver. However, the definition (2.5.3) is more convenient for
practical purposes.
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0 ; 0 » r FIGURE 2.6. (a) Profile
¢(z) and (b) ray diagram
with 4 caustic
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A
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v(1) FIGURE 2.7. Plot of the Airy
»(0) function
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From(2.5.3) and (2.5.5) one can see that the focusing factor, indeed, goes to infinity
on the envelope of the family of rays. For the calculation of the focusing factor
on the caustic and near it, geometrical acoustics requires some modification. We
cannot go into details here (see [Rel. 2.5, Sect. 45]) and only note that the focusing
factor on and near the caustic is given by

~2/3

32,. 5
v2(0), (2.5.6)

())(i2

_ 5573908 X1 (K1 sin xn'
sin

f

whcre v(f) is the Airy function plotted in Fig. 2.7 with v(0) = 0.6293. The argu-
ment of the Airy function is given by

~1/3
(ky sin x> (r = ro). (2.5.7)

52r
dxlz

t =427

Here r — rg is the horizontal distance between the observation point and caustic.
In (2.5.7) we must choose the plus sign when 3%r/3 Xf‘ < 0 and minus sign when
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Zizr/axf > (. At one side of the caustic (ahove the caustic in Fig. 2.6) two rays
intersect at each point. The spatial oscillations of the field are due to the interference
between thesc two rays (¢ < 0 in Fig. 2.7). At the other side of the caustic (below
it in Fig. 2.6) none of the rays of this family arrive. This is a shadow zone
corresponding to the rapid decrease of the field with distance from the caustic
(t > 01in Fig. 2.7).

2.6  “Three-Dimensional” Refraction

In a medium where the index of refraction n = n(R) may be a function of all
three coordinates, a ray will not be confined in one plane, i.e., we will have three-
dimensional refraction. In ocean acoustics, we cncounter such refraction, for
example, when analyzing the effect of an internal wave on a sound field. The same
problem arises when studying long-range sound propagation in a range-dependent
ocean. Three-dimensional refraction is also observed near icebergs which form
local regions of cooling and freshening and at well-defined boundaries of ocean
currents.

In order to derive equations for ray acoustics in a three-dimensional case, we
represent the sound pressure p(R) in the form

P(R) = A(R)explikg W(R)], R=1{x,y,2} (2.6.1)

where A and koW are the amplitude and phase of a sound wave, the function W
often being called the eikonul, kg = w/co, and cq is the sound vclocity at some
fixed point (usually at the point where the sound source is located). Substitution
of (2.6.1) in the Helmholtz equation

Ap +k*(R)p =0, k(R) = kon(R)
yields
AA +iko(2VA - VW + AAW) + k3 Aln* — (VW)?] = 0. (2.6.2)

Equations for ray theory are obtained from (2.6.2) when k¢ tends to infinity
ko — oo (sound wavelength A = 27t/ kg — 0). Neglecting the first termin (2.6.2)
and then equating the real and imaginary parts in the remaining equation separately
to zero, we obtain two equations:

the etkonul equution
(VW): =n* (2.6.3)
and the rransport equation
2VA. VW + AAW =0. (2.6.4)

The eikonal equation (2.6.3) defines the gcometry of the rays, i.e., the lincs
orthogonal to the wave fronts, with W = const. If R is a radius vector of a point
on a ray, and s is the distance along the ray, then this orthogonality gives for
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dR/ds = e the unit vector along thc ray
ne=VW. (2.6.5)

Differentiating (2.6.5) with respect to s and using (2.6.3) and (2.6.5), we obtain
the ordinary differential equation for the ray’s trajectories

d d
—(ne)=— (VW) =(e-V)VW =n" (VW .V)VW
ds ds
= Q) 'V(VW)? = 2n)"'V(n?) = Va. (2.6.6)
Thus,
d \
— (ne) = Va. (2.6.7)
ds
For the case of a homogeneous medium 7 = 1 and from (2.6.7) it follows that
de
ds
and, therefore, e = const along the ray whose equation can now be written as
R =se+ Ry

—the equation for a straight line—where Ry is a radius vector of the point at which
the ray originates.

Multiplying vectors e and Vn in (2.6.7) by the horizontal component of the
unit vector e, and taking into account that the scalar products ee, = cos x and
Vne, = 0, we directly obtain Sncll’s law n cos x = const. Multiplying the same
vectors by the vertical component of the unit vector e, we obtain

d _ _dn
R (nsinx) = 2z
from whence expression (2.2.6) for the radius of ray curvature is easily obtained.
It is more convenient in numerical calculation to use, instead of (2.6.7), the
equivalent system of two first-order equations:
dR ? dk (:)V b 6.8
dt w aan " (2.68)
This equivalence can be easily proved if we take into account that e = dR/ds =
c~'dR/dt, t is the travel time along the ray, k = kone is the wave vector at
point R, and k = w/c(R), c(R) = c¢o/n(R). The frequency w only enters (2.6.8)
formally, because the wave vector was chosen as one of the ray coordinates. The
ray geometry docs not dcpend on w.
Having found the ray trajectory R = R(s) from (2.6.8), we can represent the
function W as an integral along the ray. This becomes, by virtue of (2.6.5),

dw
W:ecVW=n

whence

w:fmmmm.
0
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The transport equation (2.6.4) determines the wave amplitude. Let us obtain an
expression for it in explicit form. Application of the divergence operator to (2.6.5)
yields

AW =¢-Vn+nVe. (2.6.9)

The divergence of the unit vector along a ray is given by {Ref. 2.6, Sect. 150]

0
Ve = a—ln D (2.6.10)
s

where

_ dx.y,2) _dR (aR dR) 26.11)

= = — X —
at, kY, kﬁ?) dt ak}\? dk_ﬂ?

is the Jacobian of the transform from Cartesian coordinates (x, y, z) to the ray

coordinates (7, k', k), where k¥ = kg sin 6 cos gg, k% = k¢ sin 89 sin ¢y, and 6,

@o are the angles of the ray at a sound source in the spherical coordinate system.
The expression for D, using (2.6.8), can be written

2 3R OR
D=k (5 22, (2.6.12)
3k ™ 9k0

The quantities R/ i')k?, (j = x, y) necessary for calculation of D are found by
differentiating (2.6.8) with respect to k?

d aR 1 3 c(’-}a(k
dt akﬁ.’_wak? N

| ok 2k OR
=—|——-—"={Va-—1].
w ak(} n ak?

I
|
—
=
S’
|

Here we have taken into account that
dn _ dn Ox n on dy N dn 9z " oR |
ok" T ox oKy By ak? 0z k" - ok" '

Similarly, we find

d ik w oR Vn OR
——=—{l—V]Vh—— | Vn.—1|.
dr 3k%  n [\ 8k n kY
J J J
Let us now find the quantity VA . VW entering into the transport equation
(2.6.4). Since
dw dw

VW=—¢ and — =n, (2.6.13)
ds ds

then

VA V‘V—BA dVV_ 4 (2.6.14)
T s ds ' as’ e
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Substituting (2.6.9) and (2.6.14) in (2.6.4), and taking into account that Vn - ¢ =
on/ds, after some simple transformations we obtain

.
—(A’nD) = 0.
as

Hence, the quantity A?n D is constant along a ray and, therefore,
A= B(nD)™\/2, (2.6.15)

Here B is a constant determined from the conditions near the sound source where
one can neglect the refraction and consider a medium as homogcneous (n = 1).
For a point source in the homogeneous medium A = 1/R and B = (Dg)'/?/R,
where Dg is the value of D forn = 1. Thus,

1 { Dy\'?

For the homogeneous medium

dR v
R = R(ko/ ko). T co(ko/ kg), ko = (kY &9, &Y)

x0 Py
and
. R2
Dy = 2" (2.6.17)
kg cos 6y
Substitution of (2.6.17) in (2.6.16) yields
AR) = 2 c _\" (2.6.18)
" kg \ D cos ' e

On caustics D = 0 and the amplitude of the sound wave becomes infinite. For this
case the sound field can be calculated by use of asymptotical formulae contained,
for example, in the work by Kravezov [2.7].

2.7 Snell’s Law for the Range-Dependent Ocean

Snell’s law (2.2.2) is a fundamental relationship in ray theory. It relates the grazing
angle x of a ray at some depth to the sound velocity ¢ at this depth as well as to
the sound velocity ¢o and angle x¢ at the source, and thereby determines the ray
structure of the sound field. Using Snell’s law we can determinc an important
characteristic of the USC: the maximum grazing anglc xax of rays trapped by the
waveguide, which in turn determines the relative amount of the trapped acoustic
power [see (6.1.3)].

If there is range dependence, the ray pattern of the sound field undergoes changes
which result in the spatial redistribution of acoustic power. To examine these
perturbations of the sound field it is necessary to obtain Snell’s law for a range-
dependent environment. If variations of the refraction index in the horizontal
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direction are slow enough, we may use Snell’s law in the form of (7.2.10), con-
sidering r as a parameter. Here we obtain, however, another form of Snell’s law
for this case, following the paper by Henrich and Burkon [2.8]. Let us start from
(2.6.7) and assume that sound velocity variations in a horizontal plane across the
propagation track can be neglected. Hence, the ray initially lying in the xz plane
will remain in the same plane at any distance from the source. Then, assuming
in (2.6.7)

e = {cosa, 0, sin o},

we obtain
d on d on
— (11 COS = —_—, e } = —. 2‘7‘1'
2 1S X0 = oo 45 S0 = o (.7.1)

Integrating the first equation in (2.7.1) with respect to s over the ray path,
we find
S ‘)
. an ,
ncos xlp = ncos x —cos xg = / —ds. (2.7.2)
0o 0x

Taking into account that n = ¢g/c and setting ds = dx/cos x, (2.7.2) can be

rewritlen as

COs X €OS X Y oc | _

_S5x0 _ / 9. (27.3)
c co 0 0x cos y

Further simplifications arc based on the small fractional variation of the sound

velocity that occurs in the ocean,
(c—co)/co=e K 1.
The order of magnitude ¢ is 1072, It is evident also that
cos x = cos xol1 + 0(e)].

Keeping in mind these approximations, we retain in (2.7.3) only the terms not
higher than the first order of . As a result, we obtain Snell's law for a range-
dependent environment:

¢ S de dx .
cosx =cos xo | — f —_— ). (2.7.4)
0

Co dx cocos? xo

This expression determines the angle x for any z which belongs to the given
ray path.

To demonstrate possible variations of the ray pattern of the sound field in the
range-dependent ocean. it is useful to consider the sound vclocity ¢ at the turning
deptn of a ray. Sctting x = 0in (2.7.4), we find

, o S oc¢  dx
¢ = + -— 3 . (275)
COS X0 0 0x €cos* xo

The first term corresponds to the range-independent ocean, whereas the sccond
term describes an effect of cumulative horizontal sound velocity variation along
the ray path. From (2.7.5) it follows that ¢’ varies along the ray path.
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FiGurr 2.8. Effects of horizontal sound velocity gradicnts on the ray picture (a) d¢/dx > 0
(b) dcfox < 0

For positive sound velocity gradients (dc/dx > 0), ¢’ > co/ cos xo and, there-
fore, the depth of the lower turning points in the USC increases, while that for
the upper ones decrcases as x increases (Fig. 2.8a). As a result, it can happen
that beginning from some distance, ¢’ will exceed ¢y, the sound velocity near the
ocean bottom. In this case a ray will be reflected from the bottom. The sound field
level in water due to this ray will be greatly reduced either in long-range sound
propagation when multiplc bottom rcflections lead to large total losscs of acoustic
powcr, or in a casc of a very lossy bottom.

For negative sound velocity gradients (dc/dx < 0), ¢’ will be less than
cp/ €os xo, and the depth of lower turning points decreases, while that for the
upper ones increases (Fig. 2.8b). For this reason the ray arriving at a given depth
at small ranges will not reach it at long ranges. As a resull, the numbcr of rays
arriving at the receiver may appear to be less than in a range-independent ocean.
The sound field level may also be reduced in this case.

Several examples of Snell’s law used in the form of (2.7.4) for the numerical
calculation of the reduction of the sound field level in convergence zones arising
in sound propagation across a ring of the Gulf Strcam are given in [2.8].

2.8 Ocean Acoustic Tomography

As noted in Sect. 1.4, the World Ocean is extremely variable—fronts, large-scale
currents, eddics of different sizes disturb water masses over vast spacc. The
ocean variability has a pronounced effect on the ocean climate and weather on
the earth: it determines in many respects the biological productivity of the occan
and significantly changes the zonal structure of acoustic fields, causes sound sig-
nal fluctuations, and disturbs ray paths. Certainly, information on the behaviour
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of water masses obtained from research vessels and satellites is very great, but,
nevertheless, it is unsufficient for practical purposes since it refers mainly to the
surface and subsurface layers of the ocean.

The problematic acquisition of necessary information can be solved by the
organization of monitoring over a long period of time (about a year) over the
aquatorium of the area of 10® km?. Low-freqency acoustic waves are best suited
for such monitoring because they can propagate to very long distances (Sect. 1.2)
and they possess the high sensibility to inhomogeneities of the water column and
boundary roughnesses of various kinds. The latter change acoustic signal charac-
teristics such as travel times along rays, phase and group velocities of modes, and
space-frequency interference patterns of the acoustic field. For the delermination
of hydrophysical parameters of the ocean medium, ocean acoustic tomography
(OAT) uses variations of acoustic probing signals transmitted through a tested
region between groups of sources and receivers. The existing methods of OAT
differ by a technique of field measurements, type of signals uscd, inhomogeneities
reconstructed, and methods of the inversion (reconstruction) of hydrophysical pa-
rameters. A typical scheme of ocean acoustic tomography is shown in Fig. 2.9.
Here, $1—S3 are the acoustic transmitters and Rj—R4 are the receivers. The con-
cept of OAT was first advanced by Munk and Wunsch [2.9]. The scheme they
suggested was destined for the reconstruction of the meso-scale inhomogeneities
of the sound velocity field by measuring arrival times of impulse signals along
different ray paths. The difference in the arrival times may also be used for the
reconstruction the other characteristics of the sea medium such as temperature,
speed of currents, and salinity. Acoustic thermometry of the ocean medium is
already used for monitoring the global warming of the earth’s climate [2.10, 11].
It is also shown that acoustic halinometry may be used for remote determination
of the salinity in the under-ice layers in the Arctic Ocean [2.12].

We consider the basic relationships of ray tomography. The travel time #,, of an
acoustic signal along a ray path I', connecting some transmitter with one of the

R,
S3

R,
S5 R,
S,

FIGURE 2.9. Typical scheme of ocean
acoustic tomography R,
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reccivers is given by

ds
Im = / (2.8.1)
l‘”l

c(r, z)’

where ¢(r. z) 18 the sound velocity in the medium and ds is the element of the ray
path [,,. Represent ¢(r, 2) as

c(r,z) = co(r. z) + Ac(r, 2), (2.8.2)

where co(r, 7) is the known (reference) value of the sound velocity field (for
Ac¢ = 0)and Ac(r, z)is thc disturbance caused by the presence of inhomogeneities
in the water column, which are subject to the dctermination. As ¢y, one may
choose diffcrent distributions, for example, such as the mean-climate distribution
of the sound velocity field averaged over the aquatorium. The specific choice
of ¢g depends on the amount of the hydrophysical data and on the possibility
of calculating ray trajectorics in a given inhomogeneous medium. Therefore,
the tomography problem reduces to that of finding ¢, by a sct of Ac. In the exact
statement, this problem is very complicated. It is nonlinear since Ac appears in the
denominator. and in addition the integration path [, depends on Ac. However, the
problem is greatly simplified due to the presence of a small parameter ¢ = |Ac¢/cg,
which even for the most intense eddies—the rings of the Gulf Stream—is usually
no larger than 0.02 [2.13, 14]. Taking into account the smallness of £, we cxpand
the right-hand side in (2.8.1) in powers of ¢ and retain only terms no higher than
the first order of smallness:

m = [/(nO) +rr§11) +oe

" o colr, 2)

1s the time of signal transmission in the unperturbed medium along the ray I’,(,?) .
)

where

and ds is the element of its length. A linear correction to ¢, is given by
X Ac _
(W= = ds. (2.8.3)
r ¢

It is precisely this equation that is the basis of the Munk—Wunsch tomography
method. The replacement [*,,; by F,(,(,)) in (2.8.3) leads to an error that for rather
small values of ¢ is not large and depends on spatial scales of inhomogeneities,
path length transmitted by the /th ray within the inhomogeneous region, and the
general extension of the acoustic track. Itis assumed that the ray [ ,(,?) continuously
passes to the ray I'), at Ac — 0]2.13|. The linearization of (2.8.1) is sometimes
not true. The point is that even for small values of &, the shape of the ray F,(,?)
can significantly differ from that of ray I',,. In this case the reconstruction of
inhomogencities becomes impossible. The estimation of a quadratic correction

to t,(,,o) and the condition of the application of the linear approximation are given
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in [2.14]. A value .,(,,1-’ and measured time 1, of the signal arrival at the point of

reception are related by the relation r,;‘ ) — Im — t,(,?) .
Equation (2.8.3) is written for each of rays m = 1,2,3, ..., N, connecting all

transmitters and receivers. In the multimode propagation of sound in the underwa-
ter sound channel, the total number of rays is N = sr/, where s is the number of
sources, r is that of receivers, and / is the typical number of rays connecting every
pair transmitter-receiver. The parameter / is determined by the properties of the
medium and disposition of the corresponding points of transmission and reccption.
For a numerical solution of (2.8.3), we divide the test region into cells of arbitrary
form. Their dimensions should be no larger than spatial scales of fluctuations Ac.
Assume also that fluctuations Ac¢ within each cell are constant and equal to Ac,.
Then (2.8.3) reduces to the linear system of algebraic equations [2.13-15]

N
tlgil) = Z EmnnAcy, (2.8.4)
=1

where E,,,, = 0 if a perturbed ray m does not pass through cell n, and E,,,, =
fl,m) ¢ ds otherwise. Here I“,(,?,Z is the path of ray m in ccll n. The system (2.8.4)

mn

can be solved by a standard method.

We consider now the question on tomography of the currents [2.14, 15]. Assume
that the Mach number is small compared to unity, M = v/c, where v is the current
speed. In this case the fluctuations of signal travel time in the first approximation
in ¢ and M are given to be

! =~ f o €0 (Be+ vew)ds. (285)

where e, 1s the unit vectoralong theray l“,(,? ). Inorder todetermine v, itis necessary
to measure t,(,’,l) when the signal propagates up- and downstream, i.e., to inter-
change positions of the transmitter and receiver. Let expression (2.8.5) describe the
travel time downstream. Denoting the travel time fluctuations upstream through

f,(,l“ , we have

f,(n') = - f(tl) (,‘O_Z(AC — vey)ds. (2.8.6)
Subtracting (2.8.6) from (2.8.5) yields
ArlD = — [r o, €0 vem ds, (2.8.7)
where
Al = H

The possibility of using (2.8.7) for the reconstruction of speed currents is based

on the assumption that real ray trajectories are rather close to l“,(,?) for sound
propagation in opposite directions. Note also that (2.8.7) determines only the
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projection of the vector v on the direction e, rather than the true vector v. Only
for shallow grazing angles of rays in the vertical plane can the vector e,, be replaced
by the horizontal vector e directed from the emission point to that of reception.
Denoting vg = ve, we obtain

ArlD = — /1 o cg 2 vo ds. (2.8.8)

The structure of (2.8.8) coincides with that of (2.8.3) and can also be reduced
to a system of linear algebraic equations.

Note that for the successful realization of the considered tomography scheme,
one needs severe monitoring for the exact disposition of transmitters and receivers
at any time, synchronization of their operation, rather intense and well-separated
signals, long-term observations, and appropriate choice of the reference sound
velocity distribution close to the true one.

Except for ray tomography, other methods of OAT have received significant
development: the mode method using perturbations of phase and group velocities
of the acoustic modes of low numbers as initial data [2.9, 16]; the interference
method based on the measurements of the phase difference of separated modes
[2.13, 15}; and the diffraction method, where reconstructed parameters are per-
turbations of the sound velocity field and the density of the water column as well
as statistical characteristics of the rough sea surface and the ocean bottom [2.17].
In spite of significant differences among these methods, they all refer in essence
to a general group because of the identical setup measurements based on the use
of broad-band pseudo-pulsed signals propagating between transmitters and re-
ceivers lying at anchor. This group is usually referred to as traditional tomo-
graphy. A different approach uses transmitters and/or receivers lowered from
aboard a moving ship (dynamic tomography) [2.18, 19]. Traditional tomography
is convenicnt for long-term observations since itcan be realized without any opera-
tor and yields oceanographic parameters of the meso-scale environmental inhomo-
geneities averaged over acoustic tracks, whereas dynamic tomography provides a
greater number of propagation tracks and the rather high horizontal resolution. In
addition, it allows us easily to change the region of investigations and the strategy
of measurements in the course of investigations [2.19]. Dynamic tomography is
most suitable for probing meso-scale inhomogeneities. A detailed classification of
recent methods of ocean acoustic tomography is given in [2.13, 15]. The problems
and methods of ocean acoustic tomography are comprehensively presented in the
fundamental monography [2.20].

2.9 Weakly Divergent Bundles of Rays

The experiments on vertical sensing of an acoustic field in the deep ocean at long
distances from a source have revealed intervals of depths with the increased level of
radiated signals [2.21]. It appears that, under certain hydrological conditions, the
acoustic energy can be focused at several depths instead of the uniform distribution
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over the wholc water column. In works [2.21, 22], a hypothesis is advanced that
supposes anomalies of the acoustic intensity are due to weakly divergent bundles
(WDB) of rays whose launch-grazing angles from the source arc closc to the
points of smooth extrema of the dependence of the ray cycle length D(x) on xo.
In other words, the weakly divergent bundles arise near specific rays for which
dD/dxo = 0. Such bundles are localized in space and have a quasi-periodic
structure.

We consider WDB of rays in an underwater sound channel with the sound
velocity profile that is typical for the Northern Atlantic [2.23]:

co—az, —h <z<0,
c(z) = § co+azz, 0<z< 2, (2.9.1)
2+ az(z —22). <z H,
where ¢ is the sound velocity at the channel axis z = 0, z = —#A is the sea surface,

7z = H is the ocean bottom, and ay, ¢2, and a3 are the sound velocity gradients in
the layers (Fig. 2.10).

The ray cycle length is determined by (2.3.1), where integration limits cxtend
from z’ (the upper turning point) to z” (the lower turning point):

r

< dZ
D =2 —_
(x0) [ tan x (z)

Itis expedient to express tan x (z) in terms of the horizontal component of the phase
velocity of a wave propagating along the ray, v = ¢p/ cos o = c(z)/ cos x(z),
with ¢(z’) = ¢(z”) = v. In this case,

-

2 2 —1/2
D) =2 f [ _ 1] dz. (2.9.2)
7 (_.2(5)

Substituting (2.9.1) in (2.9.2) yields

D) = (v — )" — u(? — e}, (2.9.3)

> (2)

FiGURE 2.10. Sound velocity profile typical for
the Northern Atlantic [2.23|

29
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wherc

n= 2(a]"1 + az_'),

0, v < 2,
n=31-a/a; b >
l14+ar/ay’ '

Differentiating (2.9.3) with respect Lo xo, we obtain

dD dD dv dD . 2.9.4)
= = v tan . .
d X0 dv dxo dv X0

An extreme value xo = O corresponds to a ray launching from the source under
the zero grazing angle. When the source is located close to the channel axis, this
bundle corresponds to the near-axis rays over which the main part of the acoustic
energy propagates. The other extreme points, corresponding to steeper rays, are
determined from the equation d D/dv = 0. Differentiating (2.9.3) with respect to

v, we obtain
~1/2 —12
.2 ! 2
4D _ (1-% _a1-& (2.9.5)
dv " v2 a v2 ‘ o

From (2.9.5) it follows that at a» = a3 (bilinear profile) or at az < as (the
gradient of the lower layer is less than that of the middle layer), 4 < 0 and
thereforc dD/dv 5 0, i.c., additional WDB are absent. At az > a2, u > 0, and
dD/dv = 0. the extreme value of the phase velocity is

122 172

. 0

o (1 - — )
5

=2

Let us estimate the launch angle of the extreme ray from the source located
at z = 0 (the channel axis). Assuming that ¢co = 1490 m/s, ¢ = 1499 m/s, a) =
ar = 0.015 I/s, we find veyx; = 1500.5 m/s, which corresponds to xo = 6.8°.

Figure 2.11 [2.21] exhibits two families of rays: (a) weakly divergent bundles
and (b) conventional rays. Both types of rays are computed for hydrological
conditions specific for the Canary Basin at distances 900-1200 km from the source.
The discreteness of the launch angles of these rays 1s 0.1° in the range —11°-9° for
(a) and —8°—6° for (b). In the first case, due to thc lesser divergence of the rays,
the greater angular density is reached, which testifies to the higher sound intensity.
The experiments carried out in this region have shown that the high-intensity zones
are obscrved up to distances ot 3400 km. Such a pattern is observed even in the
case when the sound source and receiver are displaced from the channel axis by
the significant distance, and hydrological characteristics vary strongly along the
sound propagation track. The ray pattern for conventional rays has aquite different
form although a weaker concentration of rays nevertheless takes place for separate
groups of rays.

In the case of the bilinear sound channel, the WDB are absent only among pure
water rays, but they can cxist among rays reflected from the ocean surface. The

(2.9.6)

Vext =
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cycle length of a ray rellected from the ocean surface is given by

Nz 2 —1/2
D) = 2[ (”—)—1) dz. (2.9.7)
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Substituting (2.9.1) in (2.9.7) and taking into account that a» = a3, we find

2 ' 2
D(v) = ;(v2 — (‘3)1/2 — El—(u2 —cH'2, (2.9.8)
|

5

where ¢; is the sound velocity at the ocean surface and a~! = (al_1 +a, ! ). Now
the equation for the determination vey; takes the form

/ 2y — 172 ~1,2

ap , 5\ a f cf /
— = (1 v2) - ( ﬁ) _ 0, (2.9.9)

from which we obtain
y2c2 /2
Cs (1 — 70)

c: ‘
Vet = [T (2.9.10)

wherc y = a/ay. Selling & = 600 m and a2 = 0.06 1/s, we find vex, = 1515 m/s
and yo = 10.4°. Tt is worth noting that weakly divergent bundles of rays can be
destroyed under reflection from the rough ocean surface.

It is possible to give a very simple explanation of the independence ol the
cycle length of an extreme ray on its launch angle. The point is that the decrease
of the horizontal range passed by such a ray in the upper layer, as the grazing
angle increases, is totally compensated for by its increase in the lower layer. The
same situation takes placc for pure water rays—decrease of the horizontal range
with grazing angle in some layers is compensated for by its increase in other
layers. The conditions of the existence of weakly divergent bundles of rays in the
stratified ocean with the power dependence of the squared refractive index havc
been analysed in [2.24].



Reflection of Sound from the Surface
and Bottom of the Ocean: Plane Waves

The surface and bottom of the ocean are highly complex boundaries. They are
usually rough, and underwater ground is an essentially inhomogeneous medium.
However, even regarding the boundaries as plane and the media as homogeneous,
it is still possible to obtain useful results. This case will be considered in this
chapter. In addition, we shall limit oursclves to the simplest case of plane waves.
At the initial stage of the theory presented below, media are assumed to be liquid.
This theory is completely applicable to the air-water interface and approximately
(but not badly) to the water-ground boundary.

3.1 Reflection and Transmission Coefficients
at an Interface Separating Two Liquids

We shall assume that the interface between the media is horizontal. The densities
of the upper and lower media will be denoted by o and g, respectively, the sound
velocity by ¢ and ¢y, and the angle of incidence by & (Fig. 3.1). Omitting the factor
exp(—iw?), we shall write the acoustic pressure! for the incident wave

pi = cxplik(x sin 8 + z cos )], k=w/c. 3.1.1

The amplitude of this wave is assumed to be as unity, and the plane xz is chosen
as the plane of incidence. The reflected wave can be written in the form

pr = Vexplik(xsin® — zcos )], (3.1.2)

where V is the reflection coefficient. The total field in the upper medium will be

p = pi + pr = [expl(ikzcos8) + V exp(~ikzcos#)]| exp(ikx sinf). (3.1.3)
The refracted wave in the lower medium can be written in the form

p1 = Wexplik|(x sin#) + zcos6y)], k| = w/c) (3.1.4)

LAsis seen from (2.1.2) the acoustic pressure p and the velocity potential ¥ for a harmonic
wave differ from each other by a constant factor only, and therefore, it is immaterial which
of these quantities is used.

61
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FIGURE 3.1. Parameters for the derivation of expressions
for the reflection and transmission coefticients

29

where W is the transmission coefficient and 6] is the angle of refraction. The
quantities V, W, and 6| are determined from the continuity conditions for the
acoustic pressure and the normal component of the particle velocity at the interface

P =ri. Uy = Vi (3.1.5)
atz = O or [see (2.1.2)]
1ap 1 9p1
p=p, —m=-"T (3.1.6)
o 0z Q1 92

Substituting (3.1.3, 4) into the first equation of (3.1.6), we obtain
14+ V = Wexpli(kysinf; — ksinf)x]. (3.1.7)

Since the left-hand side is independent of x, the right-hand side must also be
independent of x, from which we obtain the well-known refraction law

ksin® = ky sin 6. (3.1.8)

This relation cxpresses the equality of the phase velocities of the waves propagating
along the interface in the upper and lower media. It can also be written in the form

sin@ = nsindy, (3.1.9)

where n = ki /k = ¢/c1; 1.e., the refraction index of the boundary. Now (3.1.7)
takes the form

1+ V=W, (3.1.10)
Furthermore, substitution of (3.1.3, 4) into the second equation of (3.1.6) gives
o1(I — V)cos@ = npW cos 8. (3.1.11)
Defining m = g/0 and using (3.1.9), we find from (3.1.10, 11)

_—
mcost —ncosf mcos® —vVn? — sin’ 0

= : — —
mcos @ + ncosd mcosd + vVn? — sinZ o

2mcos B .
W = (3.1.12)

—
mcosd + vn2 —sin2 @
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Note the following interesting features of the reflection and transmission coeffi-
cients:

1.As @ — m/2 we have V — —1, W — O independent of the parameters of the
media.
2. At the angle of incidence € satisfying the equation

meost — Vnl —sin20 =0, ie. sinﬁz\/u (3.1.13)

m2—1"

the reflection coefficient becomes zero and the boundary will be completely
transparent.
3. Letn bereal,n < |, and sin® > n. In this case (3.1.12) may be written
mcosf —ivsinZ @ — n .
V= ——, (3.1.14)
mcosf + i\/sin2 f — n?

This expression may also be written as

Vsin 6 — n?
V = exp(ip). @ = —2arctan vam o n (3.1.15)
mcos 6
For the modulus of the reflection coefficient we have |V | = 1, i.e., in this case
total reflection occurs. The phase difference between the reflected and incident
waves at the interface is given by ¢. The upper curve in Fig. 3.2a and the lower
one in Fig. 3.2b are the modulus and phase of the reflection coefficient, respec-
tively, for a sandy bottom (sn = 1.95, n = (0.86) as a function of the grazing angle
(x = m/2 — 0) when altenuation in the bottom is absent [3.1].
When absorption is present in a medium, n will be complex, n = ng(l + i),
a > (0. Now separating the modulus and phase of the reflection coefficient, we
have

V = |Viexp(ig), VI < 1.

In Fig. 3.2 the modulus and phase of the reflection coefticient for different o are
plotted.

For the case n > 1 (the sound velocity in the bottom is less than that in water)
total reflection does not occur. Figure 3.3 illustrates the curves for the modulus
and phase of the reflection coefficient for m = 1.56. n = 1.008 (clayed mud), and
various values of ¢ [3.1].

Equation (3.1.2) for the reflection coefficient may also be written in the form

Z1-Z
V= .
Zy+ 72
where Z = pc/ cos@ and Z| = gjc/ cos 8 are the impedanccs of the upper and
lower media for plane waves propagating in directions forming angles ¢ and 6,
with the normal to the interface.

For the perfectly rigid bottom (901 — 00) we have Z; — oo, V = 1. In this
case, according to (3.1.6), dp/dz = O at the boundary. If the wave is incident from

(3.1.16)
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FiGURE 3.2. Modulus (a) and phase (b) of the reflection coefficient for o) /o = 1.95,¢/c¢| =
(.86 with different absorption («) in the sandy bottom

water on the free sca surface, then o) — 0, Z; — 0, and V = —1. The acoustic
pressure, according to (3.1.3), becomes zero at the [ree surface.

Equation (3.1.16) for V also remains valid in the case where the lower half-
space (z > 0) is a solid or even a stratified inhomogeneous medium. In this case,
Zia. the “input impedance” of the lower half-space, should be used instead of Z;.
The value of Z remains unchanged (Sec. 3.4).

We also note that Z) sometimes has a value which is independent of the angle of
incidence, the so-called normal impedance (for example, sce [3.17). This concept,
uscful in room acoustics, is probably of no use in underwater acoustics. Actually,
as can be easily shown [3.2], this concept is applicable for the ocean only in the
casc where the sound velocity in the bottom is much less than that in water, and
consequently waves in the bottom propagate almost normal to the boundary. In
fact, this never takes place.
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FIGURE 3.3. Modulus (a) and phase (b) of the reflection coefficient for g1 /o = 1.56,¢/c| =
1.008 with different absorption in the bottom

3.2  Transmission of a Sound Wave from Water
into Air and Vice Versa

For the case when a sound wave is incident from water on the boundary with air
we have in (3.1.12) m = g, /ow = 0.0013, n? = ¢§, /c? = 20.6. Then, (3.1.12)
for the transmission coefficient can be written with good accuracy in the form

W = 2m/n)cosb. (3.2.1)
The transmission will be maximal at normal incidence (¢ = 0). In this case
W =2m/n=~57-107%,

a very small quantity.
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According to (3.1.10), the reflection coefficient V will differ from —1 by the
same quantity. Therefore, the frequently used assumption V = —1 is very good
for this case.

Let us consider now the inverse case when the wave is incident from the air on
the water surface. The results obtained may, at first glance, appear surprising. Let
us again use the equations (3.1.12) for the reflection and transmission coefficients.
However, now index “1” should be ascribed to water. As a result, we obtain

m = pw /s = 770, n=cy/cw = 022

Since m is very great, we have m cos @ >> | for all 6 except 8 &~ /2 and, conse-
quently, in accordance with (3.1.12), V &~ 1 and W = 2. This means that almost
total transmission occurs, the acoustic pressure in the transmitted wave (in water)
being two times greater than that in the incident wave.

No matter how surprising this result is, it could have been easily predicted
beforchand. Indced, the acoustic pressure in the air near the surface is twice the
acoustic pressure in the incident wave due to the summation of the acoustic pressure
inthe incident and reflected waves. Since the acoustic pressure is continuous across
the boundary, it should also be the same in water.

Thus, whilc the acoustic pressure decreases approximately 2000 times for the
wave transmittecd from water into air, it incrcases by a factor of two for the wave
transmitted from air into water. As a consequence, fish can perceive air noise well,
while we cannot hear the sound of fish.

The question arises as to whether the doubling of the acoustic pressure in water
simultaneous with the almost total reflection of a wave from the water surface
does not contradict the energy conscrvation law. Another question is how may
we explain the presence of such asymmetry in the transmission of sound from
one mcdium into another through the water surface. We will show now that the
cnergy conservation law is satisfied and that symmetry is present if we consider
the reflection and transmission of encrgy (rather than the acoustic pressure). For
simplicity we consider a case of normal incidence and accept thc amplitude of
acoustic pressurc in the incident wave again as unity. Then the amplitudes of
the acoustic pressure in the reflected and transmitted waves will be V and W,
respectively. For the power flux density we have, respectively.

I = oc)™ !, F=ViQ2oo)y . L =WH201e)7 (32.2)

Here index “1” refers to the medium from which reflection occurs regardless of
whether it is water or air. The law of energy conservation is expressed in our casc
by the equality

L =1+ L (3.2.3)
or substituting (3.2.2)
| 1— V2= m/mw?. (3.2.4)
On the other hand, from (3.1.12) for normal incidence (8 = 0) we have

V =(m—n)/(m+n), W =2m/(m+ n). (3.2.5)
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It is easy to verify that after substituting these expressions into (3.2.4), the latter
becomes an identity.

Also of interest 1s the expression for the energy transparency of the boundary,
i.e., the ratio

I/ = (n/m)Wz.
Taking into account the second formula in (3.2.5), we obtain
I/l = dmn/(m + ny”. (3.2.6)
For the water-air interface (m = 770, n = 0.22) we have
L =107%5,

1.e., only one-thousandth part of the energy passes across the boundary. Formula
(3.2.6) remains unchanged if we change the ordering of the media, i.e., if we inter-
changep < 91,¢ S ¢, m — 1/m,andn — 1/n. Thus, the energy transparency
of the boundary does not depend on the supporting medium of the incident wave.

Let us now consider the oblique incidence of the sound wave on the water
surface from air. This case is interesting since total internal reflection occurs at
sinf > n =022, ie., 6 > 12°43'. In (3.1.4) for the acoustic pressure in water
we obtain, using (3.1.8),

ki cos @) = ikv'sin? @ — n?, (3.2.7)

where k is the wave number 1n air. Taking into account that W = 2 (scc above),
we obtain for the amplitude of the acoustic pressure in water

ip1] & 2exp(—8z), & = k(sin?6 —n?)!/2. (3.2.8)

Thus, the amplitude of the acoustic pressure decreases exponentially with depth.
In Fig. 3.4 the quantity § is shown as a function of the angle of incidence & for
various frequencies. In addition to the frequency f, the corresponding wavelcngth
in water A is indicated for each curve. For example, at a frequency of 100 Hz
(A1 = 15 m) and an angle of incidence 8 = 45°, we obtain § = 1.3 m_’, 1.e., the
amplitude of the wave diminishes by a factor of 2.7 at a depth of 77 cm.

3.3 Sound Wave Reflection from an Ocean Bottom
Consisting of Liquid Layers

Complicating the model of the ocean bottom further, we will assume that it consists
of one or several homogeneous liquid layers lying on the homogeneous liquid half-
space.

3.3.1 Reflection from a Homogeneous Layer

The basis of this discussion will be the solution of the simplest problem concerning
reflection of the sound wave incident from half-space 3 (Fig. 3.5) on layer 2 which
lies on half-space 1. The media 1, 2, and 3 are assumed to be homogeneous.
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The reflection coefficient V from a layer can be written in terms on the “partial”
reflection coefficients V>3 and Vi at the boundaries 2, 3 and 1, 2, respectively.

According to the results of Sect. 3.1, we have

Zy— 723

Vi3 = ———
Ly + 23

V12 1s similar, with a corresponding replacement of indices. Here,
Zj =gjcj/cosb;. ji=1,2,3. (3.3.1)

As before, we assume that the amplitude of the wave incident on the layer is
equal to unity. The resultant wave reflected from the layer may be regarded as a
superposition of the following waves (Fig. 3.5):

a) the wave reflected from the front boundary of the layer (interfacc between
media 2 and 3); the amplitude of this wave is V;3;

b) the wave which penetrates the front boundary of the layer, passes through the
layer, reflects from its rear boundary, passes through the layer again, and finally
exits the layer through its front boundary; its (complex) amplitude is

W3, Vo Wos exp(Riad), @ = kycos ;.
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In the last expression the phase change of the wave during its double passage
through the layer was taken into account; the quantities W3, and W3 are the
transmission coefficients of the boundary between media 2, 3 when a wave
passes between them in the forward and backward directions. According to
(3.1.10)

Wiy =14 Vi, Waz = | + Vp3, (3.3.2)

¢ ) the wave which penetrates the layer, reflects twice from the rear boundary and
once from the front boundary, passes through the layer four times, and then
exits the layer through its front boundary; obviously its amplitude is

W32 V12 Va2 Via Was exp(diad),
and so on.

As a result, summing up all the waves which form the total field of the reflected
wave, we find for its amplitude (which will also be the reflection coefficient since
the amplitude of the incident wave was taken as unity)

V = V3 + W3 Via Was expiad) + W32 V3oV Was exp(diad)
+ Was V3 Vi Was exp(6iad) + - -+ = Vaz + War Waz W2 exp(Ried)

x ) [VaVizexpQiad))".
n=0

Using the sum for the infinite geometric series, we obtain

V = Vas + W WaV exp(Ziad)
- MR 1 — V3 Vs exp(2iad)‘
Then, applying (3.3.2) and the relationship V32 = — V>3 and after some transfor-

mations, we find
Vaz + Vizexp(2iad)

= - - . (3.3.3)
| + Va3 Vi expied)

This formula solves the problem stated at the beginning of this section.

Another convenient approach to the problem of wave reflection (rom a layer is
to determine the input impedance of the layer. As a result of multiple reflections
at the boundaries of the layer, a system of waves is formed which propagate in
both positive and negative z directions and have the same phase velocity in the x
direction. Omitting the factor exp(ikyx sin 6, — iwt) for simplicity, the acoustic
pressure in the layer can be written in the form

pr = Aexp(iaz) + Bexp(—iaz), (3.3.4)
where A and B are constants. The normal component of the velocity is
1 ap:
v, = - P2 _ ¢ [Aexp(iez) — Bexp(—iaz)]. (3.3.5)
w2 07 wE2

In general, the ration Z(z) = p/v. which may be determined for an arbitrary
z 1s called the impedance. The latter changes continuously when crossing the
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boundary, since p and v, arc continuous. The useful quantity Z(0) = Zi(-;) 1s the
input impedance for medium 1. Dividing (3.3.4) by (3.3.5), setting 7 = 0, taking
the value « into account, and using (3.3.1), we obtain

(1)
A+ B Z. ' — 7
Zi(n” =2> -+ ., whence B = —%)——EA. (3.3.6)
A—B Zin + ZZ

Further, the quantity zZP =z (—d) will be the input impedance for the upper

m

boundary of the layer z = —d. Once again, from (3.3.4, 5) we find
Aexp(—iad) + B exp(iad)
> Aexp(—iad) — Bexpliad)’

2) _ .
zin =7 (3.3.7)

Taking into account the relationship between A and B according to (3.3.6), we
obtain

z\V —iz; tanwd
Zy — iZWMtanad

m

AUEYZ (3.3.8)
which is an important cquation, making it possible to recalculate the input
impedance from one layer boundary to another.

Lct us show that in the simplest case considered, when medium 1 is a homoge-
neous half-space, Zi(']:) = Z),wherc Zy is givenby (3.3.1) for j = 1. Indeed, since
the impedance Z(z) is continuous at the boundary z = 0, Zl(nl ) can be calculated
using the values of the acoustic pressure and the normal velocity in medium 1.

For arbitrary z in medium 1 (omitting thc same factor as above)

p1 = Wiexp(ikyzcos ),
1 d9p; kWicos
iwo) 9z wQ|

zO () _ v _ g
m Vi; 2=0 kl 00891

Now the input impedance of the layer according to (3.3.8) 1s

Z) —iZytanad
7z = 2 Z. 33.9
m Zy —1Z) tanad 2 ( )

Vi, = exp(ikiz cos 81).

Thus,

Having found Zi(r? ) we may express the reflection coefficient by the simple formula
2
— Zin — 73

Yy = -
(2 '
Zin + Z3

(3.3.10)

In fact, the total field of the incident and reflected waves in medium 3 may be
written in the form

p3 = explikz(z + d) cos 3] + V exp[—ik3(z + d) cos 83]. (3.3.11)
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Using the last equation we can determine v3;. and requiring that the rclationship
Z(—d) = (p3/v3z)em—ad = Zi(nz) be fulfilled, we obtain formula (3.3.10). This
formula and (3.3.3) give an expression for V in two different forms; in other
respects they are identical and can be transformed into one another.

Let us consider some special cases.

a)Let ad =Nm, N=1,2,3,..., or taking in account the value of «,
d = Niz/(2cos6), that is the layer thickness is equal to an integral number
of A2/(2 cos &), where A7 is the sound wavelength in medium 2. At normal
incidence and N = 1, this is the case of the half-wave layer. Since tan ad = 0
in this case, we obtain from (3.3.9) that Zi(s) =27.

Thus, the half-wave layer has no effect on the incident wave (as if the layer
were absent), and reflection takes place just as if media 3 and | were in direct
contact with one another.

b) Letad = 2N — 1)(m/2) ord = Ay(2N — 1)/(4cos #7), i.e., the layer thick-
ness is equal to an odd number ot X,/(4cos#,). At normal incidence and
N =1 this is the case of a quarter-wave layer. Sincc tan ed = o0 in this case,
we obtain from (3.3.9) that Z{,) = Z2/Z;. Now it is clear from (3.3.10) that
if the condition Zf = ZZ3 is also fulfilled, we have V =0, i.c., reflection is
absent and a wave will completely transmit into the lowcr half-space.

In the particular examples considered, absorption was supposed to be absent
in all media. In order to take account of absorption, it is sufficient, as always, to
assumc that wave numbers k(, k3, and k3 are complex. In this case, impedances
Zy, Z>, and Z3 will be complex, as well.

3.3.2 Reflection from an Arbitrary Number of Layers

Let us supposc that between two semi-infinite media which we denote by | and
n + | there are n — 1 layers denoted by 2, 3, ..., n (Fig. 3.6). Let a planc wave
be incident on the last layer at an angle of incidence 6,,4+). Our problem is to
determine the reflection cocfficicnt.

It is clear from the above presentation that for this purpose it is sufficient to find

the input impedance of the entire system of layers Zi(:)' Obviously, the latter can be
determined by the (n — 1)-told application of (3.3.8). Indeed, setting Zi(n” =7,
d = dy, and o = ap — ky cos 62, we obtain the input impedance Zif) at the upper
boundary of the lowest layer. Further, carrying out in the right-hand side of (3.3.8)

the replacements Zi(l:’ — Zi(lf), Zy = 73, a — a3, and d — d3, we obtain for

the left-hand side Zi(sj, the input impedance of the second layer from the bottom
and so forth. Finally, having found Zi(:_”, from the relationship

zN iz, tanand
zm — Zin ! "y (3.3.12)

~in . —-1
Z, — |Zi(: ) tan apd),

we determine the required input impedance of the system of layers. The reflection
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coefficient will now be

v Zin = Zo

= . (3.3.13)
Zin +Zn+1

As beforc, the quantities Zy, Z3, ... Z,+; are given by (3.3.1).

Letus write, for example, the input impedance for a system of two layers (n = 3)
in the explicit form

3 Z1Zy— Z1235283 — i(Z382 + Z2Z383)

" ZoZ3 — 238283 — (Z1Z382 + Z2Z,183)

(3.3.14)

where §; =tanajd; and j = 1,2, 3.

Obviously, the reflection coefficient for a system of layers can also be found by
the successive application of formula such as (3.3.3); we will not, however, dwell
on this.

The distinctive feature of the reflection coetficient for one or many layers is the
oscillating character of its dependence upon the wave frequency and the angle of
incidence due to the interference of waves undergoing multiple reflections from
the layer boundaries.

3.4 Sound Reflection from a Solid

In a number of cases, it 1s necessary to take into account the shear elasticity of the
bottom. This will be done in this section. We shall assume that the bottom is an
infinite homogeneous half-space z > 0 with the density ¢; and the Lame elastic
parameters A1 and ;. The half-space z < O from which the plane sound wave
impinges on the boundary z = 0 is supposcd to be a liquid of density ¢ and sound
velocity ¢ (the Lime parameter A = pc?).

The velocities of longitudinal and transverse waves in the solid are expressed
in terms of g1, A1, and w, as follows:



3.4, Sound Reflection from a Solid 73

TYRNY:. 1/2
o = (M) . b = (ﬂ) . (3.4.1)
01 01

The particle velocity at each point of the solid can be expressed in terms of the
scalar ¢; and vector i, potentials |3.3]

v) = grad @) + rot ;. (3.4.2)

In the casc of a two-dimensional problem, assuming that all quantities only
depend upon the coordinates x and z. and the vector v; also lies in the xz plane,
the potential vr; can be choscn such that only its y component, which wc shall
denote . differs from zcro. Then, according to (3.4.2) v will be a vector with
components

o dpr Y oo =0 I . R
= — — = . = U, l: = — PR
T ax 0z g 0z ax
and ¢; and ¥ can be called the polentials of longitudinal and transversc (shear)
waves. It can be shown that these potentials satisfy the wave equations

(3.4.3)

1 2%¢ 1 9%y
Ay = — and Ay = — . 344
@1 2 o (4 ERFTE (3.4.4)

The normal components of the velocity, v., and of the stress tensor, Z., must be
continuous across the boundary, between the liquid and solid. Since the tangential
stresses in the liquid vanish, the component Z; must be zero at the boundary.

In the two-dimensional case we have the following expressions for the compo-
nents of stress tensor of interest to us [3.3]:

du du. du.-
Zz=ll( 'I+,—N)+2,U,1 =,

ax 9z az
du,  Ju.

Zx - I.Ll ; + - , Z\r - 0, (3.4.5)
a9z ax :

where u  and u; are the displacements along the x and z axes, respectively, obtained
for a harmonic wave by dividing the velocity components viy and v, by —iw.
We specify the sound field in the liquid by the potential ¢. The particle velocity
is then v = grad ¢.
Now the boundary conditions at the bottom z = 0 are written for the continuity
of Z.:

CR TR a2 :
AAY = LA 2 , 346
¢ =XrAg + “'(az2+axaz) (3.4.6)
for Z, equal to zero:
o1 Py _ Py
- =0, 34.7
dxdz = 9x?  3z? G40
and for the conltinuity of v,:
d J Y
% _n, o (3.4.8)

dz 9z ax
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Let a plane sound wave
@i = explik(x sin€ + z cos 6)] (3.4.9)

be incident from a liquid on a liquid-solid surface. The potential of the reflected
wave can be written in the form

¢ = Vexplik(xcosf — zcos8)]. (3.4.10)
Thus, the total sound field in the liquid will be
¢ = [exp(ikz cos @) + V exp(—ikz cos )] exp(ikx sin ). (3.4.11)

The potentials of the longitudinal and transverse waves in the solid can be written
in the form

¢ = Wexplik|(xsin8; 4+ zcosf))]. (3.4.12)
¥y = Pexpliza(x siny; + zcos y)l. (3.4.13)

wherc &, k|, and z; arc wave numbers
k=w/c, ki =w/cy, ) = w/b, (3.4.14)

and 6; and y; are the angles between the z axis and the normals to the wave fronts
of longitudinal and transverse waves in the solid, respectively.

Substituting (3.4.11-13) into (3.4.6-8) and setting z = 0, we obtain three equa-
tions from which the coefficients V, W, and P and the angles 6; and y, can be
found. Thus. (3.4.8) gives

k(1 — V)cosh = k; W cosd; expli(k; sin6) — ksin8)x]
— sy sinyp P expli(s siny; — ksinf)x|. (3.4.15)

Since the left-hand side is independent of x here, the right-hand side must also be
indcpendent of x. This is possible only if the equations

ksind = ky sin6) = sz sin y (3.4.16)

are satistied. The latter determine the directions of waves in the solid.
Now (3.4.15) can bc written as

k(1 — V)cosf = k\Wcosfy — s P sin y. (3.4.17)
Similarly, from (3.4.7) wc obtain
kle sin 26) + /f P cos2y = 0. (3.4.18)

Furthermorc, we add and subtract 2/4;3%¢, /8)(2 on the right-hand side of (3.4.6)
and take into account that the sum of the second dcrivatives of ¢; with respect 1o
x and 7 1s Ag;. Then this equation can be rewritten in the form

Py 9 |
AAY = (A + 2t1) A + 244 | - ]t/l - _§0_| . z=0. (3.4.19)
dxdz  Ix?

Noting that Ag = —k%*p and Ag; = —k%(ph taking into account (3.4.1, 14), and
using, as usual, the notation m = /0, the last cquation can be written in the
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simpler form

¢ 2 (9% g
¢ _,_2 _reny L. 3.4.20
m_ Y s (Bxi)z dx? ( :

Substituting the values of ¢, i, and ¥, into this cquation, we obtain the third
equation for the determination of the coefficients V, W, and P:

1+ V ki) :
1+ = [l -2 (—]) sinzﬁl] W — Psin2y;. (3.4.21)
m X1

Solving the system of equations (3.4.17, 18, 21), and making some transformations
in which (3.4.14) is used, we find
Zin—2
V — m :
Zin +Z
Here Z and Z| have the same meaning as in Sect. 3.1, and Z, = ¢ b;/ cos y1. The

quantity Zi, in accordance with Sect. 3.1 may be called the input irnpedance for
the solid half-space. Furthermore

Zin = Zi cos* 2y + Z,sin’ 2y;. (3.4.22)

27 2
mw = =2 p --yl—, —m
Zin+ 272

_ 27, sin 2y

. 3423
Zin +2Z ( )

3.4.1 Analysis of the Reflection Coefficient
Note some interesting facts about V given by (3.4.22).

a ) At normal incidence of the sound wave on the boundary (¢ = 6 = y| = 0) we
have Z;, = Z|, P = 0, i.e., the shear waves are not generated.

b) For ¢ # 0 we have from (3.4.16) for the angles of refraction of the longitudinal
and transverse waves

sinf) = (¢y/c¢)sind, siny, = (by/c¢)sind. (3.4.24)

If ¥ = arcsin(c/+/2b1), then y; = 45°, Zj, = Z;, and W = 0, i.c., only trans-
verse waves are generated in the solid in this case.

¢) Let the velocity of the longitudinal waves in the bottom be less than that in
water, i.e., ¢; < c¢. Of course, in this casc also b) < ¢. The quantity Z;, is
real, i.e., the boundary is resistive. The reflection coefficient is also rcal and
always less than unity (except for the case 8 = 7/2). The energy is carried
away from the boundary into the solid half-space by the longitudinal as well as
by transverse waves.

Expression (3.4.22) for Zj, can be transformed into

Z; tan
L Vi sin22y1.
2 tan g,

Since by < ¢y always and, conscquently [by virtue of (3.4.24)] 1 < 6. then
(Zin/Z1) < 1. Thus, the total impedance of the solid boundary is less than the
impedance of the liquid with the same values of | and ¢, i.e., the excitation
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of the transverse waves leads to some “softening” of the boundary, and, as a
consequence. to a decreasc of the reflection coefficient.

It should also be noted that, as has been shown by Tartakovskii [3.4], the
impedance Z;;, varies with the angle of incidence € less than the impedance Z,
of the liquid with the same g, and ¢,.

d) Let us now consider the case ¢| > ¢, b| < ¢, as is {requently the case for
the bottom. If sinf < ¢/cy, that is sin¢) < 1, there is nothing new as com-
pared with case ¢). However, at sinf = ¢/c|, there is already an interesting
phenomenon. From (3.4.24) we obtain ¢ = 7 /2 and consequently Z;, = o0,
Zin = oc, and V = 1, that is, total reflection occurs. With a further increase in
6, partial reflection will once again take place. Indced, it is clear from (3.4.24)
that cos8; = (1 — sin? 61)'/? = +i| cos 8|, when sin@ > ¢/¢;. By requiring
that (3.4.12) be boundced as z — 00, one has to choose the upper sign. Conse-
quently, we have Z| = —i|Z;|. Now the longitudinal wave in the solid is an
“inhomogeneous” one propagating along the boundary and exponentially at-
tenuating with distancc from it. The transverse wave will be an ordinary plane
wave leaving the boundary at the angle y. The input impedance Z;, according
to (3.4.22) can be rewritten as

Zin = Zysin? 2y — i|Z1| cos® 2y, (3.4.25)

i.e., the input impedance is complex. Its resistive part is due (0 the transverse
waves, and its reactive part duc to the longitudinal waves.

Substituting (3.4.25) into the first formula of (3.4.22), we oblain the rellec-
tion cocfficiecnt. The squarc of its modulus is

i = Gasin’ 2y = 2 412 cos* 2y,
(Zsin 2y + Z)2 + | Z) 2 cos* 2y,

This quantity is less than unity sincc a certain part of the acoustic energy is
carried away from the boundary by a transverse wave.

(3.4.26)

We will not go into detailed consideration of the case, rare for undcrwater
acoustics, when the velocity of the transverse waves in the bottom is higher than
that in water (b; > ¢). Of course, in this case ¢| > ¢. The reader can easily
understand that at sin 8 > ¢/c| there is the usual partial reflection, but that part of
the input impedance which is due to the longitudinal waves is reactive, 1.e., (3.4.26)
is valid. Finally, when sin€ > ¢/b| the input impedance is purely imaginary and
reflection is total. More detailed consideration of the rcflection of sound waves
from the water-solid boundary is given by Brekhovskikh [Ret. 3.2, Scct. 7].

Figure 3.7 illustrates the modulus of the reflection coefficient from the under-
water bottom as a function of the angle of incidence 6 for g /0 = 2, ¢/c; = 0.9,
and b /¢ =0.3 - 0.5.

3.4.2 Surface Rayleigh and Stonely Waves

A surfacc wave can propagate along the interface of solid and liquid half-spaces.
Its velocity is independent of frequency and less than both that in the solid and that
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FIGURE 3.7. Modulus of the L.1p
reflection coefficient from 1.0
the underwater bottom for

o1/e =2.¢/e; =09, 0.9
by/c =05 (curve 1), 0.8
0.4 (curve 2), and _

0.3 (curve 3) 0.7

0.6
0.5
0.4
0.3
0.2
0.1

() i 1 1 1 A 1 | H | |

0 10 20 30 40 50 60 70 80 90 100
00

Vi

in the liquid. Therefore, its amplitude decreases exponentially in both media with
distance from the interface, and along the interface the wave propagates withoult
attenuation. Such a wave at the interface of two solid media was discovered by
Stonley and is called the Stonley wave. By analogy, a wave at the interface of a
solid and a liquid has also been called a Stonley wave. A wave at the interface
of a solid half-space and a vacuum was discovered by Rayleigh and is called the
Rayleigh wavc.

Since the surface wave can cxist alone without an incident wave, the conditions
of its existence can be obtained from previous results if we require that the am-
plitude of an incident wave approach zero and thc amplitudes of the other waves
remain finite. This means that we shall have V — oo, W — o0, P — o0, i.e.,
according to (3.4.22) and (3.4.23),

Zi, +Z = 0. (3.4.27)

Now taking the cquality (3.4.16) into account and denoting & = ksinf =
w/v, where v is the velocity of the surfacc wave, we have kcostl = (&% —
kD2, kycos =i(E82 — kD)2, s cosy) = (62 — 33)/2. Substituting Zj,
from (3.4.22) in (3.4.27), keeping in mind that Z = pc¢/ cos 8, Z| = gjc)/ cos Oy,
and Z¢ = pb1/ cos 1. and denoling

s=06a/8 = /b’ g=Bife)’, r=di/o} (3428
we obtain the equation for s, the velocity of the Stonley wave,

(0/@)s” (L =sg)' (1= s~ =41 = )21 = 5¢)'* = 2 = 5)%,
(3.4.29)

which always has onc real root s < 1, s¥ < |. In the particular case g/g) = 0,
(3.4.29) reduces to the equation for the velocity of the Rayleigh wave.
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3.5 Reflection from a Continuously Layered Medium

In this scction we again assume the bottom to be liquid, but take into account that
the sound velocity increases with depth as is usually (he case in practice.

For the modcl adopted in this scction, Fig. 3.8 illustrates the sound velocity
profile on the left and one of rays incident from water onto the bottom on the right.
This ray turns at the depth 7 = z,,, then returns into the upper half-space.

We suppose that the sound velocity at the water-bottom interface (the planc
z = 0)is continuous. The vertical sound velocity gradient in the bottom is assumed
to be sufficiently small (variation of the sound velocily per wave-length is small)
and reflection in the region z,; < z < 0 may be neglected.

Let us assume that a planc sound wave from above is incident at the angle 8y on
the boundary z = 0. For this case the expression for its reflection coefficient can be
wrilten easily (see this in more detail [Ref. 3.4, Sect. 25]). The wave propagating
downwards in the half-spacc z > 0 in each elementary layer dz experiences the
phase shift k- dz, where

k: =[k%(z) =212 k@) =w/clz).  E=kosinby,  k(zm) =&.
(3.5.1)

The integral phase shift due to wave propagation from the boundary z = 0 to depth

Im 18
Zm
0

and has the same value when the wave propagates in the backward direction. All
this can be casily visualized. Howcver, the fact that cannot be visualized, but which
can be explained on the basis of the more exact theory of this process, is that the
wave loses the phase /2 upon reflection from the depth z = z,,. As a result, the
wavc returns into the upper homogencous medium with the same amplitude as an

&
[l

Cy

v
m

(a) (b)

FiGure 3.8. Reflection from a continuously layered medium. (a) profile ¢(z), (b) one of
the rays
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incident wave but with an additional phase

bid

0 T 0 2 2,1/2 v
(p=2[ lczdz—E:Z/ [k‘(z)—E'l"a’z—? (3.5.2)

i

The approximation used to obtain this cxpression (the variation of propertics of a
medium per wavelength is small) is called the WKB (Wentzel-Kramers-Brillouin)
approximation.



4

Reflection of Sound from the Surface
and Bottom of the Ocean: Point Source

In Chap. 3 we have considered the reflection of plane waves from the surface and
bottom of the ocean. But in real situations, a sound source is usually located at a
finite distance from boundaries of the medium. In acoustics the simplest source
is a pulsating sphere of small radius (a “point” source). We are thus led to the
problem of a field of a point omnidirectional source located at a finite distance
from a plane interface between two media, i.e., to the problem of reflection of a
spherical wave—the topic of this chapter.

4.1 Sound Field of an Underwater Source
Located Near the Water Surface

4.1.1 Wave Representations

The acoustic pressure of a point (omnidirectional) sound source in free space is
given using (2.1.3) by the formula

p = —iwoVp(dn R)'"1 exp[i(kR — wt)]. (4.1.1)
For simplicity we shall omit the factor —(iwp Vp/4m) exp(—iwf) so that
p= R exp(ikR). (4.1.2)

The omitled factor can be included in the final formulae.
Now let this source 0 be at a distance z; from the water surface z = 0 (Fig. 4.1).
The acoustic pressure must also satisfy the Helmholtz equation (Sect. 2.1)

Ap+kp=0 (4.1.3)
and the boundary condition [see the remark after (3.1.16)]

p=0 at z=0. (4.1.4)

80
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FIGURE 4.1. Source O and the “image”
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It can easily be seen that this condition is satisfied by the sum of the spheri-
cal wave (4.1.2) and the spherical wave radiated by an “image” source at point
0'(0, —z)) which is obtained by specular reflection of the sourcc O at the water
surface (see Fig. 4.1). As a result, we obtain for the sound pressure

p = R exp(ikR) — R exp(ikR)) (4.1.5)
whcre
R=[?4+ @G-z and R =[r*+(z+2)%"% (4.1.6)

In fact, at z = 0 we have R = R| and, consequently, p = 0. The expression
(4.1.5) for p satisfies (4.1.3) as well as the other necessary conditions, it, namely,
represents an outgoing wave at r, z — oo and behaves as 1/ R when a refercnce
point approaches the source (R — 0).

4.1.2 Ray Representation

In ray theory formula (4.1.5) is obtained as follows. A sound field at point P (Fig.
4.1) will be a sum of the field of the direct ray O P and that of the reflected ray
O AP. The intensity of sound along the dircct ray decreascs with increasing R as
R~2, and this means that the acoustic pressure decreases as R~!. The phase of 4
wave at distance R is kR. As a result, we obtain (he first term in (4.1.5), i.e., the
acoustic pressure for the direct ray.

The acoustic intensity and phasc along the rcficcted ray O AP behave in an
analogous way. The reflected ray can be considered as beginning at the image
source O since OAP = O'AP = R,. The reflection coefficient from the water
surface is equal to —1 [see (3.1.12) for m = g1 /0 = 0]. Therefore, the image
source must be 180° out of phasc with the principal sourcc. As a result, we obtain
the second term in (4.1.5) with the minus sign.

4.1.3 Directional Pattern

The summation of both terms in (4.1.5) yields a comparatively complex interfer-
ence pattern for the sound field. For the sake of simplicity, we shall consider the
sound field at a distance R which is much greater than the depth of the source z;.
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In this case, R and R in the denominators of both terms in (4.1.5) can be replaced
by Rq = (r + z2)!/2 (Fig. 4.1). As a result, the cxpression for p can be written

p = R} "exp(ikRo)|expik(R — Ro) — expik(R| — Ro)l, (4.1.7)
wherc
R—Ro=[2+ (-2 = Ry=[RE+ (: — 22 — 21" — Ry
= Rol[1+ (=2 = 2zz1)R; 12 — 1) (4.1.8)

The second term under the square root is small compared with unity; therefore
R— Ro = (z] +2z21)2Ro) . (4.1.9)
The expression for Ry — Ry is obtained when z; is replaced by —z;. Thus
R — Ro = (z} +2221)(2Ro) ™" (4.1.10)

Furthermore, we have (Fig. 4.1) z/ Ry = cosép. As aresult, (4.1.7) can be written
as

p = Ry ' exp(ik Ro)|exp(—ikz; cos 6p) — exp(ikzy cos €p)]

X exp[ikZ%/(ZRu)]. (4.1.11)
Let R be large enough to satisfy the condition’
k23 /Ry « 1 or explikz?/(2Ry)] ~ 1. (4.1.12)
Then (4.1.11) becomes
p = —(2i/Rp) sin(kz) cos Ap) exp(ik Rop). (4.1.13)

For the amplitude of the acoustic pressure | p| we obtain
|p| = (2/Rp)| sin(kz cosbg)|. (4.1.14)

For a point source in free space we would have | p| = 1/Rg. Thus, a system of the
point source plus the water surface or, what is the same, a system of (he source
plus its image is equivalent to the point source with the directional pattern

F(6y) = 2| sin(kz; cos Bp)|. (4.1.15)
In the directions satisfying the condition
kzycostp = (N + 1/2), N=0,12,..., (4.1.16)

the acoustical pressure 1s maximal and equal to the doubled acoustic pressure of
the single source. In the directions for which

kzjcosfip = N (4.1.17)

the acouslic pressure is zero.

I'This means that the reference pointis in the Fraunhofer zone, that is, far cnough to consider
in Fig. 4.1 the lines 0 P, O’ P, and O P to be parallel and to usc the approximate expressions

R—Rg=—zyco80y) and R) — Ry = 2| cosft.
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It the depth of a source i1s small as compared with the wavelength, 1.c.,
kzp < L, (4.1.18)
then
F(60) = 2kz1 costy, (4.1.19)

that 1s, we obtain a cosinusoidal directional pattern as for dipole. This is natural
since a source at small depth forms an acoustic dipole with its image.

In underwater acoustics the dependence of sound pressure on distance at a fixed
depth is of great importance. In the case considered, this dependence reveals in-
termittent maxima and minima of the sound pressure. However, at large distances
(or small 7y, z) kz| cos Oy = kzzy /Ry <« |, the acoustic pressure decreases with
distancc monotonically

\pl = 2kzz, /r2. (4.1.20)

Consequently, the sound intensity decreases with distance as r —*.

Up to now a medium where sound propagates was assumed to be homogeneous.
However, the main features of this phenomenon also remain valid in the presence
of ray refraction.

Figure 4.2 gives, for example, the profile ¢(z) and the ray diagram for a real
case (tropical Atlantic) at a source depth of z; = 20 m. At depths z > 50 m
and distances r > 3 km there is a shadow zone. At smaller distances two rays,
direct and reflecied from the surface, interfere at each point. Variation of the
acoustic pressure with distance for z; = 20 m, z = 400 m, and sound frequency
f =400 Hz is shown in Fig. 4.3 for this case. We see that the sound field really
has a well-pronounced interference character in the insonified zone and rapidly
decreases in the shadow zone. At distances r > 6 km the sound field is mainly
due to the sound waves reflected from the ocean bottom.
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FIGURE 4.2. (a) Profile ¢(z) and (b) ray diagram
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4.1.4 Radiated Power

We have seen above that at small z; the sound field in water can be considered
as that of a dipole, the amplitude of the acoustic pressure at any point decreasing
with decreasing z;. Quite naturally the radiated acoustical power also decreases.
We can also foresee it according to rather simple physical considerations. Indeed,
when a pulsating sphere (which approximates our source) is located near the water
surface, its periodic expansions and contradictions only cause small local changes
of the water level, without producing essential compression-rarefication waves in
the water. Using the assumption about the image source, it is sometimes said that
at small depth z; an “acoustical short circuit” takes place on the image working in
the antiphase of this source.

Thus. the total radiated power increases with an increase in z; when z| is small.
When the source is very far from the surface its radiation will obviously be the
same as in {ree space. Let us obtain a formula for the radiation power with arbitrary
z1, assuming that the volume velocity Vj of the source does not change with its
depth. In free space, if the acoustic pressure is given by (4.1.2) we have for the
radiated power

Wo = 4R3I p1*(20c) ™! = 27(ge) ™! 4.1.21)

where Ry is the distance from the source and p is the acoustic pressure at this
distance.

Taking into account the water surface, we have for the amplitude of the acoustic
pressure (4.1.14) and, consequently, for the specific sound power flux at distance
Ry in the direction given by the angle 6y

11)!2(29(.-)_ 2(pc Ro) sin” (k 1 cosp). (4.1.22)

To find the total radiated power, the last expression must be multiplied by the arca
of the band lying on the semisphere with radius R and restricted by the angles 6y
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FIGURE 4.4. Power output of a source as a function of source depth

and 6y + df, which is equal to 27 Rg sin pd6p, and then integrated in respect to
By from 0 to /2. We have then

/2
W =4x (QC)_l [ sinz(kzl cos Gy) sin Gy d6y.
0

Having introduced a new variable £z cosfy = x and performed an elementary
integration, we find

W = 27(0c) ' [1 — (2kz1) ™" sin 2kz, 1. (4.1.23)

Taking (4.1.21) also into account, the ratio of powers in the presence of the water
surface and in tree space is written in the form

W/ Wy =1 — (2kz;)~ ' sin 2kz;. (4.1.24)

InFig. 4.4 the ratio W/ Wy is plotted as a function of kz) /27 = z1/A. Ifkzy — o0,
then W/ Wy — 1 as expected for a source in free space. The source power output
will be maximal at z; /A = 3/8. In this case W = 1.2W,.

Sometimes the radiated power 18 written in the form W = Z; VOQ, where Z1 is
the radiation impedance of a source. For this case, the plot in Fig. 4.4 also gives
the depth dependence of the radiation impedance.

4.2 Expansion of a Spherical Wave into Plane Waves

The difficulty of the problem of the reflection and refraction of a spherical wave ata
plane interface between two media is due to the difference between the symmetry of
the wave and that of the boundary. Whereas the wave has a spherical symmetry, the
boundary is a plane. It is therefore natural to approach the problem by expanding
the spherical wave into plane waves, especially since the theory of the reflection
and refraction of plane waves is well developed.

We assume that the source is at the origin, so that in (4.1.2) we have R =
(x? + 2 + 79172 Inthe plane 7 = 0, the field of the spherical wave is exp(ikr)/ r,
where r = (x% + y?)!/2. We expand this field in a double Fourier integral in the
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variables x and y
o
exp(ikr)/r = /f Alky, ky) explitkyx + kyy)dky dk,y. (4.2.1)
—00
A(ky, ky) is given by the inverse Fourier transform
0
(27)* Alky, ky) = ]f r! exp(ikr) exp[—i(kyx + kyy)]dx dy. (4.2.2)
—00

Next, transform to polar coordinates and use the notation

ke =Ecosy.  ky=gsiny, &= (ki k'
X =rcosg, y =rsing, dxdy =rdrde. (4.2.3)

We then obtain

2 o
2m) Ak, ky) = f dy f explirlk — & cos(y — )]} dr.
0 0

The integral over r is elementary. Moreover, assuming that & has a small positive
imaginary part (small absorption in the medium), substitution of the upper limit
yields zero, and we obtain

2T 2w
2r)? Atky, ky) = if dy = ik~ ! [ da .
‘ 0o k—§cos(y — o) o 1—(§/k)cosa

Here the integral is elementary, hence
Alky ky) =iQm) 7 0 — D72 =imy T K -k — k)7 @24)

Thus,

exp(ikr)/r = iQ2m)™" f [ (kK — k2 — k)™ explitkex + kyy)| dky dky.
-

(4.2.5)
This expression, describing the field in the xy plane, can be easily “continued”
into space. As is well known, each Fourier component will then correspond to a
plane wave in space. Formally, for this “continuation” it is sufficient to add the
term ik z in the exponent in the integrand, where

k: — (k2 _ k% _ ki)'/lz — (kz _ 52)|/2. (4-2.6)

The plus (minus) sign corresponds to waves propagating in the positive (negative)
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z direction in the half-space z > 0(z < 0). Thus,

x5
exp(ikR)/R = i(2m)~! // k;l explitkyx + kyy + k. 2)| dky dky,
—oC
z2<0 (4.2.7)

0
exp(ikR)/R = i(271)“l f/ kz_] explilkyx + kyy + k. 2)) dx, dx,.
—o0

The validity of such a “continuation” is proved by the fact that the right-hand sides
of the last expressions satisfy the Helmholtz equation (since 1t 1s satisfied by the
intcgrands) and give the correct value for the field at 7 = 0.

Equations (4.2.7) represent the expansion of a spherical wave into plane waves.
The exponent in the integrand is a plane wave propagating in the direction given
by the components k. ky, and & of the wave vector.

4.3 Reflected Wave

Now we shall assume that a source is at the point r =0, 7z = 2 (Fig. 4.5). The
plane z = 0 is the boundary between two liquids as in Sect. 3.1.

Each plane wave in the integrand in (4.2.7) propagating from the source to the
boundary and via reflection to the receiver at point (r, z) builds up the phase &y x +
kyy + kz(z + z0). Its amplitude must be multiplied by the reflection coefficient
V(k.). k, = kcos 8, where 6 is the angle of incidence. As a result, we obtain for
the reflected wave

oC
pr = i(271)“l /f k:_' V(k:) explitkyx +kyy + k(2 + z0))dk dk,  (4.3.1)

-0
z
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L0
. 90/
FIGURE 4.5. Positions of the source O ]R3
. . P2 .
and the reference point P with respect to o
the interface
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or in polar coordinates, using (4.2.3),

oo 2
pr = i(2m)"! fn 1V o expli(c+ 20l d [ explie costp = 1.

The integral over ¢ is equal to 2 Jo(Er ), where Jo(£r) is a Bessel function of zero
order. Let us use the well-known relation in the theory of cylindrical functions

Jogr) =27 HP Er) + HP (€0)],

where H(()” and H(gz) are the Hankel functions of the first and the second kind.
Hence

py = i2~! UO H" €r) +[0 Hff)(gr)] kv (k.) explik. (z + 20)]& dE.

In the second integral we replace & by —& and make use of the relation {Ref. 4.1,
p. 89] H((Jz) [Erexp(—m1)] = —Hé])(a_‘;'r). We obtain then in this integral exactly
the same integrand as in the first one, the limits of integration being 0, —oc.
Combining both integrals into one, we have

pr=i2"! f KW )HS ) explik. (2 + 20)JE dE. (4.3.2)

—0oC
If the reflection coefficient V is not a function of the angle of incidence, it
can be taken outside the integral sign. Then the remaining integral is {Ref. 4.2,
Chap. 4]

o>
f Hy' ' (Er)kT " explik: (z + 20)J€ d& = —2iR} ' exp(ikR)).

—00
Ri = [r? + (z + 20)"1V2. (4.3.3)
As a result, the reflected wave is
pr= VR Texp(ikR)). (4.3.4)

i.e., the outgoing spherical wave centred at the image source O’ (Fig. 4.5).

Let us turn to a general case. The field at distances which are large compared
to the wavelength is of interest to us. Under these conditions it is convenient to
use an asymptotic representation of the Hankel function

Hy (6r) ~ [2/(en)] P explier — m/MI0 + 8iEN™ +---1. (4.3.5)

Having restricted ourselves to the first term in this expansion, we obtain from
(4.3.2)

pr = Q@rr) 2 exp(ri/d) f WE/KDV (k) expliw@)] dE (43.6)

where
w(&) =&r + k(2 + 20). (4.3.7)
Note that
r = Rj sin 6, z+z9 = Rycosty (4.3.8)
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where R| is the distance from the receiving point P to the image source O, and
8o is the angle between the line O P and the 7 axis (Fig. 4.5). Then,

w(&) = Ry (& sinby + k, cosbp). (4.3.9)

Since, according to our assumption, R is large compared with the wavelength,
the exponential in the integrand (4.3.6) will be a rapidly varying function, and the
value of the integral can be estimated by using the method of stationary phase.?
The main contribution to the integral is given by the vicinity of the point of the
stationary phase & which can be found from the equation (dw/d&)g, = 0. Taking
into account (4.3.7) and the value of 4. (4.2.6), we obtain

&o = k sin . (4.3.10)

Thus, the point of stationary phase corresponds to rays O’ P in Fig. 4.5 for which
the horizontal component of the wave vector is given by (4.3.10). All factors in
the integrand (4.3.6), except the exponential, can be taken outside the integral sign
(as a slowly varying function) at & = &, and for the evaluation of the remaining
integral w(&) can be expanded into a power series of &

w(E) = w&o) + 27w (&) (E — &)°. (4.3.11)

As a result, we obtain from (4.3.6)

pr = V(0o)2rkRy cos® ) '/% exp [iw(sg) + 54-‘}

Xf expliw” (0)(5 — £0)*/21d& (4.3.12)

where V (0p) = V (k;)ls—¢,. Let us change the integration variable from £ to s,

w’(&)(E — §)?/2 = is?
or
E—& = [2/w”(&)] P explin/4)s  for w’ (&) > 0,
£ —& = [-2/w" (%)) ? exp(—in/4)s for w"(£) < 0.

The path of integration over s goes from —oc exp(=£in/4) to coexp(£in /4), but
it can be deformed so that it will go along the real axis. As a result, using the value
of the integral

o0
f exp(—s’)ds = /7,

we obtain
/ expliw” (§0)(§ ~ £0)°/21d§ = [2n/Iw" (50)]"/* exp(in/4)  (43.13)

the sign in the exponential being coincident with the sign of w” (&p).

2The method of stationary phase is a particular case of the steepest descent method consid-
ered, for example. in the book by Brekhovskikh |Ref. 4.3, Sect. 27},
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Substituting (4.3.10) into (4.3.9) yields w(§y) = kR;. Then, differentiating
(4.3.9) twice with respect to &, taking into account k, from (4.2.6), and again
substituting &g from (4.3.10), we have

w”(£9) = — Ry /(k cos” ).
Now, taking into account (4.3.13), we obtain from (4.3.12)
pr = V(60)R| " exp(ikR). (4.3.14)

Thus, in this approximation the result is quite simple. The field of the reflected
wave is equal to that of the image source O’ (Fig. 4.5) multiplied by the reflection
coetficicnt V (6p).

As will be shown below, this approximation is not always sufficient in practice.
To calculate p, in the next approximation we have to do the following:

1. take into account the next term in the expansion of the Hankel function (4.3.5);
2. expand the function w(£) in (4.3.6) up to the term (§ — &y)*; and
3. expand the integrand except the exponential in (4.3.6) up to the term (& — &y)?.

We shall not deal here with these in principle simple, yet rather cumbersome
calculations, but just give the final result®

pr = Ry exp(ik RDIV (6p) — iN/KR) ], (4.3.15)
where
N =271V @) + V' (@) cot &]. (4.3.16)

Here a prime stands for the derivative with respect to 6.
Using (3.1.12) for the reflection coelficient of a sound wave from the interface
of two liquids, we obtain after differentiating

_ m(l —n?)

B a3 (myo + qo)

3 [2m(n2 -+ 3my§ + 6]0}’0(2"2 - }’62 +1)— m}’(?]»

(4.3.17)
where

Yo = cos b, go = (112 — sin? 90)1/2. (4.3.18)

Approximation of Geometrical Acoustics. The second term in the square brackets
in (4.3.15) vanishes as k — oc, and therefore, (4.3.14) is called the approximation
of geometrical acoustics. Analysing the limits of the validity of this approximation
is of nterest here.

First of all we note that N = 0if V isconstant, i.e., when the reflection coetficient
is independent of the angle of incidence. This occurs, in particular, for a perfectly
reflecting surface (V = %1). The applicability of geometrical acoustics in this
case is well known (Sect. 4.1). The reflection cocfficient is also indepcndent of
angle when the sound velocity is the same in both media. In fact, setting n = 1 in
(3.1.12), weobtain V. = (m — 1)/(m + 1).

3For the complete derivation of formula (4.3.15) with integration in the complex plane ¢
where & = k sin0 see Brekhovskikh [Ret. 4.3, Sect. 28].
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Now we will derive a criterion to indicate when the correction term in (4.3.15)
can be neglected if V is not constant. For simplicity, consider the case in which
the source is located at the interface (R = R, see Fig. 4.5). The correction term

in (4.3.15) is small compared with the sum of the direct wave exp(ikR)/R and the
reflected wave V (6y) exp(ikR)/R if

kR|1 + V(6| > |N| (4.3.19)
or using (3.1.12) for V (6y) if
2mk R sin 6

m cos 6y + /n? — cos? 6

> |N|. (4.3.20)

Since kR is assumed to be large, this condition is automatically fulfilled, exceptin
the case when cos 6y <« 1 and 6y >~ = /2. In the latter case, taking into account that

in (4.3.17) yp = coséy <« 1 and R cosfy = z, condition (4.3.20) can be rewrilten
as

k2 m~n? — 1 4321)
' (mcos@y + vnZ — 2| o

If m cos 6y << (n? — 1)1/2, the last condition can be also writtcn as

kz > m/vVn? — 1. (4.3.22)

Thus, the elevation of the receiver above the interface must be large compared to
the wavelength for geometrical acoustics to be applicable. Tt should be noted that
geometrical acoustics is also not applicable if g — 0 and sin 6y — n (the casc of
total internal reflection).

At m — oo we have the transition to a perfectly reflecting boundary since
V — 1 (3.1.12). Accordingly, the right-hand side of (4.3.21) tends to zero, and
geometrical acoustics is valid for any z.

4.4 Lateral Wave

Some interesting phenomena arise when a spherical wave undergoes total internal
reflection (n < 1, sinfy > n). Using (3.1.15) for V in this case, we rewrite (4.3.6)
for the reflected wave in the form

Pr=(2m)_'e)<p(irr/4)f expliw(E)I(k* — g1~ 2qe,  (4.4.1)

where
w(&) = Er + k. (z+ 20) + @(&). (4.4.2)
Expression (3.1.15) for the phase ¢ of the reflection coefficient in terms of § 1s
¢ = —2arctan[(£7 — k)2 mk? — 312, (4.4.3)

4The same result occurs if the receiver is at the interface and the elevation of the source
above the interface is large.
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P(r, 7) FIGURE 4.6. Lateral wave as
a result of ray displacement
on reflection

g

A point of stationary phase & = & is found from the equation w'(§y) = 0. Taking
into account the value of k. = (:k2 3 2)“{2, the latter can be written

r=—¢' ) +bG+z00K —E) VP = A+ (z+z0)tandy  (4.4.4)
where
A = —¢' (&) (4.4.5)

and the angle 6y is introduced according to the relation §y = ksinfy. Expres-
sion (4.4.4) allows a simple geometrical interpretation (Fig. 4.6). The horizontal
distance r covered by the ray O A B P consists of the segments z tan 6 and z tan 6y
and the displacement A of the ray along the boundary.

Here for the first time we encounter the interesting phenomenon of ray displace-
ment along the boundary at total internal reflection. Formula (4.4.5) obtained for
ray displacement is applicable for any case of total reflection (Sect. 4.5) when (he
reflection coefficient is represented in the form V = exp(ig)’ and ¢ is real. For
the case when ¢ is given by (4.4.3), we find

2mé (k2 — ki)
[m2(k2 — §2) + &2 — k{167 — k)12 (k2 — )12

@) = (4.4.6)

Note that the displacement A = —¢’ (&), generally of the order of 1/ k, increases
significanlly when &y — ki, i.e., when 6 approaches the angle of total internal
reflection. As will be seen below, this case is of the utmost interest. Therefore,
setting & = &y = k; everywhere in (4.4.6) except in the difference & 2 _ kf, we
obtain for the ray displacement

A~ 2n . 2n (44.7)
Com(l=n)V2EE kD2 km(1 — n?)V2(sin? gy — )12

Now, let us again return to the ray equation (4.4.4) and consider the case of suffi-
ciently large . One can easily see that two rays arrive at the point P(r, z). One of
them is the ray just considered. It is incident on the boundary at an angle close to
that of total internal reflection (sin 6y = n) and has a relatively large displacement
A. Rays of this kind comprise the so-called lateral wave. Another ray, OCP,
is incident on the boundary at a substantially greater angle and has a very smallt
displacement (in Fig. 4.6 it is equal to zero). This ray belongs to the family of

3The most complete research on this phenomenon is reported in the paper by Lotsch [4.4].
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rays corresponding to the reflected wave studied above. Consider the lateral wave
in more detail by turning to the integral (4.4.1) and estimating its value given by
that part of the integration path which includes the point of stationary phase close
to & = k;. To do this, everything except the exponential can be taken outside the
integral at & = ky, and the phase in the exponential, i.e., the function w(§) given
by (4.4.2), can be represented in the form given in (4.3.11).

Assuming further that w(&y) = w(k;), we obtain from (4.4.1)

pr = Qrkr)™ 2 [n/(1 — n?)]V2 exp(in /4) explilkir + k(1 — n®)!/2(z + z0)1)
X f expliw” (£0) (& — &)*/2]dE. (4.4.8)

—0oC

Ditferentiating (4.4.2) twice with respect to &, retaining only the terms which
contain the difference (£2 — k%) to the highest negative power for the derivative
of (&), and setting & = k;, everywhere except in this difference, we obtain

2nk; k(2 + z0)
Wl —n?)1 265 —kD)¥? (K2 — k()2

w” (Ey) = - (4.4.9)

Since 53 - kf is small, we assume that the second term can be neglected. Then,
taking into account (4.4.7) for the displacement A, we have

w” (&) = km*(1 — n®)@n)~"A°. (4.4.10)
Finally, taking into account (4.3.13) [at w” (&) > 0], we obtain from (4.4.8)

_ 2in
~km(l = a2)r'2A32

pr explilkir + k(1 = n)' 2z +20)l). (4411

For small 7 + zo and large r we have A ~ r from (4.4.4). In this case the
amplitude of the lateral wave will decrease with distance as 1/r2.

One can understand the origin of the lateral wave using simple physical reason-
ing. A spherical wave from the source O incident at point A on the boundary at an
angle of total internal reflection 8(sin § = 1) generates a wave which propagates
along the boundary in the lower medium (Fig. 4.7). During propagation this wave
continuously reradiates a part of its energy into the upper medium, giving rise to a
lateral wave. In accordance with the law of refraction, the rays corresponding to
the lateral wave (one of them, B P. is shown in Fig. 4.7 by a solid line, the others
by dashed lines) leave the boundary at an angle 8 with respect to the normal to
the boundary. The front £’ P” of the lateral wave is a straight line in the plane of
the figure, but in space it is a conic considering the symmetry with respect to the
vertical axis including O.

Now, let us show that the phase of the lateral wave (4.4.11) corresponds to the
phase change along the ray O A B P. This ray consists of the segments Ly = O A
and L = BP along which the wave propagates with a velocity ¢ = w/k and the
segment A = AB with a velocity ¢; = w/k; = w/kn. In face, we have for the
phase of the lateral wave [the brackets in the exponent in (4.4.11)] if we set 6y = 8



94 4. Reflection of Sound from the Surface and Bottom of the Qcean: Point Source

P FIGURE 4.7. One of the rays
//A\\ forming the lateral wave, A is

0 | / e the ray displacement along
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in (4.4.4)

kir + k(1 =n*)' 2z + 20) = ki[A + (2 + z0) tan 8] + k(1 — n*)! /(2 + 2¢)
=kiA+k(z+z0)/cos8 =kiA+k(Lo+L).
(4.4.12)
Here we have taken into consideration that n = sin §.

The amplitude of the lateral wave (4.4.11) can also be obtained from simple
geometrical considerations. Considerthe ray O A in Fig. 4.7 and the neighbouring
rays forming a narrow beam incident on the boundary at angles close to, but
somewhat greater than, the angle 8. Each ray of this beam has a trajectory similar
to that of ray O AB P. The squared pressure amplitude at any point P(r, ) in the
upper medium can be calculated by the formula (Sect. 2.5)

2 -2

Plat = I/
S 1s the focusing factor given by (2.5.3), where x = 1 =n/2 -6, 3/0, =
—0/06g. Differentiating (4.4.4) dr/36¢ can be found, 3 A /36 being the dominant
term. Using (4.4.7) we find
d dA a,
RARPY — = —2112(km)_](sin290 — 112)_3/2
36 a6y

= (km)>(1 = nH)2@n)~'A3.

As always, we assume sin 6y = n everywhere except in sin” 6y — n2. Then, sub-
stituting |9r /36| into (2.5.3) for f, we obtain

an?
rkm)2(1 —n2)2A3°
This expression coincides with the squared amplitude of (4.4.11).

At large distances we have A ~ r and the squared pressure amplitude of the
lateral wave decays as p|2al ~ 1/r*,i.e., much more rapidly than modes decay. Very
often the lateral wave makes a negligible contribution to the total field. However,
there exist some cases when it is quite important. A detailed analysis of such cases
is given in (4.5]. Here, we note only several cases.

piy = fIrt =

1. In pulse radiation, the lateral wave is separated in time from the other waves and
arrives at the point of reception ahcad of them (the “head” wave in seismology).

2. The lateral wave is a main part of the acoustic field in shadow zones in a stratified
oceanic waveguide.
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3. The lateral wave plays a predominant role in the oceanic waveguide at frequen-
cies below that of the first mode.

4. The source and receiver are located very close to the ocean bottom when the
incident and specularly reflected waves almost cancel each other.

5. The lateral wave characteristics can be used to extract unique information about
the medium where the wave propagates. This property of the lateral wave is
the basis for method of refracted waves in seismic prospecting.

The theory of lateral waves is given in [4.5-7].

Concluding this section, we note that all our considerations were related to the
case of large r and A when the families of rays corresponding to the usual reflected
and lateral waves were well separated. At moderate and small valucs of A these
two families approach each other, forming the caustic—the case not considered
here [4.3].

4.5 Reflection from the Layered Inhomogeneous Half-Space:
Caustics

The calculations in Sect. 4.4 which led (o the expression for the lateral wave are
casily generalized for the case of total reflection from an arbitrary layered half-
space with the retlection coefficient given in the form

V = cxplip(€)], & =ksing, (4.5.1)

where k is the wave number in the homogeneous half-space and 6 is the angle of
incidence. The integral expression (4.4.1) for p,, (4.4.4) for a ray, and expression
(4.4.5) for the ray displacement still hold.

Let us suppose that the parameters of an inhomogeneous half-space change
slowly with respect to z so that ¢ is given by formula (3.5.2). Then, A can
be obtained by ray approximations if we trace the rays in the lower half-space
(Fig. 3.8). In fact, differentiating the phase (3.5.2) we obtain

ae () -
9 §o

which coincides with (2.3.2) since &y = kg cos x1, z1 = 0, and z = 2,,. The point
of the stationary phase & = & for the integral (4.4.1) can again be found from
the equation w’(&)) = 0. Taking everything except the exponential outside the
integral for £ = & and replacing the expression in the exponent hy the expansion

\/‘Omm [kz(:) _ 5(%]_1/250 dZ \ (452)

w(€) = w(&) + w'€)E — &)%/2, (4.5.3)
we ohtain
pr =& 2r (k% — E)] 72 explin /4 + iw(%)]
x f z expliw” (Go)(§ — £0)°/2]dE. (4.5.4)
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w(&o) = &or + (2 + 20) (k> — ED? + p(&). (4.5.5)
Taking into account &) = k sin 6y and (4.3.13), expression (4.5.4) yields
pr = [kr cot g cos bolw” (o) |17/ expliw &o) + is]. (4.5.6)

where & = /2 for w” (&) > O and ¢ = 0 for w” (&) < 0.
Lxpression (4.5.6) is identical with that obtained using methods from geomet-
rical acoustics. Indeed, we have [see (4.4.2) for w(€)]

2

. 0" _
w” (&) = —[(z + 200 (k> — )" + p(&)]
0§
d 2 2.—1/2 /
= ‘3—2:0[50(2 + z0)(k° — &) — ¢ (&0)] (4.5.7)
S
or, taking into account the equations for the ray (4.4.4, 5)
or
w”’ (&) = ——. (4.5.8)
' 3&0
Since
d 0 or
—- = sfp) "' — | "(E0) = —(kcos ) —. 4.5.9
P (k cos bp) T w” (§o) (k cos 6p) 30 (4.5.9)
Now (4.5.6) yields for the sound intensity
ar [\ 7!
|p,|? = [k r cot By cos 8ol w” (Eo)1™" = tan by (r j ) . (4.5.10)
oG9 |,

On the other hand, we have in accordance with the definition of the focusing factor
f (Sect. 2.5)

lpr? = fr2. 4.5.11)
Comparison of (4.5.10) and (4.5.11) yields

S =rtand, , (4.5.12)

0
which coincides with (2.5.3) if x = x; = /2 — 8 is taken inlo consideration.

We leave it to the reader to prove that the phase in (4.5.6) can also be obtained
in the framework of ray theory.

Formula (4.5.6) for the reflected wave can he used everywhere except in the
regions where w”(§p)(as well as 9r/96¢) equals zero or is small. Excluding 6y
from the equation 8r/86p = 0 and the equation of a family of rays r = r(z. ),
we obtain the envelope of this family, or the caustic. The field on this caustic and
near it must be calculated in a special way.

As an example let us consider the case when the sound velocity in the half-space
z < O increases linearly with the distance from the boundary

¢ = co(l —az), k(z) =ko/(1 —az), ko =w/co (4.5.13)

where ¢y is the sound velocity in the upper homogeneous half-space. Substituting
k(z) into (4.5.2), carrying out the simple integration [substituting & (1 — az) =
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ko sin 8], and remembering that &y = kq sin 0y, we obtain
A = (2/a) cot by. 4.5.14)

Substitution of A into (4.4.4) gives the ray equation

z >0, F= (24 z0)tan 8y + (2/a) colby. (4.5.15)
As we have seen, dr/36p = 0 on the caustic, i.e.,
a_r et -4 |_2 o \: 2 -‘1 _
— = (2 + z0)cos "y - 2(asin“By) " = 0. (4.5.16)
a6y
Excluding 6 from (4.5.15, 16), we obtain the equation for the caustic
z 420 =ar?/8. 4.5.17)

In Fig. 4.8 the ray pattern and the caustic for azy = 1/8 are given in non-
dimensional coordinates az and ar. The paths of rays in the lower medium (which
are arcs of circles) are not shown in this figure (Sect. 2.2).

Now, let us analyze the f(ield on and near the caustic. Let us introduce the
auxiliary function g(&) by the identity

g&)=r—w'). (4.5.18)

We have seen that rays are delined by the equation w'(§) = 0, i.e., r = g(§). 'lo
each point (r¢, z) of the caustic there corresponds a certain £y—the parameter of
a ray tangent to the caustic at this point whence g'(&) = 0. Figure 4.9 illustrates

0.7

0.6

0.5

04F

03F

0.2

0.1
FIGURE 4.8.
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reflection from an
inhomogeneous 0.2
half-space
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FIGURE 4.9. Parameters for the calculation of a sound field in the vicinity of a caustic

the function g (&) for values & close to & for the two possible cases g”(&p) > 0 and
2"(&y) < 0. As can he seen from the figure, in the lirst case (realized in Fig. 4.8)
two rays arrive at each point r = g(&1) = g(&) > ro. In the second case a similar
sifuation occurs at r < rg. The general rule is that the caustic of a given lamily
ol rays always separates the region where the rays of this family do not arrive and
the region where two rays arrive at each point (e.g., at point A in Fig. 4.8—one of
them has already touched the caustic and the other is still approaching it). Figure
4.9 suggests that near &) corresponding to the caustic, it is reasonahle to use the
expansion of the function g(§) in a power series of § — &,

g(&) = g(&0) + g (50)(E — &) /2 + - .

Taking into account (4.5.18), we find w(&) by integration. The integration constant
is defined (rom the condition w = wq at § = &;. As a result, taking into account
that g(&¢) = r and g(&) = rg. we obtain

w = wo+ (r —ro)(& — &) — g" (&) E — &) /6+--- . (4.5.19)

Taking all the terms in (4.4.1) except the variable part of the exponential outside the
integral at the value £ = &y = k sin fy and limiting ourselves to the terms written
in (4.5.19), we ohtain for the reflectcd wave

pr = sinBy/ Rk r cos? 60)] 172 expli(wo + 7 /4)|
X / | expli(r — ro)(§ — &) — ig” (50) (& — &)? /61 dE. (4.5.20)

o0

We replace & by the new vaniable s and r - ry by the nondimensional distance ¢
from the caustic according to the relations

s = +lg"(&0) /21" € — &), t=+[g"&0/2]1 Yr—ro), (4.521)

where the signs are chosen opposite to the sign of g”(&p). Then, the exponent in
the integrand can be written as exp i(st + s-/3). We split the integral over s into
two integrals, one from —o¢ to 0 and the other from {} to 0o, and replace s by —s
in the first of these integrals; as a result, the two integrals can be combined into
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one integral from 0 to 00, and in the integrand of the combined integral a sum of
exponents will be transtormed into a cosine. Then, the expression (4.5.20) can be
rewrittcn as

pr =2 [2sin 6/ (k r cos® 60)1'72 18" (5|~ explicwo + /M u(),
(4.5.22)
where

| Y !
v(t) = ﬁ /0 cos (st + 533) ds (4.5.23)
1s the Airy function.

Aplot of the function v(z) /vg, where v(0) = 0.6293, is givenin Fig. 2.7. Atr <
0 the function v(r) has an oscillatory character. It has maximum value at negative
t, namely, v(—1) = 0.949. At > 0 the lunction v(r) decreases monotonically
with increasing . Oscillations at ¢ < 0 are due to the interference betwecn two
rays crossing at cach point on this side of the caustic. On its other side (t > 0)
there is the shadow zone in which the sound field decreases monotonically with
distance from the caustic.

1t is reasonable in the derivative r” (&) = g” (&) to transfer from & to an angular
variable 6, according to the relations & = ksin6 and & = k sin 6y. Then,
ﬁ = (kcosf))_la—r
0& 0o

and, since (8r/36)p, = 0 on the caustic, we have

32 32 .
(—;) = (kcosbp) 2. (4.5.24)
98< /g, 8

It is reasonable, as usual, to characterize the intensity of the wave (4.5.22) by the
focusing factor

—2/3

V(). (4.5.25)

| 2
f=rpl = 25/3"(])/3 sin g cos ™/ Hor (60)

365
The latter formula is the important particular case of the general formula (2.5.6)
when y = x1 ==n/2 — 6.

One should keep in mind that (4.5.22) has only been obtained for a limited
distance from the causlic, so that we can limit ourselves to the terms in the expan-
sion of the phase written in (4.5.19). The corresponding criterion can be obtained
if we require that the first omitted term g’ (£9)(§ — &)* in (4.5.19) be small as
compared with unity, i.e., distortion of the phase is negligible.® Since g(&§) =r

®In the book by Brekhovskikh [Ref. 4.3, Sect. 45| it is incorrectly assumed that this term
must be small compared with the last retaincd term, and, as a result, the criterion obtained
there is weaker.
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and g(&g) = rg, we have

— e 2
e (r ,,"’) <1 (4.5.26)
o

Let L be some spatial scale of the ray pattern (e.g., the radius of curvature of
the caustic); then ry ~ L/ k? and ro’ ~ L/ k3, and our criterion will be

k(r —rg)*/L <« 1. (4.5.27)



Propagation of Sound in Shallow Water

In shallow-water propagation any ray (except a direct one in the case of a homoge-
neous medium) undergoes one or more reflections from the bottom. At relatively
long ranges the sound field is mainly due to the multiple reflections of the rays from
the bottom. The theory of sound propagation in shallow water will be presented
below, assuming constant water depth.

5.1 Ray Representation of the Sound Field in a Layer:
Image Sources

Let us suppose that a homogeneous layer is bounded by the free surface z =0
above and by the bottom z = & below (Fig. 5.1). The point sound source Oy is
assumed to he at the point r = 0, 7 = z;.

The sound field will be specified by the acoustic pressure p(r, z) normalized in
a way that near the source

p = Ry exp(ikRo1),  Ror=[r’+ (z1 —2)"1"%. (5.1.1)
The acoustic pressure p(r, z) satisfies the Helmholtz equation
Ap+iPp=0, k=w/c. (5.1.2)

The condition
p=20, z=10 (5.1.3)

must he fulfilled at the surface (pressure release boundary, Sect. 3.1). The case of
the perfectly rigid bottom will be considered [irst, the boundary conditions being
(@p/82)e=h = 0.

Equation (5.1.1) is the solution of (5.1.2), but it does not satisfy the condition at
the boundaries z = 0, z = h. To satisfy these conditions, we should take account
of the reflections of the wave from the boundaries. Adding to (5.1.1) the wave
reflected from the lower boundary, we obtain for the acoustic pressure

exp(ikRop) n exp(ik Rp2)

, (5.1.4)
Ro1 Rz

P = po1+ po2=

101



102 5. Propagation of Sound in Shallow Water

Ficure §5.1. Reflections of a wave from
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where
Roz = [r* + 2h — 2z — z1)"1'/%

The reflected wave may be considered as emitted tfrom the image source O,
obtained by specular reflection of the source Og; at the lower boundary of the
layer.

Equation (5.1.4) satisfies (5.1.2). It also satisfies the boundary condition at the
bottom because Og1 and Oq; are symmetrical with respect to the boundary z = A;
it follows from this symmetry that (0p/0z),—, = 0. This can also be proved
by direct differentiation of (5.1.4) over z. Howcver, (5.1.4) does not satisty the
condition at the boundary z = 0. Therefore, we add to the sources Op; and Og»
the pair of image sources Qg3 and Ogy which are obtained by specular reflection
of the first two sources at the water surface and by changing their phases by 7.
The total field of four sources will be

exp(ik Ro1) N exp(ikRgz)  exp(ikRgz)  exp(ikRos)
) = — —_
t Ro Roz Roz Roa

(5.1.5)

where
Riz=1r'+G+z201"% Ru=[0’+QCh+z-21)"%

Equation (5.1.5) satisfies (5.1.2) and the boundary condition (p).—¢ = 0 since
Roy = Roz and Ry; = Ryg at z = ().

However, now the symmeliry with respect to the lower boundary is distorted
and, as a result, the boundary condition at z = A is not satisfied. This symmetry
can be restored by the addition of two image sources 01 and O);, obhtained hy
the specular reflection of Og3z and Oy at the lower boundary. Now, the boundary
conditions are satisfied at the lower boundary but are not satisfied at the upper
boundary. Continuing this construction of the succession of image sources further,
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we alternately satisfy the conditions at one or the other boundary. However, since
each additional pair of sources is farther away, the contribution to the sound field
will be less each time, and in the limit of an infinite number of image sources the
boundary conditions will be fulfilled at both boundaries.

As a result, the total field can be written in the form

p= i(_l)z [exp(ikRu) + exp(ikRiz)  cxp(ikR;3) exp(ikRM):I

e R R Ri3 Ri4
(5.1.6)
where
Rj=@*+2)"?  1=01.2..0 j=1234
2 =2hl + 271 — z, i =2h(l+1)—2z2, —z, . (5.1.7)

213=2hl+Zl+Z; Zl4=2h(l+l)—Z|+Z

Generalizing (5.1.6) for the case of a partially reflecting bottom is very simple if
the reflection coefficient is not dependent on the angle of incidence. Then, instead
of (5.1.6) we have

> ikR ik R)>
p=§3_w{wmluyHmmuz)

= Rpy Ri2
_ exp(ikRp3) Vexp(ikRM)]‘ (5.1.8)
Ri3 R4

In a number of cases (5.1.8) is approximately valid even when V depends on the
angle of incidence V = V (6). Naturally, there are specific 6;; and V (6;;) for each
of thc image sourccs in thesc cascs.

In the case of pulse radiation, the sound pressure in the direct wave is given by
R~ f(t — R/c¢). The total field in a layer at point (r, z) at time 7 is (for the case
of a rigid bottom)

= Flt—Rujo)  f(t— Rp/c)
P Z( ) |: Ry R
_fUu—-R3/o) [l - Rz4/£’)]
Ry Ris '

If the duration of the pulse radiated is 7. the pulses overlap at the receiving point
at time ¢ when the condition

=0

(5.1.9)

0<t—-Rj/c<T
is fulfilled.

5.2 Integral Representation of the Field in the Layer
Starting from the representation of a spherical wave as a superposition of plane

waves, we can obtain another expression for the field of the point source in a layer
valid for arbitrary parameters of the bottom.
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In free space, only a direct spherical wave can be observed at point (r, z),
According to (4.2.7), this wave can be represented as a superposition of plane waves
of the type explilkyx + k,y + k;(z1 — 2)]}. If there is a lower boundary z = £, a
reflected wave will be also observed which can be represented as a superposition of
plane waves of the kind V exp{ilkyx + kyy + k.(2h — 2 — z1)]}. The reflection
coefficient V can be an arbitrary function of the angle of incidence. The wave
reflected from the upper boundary can be similarly represented as a superposition
of plane waves — exp{i[k,x + kyy + k;(z + z|)]}. The minus sign arises because
V = —1 {or a free surface.

Continuing these considerations, we have an infinite series of waves having
different numbers of reflections at the boundaries of a layer. The phase of each
wave is kyx + kv + k;z;;, where z;; (2 1s the projection of the wave’s path) is
given by (5.1.7). Thus, for the direct wave (I =0, j = 1)zg; = zy — z; for the
wave reflected from the lower boundary (/ =0, j =2) z00 = 2h — z — z1; for
the wave reflected from the upper boundary (I =0, j = 3) zp3 = z + z1: for the
wave reflected first from the lower and then from the upper boundary (/ =0, j =
4) zo4 = 2h + 2 — 71, elc.

We obtain the total field by first summing all the plane waves with the same &,
and k, but with a different number of reflections from the boundaries, and then
integrating over k, and k. Taking into account the expansion of a spherical wave
(4.2.7) into plane waves, and also remembering thal at each reflection from the
lower boundary the amplitude of the wave is multiplied by the reflection coefficient
V, and at reflection from the upper boundary by a factor of —1, we obtain in a
way analogous to Sect. 5.1 for the total field in a layer (for z < z))

P =5 f f explitkyx + k) lexpliks (21 — 2)]

+ Vexplik.(2h — 7 — z;)] — exp[ik—(Z1 + 2)]

dky dky
— Vexplik;(2h +z — z1)]} Z( vy exp(2ik hl) xd
1=0 kz
(5.2.1)

By interchanging z and z; we obtain the analogous expression for z > z;.
We will transform (5.2.1) further, taking into account the identity

{explik,(z1 — z)1 + V explik;(2h — z — z1)] — explik,(z| + 2)]
— Vexplik;(2h + z — z1)1} (5.2.2)
= —2isink.z{exp(ik.z;) + V exp[ik-(2h — z1)]}

and the infinite geometric progression formulal

X
Y (— V) exp(ikhl) = [1+ V exp(2ik:h)] " (5.2.3)
(=0

IThe series on the left-hand side of (5.2.3) converges if | V| < 1 or if the wave number &
has a small imaginary part (absorption in the medium).
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Let us introduce in (5.2.1) the new integration variables & and ¢ according to
the relations k. = £ cos ¢ and k, = £ sing (£ is the modulus of the horizontal
wave number, g is the heading of a wave). We have k, = (k* — £2)!/? = o and
dk. dky, = & d& dyp. The integral over ¢ in (5.2.1) gives 2mwlg(§r) (4.3.1). Re-
placing the zero-order Bessel function by half of the sum of the Hankel functions
of the first and second kind, and carrying out the same transformations as for the
derivation of (4.3.2), one obtains

% sinaz{exp[—iw(h — z))] + V explia(h — 21)]
p(r,z) = j

} (e .
. o exp(—iah)[1 + V exp(liah)] Hy (g k.

(5.2.4)

Interchanging z and z; in (5.2.4) for integrand yields for z; < z

r.2) f"“ sin oz {exp[—ia(h — z)] 4+ V explic(h — 2)
r, =
pino=17 wexp(—iam)[1 + V expiah)]

D b0 @ a.
(5.2.5)

Formulae (5.2.4, 5) give an integral representation of the field of the point source
in a layer. The bottom is specified by the reflection coefficient V = V (), and can
be arbitrarily layered.

5.3 Normal Modes in the Ocean with a Perfectly
Reflecting Bottom

For the simplest care of a layer with a perfectly rigid bottom when V = 1 (Sect.
3.1) we obtain from (5.2.4, 5) for z < z;

) /”C sinazcosa(h —z
7)) =

oo o cos ah

p(r, D H{" (0t dE, (5.3.1)

and for z > z;

) ]"“ sinaz) cosa(h —z

) H" (Er)E dt. (5.3.2)
o o COs ah

p(r,
These integrals can be reduced to the sum of the residues at the poles of the
integrand. The poles are determined by the roots of the equation
cosah =0, (5.3.3)
that is
o = (r/h)(l +1/2), [=0,1,2,.... (5.3.4)
Taking into account the relation @ = (k* — £2)'/2, we obtain
& = +1k* — (/)1 + 1/2)°1'72. (5.3.5)

The roots & are on the real axis in the & plane if #(/ + 1/2) < kh, and on the
imaginary axis if 7(/ + 1/2) > kh. 1t is convenient to assume that & has a small
positive imaginary part (small absorption in the medium). Then, the roots are
displaced from the positive half-axis to the first quadrant, and from the negative
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half-axis (o the third quadrant. We now move the path of integration in (5.3.1)
away {rom the real axis to infinity in the upper half-plane £. It can be shown that
the contributions due to the infinite part of the integration path are zero. As a result,
the integral reduces to the sum of the residues at the poles in the first quadrant,

_ _ sinwzcosa(h — z1) (1)
7)) =2 H 5.3.6
p(r.2) mg[ ad(cos a2 L o & (5.3.6)
or, taking into account (5.3.5),
[0 @) Vo [0.9]
p(r,2) = [Z(; pr= :;2 : = 0sin;z sinagzlﬂél)(éﬂ’)‘ (5.3.7)

The last expression for p does not change when z is replaced by z; and vice versa,
and, consequently, is valid for any z(0 < z < h) Each term p; in (5.3.7) satisfies
the Helmholtz equation (5.1.2) and the boundary conditions, and is called a normal
mode.

We will consider the basic features of the normal modes. At large (compared
with the wavelength) distances {rom the source (|&rf 3> 1), the Hankel function
can be replaced by the first term of its asymptotic representation (4.3.5) which
yields

2 27\
pi(r.z) >~ 7 ('51_') sinayz) sinogz explu(§r — /4)]. (5.3.8)
We see that each normal mode is a travelling wave in the horizontal direction and
a standing one in the z direction. From this it follows that each normal mode can
be represented as the superposition of two travelling quasi-plane wave

pi(r. 2y ~ r~ V2 expli(gr + a;2)] — expliEr — £12)]) (5.3.9)
propagating at an angle
x; = T arcsin(ay/ k) (5.3.10)

with respect to the horizontal plane. x; increases when / increases. The amplitude
of each normal mode decreases along the layer as »~!/>. Depending on whether
the quantity

(7w kh)(I + 1/2)

is less or more than unity, the normal mode will propagate in the layer without
attenuation”® or decrease exponentially with distance, respectively. The lowest
frequency f; at which the wave still propagates without attenuation is called the
critical or “cutoff” frequency of this normal mode. It is determined from the
equation

/Y +1/2) =1 or fi = (c/2h) +1/2). (5.3.11)

2A case of real k is considered.
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The lower [ 1s, the lower the critical frequency. At frequencies
f<c/dh=fo

all normal modes attenuate. In this case, only the “near” field in the vicinity of the
source is observed.
The phase velocity of the normal mode along the layer

v =w/E=cll— (/)17 (5.3.12)

depends upon the sound frequency f. As f — oo, the phase velocity approaches
the sound velocity in free space; at the critical frequency, v; becomes infinitely large
andfor f < f;itis purely imaginary. Equation (5.3.12) describes the waveguide or
geometric dispersion which is the cause of the pulse deformation when propagating
in the layer. The group velocity of the normal mode is

U = 3—;‘,’ = [l — (fi/f)*1V2. (5.3.13)

Taking into account (5.3.4, 10), we find u; = ccos x;. Note that the group
velocity u; is equal to the ratio of the ray’s cycle length D to the travel time #; of
the sound wave over the cycle. Indeed, since

Dy = 2hcot y, ty = (2h/c)sin yy,
we have
Di/tp = ccos x; = uy.
An analogous relationship is valid for the stratified ocean.

The frequency dependence of the phase and group velocities is shown in Fig. 5.2.
At the critical frcquency the normal mode is transformed into a standing one in the
z direction and, consequently, u; = 0. As f — 00, the group velocity trends (0

vyl v le vle
)

!
|
i
|
|
|
|
|
!
|
!

FIGURE 5.2. Dependence of
the phase v; and group u;
velocities of normal modes on
the sound frequency !
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c—the sound velocity in free space. The phase and group velocities of the normal
modes obey a simple relation

vy = c*. (5.3.14)

The z dependence of the amplitude of the normal modes is due to the factor
sinayz. This dependence for/ = 0, ..., 3 is shown in Fig. 5.3. One sees that [ is
the number of depths in a layer (except z = 0) where the acoustic pressure is zero.

The quantity

2mi/h)sinoyz) (5.3.15)

can be called the excitation function of the /th mode in the case considered. It
becomes zero for every [ if a source is at the free surface (z; = 0). If the source is
near the surface (small z;) the excitation functions differ from zero, but are small.
This is due to the “dipole effect” (Sect. 4.1).

For calculation of the sound intensity or {p|> we must multiply the sum of
expressions (5.3.8) by the complex-conjugate expression. In this case we ob-
tain terms having the form expli(§; — &)r] where [ and !’ include all the as-
sumed values. Each such term oscillates with changing r with the period
Ay =2n/|& — &p|. The horizontal period of interference of two neighbouring
modes will be the largest period

Appyr =2 /(& — &41). (5.3.16)

Ifkh > 1, the value of §; will beclose to &;4+1. From (5.3.5) we have approximately

(& — &141)/ k = may [(kh&) K 1.
Then,

Ajy+1 = 2hcot yy = D(xp) (5.3.17)

where D(x;) is the length of the ray cycle, i.e., the horizontal distance between
two successive reflections of the ray from the water surface or from the bottom
(Fig. 5.4). The angle yx; is determined by (5.3.10). The relationship (5.3.17)
indicates the connection between the normal modes and the rays. For a more
general case this relationship will be demonstrated in Sect. 6.6.

Pressure Amplitude [Relative Units]
|

(
| |
| |
| |
I |
!
! |
I |
|
| [
I
| |
| |

h =
t=0 t=1 t=2 r=3

FiGURE 5.3. Amplitude variations ot the first four normal modes over the layer
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FIGURE 5.4. Cycle distance e——D(x,)—]
D of aray 0 > r
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5.4 Relation Between the Different Representations
of the Field

In Sects. 5.1-3 three different representations of the field of the point harmonic
source in a layer with a perfectly reflecting bottom have been obtained. The mode
representation is usually used when the thickness of layer /1 is small and the field is
determined by only a few propagating modes. At large # and relatively small r it
is convenient to use the ray representation of the field. A direct ray and only a few
reflecting rays are important in this case. The integral representation is sometimes
used for numerical calculations.

Since all three of these representations describe the same field, they can be
transformed one into another. The relation between the integral representation
and the normal modes has been established in Sect. 5.3. Let us now transform the
sum of the normal modes into rays. We shall use the Poisson summation formula
[Ref. 5.1, Sect. 2.13] for this purpose:

Z F()= Z f@rh, (5.4.1)
[=—00 [=—0
where
fx) = f " F() exp(—ixl) d. (5.4.2)

We identify the left-hand side of (5.4.1) with a sum of the normal modes, trans-

forming for this purpose (5.3.7) into the sum from/ = —oo to! = 00. The identity
o
Z sin ¢z sin oy z) H(()])(.f;‘;r)
=0
- i fexpl—ia (21 — 2)] — expl—ia (21 + 2)I}H (&ir)
4 Y 1\Z] < p A Z o st
I=—00
can be easily proved, taking into account that ¢_; = —¢;_ (. Now, we have
i ) ‘ _ )
F(I) = ——{exp[—ioy(z; — z] — exp[—iey(zy + Z)]}Hél)(&r)- (5.4.3)

2h
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Substituting (5.4.3) into (5.4.2) and using the relation [5.2]
oG
f HB”(:‘\/kz — u?yexp(iuz) du = ~2iR~} exp(ikR),
—o

R=(r*+ '3, (5.4.4)

we find

(5.4.5)

F@rl = (=1 [exp(ikRn) B CXp(ikR,3)]

R Ri3

where R;; and Ry3 are given by (5.1.7). Substituting (5.4.5) into the right-hand
side of (5.4.1) and transforming it into a series over { from O to oo, we obtain
expression (5.1.5).

Now we shall transform the integral representation into the rays. To do this,
we replace the trigonometrical functions in (5.3.1) by the exponential ones and
reprcsent 1/ cosah as a geometric progression

1 2exp(iah) > [ .
= =23 (1) Rl + 1] 5.4.6
cosah | + exp(Riah) g( ) explich (2 4 1)] ( )

This yields

. 00 50
i , , . . .
p(r,z) = 3 E (—])’ / [exp(iazy)) + exp(iaz;p) — expliczy3)
-0

(=0
d
- exp(iaz;ﬂ]Hé”(Er)—i (5.4.7)

/k2 _ 52 ’
where z;; is given by (5.1.7).
Using the identify (4.3.3), one can write the integrals in (5.4.7) as

o0 1
, ) £ d§ .exp(ikRy;)
ex (1a"_;-)H“’(’g‘r)—— = 2l ———. (5.4.8)
foo pQaag; )ty /——*kz s Rij

Substituting (5.4.8) into (5.4.7), we obtain immediately the expression (5.1.6).

5.5 Normal Modes in a Two-Layered Liquid

Now we apply expressions (5.2.4, 5) to the more complicated casc of a layer lying
on a liquid homogeneous half-space. The reflection cocfficient V from the lower
boundary of the layer is given by (3.1.12),

s6 — v/n2 —sin® 0
_ mcos n i n=<, (5.5.1)

= ’ m 3
mcosf 4+ Vn2 —sin® 6 % Cl

where @, ¢ and 1. ¢ are the density and sound velocity in the layer and in the
lower half-space, respectively.
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One can see from (5.5.1) that V is now a two-valued function of 6 due to the
radial (n2 — sin®8)'/2, It is reasonable to introduce a Riemann surface with two
sheets; on each of them V will be single valued. The branch point of these sheets
is @ = arcsin n. The integrals (5.2.4, 5) now can be reduced to the sum of residues
at the poles (discrete spectrum) and the integral along the sides of a properly drawn
branch line from the branch point (continuous spectrum). The reader can find a
detailed study of the continuous spectrum in other places ([Ref. 5.3, Sect. 37.3],
and |Ref. 5.4, Sect. 2.21]). Here we will discuss the discrete spectrum (normal
modes). This is the main part of the field at sufficiently large ranges from a source
if ¢| > ¢ and the frequency of the source is not too close to the cutoff frequency
of either of the normal modes.

According to (5.2.4, 5), the equation for poles is

1 + VexpQRih) = 0. (5.5.2)
Taking (5.5.1) into account and introducing the notation
x=ah=hk>—H'2 v=kh(l —=nHY?, n=k/k <1, & =ksino,

(5.5.3)
it can be rewritten as

cotx = —(mx) '(w* —xH)/2. (5.5.4)

In the case considered (v > 0), this equation has real roots x; < v, [ =1,2,....
The horizontal wave numbers of normal modes will be

g = (/) (kh)* = x71'/2. (5.5.5)

Considering only such modes, we will calculate the residucs in (5.2.4). Using the
equation for poles, we can show that

lexp[—ia(h — z()] + V explia(h — z1)]}y, = 2iexp(—ix;) sin (x;21/ k).

d h 1 dV
[——Vexp(2iozh):| = Sl_ (Zi + — —) .
uy X7

d& of V dx
(5.5.6)

In terms of x (5.5.1) 1s

V = (mx —Vx2 =) (mx + Vx> —v2)" L
Now, using (5.5.4), we find

1dv

——) = —2i(v/mx;)*(1 /x;) sin” x; tan x;. (5.5.7)

Vidx/,

As a result, we obtain the following expression for the modes in the layer

2l Z sin(x;z/h) sin(x;z(/ h)

HY (& r). 5.5.8)
h l—(v/mxl)z(l/xg)sinzx; tan x; o (& ( '

plr,z) =

/

Expression (5.5.8) is invariant under the interchange of z and z; and, therefore, is
valid for any z within the region 0 < z < h.
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Let us determine the cutoff frequencies of the normal modes. It follows from
(5.5.4) that the largest real x; determining the cutoft frequency f; of mode ! is
obtained when equations x; = 7w (! + 1/2) and x; = v are simultaneously satisfied.
Then f; can be found from the equation v = 7 (I + 1/2) or in the explicit form

el +1/2)
= 201 —n?

Expression (5.5.9) is an important relation between the layer thickness /4, the
refraction index », and the cutoff frequency f;. Thus, knowing /# and f;, we can
find # and, consequently, the sound velocity in the lower medium.

The condition x; < v for unattenuating modes has a simple physical meaning.
Using (5.5.3), it can be written as § > kn or sin6; > n. Since 8 is the angle
of incidence for corresponding plane waves, this condition means that the plane
waves composing an unattenuating mode undergo total internal reflection at the
boundary z = h.

In Fig. 5.5 x; for! = 0, 1, 2 and m = 2 are given as a function of the parameter
v. Atv — o0 we have x; — w(/ + 1). As the sound frequency increases, the
number of real roots and, consequently, the number of propagating modes become
greater.

Figure 5.6 [5.5] shows the depth dependence of the amplitude of the first ({ = 0)
normal mode for five different frequencies from 118 to 13,160 Hz for the case
h =90 m, ¢ = 1500 m/s, ¢; = 1501.5 m/s, o; = 2¢ (the depth dependence of
the sound velocity is shown at the left in the figure). The amplitude decreases
exponentially with depth in the lower medium, and the greater the frequency, the
more rapid the decrease. At high frequencies, practically all the energy of the wave
is contained within the layer. The cutoff frequency for this case is 93.3 Hz. The
phase velocity of the first mode is also shown in this figure tor various frequencies.
It is always greater than the sound velocity in the layer and approaches it as the
frequency increases.

(5.5.9)

X
t=2
Swi2f———————— - -
di |
6r L=
3n2fp------- r”'/r’-_
- | |
3 i : t=0
L |
71/2—-/’-—:—--'———_:—-—-
1F | | H
t | |
0 1‘ | 1 ] ] ]

FIGURE 5.5. Roots of the dispersion equation vs the layer thickness and sound frequency
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FIGURE 5.6. Pressure Amplitude [Relative Units]
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5.6 Averaged Decay Law

The methods presented above allow us to carry out an exact calculation of the
sound field. However, such a calculation often appears to be rather complicated.
Meanwhile, many details of the sound field, e.g., the fine interference structure,
are sometimnes of no use at all. For practical applications an estimate of the sound
intensity is sometimes quite sufficient.

In this section we shall give a simple analytic formula for calculation of an
“averaged” law for squared sound pressure versus range in shallow water when
ray refraction and multiple reflections from the bottom occur. The derivation of
this formula is based on the assumption of the applicability of ray theory and the
incoherent summation of rays. We assume that the depth of the sea is constant and
the water surface is smooth (the effect of a rough sea is considered below, in Sect.
??).

Let us consider a narrow beam of rays with angular width d x; leaving a source
located at depth z = z; at angle x; and having the cycle range D(x ). The square
of the modulus of acoustic pressure in this beam, according to Sect. 2.5, is | p|> =
fE/r?, where f is the focusing factor (2.5.3), E = E(x)) is the decay factor
due to absorption in the medium and bottom reflection losses. The power output
of the source is assumed to be normalized so that in a homoegenous medium
|p|?> = 1/r2. We assume that r is large compared with £ and find (| p|®) due to
the chosen beam and the symmetrical beam leaving the source at angle — ;. The
operation (.. .) represents averaging over cycle range. To fulfill such an averaging,
the expression | p|> = f E /r? has to be multiplied by the probability that the points
at the receiving horizon z will be insonified by these beams. This probability is
equal to the fourfold ratio of the beam’s width in the r direction, i.e., the quantity



114 5. Propagation of Sound in Shallow Water

4(ar/dx ) dx,, to the cycle range D(x;). The factor 4 arises because we have two
beams (leaving the source at the angles £x), each crossing the recciving depth
twice over the total cycle (if they arrive at this depth at all). All the points at depth
z within the cycle are assigned the same weight. Thus, we obtain

or, using the value f from (2.5.3) and integrating over all x1—the angles of rays
arriving at depth z—we obtain for the total field

4 -
(|p1?) = ;[E(Dsmx) Veos xydyi. (5.6.1)

The decay factor E can be written as
E =V ()I*" exp(—pBr), (5.6.2)

where g is the volume absorption coefficient in water, V(x;) is the amplitude
retlection coefficient at the bottom, and N = N (x;,) is the number of reflections.
Assuming that 8 is the same for rays with different yx;, taking exp(—Ar) outside
the integral, and sctting N &2 r/D(xy,) for large N, we obtain from (5.6.1)

5 4 2F
{Ipl°) = (;) exp(—Br) f(D sin )()_l exp I:(B’) In |V(x},)|] cos x1dxi.
(5.6.3)

Here xj and x are expresscd in terms of xy by the relation

COS X  COSX| _ €OSxp (5.6.4)
¢ 1 Ch o

where ¢, ¢|. ¢ are the sound velocities at the bottom and at the source and receiver
horizons, respectively.

Apother way of deriving the expression (5.6.3) can be found in the book by
Brekhovskikh [Ref. 5.6; Sect. 18]. Its generalization for the case of range-
dependent conditions of propagation is in the paper by Smith (5.7].

Let us consider some particular cases using formula (5.6.3).

5.6.1 Homogeneous Layer (¢ = ¢| = cp)
In this casc
D = 2hcot xy, 0< xy £71/2, = X\ = Xj (5.6.5)

where # is the depth of the sea.

In the idealized case of a perfectly reflecting bottom (|V| = 1), thc expo-
nent in the integrand in (5.6.3) becomes unity. Then substitution of (5.6.5) into
(5.6.3) gives
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2 /2 T
{|pl*) = — cxp(—pr) dx = — exp(—Br). (5.6.6)
rh 0 rh
As aresult, we have the well-known cylindrical propagation law with attenuation.
In the case of an absorbing bottom, small xj are most important in the integral
(5.6.3). When yx;, increases, the exponent in the integrand decreases rapidly due
to the increase of 1/D(xp) as well as of In [V (xa)|. Let us denote

0
s =— [,— In |V(x)1] . (5.6.7)
dX x=0

Then, with accuracy to x? we have
12,/ DGO |V (x)i >~ —srx”~/ h.

Expanding the slowly varying part of the integrand in a series in x, only the first
terrn may be kept, yielding
2 Rad ' r 2 1/2 ,
(| pI*) = = exp(—Br) [ exp— X} dy = (1) cxp(—pr) - r %,
rh 0 h sh
(5.6.8)

Here co is taken as the upper integration limit, but this does not affect the result
since only small valucs of x arc significant for sr/h > 1 (the fullfillment of
this condition is assumed). Thus, we obtain for (| p|°) the law of “3/2” which is
intermediate between the cylindrical law for the layer with a perfectly reflecting
bottom and the spherical law for free space.

The quantity s can be obtained [rom (he experimental data for the reflection
coefficient, or theoretically using certain assumptions about the structure of the
bottom. In the simplest case where the bottom is a liquid homogeneous half-space,
the rellection coefficient is defined by (3.1.12). where # = /2 — x, and for s we
obtain

s = 2 Re{m/vn?2 — 1}. (5.6.9)

where the symbol Re denotes the real part (m = ¢1/0 as well as n = ¢/cy can be
complex).

The 3/2 law (5.6.8) also has the some limitations for large . This is due to the
fact that ray theory and the assumptions which arc used for deriving (5.6.3, 8) are
valid only when the number of significant modes is large [5.3]. As r increases,
this number decreases, and at a sufficiently large range only one mode (which has
the least attentuation) remains. In this case (5.6.8) becomes inapplicable.

A maximal range r = r,, for which (5.6.8) is still valid can be estimated in the
following way. In the integral of (5.6.8) the maximal significant value of x is of
the order x,,, ~ (i/sr)'/2. On the other hand, each normal mode corresponds to a
lamily of rays with the same x. The total number of propagating normal modes is
approximately 2/1/A. where A is the length of the sound wave. The angles within
the interval 0, /2 correspond to these modes. Within the interval of 0, x,, the
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number of normal modes is equal to (2x,,, /) (24 /A). From the condition that this
number is much greater than unity, we obtain

rm <& 16h3 (2 sA). (5.6.10)
For r > r,, only one mode can be taken into account and we have [5.8]
> dexp(—gr) T\ S .
= —_— (=) — 5.6.11
7] Wi (M)h G610

which is the cylindrical law with an additional attenuation. Assuming that the
expression in the square brackets is small, we obtain from (5.6.11) the criterion
(5.6.10) again.

5.6.2 Layer with Negative Refraction

Let the sound velocity decrease with depth. Then all sound rays refract downwards
and sound propagates via successive reflections from the bottom (as in Fig. 5.7).

We shall again start from (5.6.3) and use the notation x, = (X4)min =
arccos(cy /c1), the grazing angle at the bottom of the ray leaving a source horizon-
tally (xy = 0). At sufficiently large r the integral (5.6.3) can be easily estimated
provided the expression in the exponent is negative and its absolute value increases
with increasing x|.

In this case, the slowly varying part of the integrand can be taken outside the
integral, setting x| = 0, x» = Xm, and the expression in the exponent can be
represented as a power series of xj up to xlz. Denoting

FO) = =D ) In |V ()l (5.6.12)
we have
, o,
fmo=ﬂm+§fwuf (5.6.13)
where
FO) = =D () In |V (o). (5.6.14)
0 o 0
» |
<1
dx, Xy, Xy
h —~ h 1 7 777777 7 7
\r ¥ ;q—D(Xh)—p

o
s

[a]

FiGURE 5.7. Spreading of a sound becam in shallow-water propagation
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Here, f”(0) is the second derivative with respect to x;. Using (5.6.4), we find

y d [In |V(Xh)|] cp sin xy ¥
= . 0O =0
o) 0 [ DG | orsn 110
, 0 ln|V(Xh)|] }
"(0) = cot xp ) 5.6.15
f ( ) {aXh [ D(Xh) LK X ( )

Subslituting (5.6.12-15) into (5.6.3) and taking the upper limit as infinity, we
obtain

(IpI?) = 22217 O 2 (D sin 05 Ly expl—riB + 2 O1).  (5.6.16)

The decay law becomes r %/ again but with an additional attenuation due to
absorption in the bottom.

Formula (5.6.16) is invalid for such a large r where only one or a few modes
remain. The estimate of the maximum permissible r = r,, is made just as in the
case of the homogeneous layer. The interval of significant values of x; in the
evaluation of the integral (5.6.3) is of the order [r/”(0)]~'/%. The total number
of modes is approximaltely 24 /A. In the interval of significant values there will be
[rf" )]~ 2(4h /mA) of them. The requirement that this number is much greater
than unity determines the condition.

rm & (dh/aA L) (5.6.17)

We have to note that (5.6.16) is also invalid if the source and receiver are at the
same depth. Then, I/sin x — oo when x; — 0. A detailed study of averaged
decay laws has been carried out by Weston [5.9].



Underwater Sound Channel

The underwater sound channel (USC) is a typical natural waveguide. The types
of ocean stratification leading to the formation of a USC have been given in
Sect. 1.2. The theory of sound propagation in the USC is presented here.

6.1 Simple Ray Theory of the USC:
Trapping Coefficient of the USC

We begin by obtaining the expression for the trapping coefficient of the acoustic
energy of a point omnidirectional source—an important characteristic of the USC.

Let the sound velocity at the boundaries of the USC be ¢, (for example, ¢p = ¢,
in the case shown in Fig. 1.2) and ¢; at the source’s depth. All rays leaving the
source at grazing angles in the interval (— x,.. X ) will be trapped by the USC.
Here yx,, is the maximum grazing angle defined by Snell’s law

COS Xy = C1/Cp. (6.1.1)
The acoustic energy trapped by the USC relates to the total radiated energy as the
solid angle

Xm 2n
/ cos x dx dy = 4 sin x,,
—xm YO

relates to the total solid angle 4s7. Thus, the trapping coefficient is
K = sin x. (6.1.2)
Since x,, is always small,
K % X ~ [2(ch — c1)/cp]2. (6.1.3)

The lower ¢ is, i.e., the closer a source is to the channel axis, the greater
the trapping coefficient K. On the contrary, when the source approaches bound-
aries of the channel (¢y — ¢5)K tends to zero. In real cases K is small, usually
(cp — c1)/cp £ 0.03, and, therefore, x, < 15°, K < 1/4. Nevertheless, sound

waves propagating in the USC can be registered at distances of many thousands
of kilometres from sources.

118
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6.1.1 “Linear” Model of the USC

Characteristics of the USC are determinced by the sound velocity profile ¢(z). There
is a great varicty of such profiles. However, many features of sound propagation
in the USC can be obtained on the basis of simple “model” profiles ¢(z). Ray
pictures for a number of such profiles were thoroughly analyzed in the paper by
Pedersen and White [6.1]. Here we will consider the simplest model, assuming
that the sound velocity increases linearly with depth from the surface down to the
bottom. Such a model allows a qualitative description of the main features of
sound propagation in the USC since the sound velocity. in fact, increases linearly
with depth in the deep ocean at greal depths (in the Atlantic at depths of more than
1.5 km, for cxample). The linear model was first proposed [6.2] to describe the
USC in the Sea of Japan where it had been discovered by Soviel scientists in 1946
[6.3], independently of American scientists who had previously discovered the
USC in the Atlantic. In the Sea of Japan a linear dependence c(z) is observed from
depths of 200-300 m to the bottom (about 2 km in the dcep-sea parts). Analogous
stratification takes place in the Black Sea. The linear model is also useful in the
theory of the surface sound channel.
Let the ocean depth be 4 and

c(z) = cg(1 + az), 0<z<h. (6.1.4)

As usual, zj is the depth of the source, and ¢} = ¢o(1 + azy) and ¢, = co(1 +
ah) are the sound velocities at the source’s depth and at the bottom, respectively
(Fig. 6.1a). We denote by xo, xy., and x the grazing angles of a ray at the surface,
source, and receiver levels (Fig. 6.1b). According to Snell’s law, they are related
by the equations

COS xo/co = cos x1/¢1 =cos x/c. (6.1.5)

Let us determine z,,,, the maximum penetration depth of a ray, by replacing x
and ¢ in (6.1.5) by their values at 7 = z,,, i.e., x = 0 and ¢ = cp(1 + az,,). which
yields

(I+ azl)_l cos xi = (1 + a«’.m)ﬁl‘

< D :i
Xo
z Fe
XL Zn

h X1
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A\
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FIGURE 6.1. Parameters for the calculation of rays for a linear sound velocity profile
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We thus obtain
azm = (1 +az; —cos x1)cos™! xy = [az1 + 2sin(x1/2)]cos™ x1. (6.1.6)

Sometimes it is useful to express z,, in terms of xp. Setting z; = 0 and x; = xo
in the last formula, we obtain

Zm = [2/(acos x0)]sin®(x0/2). (6.1.7)

Since xy is usually small so the cos x| = 1 and sin x| /2 = x;/2, we have, ap-
proximately

Zm — 21 = xi/(2a). (6.1.8)

Those rays for which z,,, < 4 are trapped by the waveguide; we shall call them the
“channel rays.” The untrapped rays, propagating via bottom reflections, strongly
attenuate and at great ranges can be ignored. From (6.1.8) the maximum angle y;
for the channel rays is

Xm = [2a(h —z))"%, (6.1.9)

As we have seen, this is also the expression for the trapping coefficient K.

Each ray propagates via reflections from the water surtace. The distance D be-
tween two successive reflections, called the cycle length, is obtained from formula
(2.4.1); if we set

xi =0, Xi—1 = X0, D =2D;, (6.1.10)
then
D = (2/a)tan xy. (6.1.11)

We omit the subscript i for ¢;. The greater the grazing angle xq, the greater is the
cycle length. The maximum cycle length is

Dinax = (2/a) an (xo)max = 22k ja)' 7. (6.1.12)

For = 5 km (deep ocean) and ¢ = 1.2 - 107" m™" (the hydrostatic velocity gra-
dient) Dyax = 57.6 km.

A lot of rays differing from each other by the number of cycles can arrive at the
receiving point. Thus, if the source and receiver are located near the water surface
at range r from each other, they will be connected by rays which leave the source
at an angle satisfying the obvious equation

r = (2N /a) tan xon, N=12, ..., 00, (6.1.13)
whence
Xon = arctan(ar/2N). (6.1.14)

The larger the number of cycles N, the closer the ray is to the surface, and in the
limit of N — oo the ray propagates along the surface. An increased concentration
of rays and acoustic energy density is then observed near the surface. In fact,
according to (6.1.7), all the rays leaving the source at grazing angles between 0
and yo remain in the layer of the thickness z,, =~ xé /(2a). The acouslic cnergy
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within this layer decrcases as yg does, that is, more slowly than z,,. The ratio of
the energy radiated into the layer to the thickness increases with decreasing xg as
1/x0. Such a concentration of energy near the boundary is completely analogous
to the “whispering galleries” effect probably observed for the first time in St.
Paul’s Cathedral in London. This effect was explained by Rayleigh, and consists
of an increase in the density of acoustic energy near a curved surface. The only
difference is that in thc phenomenon of the whispering galleries the boundary is
curved and the rays are straight, whereas in the present case the opposite 1s true.
However, it is possible to show that only the relative curvature of the rays and
boundary matters.

If a source is not near the surface (z1 # 0), then, setting x; = 0in (6.1.5) and
taking into account that ¢y = co(1 + az;), we obtain for the minimum grazing
angle near the surface

(X0)min = Qaz)'/? (6.1.15)
and from (6.1.11) for the minimum cycle length
Dpin = 2(221/0)1/2- (6.1.16)

Despite the simplicity of the linear law for ¢(z), the total ray pattern will be
rather complex. It is shown in Fig. 6.2 for the case az; = 0.012. Nondimensional
quantities az and ar are plotted along the axes. Thick lines show the envelopes of
the ray families (caustics).

6.1.2 Travel Time

Impulse radiation, for cxample, is often used while exploring the USC. When a
single pulse is radiated a number of pulses arrive at the rcfcrence point, travel-
ling along different rays and having different propagation times. We first deter-
mine the travel time along a ray between arbitrary depths z; and z7. Travel time
along the ray’s element ds = |dz/sin x| is dif =ds/c(z) = |dz/[c(z)sin x]|.
Using the relation ¢(z) = ¢p(1 + az) and expressing dz in terins of dx by

ar
0 04 08 12 16 20 24 28 32 36 40
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RIEANI /e - \WZaa~ QY
g 0.6 \\\'/ S
~ 0.8 N /
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FIGURE 6.2. System of rays and caustics in the sound channel with the sound velocity
linearly dependent on depth. Dimensionless values of ar and 10 a7 are plotted along
the axes
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differentiating (2.2.2), we find for the travel time

1 fX: dx
a cosx |’

I = —
where x1 = x(z1) and x2 = x(z2). This is a well-known integral so that we have

acy

1 1 + sin x 1 4 sin x»

= In —Iln———}.
2a(f0

t

: , (6.1.17)
1 —sin x; 1 —sin x2
Setting here xy = x¢. x2 = 0, we obtain the travel time from the water surface to
the turning point of a ray (we denote it by Ar/2)

At 1 I 4 sin xo

= n - .
2 2acy 1 — sin xo

The travel time for the complete cycle is

I I+sinxg  2x0 ( I

[
+—xy + ——x(4+--~). (6.1.18)

At = I

1 o~
acp l—sinyy acy 6 24

For he sake of simplicity, we assume that the source and receiver are located near
the water surface. Then, the total travel time from source to receiver along the ray
having N cycles will be approximately (neglecting terms X(‘)‘, etc.)

2N !
rN=—;@(1+—ﬁ). (6.1.19)
ac) 6

According to (6.1.14), xo = arctan(ar/2N). Expanding the right-hand side in a
powers series of ar /2N, substituting the result in (6.1.19) for o, and neglecting
the fourth and higher powers of (ar/2N), we obtain

m=i(1 wr). (6.1.20)

Co ~ 24N?2

Thus, a pulse travelling along a ray comprising the least number of cycles and
most closely approaching the bottom will have the shortest travel time. The more
often a ray is reflected from the surface, the later the pulse travelling along it will
arrive. ‘The pulse propagating along the horizontal arrives the latest. The time
intervals between adjacent arrivals decrease continuously as N increases. On the
recording an increase in sound intensity is observed towards the end because of the
concentration of arrivals. The typical experimental pattern for source and receiver
at a great distance and near the channel’s axis is the same: an increase in sound
intensity from the beginning to the end of the recording and a sharp cutoftf at the
end. This cutoff takes place after the arrival of the last ray, the one ncarest to the
channel axis. Only the bottom bounding rays arrive later, having low intensity at
long ranges.

Figure 6.3 is the record of the sound signal at a distance of 1880 kin from the
source in the central Atlantic. The radiation (the explosion of 25 kg of TNT) was
at a depth of 700 m, and the hydrophone was at a depth of 1200 m. The acoustic
pressure is plotted on the vertical axis in a lincar scale in some arbitrary units. The
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FIGURE 6.3. Shape of a sound 350
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slow increase of the intensity of signal at the beginning and its sharp drop at the
end of the signal arc quitc cvident.

Now, we shall dctermine the total duration 7 of a signal, taking into account
channel rays only. According to (6.1.20),

2.3
a r ) 2 o
T = S Ny = Nado). (6.1.21)

where Npjin and Ny« are the minimum and the maximum number of cycles for
the rays arriving at the receiving point. At great ranges Npax > Nyin and the
second term in the parcntheses can be neglected. According to (6.1.13), Nyin =
ar/[2tan{x0)max] = ar(2ahv)‘]/2/2. As a result, from (6.1.21). we obtain

ah .

T = —r, (6-1-22)

3¢o
Sometimes 7 is called the signal sprcading time which, as we can scc, increases
proportionally to the range.

6.2 Canonical Underwater Sound Channel

Munk [6.4] suggested for the ¢(z) profile
le(z) — col/co=€e(c" —n— 1) (6.2.1)

which resembilcs the real features of the USC very closely; ¢ is the sound velocity
at the channel axis z = z9, n = 2(z — zo)/ B (the z axis 1s directed upwards), B is
the effcctive width of the sound channcl, & = (B/2)1.14 - 1072 is the fractional
adiabatic vclocity increase over a scale depth.

For large upward dcviations of z from the channcel axis (n > 1), we have ¢(z) —
co = ecpe’, i.e., the sound velocity increases cxponentially. For large downward
deviations (—7n > 1), ¢(z) — co =~ —é&cpn, 1.€., thc sound velocity increases with
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FIGURE 0.4. Profile ¢(z) for the canonical sound channel according to Munk (on the left).
Upper and lower semicycles of rays (on the right) leaving a source at the grazing angles
xo = —14°, —12°, ... 12°, 14°. The curve through the ray apexes is nearly linear for this
model {6.4]

depth lincarly. Figure 6.4 (which is a slight modification of [Rcf. 6.4, Fig. 2]) gives
the profile c(z) (left) for zp = B = —1.3 km, ¢¢g = 1492 m/s. Munk called this
form of the USC the canonical sound channcl. On the right the first scmicycles
of rays arc shown when the source is at the channel axis. The rays leaving the
source at the angle xo = —14°, —12°,...,12°, 14° are plottcd. Notc that the
curve connecting the ray apcxes is nearly a straight linc.

As can be shown [6.4], the length of the upward (D) and downward (D7)
semicycles is

Dt = Dy (1¢2£¢>+ 112<f>2+---), (6.2.2)
where Dy = Bre /272 is the half-cycle length of an axial ray (in Fig. 6.4,
Dy = 23.7 km); q3 = (¢ — ¢g)/(eco), where ¢ is the sound velocity at the turn-
ing point of the ray. Thus, the length of the upper semicycle is Icss and the length
of the lower one is larger than the length of the axial ray’s scmicycle.

The travel time along the upper (:7) and the lower (1) semicycles is

1t — T 1 Do/ co, (6.2.3)
where
22 . 1 .
-h 23 4
i ... 2
--T()(:I:9 ¢° — 24¢+ ) (6.2.4)

9 = Bﬂ&l/z/(2co), and 79 = 0.137 s for the profile example shown in Fig. 6.4.
The travel timc over the total cycle is
70 ~4

. _ D
t=t"4+1 =———¢ +---, (6.2.5)
Co 12
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FIGURE 6.5. 7, 7 diagram for the canonical sound channel for a source located on the channel
axis (zg = —1.3 km) [6.5]

where D = 2Dy is the cycle length of an axial ray (D =~ 50 km for the example in
Fig. 6.4), or the distancc between the convergence zones, as we shall scc below.
From (6.2.5) it tollows that thc axial ray (q@ = () arrives last.

The 1, z diagram for the determination of the arrival timc of rays at differ-
cnt depths at a range of 1000 km in the canonical sound channel is shown in
Fig. 6.5 [6.5]. The depth z is plotted on the vertical axis. Thc sourcc is at the
channel axis (zg = —1.3 km). The quantity t =t —#o [# and #y being the ar-
rival times of the given and axial (last) rays, respectively, T < 0] is plotted on the
horizontal axis. Each branch of thc plot is marked by a sign and two numbecrs.
The plus (minus) sign rcfers to the ray leaving the sourcc upward (downward).
The first number indicates the number of a ray’s turning points abovc the channel
axis, and the second one the number below it. In order to find the arrival times
of rays at a receiver located at depth z = —2.5 km, for example, we cut the plot
at thc horizontal linc z = —-2.5 km, and obtain that the ray +15.15 arrives first
(t = —2.525), followed by the ray —15.16 (t = —2.15 s), and so on. The rays
+18.18 (t = —-0.26 s) and —18.19 (t = —0.25 s) arrivc last. The same pattern
will obviously be obscrved when the receiver is at the channel axis and the source
is at a depth of 2.5 km. This plot demonstratcs the decrcase in the interval between
adjacent arrivals at the end of the signal. The number of cycles is maximum if the
source and recciver arc at the channcl axis, and cquals 20 for the case considered.

6.3 Convergence Zones

Sound propagation in the deep ocean from a shallow source is accompanicd by an
intcresting phcnomenon, the formation of convergence zones.

We shall consider the schematic profile ¢(z) shown on the left-hand side of
Fig. 6.6. Lct us assume thal (as is shown in this figure) ¢ < ¢y, i.¢., the sound
velocity is less at the depth of the source than ncar the bottom. The sound channel
traps the rays leaving the source at the grazing angles satisfying the condition
|x1] < arccos(cy/cy). These rays form a beam (the righl-hand side of Fig. 6.6)
insonifying the space except for the shadow zones A, A’...and B, B’.... Only
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FIGURE 6.6. Scheme of the formation of convergence vones

the rays reflected from the bottom (not indicated in the figure) arrive at these
zoncs. Thus, if we go away from the source but remain at a constant depth, for
example, z = zj, then after the comparatively weak sound field in zones A, A’
etc. a considerable increase of the field is observed in the zones Dy D', D, Dé
etc. Thesc zones usually begin with the caustics (sections of which are shown by
thick lines in the ray picture in Fig. 6.6) and are characterized by the high value
of the focusing factor. Due just to this fact, they are called “convergence zones.”
The width of the convergence zones (at the level z = 7| which is the length of
sections DD}, D2 Dj) increases with distance, while the width of the shadow
zones between them decreascs.

The farther a source is from the channel axis, the smaller the width of the
convergence zoncs. If ¢| 2 ¢ therc arc no such zones. If the sound velocity at
the surface is less than that at thc bottom, the convergence zones will reach the
surfacce and partially include the rays reflected from the surfacc.

Figure 6.7 shows the profile ¢(z) (left) and the ray pattern (right) typical for
the tropical Atlantic. For convenience, the scale of depths for z > 1 km has been
compresscd. The solid lines show the rays Icaving the source in an upward direction
and dashed lincs in a downward dircction. The formation of the convergencc zones
can be clearly scen. At a depth z = 150 m, for example, they extend over ranges
55-70 and 110-140 km.

In Fig. 6.8 the solid line shows the experimental dependence of the sound in-
tensity anomaly A (cxcess over the spherical law 1/r2) on range in the first con-
vergence zonc for hydrology similar to that in Fig. 6.7 [6.6]. The sound frequency
is 1.2 kHz. The depths of the source and receiver are the samc, 7 = z; = 150 m.
The dashed linc gives the theorctical value of the same quantity obtained on the
basis of ray theory and the incoherent summation of rays. It can be seen that there
is somc agrcement between the theoretical and experimental curves. The mean
levels of curves and their general dependence on range are similar. However, many
features of the curves differ. In particular, the experimental convergence zonc is
about | km closer to the source compared to the theoretical one. The reasons for
this can be the inaccuracy of the ray approximation, insufficicnt accuracy of the
mcasurement of the profilc ¢(z) at great depths, or an unsatisfactory approximation
of the profile assumed in the calculations.
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FiGurE 6.8. Theoretical (dashed line) and experimental (solid line) distribution of the sound
intensity in the first convergence zone for the velocity profile similar to thatin Fig. 6.7. with
the depth of the source and receiver z; = z = 150 m

Sometimes a simple way of estimating the average sound intensity over an
entire convergence zone can be useful [6.7]. Let —x,; to x,; be the interval of
the grazing angles of the rays at the sourcc forming thc convergence zones. The
acoustic power radiated into this interval will be W x,,, (Sect. 6.1), where W is the
power output of thc omnidircctional source, and it is assumed that x,, < 1. We
denote the width of a convergencc zone in the r dircction by § and the mean range
from it to the source by r. Then, this power will be distributed over a ring with an
area 2rrrd. The mean sound intensity (specific) in this zone is equal to the ratio
of the transported power to the area of the projection of this ring on the direction
normal to the rays. Let some mean grazing angle in the zone at the depth of the
receiver be x,(x, < 1). Then thc area of the zone normal to the rays is 277 x,-8.
The mean sound intensity in the zone is I = Wx,,/(2m x,-8). For the focusing
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factor f = I/1y wherc Iy = W/(47r”) we obtain
f=2rxm/(xr8). (6.3.1)

We apply this formula to the case in Fig. 6.8. Here the receiver and the source are
at the same depth; hence the grazing angles are the same at the source and receiver.
Therefore, xr = x,; /2 and we obtain from (6.3.1) f = 4r/5. As can be seen from
Fig. 6.8, thc convergence zone (the zonc where f > 1) extends approximatcly
from 55 to 65 km, i.c., § = 10 km and r = 60 km. Thus, f ~ 24 and the sound
intensity anomaly A = 10log f = 14 dB. Comparison with Fig. 6.8 shows that
this value is slightly too large, but the order of magnitude is corrcct, nevertheless.

6.4 Field of a Point Source in the Underwater Sound Channel
as a Sum of Normal Waves (Modes)

Ray theory has limited applications. Itisinapplicable in the shadow zones and ncar
caustics. Since caustics get wider with increasing rangc, they limit the applicability
of ray theory at large distances. Ray theory also cannot be uscd for low frequencies.
when the wavelcngth of sound becomes comparable with the vertical scale of the
sound velocity variation. Therefore, in practice one ultimately has to resort to the
wave solution of the problcm.

In this section we present the results of Ahluwalia and Keller [6.8] and obtain an
expression for the sound field as a sum of normal waves (modes). This cxpression
will be limited to the case of an ocean with a perfectly reflecting bottom. How-
ever, if we are interested in the field at large ranges from a sourcc, then thc most
significant modcs will be thosc which do not intcract with the bottom (otherwise
they rapidly attenuate with range), and, therefore, the boundary conditions at the
bottom arc not csscntial at all.

We consider the horizontally stratified ocean with the sound velocity profilc c(z)
{where 0 < z < h) boundcd by the free surface from above and by the horizontal
plane formed by an absolutely rigid bottom from below. The acoustic pressurc
p = p(r, 2) ol the point source located at the point r = 0, z = z| with a singu-
larity p = 1/R, R = [r* + (z — z1)*1"/2 at R — 0 is described by the Helmholtz
equation

p 1ap 8*p

2
2 = _—"8§(z —7

with the boundary conditions

;
p(r.0) = 0, (—p) — 0. (6.4.2)
92 z=h

The solution of the homogencous form of (6.4.1) can be found by separation of
variables. The solution describing a wavc outgoing from the source has the form

p(r.2) =H €Ny, &), (6.4.3)
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where H" (&r) is a Hankel function of the first kind of zero order, and the function
0] . .
¥ (z, §) satisfics the equation

d*y
dz?

and the boundary conditions

+ [k @) - &2y =0 (6.4.4)

’ ! dl/f
vO.5 =0 Whe=0 ="

Lettwo linearly independent solutions of (6.4.4) bec W (z, £y and W, (z, §). Then
v(z,§) = BV (2, §) + BaWa(z, §), (6.4.6)

wherc B, B; arc constants,
Substituting (6.4.6) into (6.4.5), we obtain the characteristic cquation for the
cigenvalues &

(6.4.5)

and the rclation between By and B for an arbitrary &

By = —ByW(0, &)/ Wi (0, &).

Now we represent the solution of the inhomogeneous equation (6.4.1) as the
sum of normal modcs

pir,y =Y AHYEOW@. W@ =¥ ). (6.4.8)
{

To find the excilation coefficients A; of the normal modes we substitute (6.4.8)
into (6.4.1) and usc thc known equation for thc Hankel function

> 1d 2\ 4 20
G - H = —b .
(dr2 + rodr +§’) 0 &ir) Tr (r)

As a result we obtain

Y An) = ind(z — 1), (6.4.9)
{

Multiplying (6.4.9) by /,,,(z), intcgrating over z from 0 to 4, and using the or-
thogonality of thc normal modcs

h
A Yi(@Dym(2)dz =0, I #m,

we obtain
h
A =iny(z)) | wi)dz. (6.4.10)
0

In (6.4.8) wc can use normalized function v/;(z) so that the integral in the denom-
inator (6.4.10) will b¢c cqual to unity. As a rcsult, we obtain

pr,z) =mi Z Yi(zy )I,Dz(Z)H(()I)(&r). (6.4.11)
!
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6.5 Integral Representation of the Sound Field in the USC

Now wc obtain the integral rcpresentations of the ficld in the underwater sound
channel valid for arbitrary bottom characteristics.
The solution of (6.4.1) can be expressed as the Fourier-Bessel integral

p(r, z)=/0 p(z. §)Jo(Er)E dE. (6.5.1)

A function p(z, &) is determined by the inverse transformation

P ) = fo T pr DTN dr. 65.2)

Multiplying (6.4.1) by Jo(&r)r dr and integrating over r from 0 to oo, we obtain
(see for details [Ref. 6.8, Appendix 3.3A])

P+ K (z) — E21p = —28(z — 21) (6.5.3)

where the prime indicates differentiation with respect to z.
The function p satisfies the homogeneous equation

Pl K —Ep =0 (6.5.4)

for all z cxcept z;. To find conditions which must be satisfied by p at z = 71, we
integrate (6.5.3) over z fromz — A to z; + A and set A — 0, obtaining

(ﬁ’)z|+0 - (f”)({r 00— -2. (655)

Thus, p’ has a discontinuity at z = z;. The tunction p itself, as can be easily
shown, is continuous:

(P)zy+0 = (f’)q -0 (6.5.6)

We denote by p(z) and ﬁg(z)' two solutions of (6.5.4), choosing them so that
p1(z) satisfies the condition at the frcc occan surface

pL=0 z=0 6.5.7)

and p;(z) satisfics the boundary conditions at the bottom.
The solution of (6.5.3) satisfying all the nccessary conditions is

2pa(z1)p1(z
ﬁ(’z)=%pl(), 0<z <z
2p2(2)p1(z g
_ 2n@pi) > (6.5.8)
w
where
w = w(§) = p1(2)p2(z) — p1(2) Palz) (6.5.9)

is the Wronskian.

I'The parameter & in the argument of functions 51 (z) and p(z) is omitted for brevity.
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Substituting (6.5.8) into (6.5.1) and transforming the integral with thc Bessel

function Jo{&r) into an integral with the Hankel function Hél) (&r) where the limits
are from —o0 to 0o (as in Sect. 4.3), we obtain

P 2) = f "L@WH{,‘%sr)sds, 0<z<z

o A s~
pir.7) = f MHS" (Er)E dE, 7> 71 (6.5.10)
—oc w
Formulae (6.5.10) give the integral representation of the sound field of a point
source in the underwater sound channel. The latter integrals can be calculated by
diffcrent mcthods including a direct numcrical calculation. 1t is usually possiblc to
separate the main part of these integrals, the nonattenuating or weakly attenuating
normal modcs. This part p(r, z), also called thc discrete spectrum, essentially
detcrmines the sound field at large ranges. The other part (the continuous spectrum)
can, if necessary, also be estimated by one or another method.

6.6 Transformation of the Integral Representation
into the Sum of Normal Modes

We will show that in the casc of the absolutcly rigid bottom when
prth)y =0 (6.6.1)

cxpression (6.4.11) for the normal modcs follows from the integrals (6.5.10).

Let us displace the integration path in (6.5.10) in the complex & plane from the
real axis to the infinite semicircle in the upper half-planc. The integral over this
semicircle is equal to zero and, as a result, the integrals in (6.5.10) arc rcduccd to
the sum of the residues at simplc polcs & of the integrand. The poles are the roots
of the equation

w(&) = 0. (6.6.2)
Thus, for example, for the field in the region 0 < z < zy from (6.5.10) we have
. . - - Bw’ -1 (1,
plr.z) =271 ) pa(z1, EDP1(z &) E) Hy "&ir)ér. (6.6.3)
{ &

Because the Wronskian is equal o zcro at § = §;, there 1s a linear dependence
between py and py. te., pa(z, &) = A pi(z. &). A; being a constant. Therefore,
P1(z. &) and p2(z, &) each satisfy both equation (6.4.4) and thc boundary con-
ditions (6.4.5), that is, each of them is proportional to v;(z). Therefore, we can
sct

p1(z. &) = Yi(2), p2(z. &) = A (2). (6.6.4)

Since the Wronskian (6.5.9) does not depend on z, we may dctcrming it at some
z, say z = 0. Keeping in mind that 5, (0) = 0 and restoring & in the argument, we
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have from (6.5.9)

w(§) = p1(0.£)p2(0, &),

dw _ 3p1(0.£)3p2(0.8) 32510,
Y 2E + pyey: p2(0,8). (6.6.5)

The second term becomes zcro if &€ — & since pa2(0, &) = A;y;(0) =0 and, as a
result, from (6.6.4) wc obtain

awm]“ {3'#1 (0)
az a&

In differentiating with respect to &, 1,(0) is assumed to be determincd as a function
of & according to the relation ; (0) = p»(0, §)/A; (scc the cxamplc with the linear
wavcguide below). Expression (6.6.6) for p does not change when z is replaced
by z1 and vice versa, and is appropriatc for any z (0 < z < k). Howevcr, this
cxpression 1s not always convenient to use. In particular, if the waveguide axis is
deep, there are some normal modes with cxponentially small amplitude v, (0) at
the surface. In this casc, it is morc convenicnt to use cxpression (6.4.11) which
can be also obtained from (6.6.3). For this purpose let us consider (6.4.4) for i
and analogously (6.5.4) for po(z, £). Multiply the first by p, and the second by
Y7, subtract one result from the other, and integrate over z from ) to A, taking into
account that ;' pa — ¥y p3 = (¥/p2 — ¥ p5)’. As aresult we obtain

-1
plr ) =211y Yu(z)vi(@) [ ] EHY(Eir). (6.6.6)
{

h
iF = il =~ = &) [ wniadz,
Here v/ (h) = p5(h) = 0. ¢4(0) = 0. Using (6.6.5) for w(&), we find

‘1”[,(0) w(§) fh -
= s dz.
PO E -8y G, i

Assuming & — &, we have w(§) = (Qw/0§)g (8 — &), since w(§) = 0. In ad-
dition, as has been shown above, we have pi(z) = Yi1(2), p2(z) = A;v(2), and
conscquently

aw h
( 7*) =245 | Y} dz (6.6.7)
98 & 0

Hcre the integral is equal to unity if the functions y; are normalized. Then (6.4.11)
follows from (6.6.3).

6.6.1 Linear Waveguide

[.et us apply the general theory developed above to the casc of the surface wave-
guide with the linear dependence n?(z):

n?(z) =1-2az, 0<z<1/Qa). (6.6.8)
For the sound vclocity we have

c(z) = co(l — 2112)_1/2, co = ¢(0), c(z) = co/n(z). (6.6.9)
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6.6. Transformation of the Integral Representation 1

We are mainly interested in the normal modes of low orders { whose energy

is concentrated near the boundary z = 0. In this connection we notice that for

2az < 1, (6.6.9) is rather close to the linear law (6.1.4) for the sound velocity.
Equation (6.5.4) in the case considered is written

P+ k(1 —2az) — £2]p =0, ko = w/co. (6.6.10)
We introduce a new variable instead of z,

t=1y+z/H, H = Qak}) ™13, ty = H*(E2 = kJ). (6.6.11)

Then (6.6.10) becomes
d>p(1)

dr?

The solutions of this equation are the Airy functions. Since these functions are
frequently used in the theory of sound and electromagnetic wave propagation, and
have previously been used in Sect. 4.5, and will be used below in Chap. 8, we
list some relevant data mainly following Fock [6.9]. A good presentation of this

matter can be found in the work by Jeffreys and Swirles |6.10].
Let us consider the integral

=tp(t). (6.6.12)

1 1
Zt) = — [ exp |tz — =7° dz, 6.6.13
(t) 7= p( 3 ) ( )
where the integration path T in the complex z plane follows along a ray arc
7z = =2 /3 from infinity to zero and then along the real axis from z = O to infinity.
This integral converges for all complex values of ¢ and satis(ies (6.6.12). In [act,
we have

2

d—Z(z)—zZ’t)—Lf(vz—t) X z~—l3' d
ar A= T e 37’)2

-1 1
exp (tz - z3) d (tz - gzq') =0

==
Assuming that ¢ is real, we separate the real and imaginary parts in Z(¢), setting

1 |

as exp(tz — %z3) — 0 at both limits.

Z(t) =u(t) +iv(z), (6.6.14)

() and v(¢) being the linearly independent solutions of (6.6.12) that are referred
to as the Airy function.?

In the above-mentioned references it has been shown that v(z) is given by the
integral (4.5.23), and asymptotic expansions for «(r) and v(z) at large ¢ are also
obtained. Let us write the asymptotic expansions, retaining two main terms. For

2The functions Ai(t) = (1//m)v(t) and Bi(r) = (1//m)u(t) are often referred (o as the
Airy functions [6.10].
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t > 0, setting v = %13/2, we have

5
N _]/4 ) R -
u(t)y =t exp(v) (l +72u + ),

| 14 5 ’
v(r):;t exp(—v) 1—7—7;-!—--- ) (6.6.15)

-

Fort < 0, setting v = ﬁ(—t)?'/2 we get
—1/4 5 .
u(t) = (—t) cos(v+7r/4)+7731n(u+;{/4)+... ’
v

v(r) = (=)~ /* [sin(u +7/4) — % cos(v + 7 /4) + -- } . (6.6.16)

The function v(z) is plotted in Fig. 2.7. lIts zeros 1y, t;, 13, ... are negative
and equal to 1y = -y, [=1,2... , where y; = 2.33811, yo =4.08795, and

y3 = 5.52056. If one denotes v = (2/3)(—4)3%,1 = 1.2, ..., then

( l) 0.088419  0.08328
W=7

4 N1 @

As the number { increcases, this formula becomes more accurate.

To find zeros of the function Z(r), we transform the integral (6.6.13). We replace
t by 1 exp(imr/3) and split the integral over the path I' into two integrals, one from
oo exp(—2mi/3) 100, and the other from 0 to co. Let us introduce a new integration
variable s = z exp(Zim/6) where the plus sign is taken for the first integral and
the minus for the second one. Then we obtain

(—im /6)00 1
Z[t exp(ri/3)] = N—J/Z exp(i /6) {f eXp [i (ts — 533)] ds
0 K

(im /6)00 1
+f exp [—i (ts — —33):| ds .
0 3

Here the integration path in both integrals can be displaced on tbe real axis and,
as a result, we obtain for v(¢), taking into account the integrand (4.5.23),

Zltexp(in/3)] = 2v(—1t) exp(i/6). (6.6.18)

(6.6.17)

Hence the zeros of the function Z lie on the ray arc t = /3 at points vy exp(in/3).

Now we turn to the expression for normal modes (6.6.6), taking the func-
tion v(z, &) vanishing at z — o0 for ¥;(z). The eigenvalues are found from the
equation

v(0, &) or vt =0.
The solution of the latter, as we have seen, is fo = —y;. Then from (6.6.11) we
find
£ =k — yi/H®. (6.6.19)

At y/H? < k(z,, & arc real, i.e., the modes do not attenuate.
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Let us denote
nh=z/H - y. ty=2zi/H—y (6.6.20)

wherc 77, as above, is the coordinate of a source. Furthermore, we take into
account that, according to (6.6.11),

J (1/H) o J 1% o

8z T aE > ot

Equation (6.6.6) in the case considered can be written as

(6.6.21)

: (H
p(r.2) = % Z U(tl)v(,tlvl)HO Z(EH’)‘
; (v (=¥)]
Figure 6.9 shows the dependence of the amplitude of the first three normal modes
upon z. The nondimensional coordinate z/H 1s plotted along the vertical axis.
We sec that the quantity H determines the width of the waveguide to an order of
magnitude.
The phase velocity v; of the normal modes is

v =w/& = cyll — y/(koH)? V2, (6.6.22)
The group velocity is
dw 31(())
Uy = — = -— . 6623)
oy (051 . (

Taking into account the relation (6.6.11) between kg and & (the parameter H also
depends on ky), we obtain

ur = coll = w1/ tkoHY 121 = 230/ Gk HHI™. (6.6.24)

In the oceanic surface channel the linear law (6.6.8) is obscrved down to a
certain depth z, below which #(z) first decreases more slowly with depth and then

(1)) v(ta) v(t3)
-0.8 0 08 -0.8 0 08 -0.8 0 (08
2 2\_ 2’:-

4 <
6 61 6+
Z/H 8 7 8 1

10+ 10+
2/H 12+
/H

FIGURE 6.9. Dependence of the amplitude of the first three normal modes upon the nondi-
mensional coordinate z/ H for the case of the linear subsurface sound channel
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begins to increase. Calculation of the characteristics of sound propagation for the
bilinear profile 7% (z) when the linear decrease of n*(z) turns into a linear increase
at somc depth has been performed by Kibblewhite and Denham [6.11].

6.7 Normal Modes in the WKB Approximation:
Phase Integral

Let us put k(z) = kogn(z), where kg 1s a wave number at some fixed depth z = zy
(usually, at the channel axis). Equation (6.5.4) is now wnitten

PrARYEP =0,  y =[ni2) — (§/ko)?1V2 (6.7.1)

We shall consider the case of high frequencies and, consequently, of large k.
Then an approximate solution of (6.7.1) can be found on the basis of the following
idca. Wc denote by 7 the characteristic vertical scale of vanation of n(z). For
2o = 2m/ky <« Z the medium can be regarded as locally homogeneous. If the
medium were real and homogencous (y = const), the solutions of (6.7.1) would
be the exponents exp(=ikpy z). For our casc of the locally homogeneous medium
one may hope to obtain a reasonable solution in the form

p(z) = explikoM (2)], (6.7.2)

where M(z) 1s represented as a power series in 1/kg, beginning with the zero
power. It is convenient to assume

Mz )—[ “(‘ dz, (6.7.3)

]UO

wherc y, (z) are new unknown functions.
Now, we substitute (6.7.2) into (6.7.1). We have

" = [ikgM” — k}(M')*] exp(ikoM),
o0 oc
M'=3 wiky.  MT=) vk
=0 v=0

Equating the cocfficicnt of powers k2, ko, and k) to zero yiclds a sequence of
cquations

=y, —2yoy1 +1iy, =0, —2yoy2 — y? +iy| =0.
Whence we have
I
yo=+y@. oy =iny"?,  y= izy"”(y_m)”-

Limiting ourselves to the first two terms of the series in (6.7.3), we find from

(6.7.2)
N2 z
Pz) = [}'(“0)] exp (j:iko [ de). (6.7.4)
y(2) 20
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The lastexpression is called the WKB (Wentzcl-Kramers-Brillouin) approximation
for the solution of (6.7.1).
If we take into account the term with y; in the expansion (6.7.3), an additional

factor
o[t (,y—]/Z)H] -
exp :|:1[ [— dz (6.7.5)
{ w0 L 2koy!/?

appears. For the validity of the WKB approximation it is neccssary (but not
sufficient at all) that the expression in the braces be much less than unity, imposing
restrictions on the value of the derivatives of y(z) with respect to z.

Expression (6.7.4) represents a superposition of two waves propagating with-
out interaction in opposite directions. There is no reflection in an inhomogeneous
medium in this approximation, which is not surprising since the WKB approxima-
tion s a form of geometrical acoustics (see below). The integral in the exponent
in (6.7.4) gives the phase change as the wave propagates between depths zg and
z. The factor in front of the exponent ensures that the energy conservation law for
each wave (the energy flux in the z direction is constant) is fulfilled. The WKB
approximation has already been used in Sect. 3.5.

Formula (6.7.4) obviously fails at z cqual or close to certain z’ where y(z’) = 0,
that is at the so-called turning depth and near it.

We will not use the WKB approximation for analysis of the sound field in the
waveguide. In this case, it must bc kept in mind that there can be four types of
normal modes depending on the region of depths wherein a given normal mode is
concentrated [depths where y; = y (&) is real]:

1.0 < z < z;. The region is bounded by the water surface from above and the
turning depth z;, at which y;(z)) = 0, from below.

2.z} < z < z;. Theregion is bounded by two turning depths y;(z)) = yi(z)') = 0.
On the bottom and at the water surface the field of anormal mode is exponentially
small.

3. 7/ < z < h. The region is bounded by the turning depth z;" from above and by
the bottom from below.

4.0 < z < h. The region is extended from the surface to the ocean bottom. As
has hcen said above, only the first two types of modes, which do not interact
with the bottom, will be of interest to us.

The general solution for the second type of mode in the insonified regions
7/ <z <7 (yisreal) and z > 7’ (y is imaginary) can be written, using (6.7.4),
in the form

pz)y =y /2 [Cl exp (ikg f y dz) + Caexp (—ikof y dz)] o <z

(6.7.6)

p@) =yl *Csexp (—ko ] I}/Ia'z) . o7> 7. (6.7.7)

One can take any other fixed valuc of z as a lower limit in the integrals instead
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of 7/, since only the arbitrary constants Cy, C2, and C3 change in value. If we set
7" = 0, (6.7.6) also becomes applicable for the first type of mode.

Two terms in (6.7.6) correspond to waves propagating in the positive or negative
2 directions. Expression (6.7.7) describes a wave attenuating exponentially with
increasing z. The constants C and C; can be expressed in terms of C3 using the
continuity condition for the fields given by (6.7.6, 7) at z = z'. It can be done,
for example, by describing a ficld in the region closc to 7 by mcans of the Airy
functions. However, we shall not do this here but write the result immediatcly
(sce [Ref. 6.12, Sect. 24] wherce C4 stands for C3),

C1 = Cyexp(in/4), Cy = Cyexp(—in/4). (6.7.8)

Equation (6.7.7) is not of no interest to us, and (6.7.6) can be written as

p(z) = 2C3y "' cos (ko f Cydz—n /4) , (6.7.9)

where C3 still remains undefined.

To obtain the normal modes v, (z) from the last cxpression for p(z) the boundary
conditions must be satisfied at z = O for the first type of mode, and at z = z” for
the sccond type. In the first case we must require p(0) = 0 yielding

kgfbi vidz=nd—1/4). 1=1.2.3.... (6.7.10)
0

where, according to (6.7.1),
v = [n*(2) — £}/ k512 (6.7.11)

The expression on the left-hand side of (6.7.10) is called the phase integral, by
means of which, therefore, the equation for poles is written in the WKB approxi-
mation.

To obtain a similar equation for the second type of mode, we assume kgz” > 1,
i.e., the turning depth is sufficiently far from the surface so that the normal modes
do not interact with the latter at all. The boundary condition at z = z” can be stated
as follows (Scct. 3.5): a wave reflected at this depth lags in phase by /2 behind
an incident one. We represent in (6.7.9) the cosine as a sum of two exponents

}

¢ ] 1 < i
CcOs (k()]; ydz — %) = Eexp (ikoj; ydz — %l_)
" lex " fZ’ p +zri
5 p 0 yaz 1)

Here the first exponent is a wave propagating in the direction of negative z, iL.e., a
wave incident from below on the depth 7 = 7/, The second exponent describes a
wave propagating in the positive z direction (the reflected wave). The requirement
that the ratio of the first exponent to the second one at z = 7 equals exp(ix/2)



6.7. Normal Modes in the WKB Approximation: Phase Integral 139

multiplied by 1 = exp(2xil) ( is an integer or zero) gives the equation

7
et

f
k()f y(o)dz=n(+1/2), [1=0,1,2,.... (6.7.12)
z/
Now from (6.7.9) we obtain the expression for eigenfunctions (normal modes)
—2Cv 2 o K . T
Yi(z) = ~C‘3}’1 cos { kg vidz — Z s (6.7.13)

where y; = y;(z) is determined in terms of & from (6.7.11), and & is found from
(6.7.10, 12) for the first and second types of wave, respectively.

The constant Cy is determined from the normalization condition, f‘f' yidz=1.
Regarding our assumptions above we can perform the integration here, approxi-
mately limiting it by the interval 0, z; for the first type of mode. Therefore

o] 3 Z’ .
4C%/ [VI(Z)] ] COSZ (k[)/ Vi dz — Z) z=1.
{} :

Assuming that within one period of the cosine y;(z) can be regarded as a constant
(the higher the order / of a wave, the better this assumption holds), we can replace
the square of the cosine by 1/2—its mean value over the period. Taking into
account the value y;(z) from (6.7.11), we obtain

y H,-1/2
2¢2 / ' I:nz(z) - %] dz = 1. (6.7.14)
5 )

0

This integral has a simple physical meaning if we refer to the ray representations.
Expressing € in terms of the grazing angle y; = /2 — 6, we obtain trom (2.3.2)
Dy = 2cos y | (n2 — cos® )(;)_]/2 djz, (6.7.15)
0
the cycle length of the ray leaving the depth z = 0 at angle x; = arccos(&;/ kp)
(sce Fig. 3.8). Comparing (6.7.14) and (6.7.15) yields C7 = cos x;/D;.
Substituting (6.7.13) into (6.4.11) and taking into account the value of Cs, we
obtain

: EiHél "(&r) f 3 T
. Z = 4 - : v S k d: -
pir2) mzkoD/[Vz(z)}’z(ZJ)]”z N R 4

!

X CO8 (ko f&’ vidz — %) . (6.7.16)
2

This expression is also valid for the second type of mode, but z;' must be taken
instead of z = 0 as a lower limit in the integrals in (6.7.14, 15). All normal modes
giving an essential contribution to the value of p(r, z) in (6.7.16) must be taken into
account. For modes of the first type, these are normal modes for which z, z; < 7,’

For the second type of mode an analogous conditionis 7" < z < 27,2/ < z; < z}.
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We again refer to the linear wavcguide given by law (6.6.8). Substituting the
latier into the equation for poles (6.7.10), setting & = kg cos x; and taking into
account that k(z) = kgn(z), we obtain after the elcmentary integration

sin® x; = Bax/ko)( — 1/4). (6.7.17)

On the other hand, in the exact theory of the lincar sound channcl we have {rom
(6.6.19), again expressing & in terms of y;,

sin® y; = (2a/ko)y; " (6.7.18)

Equation (6.7.17) is in agreement with (6.7.18) if in (6.6.17) for v} = (2/3));"

only the first tcrm of a scrics is retained.

We see from (6.6.17) that the WKB approximation gives the more exact values
of the poles & for larger /. Even for / = 1 this approximate value is reasonably
good. On the other hand, for sufficiently large r even a small error in & results
in an error in the phasc of a wave &r. Therefore, for a normal mode of any large
number / there is a range r at which thc WKB approximation breaks down. A
more complete analysis of this problem is given in [Ret. 6.12, Scct. 48.5].

Similarly we can show that (6.6.21) for the normal modes in the linear waveguide
is in agreement with (6.7.16) if in (6.6.21) we use an asymptotic representation of
the function v{f) att < 0 (6.6.16)

v(1) = (=)~ sin [%(—1)3/2 + %] .

—~v'(1) = (—1)1/4005 [%(—1)3/2 + %] . (6.7.19)
and note that in (6.7.16), according to (2.3.2), in the case considered we have
Dy = (1/a)sin y. (6.7.20)

6.7.1 Normal Modes and Rays

The WKB approximation is in essence another form of geometrical acoustics. To
illustrate this statement we show that each normal mode in (6.7.16) corresponds to a
system of rays. Infact, if the cosinesin (6.7.16) are replaced by a sum of exponents,
and the Hankel function by its asymptotic rcprescntation, an cxpression for each
normal mode will consist of four tcrms. The phase of each term is (omitting some
additive constants)

’ ~

-

Gi(r 2. 21) = Er £ ko f Jrdz + ko f ydz 6.7.21)

o)

The rays arc, by definition, the lines orthogonal to the wave fronts, i.e., to the
surfaces where ¢ = const. In other words, the unit vector e tangent to a ray has
the same dircction as vy

V&
e= .
| v ¢
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But from (6.7.21) we have

Vr @ =& = kpcos x, V.01 = Tkoy F koln?(z) — cos? x1'/?

| v ol = kon(2), er = cos x;/n(2). (6.7.22)

Let us denote by x;(z) the angle between a ray and depth z (the grazing angle). It
is obvious that cos x;(z) = e, or, taking into account (6.7.22),

n(z) cos x1(z) = cos x;. (6.7.23)

As a result we have the well-known Snell’s law for a ray. Figure 6.10 shows a
system of rays corresponding to the /th normal mode.

One may consider the question of the equivalence of rays and normal modes from
the other point of view and show that a ray can be represented as a superposition
of normal modcs of neighbouring orders. In fact, let us suppose that at some point
(7, 2) the /th mode and neighbouring modes are in phase giving rise to the local
maximum of the sound field (“constructive interference”). If we shift away from
this point remaining at the same depth z, the normal modes become dcphased due
to their different phase velocities, and the sound level will be lower. However, if
we also change z, we can arrive at the point where the modes are in phase again.
Let us show, following the work of Tindle and Guthrie [6.13], that a locus at which
the modes are in phase is a ray. If the number of modes is large, which is the case
when the WKB approximation is valid, the change of phase ¢ (r, z, z1) with/ can
be estimated by the denivative d¢;/3/. The modes interfere constructively if the
phase difference between modes/ and ! + 1 is equal to —27m, m being an integer,
i.e., d¢ /ol = —2am.

Using ¢y from (6.7.21) and y; from (6.7.11), we obtain by differentiating

dg |
—fli [r:i:cosx[/ [nz(z)——oos2 X[]_l/zdz

<

+cos x; fﬁ [nz(z) ~ cos? )(1]_1/2 dz ] = —2am, (6.7.24)
2]

where, as above, the notation cos x; = & / kg is used.

FIGURE 6.10. System of rays corresponding to the normal mode of order /
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On the other hand, differcntiating the equation for poles (6.7.12) with respect
to ! (we consider the modes of the second type, for definiteness), we obtain
d
—;{i cos x;f [nz(z) — cos? X[J_I/Z dz = —m. (6.7.25)
The integrals in (6.7.24, 25), as is seen from comparison with (2.3.2), give the
horizontal length of different sections covered by a ray, namely (Fig. 6.11)

?

: 2 2 —1/2
cos X;f [n° —cos™ x/] 2 47 = ror = rer,

COos X1 f [n2 — cos? X;lﬂl-/z dz = FAR = rgc.
2

’

cos X/ f | [n% — cos? X;]‘l/2 dz = Dy/2, (6.7.26)

where Dy 1s the length of the ray cycle, rap is the horizontal range AB, etc. We
have now from (6.7.25, 26) an important formula

d& 2T

— = ——. 6.7.27

dl D (6:7.27)
The physical meaning of this result will be explained later. Equation (6.7.24) can
be rewritten now as

r =mD; 4+ rag £ rpEg. (6.7.28)

An analytic expression for the ray is shown in Fig. 6.11 for the case m = 1. The
combination of signs in this case will be:

++, if the source is at point (ra. z;), the receiver at point (rg, )
+—, if the source is at point (ra. z1), the receiver at point (rp, z)
—+, if the source is at point (rc, z1), the receiver at point (rg, 7)
——, if the source is at point (rc, z1), the receiver at point (rp. 7).

Ray- or normal-mode methods are widely used for the description of waveguide
sound propagation in the ocean. But if the wavelength of sound is small compared
to the ocean depth, the number of significant modes becomes very large, which
introduces computational difficulties. At great distances from the source the num-
ber of rays arriving at the receiver is also large. The cfficiency of these methods

FIGURE 6.11.
Representation of
arayasa
superposition of
normal modes




6.7. Normal Modes in the WKB Approximation: Phase Integral 143

can be increased if they are used in combination rather than separately. The basic
idea of such “hybrid” ray-mode method is that the angular density of rays arriving
at the receiver and the eigenvalues of modes are not identical in different angular
domains. The number of modes that propagate in the vicinity of the axis of the
USC (small grazing angles) is small, while the number of rays is large. Far from
the axis, the reverse is true. So, for the eigenvalue difference of two adjacent
modes / and /[ + 1 we obtain from(6.7.27), taking into account that §& = k eos yx;,

Axris1 = 27/ (kDysin xp), (6.7.29)

i.e., the less the cycle length D; and the grazing angle y;, the greater A x; 14 and,
therefore, the less the angular density of the modes.

Similarly, from (6.1.14) for the angle difference of two rays arriving at the
receiver at a range r and comprising N and N + | cycles, respectively, we find (at
N > 1) that

Ay = arcos? )(/ZN2
or, taking into account that N ~ r/D,
Ax = (acos® x/2r)D?, (6.7.30)

i.e., Ay rapidly increases as the cycle length D increases (the angular density of
rays decreases). This takes place for turning points located at greater distances
from the axis of the USC.

Thus, the field of waves whose turning points lie in the vicinity of the axis of the
USC can be calculated by the mode method, and the ray method should be used
if the turning points are far from the axis of the USC. The total number of modes
and rays in the hybrid method is usually less than in cases when modes and rays
are used separately.

There is another advantage of the hybrid method. As is known the ray method
fails in the vicinity of caustics or if the grazing angles at the depths of the source
and receiver are very small. In these cases it is useful to replace a group of rays by
modes. In contrast, the calculation of eigenvalues for a group of modes that forms
the acoustic field at some range may be much simpler than determination of the
total mode spectrum. Then, the remaining part of the acoustic field 1s calculated
by the ray method.

Some examples of practical applications of the hybrid ray-mode method for
acoustic field calculations in the ocean are presented in [6.16, 17].

6.7.2 Spatial Periods of Interference

The important characteristics of the sound field in the ocean are the horizontal and
vertical scales of its variability.

The horizontal variability is mainly due to the mutual interference of different
normal modes. The largest horizontal scale ol variability (the distance between
the neighbouring convergence zones or, what is the same, the length of the ray
cycle) is due to the interference of the modes of neighbouring orders. In fact, to
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determine the sound intensity | p?| we have to square the sum (6.7.16). As a result
and using the asymptotic representation of the Hankel function, we obtain terms
containing factors of the type exp[i(§; — &)r]. Each of these terms oscillates
along r with periods A; p = 2w /|& — &]. The largest period corresponds to the
least difference & — &y, that is when I’ =1 + 1. In this case, & — & = 3&;/dl,
and taking into account (6.7.27), we find A; ;4| = Dy, i.e., this interference period
coincides with the length of the complete ray cycle.

In the sound field there are also other shorter interference periods. The short-
est period corresponds to the maximum difference & — & = kg(cos x; — cos x;/),
which occurs for the minimum yx;(; =~ O if a source is located at the channel axis),
and maximum ;- corresponding to the limiting ray trapped by a sound channel.
In other words, the widcr the angular range of the waves trapped by the sound
channel, the shorter is the minimum period of interference.

The vertical periods of variability of the sound intensity are considerably shorter
and are due to the interference of waves propagating in the directions of positive
and negative z, composing the mode of order /. Since for this mode the quantity
koyy () is the verlical wave number, the interference period will be

I = T in2(2) - cos® V2.

koyi ko
The larger y; is, that is, the larger the grazing angle of a ray is with respect to
the horizon, the smaller the vertical period of interference. However, it is usually
equal to the length ot the sound wave up Lo an order of magnitude.

The interference pattern in the coordinates of range and frequency is of consid-
erable importance. It has been observed in experiments and appeared to be fairly
steady [6.18]

According to (6.4.11), the sound intensity at large distances from the source
(I&r] > |) may be represented as

l(w,r,2) =|plw,r, D> = Z By By, cos(sjmr), (6.7.31)

l.m

where s, = £ — &,, and the dependence of / upon z is included into the ampli-
tudes of modes.

Following [6.19], consider first the interference of just two modes. If we ignore
(usually a weak) dependence of the coefficients B; ,, on the sound frequency, the
condition for the maximum sound intensity for interference of modes/ and m 1s

symr = 27N, N =1,2,.... (6.7.32)

This is a functional relation between the frequency w and range r along the lines of
maximum intensity. It is evident that the distance between (wo successive maxima
along the axis r is equal to the interference period A;m = 27/5,,. Belween
maxima the sound intensily / (w, z, z) varies along the axis r according to the sine
law, but along the axis  its variations are determined by the function s,, (w), and
due to waveguide dispersion are nol periodical.
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The important parameter for our discussion—the slope of maximum intensity
lines in the plane (w, r)—is obtained by differentiating (6.7.32) with respect to w
dow Him
dr  r dspm/do’
The value of the derivative dw/dr decreases as the distance r from the sound
source increases, whereas its sign is determined by the sign of the derivative
dsgm/do = 1/u; — 1/u,,, where u; = dw/d&; is the horizontal component of the
group velocity of the mode {.
Consider, for example, a homogeneous ocean with a perfectly reflecting bottom.
For some first modes that satisfy the condition [(z/kh)({ + 1/ 2))? « 1 (small
grazing angles), we obtain approximately from (5.3.5)

sm = (T /2R m + 1/2)2 — (4 + 1/2)2(/w). (6.7.34)
Now, setting (6.7.32) in (0.7.30), we obtain
w = (rc/ARPN)[(m + 1/2)2 — (1 + 1/2)%]r,

(0.7.33)

i.e.. in this approximation the lines of maximum intensity are straight and their
slopc in the w-r plane is equal

dw/dr = wr. (6.7.35)

Using the results of Chuprov [6.18], we now consider the interference pattern [or
a group of modes. Increments of frequency dw and range dr which do notchange
the level of the sound intensity /(w, r, z) = const, are found from the equation
du al/or
do _ 0l ol (6.7.36)
dr ol/dw
Let us express d//dr and 9/ /dw in the vicinity of the range r and frequency w.
Ignoring again a weak dependence of mode amplitudes upon » and w, we obtain
from (6.7.31)

al : ;

. = —(UZ B,B,‘,‘,(l/v] — [/vy) sin sgpmr,

' {.m

8[ * 1

3—(1) = —r Z BB, (1/ur — 1/up) sin sq,r, (6.7.37)

L.m

where v; = w/&; is the horizontal component of the phase velocity of the mode /.
Now. take into consideration that the sound field at a fixed range in the stratified
ocean is essentially formed by a group of modes with close numbers [Ref. 5.4,
Sect. 2]. Within such a group the phase velocity v; and group velocity u; are close
to some average values which we designate as v and u, respectively. Moreover, the
phase and group velocities are related by a functional dependence, 1 = u(v). In
the WKB approximation and sometimes in the exact solution also, this relationship
depcnds neither on the mode number, nor on the sound frequency. Taking into
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account these considerations, we may expand 1/u; in the vicinity 1 /u into a power
series of (1/v; — 1/v), and retain only the two first terms

d(1/u)
d(l/v)
Then, using (6.7.36-38), we find that the quantity

1w =1/u+

(1/v — 1/v). (6.7.38)

Lo G0 (P

T wdr d(l/w)  \v/ du
is some invariant of an interference pattern within a group of modes determining
the sound intensity at the point (r, z) and frequency w. As follows from (6.7.39).
B is rclated only to the average value of the derivative d(1/u)/d(1/v) for a given
group of modes. The invariant 8 was first introduced in [6.20].

In the particular case of the homogeneous ocean with perfectly reflecting bottom
the phase and group velocities of modes are related by (5.3.14). Then, for a mode
of any number we obtain (omitting index 7)

dv v

du u

Taking into account the relationships
v=c/cosy, U =ccos ¥,

which hold for the waveguide considered, we find

B=u/v= cos? X
where x is the grazing angle of the mode /. At small grazing angles 8 =~ |. The
same result can be immediately obtained from (6.7.35).
For the surface sound channel with linear dependence in n%(z) (6.6.8), the phase
and group velocities of modes are given by (6.6.22) and (6.6.23). Itis evident that
for a mode of any number we have

3v
u = m. (6.740)
Then from (6.7.39) we find
3

At frequencies far from the cutoff frequency we have v ~ ¢y and therefore
B =~ —3. The minus sign means that if at the range r there is an interfcrence
maximum at the frequency w, then an increase of the frequency by dw will displace
this maximum by dr towards the sound source.

Results of numerical calculations of the sound field in shallow sea (depth 30 m)
are plotted in Fig. 6.12. Each curve shows the r dcpendence (in the 10- to 11-km
interval) of the sound intensity at a fixcd frequency. For convenience, adjacent
curves are displaced relative to one another by 2 dB. The lower curve corresponds
to 300 Hz, the upper one to 307.5 Hz. The total number of curves is 26 (frequency
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FiGure 6.12. Interference structure of the sound field in a shallow sea (Figures 6.12, 13
were obtained by V.N. Kulakov)

r [km]

FIGURE 6.13. As in Fig. 6.12, for a surface sound channel with a constant sound velocity
gradient

spacing 1s 0.3 Hz). The sound velocity in the water layer is assumed to be 1.5
km/s, and the bottom is a liquid half-space with a sound velocity of 1.8 km/s and a
density of 1.6g/cm>. The source and receiver are located at a depth of 15 m. Only
those modes that propagate without attcnuation have been taken into account in
computations. With these parameter values their number is 3. Having found the
values of Ar/r and Aw/w from the plot, we obtain from (6.7.39) that 8 = 1.
The interference pattern of the sound field calculated for conditions of the
Mediterranean Sea (Sect. 1.2), where a surface sound channel with a constant
gradient of the sound velocity from the surface to the very bottom exists, is
shown in Fig. 6.13. Some modes that attenuate have been taken into account
as well. In this case the value of 8 is —3, which is in agreement with a theoretical
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estimation obtained for a linear waveguide. Note thal having found 8 for a group
of modes and using (6.7.39), we may determine the distance between the source
and observation poinL.

[t should be noted that (6.7.39) is approximate in two respects. In deriving it
we have neglected the dependence of mode amplitudes upon frequency, and have
used the expansion (6.7.38) valid only for a bounded group of modes essential for
given r and w. If r and w change, the sound field will be determined by another
group ot modes for which the function u;(v;) may have a different form. This
results in a change of 8. But if the function u; (vy) is the same for all modes, as for
cxample in the case of the surface sound channel, 8 will not change by changing
r and w.

Some other calculations and experiments show that 8 being invariant is rather
useful for analysis of the general character of the interference pattern of the sound
ficld in the ocean [6.18]. Results of comprehensive investigations of the interfer-
encc structure of broad-band sound in the ocean are presented in the book [6.21].

Ina weakly range-dependent oceanic waveguide where the transfer of the acous-
tic energy between modes is absent (adiabatic approximation), the phase of the /th

mode is
/ & (r)dr,
0
where & (r) is a local eigenvalue. In this casc the invariant 8 is given by [6.18]
i[L/v
_ _du/vnp (6.7.42)
d[(1/u)]

where v(r) is the average phase velocity of a group of modes reccived at the
distance r from the source and (1/u) is the value of | /u averaged over the track:

(/) = (1/r) f) (L /u(r)] dr.
(

where 1 (r) is a local value of the group velocity of a mode whose phase velocity
is v at the distancc r.

Recently the expression for the invariant 8 was extended to a more complicated
case of shallow-water cnvironments where the bottom bathymetry varies with
range r and azimuth ¢ [6.22]. In this case the invarient 8 depends on range r and
azimuth ¢, B8 = B(r. ). As properties of the environment and the range between
the source and receiver vary, the direction of the line of constant spectral level is
given by

dw d 0
LB b (‘r") —(B(r. @) dg, (6.7.43)
w r B, ) 09

where B(rp) is the value 8 at the point of reception. It is evident that for a range-
and azimuth-independent waveguide, this expression reducces to (6.7.39).



Range-Dependent Waveguide

In the previous chapters we have considered the propagation of sound in the ocean
where the depth, the acoustical characteristics of the sea bottom, and the sound
velocity profile ¢(z) in water do not vary along the propagation path. Very often
this is a rather good approximation to a real situation and, therefore, the theory
developed above has a wide variety of practical applications. Sometimes, however,
we need the generalization of this theory to the case when the characteristics of
the ocean acoustic wavcguide vary with a horizontal range. It is necessary, in
particular,

a) when sound propagates in the coastal wedge, where variation of sea depth is
significant;

b) when sound waves cross frontal zones in the ocean, for example, such currents
as the Gulf Stream, Kuroshio, etc.; and

¢} when sound propagates over large ranges of the order of thousands of kilome-
tres. Varialion of the ¢(z) profile is essential in this case, especially when the
propagation path lies in the meridional direction.

The sound propagation theory for a general case of a medium whose charac-
teristics vary along all three coordinates has not yet been sufficiently developed.
But there is a circumstance which makes the matter easier in our case, namely,
variations of the characteristics of ocean waveguide in the horizontal direction are
slow. It is possible to introduce corresponding small parameters: a small slope
of the bottom or a small ratio of the horizontal gradient of the sound velocity to
the vertical one for the case of a range-dependent profile ¢(z, ). The prescence of
such small parameters simplifies the theory considerably.

At present, three methods of analyzing wave propagation in such media arc
rather well developed—the referencc waveguidc method, the parabolic equation
method, and the ray method.

7.1 Normal Modes in an Almost Stratified Medium:
Reference Waveguide Method

Now let us consider the oceanic acouslic waveguide for which the sound velocity
¢(z, r) varies not only with depth but also with horizontal range r = {x, y}, though

149
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much slower. The problem is to find the solution of the Helmholtz equation for
the acoustic pressure p(z.r)

Ap+K G rp=0,  kiz,r)=w/c(z.r) (7.1.1)

with the appropriate conditions near the source, at the boundaries, and at infinity.
For the present we assume that the bottom and surfacc of the ocean are perfectly
reflecting. We will use the term reference waveguide at fixed r = ry for the homo-
geneous r-independent waveguide for which the vertical sound velocity profile is
given by the function ¢(z, ry). In general, the depth depends on r, 4 = A(r). But
the refercnce wavcguide corresponding to the point ry has a horizontal bottom at
depth i = h(r)).

We will assume that for the reference waveguide corresponding to an arbitrary

r there is a total system of orthogonal eigenfunctions ¥;(z.r). I = 1,2, ... de-
pending on z (r is taken as a parameter) satisfying the equation
d*yr
5 @ - & =0 (7.1.2)
£

and boundary conditions at the bottom and surface. Here &§; = &;(r) are the eigen-
values of the referencc waveguide at r.

In principle, any field depending on z for given r can be represented as an
expansion in terms of the functions ;. Therefore, we represent the solution of
(7.1.1) in the form

p.r) =) W) r). (7.1.3)
{

The expansion coefficients are given by ¥; = By HE) )(égr) where B; arc constants
for a range-independent stratified waveguide. It should be expected that in our
case By are slowly varying functions of r.

Substituting (7.1.3) into (7.1.1) and omitting for brevity the functional argu-
ments, we obtain

3
Z‘l‘z P
3p 3p
2 + Pl Vip = Z(‘PIV Vi + 2V, U Ve + V).
’ : !
a 0
V,={— —1¢. (7.1.4)
ox oy

It 1s assumed that functions i are orthogonal, 1.e.,

h
f ViV dt = bim.
0

Then, insertion of (7.1.4) into (7.1.1) and subsequent multiplication by ,,(z, r)
followed by integration over 7 from 0 to & yield the following set of coupled
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ditferential equations:
V46200 =2 550 [vaVwndz = 3w [ unVivdz (115)
! !

It is this equation that provides the basis of the reference waveguidc method. The
similar equation for the electromagnetic case seems Lo have been first obtained by
Katzenelenbaum [7.1]. In the acoustical case it was obtained by Pierce [7.2] and
later by Milder [7.3], and has been applied many times by investigators. For the
case of the parabolic vertical sound velocity profile it was considered in detail by
Chwieroth et al. [7.4].

The right-hand side of (7.1.5) is small if the properties of the waveguide vary
sufficiently slowly with horizontal range. If we assume that the right-hand side
is zero, the equations for the normal modes are uncoupled. Each normal mode
propagates in the waveguide independently of the othcrs, adjusting to the varying
conditions in the waveguide. The approximation in which the interaction between
normal modes is neglecled is usually called adiabatic.

It is to be noted that coupling between modes can result from boundary condi-
tions, as in the case of a sloping bottom.

7.2 Adiabatic Approximation:; Ray Invariant

For the sake of simplicity we consider a problem that has cylindrical symmetry,
i.e., the sound velocity ¢ = ¢(r, z) depends on z and the range r. Then we have in
the adiabatic approximation

r or ar

10 v,
—— (r ’") +EX ()W, =0. (7.2.1)
Let us introduce a new function F,,(r) = 12y, (r) which satisfies the equation

[
/ 2
Fp=- (Em + 4’—2) F. (7.2.2)

We are interested in a solution of the latter for ,,r > 1. Then, neglecting the
second term in parentheses, we obtain the equation for F,,,,

Fpo= =& (r)Fy. (7.2.3)

m

The solution of this equation in the WKB approximation, as can be seen from
comparison with (6.7.1), is

Fin(r) = Amén > (r) exp [i En(r) dr] (7.2.4)
0

where A,, 1s an arbitrary constant.
Taking into aceount all normal modes, we obtain for the acoustic pressure (7.1.3)

pz.r) =Y Az, r&r) " exp (‘/ s d’) ' (7:23)
/ 0
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For the case of a horizontally homogeneous waveguide, p(z, r)isgivenby (6.4.11).
Under the assumption that &r > 1 when the asymptotic form for the Hankel
function can be used, (6.4.11) becomes

pz.r) = Q2/m) P exp(—in/4) Yy @)z Er) " expligr).  (1.2.6)
!

At relatively small ranges r from the source (but large compared with the sound
wavelength) the variation of properties of the medium in the horizontal direction
does not affect the sound field, and & can be considered a conslant. Therefore, for
these ranges (7.2.5) and (7.2.6) must be identical. Since for constant &.

[ § dr =&,
0

Ap = Q/m)' exp(—im /4)Y(z1,0), (7.2.7)

where (21, 0) = ¥;(z1) 1s a vertical eigenfunction in the region close to the
source (r = 0). Now (7.2.5) for the acoustic pressure is written

we obtain

pa.r) = @/m) P exp(=in/4) Y v, 0w )& exp (i fo & dr) :
/

(7.2.8)

We recall that § = & (r) are the eigenvalues of the depth equation (7.2.1) for the
reference waveguide corresponding to a given r.

7.2.1 Ray Invariant

In obtaining (7.2.8) we used the WKB approximation for the solution of the range
equation (7.2.3). Our postulation that properties of the medium in the horizontal
direction vary slowly can, as a rule, be considered quite justified.! For the cases
when the waveguidc is sufficiently wide in the vertical direction and the number
of propagating modes is sufficiently large, the WKB approximation can also be
used to solve the depth equation, i.e., the procedure described in Sect. 6.6 can be
applied. The eigenvalues & can be found by using the phase integral in this case.
For an internal waveguide, for example, it becomes by virtue of (6.7.12)

£

%
kof [n%(z.r) — &7 /k3) P dz = m(l +1/2), (7.2.9)
2
where the turning points z; and z;' (at which the expression under the radical
becomes zero) as well as ko and & depend upon r.
It has been shown in Sect. 6.7 that there is a system of rays corresponding to each
normal mode taken in the WKB approximation. In the horizontally homogeneous

'We recall that we are considering a cylindrically symmetric problem with a fairly simple
ray picture in the horizontal plane. In more complex cases when the rays in the horizontal
plane can form caustics (Sect. 7.3), the WKB approximation should be modified.
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waveguide the angle that these rays make with the channel axis (z = zg. ¢ = ¢cq) s
xi = xi(zo) = arccos(§;/ ko). For other depths a similar angle x;(z) is defined in
terms of x; by Snell’s law (6.7.23). The same is the case with a waveguide whose
properties vary slowly with horizontal range, but where x; and x;(z) also depend
on r. However, they are still related by (6.7.23), that is

n{(z, rycos x;(z, r) = cos x;(r), (7.2.10)

where r is considered a parameter.

On the basis of ray representations one can imagine just how slowly a medium
must vary with horizontal range so that the adiabatic approximation is valid. Ob-
viously it is necessary that variation of the waveguide characteristics is small over
the ray cycle length. In other words, a subsequent cycle must differ only a little
from the preceding one. These qualitative considerations will be specified later,
but now we write (7.2.9) in terms of rays. Substituting &/ ko = cos x;{r)in(7.2.9)
and also using (7.2.10), we obtain

j"ﬂﬂﬁﬁilldz=(n/wxz+1/a. (7.2.11)
g @)
Since the right-hand side of this equation docs not depend on r, the integral in the
left-hand side is also constant. This is an important result which expresses one of
the “conservation laws” for the adiabatic approximation.

Angles x;(r) and x;(z, r) change discretely with /. However, if the number of
normal modes is large, this change can be considered continuous. In this case the
index / is unnecessary, and (7.2.11) can be written in the form

sin x{(z,r

l = ?g L dz = const, (7.2.12)
(-.(ZQ r)

The integral is taken over the total cycle of a ray. The quantity / is called a ray

invariant. It can be related to the travel time 7 of a sound wave over the cycle

and the cycle range D. Omitting, for brevity, arguments in x (z, r) and ¢(z, r), we

have (2.3.1, 4)
dz dz v
T =f —, D =¢ ------------ —. (7.2.13)
csin x tan x

According to Sncll’s law we have cos x /¢ = cos xo/co, where ¢p and xq are the
sound velocity and grazing angle of a ray on the waveguide axis. Using this law,
we have the evident identity

siny 1 COS X0 1

c ¢sin x o  tany
Integrating the latter over a ray cycle and using (7.2.13), we obtain
|=T—gD, (7.2.14)

where g = (1/¢g) cos xo = 1/v, and v is the horizontal component of the phase
velocity of a wave travelling along a ray path, which is equal to the sound velocity
at the turning depths z = z" or z = 7", where x = 0.
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Let us represent 7 and D as
T = % e = B~ 24, D=y ¢(C-2 — g3 124

and after taking into account the evident relationship

dT B dn

dg ~Tag
we obtain

dI

— = —D.

dq

We show now that the ratio D/ T is equal to the horizontal component of the
group velocity u = dw/d§. Equation (7.2.11) may be rewritten as

wl = const.

Differentiating it with respect to £ and taking into account that ¢ = é/cu and
dg/d€ = (1 —qu)/w, we find

(dl)/( dl) D
u=—|—-— I—qg— ==
dg dq T

Now the ray invariant may be represented as

11
I=D(---).
i v

The concept of theray invariant is useful in many respects. Using it, for example,
one can obtain yo(r), the grazing angle of a ray at the channe! axis as a function
of r. The concept of the ray invariant in underwater acoustics was first formulated
by Weston [7.5].

We have proved rigorously the constancy of / for a problem with cylindrical
symmetry. But it is obvious that assuming cylindrical symmetry is not necessary
at all, and the result can be applied to any case provided it is possible to choose
the plane r, z so that a ray propagating in this plane does not leave it, i.e., the
horizontal refraction of the ray can be neglected.

7.2.2  An Example of Using the Ray Invariant

Consider sound propagation in the sea where the depth 2 = A (r) monotonically
incrcases along the propagation path (a coastal wedge, for instance), and the sound
vclocity for any r lincarly decreases from the surface z = 0 to the hottom z = /.,

¢ =cg(l —az). 0Lz <R, (7.2.15)

The sound velocity ¢; at the surface and the gradient g can be arbitrary continuous
tunctions of r.

Figure 7.1 shows the ray diagram for the case when ¢ and @ arc constant, and
h increases linearly with r: the coastal wedge with a slope angle ¢ = 3(0/. We
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FIGURE 7.1. Ray diagram of sound propagation in an ocean with a sloped bottom
and a negative sound velocity gradient. Depth of the source is z; =75 m, ¢ = 30,
a=12-10"*m™1[76)
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FiGURre 7.2. Complete cycle of a downward refracted ray

see that beginning from a certain r the zone of the acoustic shadow starts near
the surface. The zone’s width increases with distance. Let us determine using
the ray invariant the conditions for the shadow zone formation and the law for its
cxpansion.

The reference waveguide for any fixed r is a plane layer at a depth according
to (7.2.15) with a4 constant. Let us evaluate the ray tnvariant for the ray shown in
Fig. 7.2. We have

h
I =2/ (sin x /c) dz. (7.2.16)

We will use x as an integration variable instead of z. According to Snell’s law we
have

cos x(z)/c(z) = ¢coS xp/ch. (7.2.17)

where x5 and ¢, are the grazing angle and sound velocity, respectively, at the
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bottom. Differentiating (7.2.17) we obtain, omitting the arguments in x (z) and
c(2),

dc
sin x dx = —(cos xn/ch) —11 dz = (cos xp/cplacs dz. (7.2.18)
az

By virtue of (7.2.17, 18), (7.2.16) becomes

Xh
[ = (2/ac's)f tan x sin x d x.
0

In real cases xj 1s usually small. Therefore, setting tan x ~ sin x ~ x and inte-
grating, we obtain

I = ’7(3ac5)_1)(;? = const, (7.2.19)

An interesting conclusion results from this relationship. If ¢ and ¢y do not depend
on r, the angle yx;, which the ray makes with the horizontal at the bottom is constant
for any kind of variation of #(r).

[rom (7.2.17), taking into account that x(z") =0, ¢(z') = (1 —az), ¢p =
cs(l —ah), and xp, aZ’, and ah are small, we also find

X; =2ath—7), (7.2.20)

where z' is the turning depth of a ray (Fig. 7.2). Approaching a smaller 4 (as well
as r), we eventually reach the depth i = hg (at r = rg) where the turning depth
coincides with the surface (z' = 0). The grazing angle of the ray at the bottom at
such rp will be, as can be seen from (7.2.19), xp, = (2apho) 172 where ag = a(ro).
Now we can rewrite (7.2.19) in the form

(acs)™' xjt = (aoes0) ™" xj, = (aocs0) ' (2aoho)™?.

Hence, we find x5 = (2agho)Y 2(acy / apeso)'’? and, substituting this into (7.2.20),
obtain for z’ the depth of the shadow zone for the rays under consideration

< = h — hotao/a)'* (es/es0) ™. (7.2.21)
If ¢ and ¢, are constant, we obtain another interesting result,
2(r) = h(r) — ho. (7.2.22)

1.e., the lower boundary of the shadow zone repeats the bottom relief being a
constant distance /1 from it (see Ilig. 7.1 for the particular case of a {lat sloping
bottom).

The depth 4 can be casily determined if we consider the ray invariant for
depths & < hg (i.e., r < rg) where a ray is reflected from both the bottom and
the water surface. In this case the source’s depth and the aperture angle of its di-
rectivity pattern must be specified. A ray leaving the source at the maximum
grazing angle will determine the shadow zone whose boundary has just been
found. For application of the ray invariant to more complex cases see the paper by
Harrison [7.7].
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7.2.3  Conditions for the Validity of the Adiabatic
Approximation and Ray Invariant?

Let us now obtain the conditions required to neglect the right-hand side of (7.1.5).
We do not change its order of magnitude by retaining only the first sumand keeping
asingle term/ = m + 1 in it because the interaction of adjacent modes is the most
cffective. In addition, replacing V, by d/dx, where x is the coordinate in the
direction of wave propagation, we obtain for ¥, an equation

32y, L oW
8.&‘22 + i;‘;\lfm = —zlsmlg, l=m+1 (7.2.23)
where
' ad
Smi Z/ 1;0;11,)_]10[ dz. (7.2.24)
dx

To estimate an order of magnitude of the right-hand side of (7.2.23), \t; can be
evaluated in the WKB approximation (up to the accuracy of a constant factor)

\ :_S[_l/z exp (i/%‘; a’x).

Once again within an order-of-magnitude accuracy

o : :
8—{ ~ E,UZ exp (i / & dx) ~ &‘,1/2 exp(i&x). (7.2.25)
X

Substituting (7.2.25) into (7.2.23), we obtain the known equation for forced os-
cillations of the harmonic oscillator, the solution of which, as can be easily
verified, is
N V)
23m1§] /

W, ~ ——— exp(i§x);
n §,%, _ glz p(i&x)
W, is the correction to the mth normal mode due to its interaction with the /th
onc. The adiabatic approximation is valid if this correction is small compared with
Em 172 the amplitude of the mth normal mode, that is

172,172
25mi§1/ ‘m/

& - &
Here & ~ &, ~ ko. Remembering that / =m + 1, we find from (6.7.27)
éEm — & = 2n/D, where D is the cycle range of a corresponding ray. As a re-
sult, condition (7.2.26) of the applicability of the adiabatic approximation may be
written as

< 1. (7.2.26)

SpiD < 1. (7.2.27)

Estimating S,,; and D in each particular case is not difficult. However, at least
for normal modes of low numbers S,,;; can also be generally estimated. In fact, in

2 Authors thank A.G. Voronovich for very valuable advice while writing this paragraph.
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(7.2.24) we have 9y /ox ~ /M, where M is a scale of the horizontal variation
of the medium. The quantity [ r,,v; dz does not exceed a norm of the functions
Yy and ¥y, i.c., unity. Therefore, (7.2.27) may be rewritten as

D/M <« 1, (7.2.27")

1.¢., the cycle range of the ray must be small compared with the scale of the
horizontal variation of the medium—the condition mentioned above. Let us con-
sider this condition for some particular cases, estimating D using the approximate
expression

D =2 /(& — &141) ~ dmko/(E} — &1, )). (7.2.28)

1. Homogeneous ocean of variable depth with absolutely rigid bottom. The quan-
tity & is given by (5.3.5). Taking into account that / = O(1), we obtain from
(7.2.28) that D = O (koh?), and condition (7.2.27’) is written as

koh? /M < 1, (7.2.29)

that is, the lower the frequency (the smaller kp), the better is the adiabatic
approximation.

2. Surface linear waveguide. This case has been considered in Sect. 6.6 when
« is constant. Now we can remove this restriction and set @ = a(r). The
quantity S;' is given by (6.6.19). Taking into account that y; = O (1), we find
D = O(koH?), and the criterion (7.2.27') is written as

koH* /M < 1 (7.2.30)

which coincides with the formula in the book by Brekhovskikh |Ref. 7.8,
Eq. (52.36)] obtained by a different method. By virtue of (6.6.11), the last
condition reduces to

M (kgaH)'? > 1. (7.2.30")

As we see, in this case the adiabatic approximation is more exact, the higher the
frequency.
3. Internal waveguide with a range-dependent parabolic profile

2,0 2l zy? o
K2 (x, 2) = K2 [1 4(}2)], h=h(x). (72.31)

For this case the i are parabolic cylinder functions and, according to the book
by Brekhovskikh [Ref. 7.8, Eq. (52.45)] we have

£ = k3 — (ko/ W)L + 1/2). (7.2.32)
Now we have D = O(h) and the criterion (7.2.27') is
hiM <« 1 (7.2.33)

where the frcquency is not included at all.
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7.2.4 Coupled Modes

Now we obtain the solution of equation (7.1.5) allowing for the intcraction of
modes, and we limit our consideration to the problem with cylindrical symmetry.
For the previously obtained function F,(r) at §,r > 1, (7.1.5) takes the form

d? d
((1 B + EM) Fu(ry=— Z (Tmn + Smn d_) F(r), (7234)
n#Em r

where the coupling coefficients 7, and S, are given by

Tonn = / 'anv,? Y dz, Smn = 2] 11//11.Vr Yo dz

(the coefficient S,,, differs from its dete