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8.01.1 A Scientific Journey to the
Center of the Earth

For as long as man has speculated about the interior
of the Earth, it has been presumed that there exists a
central core. Centuries before the rise of modern
science, philosophers, and theologians had concluded
that the Earth has a hot region at its center, with
properties distinct from all other parts of the planet.
For nearly as long a time it has been known that the
Earth is also magnetic, but the cause of the Earth’s
magnetism remained just as mysterious as the nature
of the deep interior.

Scientific inquiry about the core grew from early
investigations of the properties of the geomagnetic
field, which began during the era of global exploration.
Although the ancient Chinese deserve the credit for
discovering Earth’s magnetism, Gilbert (1600) was the
first to demonstrate that the compass needle is

controlled by a force originating within the Earth
(Figure 1). He showed that the pattern of magnetic
field lines on a uniformly magnetized sphere approx-
imate the known directions of the compass needle
over the Earth’s surface. Three hundred and fifty
years later, Sidney Chapman characterized Gilbert’s
demonstration as “the only successful experiment in
the history of geomagnetism!” Later it was observed
that Earth’s magnetc field changes slowly with tme.
In his famous explanation for this secular variation,
Halley (1683, 1692) proposed that the geomagnetic
field has its origin near the Earth’s center, in a region
separated from the solid crust by a cavernous, fluid-
filled shell. Halley (Figure 2) envisioned that both the
crust and the central region or core rotate in the
prograde sense, but the core spins slightly slower,
causing the magnetic field to drift systematically west-
ward as seen at the surface. Thus, two important and
long-lasting concepts were born: the basic three-layer
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Figure 1 Title page from William Gilbert’s 1600 treatise De
Magnete.

model of Earth’s interior (solid crust and mantle,
liquid outer and solid inner core), and the association
between the westward geomagnetic drift and west-
ward motion of the fluid outer core with respect to
other parts of the Earth system.

Halley’s model implicitly assumed that the mag-
netic field originated in a solid inner core (Evans,
1988), akin to Gilbert’s uniformly magnetized sphere.
Subsequently, it was shown that Halley’s model is at
variance with the ferromagnetic properties of Earth
materials, which lose their permanent magnetization
at the Curie temperature at depths of a few tens of
kilometers beneath the surface (see Chapter 5.06).
However, by then the physical connection between
magnetic fields and electric currents had been estab-
lished, providing an alternative explanation for the
geomagnetic field that relied on free electric currents
rather than permanent magnetization.

The liquid (i.e., molten) state of the outer core was
established during the early part of the twentieth
century, but the roots of the idea can be traced back
into antiquity. Several independent lines of scientific
evidence appeared in the middle of the nineteenth
century in favor of high temperatures in the Earth’s
deep interior, including the steep geothermal gradi-
ent measured in deep mines and petrologic

Figure 2 Edmond Halley (1656-1742) interpreted the
geomagnetic secular variation.

discoveries that indicated that very high tempera-
tures are needed to form most igneous rocks.
However, the early estimates of the actual tempera-
ture variation through the deep Earth varied wildly,
preventing any firm conclusion about the state of
matter in the core.

Toward the end of the twentieth century, two
competing models of the state of Earth’s deep interior
became prominent. One model assumed that the inter-
ior was solid (except for small melt regions below
volcanoes) and also elastic, with a very high shear
modulus, ‘as rigid as steel’, according to the Kelvin
(1862) famous prescription. This model was supported
by observations of the amplitudes of the tides (Darwin,
1879) and the period of Earth’s free nutation, the
Chandler wobble (Newcomb, 1892). The competing
model held that the interior was largely fluid, an idea
that was popular with geologists at that time, although
it had prominent adherents within the physics com-
munity as well, for example, Ritter (1878), Poincaré



Overview 3

(1885, 1994), Arrhenius (1900), and even earlier,
Franklin (1793).

The terms of this debate underwent a permanent
shift with the publication by Wiechert (1897) of the
first quantitative model of Earth structure.
Wiechert’s Earth model was based on all available
astronomical and geodetic data, and featured a cen-
tral metallic core surrounded by a rocky mantle.
Wiechert (Figure 3) is often given credit for being
the first to attribute both chemical and physical dif-
ferences to the core and mantle, and to infer that the
core—mantle boundary, the most significant disconti-
nuity in the planet’s interior, represents a change
from silicates to iron, as well as a density jump. In
any case, there is little doubt that his work launched
the era of seismic exploration of the core. Within a
decade, Oldham identified seismic P- and S-waves
(1899) and interpreted the P-wave shadow as low
velocity in a central core (Oldham, 1906). Shortly
thereafter, Gutenberg (1912) determined the location
of the boundary, at depth of
2900 + 20 km, consistent within his calculated uncer-

core—mantle

tainty with the present-day value.

Figure 3 Emil Wiechert (1861-1928) constructed the first
quantitative Earth model with a core.

Gutenberg’s original Earth model included rigid-
ity throughout the core, in spite of the fact that
seismic shear wave transmission through the core
had never been confirmed, a testimony to the lasting
influence of Kelvin’s ideas. Indeed, the fluidity of the
core remained controversial for more than another
decade. The issue was settled when Jeffreys (1926)
showed that it was possible to reconcile seismic wave
speeds with tidal and Chandler wobble observations
using an Earth model with a liquid core of radius
3471 km, essentially the same as in the Gutenberg
model. As Brush (1996) points out in his history of the
exploration of the Earth’s interior, Jeffreys’ reputa-
tion became somewhat tarnished by his refusal to
accept continental drift and the concept of mantle
convection (Jeffreys, 1929). Ironically, Jeffreys made
several fundamental contributions to the theory of
convection in viscous fluids — the basic model for
mantle convection — and he also contributed impor-
tantly to the acceptance of the geodynamo theory by
demonstrating the outer core is liquid.

The final piece of the main radial structure of the
core was provided by Lehmann (1936; Figure 4),
who discovered the inner-core boundary, which she
placed at 4970 km depth, or 1400 km radius (the
currently preferred radius 1is about 1220 km).
Following Lehmann’s discovery, seismologists have
succeeded in demonstrating the crystalline nature of
the inner-core material. The study by Dziewonski
and Gilbert (1971) of normal mode overtones excited
by the 1964 Alaska earthquake provided an estimate
of its average rigidity, and subsequent investigations
have determined that the inner core is also anisotro-
pic. Table 1 gives the chronology of important
milestones in this scientific journey.

8.01.2 State of the Core

A full review of the composition of the core is found
in Chapter 2.05 of this treatise. Here we provide a
brief summary of the major constituents of the core,
for purposes of this chapter. Table 2 lists some of the
well-known physical properties of the core, Table 3
lists some important thermodynamic and transport
properties (which are generally less well-known),
and Figure 5 shows its basic radial structure.

The model of a predominantly iron core was
firmly in place by the middle of the twentieth cen-
tury, and was well-supported by evidence from
seismology (Bullen, 1954) and mineral physics
(Birch, 1952). One early argument that was often
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Figure 4
core.

Inge Lehmann (1888-1993) discovered the inner

cited in support of an iron core was Birch’s law
(Birch, 1964), a linear relationship between density
and bulk velocity with a
proportional to the mean atomic weight of the
material. Applications of Birch’s law revealed that
the mean atomic weight of the outer core and inner
core is slightly less than iron, respectively, but are
far too large to be explained by a phase
transformation of lower mantle material. Although
it is now recognized that the theoretical basis for
Birch’s law is weak, it was historically important
because it seemed to demand a metallic core, rather
than an oxide-rich or silica-rich one. Other metals
might also be present in the core. The abundance of
nickel in iron meteorites was historically used to
argue that the core contains substantial Fe—Ni alloy.
However, many of the important physical properties
of nickel are indistinguishable from iron at core
conditions, so the detection of nickel in the core is
difficult.

The presence of lighter elements is quite impor-
tant for the dynamics of the core. As described in
Chapter 2.05 of this treatise, the abundance of the

sound coefficient

various candidate light elements has been a matter of
intense controversy. Four decades of high-pressure
measurements and theory have convincingly
demonstrated Birch’s interpretation that the outer
core is less dense than pure iron at 7 situ conditions,
even allowing for the expected density decrease
due to meltung, and therefore requires the
addition of light elements. Candidate light
elements frequently proposed to reconcile this
density deficit include oxygen and sulfur (Poirier,
1994), and less frequently, silicon, hydrogen, and
even helium. Sulfur has a known affinity for iron at
low pressures, and high-pressure studies indicate that
the oxygen is soluble in iron at core conditions (Alfe
et al, 2003). Both sulfur and oxygen are known to
affect the phase diagram of iron substantially,
including the melting point. Less is known about
the effects of silicon in the core, and still less about
hydrogen or helium.

Most detailed information on the present-day
structure of the core comes from seismology (see
Chapter 1.19 of this treatise). The variation of seismic
wave velocity and density with depth through the
fluid outer core shown in Figure 5(b) are basically
consistent with a homogeneous mixture of iron and
the lighter alloying elements listed above
(Dziewonski and Anderson, 1981). Unfortunately, it
has proved to be difficult to choose between the
candidate light elements on the basis of their seismic
properties alone. Some dilution of the solid inner
core by lighter elements is also indicated, as the
predicted density of solid iron is a few percent
greater than the seismic properties indicate (Shearer
and Masters, 1990; Masters and Gubbins, 2003). The
actual density change at the inner-core boundary is
500-900 kg m ", of which about one-third is due to
solidification. The rest is likely due to differences in
light element concentration between the inner and
outer core. This small density difference has pro-
found implications for the driving mechanism for
flow in the core, and also for the power source of
the geodynamo (Buffett, 2003). A related issue is the
abundance of radioactive heat sources in the core.
Among the possible radio isotopes, 'K is the most
likely to be energetically significant, because of its
low-pressure affinity for iron sulfides. However, the
amount of potassium in the core is stll debated
(Gessmann and Woods, 2002; Rama Murthy ez 4l
2003). In addition to potassium, some uranium con-
tent has been proposed for the core, which could
slightly augment the amount of internal heat
production. As mentioned above, the temperature
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Table 1 Chronology

Year Person(s) Event

1000 Chinese Discover lodestone south—north orientation
1600 W. Gilbert Publication of De Magnete

1634 H. Gellibrand Discovers geomagnetic secular variation
1683 E. Halley Interprets secular variation

1820 H. Oersted, A. Ampere Relate magnetism to electric currents
1831 M. Faraday Introduces disk dynamo

1834 C. F. Gauss Measures magnetic intensity

1836 C. F. Gauss Spherical harmonic analysis

1897 E. Weichert Iron-core Earth model

1906 R. Oldham Observes core seismic waves

1906 B. Brunhes Reversely magnetized rocks

1912 B. Gutenberg Determines core radius

1919 J. Larmor Proposes self-sustaining fluid dynamos
1933 T. Cowling Antidynamo theorems

1936 I. Lehmann Discovers inner core

1942 H. Alfven MHD waves

1946 W. Elsasser First MHD dynamo theory

1952 F. Birch Composition of the core

1953 J. Jacobs Present-day inner-core growth

1955 E. Parker aw-Dynamo effect

1958 A. Hertzenberg, G. Backus Laminar kinematic dynamos

1961 J. Verhoogen Inner-core freezing as core energy source
1963 F. Lowes & I. Wilkinson Laboratory dynamo

1963 J. B. Taylor Rotational dynamo constraint

1964 S. Braginsky Asymptotic dynamo model Z

1966 M. Steenbeck et al. o?-Dynamo effect

1971 A. Dziewonski & F. Gilbert Inner-core rigidity

1995 G. Glatzmaier & P. Roberts Self-consistent reversing dynamo model
1995 A. Kageyama & T. Sato Self-consistent compressible dynamo model
1996 Z. Song & P. Richards Inner-core super-rotation

2000 A. Gailitis, U. Muller and others First laboratory fluid dynamos

distribution in the core appears to follow an adiabat.
Based on melting point temperature measurements
(Boehler, 1996), it 1s estimated that the temperatures
at the core—mantle boundary and inner-core bound-
ary are approximately 4000 and 5500 K, respectively,
as shown in Table 3.

8.01.3 The Search for a Dynamo
Theory

Until rather late in the twentieth century, ‘core
dynamics’ was a rather narrowly defined subject. It
was limited to topics drawn from classical mechanics,
such as rotational and tidal deformation, and was
pursued by a small number of theoretical physicists
and applied mathematicians, G. Darwin, H. Poincaré
(Figure 6), and H. Jeffreys among them. The full
range of core dynamics, the subject of this volume,
has received serious study only since the advent of

the modern dynamo theory for the origin of the
geomagnetic field.

After the time of Halley, relatively little work was
done on the causes of the geomagnetic field untl
well into the twentieth century. Gauss (1832, 1839;
Figure 7) conjectured that geomagnetic secular var-
iation was a consequence of solidification of the crust,
but evidently did not speculate much on the origin of
the main field. Zollner (1871) constructed a model for
geomagnetic secular variation that included several
aspects of present-day dynamo theory, including
electric currents induced in a liquid core, and inter-
action with the solid mantle. However, his ideas
evidently were not taken up by others, and the sub-
ject languished in obscurity. Even in the middle
decades of the twentieth century, leading theorists
showed only passing interest in the physical origins
of the geomagnetic field. For example, Chapman and
Bartels (1940) treatise Geomagnetism devotes portions
of just 7 pages (out of 1050 total) to this topic. They
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Table 2 Known physical properties

Property Notation Units Value
Core-mantle radius (mean) ro m 3.480 x 10°
Inner-core radius (mean) r m 1.22 x 10°
Outer-core thickness d m 2.26 x 10°
Core-mantle boundary area Ao m? 1.52 x 10"
Inner-core boundary area A m? 1.87 x 10"
Core-mantle boundary ellipticity € nd 25%x 1072
Core volume v m3 1.77 x 10%°
Inner-core volume v, m3 7.6x10'®
Outer-core volume V, m® 1.70 x 10%°
Core moment of inertia / kg m? 9.2 x 10%®
Outer-core mass M, kg 1.835 x 10%*
Inner-core mass M, kg 9.68 x 10?2
Core density (mean) p kg m~2 1.09 x 10*
Inner-core density (mean) i kgm~—2 1.29 x 10*
Core-mantle boundary gravity Jo ms 2 10.68
Inner-core boundary gravity fe] ms 2 4.40
Core-mantle boundary pressure Py GPa 136
Inner-core boundary pressure P; GPa 328
P-wave velocity below CMB Ve kms™' 8.07
P-wave velocity above ICB Vp kms™' 10.36
Poisson ratio, Inner core vp nd 0.44
Angular velocity of rotation 9) rads™’ 7.292 x107°
Free core nutation period Te s 3.71 x 107
Magnetic dipole moment mg Am? 7.8 x 10?2
Magnetic dipole tilt O deg 10.8
Magpnetic intensity, CMB (rms) Bcwms mT 0.42
Magnetic dipole intensity, CMB (rms) B mT 0.263

nd, not determined.

Table 3 Thermodynamic and transport properties

Property Notation Units Range
Core-mantle boundary temperature To K 4000 + 400
Inner-core boundary temperature T K 5500 + 600
Outer-core temperature (mean) T K 4500 + 500
Adiabatic temperature gradient, CMB —dT/draq Kkm™' 0.3+0.1
Adiabatic temperature gradient, ICB —dT/drag K km™' 0.8+0.2
Density jump, ICB Api kgm~3 7004200
Light element density reduction, outer core Co % 8+2

Light element density reduction, inner core G % 4+2

Thermal expansivity a K~! 1.4+05x107°
Light element expansivity ac nd 0.7+0.3
Specific heat Cp Jkg KT 850+ 20
Latent heat, crystallization L Jkg™' 1+0.5x10°
Thermal conductivity k Wm™ K™ 45+10
Thermal diffusivity K m?s~’ 5+3x10°°
Compositional diffusivity D m?s~! 1x1079+2
Kinematic viscosity, outer core v m?s™" 1x107%%2
Kinematic viscosity, inner core Vi m?s" 1x10'0+3
Electrical conductivity o A2kg 'm3s® 5+2x10°
Magnetic diffusivity A m2s™! 1.5+0.5

nd, not determined.
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(a) Cutaway view showing the main layers of the Earth’s interior, including the solid mantle (yellow), liquid outer

core (orange), the solid inner core (red), and the core-mantle boundary (CMB) and the inner—outer core boundary (ICB).
(b) Seismic Earth model PREM (Dziewonski and Anderson, 1981).

rejected permanent magnetization, ohmic decay of
free electric currents, and gyromagnetism as primary
causes. They also dismiss the self-sustaining dynamo
mechanism, concluding, as did Schuster (1911) that
the “difficulties which stand in the way of basing
terrestrial magnetism on electric currents inside the
Earth are insurmountable.”

Evidently, Chapman and Bartels were responding
to the suggestion in a short paper by Larmor (1919;
Figure 8) that an internal circulation of a conducting
fluid in the presence of a small magnetic field would
induce an electric field, and if a suitable path for
electric currents was created in the fluid, a magnetic
field might be sustained indefinitely. In short, Larmor
had proposed a self-sustaining fluid dynamo. Although
Larmor’s suggestion was primarily intended for appli-
cation to the Sun (his paper refers to Hale’s discovery
of magnetic fields in sunspots), the idea seemed

equally applicable to the Earth. However, it did not
lead to much immediate progress on the geodynamo.
Subsequently, Cowling (1933) showed that electro-
magnetic induction by a conducting fluid cannot
maintain a steady axisymmetric field. This was the
first of several antidynamo theorems that cast some
doubt on the validity of the self-sustaing dynamo
concept. In retrospect, it seems that Cowling’s theo-
perhaps overinterpreted. A steady
axisymmetric dynamo is probably an unphysical situa-
tion, and is certainly not applicable to the Earth.
Nevertheless, many theorists of that era believed that
Cowling’s results implied that a general nonexistence
proof of fluid dynamos would eventually be found.
The logjam started to break in the 1940s, begin-
ning with a series of papers by Elsasser (1946, 1950;
Figure 9), and E. C. Bullard (Figure 10) and collea-
gues (Bullard er 4/, 1950; Bullard and Gellman, 1954),

rem  was
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Figure 8 Joseph Larmor (1857-1942) proposed a self-
sustaining fluid dynamo for the core.

Figure 6 Henri Poincaré (1854-1912) developed the
theory of rotating, precessing fluids.

Figure 7 Carl Friedrich Gauss (1777-1855) father of Figure 9 Walter M. Elsasser (1904-1991) pioneer in the
geomagnetism. dynamo theory of geomagnetism.
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Figure 10 Edward C. Bullard (1907-1980), leading
twentieth century geophysicist, the first to attempt
numerical solution of the dynamo problem.

the first quantitative efforts to build a full magneto-
(MHD) theory for the
geomagnetic field. Accomplishments in these early
papers that have stood the test of time include the
derivation of the magnetic induction equation for
incompressible flow, representation of the magnetic
field in terms of its poloidal and toroidal parts, ampli-
fication of toroidal field through interaction of
toroidal shear flow with a poloidal (ie., dipolar-
type) field, selection rules for interaction between
toroidal magnetic fields and poloidal flows, identifi-
cation of outer-core convection as the main source of
kinetic energy for the flow, and the definitions of
several of the key dimensionless parameters that
govern self-sustaining fluid dynamos, including the
ratio of Lorentz to Coriolis forces, now called the
Elsasser number. In addition, these early papers
offered an explanation for the observed geomagnetic
westward drift, based on conservation of angular

hydrodynamic main

momentum and core—mantle interaction.

The main shortcoming of these pioneering papers
was that they failed to adequately prove the existence
of self-sustaining dynamos, even kinematic ones.
Elsasser’s (1946) attempt at a theoretical demonstra-
ton fell short of completeness, and the early

numerical efforts by Bullard and Gellman (1954) to
construct kinematic dynamos in terms of a series of
spherical harmonics have subsequently been shown
to diverge when the series is extended (Liley, 1970;
Gubbins, 1973). The first working theoretical exam-
ples of kinematic dynamos were by Backus (1958)
and Herzenberg (1958). Although these were based
on quite unrealistic flows (e.g.,, the Backus dynamo
assumed periods of motion alternating with periods
of stasis), they succeeded in demonstrating the exis-
tence of fluid dynamos, and with this, the limitations
of Cowling’s theorems. Several other examples of
kinematic dynamos followed, in which the flow con-
sists of large-scale, laminar-type motions amenable to
analytical or simple numerical investigation (see
Chapter 8.03), including an important experimental
dynamo by Lowes and Wilkinson (1963) consisting of
fluid and solid conductors. Although these idealized
dynamos provided only limited insight into the
dynamics of the geodynamo, they succeeded in
defining some of the conditions necessary for mag-
netic field generation in the core.

Just as these successes were being registered, the
direction of dynamo research began to shift away
from large-scale kinematic models, following the
introduction of mean-field dynamo concepts. The
first mean-field theory for dynamo action was an
early model by Parker (1955), who proposed that
polodial magnetic field is induced in the core by
the statistical action of smaller-scale convective vor-
tices on the large-scale toroidal magnetic field.
Parker used the term ‘cyclonic’ to describe the kine-
matics of convective flows in which the radial
velocity correlates with the radial vorticity, a conse-
quence of Earth’s rotation. The term now used to
describe such motions is ‘helicity’, defined as the
inner product of vorticity and velocity vectors.
Helical flows twist toroidal magnetic field lines into
meridional planes, inducing a poloidal magnetic field
from the original toroidal one.

This mechanism for inducing poloidal from tor-
oidal magnetic field was recognized as a key
ingredient missing from many of the failed efforts to
produce kinematic dynamos. It became a particularly
potent concept starting in the 1960s, with the intro-
duction of ‘mean field electrodynamics’, a formal
approach for calculating the large-scale induction
properties of complex, small-scale flows (see
Chapter 8.03). Mean field electrodynamics is implicit
in the early work of Parker but the form in which itis
used today came from astrophysics (Steenbeck e 4/,
1967; Steenbeck and Krause, 1967). The basic idea is
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to represent the fluid velocity and the magnetic field
as consisting of a mean and a fluctuating part, the
latter part having zero average over some appropri-
ately chosen length or time scales. Under appropriate
conditions, the interaction between the small-scale
velocity and magnetic fields generates a large-scale
electric field that is parallel to the large-scale field.
The proportionality between the induced electric
field and the large-scale magnetic field is represented
by the coefficient o, and the name given to this type
of induction is the ‘a-effect’. Dynamo action occurs if
the a-coefficient is sufficiently large to overcome the
inhibiting effects of magnetic diffusion. Roberts
(1972) generates an extensive set of numerical calcu-
lations that showed how self-sustaining kinematic
dynamos could be generated in conducting fluid
spheres, using various distributions of the a-para-
meter, in combination with different types of large-
scale flows. The nomenclature introduced by Roberts
for the large-scale flows included w for toroidal shear
flows and m for meridional (poloidal) flows.
Combinations of these parameters produced an
assortment of dynamos. For example, a’~-dynamos,
in which both the toroidal and poloidal magnetic
fields are induced by the small-scale motion, aw-
dynamos, in which the poloidal fields is induced by
the small-scale flow through the a-effect, but the
toroidal field is induced by the w-effect, and cwm-
dynamos, where all three effects are active. One
advantage of this formalism is that kinematic dyna-
mos exhibiting a wide variety of characteristics could
easily be constructed, without explicitly specifying
the details of the fluid motion, in essence by lumping
all of the flow properties into a few parameters. It was
subsequently shown that the a-effect is proportional
in many rotating systems to the fluid helicity (Rédler,
1968; Moffatt, 1978), so that the kinematics of these
dynamos could be related, at least indirectly, to real
fluid motions.

With the successes of mean field electrodynamics,
efforts to find dynamos driven entirely by large-scale
flows waned in the 1970s. At about this same time,
additional impetus for the study of mean field dyna-
mos was provided by experimental and theoretical
studies of thermal convection in rapidly rotating
fluids. As discussed earlier, it is generally accepted
that the most important fluid motions in the outer
core for maintaining the geodynamo are convection —
flows driven directly by thermal and compositional
buoyancy forces. Convection in the core is surely
affected by the Coriolis acceleration. Because of the
small viscosity of liquid iron compounds, the Ekman

number in the core is exceedingly small (the Ekman
number is the ratio of viscous to Coriolis effects). In
addition, the geomagnetic secular variation indicates
that the fluid velocities in the core are of the order
10-20km yr~" (see Chapter 8.04). Assuming a length
scale of a few hundred kilometers for these motions,
the Rossby number implied for these motions is also
rather small (the Rossby number is the ratio of vor-
ticity in the fluid motion to planetary vorticity). Fritz
Busse and colleagues (Busse, 1970; Busse and
Carrigan, 1976) developed theoretical and experi-
study the structure of
convection in this, the so-called ‘rapidly-rotating’
limit. They demonstrated that rapidly rotating con-
vection takes the form of small-scale columns or
vortices that are nearly two dimensional (2D) and
aligned parallel to the axis of rotation, as discussed in
Chapter 8.11. Moreover, columnar convection is
helical, with negative helicity in the Northern
Hemisphere and positive helicity in the Southern
Hemisphere (see Jones er al (2000) and Chapter
8.05), and so is capable of dynamo action through
the a’-mechanism. Thus, the structure of rotating
convection provides another important piece of the
core dynamics puzzle.

While all of these advances in understanding the
kinematics of dynamo action were taking place, only
incremental progress was being made on the more
difficult problem of dynamo equilibration. Dynamo
equilibration involves the back-reaction of the mag-
netic field on the flow, through the Lorentz force.
The Lorentz force is nonlinear in the magnetic field,
and its action in the context of internally generated
fields was a little-understood facet of MHDs. The
main focus of efforts to understand dynamo equili-
bration mechanisms involved a theorem proved by
Taylor (1963), showing that, for small Ekman and
Rossby numbers, the torque exerted by the Lorentz
force must vanish on cylinders coaxial with the rota-
tion axis (see Chapter 8.03). This so-called Taylor
constraint imposes some restrictions on the config-
uration and the strength of the internal magnetic field
in such a dynamo. It was widely assumed that the

mental techniques to

Taylor constraint applies to the geodynamo, and
therefore it determines the strength and the symme-
try of the geomagnetic field inside the core. An
alternative model of the field equilibration process
was proposed by Braginsky (1964), the so-called
‘model-Z’, which assumed a nearly uniform magnetic
field configuration in the core interior plus thin mag-
netic layers just below the core-mantle boundary.
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The stumbling block for all magnetic field equili-
bration theories has been our lack of a full
understanding of the Lorentz force in self-sustaining
dynamos. The nonlinear character of the Lorentz
force has precluded the development of full analyti-
cal solutions, except in a few, highly idealized
theoretical cases, such as weakly nonlinear dynamo
action in horizontally infinite plane layers.
Convincing demonstrations of how dynamos in sphe-
rical geometry driven by fully developed convective
flows subject to Lorentz forces equilibrate had to
await the advent of 3D numerical models.

Full 3D, spherical MHD simulations were pio-
neered by astrophysicists (Gilman and Miller, 1981)
for application to the Sun and magnetic stars. The
first successful 3D MHD models applied to the geo-
dynamo were made nearly simultaneously by
Glatzmaier and Roberts (1995) and Kageyama and
Sato (1995). Both models were driven by thermal
convection, although former used the Boussinesq
approximation whereas the later included fluid com-
pressibility. Quickly thereafter, these models were
extended to include the buoyancy derived from
growth of the inner core, for example, the study by
Glatzmaier er al. (1999) was based on the theory for
thermo-chemical convection in a compressible fluid
proposed by Braginsky and Roberts (1995). This
modeling activity since has spread around the
globe, with a wide variety of competing dynamo
models in use (see Chapter 8.08). Further experimen-
tal confirmation of the dynamo theory came in the
form of the first successful self-sustaining, purely
fluid dynamos by Gailits ez /. (2003) and Muller
et al. (2006) using liquid sodium (see Chapter 8.11).

8.01.4 Core Dynamics and the
Geomagnetic Field

The study of the geomagnetic field is a rich topic in
its own right, and is the subject of Volume 5 in this
treatise. An extensive description of the geomagnetic
field and paleomagnetic field can also be found in
Merrill er al. (1998) and the full theory of the geo-
magnetic field is given in Backus er 4/ (1996). Here it
is appropriate to briefly list some of the main features
of the geomagnetic field that we seek to explain in
terms of the core’s dynamics. First and foremost is the
persistence of an internally generated geomagnetic
field, not just the modern field, but a field sustained
throughout most if not all of Earth history. The main
geomagnetic field that originates in the core is at least

3.5 Ga, according to the rock record, and quite pos-
sibly is as old as the core itself. The present-day
dipole moment, 7.8 x 10°> A m”, is probably some-
what larger than the long-term average value,
which may be around 6.5 x 10** A m”. Significantly,
there is little evidence for a secular trend in the
dipole moment over geologic time, although there
is abundant evidence of fluctuations, as described
below. For reference, the free decay time of the
dipole field in the core is only about 20ky. The
existence of an ancient field, the lack of evidence of
a decreasing dipole moment, and the inadequacy of
permanent magnetization as a source for the field are
three facts that demand there be a regeneration
mechanism, that is, a dynamo theory.

The dominance of the dipole component is evi-
dent in the present-day field, where its energy
exceeds that in any other spherical harmonic, even
at the core-mantle boundary. This dominance
becomes even stronger if time averages of the field
are considered. The characteristic time constants of
the nondipole terms in the spherical harmonic repre-
sentation of the field are measured in centuries, so
that when the field is averaged over a millenium or
more it tends toward a dipolar state. Over somewhat
longer time averages, of the order of 10 ky, the com-
ponents of the dipole moment vector lying in the
equatorial plane average out, and the field tends
toward a geocentric axial dipole, an important refer-
ence state called GAD. The GAD representation is
the basis of much of paleomagnetism (see Volume 5)
and it appears to approximate the actual time-aver-
aged field at about the 95% level. The main
deviations from GAD in the time-averaged field in
the last few million years are a small axial quadrupole
term (with the same sign as the dipole) and a small
1-2% additional deviation that may be a nonaxial
field, but is not fully resolved.

Despite its long-term persistence, the geomagnetic
field exhibits fluctuations on a wide range of time-
scales, which are fully described in Volume 5 of this
treatise. Very briefly, these include the so-called geo-
magnetic jerks at the high-frequency end of the
spectrum — probably the shortest time signal capable
of traversing the weakly conducting mantle and sull
producing a measurable signal at the surface — and
decade timescale fluctuations in tilt and other field
parameters. The classic geomagnetic secular variation
occurs on centuries timescales, including the present-
day dipole moment decrease, which has been a fea-
ture of the geomagnetic field ever since Gauss’
intensity measurements in the 1830s. Large
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amplitude, irregular dipole moment strength fluctua-
tions occur on millenium timescales, and individual
dipole polarity chrons have characteristic timescales
of several hundred thousand years. The dipole polar-
ity chrons are separated by polarity reversals, and are
often subdivided into shorter subchrons, separated by
brief dipole transitions called excursions. The dura-
tion of the polarity reversal process, typically 2—12 ky,
defines another characteristic tmescale of the
dynamo. On the longest timescales, the frequency of
polarity reversals changes with a 100-200 My time
constant, the minimum in the cycle being marked by
superchrons, lengthy intervals that are evidently
devoid of polarity reversals. The relationship between
these characteristics of polarity reversals and the
dynamics of the core is the subject of Chapter 8.09.

8.01.5 Core Energetics

The sequence of events in the formation and evolution
of the core is reasonably well established, even though
the timing of events and important details of the
processes remain uncertain (see Volume 9 of this
treatise). It is widely accepted that the core began to
form during or shortly after the accretion from the
solar nebula. Heat generated by large impacts during
the accretion phase may have resulted in widespread
melting in the near surface, allowing the metallic
compounds to separate and sink to the center, as
illustrated in Figure 11. The gravitatonal energy
released in this process is enough to raise the core
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Figure 11 Schematic illustration of core formation. Iron
droplets from impacting planetismals sink through a deep
magma ocean and pond at the top of the high viscosity
primitive mantle, forming large metal diapirs that descend
into the protocore. From Wood BJ, Walter MJ, and Wade J
(2006) Accretion of the Earth and segregation of its core.
Nature 441: 825-833 (doi:10.1038/nature04763).

temperature by several thousand degrees, enough to
ensure that the early core was entrely liquid. Along
with Fe, the proto-core metal included Ni and some
important light constituents, particularly S, O, and Si.
Many of the abundant heat-producing elements such
as Th and U were probably partitioned into what
became the mantle and crust, but some heat producers,
most notably *’K, may have dissolved into the iron
compounds and been swept into the core. The exact
process by which the core segregated from the mantle
remains uncertain, but regardless of its details, this was
an extreme event capable of completely mixing the
early core and setting the stage for its later evolution
dominated by convection. Subsequently, as the cool-
ing of the Earth proceeded, the temperature in the
core became low enough for the solid inner core to
begin to nucleate by crystallization at the center.

As described in Chapters 8.05, 8.06, and 8.07, the
iron-rich outer-core liquid has a small enough visc-
osity to permit strong convective flows, waves,
turbulence, and other types of fluid motion with
typical velocities of 20 kmy~". Together these fluid
motions induce electric currents and magnetic fields,
in the core which have persisted throughout Earth’s
history in spite of the electrical resistance of the iron
and other core compounds. Collectively, the pro-
cesses by which magnetic fields and electric
currents are produced and maintained by core
dynamics are called the ‘geodynamo’. The geody-
namo is fundamentally an MHD phenomenon, in
which the kinetic energy of the outer-core fluid is
converted into electromagnetic energy. This energy
conversion is promoted by Earth’s rotation, which
structures the flow through the Coriolis acceleration,
leading to sustained magnetic field production. The
magnetic fields so produced exert forces back onto
the core, altering the fluid motion and allowing the
geodynamo to attain an overall statistical equilibrium
in the face of a host of fluctuations and instabilities.

Since the energy for the geodynamo is ultimately
derived from the overall cooling of the Earth (possi-
bly agumented by radioactive heating in the core),
the history of the geodynamo is linked to the thermal
and chemical evolution of the core, and also to the
thermal evolution of the mantle. The rejection of the
light elements as the inner core crystallizes is one of
the major sources of buoyancy for convection in the
liquid outer core. Fluid enriched in light elements is
expected to form ascending flows in the outer core,
while the fluid that is relatively depleted in light
elements is expected to form descending flows.
Thermal buoyancy is another important source of
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outer-core convection. Thermal buoyancy originates
near the core—mantle boundary, a consequence of
heat extracted from the core by the cooler mantle.
In addition, thermal buoyancy is also produced by
inner-core growth, through release of latent heat of
crystallization near the inner-core boundary. The
relative contributions of thermal and compositional
buoyancy to convection in the outer core are uncer-
tain, but most estimates put the compositional effect
larger than the thermal effect, by a factor of 2 or 3.
However, this has not always been the situation.
Earlier in Earth history the inner core was likely
smaller and played a proportionally smaller role in
driving outer-core convection, and prior to the
nucleation of the inner core (which is variously esti-
mated to have begun 1-3 Ga), the geodynamo would
have had to rely on thermal convection alone.

An important factor in the energetics of the core is
the control on the rate of core evolution imposed by
the overlying mantle. The solid mantle has a larger
thermal mass than the core, and its subsolidus con-
vective overturn is much slower. Accordingly, heat
transfer by the mantle is the rate-limiting process in
the heat transfer from the core, and so is the rate
limiter for convection in the core, inner-core growth,
and the power available to the geodynamo. Recent
estimates of the total heat flux from the core to the
mantle are in the range of 6-14 TW, which corre-
spond to 15-35% of the surface geothermal flux (see
Table 4). This would seem more than adequate to

Table 4 Dynamical properties

Approximate

Property Notation  Units range
Total heat flux, Q T™W 10+4
CMB
Adiabatic heat Qaqg TW 441
flux, CMB
Buoyancy flux, F m?s 2 ~10°'®
outer core
Core age to yr 4.4 x10°
Inner-core age t yr (0.5-3) x 10°
Inner-core growth  dri/dt myr~"  (0.3-1)x 1072
rate
Viscous diffusion ¢, yr ~10"°
time
Thermal diffusion  t,, yr ~10"
time
Magnetic ty yr ~10°
diffusion time
Dipole diffusion taip yr 2x10*
time
Circulation time a/u yr 100-300

power convection in the outer core, except that the
adiabatic gradient in the outer core is quite large,
nearly 0.8 Kkm™', and owing to the large thermal
conductivity of liquid iron, the heat conducted down
the core adiabat is also large, about 4 TW. This con-
ducted heat flow makes no direct contribution to
outer-core convection, and represents a substantial
tax on the geodynamo: the core must produce
enough heat to maintain an adiabatic thermal profile
just to ensure that the convection occurs throughout
the outer core. In doing so, it uses up a relatvely
large fraction of its available energy.

Other complications in core—mantle thermal
interactions arise because of the way the mantle
draws heat from the core. The so-called D” -layer,
the 200 km thick layer at the base of the lower mantle
above the core-mantle boundary is among the most
heterogeneous regions in the Earth. As depicted in
Figure 12, the lateral variations of seismic properties
are larger in D” than anywhere else in the lower
mantle. In addition, the D" layer is dynamically
active. Its long wavelength structure is related to,
and probably dictated by, the large-scale pattern of
flow, density, and viscosity variations in the lower
mantle (Schubert er al, 2001). On shorter wave-
lengths, its own dynamics shape its
structure. The D” is generally considered to be a
source of mantle plumes, hot upwelling structures
that produce volcanic hot spots on the surface.

internal
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Figure 12 Schematic depiction of the D" layer near the
core—-mantle boundary (CMB), illustrating various types of
core-mantle interaction and small-scale dynamical
processes that have been proposed for this region. The
seismic ultralow velocity zone (ULV2) consists of thin lenses
of material directly above the CMB that may be partially
molten and may have a composition intermediate between
the mantle and the core. Courtesy of E. Garnero.
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Thermal plumes are expected to form in D" by virtue
of the large superadiabatic thermal gradient there,
estimated to be in the neighborhood of 5Kkm™'.
The major volcanic hot spots — those with a large
enough buoyancy flux to originate in D” and traverse
the whole mantle — are relatively small in number
and are widely distributed over Earth’s surface. This
suggests that the spacing of plumes near the core—
mantle boundary may be controlled by the large-
scale pattern of mantle flow, although the heat flow
from the core to the mantle in the neighborhood of
the plumes may be controlled by the dynamics of the
plumes themselves. In any event, a strong case can be
made that the local heat flux from the core to the
mantle is spatially variable over the core—mantle
boundary, and this pattern of variability has changed
with time in concert with changes in the pattern of
convection in the lower mantle and changes in loca-
ton and intensity of mantle plumes. Just how the
core and the geodynamo respond to these mantle-
induced thermal changes, and what effects this cou-
pling has on the Earth system as a whole, are frontier
research issues.

8.01.6 Core Dynamics as a Heat
Engine

The overall operation of the dynamo can be thought
of as a giant Carnot heat engine with several inter-
acting parts. This analogy, which is fully described in
Chapter 8.02, can also be found in several general
treatments (Verhoogen, 1979; Roberts ez al, 2003;
Gubbins e al, 2003). Heat is extracted from the
core by the mantle, providing a source of kinetic
energy in the core that maintains the geomagnetic
field. The sources of buoyancy for convection in the
outer core have already been mentioned — thermal
buoyancy due primarily to the secular cooling of the
core, and compositional buoyancy derived from the
growth of the solid inner core. Both of these sources
are linked by the global energy flow in the core,
whose path is the following: secular cooling of the
core results in solidification at the inner-core bound-
ary and growth of the inner core. Preferential
fractionation of the light elements and compounds
into the outer core reduces its mean density and
lowers its gravitational potential energy with time
(Loper, 1978). Since the adjustment toward lower
potential energy requires convection to redistribute
the light elements throughout the outer core, pro-
duction of kinetic energy of fluid motion is necessary

for this process to occur fast enough to keep up with
the cooling. Part of this kinetic energy is then trans-
formed into magnetic energy, the kinematic step in
the dynamo process. This is called the gravitational
dynamo mechanism. There are additional energy
sources available to help drive the geodynamo,
including latent heat released by inner-core crystal-
lization (Verhoogen, 1961), and stirring of the core by
tidal forces and by the precession of Earth’s spin axis
(Malkus, 1968; Tilgner, 2005; see also Chapter 8.07).
The thermal-compositional effect is probably the
most important energy source now, but the rotational
effects may have played a proportionally larger role
at times in the past.

Another important aspect of the Carnot heat
engine analogy is the efficiency of the geodynamo.
Fluid dynamos have intrinsically low thermo-
dynamic efficiency. The primary energy dissipation
process within the core is ohmic dissipation — ordin-
ary Joule heating by electric currents flowing in the
imperfectly conducting core material. The efficiency
of the geodynamo can be expressed as the ratio of the
total Joule heating in the core to the total convective
heat transfer by the dynamo process. Theory indi-
cates this ratio is about 0.1. Numerical dynamo
models indicate the amount of Joule heating neces-
sary to maintain the present-day geomagnetic field is
between 0.1 and 1.0 TW. Accordingly, the convective
heat flow in the core lies between 1 and 10 TW; to
this we should add the heat flow down the core
adiabat, which is about 4 TW, giving a total core
heat loss of 614 TW. The lower end of this range
does not present problems for the current energy
budget of the Earth, but the high end does. In addi-
tion, the energy demands of the geodynamo become
more acute further back in time. For these reasons,
one of the primary objectives in core dynamics is to
derive better constraints on the energy budget and
energy flow in the geodynamo.

8.01.7 Convection and Dynamo
Action

The finite electrical conductivity of the core means
that the main dipole part of the geomagnetic has an
e-fold decay time of about 20000 years. The exis-
tence of the field over geological time requires
continual regeneration on timescales shorter than
this. The convection in the core is estimated to be
sufficiently fast to induce large-scale magnetic fields
on the required short timescales, and moreover,
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theoretical, experimental, and numerical studies of
convection in rapidly rotating spherical shells give us
valuable insight into how it works. Planetary rotation
affects core convection through the so-called
Taylor—Proudman constraint, where the local axis
of fluid vorticity tends to align parallel (or anti-
parallel) to Earth’s spin axis (Taylor, 1923). The
resulting convective motion, shown in Figure 13, is
often called ‘columnar’, because the variation in flow
structure parallel to the spin axis is smaller than the
variations in perpendicular planes, that is, parallel to
the equatorial plane. Theory indicates that the
Lorentz force due to the geomagnetic field within
the core distorts the columns in the equatorial plane,
as does the compressibility of the core fluid and the
curvature and roughness of the core-mantle and
boundaries.  Columnar
includes secondary motions with components paral-
lel to the spin axis. The combination of these
secondary motions and the primary geostrophic
motion makes convection helical, in which the vor-
ticity and velocity vectors are correlated on average,
being generally negative in the Northern
Hemisphere of the outer core and generally positive
in the Southern Hemisphere. This helical motion
gives rise to the aforementioned a-effect through
which poloidal magnetic field is induced from toroi-
dal magnetic field, and vice versa. The forward and
backward transformation of magnetic energy

inner-core convection

Figure 13 Columnar-style convection in a rotating
spherical shell. Numerical model results show columnar
concentrations of axial vorticity (red = positive,

blue = negative vorticity).

between these two types of fields in the outer core
is the key kinematic ingredient in the geodynamo.
Helicity is not just a property of convection; other
rotationally dominated flows, such as the flows
induced by precession, are helical. Another induction
mechanism is provided by large-scale toroidal flows,
such as thermal winds and the flows associated with
differential rotation of the inner core. The shear in
these nearly horizontal flows converts poloidal mag-
netic field lines into toroidal magnetic field lines,
much like windings on a ball of string, providing
the so-called ‘w -effect’. The relative contributions
of the av and w effects in the geodynamo are uncer-
tain, because the strength of the toroidal field in the
core 1s unknown. If the toroidal field is only about as
strong as the poloidal field in the core (1-10 mT),
then the geodynamo is likely an a’-type dynamo,
and the w effect due to large-scale shear flows does
not control the field strength in the core. Much
stronger field strengths in the core would imply a
larger role for the w effect, and the geodynamo would
then be classified as aw or a’w. It is significant that
both effects are functions of latitude, offering a fun-
damental explanation for why the geomagnetic field
tends toward an axially symmetric dipole time-aver-
age configuration.

An important dynamical issue is the physics of
magnetic field equilibration — what controls the geo-
magnetic field strength. In this context, theorists
distinguish between two generic classes of dynamos,
called ‘weak’ and ‘strong’, respectively. In strong field
dynamos, the Lorentz force exerted by the magnetic
field on the fluid is comparable to the Coriolis accel-
eration, whereas in weak-field dynamos the Lorentz
force is secondary. The fluid motion in strong field
dynamos is sometimes called ‘magnetostrophic’, indi-
cating the tendency for the fluid to circulate around,
rather than directly crossing, the magnetic field lines.
In strong field dynamos, the Elsasser number is of
order one. Assuming the geodynamo is a strong field
dynamo, an Elsasser number of one implies an root
mean square (rms) field of about 4mT in the core.
Strong-field dynamos tend to equilibrate by trading
off magnetic and kinetic energy. Increases in mag-
netic energy increase the Lorentz force, reducing the
kinetic energy of the fluid, which ultimately causes
the field to decrease back toward its equilibrium
strength. Conversely, decreases in magnetic energy
decrease the Lorentz force, allowing the kinetic
energy to increase, which induces a stronger mag-
netic field. This situation would seem to provide a
stable equilibrium field strength (given a constant
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driving force for the convection), and may explain
why the geomagnetic dipole moment has been stable
for much of Earth’s history.

However, the above simple argument fails to
explain the most dramatic of geomagnetic field
changes, the polarity reversals. Volume 5 describes
what is known of the polarity reversal process from
paleomagnetism. Chapter 8.09 discusses what 1is
known about the reversal process from theory and
from numerical models. Mathematically, a simple
change in the sign of the magnetic field (a full rever-
sal) makes no difference in the governing MHD
equations for the geodynamo, since the Lorentz
force is quadratic and the induction equation is
homogeneous in the magnetic field. In other words,
there is no bias for polarity in an MHD dynamo; both
polarities are equally likely. The facts that the paleo-
magnetic record shows no evidence for polarity bias,
and also shows no evidence for differences in field
structure with polarity, are strong points in favor of a
MHD origin for the geodynamo.

The existence of occasional geomagnetic rever-
sals, widely spaced in time and yet short in duration,
suggested to some early investigators that they might
possibly have an external trigger. However, theory
and numerical experiments have convincingly shown
that polarity reversals occur in dynamos through
internal dynamics, without any external influence
needed. Some dynamos reverse periodically, most
notably the aw-dynamos, which often show wave-
like or oscillatory magnetic field behavior. Other
dynamos reverse more irregularly, a consequence of
chaotic fluctuations in fluid motion. It is likely that
several different mechanisms are capable of produ-
cing polarity reversals in the geodynamo. It is also
likely that there are many failed attempts at reversal,
marked by events such as polarity excursions, for
example. For these reasons, it is not clear that an
individual reversal represents a very significant
event in the evolution of the core.

Possibly more significant for core dynamics is the
average frequency of reversals, which has changed
appreciably through time. The average rate of rever-
sals 1s about 4 per million years during the past few
million years, but this rate has increased systemati-
cally since the 35 My long Cretaceous normal
superchron, which ended about 83 Mo. Because
dynamo theory indicates that the important dynami-
cal timescales intrinsic to the geodynamo should be
substantially less than hundreds of millions of years,
many geodynamicists have looked to the mantle for
the cause of long-term polarity reversal changes. As

described in Chapter 8.08 of this volume, it is now
well documented that the frequency of polarity
reversals is sensitive to the overall vigor of convec-
tion in the core, and in addition, spatial variations in
core convection, both of which the mantle controls.
Additional evidence for a mantle control on the geo-
dynamo comes from the tendency for some transition
fields to follow statistically prevered paths during
polarity change. A full understanding of the ways
the core and mantle interact, and how these interac-
tions affect the geodynamo and also the dynamics of
the mantle, remain important goals for the future.
Current ideas and possible new directions in this
area are the topic of the Chapter 8.12 of this volume.

8.01.8 Simulating the Geodynamo

Along with the new discoveries of core structure
coming from seismology, the delineation of the pre-
sent-day and ancient geomagnetic field, and progress
in fluid dynamo experiments, the most important
advances in understanding core dynamics in this
decade have come from numerical simulations of
the dynamo process. Chapters 8.08 and 8.09 describe
the rapid development, considerable successes,
inherent limitations, and future prospects of this
approach. Here it is appropriate just to describe the
basic ideas behind these models and comment on
their overall objectives.

Numerical dynamo models solve the conservation
equations for fluid motion and magnetic field induc-
tion in rotating spherical shell geometries with
homogeneous magnetic boundary conditions, to
ensure that any sustained magnetic field is internally
generated, without an external source. The field and
the flow are free to evolve through mutual inter-
action. The goals are to obtain magnetic fields
resembling the geomagnetic field, and to understand
how the various interactions generate different
aspects of geomagnetic field behavior.

As mentioned above, this approach has developed
rapidly, starting with the breakthrough simulations of
Glatzmaier and Roberts (1995) and Kageyama and
Sato (1995), which quickly became a global activity.
Numerical dynamos driven by Boussinesq convec-
tion in thick, rotating fluid shells commonly produce
magnetic fields similar to the geomagnetic field, with
a strong axial dipole component, secular variation,
and occasional polarity reversals, as shown in
Figure 14. Dynamo models with inner cores smaller
than the present Earth predict different magnetic
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Figure 14 Magnetic field lines of force from a numerical
dynamo model. Blue = inward directed, yellow = outward
directed field. A dominantly dipolar magnetic field extends
out from the core into the mantle. Complex magnetic field is
induced inside the core by turbulent columnar convection.
Courtesy of G. Glatzmaier.

field intensity at early stages of inner-core growth.
These and other more recent high-profile modeling
studies (e.g, Takahashi er 4/, 2005) have led to the
impression, in some quarters, that the dynamo pro-
blem has actually been solved. In truth, however,
many fundamental problems remain in applying
numerical dynamo model results directly to the

Table 5 Dimensionless parameters

Earth, not to mention the other magnetic planets,
which have been swept under the rug, so to speak,
in this initial burst of progress. Some of these pro-
blems stem from our limited knowledge of the core,
but other arise because the dynamo models are far
removed in parameter space from the Earth.
Specifically, numerical dynamos rotate too slowly,
are less turbulent, and have far too large viscosity
(relative to electrical conductivity) compared to the
core. In terms of the dimensionless parameters that
control convective dynamos, this combination of fac-
tors means that the Rayleigh number is too small, and
the Ekman and magnetic Prandtl numbers are too
large in the dynamo models. Estimates of these and
other dimensionless parameters important to core
dynamics are listed in Table 5. As demonstrated in
Chapter 8.08, prospect of direct numerical simulation
with realistic values of these parameters is remote,
because of the enormous temporal and spatial resolu-
tion such calculations would require.

As Chapter 8.08 describes, several different types
of numerical models are now used for studying the
geodynamo. Most dynamo models are driven by
thermal convection, although some use a combina-
tion of thermal and compositional buoyancy, and
there is substantial progress on precession-driven
dynamos (see Chapter 8.07). In nearly all of these
models, the poloidal magnetic field is generated by
what is essentially a mean-field effect, through heli-
city produced by the convection. A part of the
toroidal field is also generated by the convection,
and some is generated by large-scale shear flows,
particularly within the tangent cylinder of the inner

Parameter Notation Definition Approximate value
Radius ratio re rilre 0.35
Prandtl number Pr vk 0.1-0.5
Magnetic Prandtl number Pm 770 ~1075
Roberts number q KIX ~1076
Ekman number E vIQd? ~3x107 1
Magnetic Ekman number E, NQad? ~4x107°
Thermal Ekman number E,. K/ 10714
Rayleigh number, AT Rar agATd® kv ~10%°
Rayleigh number, g Ra, agqd*/kky ~10%2
Dissipation number Di agd/Cy 0.3
Elsasser number A oB2.s/p§) ~1
Elsasser number, CMB Acwvis oB2ue/p) ~0.01
Reynolds number Re Ud/v ~108
Magnetic Reynolds number Rm Ud/x 300-600
Peclet number Pe Ud/k ~107

Note: Ekman and Elsasser numbers are defined here without factors 2 in denominator.
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core. Many numerical dynamos produce realistic
large-scale magnetic fields: dominantly axial dipoles
with Elsasser number A ~0.1; nearly flat spectra at
the core mantle boundary and realistic velocities
(magnetic Reynolds number Rm=~100-1000), even
though the input Ekman number £, Rayleigh number
Ra, Prandtl number Pr, and magnetic Prandtl number
Pm are decidedly unrealistic. An example of an
advanced dynamo model is shown in Figure 14.
Some numerical dynamos have strong westward
drift and large zonal velocities at low latitudes,
although many do not have this feature. In many
models, the most rapid westward drift is found at
high latitudes, due to thermal wind-style flow within
the inner-core tangent cylinder.

How do different boundary conditions affect
numerical dynamos? The difference between no-
slip and free-slip boundary conditions is relatively
minor in dynamos with Newtonian (uniform) viscos-
ity, although it is large in dynamos using
hyperviscosity. In contrast, heat-flow boundary con-
ditions have a strong effect, particularly nonuniform
heat flow imposed at the core—mantle boundary.
Large variations in core—mantle boundary heat flow
tend to kill numerical dynamos. Moderate variations
in boundary heat flow generate departures from axi-
symmetry in the time-average magnetic field, and
also influence the frequency of polarity reversals.
The so-called ‘tomographic’ heat-flow boundary
condition assumes that core—mantle boundary heat
flow variations are proportional to seismic velocity
variations in the D” layer. This boundary condition
produces heterogeneity in numerical dynamos that
can be compared with heterogeneity in the geomag-
netic field, including concentrated flux spots at high
latitudes, regions with westward drift, and regional
differences in the time-average magnetic field and
secular variation. In addition, calculations using this
boundary condition suggest that thermal coupling
between the mantle and the inner core is possible;
the nonuniform heat flow at the core-mantle bound-
ary is transmitted through the whole outer core,
producing azimuthal variations in heat flow at the
inner-core boundary. These characteristics are not
found in numerical dynamos with uniform core—
mantle boundary heat flow, which generate time-
average magnetic fields with axial symmetry.
Tomographic models do not explain all of the non-
dipole field however. In particular, they fail to
explain the large quadrupole component in the
paleomagnetic field.

Polarity reversals occur in numerical dynamos
with large temporal fluctuations, particularly when
the dipole field is weak and time variable. In some
cases the polarity transition is short, comparable to
the timescale of the transitions in the paleomagnetic
record. However, some reversals in dynamo models
are characterized by extremely long transition peri-
ods. Two broad classes of reversals have been found.
In convection-dominated dynamo models, large tem-
poral fluctuations are usually found at high Rayleigh
number where the flow is strongly chaotic. In these
dynamos the reversals are irregular (possibly ran-
dom) in tme and seem to develop from
anomalously large reversed flux patches. It has been
shown that the frequency of these irregular reversals
1s sensitive to thermal boundary conditions: bound-
ary heat flow that is compatible with the heat flow
pattern intrinsic to the dynamo stabilizes polarity,
whereas incompatible boundary heat flow destablizes
polarity (Glatzmaier er al, 1999). Dynamo models
with strong zonal flows also show polarity reversals,
but at more regular intervals. This type of reversal
may be produced by dynamo wave instabilities.

8.01.9 Mantle Effects within the Core

Many of the processes we associate with core dynamics
and the geodynamo have timescales that are short
compared to mantle dynamics timescales. Figure 15
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summarizes the space and timescales that character-
ize some of the important core dynamical processes.
As discussed in Chapters 8.07, 8.04, and 8.12, inertia,
Alfven, and buoyancy-driven waves have character-
istic timescales ranging from 1 day to decades or
centuries. The convective overturn time in the core
1s measured in centuries to millennia. The dipole free
decay time is about 20000 years, and the average
duration of the last 10 dipole polarity chrons is
about 250 000 years.

But in addition to these relatively short timescales
connected with fluid dynamical processes in the core,
the geodynamo shows evidence of much longer time-
scales. These more slowly evolving processes have
often been attributed to the influence of the mantle
on the core. The best-known example of this class
of phenomena is the modulation in the frequency of
magnetic polarity reversals seen in the record of sea-
floor magnetizadon (see Volume 5). A related
phenomenon is the occasional magnetic superchron —
lengthy intervals of time that appear to be devoid of
reversal behavior. The reversal frequency modula-
tion occurs on a 100-200 My timescale, which is very
suggestive of the timescale for changes in mantle
convection (see Volume 8 of this treatise).
Additional but less certain evidence comes from the
persistence of nondipole field components and the
tendency of the field to reverse polarity along paths
that are confined in longitude. Since it seems unlikely
on theoretical grounds that the core has such a long-
term dynamic memory of its own, it is natural to look
at the role of the mantle in the geodynamo process.

The lowermost region of the mantle is known to
be among the most heterogeneous regions in the
planet (see Volume 1 of this treatise). Mantle hetero-
geneity that could directly affect the geodynamo
includes lateral variations of temperature and heat
flow near the core—mantle boundary, topography on
the core—mantle boundary, and lateral variations in
other physical and chemical properties, possibly
including melts. As discussed in Chapter 8.12, this
heterogeneity has the potential to influence the core
in multiple ways, although a full exploration of the
ramifications of each type of heterogeneity is yet to
be made.

Thermal interaction with the mantle is expected
to influence the core on very long timescales.
Temperature differences of several hundred degrees
are expected in the lower mantle, and these will
cause substantial heat flow heterogeneity over the
core—mantle boundary. It is possible that there are
regions on the core—mantle boundary where the heat

flow is less than the heat conducted down the core
adiabat, and stable thermal stratification will prevail
in these areas. In spite of the very small lateral tem-
perature differences this boundary heterogeneity
produces in the core, the circulation in the core will
be strongly modified, through the addition of thermal
wind-type flows and the suppression of convection in
the stable regions.

The dynamical response of the core to mantle
thermal heterogeneity is a rich subject, one that has
received considerable attention in the past decades
(e.g, Zhang and Gubbins, 1992) but the basic ques-
tions here are far from resolved. Numerical dynamo
models indicate that mantle heterogeneity induces
long-lasting, large-scale circulation in the outer
core (see Chapter 8.12) and can influence the fre-
quency and the character of polarity reversals (see
Chapter 8.09). The fact that core-mantle boundary
heterogeneity changes in both pattern and magnitude
on 100-200 My timescales suggests a causal link
between mantle convection and the long-term geo-
dynamo variations, including reversal frequency
modulation, superchrons, and low-frequency varia-
tions in the dipole field strength.

Chemical exchange is another type of long-term
core—mantle interaction, that is even less well under-
stood than thermal interactions. As discussed in
Chapter 8.12, isotopic anomalies from volcanic hot
spots have been interpreted by some geochemists as
evidence for core contamination of mantle plumes
originating near the core—mantle boundary. The seis-
mic complexity of the core-mantle boundary region,
which indicates heterogeneity over a wide range of
spatial scales, is broadly consistent with the idea that
chemical reactions, sedimentation, infiltration and
compaction, and other processes active near the
Earth’s surface may have counterparts in the envir-
onment of the core—mantle boundary region.

Very different kinds of core—mantle interactions
can occur on shorter timescales. Elevated electrical
conductivity near the base of the mantle permits the
geomagnetic secular variation to induce electric
currents in the lower mantle that can couple the
mantle and core electromagnetically (Rochester,
1962), and allow for exchange of angular momentum
between the core and the mantle on decade and
century timescales. Other short-term interactions
include gravitational coupling between mantle den-
sity heterogeneity and density heterogeneity in the
core, most notably the equatorial bulge of the inner
core.
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8.01.10 The Dynamical Inner Core

Perhaps the most unanticipated development in core
dynamics in the past decade has come from realiza-
tion of the importance of the solid inner core. Long
thought to be homogeneous and dynamically passive,
it is now seen to play a much more significant role in
the evolution of the core and the geodynamo process.
The core was recognized to be seismically anisotro-
pic about 15 years ago, based on the travel times of
seismic compressional waves, which travel a few per-
cent faster along polar paths, compared with
equatorial paths (see Volume 1 of this treatise).
Initially this anisotropy was seen as more or less
uniform through the whole inner core, which led to
an early suggestion that it could be a single crystal,
possibly aligned by Earth’s rotation. However, sub-
sequently it has been shown that the anisotropy is not
entirely rotationally aligned, and moreover, it is spa-
tially heterogeneous through the inner core. In
particular, anisotropy is weak or absent for a few
hundred kilometers below the inner-core boundary,
and even more surprising, it appears to vary in
strength between the Eastern and Western
Hemispheres of the (Ishii  and
Dziewonski, 2003).

Several explanations have been offered to explain
the inner-core anisotropy. The obvious one is tex-
tural anisotropy, the statistical alignment of crystals.
Another possible explanation is partial melt fabric.
Each of these explanations has its own merits,
although both involve difficulties. There are also
several competing theories for the origin of the aniso-
tropy, which are discussed fully in Chapter 8.10 of
this volume. Most of these explanations rely on the
ability of the inner core to deform on timescales of
tens of millions of years, which requires the solid
material to have a small yield strength and a finite
viscosity.

The most provocative interpretation of inner-core

inner core

dynamics is its anomalous rotation. Numerous stu-
dies have used observations of small, secular changes
in the travel tumes of seismic P-waves traversing the
inner core to infer that the inner core is rotating
relative to the crust and mantle. The initial reports
suggested a relatively fast super-rotation, with the
inner core rotating eastward relative to the crust by
about one degree per year (Song and Richards, 1996).
Subsequent investigations have demonstrated that
this rate is too high. The observed splitting of certain
normal modes that are sensitive to inner-core

structure indicates little or no anomalous rotation,
whereas follow-up studies based on the original
P-wave technique still indicate a super-rotation, but
only 0.2-0.3° yr~ . Interestingly, the theoretical pos-
sibility of inner-core super-rotation had been known
for more than a decade (see Chapter 8.10), and pro-
grade anomalous inner-core rotation was observed in
several of the earliest numerical dynamo models.
Indeed, the pattern of core convection predicted by
numerical dynamo models 1s fully consistent with
inner-core  super-rotation (se¢e  Chapter  8.08).
However, there are some unresolved basic issues
here. First, the uncertainty in the seismic observa-
tions does not entirely preclude an inner-core co-
rotating with the rest of the Earth. In addition, it 1is
theoretically possible that gravitational coupling
locks the inner core to the mantle (se¢e Chapter
8.12). This question will ultimately be settled, as
ever better seismic data accumulate.

8.01.11 Future Prospects
and Problems

It is impossible to know if the rapid progress we have
witnessed in core dynamics over the past decade or
two will continue at this same pace. Rather than
attempt to forecast what lies ahead, for this field, it
may be more useful to define some important goals
for the future, in terms of key core dynamics ques-
tions. Most of the chapters in this volume have
identified the key science questions particular to
each area. Below is a partial list of broadly defined
questions, by which future progress in core dynamics
may be gauged.

® What is the present-day energy budget of the
core?

® What is the path for energy flow in the present-
day core?

® How old is the inner core?

® By what processes does the inner core formed,
what accounts for its complex structure, and how
has its formation affected the rest of the Earth?

® What is the strength of the geomagnetic field in
the core, and what processes control its strength?

® How much energy is dissipated in maintaining the
geodynamo?

® What is the relatve importance of chemical ver-
sus thermal buoyancy in core convection?

® What are the characteristic length and time scales
of core convection?
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® What is the nature of turbulence in the outer core,
and how does turbulence influence core dynamics
at larger scales?

® How does dynamo action in numerical models
differ from dynamo action in true liquid metals?

® Can numerical dynamos be scaled to Earth
conditions?

® What is the relationship between the flow at the
top of the core inferred from geomagnetic obser-
vations and the geodynamo process?

® What are the contributions of rotational instabil-
ities to the geodynamo?

® [s the inner core rotationally locked to the mantle,
or does it differentially rotate?

® What are the critical processes that lead to mag-
netic polarity changes and other forms of
geomagnetic variation?

® What is the nature of long-term mantle control on
core and geodynamo processes, such as the che-
mical and thermal evolution of the core and the
frequency of magnetic polarity reversals?

® What are the characteristics of shorter-term core—
mantle interactions?

® Which aspects of Earth’s core dynamics are
applicable to the cores in other planets?

8.01.12 Additional References

Although there is no published book like this volume,
with comparable breadth and focus on the dynamics
of the core, there are numerous works that treat the
specific foundations of this subject. Several of these
deserve special mention here. Monographs by
Verhoogen (1979), Jacobs (1987), and the collected
volumes edited by Dehant ez 4/. (2003) and Jones ez al.
(2003) treat most aspects of core structure and ener-
getics. The fundamentals of rotating fluid dynamics
and geophysical turbulence can be found in
Greenspan (1968) and Rhines (1979), respectively,
and the fundamentals of dynamo theory in books by
Moffatt (1978) and Davidson (2001). Stacey (1992)
and Poirier (1988) are good sources of basic informa-
tion on core properties, Schubert ez 4/. (2001) describe
the dynamics at the base of the mantle, and together
Merrill er al. (1998) and Backus ez 4l (1996) give a
comprehensive account of the geomagnetic and
paleomagnetic fields as they relate to core dynamics.
There have been numerous review papers on the
recent advances in numerical dynamo models,
including Dormy er 4l (2000), Kono and Roberts
(2002), Glatzmaier and Roberts (2002), and

Glatzmaier (2002). Braginisky and Roberts (1995)
have developed a complete set of equations for the
core convection including thermal and compositional
buoyancy.

8.01.13 Summary of the Chapters in
This Volume

8.01.13.1 Energetics of the Core

Chapter 8.02 analyzes the gross energetics of the
core, a subject of long-standing and on-going
controversy. After reviewing the present state of the
core, author Francis Nimmo derives the global
balances of energy and entropy, which are critical
to such basic issues as the growth rate of the solid
inner core and the power necessary to maintain the
geodynamo. Special attention is given in this chapter
to the power requirements and the long-term con-
sequences of inner-core growth. Growth of the inner
core results in compositional convection and latent
heat release, and the author concludes that the for-
mer is likely the most important energy source for
the geodynamo. Geophysical considerations indicate
that the present-day heat loss from the core is
6-14'TW. Nimmo shows how this heat flow trans-
lates into estimates of inner-core age, which vary
from about 0.3 to around 2 Ga if the geodynamo is
driven by compositional convection. Even when the
uncertainties in core properties are taken into
account, this range indicates that the inner core is
far younger than the core itself. The lower end of this
range puts the onset of inner-core nucleation well
within the Paleozoic era, which would imply that the
inner core has existed only for about two Wilson
cycles of plate tectonics, and that it postdates the
explosion of advanced life forms over the Earth’s
surface. The author concludes the chapter by
considering the possible alternatives to the young
inner-core scenario. The most important of these
alternatives is an end-member model in which the
core contains appreciable radioactive heat sources,
most notably radioactive potassium *°K, and the
power requirements of the geodynamo remain low
throughout inner-core growth. Such a model is mar-
ginally capable of extending the inner-core age to
about 3 Ga, broadly consistent with some estimates
obtained from rare-earth isotope measurements. A
final resolution of this controversial yet central
issue could come by detecting inner-core formation
in the record of the paleomagnetic field, more precise
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modeling of core-mantle interaction, or some as yet
unexploited geochemical evidence on the early core.

8.01.13.2 Theory of the Geodynamo

Long before there were 3D numerical dynamo simu-
lations, and long before self-sustaining experimental
sodium dynamos, the theoretical foundations for
understanding the geodynamo were laid by applied
mathematicians and physicists. The accomplish-
ments of this dedicated group are all the more
noteworthy in light of the fact that they were working
without the benefits of realistic numerical or labora-
tory examples of fluid dynamos.

The important elements of dynamo theory are set
out by Paul Roberts in Chapter 8.03. Roberts begins
by defining what a fluid dynamo is, what is meant
when a dynamo is ‘self-sustaining’, and the difference
between kinematic dynamos, in which the fluid velo-
city 1s specified & priori and the magnetic field is then
calculated, and MHD dynamos, in which the energy
source 1s specified, and both the flow and the mag-
netic field are calculated simultaneously. Dynamo
theory starts from the (pre) Maxwell equations for
electromagnetic induction in a moving, conducting
fluid. An important limiting case that is often used for
intuition and practical applications is Alfven’s frozen
flux theorem, appropriate for a perfect electrical
conductor.

Roberts then presents the basis for kinematic
dynamos in both Cartesian and spherical geometries.
Important results include a lower bound for the cri-
tical magnetic Reynolds number for dynamo action,
plus a set of antidynamo theorems, including the
famous theorems by Cowling, that reveal some of
the necessary conditions for fluid dynamos to become
self-sustaining. The chapter includes a full account of
the very influential mean-field electrodynamics, the
statistical treatment of the induction effects of turbu-
lent fluid motion. This leads to several types of mean
field dynamos, which derive their dynamo action
from the a-effect, an induction property of convec-
tive turbulence, and the w-effect, the induction
property of large-scale shear flows, as discussed pre-
viously in this chapter.

Now that the study of the geodynamo has come to
rely so heavily on large-scale numerical simulations,
it is fair to ask what role classical dynamo theory
plays in the present discussion. Roberts’ summary
provides a clear reply to this question. Because
there are no true ‘simple’ fluid dynamos, analog
models, be they numerical or experimental, offer

only limited insight into the geodynamo on their
own. By virtue of their inherent complexity, a sub-
stantial level of theoretical insight is needed to
interpret the results of any numerical dynamo simu-
lation, or any laboratory dynamo experiment, for that
matter. Kinematic dynamo theory provides us with
the fundamental concepts and a useful terminology,
for analyzing and describing how complex fluid
dynamos work.

8.01.13.3 The Large Scale Flow in the Core

The theory in other Chapters (Chapters 8.05, 8.07,
and 8.06) and the results of numerical dynamo mod-
els presented in other Chapters (Chapters 8.08, 8.09)
indicate that a broad spectrum of motions 1s likely in
the fluid outer core, governed by a variety of possible
force balances that include several possible driving
mechanisms. In light of this inherent complexity in
the geodynamo processes, there is little hope of
deducing the nature of the flow in the core on the
basis of theoretical considerations alone. For this
reason, a substantial effort has been made over the
past few decades to infer as many properties of the
flow in the core as possible from other types of
geophysical observations. By far the most success in
this regard has come from analyzing the secular var-
1ation of the geomagnetic field on the core—mantle
boundary. There is a full description of the properties
of geomagnetic secular variation in the Volume 5 of
the treatise.

In this volume we are primarily concerned with
interpreting the images of flow near the top of the
core, obtained from the geomagnetic secular varia-
tion, in terms of the types of motion that are
important for core dynamics in general, and the
geodynamo in particular. We are also interested in
the evidence for interaction between the core and
other parts of the Earth system as revealed by these
motions. In Chapter 8.04, Richard Holme sum-
marizes what we know about the actual fluid
motions in the core, both in the present-day and in
the past, as far back in time as the geomagnetic record
allows us to infer them. Holme points out that geo-
magnetic secular variation has been used to ‘trace’
motions in the core for more than four centuries,
starting with Halley’s famous 1692 discovery of its
westward drift, which Halley interpreted as the result
of relative motion between magnetized regions in
Earth’s interior. Holme shows how the early idea of
a uniformly westward drifting core, based on a
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preferred westward shift of anomalies in the core
field with time, has been replaced by a far more
complex picture of the core flow, which includes
westward motion mostly confined to the Atlantic
Hemisphere. However, the long-standing contro-
versy over the geomagnetic westward drift and its
interpretation provided impetus to develop the mod-
ern techniques for imaging core flow, which are
based on the concept of frozen magnetic flux.
Holme first reviews the frozen-flux hypotheses,
including its assumptions and limitations, and then
goes on to summarize the important aspects of the
core flow that the applications of this technique have
revealed. He shows how frozen flux reveals that an
energetic, large-scale flow is present in the outer
core, with characteristic velocities of 10-20 km yr ™.
This motion appears to be most vigorous beneath the
Atlantic and Indian Oceans (since it is proportional to
the geomagnetic secular variation, which is greatest
there), and it includes several large-scale vortices and
jets that are suggestive of the large-scale quasi-geos-
trophic vortices and jets seen in the general
circulation of the atmosphere and ocean. Smaller-
scale motions are doubtless also present (see
Chapters 8.05 and 8.06), but are filtered from the
geomagnetic secular variation by the electrical con-
ductivity of the mantde and by permanent
magnetization in the crust, and are therefore invisible
at the surface. Wave motion in the core is another
possible interpretation of the secular variation.
Holme discusses several interesting interactions
between the the core and the mantle related to core
flow, including the decade scale variations in the rate
of rotation. These variations involve angular momen-
tum exchange between the core and mantle, and
appear as nearly periodic variations in the zonally
averaged part of the core flow. In addition, the core
flow shows some response to the abrupt, transient
changes in the core field, the class of phenomena
called geomagnetic jerks.

8.01.13.4 Thermal and Compositional
Convection in the Core

Convection in the liquid outer core is the primary
energy source for the geodynamo, and also the
primary mechanism for heat and mass transfer
through the core. In Chapter 8.05, author
Christopher Jones examines the complex fluid
mechanics involved in convection in the core. Both
thermal convection and compositional convection
are important in the outer core, thermal convection

produced by temperature variations arising at the
inner-core boundary and especially at the core—
mantle boundary, the compositional convection
being a product of chemical fractionation of light
elements such as sulfur and oxygen into the outer-
core fluid accompanying crystallization of the
inner core.

After introducing the basic physical principles
involved in thermochemical convection in the core,
Jones derives the basic equations governing the con-
vection, with emphasis on the effects of
compressibility, which are present in the outer core
by virtue of the enormous (~200 GPa) increase in
hydrostatic pressure between the core—mantle and
inner—outer core boundaries. He then conducts a
systematic tour of the physics of convection, starting
with a model of high Rayleigh number convection in
a nonrotating, electrically insulating fluid, then pro-
gressively adding in the effects of rotation and
magnetic fields, ending up with a model of core
convection in which all of the known physical ingre-
dients are present and interacting with each other.
The result is a model of core convection that is
multiply anisotropic, with the flow jointly con-
strained by Earth’s rotation, by the Lorentz force
due to interaction between the induced magnetic
field and associated electric currents, and other dyna-
mical effects. Jones shows how the characteristic
velocity, time, and length scales of this convection
are all determined by internal dynamical balances
involving subtle balances between Coriolis, Lorentz,
buoyancy and inertal forces, and the spherical shell
configuration of the outer core. He goes on to show
how this rotating magnetoconvection model for the
core dynamics fits into the numerical models of the
geodynamo described in Chapter 8.08 on the large
scale, and in the other extreme, how it fits with the
concepts of smaller-scale core turbulence described
in Chapter 8.06. Jones then considers how the parti-
cular deep Earth environment influences core
convection, specifically, how the surrounding mantle
with its substantial lateral heterogeneity can affect
convection in the core. The control of core convec-
tion by the mantle is only partially understood, and is
among the highest priorities for future expansion of
knowledge in this whole subject.

8.01.13.5 Turbulence and Small-Scale
Dynamics in the Core

Turbulence is ubiquitous in geophysical and plane-
tary fluids, although it exists in a wide variety of
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forms. The causes and consequences of turbulence in
the core is a relatively new subject in geodynamics,
but with the growth of sophisticated numerical and
laboratory models of the core dynamics, it is coming
to play a more central role in our view of the geo-
dynamo. In Chapter 8.06, David Loper gives a
connected account of turbulence and the small-
scale dynamics of the core. He starts by describing
the special conditions for small-scale dynamics in the
core, an environment dominated by the Coriolis and
Lorentz forces due to planetary rotation and the
core’s magnetic field, respectively. This environment
is affected by the great thickness of the outer-
core fluid, where relatively weak buoyancy forces
can generate turbulence even though the
overall fluid velocity is small. The dominant form
of energy dissipation in the core is ohmic (Joule
heating) rather than viscous dissipation as in a
normal fluid.

Interpreting the core as a turbulent MHD system,
Loper finds that several dynamically distinct regimes
are expected, including complex boundary layers
near the inner and outer-core boundaries with over-
laping magnetic, viscous, and thermal layers. Outside
the boundary layers are regions dominated by buoy-
ant plumes, especially beyond the
boundary. He argues that the interior of the outer
core should be well mixed, but there is the possibility
of a stable layer near the top of the core, a conse-
quence of incomplete mixing of lighter elements
released by inner-core crystallization. He presents a
model for each of these regions based on length- and
time-scaling considerations. Lastly, he discusses
some possible ways to parametrize core turbulence
for use in global models of the core and the
geodynamo.

inner-core

8.01.13.6 Rotational Dynamics

Convection is not the only type of motion in the fluid
outer core. There are a host of instabilities that arise
because of irregularities in Earth’s rotation. These are
well documented in theory and experiments, for
example, in the Chapter 8.11 chapter of this volume.
In Chapter 8.07, Andreas Tilgner summarizes the
state of knowledge on rotation-induced core flows.
He begins by deriving the equations of motion for a
fluid rotating about a variable axis, in which the
transverse or Poincaré acceleration appears in addi-
ton to the familiar Coriolis
accelerations. He summarizes the properties of

and centripetal

inertial oscillations and the structure and transport
properties of viscous Ekman layers.

The central problem in this subject is the flow
induced by precession. Tilgner begins by presenting
the classical solutions to the inviscid problem, includ-
ing the Poincaré solution on which most subsequent
studies were based. He then systematically intro-
duces the complexities of a real fluid, first the
effects of viscosity, then instabilities, tidal excitation
and finally nonlinear interaction with convective
flows. A long-standing question is whether precession
can support a planetary dynamo by itself, without
assistance from buoyancy-driven motions. Tilgner
discusses the status of this debate, and points out
the directions future work must take to supply a
definitive answer.

8.01.13.7 Numerical Dynamo Simulations

The use of first-principles numerical models of self-
sustaining fluid dynamos has been the most signifi-
cant technical development in the study of the
geodynamo in decades. The enormous progress in
this arena, and the challenges for the future, are the
subjects of Chapter 8.08. Ulrich Christensen and
Johannes Wicht first review the governing equations
for the geodynamo in their basic, Boussinesq form,
including the fundamental dimensionless parameters
that control the system. They also define the critical
dimensionless output parameters that characterize
each dynamo model solution and provide the basis
for comparison with the geodynamo. Attention is
paid to the choices of boundary conditions appropri-
ate for the core—mantle boundary and the inner—
outer-core boundary. The choice of boundary
conditions is crucial for modeling specific aspects of
the geodynamo behavior, particularly its interaction
with the mantle, but also its interaction with the solid
inner core.

In this chapter the challenges in dynamo modeling
have already been discussed that stem from the fact
that the physics of the geodynamo is characterized by
extreme values of the governing dimensionless para-
meters, which are not accessible to direct numerical
simulation. This situation has guided both the
development of numerical dynamos and the techni-
ques used to apply them to the Earth. Each of these
aspects are discussed in detail in Chapter 8.08.
Christensen and Wicht first summarize the simplify-
ing approximations that are sometimes used in the
models, such as representing the buoyancy force in
convection in terms of just a single variable, imposed
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symmetries, and modifications to the inertial and
diffusive terms in the equations. In terms of the
numerical techniques, Christensen and Wicht focus
on the spectral (or semispectral) approach, which has
been the work-horse method to date, although they
point out its inherent limitations and the need to
continue development of alternative methods that
will be more suitable for the massively parallel com-
puter architectures in the future.

The authors then summarize the main classes of
dynamo models found to date, describing their
changes in structure as the main controlling para-
meters (Rayleigh and Ekman numbers) are
systematically varied in the direction of Earth values.
They point out that most convectively driven
numerical dynamo models are basically of the a’-
type, although w-effects from thermal wind flows are
sometimes important contributors to the dynamo
mechanics.

The rapid increase in the number of high-quality
numerical dynamos in the literature has made it
possible to derive scaling laws for the basic behavior
of convective dynamos. This is an important
development, since it provides a way to extrapolate
numerical results with more modest input parameters
to the extreme parameter regime of the geodynamo.
Christensen and Wicht show a number of rather sim-
ple scaling laws for the main dynamo properties, that
project reasonably well to the geodynamo, providing
additional evidence that dynamo models are capturing
important parts of the core’s dynamics.

As for the prospects in dynamo modeling, it may
be that the low-hanging fruit has, to a large extent,
already been picked, and that future progress will
hinge on solving a number of thorny physical pro-
blems that were conveniently swept under the rug in
the rush of the past decade. Many of these problems
involve the complicating but interesting effects dis-
cussed in other chapters of this volume. Christensen
and Wicht end the chapter with a sober assessment of
some of these problems, and where their solutions in
the context of numerical dynamos might ultimately

be found.

8.01.13.8 Magnetic Polarity Reversals in
the core

The fact that the geomagnetic field has stably per-
sisted for most of Earth’s history, while exhibiting
occasional polarity reversals, is among the strongest
pieces of evidence in support of the dynamo theory.

As discussed at length in Volume 5 of this treatse,
and as summarized in Chapter 8.09 of this volume,
both the existence and the known characteristics of
magnetic polarity reversals offer general confirma-
tion of the dynamo interpretation, as well as severe
challenges for any successful model of the
geodynamo.

In Chapter 8.09, Gary Glatzmaier and Robert Coe
examine the behavior of polarity reversals in numer-
ical dynamo models in light of the evidence on the
nature of reversals as seen in the paleomagnetic
record. Key observations include the time required
for polarity reversal (2 to about 12 ky), the character-
istic duration of stable polarity chrons (100-1000 ky,
but highly variable), the nature of the transition field,
and the possibility of polarity bias, statistical differ-
ences between magnetic fields for normal (ie,
present-day-type) polarity and the reverse polarity
configurations. They argue that nearly all records of
reversals indicate reduced intensity for the transition
field, but that the actual transition field structure is
complex and may differ substantially between indi-
vidual reversals, as evidenced by the variety of
virtual geomagnetic pole (VGP) paths. They also
point to the significance of large directional excur-
sions, which appear to be more frequent than full
polarity switches and may represent failed reversals
in the core.

Dynamo models have shown convincingly that it is
not necessary to have an external trigger for polarity
reversals. There are several mechanisms that operate
in numerical dynamos which can produce sponta-
neous polarity reversals, either in a semiregular way
(1e., nearly periodic reversals) or in a chaotic way (in
which the reversal sequence is seemingly random in
time). Glatzmaier and Coe analyze some specific
numerical examples of each of these types of rever-
sals. Their general conclusion is that chaotic, nearly
random reversing dynamos better approximate the
observed reversal behavior as measured by the main
geomagnetic polarity timescale (i.e., the reversals that
define the major polarity chrons). However, they also
find that the presence of more frequent, short rever-
sals implied by excursions may indicate that a more
regular reversal mechanism also operates in the
geodynamo.

The authors examine the role of reversals in illu-
minating the interaction between the core and the
mantle, a recurring theme in the other chapters of
this volume. The transition field structure in some
(but not all) reversals seems to indicate some mantle
control on the process, in that the VGP paths for
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these reversals tend to cluster within one of two
longitude belts. As mentioned earlier in this chapter,
one interpretation of this phenomenon is that it
represents the tendency for the transition field to
configure itself in accord with the large-scale hetero-
geneity of the lower mantle. As Glatzmaier and Coe
show, the transition fields in numerical dynamo mod-
els are indeed sensitive to large-scale boundary
heterogeneity. Preferred reversal paths do emerge
in the statistical behavior of dynamo models with
heterogeneous thermal boundary conditions, for
example. However, like nearly all aspects of core—
mantle interaction, the paleomagnetic data are stll
ambiguous and the numerical dynamo models are
still too rudimentary to yield a firm conclusion on
this issue.

The evidence for very long timescales in the
polarity record, as typified by magnetic polarity
superchrons and the 100-200 My modulation of the
reversal frequency record, is of considerable theore-
tical interest for properly interpreting the longer-
term thermal interaction of the core and the mantle.
Here again, Glatzmaier and Coe point to several
numerical studies that demonstrate dynamo model
sensitivity to mantle heterogeneity, particularly ther-
mal heterogeneity at the core—mantle boundary.
Reversal frequency seems to be a function of the
total heat loss at the core-mantle boundary, and
also 1s sensitive to the pattern of that heat loss. The
authors demonstrate that dynamo models generally
show more frequent reversals with increased total
heat flow, a consequence of increased flow complex-
ity. They also present some preliminary evidence,
drawn from the very few studies on this subject,
that the pattern of core—mantle boundary heat flow
can affect reversal frequency. Sensitvity of reversal
frequency to the pattern of mantle dynamics offers a
way to link the history of the paleomagnetic field to
the history of mantle convection and plate tectonics —
an exciting prospect indeed, but one that will require
a large, sustained and focused effort before a full
picture emerges.

8.01.13.9 Inner Core Dynamics

Chapter 8.10 summarizes the wealth of new informa-
tion on the inner core, and discusses the various roles
the inner core plays in core dynamics and the
geodynamo. lkuro Sumita and Michael Bergman
first describe the current understanding of the phase
diagram of the core, which is critical for properly
interpreting the effects of inner-core growth, and

for estimating the present-day thermal regime of
the core. They then use the information from the
phase diagram as the basis for a discussion of the
small-scale processes near the inner—outer core
boundary that affect and are affected by, the solidifi-
cation. Solidification processes at the inner-core
boundary naturally lead to their next topic, estimat-
ing the grain size and creep viscosity of the inner-
core solid material. Viscosity and grain size are
closely linked in the inner core (as they are in the
crystalline mantle), and the value of inner-core visco-
sity controls the rate of creep deformation in
dynamical processes such as the relaxation that
accompanies heterogeneous inner-core growth and
super-rotation. It also affects the ability of the inner
core to convect on its own. Sumita and Bergman then
describe the various models that have been advanced
to explain the recent and most perplexing observa-
tions of the inner core, its heterogeneity, anisotropy,
and (possible) anomalous rotation. These three are
linked, since the lateral heterogeneity and the aniso-
tropy of the inner core serve as the basis for detecting
(and correctly interpreting) its possible anomalous
rotation. They conclude that the evidence for aniso-
tropy 1s unequivocal; the evidence for lateral
heterogeneity is compelling (but likely subject to
many future revisions), whereas the evidence for
anomalous motion now indicates the super-rotation
1s quite small (a few tenths of degree per year at most)
and there 1s sull the possibility that it is zero.

8.01.13.10 Laboratory Experiments on
Core Dynamics

Laboratory experiments always play a crucial role in
fluid dynamics research, and core dynamics is no
different in this respect. In Chapter 8.11, Philippe
Cardin and Olson conduct a tour of the important
experiments that have shaped our physical intuition
about the flows in the core that produce the geody-
namo and govern its evolution. Most, if not all, of the
dynamical phenomena discussed elsewhere in this
volume can be seen in their relatively pure forms in
the framework of laboratory experiments. This chap-
ter is possibly singular in all of geodynamics, in
collecting photographic examples of all the types of
flow thought to be significant in the core.

The chapter begins with a description of the funda-
mental flow structure in rotating fluids, the
geostrophic column. Geostrophy is familiar in atmo-
sphere and ocean dynamics, but this partular class of
structures, so-called Taylor columns, are especially
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important in the outer core because of its thick shell
geometry and the dominance of the Coriolis accelera-
tion over the effects of viscosity. Where geostrophic
columns touch the core-mantle and inner—outer core
boundaries, the no-slip condition leads to various
shear boundary layers, including Ekman boundary
layers. Similarly, where distinct geostrophic columns
meet, free shear layers called Stewartson layers form.
The most prominent Stewartson-type shear layer in
the core is formed along the inner-core tangent cylin-
der — the imaginary cylinder parallel to the Earth’s
rotation axis and tangent to the inner-core equator.
The strength of the inner-core tangent cylinder is an
important element of the internal structure of the core,
because the tangent cylinder wall tends to divide the
outer core into dynamically separate fluid regions.

Complementing the theory of rotational instabil-
ities in Chapter 8.07, this chapter discusses the
experiments on precession-induced flows in spheres,
spherical shells, and spheroids. These flows include
the classic Poincaré-type flow (in which the outer
core rotates about an axis that lags the mantle in
precession), and the parametric instabilities that
occur when precession effects reach finite amplitude.
Experimental examples of the quasi-geostrophic tur-
bulence discussed in Chapter 8.06 are shown in
connection with these rotational instabilities.

Although rotational instabilities are likely in the
core, the main source of energy for the geodynamo
probably comes from thermo-chemical convection.
The chapter includes a discussion of the clever
experimental techniques that were developed to
investigate thermal convection in rapidly rotating
spherical shells, starting with the pioneering work
by F. H. Busse and co-workers. Subjects include the
nature of rotating convection at onset, and how the
structures change as the convection becomes fully
developed, rotating convection in liquid metals, and
the differences between compositionally driven
versus thermally driven flows.

Fluid mechanics in the core is strongly influenced
by the geomagnetic field. As discussed in Chapter
8.05, the theoretical foundation here is classical
MHDs of an electrically neutral but conducting
fluid, subject to the combined effects of buoyancy,
rotation, and its own internally generated magnetic
field. An important simplification to this system uses
an externally applied magnetic field in place of a
self-sustained one; the resulting flow is called
magnetoconvection. The fundamentals of rotating
magnetoconvection as it occurs in laboratory fluid
metals such as mercury, gallium, and molten sodium

are described, with a focus on the differences
between magnetic versus nonmagnetic convection
in a rotating fluid.

Lastly, an account is given of the recent successes
of, and the future prospects for, laboratory self-sus-
taining fluid dynamos. The design and the results
from the Riga and Karlsruhe sodium dynamos are
reviewed, both of which achieved self-sustaining
behavior within the same year, 2000. These two
dynamos used mechanical forcing to reach supercri-
tical Reynolds numbers and helical-shaped ducts and
channels to get the proper feedbacks between poloi-
dal and toroidal field components. The next
challenge is to produce a laboratory dynamo in an
Earth-like geometry, with rotation included. The
authors discuss the technical difficulties associated
with scale and power requirements associated with
this type of experiment, and close by summarizing
the on-going efforts at labs around the world to make
rotating spherical lab dynamos a reality.

8.01.13.11 Core-Mantle Interactions

In Chapter 8.12, Bruce Buffett examines a wide range
of possible ways the mantle can affect core dynamics,
and corresponding ways the core can affect the man-
tle. He separately considers the effects of thermal,
mechanical, electromagnetic, and chemical inter-
actions, and how each of these might be detected at
the Earth’s surface. As Buffett points out, the possible
inventory of core—mantle interactions is quite large,
comparable to the number and scope of interactions
between the lithosphere and the hydrosphere. In
terms of timescales, they range from about 1 day for
rotational interactions to hundreds of millions of
years for thermal and chemical interactions. The
basic elements of core-mantle thermal interaction
were referred to earlier in this chapter. Mantle
dynamics has a controlling influence on the heat
loss from the core, and as Buffett argues, both the
total heat flow and the pattern of heat flow at the
core—mantle boundary are expected to have a major
influence on core dynamics. Furthermore, this influ-
ence is time dependent, because of the evolving
thermal regime of the core—system, and also because
the pattern and strength of mantle flow varies with
time. During times when heat loss to the mantle is
low, a thermally stably stratified layer might develop
in the outer-core fluid below the core—mantle bound-
ary. This layer could be destroyed by an episode of
increased boundary heat flow, or through the accu-
mulation of lower density, iron depleted fluid rising
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up from the inner-core boundary region. It is
expected that high-frequency components of the
geodynamo would be damped when the stable layer
was present, resulting in a quieter geomagnetic field
during those times. Conversely, at times when con-
vection is vigorous below the core-mantle boundary,
the geomagnetic field is expected to show more
variability. The same reasoning applies to spatial
variations of boundary heart flow, a consequence of
the pattern of mantle convection. These variations
produce lateral variations in the intensity of convec-
tion, and also larger-scale thermal wind flows, both of
which tend to destroy the rotational symmetry of the
geomagnetic field. Dynamo models indicate that the
frequency and the character of magnetic polarity
reversals are sensitive to boundary heat-flow hetero-
geneity, with some types of boundary heterogeneity
acting to destabilize the dynamo (resulting in more
frequent reversals) and other types of heterogeneity
acting to stabilize it. The primary control on the
character of reversals comes through longitudinal
bias, that is, a tendency for the equatorial component
of the dipole to amplify at longitudes where the heat
flow is large, which in turn causes a statistical pre-
ference for the dipole to reverse along these
longitudes. There is suggestive evidence for many
of these thermal effects in the paleomagnetic and
geomagnetic field behavior (see Volume 5 of this
treatise), but as Buffett explains, unambiguous iden-
tification of these effects requires better resolution of
the paleomagnetic field and a more thorough com-
parison with dynamo models.

Electromagnetic core—mantle interactions described
in Chapter 8.12 include the electromotive force
exerted by the core field on the mantle through its
interaction with electric currents in the mantle. The
strength of this interaction depends on the electrical
conductivity of the lower mantle, which is not very
large unless it contains an appreciable amount of
core material. The best-understood interaction of
this type is the exchange of angular momentum
between core and mantle which produces decade-
scale length-of-day variations. Less well understood
are electromagnetic interactions arising from lateral
variations in mantle electrical conductivity. The
effects of these interactions are expected to be
most pronounced when the field is varying rapidly
(as it 1s today) and particularly during polarity tran-
sitions. Mechanical interactions include the effect of
core—mantle boundary topography and roughness
on core dynamics, the large influence of seemingly
small topographic variations being well known in

ocean and atmosphere dynamics. Unfortunately,
the core—mantle boundary topography has proved
to be exceedingly difficult to image seismologically,
so the importance of this interaction has yet to be
quantified. Another class of mechanical interactions
involve gravitational coupling between the solid
inner core and the mantle, which limits the freedom
of the inner core to rotate separately from the
mantle.

Lastly, Buffett summarizes the evidence for and
against active chemical interaction between the man-
tle and the core, including the mechanisms through
which mass exchange across the core—mantle bound-
ary might occur. This subject has recently been
stimulated by the interpretation of certain trace ele-
ment isotopes from mantle rocks as having a core
signature. There are multple ways that mass
exchange might occur across the core-mantle bound-
ary, so the real issue here is to determine which, if
any, of them are large enough to produce an obser-
vable chemical tracer.
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c mass fraction of light element
e internal energy
fad ratio of T; to T,
g,9 acceleration due to gravity

h internal heating rate
i flux vector of light element

i

k thermal conductivity

q heat flux

r radial distance

re core radius

re planetary radius

r IC radius

s entropy

t time

u core contraction velocity

v local core fluid velocity

Vp, Vs seismic P-wave and S-wave velocities

A characteristic core lengthscale

B characteristic core lengthscale

B magnetic field

Cc characteristic core lengthscale

C. constant relating light element release
to core growth

Co specific heat capacity

C, constant relating core growth to
temperature change

D lengthscale of adiabatic temperature
variation

E electric field

E, entropy production rate due to
potential energy

Ey entropy production rate due to
chemical heating

Ey entropy production rate due to ther-
mal conduction

E, entropy production rate due to latent
heat

Ep entropy production rate due to
pressure heating

Egr entropy production rate due to inter-
nal heating

Es entropy production rate due to secu-
lar cooling

59
61
62

entropy production rate due to mole-
cular diffusion

entropy production rate due to Ohmic
dissipation

total entropy production constant
gravitational constant

[ pT dV

[ p/TdV

compressibility at zero pressure
lengthscale of density variations
latent heats

latent heat incorporating pressure
effect

core mass

outer core mass

pressure

pressure at the CMB

constant relating pressure change to
temperature change

CMB heat flow

heat flow due to potential energy
heat flow due to chemical reaction
heat flow due to latent heat

heat flow due to pressure heating
heat flow due to radioactive heating
heat flow due to secular cooling
mean core heat flow

total heat flow constant

heat of reaction

outward normal vector

temperature, adiabatic temperature
temperature at the CMB
temperature at the ICB

melting temperature

coefficients describing melting curve

energy released since IC formation
due to potential energy

energy released since IC formation
due to latent heat

energy released since IC formation
due to radioactive decay

energy released since IC formation
due to secular cooling
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«@ thermal expansivity
Qe compositional thermal expansivity
~ Gruneisen parameter
A radioactive decay constant
chemical potential
Lo permeability of free space
p density
Pcen density at the center of the Earth
Di density at the ICB
Pm mantle density
Po density at zero pressure
o electrical conductivity
8.02.1 Introduction

Understanding the energy budget of the Earth’s core is
important for at least four reasons. First, it is this energy
budget which determines the present-day viability of
the Earth’s dynamo and magnetc field. Second, the
persistence of this field for at least 3.5 Gy places strong
constraints on the thermal and energetic evolution of
the core (and particularly, the growth of the inner core
(IC)). Third, the core is a large reservoir of heat which
is transferred to the mantle, at a rate controlled by the
mantle; thus, the thermal evolution of the mantle both
depends on and affects the energy budget of the core.
Finally, an improved understanding of the way the
Earth’s dynamo has evolved will allow us to make
better use of the fact that various other solar system
bodies possess, or once possessed, apparently similar
dynamos (e.g, Stevenson, 2003; Nimmo and Alfe,
2006).

The aim of this chapter is to summarize the con-
tributing factors to the core’s overall energy (and
entropy) budgets; to quantify these factors, and their
likely uncertainties; and to demonstrate how these
results may be used to evaluate the behavior of the
core, both now and in the past. The development
followed below should allow a reader to start from
general thermodynamic equations, and end up able
to calculate the entropy and energy terms for an
arbitrary core structure. Large parts of this chapter
are based on previous works, particularly those of
Braginsky and Roberts (1995), Buffett er al. (1996),
Labrosse (2003), Roberts ez al. (2003), Gubbins ez 4.
(2003, 2004), and Nimmo ez a/. (2004). Other relevant
chapters in this treatise include, Chapters 8.05, 8.06,
8.03, 8.08, 9.09, 8.09, and 8.12. Such a treatment is
inevitably lengthy; readers more interested in the

Ti IC age

7 deviatoric stress

) gravitational potential

Ac compositional contrast across the
ICB

AP pressure difference from ICB to cen-
ter of Earth

AT, change in T; since IC formation

ATe¢ change in T prior to IC formation

Ape compositional density contrast

d Ohmic dissipation

application of the equations to the Earth than their
derivation are advised to focus on Sections 8.02.4
and 8.02.5.

Perhaps the most robust conclusion is that the
principal driving mechanism for the present-day
dynamo i1s the release of one or more light elements
at the inner core boundary (ICB) due to ongoing IC
solidification. In the absence of such solidification,
the core would have had to cool roughly 3 times as
fast in order to maintain the same rate of dissipation
in the dynamo (Section 8.02.4.4). The rate at which
the core cools is controlled by the mantle, and the
present-day heat flow at the core—mantle boundary
(CMB) is estimated at 10£4TW, sufficient to
maintain a present-day dynamo generating 1-5TW
of Ohmic dissipation. However, this range of core
cooling rates implies that the IC is 0.37-1.9 Gy old
(Section 8.02.5.3), much less than the age of the Earth.
Prior to the formation of the IC, the rate of core
cooling must have been faster, leading to early core
temperatures likely implying widespread lower man-
tle melting. These high initial temperatures are
reduced if the core contains radioactive potassium,
which acts as an extra energy source for the dynamo
and allows slower core cooling and less rapid inner-
core growth. For the IC to be as old as 3.5 Gy requires
a time-averaged core heat flux of 1.5-3.3 T'W less than
the present-day value; the presence of potassium in
the core makes an ancient IC somewhat more plau-
sible. Since geochemical arguments have been used to
argue for such an ancient IC (e.g,, Brandon er 4/, 2003),
there remains a currently unresolved disagreement
between the geophysical and geochemical arguments,
which will undoubtedly form the basis for future work.

The rest of the chapter is arranged as follows.
Section 8.02.2 briefly summarizes core and dynamo
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parameters relevant to the later analysis. Section
8.02.3 gives the general energy and entropy equations
describing core thermal evolution and dynamo gen-
eration. It also gives specific expressions for each of
the mechanisms (e.g., latent heat release) contribut-
ing toward dynamo generation for a simple analytical
model of core structure. Section 8.02.4 shows how
these expressions may be used to establish general
results for core and dynamo behavior. This section
also derives specific results for the present-day
energy and entropy budget of the core, based on
recent models of core and mantle structure. Section
8.02.5 summarizes investigations of these budgets
through time, focusing in particular on the age of
the IC and the role of radioactive heating. Finally,
Section 8.02.6 summarizes and concludes the chapter.

8.02.2 Core Structure and Magnetic
Field Evolution

8.02.2.1 Density

The radially averaged density structure of the core
may be derived directly from seismological observa-
tions. Figure 1(a) plots the inferred density structure
of the core as a function of depth, and shows the
increase with depth due to increasing pressure. The
density discontinuity at the ICB arises because of two
effects. First, solid core material is inherently denser
than liquid core material at the same pressure and
temperature (P,7’) conditions. Second, the outer core
contains more of one or more light elements than the
IC (e.g, Poirier, 1994), and would therefore be less
dense even if there were no phase change. This com-
positional density contrast has a dominant role in
driving compositional convection in the core (see
Section 8.02.3.3 below); unfortunately, its magnitude
1s uncertain by a factor of about 2.

Even the total density contrast across the ICB i1s
somewhat uncertain. The two observations generally
employed are normal mode data (e.g, Dziewonski
and Anderson, 1981) and reflected body wave ampli-
tude ratios (e.g., Shearer and Masters, 1990). Early
application of these methods gave widely varying,
and sometimes contradictory, results. However, a
recent normal mode study (Masters and Gubbins,
2003) gives a total density contrast at the ICB of
640-1000 kg m ™, which agrees rather well with the
result of 600900 kg m™* obtained using body waves
(Cao and Romanowicz, 2004), but is somewhat
higher than the value obtained by Koper and
Dombrovskaya (2005).
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Figure 1 (a) Variation in density, gravity, and temperature
with depth for the Earth’s core. Crosses denote
seismologically constrained values from PREM (Dziewonski
and Anderson, 1981). Solid lines are analytical
approximations to these observations, using the expressions
given in Section 8.02.3.4 and the parameter values given in
Table 2. CMB denotes core-mantle boundary and ICB inner
core boundary. (b) Melting curve and adiabat as a function of
pressure. Dots are computational melting results for pure iron
from Alfe et al. (2004), with a reduction in temperature of 11%
to account for the presence of the light element(s). Thick line
is a least-squares fit to these data (egn [51]). Thin line is the
analytical adiabat (eqgn [44]).

The density contrast, based on first-principles
simulations, between pure solid and liquid Fe at the
ICB 1s estimated at 1.6% (Laio ez 4/, 2000). This value
contrasts with the 5-8% density contrast inferred
from seismology to exist at the ICB. These results
imply a compositional density contrast of 3.5-6.5%,
or 400-800 kg m ™, and may in turn be used to esti-
mate the difference in light element(s) concentrations
between inner and outer core.

8.02.2.2 Composition

Cosmochemical abundances leave no doubt that the
bulk of the core is made of iron. However, it is also
clear that the outer core is 6-10% less dense than
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pure liquid iron would be under the estimated P, T
conditions (e.g. Poirier, 1994; Alfe er al, 2002a). The
IC also appears to be less dense than a pure iron
composition would suggest (Jephcoat and Olson,
1987), though here the difference is smaller. Both
the outer and inner core must therefore contain
some fraction of light elements, of which the most
common suspects are sulfur, silicon, and oxygen
(Poirier, 1994). Furthermore, the outer core must
contain a greater proportion of such elements than
the IC. It 1s the expulsion of these light elements
during IC crystallization that, to a large extent, drives
the dynamo.

Using first-principles computations, Alfe e 4l
(2002a) find that oxygen does not tend to be retained
within crystalline iron. It therefore partitions strongly
into the outer core, and is most likely the element
responsible for the compositional density contrast at
the ICB. Conversely, S and Si have atomic radii
similar to that of iron at core pressures, and thus
substitute freely for iron in the solid IC. There is
thus little difference between S/Si concentrations in
the inner and outer core. Based on an assumed total
ICB density contrast of 4.5% (575 kgm ™), Alfe er al.
(2002a) concluded that 2.8% (360kgm ™) of this
density contrast arose from compositional variations.
They suggested that the IC contains 8.5 £ 2.5%
molar S/Si, while the outer core contains 10 =+
2.5% molar S/Si and 8 £ 2.5% molar O. A higher
total density contrast would imply a higher molar
fraction of O: for instance, a total density contrast of
7% (900kgm ) would imply a compositional
density contrast of 5.3% and 15% molar O in the
outer core.

8.02.2.3 Temperature

As long as the core is vigorously convecting, its mean
temperature profile will closely approximate that of
an adiabat, except in very thin top and bottom
boundary layers. Since the temperature at the ICB
must equal the melting temperature of the core at
that pressure, the temperature elsewhere in the core
may be extrapolated from the ICB along an appro-
priate adiabat. Thus, determining the melting
behavior of core material is crucial to establishing
the temperature structure of the core.

The melting behavior of pure iron 1s difficult to
establish: experiments at the P,T conditions required
(e.g. Brown and McQueen, 1986; Yoo et al, 1993;
Boehler, 1993) are challenging, and computational

(first-principles) methods (e.g. Laio er al, 2000;
Belonoshko et al, 2000; Alfe e al, 2002b) are time
consuming and hard to verify. Furthermore, the pre-
sence of the light element(s) likely reduces the
melting temperature from that of pure iron, but by
an uncertain amount. These issues are discussed in
detail elsewhere in this volume. Here, we will simply
summarize what appears to be the most convincing
set of computational results to date.

Based on first-principles calculations, Alfe er al.
(2003) obtain a melting temperature of 6350 £ 500 K
for pure iron at ICB pressures (330 GPa). They further
use 1ideal solution theory to argue that the melting
point depression due to the presence of oxygen is
proportional to the oxygen concentration difference
across the ICB, and obtain a temperature reduction of
700 £ 100 K. The predicted temperature at the ICB is
therefore 5650 &= 600 K. Extrapolating from this point
to other locations within the core depends on the
adiabat, which involves further unknowns discussed
below (Section 8.02.3.4).

The results of the calculations by Alfe ez 4l. (2002a,
2002b, 2003) differ from previous calculations by
Belonoshko e al. (2000) and Laio er 4l (2000).
However, this discrepancy arises mainly because of
the different molecular dynamics techniques
adopted; correcting for these differences, the results
obtained are very similar (Alfe er 4/, 2002a). The
melting curve of Alfe er 4l (2002a, 2002b) agrees
well with the low-pressure diamond-anvil cell results
of Shen ez al. (1998) and Ma er al. (2004), though not
those of Boehler (1993). Similarly, the curve agrees
with the higher-pressure shock-wave results of
Brown and McQueen (1986) and Nguyen and
Holmes (2004), though not those of Yoo er 4l
(1993). Further discussion of the differing results
may be found in Alfe er al. (2004).

Figure 1(b) shows the melting curve of Alfe ez al.
(2002a, 2002b), including a temperature reduction of
11% to account for the presence of the light ele-
ment(s), and also shows a linear fit to the
computational data. This fit gives a temperature at
the ICB (P=328 GPa) of 5520 K. Figure 1(b) also
shows a hypothetical adiabat, and demonstrates that
the temperature at the CMB, obtained by extrapolat-
ing down the adiabat, is 4100 K.

8.02.2.4 Dynamo Behavior over Time

The behavior of the Earth’s magnetic field over time
bears directly on core energetics (see reviews by
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Valet (2003) and Jacobs (1998)). In particular, one
might expect that the long-term behavior of the
field would provide information on the evolution of
the dynamo and core. In practice, however, as dis-
cussed below, the information is limited to the
following: (1) a reversing, predominantly dipolar
field has existed, at least intermittently, for at least
the last 3.5 Gy; (2) the amplitude of the field does not
appear to have changed in a systematic fashion over
time.

One reason for this paucity of constraints is that
the measurable magnetic field at the Earth’s surface
differs considerably from the field within the core.
First, the short-wavelength surface field is dominated
by crustal magnetic anomalies, which obscure the
components of the dynamo field at wavelengths
shorter than about 3000 km (e.g., Langel and Estes,
1982). Second, the toroidal component of the core’s
magnetic field has field lines which are parallel to the
surface of the core. Thus, the toroidal component is
not observable at the Earth’s surface, though it is
probably at least comparable in magnitude to the
observable poloidal component (e.g., Jackson, 2003).
As a result, the magnetic field that we can measure at
the surface is different in both frequency content and
amplitude from the field within the core. In particu-
lar, Ohmic heating is dominated by small-scale
magnetic fields which are not observable at the
surface.

Several other factors also make it difficult to relate
the observed evolution of the geomagnetic field to
the core’s thermal evolution in any more detail. First,
although current numerical simulations can now
generate dynamos whose behavior resembles that of
the Earth’s magnetic field (see reviews by Busse
(2000), Roberts and Glatzmaier (2000), Glatzmaier
(2002), Kono and Roberts (2002), and Chapter 8.08),
these models have not in general been used to
explore how dynamo behavior (e.g., reversal fre-
quency and field intensity) changes as a function of
parameters such as core cooling rate or IC size. A
notable exception is Roberts and Glatzmaier (2001),
who found that increasing the IC size tended to result
in a less axisymmetric field and (surprisingly) greater
time variability. However, models with ICs 0.25 and
2 times the radii of the current IC both produced
almost identical mean field amplitudes; a similar
result was found by Bloxham (2000). Nor is it clear
that changes in global variables, such as core cooling
rate, will have a larger effect on the field behavior than
local factors such as the heat flux boundary condition
(e.g.,, Christensen and Olson, 2003).

Second, the present-day amount of dissipation
actually generated by dynamo activity (Ohmic heat-
ing) is very uncertain, making a direct link between
core thermal evolution and dynamo activity proble-
matic  (see Section 8.024.3.5). And finally,
paleomagnetic observations are sparse at times prior
to the oldest surviving oceanic floor (150 My BP),
making identification of trends in field amplitude
very difficult (see, e.g,, Labrosse and Macouin, 2003).

Despite these difficulties, it is clear that, over
timescales greater than a few thousand years, the
mean position of the magnetic axis coincides with
the rotation axis (Valet, 2003). Furthermore, the field
appears to have remained predominantly dipolar
over time (though, see Bloxham, 2000), and has
apparently persisted for at least 3.5 Gy (McElhinny
and Senanayake, 1980). The earliest documented
apparent paleomagnetic reversal is at 3.2 Gy BP
(Layer er al, 1996). The magnetic field intensity has
fluctuated over time, with the present-day magnetic
field being anomalously strong (Selkin and Tauxe,
2000), and the field during the Mesozoic anoma-
lously weak (Prevot e al, 1990). The maximum
field intensity appears never to have exceeded the
present-day value by more than a factor of 5 (Valet,
2003; Dunlop and Yu, 2004). The pattern of magnetic
reversals for the Proterozoic is well known, but not
well understood. For instance, although reversals
occur roughly every 0.25My on average (Lowrie
and Kent, 2004), there were no reversals at all in
the period 125-85 Ma (e.g,, Merrill er al, 1996), for
reasons which are obscure but may well have to do
with the behavior of the mantle over that interval
(e.g, Glatzmaier e al., 1999).

In summary, the fact that a reversing dynamo has
apparently persisted for >3.5 Gy can be used to con-
strain the energy budget of the core over time (see
Section 8.02.5). Unfortunately, other observations
which might potentially provide additional con-
straints, such as the evolution of the field intensity,
are either poorly sampled or difficult to relate to the

global energy budget, or both.

8.02.3 Energy and Entropy Equations

The Earth’s dynamo is ultimately maintained by
convection (either compositional or thermal), with
the convective motions being modified by electro-
magnetic and rotational forces (see, e.g., Roberts and
Glatzmaier, 2000). Since the dynamo has persisted
over 3.5QGy, core convection must have likewise
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persisted, which places constraints on the energy
budget of the core. In this section, the basic equations
which allow the different terms in the energy balance
to be estimated are derived. It will be demonstrated
that the Ohmic heating generated by dynamo activity
does not appear in the energy equations. Thus, these
equations are in general insufficient to determine
whether or not a geodynamo will operate, though
they do allow the evolution of parameters like the
IC radius to be calculated. However, by deriving the
equivalent entropy equations, in which the Ohmic
heating term does appear, a criterion for geodynamo
activity may be determined (see eqn [72]).

This section summarizes a large body of previous
work on core thermodynamics. Pioneering works by
Bullard (1950), Verhoogen (1961), and Braginsky
(1963) were followed by studies focusing primarily
on the entropy balance of the dynamo (Backus, 1975;
Hewitt et al, 1975, Gubbins, 1977; Loper, 1978;
Gubbins ez al, 1979; Hage and Muller, 1979). More
recent works include the monumental Braginsky and
Roberts (1995) and contributions by Lister and
Buffett (1995), Buffett er al (1996), Buffett (2002),
Lister (2003), Labrosse (2003), Roberts er al. (2003),
Gubbins ez al. (2003, 2004), and Nimmo er a/. (2004).

The derivations given below, though not espe-
cially difficult, are somewhat lengthy. Individual
terms contributing to the geodynamo are summar-
ized in Table 1. The most important equations, those
which summarize the entropy and energy balances,
are given 1n eqns [32] and [39], respectively. These
equations also make the underlying physics relatively
easy to understand. Briefly, the principal sources of
buoyancy capable of driving convection and a
dynamo are either thermal (core cooling, latent heat
release at the ICB, and radioactive decay) or compo-
sitional (light element release at the ICB). The
thermal sources are less efficient at driving a dynamo
(they generate less entropy) than the compositional
sources. More rapid core cooling provides more
entropy available to drive a dynamo; if the core cool-
ing is too slow, convection ceases because the core is
capable of losing its heat purely by conduction.

8.02.3.1 Preliminaries

The methods and notation adopted here are essen-
aally reviews of Gubbins er 4/ (2003, 2004) and
Nimmo er al. (2004). Alternative approaches which
yield similar or identical results may be found in
Buffett er al. (1996), Roberts er 4l (2003), and

Labrosse (2003). A useful set of simplified expressions
1s given by Lister (2003).

Because convection in the outer core is vigorous,
the core fluid is assumed to be well mixed outside the
thin boundary layers. This in turn implies that both
the entropy and fraction of the light element are
uniform in the fluid outer core. Over tmescales
longer than the convective transport timescale, the
pressure field is assumed to average to hydrostatic:

VP = pVi 1]

where P is the pressure, p is the density, and 1 the
gravitational potential. Although the hydrostatic bal-
ance is not precisely maintained (with important
consequences for core convection), the difference
from a hydrostatic reference state is negligible for
globally averaged quantities. The nature of the refer-
ence state is discussed in more detail in Braginsky
and Roberts (2002).

For an isentropic and isochemical outer core, the
temperature gradient is adiabatic and obeys

VTd:agTazi 2

G 2_ 4,2
P ‘Up 3’115

where 7, is the temperature along an adiabat, o and
C,, the thermal expansivity and specific heat capacity,
respectively, g the acceleration due to gravity, 7y 1s
Gruneisen’s parameter, and 7, and v, the P- and
S-wave seismic velocities. It should be noted that if
the heat flux out of the top of the core is subadiabatic, a
stable conductive layer may develop in the outer core
(e.g,, Loper, 1978; Labrosse ¢ al., 1997), while a similar
effect may occur if the light element, rather than being
well mixed, accumulates at the top of the core (e.g,
Braginsky, 1999). Although in either of these cases the
temperature gradient will not be adiabatic every-
where, in most of what follows it is assumed that the
temperature is in fact adiabatic throughout.

For a two-component mixture, the thermodynamic
relationship between the three state variables P, T
(temperature), and the mass fraction of the light ele-
ment, ¢, is given by

Pdp
2 *[Ld[ [3]

Tds = de—

Here, de and ds are the differentials of the internal
energy and entropy, respectively, and p is the che-
mical potential, where

R
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Table 1 Summary of analytical expressions for entropy and energy terms
Term Energy Entropy
Secular cooling dT, 1 1\ dT,
=- Cp—dV =- _— ==
Qs _/” Pat £ /"Cp (Tc T) at
Latent heat 4rr?LyT, 1dT, 4ar?ln(Ti-Te) 1.dTe
Q= EL=- -

Radioactive decay Q / phdV
R =

Heat of reaction Qu = /pRH%dV ~0

Compositional Qg = / p 1/)%% dv

Pressure heating Q / oTP d7. av
P = T

dt
Pressure freezing 5 T PrdT.
QpL = 4nr{ Ly —_—
Th-T' g dt

~ (dTpn/dP—dT/dP)g T, dt

(dTm/dP—-dT /dP)T.g T, dt

En=— | pg gV
Qq
Eg=7
_QP dT,
Ep—?c—/aPTWdV

Note that the latent heat terms Q| , £, can incorporate the pressure freezing terms Qp, Ep|_ by substituting L' for Ly (eqn [30]). Also note
that dT./dt has been substituted for DT/Dt (see text). Integrations are carried out over the entire core except for the compositional and heat

of reaction terms.

and

(6_“) :_i(@) - % 5]
oP Tl p? \Oc b P

and «, is a dimensionless coefficient which indicates
the sensitivity of the core density to the presence of
the light element (Roberts ez 4/, 2003; Gubbins ez al.,

2004):
1/0p Ap,
c=——= ~ 6
“ p (65) por Pl g

Here Ap, is the change in density across the ICB due
to the change in light element concentration, Ag,
across the same interface, and p; is the density of
the solid IC at the ICB. The parameter o, depends
on the properties of the light element and 1s assumed

to be independent of the light element concentration
(mass fraction), ¢.
The continuity equation for the core can be

written

op Dp

- . -~ . =0 7
3, TV (ov) =5+ a(V V) [7]
where v is the local fluid velocity. Similarly, conser-
vation of mass of the light element can be written

D¢
"Dr
where i is the flux vector of the light element. Both
the compositional and heat flux vectors depend on

0
pa—j+pv-vc+v-i= +V-i=0 8]

the gradients of the three state variables, P, 7} and s,
according to the Onsager reciprocal relationships
(Landau and Lifshitz, 1959):

q=4VT+i(p+@> [9]
ap
i=—-apVu—-pvrT [10]

where # is the thermal conductivity, ap and (3 are
material constants (defined in Gubbins ez 4/, 2004),
and p is related to P, 7, and s via eqn [3].

Having established these preliminary expressions
describing the reference state of the core, the indivi-
dual terms in the core’s energy and entropy budgets
may now be derived.

8.02.3.2 Energy Balance

Although the individual terms in the core’s energy
budget can be quite complicated, the overall budget
is actually quite simple to write down. The rest of this
section demonstrates that the energy budget may be
written as

Here, Q. 18 the heat flow across the core—mantle
boundary, the thermal energy extracted out of the
core by the mantle. This energy arises from six main
sources: O, the secular cooling of the core; O, the
latent heat delivered as the IC solidifies; Q,, the
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gravitational potential energy (or more properly
compositional energy) associated with the release of
the light element during IC solidification; Op, a small
contribution due to the change in pressure during
core cooling; Oy, a contribution from chemical reac-
tons which turns out to be negligible; and Oy, a
contribution from the decay of any radioactive ele-
ments within the core. The first four terms on the
right-hand side (RHS) of the equation are all propor-
tional to the rate of core cooling d7;./d#, where T is
the core temperature at the CMB (Gubbins ez 4/,
2003). Thus, in the absence of radioactive heating,
the heat flow out of the core is directly proportional
to the core cooling rate. Hence, a high CMB heat
flow either requires a rapidly cooling core, or a large
contribution from radioactive elements. In a situation
lacking an IC, the only nonzero terms are O, Op, and
potentially Qg. The same CMB heat flow would
therefore require a more rapidly cooling core than a
similar situation in which an IC existed.

An important aspect of eqn [11] is that heating due
to dynamo activity (Joule heating) or viscous dissipa-
tion does not appear. This is because the dissipation
only involves conversion of energy within the core
(buoyancy forces generate kinetic and magnetic
energy, which in turn are converted to heat via
Ohmic and viscous dissipation). As a result, the global
energy balance is not affected. In order to investigate
the effect of dissipation, it is necessary to consider the
entropy budget of the core. This approach allows
investigation of the circumstances under which a
dynamo will operate, and is the subject of Section
8.02.3.3.

8.02.3.2.1 General expression
A very general expression for energy conservation
within the core may be written as follows (Gubbins
et al., 2003; see also Buffett ez al., 1996):

d d (1 , o B’
— dV+— [ —pvdV — dr
dt/pe Jrdt/Zde + 0r 2o
- 7%Pv~d87?{EXB~dS
Ho
+%v-7’-d57?{q-d5+/pde

+/pV'VLZJdV 12]

Here, p is density, ¢is internal energy, v is the core
fluid velocity, B and E are magnetic and electric
fields, 4 1s the permeability of free space, P is the
pressure, S is an outward normal surface vector, 7’ is

the deviatoric stress, q is the CMB heat flux, 4 the
local volumetric heat generation, and 1) the gravita-
tional potential. The left-hand side (LHS) of this
equation gives the total rate of change of internal,
kinetic, and magnetic energies, respectively. The sur-
face integrals on the RHS give the work done on the
surface by pressure and electromagnetic forces, sur-
face tractions, and the heat flow across the boundary
(Qcmp)- The final two volume integrals give the total
heat generated and the work done against gravita-
tional forces.

Several simplifications may be applied to this
equation (Gubbins er 4/, 2003, 2004). For the Earth’s
core there are two very different timescales implicit
in eqn [12]: the short timescale (~1 year) associated
with convective motions, and the much longer time-
(~100 My) cooling and
contraction of the core as a whole. Let the velocity
associated with core contraction be denoted by u.
Then over timescales long compared to the convec-
tive timescale, but short compared to the core
evolution timescale, the core will be well represented
by the well-mixed, hydrostatic and isentropic basic
state (see Section 8.02.3.1). Over this intermediate
timescale, the total fluid velocity v may be assumed
to average to the slow contractional velocity u
(Gubbins er al, 2003), while at the core boundary it
is always true that v-dS=u-dS. Over this same
timescale, it is assumed that the time fluctuations of
kinetic and magnetic energy are negligible (see
Braginsky and Roberts, 1995) and thus the second
two terms on the LHS are zero.

Another simplification arises from the imposition
of boundary conditions. By assuming that the
Earth’s mantle is a perfect insulator, the surface
integral involving electromagnetic fluxes disap-
pears. A similar assumption of stress-free boundary
conditions allows the removal of the shear stress
surface integral. This approach is convenient and
will be followed here, although a no-slip boundary
condition would be more realistic (see Roberts and
Glatzmaier, 2000).

Equation [12] may thus be rearranged as follows:

scale associated with

ngb = % q- ds

= [ oRar
+/pu~V1/)de/V'(Pu) 13

where
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2= % tueV [14]
and each integral is taken over the whole core and is
tume-averaged. The term in u. V) arises because the
long-term evolution of the gravitational potential
depends only on u. It will later prove useful to con-
vert pu- V1 to u- VP by using eqn [1]. The final
term on the RHS is obtained by application of
the divergence theorem and subsitution of u for v
(see Gubbins e al, 2003). Note that O, is the
amount of heat being extracted from the core, and
not the adiabatic heat flow.

Equation [13] shows that the long-term energy
loss from the core may be estimated using integrals
over the reference state, that is, the short-term con-
vective velocity v 1s not important. Put another way,
the short-term convective velocity is responsible for
maintaining the reference state, but the energy avail-
able to drive the dynamo depends only on the long-
term evolution of the core. In the absence of an IC, a
further simplification arises: application of eqn |[3]
causes the last two terms on the RHS of eqn [13] to
disappear and the integral in % 1s replaced by one in
T% (see Gubbins ez 4/, 2003). However, in the case
of a solidifying IC, there is a significant contribution
to the gravitational energy from the redistribution of
the light element (see below).

Thermal contraction and IC solidification both
lead to a volume reduction in the core, which releases
additional gravitational energy. Although it has been
claimed (Hage and Muller, 1979) that this energy
becomes available to drive the dynamo, Gubbins
et al. (2003) showed that the actual contribution to
the energy budget is very small.

Equation [13] is more directly applicable than eqn
[12] to the Earth’s core. In particular, it may be used
to derive each of the terms given in eqn [11] in a
relatively straightforward fashion. Each of these
terms 1s derived in turn below; readers wishing to
avold the details will find all terms summarized in
Table 1.

8.02.3.2.2 Core heat flow Qcmp
From eqn [13], the heat flow across the CMB is
given by

%mb = fqu [15]

The heat flux q in the case of a solidifying IC
depends on the solute flux i (eqn [9]) as well as the
temperature gradient in the boundary layer.

However, assuming that no solute crosses the bound-
ary, then i1 - dS =0 and the CMB heat flow may be
written as

Oy = — 74 U T-dS [16]

8.02.3.2.3 Internal heating Qg

Internal heat production may arise because of radio-
genic elements or (less likely for the Earth) tidal
dissipation (Greft-Lefttz and Legros, 1999) or core—
mantle coupling (Touma and Wisdom, 2001). For the
radiogenic case, it is reasonable to assume that heat-
ing 1is uniform since vigorous convection will
homogenize the distribution of radiogenic elements.
In such a case, the internal heating is given by

Or :/pde [17]

where 4 is the volumetric heating rate. Note that this
term does not include any contribution from Ohmic
heating.

8.02.3.2.4 Heat of reaction Qy

In the presence of a solidifying IC, the internal
energy term in eqn [13] may be written with the
help of eqn [3] as

De Ds PDp
—dV = T—dV ——dV
/th /p Dr +/th
" D¢ " Ds
—dV = T—dV
+/pth ./p Dr
7/pv- dV+/ P4y )
h pth

where the second equality makes use of eqn [7].
The rate of change of internal energy depends
on the rate of change of entropy (which depends on
P, T, and ¢), pressure, and the concentration of the
light element. The first term on the RHS may be

written as
TDJ_ T Os DT+ T Os DP
i~ P \ar ». Dt Pi\ap 7. Dt

Lop(®) Do DT P
PE\ac ,,7,,.Dt_pPDt Dr

o D¢
7pT<ﬁ> P, e E [19]
where Maxwell’s relation (eqn [4]) has been used.
The specific heat capacity C, is defined by
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and the thermal expansivity « is given by

Os 1 ap>
a=-p(—=) =--(2L) . 21
p(f)P)T,[ P(éT Pc =

The second term on the RHS of eqn [18] vanishes
in conjunction with the last two terms on the RHS of
eqn [13]. Combining the terms in eqn [18] that
depend on ¢, we obtain

0
&1=/p MT(@l;)p,[

where Ry; is the heat of reaction between iron and the
light element. Here Qy represents the change in
internal energy due to chemical reactions; for an
exothermic reaction, heat is absorbed at the ICB
and released throughout the liquid core.

D¢ D¢
—dV = Ry— dV
Dr /'O ]

22]

8.02.3.2.5 Secular cooling and pressure
heating Qg, Qp

Making use of eqn [19], we can identify two terms in
the internal energy budget not associated with com-
positional variations. The first is the secular cooling
term:

DT

This term is simply the heat released as the core
cools; it includes a small contraction term due to
the Lagrangian derivative. Although the release of
latent heat due to IC solidification can be included in
this term (by modifying the specific heat), greater
transparency is retained by including the latent heat
as a separate term (see below).

The second term gives the heating that arises
from a change in pressure, and is referred to as the
pressure heating term by Gubbins ez 4/ (2003). It is
given by

DT,
O = / TPy <dV [24]

where P is a numerical coefficient which relates the
change of pressure at the ICB with time to the rate of
core cooling:

pP_, dT.
Dr 'dr

[25]

where T, is the core temperature at the CMB. A
more extensive discussion of this small term is
given in Gubbins ez /. (2003).

8.02.3.2.6 Gravitational energy Qg

The gravitational energy term arises due to the
release of the light element at the ICB, and is thus
really a compositional energy term (Braginsky and
Roberts, 1995; Lister and Buffett, 1995). Considering
only the density changes arising due to these compo-
sitional changes, the gravitational potential term in
eqn [12] may be written (Gubbins ez 4/, 2004) as

%Z/pV'VU)dV
Tl [ D
= /Ocq/;(a)P.Tde./ pbo Dth [26]

where the compositional expansion coefficient «. is
defined by eqn [6]. The gravitational energy contri-
bution is proportional to the rate of expulsion of the
light element, as parameterized by De¢/Dr.

8.02.3.2.7 Latent heat release Q_
The latent heat released depends on the rate at which
the IC solidifies:

dr;

0y = 4mr Lup; P [27]

where 7 1s the IC radius, p; is the density at the ICB,
and Ly is the latent heat (assumed constant). The rate
at which the ICB advances is determined by the rate
at which the ICB temperature changes, and the rela-
tive slopes of the adiabat and melting curve (see
Section 8.02.3.4). The rate at which 7;, the tempera-
ture at the ICB, changes may be directly related to
the rate of change of the temperature 7 at the CMB,
because both lie on the same adiabat. The quantity
dr/dr may therefore be rewritten in terms of d 7,./d#
(see Section 8.02.3.4).

8.02.3.2.8 Pressure effect on freezing Qp,
If the pressure increases, the melting temperature of
iron increases and thus the IC grows. A pressure
change AP causes the IC radius to increase by a
quantity Az, where

T, AP

Ar, =
LT pg

[28]
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Here, T;, and T are the melting and adiabatic tem-
peratures of the core at r= 7, respectively, and T,
and T are their radial derivatives.

Making use of eqn [25], the additional latent heat
released by this effect is given by

47T7;ZL11T,,11 P’[‘ ch
Th=T" g dr

OpL = [29]
The effect can also be included by modifying the
usual latent heat as follows:

dTn Tc) 30]

L'y=Ly(1+pPr—228
H H( + Pr P T
In practice, the increase in latent heat due to this

effect 1s only 10-20% (Gubbins ez 4/, 2003).

8.02.3.2.9 Summary

Combining the results 8.02.3.2.2—
8.02.3.2.8, the general energy budget for the core,
eqn [13] may be rewritten as follows:

of Sections

Oy = —fwT-ds - /p/JdV

DT DpP
- Cp—dV T—
/p " Dr +/a Dr

' D¢ D¢
Ry —dV —dV
+./p HDtd +/m/)aLDfd
dr;
dr
=R+ +0p+0u+0,+0 31]

The utility of this equation is that it makes each of

+ 477 L

the mechanisms contributing toward the core energy
budget obvious: the total amount of energy being
extracted from the core depends on radioactive heat
production within the core, secular cooling and con-
traction of the core, and chemical, gravitational, and
latent heat release as the IC grows. With the excep-
tion of radioactive heating, all these terms turn out to
be directly proportional to the rate of core cooling
dT./dr (see Section 8.02.3.4). This equation also
demonstrates that neither the adiabatic heat flow,
0y, nor Ohmic heating, play any role in the global
energy budget. Both these terms, however, do figure
in the corresponding entropy balance, which is
derived next.

8.02.3.3 Entropy Terms

As noted above, the Ohmic heating (dissipation)
caused by the dynamo does not enter the global

energy balance. However, dissipation is nonreversi-
ble and therefore a source of entropy. Thus, by
considering the entropy budget of the core, criteria
may be established for the operation (or failure) of
the dynamo (see Section 8.02.4.2). In particular, an
equation analogous to eqn [31] may be derived that
describes the entropy budget of the core. In particu-
lar, both entropy sinks (heat diffusion, Ohmic
dissipation, and molecular conduction) and sources
(radioactive decay, secular cooling, latent heat
release, pressure heating, chemical reactions, and
compositional buoyancy) may be identified.

These entropy terms, derived below, are rates of
entropy production. In general, each entropy term
may be thought of as a heat flow, multiplied by some
efficiency factor (<1) and divided by some character-
istic operating temperature. Higher heat flows result
in higher rates of entropy production.

The general equation corresponding to eqn [12]
for the entropy terms is (Hewitt e 4/, 1975; Gubbins
et al., 2004)

Ds  V-q uV-i

ph P
Por T T T

T

[32]

where the heat flux q depends on the solute flux i
(eqn [9]) and the entropy s depends on P, 7T, and ¢
(eqn [3]). This equation summarizes the changes in
entropy arising from both thermal and compositional
effects. Here, ® is the combined viscous and Ohmic
dissipation. The former is assumed to be negligible
and the volumetric Ohmic dissipation is given by

JZ BZ
=" —0
o piol? [33]

where J 1s the electric current density, B and / are
typical values for the magnetic field and the length-
scale at which dissipation occurs (e.g, Labrosse,
2003), respectively, and o is the electrical conductiv-
ity. It is because of the appearance of this term that
the entropy balance may be used to determine
whether or not a dynamo can operate.

Making use of eqns [9] and [10] and employing
the divergence theorem, we have

Veq, (9 vr
/ TdV_/v (F)ar+ [a =ar
-Qcmb / vT ’
== L) ar
T, T

L .7} WS
+/aDT(1+ﬁT>( apVp-i—i)dr

[34]
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The LHS of eqn [32] may be expanded using eqn
[19] as before. The RHS may be further simplified by
making use of eqn [8] and making the assumption
that pap << BT (see Gubbins e al., 2004). The result-
ing expression is

G,u D¢

pC, DT / DP
TRz ——dr-
/T Dtd CYDtd GTDt
Qcmb / vT
= - k Vv
T. + T d

.')
+/ dr + —dV+/—dV
apT

[35]

where the terms on the LHS represent contributions
to the entropy budget from core cooling, contraction,
and chemical reactions.

The term in i’ is the entropy of molecular con-
duction, £,, which turns out be negligible (see
below). The terms involving ph and ® are the
entropy contibutions from internal heating and
Ohmic (and viscous) dissipation, respectively. The
term in (VT/T)’ is the entropy of thermal diffusion,
E;. This quantity depends on the temperature gradi-
ent and is an entropy sink; it reduces the entropy
available to drive the dynamo and if large enough
will ensure a conductive core and thus an absence of
dynamo actvity.

Since O.mp, contains contributions from the differ-
ent sources (eqn [31]), most of these source terms
occur twice in eqn [35]. For instance, the secular
cooling contribution to the overall entropy budget is

[es)G

where the term in 7 is a consequence of the Omp,/ Tt
term in eqn [35]. Similar equations may be derived
for the contributions from latent heat, heat of solu-
tion, radioactive decay, and pressure heating. As
before, the latent heat term may be incorporated
into the secular cooling term.

The resulting expression for the entropy budget is

as follows:
1 DT 1 DT
/PC (r ?)ECW /T (?’?)EW
1 9

VT i’
_/x»( T) dV+/ DTdV+/—dV

37]

which may be rewritten in an analogous form to eqn
[31] as follows:

ES+EP+EH+ER+Eg:E/e+E,,+Eq> [38]

Here, the latent heat terms have been incorporated
into the secular cooling term £
An important aspect of eqn [37] is the ((1/7;)—
(1/7T)) terms. These terms give the thermodynamic
(Carnot) efficiency of the various processes driving
the dynamo, and arise because the sources and sinks
of buoyancy are operating at different temperatures.
Buoyancy sources which are distributed through-
out the core volume have a lower efficiency than
those which arise at the ICB, because the mean
operating temperature of the former is smaller and
thus the efficiency term ((1/7.)—(1/7T)) is also smal-
ler. Thus, the buoyancy forces due to radioactive
decay or secular cooling are intrinsically less efficient
at driving a dynamo compared to latent heat release.
An important exception is the term which arises
due to compositional convection. This term only
occurs once in eqn [37] and has the form O,/ T.. Its
efficiency is thus intrinsically higher than those of the
other energy sources. Thus, as we will see below,
although compositional convection has only a mod-
erate effect on the core’s energy budget, its
contribution to the core’s entropy budget (and thus
the operation of the dynamo) is very significant.
Table 1 summarizes the expressions derived
above for the various entropy and energy terms.

8.02.3.4 Example Core Structure

The terms in energy and entropy derived above and
summarized in Table 1 are general in that they may
be applied to any model of core structure. Some of
the core properties required, such as density,
compressibility, and gravitational acceleration,
can be obtained from seismological observations
(see Figure 1). Other properties, in particular the tem-
perature structure, must be inferred from experimental
studies or first-principles numerical calculations (see
Section 8.02.4.3). Here a model core structure is derived
which allows analytical expressions for the terms in
Table 1 to be obtained. These expressions give good
agreement with numerical integrations carried out using
the observed core density structure (see Nimmo ez al,
2004). A comparison of these results with those using
different parameter choices is given in Section 8.02.4.3.9.

Given the large uncertainties associated with var-
ious core parameters, it is acceptable to make
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simplifying assumptions which allow the energy and
entropy integrals to be treated analytically. The first
major simplification is to assume spherical symmetry,
although lateral variations in properties like the
CMB heat flux may sometimes have important effects
on the detailed behavior of the dynamo (e.g,, Bloxham,
2000).

A second simplification is to assume that certain
core properties, such as compressibility, thermal
expansivity, and specific heat capacity, are constant.
While only an approximation, this makes the inte-
grals tractable and results in density and gravity
profiles which are those inferred
(Figure 1). Here we describe the approach taken by
Labrosse er al. (2001). Other authors, such as Buffett
et al. (1996), Lister (2003), and Roberts er a/. (2003)
have adopted slightly different expressions.

The density within the Earth’s core increases by
about 35% from the CMB to the center of the planet
(Figure 1). Following Labrosse ez a/. (2001), the vara-
tion of p with radial distance 7 from the center of the
Earth is given approximately by

similar to

p(r) = peenexp(—r*/L%) [39]

where pee, is the density at the center of the Earth
and L is a lengthscale given by

Peen
3K, (In o 1)

(40]
2m Gp() Pcen

Here, K, and p, are the compressibility and density at
zero pressure, respectively, G is the universal grav-
itational constant, and L ~ 7000km (see Section
8.02.4.3). From eqn [39], the mass of the core M. is
given by

M, = / o)AV
0

2

= 4T Pcen [7 L?rexp(frz/Lz) + %ﬁerf(r/L)} 0°
[41]

where 7. is the core radius. Expanding erf (/L)
allows M, to be written as

4 272 272
M. = Eﬂ—pcenf’gein/l‘ (1 +§TLZ + - ) [42]

Similarly, the acceleration due to gravity g is
given by

() 47FG : 37 [43]
r)=-—- cenT -
& 3 0P 512

This expression neglects the density jump Ap across
the ICB, introducing an error of order r'/L* < 1,
where 7 1s the IC radius (Labrosse er 4/, 2001). Note
that the effect of this density jump is incorporated
when considering compositional convection.

The adiabatic temperature 7, within the core is
given by

To(r) = Teenexp(—7*/D?) [44]

where T, 1s the temperature at the center of the
Earth and D is another lengthscale given by

D= 1/3C,/2m0peen G [45]

Here C, is the specific heat capacity, a the thermal

expansivity, and D ~ 6000 km (see Section 8.02.4.3).

Note that eqn (44) assumes that the ratio a/C,, or
4

equivalently the ratio 'y/(vlz, —%27), is constant. This

issue is discussed further below (Section 8.02.4.2).

The adiabatic profile (eqn [44]) allows the follow-
ing useful simplification to be made (Gubbins ez 4/,
2003):

1 D7, 1dT.
T, Dr  T. dr

[46]

where T, is the temperature at the CMB. This
approximation allows the term in 7'~' DT/Dr to be
taken out of all the integrals given in Table 1, assum-
ing that the temperature profile is adiabatic.
Furthermore, the rate of IC growth dz/dr and
the rate of change of concentration in the light
element D¢/Dr may both be related to d7./dr as
follows.

Equation [46] shows that the rate of cooling at the
ICB 1s directly proportional to the rate of cooling at
the CMB. In addition, Figure 2 shows that the change
in inner-core radius 07 for a change in core tempera-
ture 67, depends on the relative slopes of the adiabat
and the melting curve. We may therefore write

dri 1 T 1 dTe o dTL
dr = (AT /dP—dT/dP) pig T. dr ~— " dr

[47]

where the slopes of the adiabat and melting curve at
the ICB are given by d7,/dP and d7,,/dP, respec-
tively, and 7T} and p; are the ICB temperature and
density, respectively.
In a similar fashion, the rate of release of light
material into the outer core may be written as
Dc_47rrizpicdri dT.

ze_ =(C.C —= 48
Dz Moo dr dr [45]
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Tm(r=0)
TCen
S To0) ‘
= AT, a
@ dT,
aTe 6T,
IS dP
g
m m 3
: : :
Tm(r) dT,, o
P
Pressure

Figure 2 Schematic of melting and adiabatic temperature
profiles. The IC (temperature T) is defined by the
intersection of the adiabat T, and the melting curve T,,,. The
corresponding temperature at the CMB, T, is obtained by
following the adiabat. Changing this CMB temperature by a
small amount 6T, results in a change in IC radius, ér;, which
depends on the relative slopes of the adiabat and melting
curve, dT,/dP and dT,,/dP, respectively. The temperature
drop at the CMB since the onset of IC solidification is given
by AT,.

where M,. is the mass of the outer core and
C, = 47rri2 pi/ Moe. Note that the rate of light element
release is directly proportional to the core cooling rate.

It should further be noted that integrals involving
D¢/Dr consist of two contributions: one denoting
removal of light element from the IC at the ICB,
and one involving the uniform redistribution of this
material over the outer core. Assuming that the heat
of reaction is constant, this conservation of species
means that the energy term Qyy, but not the entropy
term Fy, 1s identically equal to zero (see Gubbins
et al., 2004).

The pressure is given by

L [(3’2 - L—) exp(frz/Lz)] " )

P(r) = P,
) 3 0 s )

where P, is pressure at the CMB.

The dependence of the core melting temperature
on pressure and composition is often approximated
using Lindemann’s law (e.g, Buffett er al, 1996;
Labrosse e al, 2001; Roberts ez al, 2003). For exam-
ple, neglecting the compositional effects, one could
write (Labrosse, 2003):

Tu(r) = Tmo exp{72(17%) ]3—7} [50]

where T, 1s the melting temperature at zero pres-
sure and < is the Gruneisen parameter. Here we

adopt a slightly different approach, following that of
Stevenson er al. (1983), and parametrize the core
melting temperature 7}, as

Tm(P) - T‘m()(1 + Tmlp+ 7‘;nZPZ) [51]

where T,; and Ty, are constants and 7}, incorpo-
rates the reduction in melting temperature due to the
light element(s). In this work, it is assumed that
T2 =0.

With the variation of p, g and T within the core
described by eqns [39], [43], and [44], respectively,
analytical expressions for the entropy and energy
terms are given below.

8.02.3.4.1 Specific heat (Q, E)

Table 1 and eqn [46] may be used to show that both
Q, and £, involve a term [ = prdV given
(Labrosse et al., 2001) as

A S 2 A
I :47rTcenpcen<7Tre /4 +Tﬁerf[rc/14]) [52]

where

s (1 1!
A_(L2+D2) [53]

It will be useful to expand / as follows:

2
L= gﬂchnpccnrfe”f/Az (1 + %% + ) [54]

Strictly speaking, the adiabat is only followed in
the outer core, but Labrosse (2003) argues that the
integral may be taken over the entire core without
introducing significant errors. The contributions Qg
and £, may thus be written as

C,dT. G L\ dT.
s:___[s7 Es:_ Mc__ 55
& T, dr T, T.) dr [55]
where M, is the mass of the core and T, the core
temperature at the CMB.

8.02.3.4.2 Radioactive heating (QRr, ER)
For radioactive heating, the term involved I+ = [ (p/T)
d” is more complicated and depends on the relative
sizes of D and L. Although complete analytical solutions
may be derived (see Nimmo ez 4/, 2004), it is more useful
to carry out a series expansion, which yields

AT Pcen 3 377
It = -S54 56
! 3T‘cen rc( SBZ+ [D ]
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where

B = (%féyl [57]

These equations allow the contributions Og and
Eg to be determined:

M.
O = Mch, Ep = (? *[’1‘>/9 [58]
where 4 1s the heat production per unit mass within
the core.

8.02.3.4.3 Latent heat (Q, E,)
The contributions Q; and £ given in Table 1 may
be written as:

dr; (T,—T¢)

=41 L ypi——, E =
O = 4mr; npig b o ToT

[59]

where L'y is the latent heat of fusion (incorporating
the small pressure effect) and 7; is the temperature at

the ICB.

8.02.3.4.4 Gravitational contribution

(Qq, Eq)

From [43], the potential 9(7) relative to zero poten-
tal at the CMB is given by

) . 3;’/2 4
1/}(7) — |:§7I'Gpccnr (1 - ﬁ)}m [60]

Table 1 and eqn [48] give

DT,
% = |:/OC pde*Mocw(ri):| aCC[CVE

2
¢ 4mr dr;

- [/ mpdeMocw(n)}Ap[EM .

[61]

Here, Ap, is the compositional density drop across
the ICB, M,. is the mass of the outer core (‘oc’
denotes the outer core), o, is the compositional
expansion coefficient (eqn [6]), C,dT./dr=dr/dr
and C, is defined after eqn [48]. If the IC completely
excludes the light element(s), then ¢= Ac. Note that
in this case O, depends only on the compositional
density contrast Ap, and not on ¢ the actual
concentration.
The integral [, pipdV is given by

2 2 2
8T Peen G i,ﬁ, L—ﬁfLZCZr e 7/
3 20 8

CZ e
+7L3ﬁerf (r/L)} [62]

i

where

, 3L 7 372
C=—-= <17 ‘7) [63]

16 2 1017
The mass of the outer core M,. may be obtained
from [41] by changing the limits of integration.
Equations [62] and [63] allow O, to be obtained; £,

is simply O,/ T.

8.02.3.4.5 Entropy of heat of solution (Ey)
As discussed above, the quantity Oy =0. The con-
tribution £y in Table 1 is given by

P Moc dri
5127&{/17uurr}qﬁ7 64]

where Ry is the heat of reaction. The integral in this
equation may be derived using the same approach as
that for radioactive heating (eqns [56]—[58]). Note
that this expression assumes that core contraction is
negligible (see below).

8.02.3.4.6 Adiabatic contribution (Qy, E\)
The entropy change due to thermal diffusion is given

by Table 1:
v\’

where £ is the core thermal conductivity.

From [44], we have VT,/T,=—2r/D’; using
[65], 1t can therefore be shown that for an adiabatic
core

P 167kr; 166]
T s
while Oy at the CMB is simply given by
Qp = 81 kT, ) D? [67]

Note that both Q, and £, unlike almost all the
other terms in Table 1, are independent of the core
cooling rate.

8.02.3.4.7 Other contributions

Gubbins ez al. (2003, 2004) argued that the molecular

diffusion term £, and pressure heating term Ep in

eqn [38] are negligible and may be ignored. The rate

of change of the core temperature is governed by
DT. oT.

= VT, 68
Dr or +uVTe [65]




Energetics of the Core 47

where u is the core contraction velocity. Gubbins
et al. (2003) state that core contraction is negligible
at the present day, in which case DT./Dr=d7T,/dz

8.02.3.5 Summary

Table 1 gives the general expressions for each of the
terms contributing to the core’s energy (eqn [31]) and
entropy (eqn [38]) budgets. Section 8.02.3.4 gives
explicit expressions for these terms when the state
of the core is described by a simple analytical model.
Given a core cooling rate d T../dz, this allows the rates
of heat transfer and entropy production for the core
to be derived.

8.02.4 Present-Day Energy Budget

8.02.4.1 Introduction

Having derived approximate expressions for the
individual terms in the energy and entropy equa-
tions, the magnitudes of these terms are estimated
for the Earth in this section. In order to do so, various
properties of the Earth’s core are required, some of
which are still highly uncertain. Section 8.02.4.2
derives some general conclusions regarding the
present-day budgets which are independent of the
specific property values assumed. Section 8.02.4.3
summarizes the likely values and discusses their
uncertainties. Section 8.02.4.4 shows how these values
may be used to establish the present-day global
energy and entropy budget of the core, and compares
these estimates with other constraints. For instance,
the fact that a dynamo is operating at the present day
places a constraint on the current CMB heat flow
(eqn [71] and see below). This section draws heavily
on previous works on the subject, as described below,
in particular those of Buffett ez 4/. (1996), Roberts ez al.
(2003), Labrosse (2003), Gubbins ez al. (2003, 2004),
Nimmo e al. (2004), and Chapter 9.09.

8.02.4.2 General Behavior

It is clear that the entropy budget within the core at
the present day is capable of sustaining a dynamo. In
this section, we review the constraints that this obser-
vation places on conditions in the core. In particular,
we show how to calculate the rate at which the core
must be cooling to sustain the dynamo, and the
balance between thermal and compositional contri-
butions to the dynamo. Considerations of core
cooling inevitably lead to the question of the

energy/entropy budget of the core through time;
this topic 1s the subject of Section 8.02.5.

The entropy rate available to drive the dynamo is
given by eqn [38] and, neglecting the small terms £,
and F£p, may be written as

c

. dT
AE = Ey + B+ Ey + B + B~ By = B + B —

—E,
[69]

where £, £y, Ey, and £, depend on the core cooling
rate d7;/dr (see Table 1), £r depends on the pre-
sence of radioactive elements in the core, and £
depends on the adiabat at the CMB. £7 is simply a
convenient way of lumping together the terms which
depend on core cooling rate (see Gubbins ez 4/, 2003),
and 1s itself independent of d7,./dz This equation
illustrates two important points. First, as expected, a
higher cooling rate or a higher rate of radioactive
heat production increases the entropy rate available
to drive a dynamo. Second, a larger adiabatic con-
tribution reduces the available entropy.

The equivalent energy balance (eqn [11]), neglec-
ting Op and Oy (=0), may be written

Qg,nb:@+%+Qg+QL:Q<+QTdd€C [70]

Again, Qr 1s simply a convenient way of lumping
together the terms (O, O,, and Q) that depend on
the core cooling rate. By combining eqns [69] and
[70], an expression may be obtained that gives the
core heat flow required to sustain a dynamo charac-
terized by a particular entropy production rate Eg:

SN

Dt r) ]
a
where Ty is the effective temperature such that
Tr = Or/Egr. This equation encapsulates the basic
energetics of the dynamo problem.

Equation [71] shows that larger values of adiabatic
heat flow or Ohmic dissipation require a correspond-
ingly higher CMB heat flow to drive the dynamo, as
would be expected. In fact, in the absence of
radiogenic heating, the CMB heat flow required
is directly proportional to £, + Eg. Because the

term (1 - %ﬁ) exceeds zero, a dynamo which is
A

partially powered by radioactive decay will require a
greater total CMB heat flow than the same dynamo
powered without radioactivity. Alternatively, if the
CMB heat flow stays constant, then an increase in the
amount of radioactive heating reduces the entropy
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available to power the dynamo. These results are a
consequence of the fact that radioactive heating has a
lower thermodynamic efficiency than other methods
of driving a dynamo (see Section 8.02.3.3).

Equation [71] also illustrates the fact that a
dissipative dynamo can exist even if the CMB heat
flow is subadiabatic (Loper, 1978). For instance,
anticipating the results of Section 8.02.4.3, using
Table 4 we have Oy/Er=12200K for the present-
day IC size. If the CMB heat flow is set to the
adiabatic value (Qcmp = 4.9 TW; £, =162 MW K1),
application of [71] shows that the entropy available
to drive the dynamo, £ =575 MW K. Only if the
CMB heat flow fell below 2 TW, strongly subadia-
batic, would the entropy available become negative.
Thus, a subadiabatic CMB heat flow can sustain a
dynamo, as long as an IC is present to drive composi-
tional convection (e.g., Loper, 1978; Labrosse ez 4,
1997). It should be noted that these results assume
that the CMB heat flux does not vary in space; lateral
variations in the heat flux may allow a dynamo to
function even if the mean value of Q. suggests the
dynamo should fail (or vice versa).

In the absence of an IC, QOr ddt“ =0, and

Er ddT; = F;. Because the value of Qp/Er increases

when an IC is absent, eqn [71] shows that driving the
same dynamo purely by thermal convection requires
a higher CMB heat flow than when an IC is present.
Again, this effect is a result of the higher efficiency of
compositional convection (Section 8.02.3.3). Making
use of eqns [43], [45], [54]—[56], [66], and [68], it can
be shown that in the absence of an IC,

v 5D?
& G 3D, )
ET Ek 2 VC'

and in a similar fashion (eqns [42], [44], and [56]—[58])
it may also be demonstrated that for L < D

c

1425
s [73]

wilo

TR = TC

o
S

with a similar result for L> D.
In the absence of an IC, eqn [71] may therefore be
rewritten as

% £y
If Or=0 and Ohmic heating is negligible
(Ep =0), then eqn [74] shows that the heat flow at
the CMB, O.n1, must exceed the adiabatic heat flow,
0O, for a dynamo driven only by thermal convection

to function. This result is well known (e.g., Nimmo
and Stevenson, 2000), but the utility of eqn [74] is
that it allows dynamo dissipation to be taken into
account explicitly: a more strongly dissipative core
requires a more superadiabatic CMB heat flow to
operate.

Equation | 74] also illustrates the effect of radiogenic
heating in the absence of an IC. Because the term
(14 (5/2)(£?/#2)) is of order 10, the CMB heat
flow required to maintain a thermally driven dynamo
at a constant dissipation rate is not very sensitive to an
increase in radiogenic element concentrations (see
Figure 3). This is because the efficiencies of radiogenic
heating and secular cooling are comparable (see
Section 8.02.3.3).

The presence of radiogenic elements is more
influental on the core cooling rate, and thus ulu-
mately the age of the IC (e.g.,, Labrosse ez al, 2001).
Rewriting eqn [70], we obtain a core cooling rate of

ﬂ _ ngb 7~QR
dr Or
It is clear that the effect of the Qg term is to reduce

the rate of core cooling, and hence prolong the life of
the IC. This is an issue we return to below.

[75]

8.02.4.3 Core Properties

Having made some general remarks, we now turn to
the specific core properties we will assume for more
detailed analysis. The temperature structure and

IC age (Gy)
277 1.39 0.69 0.45 0.35
1000
__r"-\ Present-day core
X 800 No K
= 300 ppm K
E N .
< 600 Completely liquid core
g No K
= 300 K
S 400 pem
k]
o
o 200
>
o
e o
c
Ll
-200

0 2 4 6 8 10 12 14 16
Core heat flux (TW)

Figure 3 Rate of entropy production as a function of CMB
heat flow. Calculations carried out using the expressions
given in Section 8.02.3.4 and the parameter values given in
Table 2. The IC ages given are only relevant to the case of a
present-day IC containing no potassium, and are calculated
assuming a constant heat flow. Shaded area denotes
estimated present-day CMB heat flow (see text).
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Table 2 Values of quantities assumed for core calculations

Symbol Value Units Eqgn Symbol Value Units Eqgn
Poen 12500 kgm™3 [39] r 1220 km [43]
re 3480 km [41] P. 139 GPa [49]
Ko 500 GPa [40] D 5969 km [45]
L 7272 km [40] Ti 5520 K [59]
Te 4100 K [55] Teen 5756 K [44]
a 1.35 107 %K™ [45] Co 840 Jkg KT [45]
Ly 750 kd kg™’ [59] ac 1.1 [6]
k 40 Wm K [65] Ry —27.7 MJ kg™ [64]
Tmo 2673 K [51] Tt 3.25 107 "2pa~’ [51]
Po 7900 kgm™2 [40]

The rationale for these values is given in Sections 8.02.2 and 8.02.4.3.

P is the pressure at the ICB.

physical and compositional nature of the core are
described in detail elsewhere in this treatise. The
values adopted here are summarized in Table 2.
Only a brief discussion of these values is given
below; further discussion of the effects of uncertain-
ties in these values on model results may be found in
Chapter 9.09. Note that in general the values are
assumed to be constant throughout the core; as dis-
cussed below, such an assumption is incorrect, but
unlikely to yield significant errors. The resulting
theoretical profiles for density, temperature, and
gravity are shown in Figure 1 and may be compared
with the seismologically inferred values.

8.02.4.3.1 Density and gravity

Figure 1 shows the seismologically inferred density
and gravity profiles and compares them with those
obtained using the theoretical expressions given in
8.02.3.4 and the values given in Table 2. There is
good agreement; the only difference is that the sim-
ple density model (eqn [39]) neglects the increase in
density of the IC. However, as noted above, this error
has a negligible effect on the results.

8.02.4.3.2 Thermodynamic properties
From the point of view of the entropy and energy
budgets, the most important thermodynamic proper-
ties are those influencing the temperature profile and
the CMB heat flow, that is 7y (or equivalently « and
Cp) and &,

The thermal conductivity of iron at core condi-
tions is obtained by using shock wave experiments
and converting the measured electrical conductivity
to thermal conductivity using the Wiedemann—Franz
relationship (Stacey and Anderson, 2001). Although
molecular dynamics simulations have been used to

determine thermal conductivities in some systems
(e.g, Recoules and Crocombette, 2005), doing so for
iron has not yet been attempted. Shock experiments
by Matassov (1977) led Stacey and Anderson (2001)
to conclude that £ at the CMB was 46Wm ™' K.
More recent shock experiments by Bi er 4l (2002)
give electrical resistivities 50% higher than those of
Matassov (1977), suggesting a thermal conductivity
closer to 30Wm™' K™ A value of 40 £20 W m ™'
K" spans the likely uncertainty and is in agreement
with other recent choices for this parameter
(see Table 3).

Thermodynamic arguments (e.g., Anderson, 1998)
and molecular dynamics simulations (e.g. Alfe er al,
2002b) both suggest that the value of Gruneisen’s
parameter 7y is close to a constant value of 1.5
throughout the core. Since the seismic velocities
vary significantly across the core, this result in turn
implies that « is variable (here C, is assumed con-
stant). Labrosse (2003) derives an expression for a as
a functon of the core density, and argues that o
varies from 1.25x107° K~' at the centre to
1.7x 1077 K" at the CMB. Roberts er 4l (2003)
obtain a variation of 0.9-1.8 x 10~ K™' by assuming
a depth-dependent 7. Labrosse (2003) also points
out, however, that to the third-order accuracy
required, the temperature profile (eqn [44]) is not
affected by the variation in o and simply depends on
the value of this parameter at the center of the Earth.
We follow Labrosse (2003) and adopt a constant
value for a of 1.35 x 107> K™ to determine T, (7).

As Labrosse (2003) states, the temperature gradi-
ent and adiabatic heat flow at the CMB should be
calculated using a larger value of « appropriate to
CMB conditions. If v=1.5, then the values in
Table 2 give a temperature gradient at the CMB of
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Table 3 Comparison of parameter values assumed by four different studies

Quantity Units Buffett Roberts Labrosse This work
a x107° K™ ! 1.0 0.89-1.77 1.25-1.7 1.35
Cp Jkg 'K 800 819-850 850 840
~ 1.4 1.15-1.33 1.5

Ly kd kg™ 600 1560 6607 750
k Wm K 35 46 50 40
Ape kgm™ 400 255 500 575
Qe 0.93 1.0 1.1
T; K 4662 5100 5600 5520
Te K 3724 3949 4186 4100
AT K 525 300 700
Qs T™W 2.8 5.9 3.0 4.9

4Assuming a present-day IC temperature of 5600 K.

References are: Buffett et al. (1996), Roberts et al. (2003), Labrosse (2003), and this work.

1 Kkm™ ', implying that the correct value of « to use
in this situation is 1.9 x 10> K~'. However, for sim-
plicity, we prefer to retain a constant value of «
throughout; doing so will result in an underestimate
in O, and thus a conservatvely low value of the CMB
heat flow required to drive a dynamo (eqn [74]).

8.02.4.3.3 Temperature and melting

The temperature profile of the core is determined by
the temperature at the ICB (see Figure 1). As
explained in Section 8.02.2.3, we use the recent mole-
cular dynamics simulations of Alfe er a/. (2003), who
find a drop in melting temperature AT, due to the
presence of light elements of 700 K. A linear fit to
their results using eqn [51] results in 7;=5520K
and melting parameters 7T,,0=2673K and
T =325 x 107" K Pa~". The adiabatic core tem-
perature profile may be extrapolated from this point,
with uncertainties arising due to uncertainties in o
and C,, (see above).

8.02.4.3.4 Chemical properties

By far, the most important chemical property of the
core is the compositional density drop Ap.
Examination of eqn [62] demonstrates that it is this
property, rather than the mass fraction of light ele-
ment ¢, which actually determines the gravitational
energy available. As noted in Section 8.02.2.1, the
uncertainty in Ap, is probably a factor of 2, with a
likely range of 400-800kgm ’. Other chemical
properties of the core materials, such as the heat of
reaction Ryy and the material constants ap and 3, may
be determined from molecular dynamics simulations
(Gubbins ez al., 2004).

8.02.4.3.5 Ohmic dissipation

The entropy production rate Eg required to power
the dynamo is a critical parameter because it ult-
mately determines how rapidly the core must cool to
maintain such a dynamo (eqn [71]). It in turn
depends directly on the Ohmic heating (eqn [33]),
but this heating rate is currently very poorly con-
strained. The heating is likely to occur at lengthscales
which are sufficiently small that they can neither be
observed at the surface, nor resolved in numerical
models (Roberts ez al, 2003). Moreover, the toroidal
field, which is undetectable at the surface, may dom-
inate the heating.

The Ohmic dissipation Qg may be converted to an
entropy production rate using Eg = Og/ T (Roberts
et al., 2003), where the characteristic temperature 77
is unknown but intermediate between T; and T,
and is here assumed to be 5000K. Theoretical
lower bounds on the rate of Ohmic heating do
exist, but are too low to be either realistic or
useful; calculations based on simple assumed current
geometries likewise produce unrealistically small
values (e.g., 5GW,; Stacey, 1969). A more useful
approach is to extrapolate from numerical dynamo
simulations. Roberts er a/. (2003) used the results of
the Glatzmaier and Roberts (1996) simulation to
infer that 1-2 T'W are required to power the dynamo,
equivalent to an entropy production rate of 200—
400 MW K" The dynamo model of Kuang and
Bloxham (1997) gives an entropy production rate of
40 MW K", Christensen and Tilgner (2004) gave a
range of 0.2—0.5 TW, based on numerical and labora-
tory experiments, equivalent to 40-100 MW K™,
and Buffett (2002) suggested 0.1-0.5 T'W, equivalent
to 20-100 MW K", Labrosse (2003) argues for a
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range 350-700 MW K™'. We shall regard the
required Ohmic dissipation rate as currently
unknown, but think it likely that entropy production
rates in excess of 100MW K™ are sufficient to
guarantee a geodynamo.

8.02.4.3.6 Internal heating

Section 8.02.4.2 shows that radioactive heat produc-
tion (or, for that matter, tidal heating) in the core has
a significant effect on the entropy and energy bud-
gets. It has sometimes been suggested, for reasons
explained below, that radioactive potassium is pre-
sent in the core. This isotope, *OK, has a half-life of
1.3 Gy, and makes up 0.012% of naturally occurring
potassium at the present day.

Samples of the Earth’s crust and upper mantle
produce ratios of lithophile, refractory elements very
similar to those found in primitive (chondritic)
meteorites, and the solar photosphere. The constancy
of these ratios allow the abundance of these elements
(e.g, U and Th) in the bulk silicate Earth (BSE) to be
established with some confidence (e.g., McDonough
and Sun, 1995). However, it is also clear that Earth
samples are generally depleted, relative to chondrites,
in more volatile lithophile elements such as potassium.
The amount of depletion appears to be roughly cor-
related with condensation temperature. A recent
estimate of potassium concentration in the BSE yields
a range of 120-300 ppm (Lassiter, 2004) and a K/U
ratio range of 7000—12 000. Chondrites typically have
K/U ratios an order of magnitude higher, indicating
the extent of the terrestrial depletion.

One possible explanation for the depletion in
volatile elements is that the Earth either never
accreted them in the first place (due to the elevated
temperatures in the protoplanetary disk), or lost them
early in its history (e.g., due to late, large impacts).
However, the lack of variation in potassium isotope
ratios across measured solar system bodies implies
that no fractionation of potassium occurred
(Humayun and Clayton, 1995), which places severe
limits on the classes of mechanisms which could
induce volatile loss. An alternative possibility is that
some of the potassium was sequestered into the
Earth’s core (e.g, Murthy and Hall, 1970; Lewis,
1971). Potassium would presumably not be the only
element sequestered; other alkali metals (e.g,, Na, Rb)
should follow suit. Whether the inferred concentra-
tions of these metals in the BSE are compatible with
such sequestration is unclear, though it does seem
likely that neither U nor Th resides in the core.
Given the existing uncertainties, and the extent to

which the BSE is depleted in potassium relative to
the chondrites, it is hard to rule out ~100 ppm K in
the core on cosmochemical grounds.

The hypothesis that the core might contain potas-
sium was apparently not supported by low-pressure
experiments (e.g., Chabot and Drake, 1999), which
showed that K did not partution into Fe liquids.
However, more recent studies overcame previously
unrecognized experimental problems and demon-
strated that K does in fact partition into Fe liquids,
especially in the presence of S and/or Ni (Gessmann
and Wood, 2002; Murthy ez al, 2003; Lee ez al., 2004).
Further arguments regarding the presence or absence
of potassium in the core may be found in Roberts ez 4/.
(2003) and McDonough (2007).

In view of the cosmochemical uncertainties sur-
rounding the availability of potassium, the
concentration of K in the core must currently be
regarded as a free parameter. As discussed below,
several groups (e.g., Labrosse er al, 2001; Buffett,
2002; Nimmo ez al, 2004; Butler er al, 2005) have
recently advocated potassium in the core on the
basis of theoretical calculations which are summar-
1zed below.

8.02.4.3.7 Present-day CMB heat flow
The rate of entropy production within the dynamo
ultimately depends on the CMB heat flow, that is, the
rate at which heat is extracted from the core. The
CMB heat flow, in turn, is determined by the ability
of the mantle to remove heat. Importantly, indepen-
dent estimates on this cooling rate exist, based on our
understanding of mantle behavior.

One approach to estimating the heat flow across
the base of the mantle relies on the conduction of
heat across the bottom boundary layer. As discussed
in Section 8.02.2.3, the temperature at the bottom of
this layer (the core) arises from extrapolating the
temperature at the ICB outward along an adiabat,
and is about 4100 K. The temperature at the top of
the layer is obtained from extrapolating the mantle
potential temperature inward along an adiabat, and is
about 2700 K (Boehler, 2000). The thickness of the
bottom boundary layer, based on seismological
observations, is 100-200 km. For likely lower mantle
thermal conductivities, the resulting conductive heat
flow is probably in the range 9£3TW (Buffett,
2003). However, as pointed out by Buffett (2002),
the presence of significant quantities of radioactive
materials in the boundary layer at the base of the
mantle would reduce the heat flux out of the core.
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Early estimates of the CMB heat flow based on the
inferred contribution from rising convective plumes
(Davies, 1988; Sleep, 1990) are smaller by a factor of
2—4. However, these results are probably underesti-
mates, both because the temperature contrast
between plumes and the background mantle varies
with depth (Bunge, 2005) and because not all plumes
may reach the surface (Labrosse, 2002). A more
recent seismological study of plumes by Montelli
et al. (2004) yields a plume heat flow of 10 TW if
the mean upwelling velocity is 1 cm yr~ . T'wo recent
theoretical studies of convection including, respec-
tvely, compositional layering and the post-
perovskite phase transition result in CMB heat
flows of ~13TW (Zhong, 2006) and 7-17TW
(Hernlund er al, 2005). These results are roughly
consistent with the simple conductive heat flow esti-
mate, and suggest that a range of 10 £ 4 TW is likely
to encompass the real present-day CMB heat flow.

8.02.4.3.8 Geochemical constraints on IC

age

As will become obvious, the age of the IC is a parti-
cularly important parameter. Obtaining observational
constraints on this age is therefore of great signifi-
cance. Several recent publications (Brandon er i,
2003; Puchtel er al, 2005) have suggested that
(1) coupled '"**0s—"*"Os isotope anomalies found in
surface lavas carry a signal from the core (via material
entrained across the CMB) and (2) these anomalies
were generated as a result of IC formation, which
began ~3.5Gy BP. These results, if correct, are of
great significance, but there is as yet little agreement
that the current interpretation is the right one
(e.g, Lassiter, 2006). First, recycled oceanic crust
and/or sediments, rather than core material, could be
responsible for the observations (Hauri and Hart,
1993; Baker and Jensen, 2004; Schersten ez al., 2004);
though that conclusion has been disputed (Brandon
et al., 2003; Puchtel ez al,, 2005). Second, a correspond-
ing signal should also be observed in tungsten and lead
1sotope anomalies; such signals appear to be lacking in
Hawaiian lavas (Schersten ez 4/, 2004; Lassiter, 2006),
but may simply have been swamped by crustal con-
tributions. Third, the partition coefficients for Re and
Os under likely core conditions are unknown and thus
currently have to be treated as free parameters.
Nonetheless, this result is intriguing because it can
potentially provide an observational constraint on
the age of the IC, which can otherwise only be
addressed with theoretical models.

8.02.4.3.9 Comparison with other models
Clearly, the choice of parameters presented above
involves considerable uncertainties. One reason
for adopting the analytical model presented in
Section 8.02.3.4 is that the effect of varying individual
parameters 1s relatively transparent. Estimated errors
have been tabulated in several other recent works,
notably Labrosse (2003), Roberts e 4/l (2003), and
Nimmo ez al. (2004). Rather than going through a
similar exercise here, Table 3 compares the para-
meter choices adopted by four different groups, to
highlight those parameters which are particularly
uncertain and those on which there is general agree-
ment. Further discussion of the effects these
uncertainties have on the model results may be
found in Chapter 9.09.

There is good general agreement on some para-
meters, in particular the specific heat capacity C,,
Gruneisen’s parameter v, and the compositional
expansion coefficient .. Choices of the thermal con-
ductivity 4 show more variability; together with the
fact that some groups adopt a variable thermal
expansivity, the resulting adiabatic heat flow at the
CMB varies by a factor of 2. Although estimates of «,
do not vary significantly, the assumed compositional
density contrast across the ICB Ap, also varies by a
factor of roughly 2 (this is mainly because of the
recent upward revision in the seismologically deter-
mined density contrast; see Section 8.02.2.1). Thus,
the gravitational entropy production estimated by
Labrosse (2003) will be almost double that of
Roberts ez al. (2003). Since the gravitational term is
probably the dominant one in the overall entropy
budget (see below), this kind of uncertainty can
have potentially significant effects.

The assumed present-day temperature structure
strongly affects the entropy estimates, because of
terms having the form (1/7)—(1/7;). More recent
estimates of T; and 7T are higher than earlier estimates,
mainly as a result of the recent molecular dynamics
calculations (see Section 8.02.2.3). Estimates of the
adiabatic temperature gradient have also increased in
more recent works, and appear to be converging on a
value of roughly 0.8 K km™" at the CMB. The slope of
the melting curve is, however, stll uncertain: current
estimates vary by roughly a factor of 2. Small uncer-
tainties in the slopes of the adiabat and solidus lead to
large variations in the growth history of the IC. This
issue is discussed further, and tabulations of IC ages
under different parameter choices are given, in
Section 8.02.5.3 below.
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8.02.4.4 Present-Day Behavior

Having summarized the likely parameter values, this
section applies the results of Section 8.02.3.4 to cal-
culate the present-day energy and entropy budget of
the core for an assumed CMB heat flow of 9 TW.
Table 4 summarizes these results.

Figure 3 shows how the rate of entropy produc-
tion available to drive a dynamo varies as a function
of the heat flow out of the core, both for a set of core
parameters appropriate to the present-day Earth, and
for a situation in which the IC has not yet formed. As
expected, higher core heat fluxes generate higher
rates of entropy production; also, the same cooling
rate generates more excess entropy when an IC exists
than when thermal convection alone occurs.

As discussed above, when an IC is present, posi-
tive contributions to entropy production arise from
core cooling, latent heat release, and gravitational
energy; the adiabatic contribution is negative (eqn
[70]). For a present-day, radionuclide-free core, a
CMB heat flow of <2'TW results in a negative net
entropy contribution and, therefore, no dynamo
(Figure 3). This cooling rate would yield an IC
roughly 2.8 Gy old, using the parameters adopted
here. A higher core cooling rate generates a higher
net entropy production rate; it also means that the IC
must have formed more recently.

For a present-day estimated CMB heat flow of
6—14'T'W, the net entropy production rate available
to drive the dynamo is 300-1000 MW K, sufficient
to generate roughly 1.5-5 TW of Ohmic dissipation.

Since most estimates of Ohmic heating are less than
2'TW (Section 8.02.4.3.5), it is clear that there is no
difficulty in driving a dynamo at the present day. A
heat flow of 6-14 T'W also implies an IC age of about
0.4-1.2 Gy for the parameters given in Table 2.

Prior to the formation of an IC, the CMB heat
flow had to exceed the adiabatic value (>4.9 TW) in
order to maintain a dynamo for reasons discussed
above (eqn [74]). For a dynamo requiring an entropy
production rate of 200 MW K™, the core cooling rate
had to be roughly 3 times as fast to maintain this rate
before the onset of IC solidification. This again illus-
trates the rapid core cooling required if thermal
convection 1s the only buoyancy source.

Figure 3 also shows that, as discussed above, a
larger CMB heat flow is required for the same
entropy production if radioactive heating is impor-
tant in the present-day Earth. In this particular
example, when there is 300 ppm potassium in the
core, no dynamo can function if the CMB heat flow
drops below 3.3 TW. However, the corresponding
core cooling rate is 5K Gy ', less than the potas-
sium-free equivalent and permitting an IC to exist
over the entire history of the Earth.

Prior to the existence of the IC, the effect of radio-
active decay on the entropy production is small
(Figure 3), because the prefactor for O in eqn [74]
is small. Again, however, the existence of radioactive
potassium in the core has a significant effect on the
cooling history of the core, and the growth of the IC.
The role of potasstum in controlling the age of the IC
1s discussed further in Section 8.02.5.3.

Table 4 Individual contributions to energy/entropy budgets for a present-day core with parameters given in Table 2 and a
CMB heat flow of 9 TW
K=0 K =300 ppm
Q E Q E

(Tw) (%) (MWK (%) (Tw) (%) (MW K™) (%)
Qs, Es 2.2 25 73 8 1.7 19 56 7
Q. E. 4.2 47 268 28 3.3 37 205 26
Qq, Eq4 25 28 618 64 1.9 21 474 59
Qg, Er 0 0 0 0 2.1 24 65 8
Qx, Ex 4.9 -162 4.9 -162
Qu, Ey 0 -219 0 —168
Qcmby AE 9.0 537 9.0 431
dT./dt (K Gy ) —37 -30
dr/dt (km Gy™") 788 605
IC age (My) 590 780

Q and E refer to the energy and entropy contributions, respectively; AE is the entropy available to drive the dynamo, dT./dt is the core
cooling rate and dr/dt the IC growth rate. Two cases are shown, one with no potassium (K) and one with 300 ppm potassium in the core. IC

age is calculated assuming a constant CMB heat flow.
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Table 4 summarizes the individual contributions
to the overall entropy and energy budgets for the
present-day core, both with and without potassium.
In both cases, the CMB heat flow is specified to be
9TW. It is clear that the different driving mechan-
isms are associated with different thermodynamic
efficiencies. In particular, while the gravitational
term only contributes roughly one quarter of the
total heat budget when potassium is absent, it deli-
vers two-thirds of the entropy budget. Similarly, the
latent heat term delivers twice as much energy, but 4
times as much entropy, as the secular cooling term.

Table 4 also makes the role of radioactive heating
clear. Its efficiency is comparable to that of secular
cooling; thus, for the same total CMB heat flow,
adding radioactive elements reduces AZ, the entropy
available to drive the dynamo. The presence of
radioactivity also reduces the core cooling rate, and
thus increases the age of the IC. However, since the
radioactive contribution (2.1 TW) is small compared
to the assumed CMB heat flow, the increase in IC age
is relatively small.

In summary, Figure 3 shows that the minimum
CMB heat flow which could allow a dynamo to
persist at the present day is about 2 TW. Under
these circumstances, an IC could have persisted for
about 3.5 Gy. However, such a small present-day
CMB heat flow is incompatible with independent
estimates of this quantity, which ranges from 6 to
14 TW. The latter range of heat flows allows a
dynamo dissipating several terawatts via Ohmic
heating to operate, but implies an IC of roughly
0.4-1.2 Gy. Radioactive heating can increase this
age somewhat, but the present-day radioactive heat
production is likely only a small fraction of the total
energy budget, and thus the effects are modest. In
practice, of course, both the core heat flux and the
radiogenic heat production will vary with time;
investigating the time evolution of the core and
mantle is the subject of the next section.

8.02.5 Evolution of Energy Budget
through Time

8.02.5.1 Introduction

From the above, it is evident that the energy and
entropy budgets of the present-day core for a
dynamo dissipating of order 1 TW of heat are con-
sistent with the inferred CMB heat flow of 6-14 TW.
Because a dynamo similar to the present-day one has
apparently been operating for at least 3.5Gy,

constraints can also be applied to the energy and
entropy budgets over this time period. Attempting
to do so introduces additional, large uncertainties, in
particular the fact that the evolution of the CMB heat
flow through time is unknown. Nonetheless, this
problem has been investigated by several groups,
notably Yukutake (2000), Buffett (2002), Labrosse
(2003), Nimmo ez 4l. (2004), Nakagawa and Tackley
(2004a), and Butler ez a/l. (2005). Many of these groups
have reached similar conclusions. In particular, the
IC is commonly found to be a relatively young fea-
ture, with an age of ~1Gy, and early core
temperatures tend to be very high, an effect which
1s somewhat mitigated if radioactive potassium 1is
present in the core.

Prior to IC solidification, the CMB heat flow over
time depends on the adiabatic and Ohmic dissipation
terms and is given by eqn [74]. Given a CMB heat
flow, the core cooling rate, and hence the total core
temperature drop prior to onset of IC solidification,
1s simple to determine (eqn [75]). Let the IC age be
Tic and the age of the dynamo be 74. Then making the
simplifying assumption that the heat capacity of the
core is simply MC,, the reduction in core tempera-
ture, 1, over the interval from the onset of dynamo
activity to the start of core solidification is given by

. )“”J 76

S| MC,
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5L°

R ) B >
AT! ~ (Tc e [1 +E]—@
where O p is the mean radiogenic heat flow over the
interval of interest. Since the temperature at which
IC solidification starts is fixed, eqn [76] allows the
initial temperature of the core to be calculated.
Higher Ohmic dissipation rates, later IC formation,
and higher thermal conductivities all imply a larger
core temperature drop, and a higher initial tempera-
ture (Labrosse ez al, 2001; Buffett, 2002). On the other
hand, radioactive heating reduces the amount by
which the temperature drops. Using the values of
Table 2 and assuming that £, = Eg, the core tem-
perature drop over a 2 Gy time interval is roughly
400K in the absence of radioactive heating. Such a
high initial temperature for the early core likely
implies widespread melting of the lowermost mantle
(e.g, Boehler, 2000). Although the consequences of
such melting are unclear, it is likely that advection of
this melt will lead to high CMB heat flows and rapid
initial cooling of the core and mantle. Whether such a
scenario is compatible with the subsequent mainte-
nance of a dynamo is unclear.
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The advantage of eqn [76] is that it provides a
robust and relatively transparent estimate of how
much core cooling occurred prior to IC formation.
However, in practice, the CMB heat flux is likely to
have fluctuated with time, and the onset of IC
solidification raises additional complications. Thus,
a fuller picture of core and dynamo evolution
requires more sophisticated approaches, which are
discussed below.

8.02.5.2 Theoretical Models

The CMB heat flow ultmately controls the thermal
evolution of the core, but its evolution through time is
not observationally constrained. Accordingly, theore-
tical arguments have to be adopted. One such
argument is to employ a numerical model of the
Earth’s thermal evolution, and predict the CMB heat
flow through time. Models can either be relatvely
simple parametrized convection calculations (e.g,
Yukutake, 2000; Buffett, 2002; Nimmo ez al,, 2004), or
more sophisticated (but two-dimensional (2-D))
approaches in which the full fluid-dynamical equa-
tions are solved (e.g., Nakagawa and Tackley, 2004a;
Butler er al, 2005). These models illustrate the impor-
tant point that the evolution of the CMB heat flow
cannot be decoupled from the thermal evolution of the
Earth’s mantle. The rate at which heat is transported
across the CMB depends on the temperature gradient
at the base of the mantle, which ultimately depends on
the rate at which the mantle itself is cooling. Thus, a
successful model must accurately reproduce the beha-
vior of the mantle through time in order to calculate
the evolution of the CMB heat flow.

None of the models currently in existence are
likely to meet this criterion. First, the actual evolu-
tion of the mantle temperature through time is
unknown, with estimated mantle potential tempera-
tures at 3.5 Gy BP spanning the range from 1500°C to
1900°C (e.g., Abbott ez al, 1994; Grove and Parman,
2004). Second, the effect of mantle temperature on
plate tectonic behavior is not well understood, with
even the sign of the effect being disputed (e.g,
Korenaga, 2003); similarly, the change in mean
plate tectonic velocities over billions of years is
unknown. Since it is plate tectonics that controls the
cooling rate of the mantle, these are important issues.
Third, it is not clear that any model incorporates all
of the relevant physics. For instance, the proposed
‘post-perovskite’ phase near the base of the mantle
(Murakami ez al., 2004; Oganov and Ono, 2004) likely
has an appreciable effect on the evolution of the

CMB heat flow (e.g, Nakagawa and Tackley,
2004b), as would dense chemical piles at the base of
the mantle (McNamara and Zhong, 2004). The effect
of a partially molten zone at the CMB (e.g., Williams
and Garnero, 1996), either now or in the past, may
also have important, but currently unquantified,
effects on heat transfer.

An example of one such 2-D fluid-dynamical cal-
culation is shown in Figure 4. This calculation is
based on the code described in Xie and Tackley
(2004) and includes a viscosity which depends on
the mean mantle temperature, and which also
increases by a factor of 100 over the depth of the
mantle. The top panel shows the evolution of core
and mantle temperature with time, both of which
decrease due to the slow decay of radioactve ele-
ments in the mantle. The approximate present-day
rate of core cooling is 150K Gy .

Because T, never falls below 4500 K, an IC never
forms in this particular example. The middle panel
shows the evolution of the CMB heat flow with time.
After an initial transient, the main trend is a slight
decline, owing to the cooling of the mantle. However,
strong fluctuations in the CMB heat flow occur on a
timescale of ~500 My, because mantle convection
involves discrete thermals separating from the bot-
tom boundary layer and ascending, leading to time-
dependent behavior. The bottom panel shows the
rate of entropy available to drive the dynamo, calcu-
lated using the methods and parameters given in
Section 8.02.3. Because there is no IC contribution,
the entropy production rate essentially mirrors the
CMB heat flow and demonstrates similar fluctua-
tions. The rate of entropy production is
100-200 MW K™, sufficient to drive a moderately
dissipative dynamo for at least 3.5 Gy following the
initial transient.

The advantage of the above approach is that arbi-
trarily complicated models, including phase changes,
compositional variations, melting, and so on, can be
included. The disadvantages are that such models are
slow to run, which limits the parameter space that
can be explored, and that it is not clear that all the
relevant physical processes have been included. For
instance, there is no agreement on whether or not
plate tectonics was primarily responsible for trans-
porting the Earth’s heat during the Archean period
(De Wit, 1998).

An alternative approach is to assume that the
Ohmic dissipation in the core, and thus the rate of
entropy production required to drive the dynamo Eqg,
has been constant, or varied in a prescribed manner,
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Figure 4 Example of 2-D numerical mantle thermal evolution calculations, based on the method described in Xie and Tackley
(2004). (a) Evolution of mantle potential temperature and core temperature at the CMB as a function of time. (b) Evolution of
surface heat flow, CMB heat flow, and radiogenic mantle heat production. (c) Rate of entropy production, calculated using the
methods of Section 8.02.3.4 and the parameters given in Section 8.02.4. Model output courtesy of Paul Tackley.

through time (e.g, Buffett, 2002; Labrosse, 2003).
Since the rate of entropy production depends on
the core cooling rate (eqn [69]), specifying this rate
of production specifies the core cooling rate and thus
the CMB heat flow over time. This in turn allows the
core temperature 7, to be integrated backward from
the present day. A high rate of entropy production
requires rapid cooling of the core and thus a young
IC, and an early core which is very hot.

The CMB heat flow changes slowly, on timescales
of several hundreds of millions of years (Figure 4). It
can therefore be seen from eqn [71] that the onset of
IC solidification will cause a large increase in the rate
of entropy production available to drive the dynamo.
This is because the heat flow O, 1s fixed in the short
term, and the addition of latent heat and compositional
driving forces (which are thermodynamically more
efficient) reduce the value of Q;/E: The specified

rate of entropy production should therefore be appro-
priate to the situation just prior to the onset of IC
solidification.

The advantage of this approach — specifying an
entropy production rate and deducing the resulting
temperature evolution — is that it is simple; for
instance, no knowledge of the mantle is required.
Thus, parameter space can be explored rapidly, and
the sensitivity of the results to uncertainties in dif-
ferent parameters determined. On the other hand,
this technique requires a large assumption — that
dissipation within the core has stayed constant over
time. Furthermore, as discussed above, the actual rate
of dissipation involved in even the present-day
dynamo is unknown.

Figure 5 1s an example of the results obtained by
specifying an entropy production rate. It starts from
the present-day structure discussed in Section
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Figure 5

(a) Evolution of core temperature T (left-hand scale) and heat flow Q. (right-hand scale) through time, assuming

a constant rate of entropy production of 500 MW K~ prior to IC solidification. During IC solidification, the heat flow is kept
constant at 20 TW. Results were obtained by integrating backward in time using the present-day conditions and parameters
specified in Table 2. Given a fixed heat flow or rate of entropy production, and a radioactive heat production rate, the change
in core temperature with time may be calculated. Thick lines denote case with no core potassium; thin lines denote case with
300 ppm potassium. In the latter case, the radioactive heat production is given by the dotted line. (b) Evolution of rate of

entropy production and growth of IC. Thick lines denote potassium-free case; thin lines show 300 ppm potassium in the core.

8.02.4.3 and integrates 7, backward in time such that
the entropy production rate prior to IC formation
stays constant at 500 MW K. Tt is assumed that the
core heat flow subsequent to IC formation remains
constant, which is reasonable given the young IC
ages obtained.

Figure 5(a) shows the evolution of 7, and CMB
heat flow, integrated backward from the present. An
entropy production rate prior to IC formatdon of
500 MW K™ requires a CMB heat flow of 20 TW,
and a present-day core cooling rate of 84 K Gy ' in
the absence of radioactive heating. This CMB heat flow
is a significant fraction of the total global surface heat
flow of 42 TW (Sclater er al, 1980), and exceeds the
likely value deduced from present-day observations
(Section 8.024.3.7). These high heat fluxes suggest
that a dynamo requiring an entropy production rate
of S0O0MW K ™' (2.5 TW dissipation) is unrealistic.

Figure 5 shows two scenarios: one with no radio-
active heating, the other with 300 ppm potassium in
the core. In either case, the initial core temperatures

are high, but the presence of potassium reduces the
initial temperature, as expected from eqn [77], from
5863 to 5140 K. The magnitude of this effect is
mainly due to the short half-life of potassium,
which produces 15 times more heat at 3.5 Gy BP
than at the present day.

Figure 5(b) shows the evolution of the IC radius
and entropy production with time. The high core
cooling rate means that the IC is a young feature
(0.6 Gy old). As expected, the entropy production
rate increases (by a factor of ~3) when IC formation
begins. While one might expect such an increase to
have significant effects on the observed magnetic
field, in practice the observations are sufficiently
sparse that no such effects have been detected
(Section 8.02.2.4). Because of the high CMB heat
flow, the presence of potassium has little effect on
the age of the IC, though it does affect the early core
temperature as noted above.

As noted by Buffett (2002) and Labrosse (2003),
and shown in eqn [76], the dissipation required to
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Figure 6 Same as for Figure 5, except that rate of entropy production prior to IC solidification is fixed at 135 MW K™,
and CMB heat flow following onset of solidification is fixed at 9 TW.

drive the dynamo has a strong influence on the evo-
lution of the core temperature. Figure 6 shows an
identical set of results to Figure 5, except assuming a
constant (pre-IC) entropy production rate of
135 MWK~ (~0.7 TW dissipation), appropriate to
a more reasonable CMB heat flow of 9 TW. As one
would expect, the lower heat flow results in a slower
core cooling rate and an older IC (0.61-0.84 Gy,
depending on the potassium concentration). The
resulting changes in core temperatures are also smal-
ler. In particular, if 300 ppm potassium is present,
then the core initially heats up, because the radio-
active decay alone is sufficient to account for the
required entropy production. A corollary is that the
IC may have been present, disappeared as the core
heated up, and then began to resolidify (cf. Buffett,
2002). Such a scenario, however, is unlikely simply
because the core is expected to have been initially
hot due to the gravitational energy released during
accretion of the Earth (see below).

There are two other interesting consequences of the
lower entropy production rate assumed. First, the
CMB heat flow stays almost constant over 4Gy.
While parametrized scalings (e.g., Nimmo ez «/, 2004)
suggest that the CMB heat flow should have declined
over Earth history as the mantle temperature

decreased, the numerical model shown in Figure 4
demonstrates that the decrease may actually be rather
small and thus a scenario invoking a constant CMB
heat flow may not be unreasonable. Second, the pre-
sence of radioactive potassium has more of an effect on
the IC age when the CMB heat flow, and total entropy
production rate, are smaller.

Figure 7 summarizes these results. Figure 7(a)
plots the initial core temperature as a function of core
potassium and entropy production rate. It demon-
strates that, as expected, higher rates of entropy
production require more core cooling and thus
higher initial temperatures. Adding potassium to the
core counteracts this effect. These effects are essen-
tially identical to those found by Buffett (2002) and
Labrosse (2003). Unfortunately, as discussed below,
the initial temperature of the core is sufficiently
uncertain that only results indicating an initial tem-
perature cooler than that of the present day can be
excluded with any confidence.

The initial core temperature depends on both the
manner in which the Earth accreted, and the process
of core differentiation (Stevenson, 1989). The energy
associated with the differentiation process may be
calculated in a fairly straightforward manner, by
comparing the gravitational potential energies of a
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Figure 7 (a) Variation in initial core temperature (at 4.56

Gy BP) as a function of core potassium concentration and
entropy production rate within the core. Calculations carried
out as for Figures 5 and 6. (b) Variation in IC age as a
function of core potassium concentration and entropy
production rate.

uniform and layered body of the same total mass and
radius (Flasar and Birch, 1973). For the case in which
the core radius is half the planetary radius, and the
core density is twice the mantle density, it may be
shown that the change in energy AV, associated with
differentiation is given by

mn:%ﬁ@@c [77]
where p,, is the mantle density and is 8/9 of the mean
planetary density, and 7. is the planetary radius. If
this energy is distributed uniformly across the planet
and is all converted into thermal energy, the resulting
increase in temperature is roughly 1800 K. If all this
energy were concentrated in the core, the increase
would be roughly 8000 K. Such a large temperature
increases implies an initially partially molten mantle,
and suggests that scenarios involving an initial core
colder than the present day are very unlikely.

8.02.5.3 Age of the IC

Figures 3, 5, and 6 make it clear that the initiation of
IC solidification significantly increases the entropy
production available to drive the geodynamo, even
though the consequences of this increase for the mag-
netic field intensity are unclear. If the IC age could be
established observationally, it would provide an
immediate constraint on the time-averaged CMB
heat flow, and hence on the mechanisms available to
drive the geodynamo. Establishing the age of the IC is
therefore of great importance but, as outlined below,
there is currently a significant disagreement between
geochemical and geophysical arguments.

Opver the interval since IC solidification began, the
total amount of energy released I, has come from
four main sources: secular cooling of the whole core
(W), gravitational energy (W), latent heat release
(W), and perhaps some radioactive decay (Wg).
These quantities may be calculated by time integra-
tion of the corresponding heat flow terms given in
Section 8.02.3.2; for the similar set of equations inves-
tigated by Buffett ez a/. (1996), analytical expressions
for these terms may also be derived.

Letting the IC age be 7; and the mean CMB heat
flow over this interval be Q .1, We have

Wi+ Wy + W + PR

me .
W+ W+ W +2 (7 1)
— S _ , [7 8]
ngb

where Oy is the present-day radioactive heat produc-
tion and 4 is the decay constant. Note that this
equation, unlike eqn [71], contains no information
on whether a dynamo operates; in particular, if the
mean CMB heat flow is too small, a dynamo will not
occur.

The IC age depends on the total energy released
since solidification began, and the CMB heat flow. Of
the four energy terms, the first depends on the mean
temperature drop AT in the core since solidification
began (W ~ M.C,AT); the others are independent
of this quantity, and depend on the same variables as
their time derivatives O, O, and Qg (see Section
8.02.3.4). The mean temperature drop AT in turn
depends on the behavior of the solidus and the adia-
bat, as discussed below.

Since the IC first began to solidify, the tem-
perature at the ICB has dropped by an amount
determined by the behavior of the melting
curve and adiabat (see Figure 2). To achieve this
growth in IC size requires a corresponding change
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in the temperature at the CMB, AT,. Making the
approximation that the solidus and adiabat are
both linear (with respect to pressure) within the
IC, then the change in CMB temperature since
the onset of core solidification AT, is given by
(see Figure 2)

AP (AT, dT, dfy _ 4L,

ATe= fud (dp - dP) - ZZK(I K/GPa) [79]
where AP is the pressure difference between the pre-
sent [CB and the center of the Earth, T, and T, are
the adiabatic and melting temperature profiles, f,4 is a
factor converting the core temperature at the CMB to
that at the ICB, and the numerical values are obtained
by using the parameter values given in Table 2. Note
that AT, depends on the difference in slopes and is
thus sensitive to small variations in these slopes.

For the parameters given in Table 2, f,4=1.35,
AP=30GPa, and the difference in slopes at the
ICB is 1.3 K GPa ~". This indicates that the core has
only cooled by approximately 30K since the IC
began to solidify. However, as noted above, the slopes
of both the adiabat and the melting curve are
subject to substantial uncertainties. In order to inves-
tigate these uncertainties, Table 5 compares the
values adopted for relevant quantities by the same
four groups shown in Table 3. There is a consider-
able range in the value of AT, obtained, from 31
to 146 K. The amount of heat released by core cool-
ing W, has a correspondingly large range: it
dominates all other contributions in the Buffett ez a/.
and Labrosse models, but 1s of lesser importance
in the models of Roberts er sl and this work.
Similarly, the release of latent heat }; can range
from minor (Buffett) to dominant (Roberts). The
uncertainty in the total amount of energy released

since IC solidification is uncertain by a factor of
2, ranging from 16 to 36 x 10*® J. This range will be
adopted as representative of the likely uncertainties,
and may be used to estimate the IC age. For a
mean CMB heat flow range of 6-14 TW, eqn [78]
shows that the resulting IC age in the absence
of radiogenic heating is 0.37-1.90 Gy, much less
than the age of the Earth. As discussed below, this
result is of considerable importance, not least since
it appears to contradict geochemical estimates of
IC age.

A reduction in CMB heat flow would result in a
reduction in Ohmic dissipation and a longer-lived IC.
Just prior to the onset of dynamo formation, the CMB
heat flow must have equalled or exceeded the adia-
batic value, depending on the amount of Ohmic
dissipation (eqn [74]). Assuming that the heat flow
has not decreased since, the mean heat flow since IC
formation cannot have been less than the adiabatic
value. Taking this value to be 4.9 TW (likely too low
an estimate) and using the total energy release range
of 16-36 x 10** J results in a maximum IC age range
of 1.04-2.33 Gy from eqn [78]. This estimate is con-
servative and still results in an IC only half the age of
the Earth at most. An even lower CMB heat flow
would allow an older IC, but would not allow a
dynamo to function prior to IC formaton.
Furthermore, such a low CMB heat flow is not con-
sistent with the available present-day observational
constraints (Section 8.02.4.3.7).

Equation [78] shows that another way to increase
the age of the IC is to add radioactive heating. For
instance, Figure 6 shows that adding 300 ppm to the
core increases the IC age from 0.61 to 0.84 Gy for a
constant heat flow of 9 TW. Figure 7(b) shows how
the IC age varies as a function of potassium concen-
tration for different rates of Ohmic dissipation,

Table 5 Comparison of results obtained by different groups

Quantity Units Buffett Roberts Labrosse This work
Tm (r=0) 5000 5379 5967 5800
T2 |cmb x1078KPa™" 1.0 1.25 1.7 0.87
Tz |cmb K km™" 0.54 0.88 0.75 0.80
AT, K 146 68 96 31
Wi x10%8 J 23 8.7 18.2 5.3
Wy x10%8J 3.8 1.9 4.1 4.2
w, x10%8 J 5.6 15 7.0 6.7
Wiot x10%8 36 26 29 16
IC age (Qomp =9 TW) Gy 1.26 0.92 0.64 0.57

References are Buffett et al. (1996), Roberts et al. (2003), and Labrosse (2003).

IC age assumes a constant heat flow of 9 TW.
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calculated using the same method as that shown in
Figures 5 and 6. As expected, lower rates of entropy
production and the addition of potassium both result
in longer-lived ICs. However, only at low dissipation
rates does the addition of potassium have a significant
effect, because at high dissipation rates the required
CMB heat flow greatly exceeds that due to radio-
active decay (2.1 TW at the present day for 300 ppm
potassium). It is clear that the parameter values given
in Table 2 make an IC older than ~1 Gy unlikely for
any significantly dissipative dynamo.

The effect of adopting different parameter values
may be investigated by using eqn [78] and adopting
the total energy release range of 16-36 x 10°* J from
Table 5; the results shown in Figures 5 and 6 use the
lower bound. In the absence of radioactive heating, a
mean CMB heat flow of 9 TW results in an IC age of
0.57-1.26 Gy. Adding 300 ppm of potassium increases
this range to 0.79-2.35 Gy. In the absence of potas-
sium, an inner core age of 3.5 Gy implies a mean
CMB heat flow of 1.5-3.3 TW. For the upper bound
of 36 x 10°*], a time-averaged heat flow of 8.5 TW
with 300 ppm in the core results in an IC age equal-
ling the age of the Earth; with 150 ppm in the core,
this situation occurs for a heat flow of 6 TW. In both
cases, the entropy production is a few hundred mega-
watts per kelvin (eqn [71]), likely sufficient
to maintain a dynamo. Thus, an ancient IC can be
obtained, but only with potassium and a time-aver-
aged heat flow that does not significantly exceed the
present-day value.

Investigations by Buffett (2002), Labrosse (2003),
and Roberts ez /. (2003) reach similar conclusions to
those stated here. In the absence of radioactive heat-
ing, the IC is most likely young (~1 Gy); an ancient
IC requires heat flows which are likely too low to
maintain a dynamo. Radioactive heating in the core
could extend the IC age to >3 Gy while permitting
dynamo operation, but requires both significant con-
centrations of potassium and a relatively low value
for the time-averaged CMB heat flow.

As discussed in Section 8.02.4.3.8, the possibility of
an ancient IC is interesting because geochemical obser-
vations of Os isotope anomalies have been used to
argue for ancient (~3.5Gy) IC crystallization (e.g,
Brandon e al, 2003). If this interpretation of these
anomalies is correct, the implications are profound,
something is seriously wrong with the models tabulated
in Tables 3—5. Possible errors might arise from incor-
rect core temperature models (e.g, a steeper melting
curve would allow a more ancient IC; see Figure 2), a
significantly overestimated core thermal conductivity,

an underestimate of core radioactive heating, or an
overestimate of the present-day CMB heat flow.
Based on the discussion of Section 8.02.4.3, none of
these errors currently appears very likely, but all should
become the focus of future research if the geochemical
arguments continue to stand up to scrutiny.

8.02.6 Summary and Conclusions

The results reviewed here are the outcome of three
decades of intensive study of the energy and entropy
budgets of the Earth’s core. The theoretical descrip-
tion of these budgets has been understood for a long
time, but only in recent years have experimental and
computational constraints on many core parameters
required (e.g,, Table 2) become available. While most
of these parameters are sufficiently well determined to
allow relatively firm conclusions to be drawn, there
are some lingering uncertainties (see Section 8.02.4.3).

First, and perhaps most important, the melting
behavior of the iron—light element system is not yet
sufficiently well understood. Although different com-
putational groups are now converging on results
which agree relatively well with experimental deter-
minations, some discrepancies still remain. Similar
uncertainties remain concerning the density contrast
due to the light element, and in this case the uncer-
tainties are exacerbated by differing interpretations
of the seismological observations. Second, the
present-day CMB heat flow, which is crucial in
determining IC age and dynamo activity, is still
uncertain by at least a factor of 2, and its value at
earlier umes is unknown. The mechanisms by which
heat is transferred through the lower mantle are
complicated, with the possibility of melting, phase
or compositional boundaries, and local radioactive
heating likely complicating the simple picture of
conduction across a boundary layer. Third, it 1s not
clear that current estimates of the thermal conduc-
tivity of the core, based on 30-year-old data, are
reliable. Since this parameter has a major effect on
the sustainability of a dynamo, more measurements
are certainly needed. And finally, the amount of dis-
sipation actually occurring within the present-day
dynamo is unknown, but again has a major effect on
the sustainability of the dynamo (eqn [71]).

Despite these uncertainties, there is actually a
significant amount of agreement within the geo-
physical community concerning the present-day state
and history of the core and dynamo. Tables 3 and 5
show the extent to which different groups, working
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independently, have arrived at similar conclusions
despite employing different parameter choices. For
instance, there is general agreement that the single
most important mechanism driving the dynamo at
the present day is compositional convection. An
important result is the likely age of the IC
(Table 5), which depends only on the mean CMB
heat flow and the total energy released since core
solidification (eqn [78]). In the absence of core potas-
sium, these different groups obtain an IC age range of
0.37-1.90Gy for a time-averaged CMB heat flow
equal to the inferred present-day value of 6-14 TW.
A heat flow <6 TW would almost certainly cause the
dynamo to fail prior to the onset of IC solidification
(eqn [74]). Thus, a substantal disagreement cur-
rently exists between the geophysical results and
geochemical observations which may indicate an IC
3.5Gy old. Adding potassium to the core results in
lower initial core temperatures, and also allows IC
ages compatible with the geochemical estimates, but
only if the CMB heat flow has remained low (e.g,
<9TW for 300 ppm potassium) for the whole of
Earth history. Whether such a relatively constant
heat flow 1s a likely outcome of the mantle’s thermal
evolution remains to be seen.

The age of the IC is clearly the most important
outstanding question. Unless paleomagnetic observa-
tions can be used to identify its onset, which
seems unlikely, the question is most likely to be
settled by geochemistry. The role of potassium in
the evolution of the core is also an important ques-
tion; although better constraints from geochemistry
are likely to help, this question is most likely to be
settled by geophysics, in particular further investiga-
tion of the antineutrinos produced by radioactive
decay in the Earth’s interior (Araki er al, 2005).
Quantifying the CMB heat flow is also crucial; here
a combination of higher-resolution seismology, bet-
ter mineral physics constraints, and convection
modeling 1s likely to yield dividends. In parallel
with these advances, our improved understanding of
the Earth’s dynamo is likely to prove central in
unraveling the histories of the dynamos on other
terrestrial planets and satellites (Stevenson, 2003;
Nimmo and Alfe, 2006).
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8.03.1 Introduction

8.03.1.1 Dynamos and Self-Excited
Dynamos

‘Dynamo’ is the name given to any device that
‘induces’ electric current to flow, through the motion
of an electrical conductor in an ‘inducing’ magnetic
field. Dynamos were constructed first in the mid-
nineteenth century but the first really significant
technological advance was made by Werner von

Siemens (1867). Siemens conceived of, constructed,
and in 1866 publically demonstrated, the first self-
excited dynamo, in which the inducing magnetic
field was created by the induced currents; previously,
it had been supplied by permanent magnets.

The physical principles governing dynamos are
illustrated in Figure 1, where the homopolar dynamo
is shown. Here D is a solid electrically-conducting
disk rotating with angular velocity €2 about an axis of
symmetry A’A, parallel to which we first suppose
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Figure 1 The homopolar dynamo (see text for
explanation).

(see Figure 1(a)) that there is a uniform externally
produced ‘inducing field’ B, such as might be pro-
duced by permanent magnets. Through the velocity
u=Q x x of the conductor, an electromotive force
(emf) u X By is induced that would, if there were a
closed electric circuit, drive a current radially out-
ward from A’A toward the rim R. (Here x is the
position vector from an origin on A’A.) Instead, posi-
tive charges (P) build up on R, and negative charges
(N) are set up on the electrically conducting axle. In
this way an electric field E is created that cancels out
the induced emf, as of course is necessary since no
current flows.

Now let a conducting wire W join A’A to R,
electrical contact being maintained by sliding con-
tacts (or ‘brushes’) at S; and S, (see Figure 1(b)).
Electric charges that in Figure 1(a) were trapped on
the rim can now be ‘drawn off” as an electric current /
flowing along W and across D; the electric circuit has
been completed and the emf has become motive!
This induced current / can be directed to perform a
useful task, such as powering the electric light bulb
shown in Figure 1(b), the concomitant expenditure
of energy being provided by the energy source that
maintains the rotation of D. It is this conversion of
mechanical energy into electrical energy that is the
essence of the dynamo, in this case a pre-Siemens,
non-self-exciting dynamo.

Siemens’ idea was to make use of the magnetic
field that always accompanies the flow of electric
current. Suppose that, instead of taking the shortest
route between S; and S, the wire W is wound round,
and in the plane of, D, just outside R and making
almost one complete loop around R before being led
to the two brushes (Figure 1(c)). The direction of the
winding is such that the induced magnetic field B
produced by the current 7 in the loop reinforces the
applied magnetic field By. In the plane of D, both
fields are perpendicular to the disk, in the same sense
A" — A. Unlike B, the magnetic field B is not uni-
form across D, so that the emf u x B it creates from
the motion does not depend on x in the same way
that u X By does, but it can perform the same func-
tion. If 2 exceeds some critical value €, the ‘seed
magnetic field’ By can be removed and the dynamo
will continue to operate, the current / being induced
by the emf u x B alone. Thereafter, the device will
create a magnetic field for as long as an angular
velocity greater than {2, is maintained. The dynamo
has become ‘self-excited’.

If we persist in looking only at the electrody-
namics of the dynamo, we would believe that, if {2
is increased beyond €2, then B will grow without
limit because the rotation of D would create mag-
netic energy faster than it is destroyed by the
electrical resistance of the circuit. This absurdity is
removed when we consider the mechanics of the
device. A Lorentz force, J x B per unit volume,
opposes the rotation u=Q x x of the disk (see
Figure 1(c)). In the marginal state, {2 = (), this cre-
ates a magnetic torque I'g about A’A that is equal and
opposite to the applied torque I'5 that keeps the disk
in rotation. An increase in I'y makes € bigger, but
this results in a larger B and a greater I'g. Soon a new
balance between I'y and I'y is set up with a larger €2..

8.03.1.2 The Geodynamo Hypothesis

The suggestion that the magnetic fields of the Earth
and the Sun are produced by self-excited dynamos
was first made by Joseph Larmor (1919). He visua-
lized that the solid disk in Figure 1 is replaced in the
Earth and Sun by the movement of electrically con-
ductng fluid. His idea gained ground as every other
explanation of terrestrial and solar magnetism
became increasingly implausible. Paleomagnetic stu-
dies found that there are no discernable differences
between the normal and reversed polarity states of
the geomagnetic field. This is particularly hard
to reconcile with any other explanation of
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geomagnetism but is required of a self-excited
dynamo because if B(x, 7) satsfies the governing
equations, so does —B(x, 7). Once the seed field of
the homopolar dynamo is removed, magnetic field of
either sign can be sustained equally well. The idea
that the main geomagnetic field is produced by a
dynamo operating in the Earth’s fluid core became
known as ‘the geodynamo hypothesis’.

It 1s clear from the homopolar dynamo that the
geodynamo hypothesis demands answers to two
questions. First, without seeking an origin for the
fluid motion, can one find a motion that self-gener-
ates magnetic field?> The answer to this ‘kinematic
dynamo’ question is not obvious. The homopolar
dynamo has a specially constructed lack of symme-
try; the Earth’s core is a nearly homogeneous
electrical conductor. Are ‘homogeneous dynamos’
possible in such a body? Theoreticians were chal-
lenged either to prove the answer is ‘No’, or to
create a working model. Nearly four decades elapsed
before this challenge was met. During this time, and
subsequently, it became increasingly well understood
how structural asymmetry in the homopolar dynamo
could be mimicked in a homogeneous dynamo by
fluid motions that lack mirror symmetry.

Once the kinematic dynamo question had been
answered in the affirmative, attention became
increasingly focused on different questions: How 1s
the driving motion u produced? How is it modified
by the presence of the magnetic field B that it itself
creates? These are the concerns of ‘magnetohydro-
dynamic dynamo’ theory, or ‘MHD dynamo theory’.
Obviously, the kinematic theory is ‘contained’ in the
MHD theory and is an essential part of it.

8.03.1.3 Plan of Chapter: Notation

The objective of this chapter is to provide the basics
of kinematic and MHD dynamo theory. In Section
8.03.2 the basic electromagnetic theory is briefly
reviewed, and in Section 8.03.3 the kinematic theory
1s formulated. Dynamo models driven by laminar and
turbulent flows are described in Sections 8.03.4 and
8.03.5. In Section 8.03.6 the ideas behind MHD dyna-
mos are outlined. Discussion is everywhere slanted
toward the geophysical application. SI units are used.

To simplify the presentation, some verbal abbre-
viations will usually be employed: ‘velocity’ = fluid
velocity, ‘density’ =mass density, ‘field’ = magnetic
field, ‘current’ =‘electric current density’, ‘conduc-
tor’ = conductor of electricity, ‘potential’ = electric
potential, ‘core’ = Earth’s core, ‘FOC’ =fluid outer

core, ‘SIC’ = solid inner core, ‘CMB’ = core—mantle
boundary (radius 7.), ‘ICB’ = ‘inner-core boundary’
(radius  7), ‘emf’=electromotive force, and
‘EM’ = either electromagnetism or electromagnetic.

Script letters, £, 7, U, B, J, &, ..., will indicate
typical magnitudes of length, time, velocity, field,
current, electric field,.... The angular velocity of
the reference frame (approximately the angular velo-
city of the mantle) will be denoted by Q, and will be
assumed constant and in the z-direction. Sometimes
cylindrical coordinates (s, ¢, z) will be used and
sometimes spherical coordinates (7, 0, ¢). ‘Zonal’
will mean ‘in the ¢-direction’ and ‘meridional’ will
mean ‘lying in meridional planes’, that is, in the
planes ¢ = constant. Except for the unit normal n to
surfaces, unit vectors will be denoted by 1,, where
the 7 is the coordinate concerned; 0, will be short for
0/0g, except that 0,=0/0r is the (Eulerian) time
derivative. Except in Section 8.03.5.1, O will denote
the average over ¢ of a quantity O, and Q" will be
short for Q — O . The ¢-averages of the spherical or
cylindrical components of a vector Q_define Q.
A similar notation will be used in Section 8.03.5.1,
but there O denotes the ensemble average of Q in a
turbulent environment.

8.03.2 Basic Electrodynamics

8.03.2.1 Pre-Maxwell Theory

Magnetohydrodynamics is the study of the flow of
electrically conducting fluids in the presence of mag-
netic fields. It has significant applications in
technology and in the science of planets, stars, and
galaxies. In this volume, its main focus is on its role in
explaining the origin and properties of the geomag-
netic field.

MHD is based on the equations governing fluid
motion in the presence of magnetic fields and the
equations governing EM fields in moving fluids.
Nearly always, and invariably in geomagnetic studies,
the nonrelativistic form of MHD is employed. This is
appropriate when conditions are changing slowly, that
is, when the characteristic velocity U of the conductor
is small compared with the velocity of light ¢ and when
the tume £/¢ taken by light to cross the system is small
compared with all time scales 7 of interest. The EM
fields are governed by the equations that were in use
before Maxwell introduced displacement currents,
and are therefore called the ‘pre-Maxwell equations’.
Unlike full Maxwell theory, in which the electric field
E and the magnetic field B are on an equal footing, E
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plays a subsidiary role in pre-Maxwell theory. This is
why the magnetic field is usually referred to simply as
‘the field”. The aim of this subsection is to review pre-
Maxwell theory briefly.

The pointwise form of the pre-Maxwell EM
equations are, in SI units,

VxH=] [1a]
VXE=-0,B [1b]
V-B=0 [1¢]
V-D=9 [1d]

where J is the current density and 9 is the volume
charge density. Equations [1a] and [1b] are, respec-
tively, Ampere’s law and Faraday’s law. The sources
on the right-hand sides of [1a] and [1d] must satisfy
charge conservation and, in pre-Maxwell theory, this
requires

V-J=0 [1e]
which is consistent with [1a]. If [1c] holds for any ¢ it
holds for all 7 by [1b]. The CMB, and the ICB, is
represented by a ‘discontinuity surface’, S, across

which material properties change abruptly. The
same integral laws that led to [1a]—[le] imply that

mnxH =C on S [2a]
mx(E+uxB)]=0 on S [2b]
[n-B]=0 [2¢]
n-Dj=0O on S [2d]
nJ]=-Vs-C on S [2e]

Here © is the surface charge density, C is the surface
current density, Vg is the two-dimensional surface
divergence, n is the unit vector to S, u is the velocity
of a point P on S, and [Q ] is the difference in limiting
values of a quantity O at P, evaluated on opposite
sides of S.

Geodynamo theory is mainly concerned with
tmescales much shorter than those over which the
Earth evolves. It is then a good approximation to take
n-u=0 on the CMB and ICB, and to assume that
these surfaces are spherical, of constant radii 7. and 7.
Conditions [2] are simplified in Section 8.03.3.1
below.

8.03.2.2 Constitutive Relations

The pre-Maxwell equations must be supplemented
by relations that define the physical nature of the

medium in which they are applied. We shall suppose
that the conductor is isotropic and homogeneous so
that, at a point P within it and in a reference frame

moving with the constant uniform velocity
up =u(xp) of P,
H' =B/ 3
D’ = eFE’ [3b]
J' = opE’ [3¢]

where 1, €, and o are the permeability, permituvity,
and electrical conductivity of the medium. Except in
the crust, the temperature within the Earth every-
where exceeds the Curie point, at which permanent
ferromagnetism ceases to exist. We shall therefore
assume that p1=io=4r x 107"Hm ', the vacuum
permeability, but € may differ from the vacuum per-
mittivity €.

To apply [3] it is necessary to relate B, E', H',
D’,J to B, E, H, D, J. To relate them at xp, the
Lorentz transformation is approximated by its non-
relativistic (Galilean) form, appropriate for U < ¢:

x =x' +upt’ [4a]
r=1 [4b]

The EM fields and sources in the two reference
frames are related by

B' =B [5a]
E'=E+u xB [5b]
H =H [5¢]

D' =D +u x H/¢ [5d]
J=J [Se]
V=19 —up-J/c [5f]

Since V' =V and 0;=0,+up -V according to [4a]
and [4b], it follows from [5] that [1] also hold in the
primed frame of reference, that is, the pre-Maxwell
equations are frame-indifferent. According to [5],
only E, D, and ¥ are frame dependent. When trans-
lated back to the original frame, [3] are

H =B/uo (6a]
D=€eE+(c—¢)uxB [6b]
J=0(E+uxB) [6¢]

The suffix P has been removed since these relations
hold for every P. After its removal, u, o, and € in [6]
may be functions of x.
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Wherever H occurs, we shall now use [6a] to
remove it, in favor of B. Equation [6¢] is the general-
ization of Ohm’s law to a moving conductor, and is
centrally important. By [1a], [6a] and [6¢]

M()J:VXB [6d]
E=-uxB+7V xB (6]

where 7= 1/po0 1s the ‘magnetic diffusivity’. In esti-
mating Earthlike values for the core, we shall take
0=4x10"Sm ' sothat p=2m’s~". The form [6e¢]
of Ohm’s law provides a convenient way of removing
E in favor of B; as mentioned earlier, E plays a
subsidiary role in MHD as do D and 9.
Nevertheless, it is worth observing that, by [1d],
[6b], and [6¢],

¥ =—&V-(uxB)+] V(c/o) [7]

Unlike the case of a stationary uniform conductor for
which an initial ¥ flows to the boundaries in a time of
order ¢y/o = 0(n/¢) (ie., instantaneously according
to pre-Maxwell theory), the free charge density in a
moving conductor is generally nonzero, and takes the
value [7].

8.03.2.3 Induction Equation: Magnetic
Reynolds Number

Eliminating E between [1b] and [6e], we see that B
obeys the induction equation

0B=Vx(uxB)-Vx(nVxB) 8]

When 7 1s constant (the usual assumption), [Ic]
shows that [8] can be rewritten as

9,B=V x (uxB)+nV'B [9]

Another useful form of the induction equation is

4B =(B-V)u-BV-u+nV’B [10a]
which follows from [9], [1¢], and the vector identity

Vx(uxB)=B-V)ju—(u-V)B+uV-B-BV-u
[10D)]

Here d,=0,4+u-V is the motional or Lagrangian
derivative, that is, the derivative following the
motion of the conductor. Sometimes the term ‘the
dynamo equation’ is applied to one or other of these
three forms of the induction equation but this is a
misnomer, since they apply in many contexts totally
unrelated to dynamo theory.

MHD processes in rotating bodies such as the core
are usually most readily studied using a reference
frame rotating with the body. With the understand-
ing that u is the velocity relative to the rotating
frame, the same relations [6] hold and lead to the
same induction equations.

Equation [9] exposes the evolution of B as a com-
petition between EM induction (through V x (u x B))
and ohmic diffusion (through nV’B). The relative
importance of these effects is quantified by

Rm=UL/n = pyoUUL [11a]

In analogy with the familiar (kinetic) Reynolds num-
ber Re=UL/v used in fluid mechanics to quantify
the effects of the (kinematic) viscosity v, Rm is called
the ‘magnetic Reynolds number’. It can also be writ-
ten as the ratio

Rm=T,/T, [11b]

of the ‘electromagnetic diffusion time’ 7, = L£*/n and
the ‘fluid advection time’ 7,=L/U. The former
quantifies the time in which a current system of
scale £ in a conductor will decay ohmically, unless
some agency maintains it. For the Earth, 7, ~ 2 x 10°
years, if we take £ = r.. The Earth is known to have
possessed a field for at least 3.4 x 10” years (Kono and
Tanaka, 1995). Thus, the Earth’s magnetic field is not
a ‘legacy of the past’; an agency is required to main-
tain the current system and, according to the
geodynamo hypothesis, this is electromagnetic
induction created by the term u X B in [9]. For the
dynamo to be successful, this term must create new
flux as rapidly as, or more rapidly than, it is destroyed
by the nV°B term. This implies that 7, <7, and
Rm>1. Most kinematic dynamo models require that
T, exceeds 7, by at least one, but more probably two,
orders of magnitude.

The westward drift velocity on the CMB of recog-
nizable features of the geomagnetic field is of order
3% 10 *ms™" Tt is likely that part of this motion is
due to diffusion of the features relative to the fluid
(see Section 8.03.2.6 below). We shall estimate that
U=2x10"* ms™". Taking £L=10°m as a typical
field scale, 7, ~ 2 x 10’ years and Rm = 100.

Kinematic dynamo theory rests on the induction
equation [9] and Gauss’s law [1c]. It assumes that u is
given, but it would make no sense to study physically
meaningless flows. We shall restrict ourselves to
‘eligible flows’ that, for example, have no point
sources or sinks, and that are everywhere and at all
times bounded. Some models will involve discontin-
uous u, that 1s, ‘tearing’ of the fluid, but these models
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can be simply modified so that the tearing is replaced
by a large but finite shear. For simplicity, it will
usually be assumed that the fluid is incompressible:

Vu=0 [12]

Some results will apply to compressible fluids too.

8.03.2.4 Electromagnetic Energy and
Stress

It follows from [1a] and [1b] that
0, +V-IP=EJ [13a]

where ¢” is the EM energy per unit volume and I® is
the EM energy flux (or Poynting vector):

e = B /21 [13b]
I’ =E x B/po [13]

When integrated over a volume v bounded by a sur-
face s, [13a] states that magnetic energy In v
diminishes through its outward flow across s and by
the rate at which the EM field transfers its energy to
the material contents of v. By [6¢] the latter has two
parts:

~E-J=-¢'-u-L [13d]

where
L=] xB [13¢]
¢/ =7)o>0 [13f]

Here L, the ‘Lorentz force’, is the force per unit
volume that the EM field exerts on the conductor;
¢, which is necessarily non-negative, is the rate per
unit volume at which EM energy is converted into
heat through electrical resistance. This is called the
‘Joule loss’ or ‘ohmic loss’. Summed over v it is

_ [
(I’*/vo— ar [13¢]

On combining [13a] and [13d] and integrating, we
have

%/eBdV:APf?{I”de /u~LdV [13h]

The final term is the rate of working of the Lorentz
force. In an electric motor this is positive, represent-
ing conversion rate of EM energy into mechanical
energy. In a dynamo the opposite is true: kinetic
energy is transformed into EM energy, and the last

term in [13h] is large enough to make good the
integrated ohmic losses ®.

The EM force and torque (about the origin of x)
on the contents of a volume v are

f:/deV:/v]deV [14a]

F:/xdeV:/xx(]xB)dV [14b]

v

By using [1a], [1c], and [13c], itis possible, and often
useful, to express these as surface integrals. This is
achieved by re—engessing L as the divergence of the
EM stress tensor T :

L= Vﬂrﬁ- [15a]
B;B; B

o N 2 pio

The first term on the right-hand side of [15b] represents
tension in a field line (defined as a curve that is every-
where parallel to B); the final term in [15b] represents
an isotropic magnetic pressure, Py, = B’ /210, which is
about4 atm for a field of 1 T. These interpretations will
be useful in Sections 8.03.2.5 and 8.03.2.6 below.

By using [15a], fand I" may be replaced by surface
integrals:

fi= ?{ 7rf’;~ ds; [15¢]
Fl' = 7{61'/733@'775(13/ [ISd]
Equivalently,
. 2
f:%{M,B_ds} [15¢]
Js Ho 241
. . 2
F:y{xx {Mfids} [15f]
s Ho 2f1

According to pre-Maxwell theory, the magnetic field
alone determines the EM force on the conductor, the
EM stresses, and the EM energy. The corresponding
contributions made by the electric field are smaller
by a factor of order (U/c)’.

8.03.2.5 The Perfect Conductor: Alfvén’s
Theorem

A ‘perfect conductor’ is one of infinite electrical
conductivity o, that is, 7 =0. Since J must be finite
even though o =00, Ohm’s law [6¢] implies that

E=-uxB (ifoc=00) [16]



Theory of the Geodynamo 73

The induction equation can be written as

0B=Vx(uxB) (ffo=cc) [17a]

dB=B-Vu-BV-u (ifoc=0c0) [17b]

In a perfect conductor, the magnetic Reynolds number,
Rm, is infinite by [11a]. While R >> 1 in many applica-
tons of MHD (including some considered here),
Rm= 00 1s an idealization that is never achieved. It is
however often helpful because of the following theorem:

Alfven’s theorem: Magnetic flux tubes move with a perfect
conductor as though frozen to it.

A flux tube is a ‘bundle’ of field lines. It is defined by a
‘cross-section’ 3, the tube being the volume occupied
by all the field lines intersecting 3. The surface, M,
of the tube is therefore a ‘magnetic surface’, that is, a
surface composed of field lines and on which
n- B =0. The net magnetic flux through ¥ is

F:/ZB-dS (18]

and is called the ‘strength’ of the tube. It follows from
[1c] that Fis the same for every cross-section of the tube.

Alfvén’s theorem can be proved by appealing to
the kinematic result

4,(dS) = dS(V - u) — 45V, [19]

which describes the change in area and orientation of
an element dS of surface area as it 1s advected with
the flow. Combining this with [17b], it is found that

4,(B-dS) =0 (when o =00) [20a]

It follows that
B-dS =0 at 7 =0 implies B-dS =0 for all #  [20b]

so that, if M is initially a magnetic surface, it is always
a magnetic surface. Thus a flux tube remains a flux
tube for all ime. Further, [20a] shows that the flux
tube preserves its strength F as it moves.

According to Alfvén’s theorem, field lines move
with a perfect conductor as though frozen to it, and
sometimes the theorem is stated in those terms. This
statement is however a weaker form of the theorem
that does not imply that F'is conserved.

The following examples illustrate how the frozen
flux picture, coupled with the concepts of stress and
energy developed in Section 8.03.2.4, help in visua-
lizing MHD processes:

® Conversion of kinetic energy into magnetic
energy occurs in an incompressible fluid when motions

stretch or bend flux tubes; conversely, shortening or
straightening field lines creates kinetic energy from
magnetic energy. The stretching of field lines stores
magnetic energy in much the same way as a rubber
band stores elastic energy when it is stretched. If a flux
tube of cross-sectional area A, containing field B, is
lengthened from L, to L, its cross-section will, according
o0 [12], decrease in the same proportion (A= AyLy/L)
and the field within it will increase by the same factor
(B= ByL/Ly). The magnetic energy it contains, which
is proportional to B, is therefore enhanced by a factor
of (L/Ly) from (B/2u0)Lody to (B*/2u0)LA =
(B?/2410) LoAo= [ (B} /2110 ) LoAo | (L/ Lo)*. Tf L=Lo+6
where 0 <Ly, the increase in magnetic energy is
(B;/Ho)Aob. This is the work done by the applied
force in stretching the tube by 6 in opposition to the
magnetic tension (Bé / uO)AO of the field lines.

® ‘Alfvén waves’ are the result of field line ten-
sion. The mass per unit length and tension of a flux
tube of unit cross-section are p and B>/, so that, as
in a taut string, a wave can travel nondispersively in
either direction along the flux tube with speed

\/ [(B/10)/p] = B/+/11op. This defines the ‘Alfvén

velocity’, Vi =B/\/mp. It is approximately
lems™' for B=1mT and p=10*kg m’; the
Alfvénic timescale 7, = L/V4 1s about a decade for
L =7, In a system such as the core that is rotating
with an angular velocity €2 that is large compared
with V, /L, Alfvén waves lose much (but not all) of
their significance, which is subsumed by slow waves,
with velocity V, = O(Vf\/ﬁﬂ) < V4 and timescale
T, = O(,CZQ/VE\) > T 4; see Section 8.03.6.3.

® A zonal shearing motion (= #,/s can drag the
lines of force of a meridional field B, out of the
meridional planes, i.e., it can create a zonal compo-
nent B, in B (see Figure 2). Dating from a time when
the ¢ was frequently denoted by w, this is often called
the w-¢ffect; in the astrophysical literature it is more
often referred to as the ‘Q-effect’. Taking Alfvén’s
theorem literally, #, will continue to wind the field
lines around the symmetry axis for as long as
the motion can be sustained, and B, and ¢ will
increase monotonically. The magnetic stresses grow
as the field lines become increasingly stretched in the
¢-direction until eventually the agency that creates
i1, can no longer maintain it, and growth of B ceases.
This marks the end of the kinematic regime (in which
fluid motion is prescribed @ priori and the field grows)
and the start of the MHD regime in which the field
quenches its own further growth.
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@) (b)

Figure 2 The w-effect. (a) a field line in a meridian plane
(single arrow) is sheared by a zonal flow (double arrows);
(b) as a result of the shearing, the field line is bent, so
creating a ¢—component of B.

The intermittent character of MHD turbulence is
reflected by the existence of flux tubes in which B is
more intense than in their surroundings. Frequently, B
1s visualized as being discontinuous across the surface
M of the tube, which is therefore a current sheet, by
[2a]. Because of the field line tension, a closed flux
tube will tend to collapse in much the same way as a
stretched elastic band contracts when released. If there
is no compensating stretching process, the collapse
will continue until B has subsided to the level of the
field in its environment. Similarly, a bent flux tube
tends to straighten, returning some of its magnetic
energy to the kinetic energy of the fluid frozen onto
it; an example is given in the next subsection.

8.03.2.6 The Imperfect Conductor:
Reconnection

Strictly speaking, a field line passes through every
point in space, but only a finite number of lines can
be shown in sketches of field line topology, where the
crowding together of field lines indicates a more
intense field. In these sketches, field lines may appear
to disconnect and reconnect in a new topology as the
field evolves. This phenomenon is called ‘reconnec-
tion’, the prior ‘disconnection’ being tacitly assumed.

According to Alfvén’s theorem, field line topology
is immutable. Fluid lying on a field line always
remains on that field line; reconnection of field lines
is impossible. This makes the dynamo problem mean-
ingless; the magnetic flux trapped in the conductor can
never be lost, it can only be rearranged. One cannot
even ask how the conductor acquired its flux origin-
ally. Flux can be gained, retained, or lost only by its
diffusion relative to the conductor, and diffusion hap-
pens only when o and Rm are finite. Every successful
dynamo relies on reconnection processes.

When 7n#0, field lines diffuse relative to
the conductor with a ‘resistive drift speed’ of order
U,=n/L, where L is a length characteristic of the
field gradient (L~ B/uoJ). Several examples are
given below.

When thinking about reconnection, it is perhaps
helpful to regard Rm as a function of position.
Wherever Rm>>1 (ie., wherever U >U,), Alfvén’s
theorem and the ideas of the last subsection are useful
in picturing MHD processes. Reconnection is, how-
ever, likely to be significant wherever U < U, (ie,
Rm < 1). The following examples illustrate this idea
and reconnection processes:

® The w-effect. Besides the dynamical process
described in the last subsection, there is a kinematic
process that halts the production of zonal field by the
w-effect. As By, is amplified by the shear ¢, diffusion
increasingly acts to straighten the field lines depicted
in Figure 2(b). They move with the conductor less
and less, drifting in the opposite direction with a
velocity U, of order wn relative to the conductor,
where @ is the field line curvature. When B becomes
of order RmB ,; where Rm=(/n o, amplification of
B, ceases, the stretching process being offset by an
equal but opposite resistive drift.

A similar example will be of interest in Section
8.03.3.5: Suppose that B is created by currents flowing
in a spherical conductor. If the radial component of u
vanishes, the collapse of the magnetic field cannot be
prevented; resistive drift inexorably carries the field
lines inwards.

® The Sweer—Parker mechanism — SPM. This, the
simplest and most fundamental process of magnetic
reconnection, 1s sketched in Figure 3. A steady flow,
U, of a weakly resistive fluid in the £y-directions,
forces together two ‘slabs’ of oppositely directed field
=£B (Figure 3(a)). The slabs are of length £ and the
field is approximately in the £x-directions. As the
fluid is incompressible, u must have nonzero
x-components, £, as indicated in Figure 3(a).
This figure shows (shaded) the formation of a recon-
nection region R which has such a small thickness €
that it resembles a current sheet. Because
¢=0Rm ?)L < L, ohmic diffusion can break the
topological constraint of Alfvén’s theorem and allow
the field lines in R to reconnect (Figure 3(c)), even
though field lines elsewhere are advected with the
flow. The reconnected lines exit from R in the £x-
directions. A field line labeled ‘7 in Figure 3(a) is
replaced by a field line ‘#+ 1’ in Figure 3(d). The
entire process is then repeated.
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Figure 3 The Sweet-Parker reconnection machine (see
text for explanation).

Many MHD phenomena appear to be explicable
only through ‘fast’ reconnection, that is, reconnection
on the ideal time scale 7,. This is especially true of
solar and astrophysical phenomena such as solar
flares, but it 1s widely believed that reconnection in
the Earth’s core is slow, with a timescale of order 7,;
see Section 8.03.5.4. Between these two extremes are
reconnection processes that are ‘intermediate’, that is,
operate on a timescale that is short compared with 7,,
but long compared with 7,. The SPM, which oper-
ates on the timescale (T,]’TM)I/Z is of intermediate
type.

The SPM is a kinematic reconnection machine
but some dynamical aspects are clear, e.g., the curva-
ture of the reconnected field lines in Figure 3(c)
assists in ejecting them from R (Section 8.03.2.5).

Amongst other intermediate reconnection pro-
cesses, those central to magnetic instabilities, such
as the rearing mode, should be mentioned. This
instability of sheared magnetic fields is most easily
exhibited for the sheet pinch:

By = Bo(2)1, + Byy(2)1, [21a]

pady = —Boy(2)1e + Biw ()1, [21b]

In this model, the conductor is at rest and remains at
rest since the Lorentz force Jo X By is balanced by
the pressure gradient (B, + B@)'/Zuo. Since u=0,
the Alfvén velocity substitutes for ¢/ in defining the
dynamic timescale 7 = £/V,, so that the Lundquist
number,

Lu=WV\L/n="T,/T4 [22]

takes over from Rm. A perturbation of the equilibrium
[21] proportional to exp(i/exx +iky + )\t) is envi-
saged. The instability arises at resonant surfaces, defined
by F=0, where F = kB, + k,By,. Reconnection
occurs in a thin boundary layer surrounding a reso-
nant surface, in which the reconnected field lines
can shorten, releasing magnetic energy to drive the
instability. The timescale of reconnection, ’2'3/5’2'2/>
1s long compared with 7 4 but short Compared Wlth
T,; see Furth e al (1963). In a rapidly rotating
system such as the core in which V5 /L < , tear-
ing is dramatically slowed by Coriolis forces. Its
dynamic timescale becomes the slow timescale
defined in Section 8.03.2.5 and the Elsasser number,
A =V}/Qn=T,/T, takes on the role of Lu; see
Kuang and Roberts (1990).

® [lyx expulsion. A simple illustration of this phe-
nomenon 1s provided by a solid sphere of radius «,
embedded in a solid conductor with which it is in
perfect electrical contact. A uniform magnetic field
By is applied, and the sphere is set into rotation with
angular velocity w about an axis perpendicular to B,
The appropriate magnetic Reynolds number is
Rm = wa® /n and is assumed to be large. To an obser-
ver on the surface S of the sphere and rotating with it
the applied field seems to be oscillatory and, since
Rm > 1, it ulumately penetrates only a short distance,
of order 6, = Rm '/?a = (n/w) 2, into the sphere.
This phenomenon is well known in the EM of solid
conductors and is called the ‘skin effect’, because the
induced currents are confined to a thin ‘skin’ on .
These currents create a dipolar magnetic field, b, that
almost completely excludes B, from the interior of
the sphere n- (By+b)~0 on S. During the time the
system evolves into this steady state, the field lines
within the sphere gradually diffuse out of it, and
reconnect in the skin and in the vicinity of the sphere.
This process, called ‘flux expulsion’, is sketched in
Figure 4.

Field lines tend to be similarly expelled from
circulating flows in fluid conductors and to be
crowded together in EM boundary layers at the
edges of the circulations, so forming flux ropes and
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Figure 4 Flux expulsion. (a) A conducting sphere
embedded in a similarly conducting, stationary medium lies in
a uniform magnetic field Bg and is set in rotation. (b) The field is
ultimately almost completely expelled from the sphere.

flux sheets. It might seem at first sight that this can
only be detrimental to dynamo action but this is not
necessarily the case. Consider induction by a steady
flow. An X-type stagnation point may exist between
one circulation and its neighbor. (An example 1s given
in Section 8.03.4.3 below.) The expelled flux sur-
rounds this point and, since the streamlines separate
there, the field lines almost frozen to them are ‘expo-
nentially stretched’. This i1s an efficient way of
transforming kinetic energy into magnetic energy.
Even more efficient are flows with chaotic streamlines,
that 1s, flows in which a finite volume of space is filled
by only a finite number of streamlines (i.e., the stream-
lines do not lie on stream surfaces but fill a volume).
Exponential stretching can be even more efficient
when the chaos includes time, as in a turbulent flow.

® Puarker's a-effect mechanism. Let us use Alfvén’s
theorem to visualize what happens when a helical
eddy meets a flux rope. Helical motions are those in
which the velocity u is correlated to the vorticity @
so that the ‘helicity’,

H=u o [23a]
o=V xu (23b)

is nonzero. A helical eddy may be pictured as a screw
motion in which a blob of fluid twists around the
direction in which it moves. Although the inductive
effects of w and @ act simultaneously, it is convenient
to consider them successively. The ‘vertical’ motion #
creates an 2-shaped indentation on the flux rope, as
sketched in Figure 5(a). The twisting motion asso-
ciated with @ turns this € out of the plane of the
paper (Figure 5(b)). The field gradients are large
near the point marked ‘R’ in Figure 5(b). Here diffu-
sion can rapidly detach the € as an independent flux

a)
u
B
(b)
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©
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Figure 5 The alpha-effect mechanism. (a) A flux rope bent
by the velocity u of a cyclonic eddy, (b) is twisted by the
vorticity @ of the eddy, creating large field gradients near R
where the flux loop detaches as indicated in (c).

loop that, in the idealization depicted here, lies in the
plane perpendicular to the flux rope.

Helicity is the simplest manifestation of a lack of
mirror-symmetry, and the destruction of this sym-
metry is often called ‘symmetry breaking’. Helicity is
a pseudoscalar, that is, a scalar that changes sign
under a reflection of coordinates, either in a plane
(e.g, 2 — —2z) or through the origin (x — —x). It
arises naturally in a rotating, convecting system.
Perhaps a compressible fluid provides the simplest
example of this: Imagine that the sequence shown in
Figure 5 concerns a cold, sinking ‘blob’ of fluid at
high ‘southern’ latitudes, the ‘top’ of each panel being
nearer than the bottom to the center of the fluid body.
As the eddy shown sinks, it compresses under the
increasing pressure of its environment but attempts
to conserve its angular momentum relative to the
inertial frame. This translates, in the reference
frame rotating with the fluid body, to an increase in
the angular velocity w of the eddy about the rotation
axis, as indicated in panel b. The sense of helicity is
the same for a hot, buoyant blob expanding as it rises
through the fluid. This example also indicates a pre-
ference for ‘right-handed’ helicity, H>0 in the
Southern Hemisphere of a rotating, convecting body
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and ‘lefc-handed’ helicity, H< 0, in its Northern Hemi-
sphere. Tt is clear from [23a] that |H| < Jul|lw| =
O(Z/{2 / E); a ‘maximally helical flow’ is one in which
1] = Jul@].

® The strecch-rwist-fold dynamo — STF. Obtain an
elastic (rubber) band, loosely corresponding to the flux
tube in Figure 6(a), and use its tension to roughly
simulate the tension of the field lines in the flux tube.
The tension in the band may be systematcally
increased by a three-step, stretch-twist-fold process:

(1) ‘stretch’ the rubber band to double its length;

(2) ‘twist it into a figure-8; and

(3) ‘fold’ the loops of the 8 on top of one another

to form two linked loops of the same size as
the original band.

These steps are illustrated in Figures 6(a)—6(c), in
which panel (a) depicts the initial flux tube, panel (b)
sketches it when it is stretched and twisted, and panel
(c) shows it after it is subsequently folded. The energy
within, and the tension of] the flux tube are increased by
afactor of 4 in step (1). Steps (2)—(3) can, in principle, be
repeated over and over again, the sense of twist in step
(2) being always the same. This gives the band the sense
of ‘handedness’ or helicity of a screw motion, and the
broken reflection symmetry that is crucial to the suc-
cess of this dynamo. The tension in the band (analogous
to magnetic tension) increases progressively as steps
(1)~(3) are repeated, and at some stage the reader’s
hands will tire, making it impossible to increase the
tension further. This marks the end of the kinematic
regime (in which fluid motion is prescribed « priori and
the field grows) and the start of the dynamic regime (in
which the field quenches its own further growth). If the

@

(b)

Figure 6 Stretch-twist-fold. (a) A closed flux tube is
(b) stretched, twisted, and (c) folded over onto itself, so
creating large field gradients near R where one loop
detaches from the other, as indicated in (d).

reader lets go of the band at any stage, it will immedi-
ately relax back to its initial state. This illustrates the
crucial importance of magnetic reconnection as a
means of ‘Tocking-in’ the amplified magnetic field.
Said another way, magnetic reconnection provides the
crucial element of irreversibility in the dynamo. The
process of reconnection in the flux tube occurs near
the point marked ‘R’ in panel ‘c’, where the field gra-
dients are greatest. The result of the reconnection, two
separate rings, is shown in panel (d).

The STF dynamo, originally proposed by
Vainshtein and Zeldovich (1972), has become the
paradigm for ‘fast dynamos’, which are defined as
processes of field amplification that operate on time-
scales independent of 7, in systems where Rm is
large (see Section 8.03.3.3 below and Childress and
Gilbert (1995)). Clearly, a fast dynamo necessarily
requires fast reconnection, in order to lock in the
dynamo-generated field as fast as it is produced.

® Alfveid s rwisted kink dynamo— ATK. Take a piece
of taut rope and start twisting its ends, as in
Figure 7(a). As the result of an instability, it will
develop kinks like those often seen on the cord joining
a telephone handset to its cradle (Figure 7(b)).
A magnetic flux rope twisted in the same way will
also develop a kink and, because of the large field
gradients near the crossing point R in the figure, a
tube will detach (Figure 7(c)) and move away from
the flux rope. Simultaneously, the torsion of the rope 1s
released, but increases again as the twisting continues
until further loops detach. The flux rope has become a
machine for generating flux tubes. A sufficiently large
twisting rate creates a fast dynamo (Alfvén, 1950).

When 7#0, the boundary conditions [2] simplify.
From a physical standpoint, it is clear that an infi-
nitely thin concentration of current, even if it could
be set up initially, would instantly diffuse into a layer
of finite thickness, in which J (though possibly large)
1s finite. This layer replaces the surface current, that
is, C=0 instantaneously. Thus, when 1 # 0, the con-
ditions [2] reduce to

(a) (b) ©
R ‘77)::::5:

Figure 7 Alfvén’s twisted kink dynamo. (a) A flux rope is
twisted and (b) becomes unstable to the formation of kinks.
The large field gradients near R allows the kink to detach
from the rope, as indicated in (c).
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[nxB =0 onS$ [24a]
[nxE]=0 onS$ [24b)
h-B]=0 onS$ [24¢]
m-J]=0 onS$ [24d]
D=0 on$ 24¢]

Equations [24a] and [24b] imply
[n-1°] =0 on'S [24f]

Condition [24d] is superfluous since, according to
[la] and [6a], it is satisfied when [24a] holds.
Similarly [24c] implies that [n-9,B] =0, so that
one (linear combination) of the two scalar conditions
[24b] is automatically obeyed by [24c]. Thus, only
four of the six scalar conditions [24a]|—[24d] are inde-
pendent. The usual choice is

[B]=0 onS [25]

together with one condition from [24b]. According to
[1c] and [24a], [(n “V)(n- B)] =0 but, because
[0] # 0in general, [(n-V)(n x B)] # 0 and there-
fore [n X J] # 0 on S.

8.03.2.7 The Low Conductivity
Approximation

Alfvén’s theorem and the ideas just presented in
Sections 8.03.2.5 and 8.03.2.6 are useful when
Rm>1. We now consider the opposite extreme, the
‘low conductivity approximation’ in which Rm < 1.
Since then 7, <7, the EM field adjusts almost
instantaneously to changes in u so that [1a] and [6e]
give, to leading order in R,

E=-Vy [264]
o J=nVxB=-Vy+uxB [26b]

just as though B were time independent. By [26b], the
Lorentz force [13e] is

L=J x B=0B x V¢ — 0B, [26¢]

where u; =u — (u-B)B/B? is the component of u
perpendicular to B. This demonstrates that the field
opposes the motion in part through an anisotropic ‘mag-
netic friction’, —oB’u, /p per unit mass. Comparison
with the fluid acceleration O shows the importance of
Twm = p/oB* = n/ Vi, which is often called the ‘mag-
netic damping time’, not to be confused with the
magnetic diffusion time 7, = L?/n. Their ratio T,)/T m
is Lu”. The magnetic damping time is significant in

MHD turbulence theory for liquid metals such as the
Earth’s core (Section 8.03.5.4). It is independent of £
and, forn=2m’s "and ¥y =1cms ', it is the short-
est timescale relevant to core dynamics: 7., = 6 h.

The integrated rate of working of the leading
order Lorentz force [26¢] is

/vu'LdV: 7/v]-(u><B)dV
= 7<1>7/f¢1-ds [26d]

which is —® when no current flows across s. The
Lorentz force then merely satisfies the ohmic demands
of v In the approximation [26b], the magnetic energy
density ¢® does not change since, by [26a], V-1¥ =
~E-VxB/py=—-E-J. The field, b=B-B,,
induced by motions in v is O(Rm By), that 1s, tiny com-
pared with the field B, created by currents flowing
outside v. Nevertheless, the currents J (=j) induced in
v, which are O(olUBy), create an L of order o BiU that
may significantly alter u. If Hz >> 1, L dominates the
viscous force prV>u = O(pvid/L?); if I >> 1, it dom-
inates the inertial force pu - Vu = O(pts*/L). Here Ha
is the Hartmann number and / is the interaction

parametel‘:
1/2 )
Ha:BL(i) _Yak 274]
pv N
2 2
jo9BE VL [27b]
22 ni

Approximations [26] are commonly applied to labora-
tory experiments involving liquid metals for which EM
induction processes are usually insignificant. It is per-
haps surprising though true that, even when the low
conductivity approximation is appropriate, it is some-
times helpful to use the concept of frozen-in fields when
picturing the evolution of B. Thhis is because, even when
Rm < 1, there is usually a slight tendency for the field to
evolve as it would in a perfect conductor. When [26]
hold, the EM field depends only parametrically on 7but
an improved solution may be obtainable as an expansion
in Rm, the leading term obeying [26a]. Of course,
steady-state solutions of the induction equation for
any Rm must satisfy [26b] (see Section 8.03.3.3).

8.03.3 Kinematic Dynamos
8.03.3.1 The Dynamo Condition

The STF and ATK models of Section 8.03.2.6 are
heuristic and remote from geophysical needs. This
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subsection derives more explicitly the condition of
self-excitation. We do this in a framework relevant to
the Earth: a conducting fluid /" surrounded by an
insulator 7. In fact, the mantle is such a poor elec-
trical conductor that little is lost by assuming (as is
usually done) that // consists not only of the exterior
of Earth but also of the entire mantle and crust.
Quantities in ¥ will be distinguished from those in
V'by a superimposed hat. Since ¢ =0, it follows from
[19]—[1c] and [6a] that

VxB=0 [284]
V-B=0 [28b]
VxE=-0B [28(]

The first two of these equations imply that B is a
potential field:

B=-V/ [29a]
where
V=0 [29b)]

In the case of the Earth, [29b] led Gauss to his well-
known representation of B at and above the Earth’s
surface r=r,:

Te

{(—) - (g)'cos mp + b sin m)
;
+ (71 (g)/cos mp + s sin m¢):| Pr(9) [29¢]

where P))(0) is the Legendre function (usually
Schmidt normalized now, though not in Gauss’s
day). Because we assume that the mantle is insulat-
ing, we adopt Gauss’s expansion everywhere above
the CMB, that is, for all »> 7.

The coefficients g 4, ¢, and s in [29¢]| are time
dependent; the g and /4 coefficients describe the field
created within 7 and decreasing with distance from
it, while the ¢ and s coefficients correspond to fields
created by external sources that, according to [29c],
are ‘at infinity’. The ‘dynamo condition’ expresses the
absence of sources outside /:

=0, s'=0  [30]

Dynamo condition: form 1: .

When this is enforced, the magnetic field is produced
totally by sources within 7 and [29¢]| gives

r=n (%) v, 0 314

n=1

B = i(%-ﬁ- 1)(%)"+Z Y, (6, ¢) [31b]

n=

etc,, where V,(6, ¢) is the surface harmonic

nt2 n
Yn(07 (b) = (%) Z (gZICOS WI(]S

< m=0

+h" sin mp) P7'(6) [31¢]

Equation [31b] shows that the field becomes increas-
ingly dipolar with increasing 7 and an alternative
way of expressing the dynamo condition is

Dynamo condition: form 2:

B = 0(r %) for r — 00 [32]

The three #=1 terms in [31a] define the Earth’s cen-
tered dipole moment m. This is customarily expressed
in terms of H rather than B so that Vipore = ptom - r/
477 (the 4 being there because SI are rationalized
units). Since Py(f) = cos 6 and P}(f) = sin 6, it therefore
follows that m = (477 /) Lgl' L.+ b1, + g'1.],
where 4772 /119~ 2580 x 10’ Am ™' T™";  the
z-component of m defines the ‘axial dipole’, and the
x- and y-components the ‘equatorial dipole’. Because
4 <0 currently, the angle between m and Oz, com-
monly called the ‘ult’ of the dipole axis, is large:
cos ' (m,/m) = 170°, but more usually it is expressed
as cos ' (—m,/m)=210°. The five n=2 terms in [31a]
represent the quadrupolar part of B.

It is worth noting that, according to [29a] and [31],
the magnetic energy stored outside the core is

.1 )
M:—/BZdV
2o Jp

1 " 21 SN M,
= VB ds=""23" [334]
210 JemB Mo 4= 2n+1

where

utd n
=0 (%) S (@) )]
¢ m=0

1s the (Mauersberger—Lowes) field spectrum at
the CMB, which is B” for the #th harmonic averaged
over the CMB. This can be computed from observa-
tion for » <13, and is remarkably constant for » > 3. If
other planetary dynamos share this property, it pro-
vides a valuable way of estimating the radii of their
conducting cores from flybys (Hide, 1978) (see
also Glatzmaier and Roberts (1996b), where further
references are given). The constancy of M, cannot
hold for all #, as this would give infinite M, by [33a].

Since B=B on the CMB by [25], the dynamo
conditions [30] and [32] restrict the solutions of the
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induction equation on § and therefore in /. They are
rather inconvenient conditions as they stand; a sim-
pler, third form will be derived in Section 8.03.3.2.

In Section 8.03.2.6 it was shown that, in addition to
[25], one scalar condition on E must be obeyed at a
discontinuity surface such as the CMB. It is impor-
tant to show that this condition does not restrict
solutions of the induction equation.

To see this, introduce scalar and vector potentials
W and A to satisfy [1b] and [1c]

B=VxA [344]
E=-VU-93A [34b)]
V-A=0 [34¢]

Without essential loss of generallty, we may assume
for simplicity that J=0 and €= €, so that, by [1d],
V-E=0, which implies that U satisfies Laplace’s
equation. Condition [24c] is satisfied by [n X A] =0
and therefore, according to [24b], n X E determines a
unique W on S and (by solving VU = 0) a unique 1]
throughout / that vanishes for » — oo. The resulting
n-D will generally differ from n-D on § but their
difference does no more than determine ® by [24e]. It
does not constrain the solution of the induction equa-
tion in ¥ any way whatever. Because magnetic charges
do not exist, a similar argument applied to B has a
radically different outcome. Although Laplace’s equa-
don and an arbitrary n-B on § determine the
magnetic potential /' uniquely, the resulting [n x B]
would be nonzero in general, so contradicting [24a).
Only [25] restricts B on § and therefore in V.

On the ICB, condition [24b] on n X E is not superf
luous, and it is in general necessary to supplement
[25] with one independent condition from [24b].
When however, as is often the case, the SIC is mod-
eled as a solid of the same conductivity as the fluid,
electrical properties are continuous across S and, if in
addition it is assumed that [u] = 0 (the no-slip con-
dition), then [B] = 0 is enough to imply [E] = 0 and
[J] = 0. One is then free to treat the whole core,
SIC 4 FOC, as a single domain in which

u=Q;xr for r<u [35a]
In kinematic theory, the angular velocity Q;(7) is
specified at the same time as u is assigned to the
FOC. In MHD theory, the torque I'; on the ICB
determines Q; from Euler’s equation

1-0,Q+QxQ)=T; [35b]

where I is the moment of inertia tensor. Plausibly, I',
is dominated by the gravitational torque from the
mantle and the magnetic torque [15f] from the
FOC. (Some modelers treat the SIC as an insulator.
Then, as for the CMB, only [25] is needed.)

8.03.3.2 EM Induction in Spherical
Conductors

Nearly all investigations of dynamos in the Earth,
planets, and stars make the simplifying assumption
that these bodies are spherical. It may then be con-
venient to satisfy [1c| automatically by separating B
into ‘toroidal’ and ‘poloidal’ parts:

B=Br+Bp=Vx(Tr)+VxVx(S) [36a]

where T'(r, 0, ¢, r) is the ‘toroidal scalar’ and
S(r, 0, ¢, t) is the ‘poloidal scalar’. Obviously,
according to [1b] and [35a], the toroidal field By =
V x (Tr) is created solely by poloidal currents. A
particularly pleasant feature is the reverse: the poloi-
dal field Bp =V x V x (Sr) is created solely by

toroidal currents, since
1] =VxB=Vx ([-V’S]r)+VxVx (Tr) [36b]

A second curl shows that V'B =V x ([ V> T]r)+
V xV x ([V2S]r).

In spherical polar components, Bt and Bp are

1 0T or
BT:*I'XVT:m%lﬁ*@L& [36(3]
Bp =V 8rS) - Vs
or
L’S 10 [0(rS) 10 [o(rS)
=—1, 1 — = 1y
r o0 | or 7sin 0 0¢ ‘
[36d]
where
2 az(”s) 2
LS =r—5= = r'V's

o 13,0§+1625 36
= sing00 M09 T sin2002 ¢

The salient characteristic of [36¢] is that toroidal
fields have no radial components.

The simplest examples of toroidal and poloidal fields
are the axisymmetric fields B, and By, defined by 7" =
T(r, 6, r) and S = S(r, 6, ¢). It may be seen from
[36¢] and [36d] that B, is ‘zonal’ (has only a ¢-compo-
nent) and By is meridional (has no ¢-component):

B=B,+By=DBs1,+V x (dy1;) [37]

where 4y = — 0yS and By = — 0y T
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The usefulness of the representation [36] depends
partly on the ease with which 7"and § can be ‘pro-
jected’ from a given B by solving

1T = r(V x B),= por7, [384]
1*S = rB, [38b]
Since L°S= f(r) has no solutions, fields having mono-
polar components (if they existed) could not be
represented by [36] but, since magnetic monopoles do
not exist, [38a] and [38b] are easily solved through their
spherical harmonic components, using the fact that

LY, =un(n+1)Y, [38¢]

For example, by [38b],

NgE

Bi’ = BV, 71(77 t) }/”(67 ¢) [38d]

1

X
Il

implies

= Br,n(r7
S = l’; ”(” T

T can be similarly extracted from [38a].
By using this projection method, partial differential

2
706, 9 386

equations governing T,(7, 7) and S,(7, #), equivalent to
the induction equation, can be derived. A further
attraction is the ease with which the dynamo condition
can be applied. In ¥, [36b] implies

T=0 [394]
and
Vis§=0 [39b]
Equations [36¢] and [36d] then show that
B=-V/, where V= -9,(rS) 39¢]

As in [29], S satisfies Laplace’s equation and, as in
[31b], the dynamo condition shows that

S=3 50 D10, 6) 39d]
where

n N 7 nt1

$,(r, 1) = S,(re, 1) <;> [39¢]

This, together with [39d], means that, everywhere in
V and in particular on the CMB,

A

T,=0 [39f]

3S, (n+1)S,
LS,

Or r =0 [3%]

According to [36¢| and [36d], [25]is equivalent to

[T,]=0, [S]=0, [0S,/0r]=0, onS  [39h]

implying, by [39f] and [39¢],

Dynamo condition: form 3 T, =0,

0S, 1)S, 40
08, (14 D)S_ o, [40]
or r

These are boundary conditions on the solutions for B
in /. Using these, the induction equation can be solved
without reference to B. From the resulting B one can,
but only if desired (perhaps for presentational pur-
poses), extract S,(, #) and determine the field

B=-V/ [41a]
where

R >0 JANGS

V= ;nsﬂ(n, N(%)" ne. ¢ 4]
that satsfies the dynamo condition and the continu-
ity requirement [25].

The simplicity of the third form of the dynamo
condition partly explains the current popularity of
spectral methods in solving both kinematic and
MHD dynamo problems. To illustrate this simpli-
city, we derive the ‘decay modes’ for a spherical
conductor such as the Earth’s core. These are solu-
tions of the induction equation [9] when u=0, so
that

o, T =nV*T [42a]
0,8 =nV’s [42b)]

The solutions that are nonsingular at »=0 are pro-
portional to

To(r) = ju(kL7) ¥,(0, &) exp(— nk, ) [42]

Su(r) = ju(K7) V,(0, ¢) exp(— nk 1) [42d]

where 7, is the spherical Bessel function of order 7.
They obey [40] provided

7(klr) =0 [42¢]
T (Br) =0 [42f]

These equations are satisfied by an infinite set of
positive admissible k! and k3, the smallest of which
we denote by kL and £5,. The e-folding times over
which T, and S, disa}'])pear through ohmic diffusion
are therefore (nk!?)  and (nkS7) ! The longest of

these times is given by the smallest number in the
combined %/, and £, sets, which belongs to the
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poloidal dipole mode for which kg = 7/7, we
denote this by £y, In units of 7 /n, the e-folding
times of the first five dipole modes are approximately
0.101321, 0.025330, 0.011258, 0.006333, 0.004053; for
the quadrupole modes and for the toroidal »=1
modes, they are 0.049528, 0.016756, 0.008410,
0.005054, 0.003372, and for the toroidal »=2 modes
they are 0.030105, 0.012089, 0.006585, 0.004154,
0.002863. Other cases can be obtained from table
10.6 of Abramowitz and Stegun (1964).

The decay modes provide the basis for what is
called a ‘variational inequality’, which will be useful
in Section 8.03.3.4 below. This exploits the fact that
the modes form a complete orthogonal set, in terms of
which an arbitrary magnetic field B satisfying [25] and
the dynamo condition, but not necessarily the induc-
tion equation, can be expanded. Since every other
mode in that sum decays more rapidly than the
longest-lived poloidal »=1 mode, it follows that
mode provides a lower bound on the ohmic losses:

/(Vx B)’dV > kfmn/ Bdv [434]
v Voo

where V.. denotes all space (V + 7). (For any
bounded nonspherical container, a variational
inequality of the form [43a] holds, but with a differ-
ent kyin.) Inequality [43a] can be rewritten in terms of
the total magnetic energy M of the dynamo and its
ohmic dissipation ®:

O > 2k’

‘min

M [43b]

where

1 )
ME/ AV =— [ Bdr [43]
Vo Ho Jv,

b= /q?dyzi /(VXB)ZdV 43d]
v Ho Jv
The ‘efficiency’ of a dynamo, if defined as
E=# / B dv/ [ (VxB)dV 444
Vae v

cannot exceed 1 (see Gubbins er a/. (2000a)).

The value of 4, provides an improved estimate of
T, = (n/elznm) e 72/mn, or about 10* years, an
order of magnitude smaller than our previous estimate
72 /n. Nevertheless, it refers only to the longest-lived
mode, not to the entire B spectrum. An appropriately
smaller 7,, more representative of the ohmic losses, is

1=E,) = [ Barm [(Fxnrar e
V. v

/o0

Both E and 7, can be assessed from any geodynamo
simulation, but this is not possible for the Earth since
B is unknown and only the <13 harmonics of Bp
are available.

A few remarks about nonspherical /" are apposite.
Many large-scale bodies are significantly flattened by
centrifugal forces (or distorted by tidal forces), but an
oblate spheroid (or a triaxial ellipsoid) may be an
acceptable representation of V. Standard analytic
methods can then determine the solution V' of
Laplace’s equation that vanishes at infinity, and a
dynamo condition similar to [40] can be derived
(see Walker and Barenghi (1994)).

Experiments with liquid metals, at values of Rm large
enough in some cases for regeneration, are discussed in
Chapter ™. When ¥ is a cylinder of finite length, it is
hard to solve [29] analytically and a dynamo condition
of the form [40] does not exist. One expedient, that is
also sometimes used in constructing galactic dynamos,
1s to introduce a sphere S, surrounding /» and to solve
Laplace’s equation for // numerically in the domain D
between 8 and S, subjecting the solution to [40] on S,.
It is not possible to treat D as an extension of /'in which
1= 00, since V2B = 0 in D does not implyj =0.

8.03.3.3 The Eigenvalue Problem
for Steady Flows

In studying kinematic dynamo action, it is often
convenient to keep the form of u fixed but to vary
its amplitude. This is most easily done by writing the
induction equation in nondimensional form by the
transformation r — Lr and r— (£/U)r. Then [9] and
[1c] are
9B =V x (u xB)+Rm 'V’'B [45a]
where
V:-B=0 [45b]

Time-dependent u will be briefly considered at the
end of Section 8.03.4.4, but we now focus on the
easier case O,u =0 for which normal mode solutions
of [45] exist of the form

B oce™ [46]
Equations [45] become
AB =V x (uxB)+Rm 'V’B [47a]
where

V-B=0 [47b)
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The boundary conditions and the equations govern-
ing B are unaltered. Together they define an
eigenvalue problem of a type commonly encountered
in fluid stability theory. The eigenvalue is the growth
rate A, and Rm is the ‘control parameter’.

For bounded volumes V, the eigenfunctions, B,
form a complete set, in terms of which an arbitrary
solution of [45] can be expanded:

B= Z B.(x) exp(Aa?) [48a]

and the spectrum of A, is discrete, with limit point at
—o00. The eigenvalue problem is not self-adjoint in
general. The growth rates A\, may be complex,
although they then occur in conjugate complex
pairs, so that the corresponding eigenfunctions can
ensure the reality of the sum [48a]. Greatest interest
attaches to the A, (or A,s) having the greatest real
part, because these dominate the solution for large 7;
for presentational simplicity we suppose that only
one such eigenvalue exists and denote it by A,y

The eigenvalues are continuous functions of the
control parameter. As Rm varies, mode crossing may
occur, and a complex eigenvalue pair may become
real or conversely. If

Re(Amax) = 0 [48b]

the corresponding term in [48a] will persist for all
tume, showing that the flow R#u is dynamo. In fact, if
Re(Aay) >0, the field grows without bound, a phy-
sical absurdity that arises from the linearity of the
kinematic dynamo problem. It is removed by the
nonlinear Lorentz force in the MHD dynamo pro-
blem. If [48b] does not hold, all terms in [48a]
disappear as r— o0, and the motion Rmu is not a
dynamo for this Rmn.

As in fluid stability theory, the ‘marginal’ or ‘cri-
tical’ mode is of special interest. This is defined by
the smallest value Rm. of Rm for which

Re()\max) =0 [48C]

The critical mode may not exist, in which case the
postulated u is not a dynamo for ‘any’ Rm. When the
critical mode exists, it is of one of two types:

{Im(kmax) =0, called a DC mode

[48d]
called an AC mode

Im ()\max) # 07

Here ‘AC’ and ‘DC’ follow everyday usage of these
abbreviations: AC for alternating current; DC for direct
current. The DC case is a ‘direct bifurcation’; the AC

case 1s often called a ‘Hopf bifurcation’ (although such
bifurcations had earlier been studied by Eddington,
who called the bifurcation ‘overstability’).

It will be shown in Section 8.03.3.4 that, Re(A,.y) 18
bounded above so that, in the original dimensional
variables, Re(Ap.,) 1s at most of order 1/7 ,, which is
independent of 7. It might be supposed that a limit
of this order is necessarily attained as Rm — oo, but
this is not so. As the dimensional u is increased, flux
expulsion as described in Section 8.03.2.6 becomes
more effective and regeneration 1is increasingly
confined to current sheets of diminishing thickness.
As a result, the dimensional Re(A,,,), after reaching
a maximum, may decrease. Three types of kinematic
dynamo are usually distinguished: If the dimensionless
Re(Amax) tends to a ‘positive’ limit as Rm — oo, the
dynamo is ‘fast’. In this limit, the dimensional Re(\,.x)
is independent of 1) and of order 7. If the dimen-
sional Re(A,y) is of order 7, (though positive), the
dynamo is ‘slow’; if it is positive and lies between 7,
and 7', it is an ‘intermediate dynamo’. Plausibly, the
geodynamo is slow (Section 8.03.5.4).

If u(—x)=—u(x), the MHD equations admit
solutions of two distinct parities: either
B(—x)=B(x) or B(—x)=—B(x). But it is not gener-
ally true that, if u(x) regenerates field, so will —u(x);
in general A(—Rm) # A(Rm). A striking example of
this is the homopolar dynamo of Section 8.03.1.1,
where reversing u destroys regeneration and actually
hastens the demise of B. The eigenvalue problem for
A is not self-adjoint. (The adjoint dynamo problem
was first derived by Roberts (1960). It has the same
eigenvalues as [47] but different eigenfunctions. See
Gibson and Roberts (1966), Proctor (1977b), Kono
and Roberts (1991), and Sarson and Gubbins (1996)).

When the dynamo is of DC type, the critical mode
can be found by setting A =0 in [47a]. This transfers
the eigenvalue from A to Rm:

0 =Rm.V x (u x B) + V’B [49]

8.03.3.4 Bounds on the Magnetic Reynolds
Number

The discussion following [11b] indicates that dynamo
action is possible only if Rm is big enough. Lower
bounds on Rm have been derived by Backus (1958),
Childress (1969b), and Roberts (1967). We derive only
the first of these here, in dimensional units.

The Backus and Childress bounds follow from the
evolution equation for the ‘total’ magnetic energy M
defined in [43c]. Applying [13h] to ¥ and ¥ and
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adding, using [25f] and the dynamo condition [32],
we have
d—M:AI’f/w(]xB)dV [50]
dr »
The Backus bound requires thatu =0 on S. Then, by
[15] and the divergence theorem,

/VU'(]XB)dV: /Vuivjﬁrng: /waj.v/-uidV

1
=— [ d;BB;dV [51a]
A
where dj; = % (Viuj- +Vu; —V-u 61»]-) reduces to
the rate of strain tensor when the fluid 1s incompres-
sible. Evidently,

/di/'BiB/dV S Cmax/Bde S 2/L0MC1WX [Slb]
v v

where (. 15 the largest absolute value taken by any
eigenvalue of 4; anywhere in /. It now follows from
[50], [51a], and [51b] and the variational inequality
[43b] that

dm

E S Z(Cmax - nk;mn)M [SIC]

In terms of the magnetic Reynolds number
Rimg = Cnax/Nk2s [51c¢] shows that a necessary con-
diton for dynamo acton 1is Rmg>1. It also
demonstrates that the maximum growth rate of B is
Conax — n/e,zni,,. The result [51c] was first established by
Backus (1958) for the incompressible case [12] (see
also Proctor (1977a)).
The Childress bound
dm

? S kain(”max -

is also obtained from the energy equation without
assuming that u=0 on S. In terms of the magnetic
Reynolds number Rimc = #yay /Mkmin, [52] shows that
a necessary condition for dynamo action is Rmc > 1. It
also demonstrates that the maximum growth rate of B
1S kmin (#max — Nkmin)- In any specific situation, the
bound Rmc may be lowered by rotating the reference
frame to reduce u,,, since, as noted in Section
8.03.2.3, the induction equation is invariant under
rotation of frame.

It was recognized in Section 8.03.2.6 that, if #,=0
in a sphere (ie. if up=0), B collapses as the field lines
diffuse inexorably inwards with a velocity of order
U,=n/r. This can be countered by a sufficiently
large #, and, the bigger the u,, the larger the ratio Bp/
Bt for the Bp created from Br. It is therefore

Nhin ) M [52]

plausible that, to maintain the dynamo for the speci-
fied Bp/B, u, must exceed O([BP/BT]L{W). This idea
was made precise by Busse (1975), who showed that,
if Mp and My are the magnetic energies of the
poloidal and toroidal fields, a necessary condition
for dynamo action is

, 1
p=— [ BpdV < sziM'.‘

20 Sy,

1 )
Mp=— / B dV
2po Sy !

and Rm, = (|ru,]),,,./7 (see also Roberts (1987)).
Proctor (2004) derived a similar but stronger
result. He showed that a necessary condition for

[53a]

dynamo action is

-1
Rmp > GRmT + \/5) [53b]

where Rmp = up__r./n and Rmy = ur, r./n are the
magnetic Reynolds numbers based on the maxima of
the poloidal and toroidal flow speeds.

8.03.3.5 Antidynamo Theorems

The bounds of the last subsection provide precise
necessary conditions for dynamos to exist, but these
conditions are not sufficient. This became important
in 1934 when Cowling announced an unexpected and
negative result that was the first of so many other
‘antidynamo theorems’ (ADT's) that many believed it
would only be a matter of time before a general ADT
was proved:

® Couwling’s theorem: Axisymmetric magnetic fields
cannot be maintained by a dynamo.

By [9], a u that has ¢-dependent components
necessarily creates from an axisymmetric B, a field
with ¢-dependent components. The theorem there-
fore pre-supposes that u(=u) is axisymmetric. It
should be particularly noticed that Cowling’s theo-
rem does not rule out dynamos driven by
axisymmetric motions, but forbids such dynamos
from maintaining a field that has an axisymmetric
part (see Section 8.03.4.3).

In the steady state envisaged by Cowling (1934),
in which [26a] and [26b] hold, the axisymmetry of ¥
means that E¢ =0, so that

nV x By = iy X By [54]

Cowling reversed the dynamo problem: instead of
seeking B for given u, he sought u for given B. He
noticed that an axisymmetric field sausfying the
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dynamo condition possesses at least one singular
latitude circle C (in V or on S) where By = 0. In
general V x By # 0 on C (or if it vanishes then B,
vanishes to higher order) so that [54] requires
u,,=00; in the terminology of Section 8.03.2.3, the
flow is ineligible. There is only one escape: B =0,
i.e, B= Bly, but this too can be ruled out by geome-
trical reasoning (Roberts, 1967).

Cowling’s argument applied to both compressible
and incompressible fluid motions but it had a lacuna
(Roberts, 1967). Backus and Chandrasekhar (1956), and
later Braginsky (1965a), provided more robust proofs
that applied to incompressible, but not necessarily
steady, fields and motions. Ivers and James (1984)
gave a proof that is valid for both compressible and
incompressible unsteady motions. These results gener-
alize the theorem beyond what Cowling had in mind.

Braginsky’s (1965a) proof, which applies to
unsteady B and incompressible u, is useful here. It
starts by extracting from [9] the equations governing
the functions Ay(s, 2, #) and By(s, z, ) defining
the general axisymmetric field [37]:

@,Zd) + J‘ill_l/\/] N V(J‘g,’@) = nAg,’g [553]
6,1?@ + .fl_lM N V(J‘ilga) = ﬁAB(/) + J‘BM N VC [55[)]

where A =V’ — 57 and ( is the zonal shear #,/s. The
last term in [55b] is a source that can create zonal field
from meridional field by the w-effect (Sections 8.03.2.5
and 8.03.2.6). There is however no corresponding source
in [55a] to generate meridional field from the zonal field;
the left-hand side of [55a] merely represents the advec-
tion of Byg and not its creation. Braginsky’s proof consists
in showing that 4, — 0 as # — 00, where upon the last
term in [55b] vanishes also, so that By, having lost its
source, disappears too. It is interesting to realize that the
magnetic energy of an initially specified field may at
first grow enormously through the w-effect, and yet the
entire field must eventually become arbitrarily small. It
is true quite generally in dynamo theory, that a demon-
stration that a flow initially amplifies a field does not
establish that it is a dynamo. This is a consequence of
the non-self-adjointness of the dynamo problem (see
Section 8.03.3.3).

® The Cartesian analog of Cowling’s theorem is
due to Cowling (1957):

Two-dimensional field theorem: Two-dimensional mag-
netic fields cannot be maintained by a dynamo.

Here ‘two-dimensional’ (2D) means that all three com-

ponents are independent of one Cartesian coordinate; it

does not mean that any particular component is
y P p

identically zero. A 3D velocity u necessarily induces a
3D field from a 2D field. The theorem therefore pre-
supposes that u is 2D. It should be particularly noticed
that the theorem does not rule out dynamos driven by
2D motions, but forbids such dynamos from maintain-
ing a field that has a 2D part (see Section 8.03.4.3).

® Perhaps the ADT next in significance to
Cowling’s theorem is the

Toroidal velocity theorem: The toroidal motion of an
incompressible fluid in a spherical conductor cannot main-
tain a magnetic field by dynamo action.

Following the discussion in Section 8.03.2.6, this
ADT 1is hardly a surprise! Its proof has points of
similarity with Braginsky’s proof of Cowling’s theo-
rem, with § and 7 taking over the roles of 44 and By,
respectively. It is more convenient to work with O =
r-B(= 1%S) and T rather than S and 7. The induc-

tion equation [9] implies that
9,0 +u-VQ =nV’Q0 +B-V(r-u) [56a]

The final term in [56a] is the only source that can
maintain Q, and it is absent if the motion is purely
toroidal (r-u=0). Then O, and therefore S and Bp,
disappear in a time of order 7,. When neither poloi-
dal field nor poloidal flow is present, the induction
equation reduces to

o, T+u-VI'=nV°T [56b]

This resembles the heat conduction equation with 7'
being temperature. There is no source of 7" within //
and T'=0 on S. Therefore B disappears in a time of
order 7,

The toroidal velocity ADT is due to Elsasser (1947)
and Bullard and Gellman (1954) (see also Cowling
(1957)). There is no analogous poloidal velocity
ADT; Love and Gubbins (1996a) have constructed a
dynamo maintained by a purely poloidal flow.

® The Cartesian analog of the toroidal velocity
theorem (Zeldovich, 1956) is

Planar velocity theorem: Motions in a plane layer that
everywhere lack a component perpendicular to the boundaries
cannot maintain a magnetic field by dynamo action.

Bachdar er al. (2006) recently pointed out that the
shape of 7 is important: in a sphere, planar motions
can maintain a dynamo.

® Kaiser ez al. (1994) established a result that also
follows from Proctor’s theorem [53b]:

Toroidal field theorem: A purely toroidal field cannor be
maintained by a dynamo.
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This is also called the ‘invisible dynamo theorem’
since it shows that a dynamo necessarily signals its
existence magnetically outside the conductor. (A
dynamo generally produces an external electric
field since charges on S must be present to prevent
the currents from leaving V.)

For other ADTs, see Hide (1979), Hide and Palmer
(1982), Ivers and James (1981, 1986, 1988a,b),
Namikawa and Matsushita (1970), and Zeldovich
and Ruzmaikin (1980).

8.03.4 Laminar Dynamos

8.03.4.1 Early Successful Models

The difficulty faced by early dynamo theorists is
apparent from the last subsection: It was necessary
either to prove a general ADT or to construct an
explicit working model. As the computers then avail-
able were incapable of deriving convincing numerical
solutions of the partial differential equations posed by
the induction equation [9], the explicit model could
emerge only from mathematical analysis, perhaps sup-
plemented by sufficiently undemanding numerical
work. At first there seemed to be little hope of finding
simple, exact solutions of [9] satisfying the dynamo
condition, and thoughts naturally turned to approxi-
mate procedures, but a convincingly converged result
required expansion in a small parameter. The bounds
of Section 8.03.3.4 show that Rm is certainly not that
parameter! Eventually, two successful models were
produced (Backus, 1958; Herzenberg, 1958). These
provided the first, and much needed, mathematical
demonstrations that homogeneous dynamos exist, so
establishing that a search for a general ADT would be
fruitless. The Herzenberg flow u is steady. It inspired
the first homogeneous dynamo experiments (Lowes
and Wilkinson, 1963, 1968) and further theoretical
studies (see for example Gibson (1968) and, most
recently, Brandenburg ez a/. (1998)).

A step closer to geophysical reality was taken by
Braginsky (1965a), who based an asymptotic model
on a simple idea: if the magnetic Reynolds number
Rm = uyr./n based on the zonal core motion 7, is
large, even a small deviation u’ from axisymmetry
may suffice to produce (from the By created by the
w-effect) the By; necessary to defeat Cowling’s theo-
rem. To achieve this, u and B are expanded in powers
of Rm~'/?, the leading terms being 7 s and By Then
u’ of order qu/z% induces from B, an asymmetric
B’ of order Rm71/21§¢ that in turn generates an emf

Es= (u' x B'), of order Rm™'B,. This is a source
that must be added to the right-hand side of [55a]. It
may maintain a meridional field By; of order Rm ™' By,
which is precisely the strength necessary to create B,
by the w-effect. This regenerative loop, By < By,
parallels the one that maintains a turbulent dynamo
in Section 8.03.5.2 below. To leading order,

E(p = Oégo‘l@ [57]

where v is O(Rm™ ") and can be calculated explicitly
from u’ and 7,4, though the recipe is rather compli-
cated. Soward (1972) showed how « is linked to the
helicity of u. After the source [57] has been inserted
into the right-hand side of [55a], Cowling’s theorem 1s
no longer a threat; self-excited B may exist and may be
found by solving [57a] and [57b] for B numerically, a
task that is far less challenging than integrating the 3D
induction equation [9] for B. Braginsky (1964a) suc-
cessfully solved three such axisymmetric models. One
of these even contains a dynamical element: the angu-
lar velocity §); of the inner core was determined from
the magnetic torque I', ; by solving the equation of
motion for the SIC (see [35b]).

Two features of Braginsky’s asymptotic analysis are
of special geophysical interest.  First, since
B'/By = O(Rm'/?)>>1, it might seem at first sight
that his expansion is geophysically irrelevant. Because
Rm>>1 however, the largest terms in his expansion of
B’ are frozen to the fluid and do not escape from the
core. In fact, B' = O(Rm 'B") = O(Rm'/*Byy), con-
sistent with the small alt of the centered dipole. Second,
as is clear from his generalization ( Braginsky, 1965b), u’
and B’ should be attributed mainly to large-scale, long-
itudinally moving planetary waves that ride on the
axisymmetric state #, and By, creating as they do so
the o that sustains By This attractive idea gives a new
significance to the westward drift of the observed geo-
magnetic field.

8.03.4.2 One-Dimensional Models

The existence of simple solutions of [9] satisfying the
dynamo condition was overlooked until 1973 when
Ponomarenko devised a 1D model, that is, one in
which u depends solely on one coordinate s and is
independent of ¢, z (and 7), so that [36] simplifies to

B = B (s) exp(umep + thz + At) [58a]

Cowling’s theorem demands that m# 0 and the 2D
field ADT that £ 0.
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In the model of Ponomarenko (1973), the conduc-
tor fills all space but is stationary outside a cylinder of
radius . The dynamo condition requires that By(s) is
exponentially small for s — co. Within C, u is a ‘solid-
body’ motion, that is, a motion that C can execute
even if solid. The velocity of C is helical, a combina-
ton of a uniform velocity U along the axis Oz and a
rotation about Oz with uniform angular velocity w:

swly + Ul if s <a
u= [58b]

0, if s>a

see Figure 8. If U= 0, the motion has no component
in the z-direction and the dynamo fails by the planar
velocity ADT. Clearly, there is an infinity of possible
models, distinguished by the value of p=a2/U
where —oo <p<oo. For p#0, the motion [58b] is
non-mirror-symmetric, the positive helicity of a
model with p>0 being mirrored by the negative
helicity of the model of opposite p.

The magnetic Reynolds number is defined as
Rm = tpaya/m, ey = VU +w?a?. The
eigenvalue problem for \(m, k) only requires that ordin-
ary differential equations for B,(s) be solved, and that
can be done analytcally, leading to a dispersion rela-
tionship for A that can be solved even on a pocket
calculator! As described in Section 8.03.3.3, the smallest
value of Rm for which Re(\)=0 is minimized over m
and # to give Rm, and, since Im(\.) # 0, the dynamo is
of AC type. The minimum of Rm, over |p| gives the
most efficient generator, and Rm.~ 17.7 for this model.

where

The Ponomarenko dynamo spawned a number of
similar ‘screw dynamos Léorat (1995), Lupian and
Shukurov (1992), Lupian ef a/. (1996), Ruzmaikin er al.

Figure 8 The Ponomarenko dynamo. The outer cylinder
represents a stationary conductor that fills all space, apart
from the central cylinder that moves in the spiral indicated.

(1988, 1989), Sokoloff er al. (1989), Solovyev (1985a,
1985b, 1987). Because of the infinite shear on s=g,
the Ponomarenko dynamo is fast (Gilbert, 1988).
Screw dynamos, in which the infinite shear is smoothed
out in a narrow layer, are also efficient generators but,
in the terminology of Section 8.03.3.3, they are ‘inter-
mediate’. A Ponomarenko-type dynamo of finite z-
length (Gailitis, 1990) developed into a homogeneous
dynamo successfully demonstrated in laboratory
experiments; see Chapter 8.11.

8.03.4.3 Two-Dimensional Models

As noted in Section 8.03.3.5, the 2D field ADT does
not exclude models driven by 2D motions, that is,
flows independent of one Cartesian coordinate, 2. For
these [46] simplifies to

B = B,(«x, y) exp(tkz + At) [59]

The 2D field ADT merely requires that £ # 0.
The earliest 2D model was the spatially periodic
dynamo of G. O. Roberts (1972), in which

u=1,siny+ 1,sinx+ 1,(cosx — cosy) [60a]

The projection onto an xy-plane of this flow is sketched
in Figure 9(a). There is, in addition to the x)-compo-
nents of motion shown, a z-component into (out of ) the
paper for each clockwise-turning (counterclockwise-
turning) ‘cell.  Although the model predates
Ponomarenko’s, each cell resembles a Ponomarenko
dynamo, adjacent cells moving in opposite z-directions
but having the same positive helicity H.

From the real part of [59], the xy-average of B at
t=01s

B = By(1,cos k2 + 1,sinkz), wherek >0 [60b]

It 1s exponentially stretched where it crosses the
dividing streamlines at the stagnation points shown
in Figure 9(a). This makes the motion [60a] an
efficient generator (Section 8.03.2.6). Strictly it is an
intermediate dynamo although it would be fast, but
for a logarithmic factor (Soward, 1987). It is the basis
of successful laboratory experiments demonstrating
homogeneous dynamo action (se¢ Chapter 8.11).
The way in which the flow [60a] generates B is
sketched in Figure 9(b), where three constant-z
‘decks” are shown spanning one-quarter of a
z-wavelength. On the ‘lower’ deck, the flow has an
‘upward’ component in the shaded patches and the
mean field (in the direction indicated) is ‘lifted
upwards’ and twisted by the ‘vertical’ vorticity so
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Figure 9 The G.O. Roberts dynamo. (a) The xy-projection of the periodic pattern of motion that fills all space. The flow also
has a component out of (into) the plane of the paper in the counter-clockwise-moving (clockwise-moving) cells; (b) the effect

of the motion on the mean field (see text).

that it is roughly in the direction Ox of the mean field
on the center deck. On the upper deck (z = 7/4k), the
flow has a ‘downward’ component in the unshaded
patches and the mean field (in the direction indi-
cated) 1s ‘depressed’ to the center deck and twisted
by the vorticity so that it too is roughly in the
x-direction of B. The same process reinforces B on
every z-section of the flow. The mean field [60b] is
helical, in the sense that V x B= —B; the current
helicity H; = B-V x B is negative, as is the mag-
netic helicity H = A-V x A= A - B.

In addition to [60a], Roberts (1972) investigated
three other dynamos driven by spatially periodic
flows (see also Roberts (1969) and Childress (1969a,
1970)). Since then there have been several other
studies of such systems, most recently by Tilgner
and Busse (1995), Zheligovsky and Galloway
(1998), and Demircan and Seehafer (2002).

The term 2D’ can be generalized to cover
motions ‘independent of one coordinate’, either z as
in the Cartesian 2D models described above, or ¢ as
in the spherical 2D dynamos described next. As noted
in Section 8.03.3.5, Cowling’s ADT does not exclude
models driven by axisymmetric motions u. For these
[46] simplifies to

B = B'(r, O)exp(um¢p + At) [61]

Cowling’s ADT merely requires that m# 0. When
Im(A.) # 0, the field [61] moves longitudinally as a
‘dynamo wave’, regenerating itself as it goes (see also
Section 8.03.5.2 below).

Although spherical 2D models were first proposed
more than four decades ago, perhaps the first convin-
cing model was that of Roberts (1971b), which was
solved numerically. It is driven by an adaptation of a

Cartesian periodic motion that forces it into a sphere
(see also Childress (1970)). A simpler flow was
employed by Gubbins (1973). Three models devised
by Dudley and James (1989) deserve special notice.
They explore symmetries with simple @ and have
proved useful in interpreting laboratory experiments
(see Chapter 8.11).

Gailias (1993, 1995) investigated several spherical
2D models, in which the conductor fills all space but is
stationary outside a sphere. Although electric currents
now leak into 7, the dynamo condition still imposes
[32]. Gailius made an interesting comparison between
two similar flows, one having helicity and one without
it. Both regenerated field but Rm. was much smaller
for the helical model. He concluded that ‘helicity is
favorable but not indispensible’ for dynamo action.

8.03.4.4 Three-Dimensional Models

When u depends on all three coordinates, separable
solutions of the form [58a], [59], or [61] do not exist,
so that [46] is the only simplification in solving [9].
We classify these ‘3D models’ as cylindrical,
Cartesian, or spherical.

The cylindrical 3D class consists of the models of
Lortz (1968). As for the Ponomarenko model, these
operate in a conductor filling all space. They capita-
lize on the effectiveness of helicity in field
generation, and they can be solved analytically.
They will not be described here. Their theory has
been developed most recently by Eltayeb and Loper
(1988), Lortz (1990), and Soward (1990).

The Cartesian 3D class is exemplified by Beltrami
motions, defined as those in which the flow u and the
vorticity @ = V x u are everywhere parallel, so that
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the helicity is maximal (i.e, |H| = |u| |@]; see Section
8.03.2.6). The G. O. Roberts dynamo [60a] is a 2D
Beltrami flow. A famous 3D example is the Arnold—
Beltrami—Childress or ABC flow, defined by

u=1,(Csinz+ Bcosy) + 1,(A4sin x + Ccos 2)
+ 1,(Bsiny + Acos x) [62]

Depending on the choice of the constants 4, B, and C,
this flow possesses chaotic streamlines (see Section
8.03.2.6) and may be a fast dynamo (see Galloway and
Frisch (1986)).

The earliest example of the 3D spherical class was
that of Herzenberg (1958). The first successful com-
putational models were those of Pekeris ez al. (1973)
and Kumar and Roberts (1975). The latter aimed at
comparing 3D models with corresponding 2D models
derived from Braginsky’s asymptotic
(Section 8.03.4.1). Four independent parameters
define this model, one for the zonal flow, one for
the meridional flow, and two for the asymmetric
(poloidal) flow. This 4D parameter space has been
thoroughly investigated in papers by Gubbins ez 4/.
(2000a, 2000b), Gubbins and Gibbons (2002), Holme
(1997), Love and Gubbins (1996a, 1996b), Sarson and
Gubbins (1996). They found few regenerating solu-
tions, prompting Gubbins ¢z 2. (2000a) to opine that
“Dynamo action might, therefore, be quite unusual,
at least for a large-scale flow.” The particular case in
which the zonal flow parameter is zero, led to the
successful poloidal field model referred to in Section
8.03.3.5 (see Love and Gubbins (1996a)).

T'wo further issues about spherical kinematic models
should be mentioned. The first concerns the paradoxical
result of Bullard and Gubbins (1977): it appeared that,
contrary to intuition, R, can be reduced by bringing to
rest the outermost layer of fluid (see also Liao er .
(2005), Sarson and Gubbins (1996), Serebrianya
(1988)). This enhancement of dynamo action is wel-
come news for those who believe on other grounds that
the uppermost layers of the FOC are stably stratified
(see, eg, Braginsky (1984) and Moftatt and Loper
(1994)). The reduction of Rm. is atributed by
Hutcheson and Gubbins (1994) to the diffusion (into
the stagnant layer) of toroidal field that would otherwise
concentrate more intensely near the boundary and pro-
duce a larger ohmic loss. Some laboratory dynamos also
make use of stagnant surroundings to make field regen-
eration easier; se¢e Chapter 8.11.

The second issue concerns a case in which even [46]
does not apply: dynamos driven by time-dependent,
periodic u, such as those produced by precessional

analysis

forcing. Then B oscillates within an envelope that
grows or diminishes in amplitude, corresponding respec-
tively to regeneration or nonregeneration; Floquet
theory can decide which. (See Willis and Gubbins
(2004), who study a model in which u has the same
spatial form as the Kumar—Roberts dynamo but oscil-
lates sinusoidally in time.) The success of the Backus
(1958) dynamo depended on the choice of a time-depen-
dent u that is periodic but far from sinusoidal.

8.03.5 Turbulent Dynamos

8.03.5.1 Induction by Cyclonic Turbulence

The importance of helicity in promoting dynamo
action was first realized by Parker (1955) in the context
of solar magnetism. He argued that Coriolis forces
make solar turbulence ‘cyclonic’. He visualized that,
through the process idealized in Section 8.03.2.6, each
turbulent eddy generates a flux loop in the plane
perpendicular to the inducing field (represented by
the flux rope in Figure 5). He pointed out that a
large-scale mean field b is then produced in that
plane through the diffusive merging of each loop
with those created by neighboring cyclonic eddies.
Similarly in spherical geometry, a mean zonal field
B, induces a mean meridional field By, leaving the
w-effect to complete the regenerative cycle By < By
and so defeat Cowling’s theorem.

In cyclonic turbulence, the helicity is positive, and
each induced flux loop encircles its parent flux rope in
the left-handed sense so that the associated electric
current j is antiparallel to the flux rope, and the sum
B(=B;+Db) of the induced and inducing fields has
negative current helicity Hy= p,J - B. Positive Hj is
produced by anticyclonic turbulence. This heuristic
description of Parker’s idea relies on Alfvén’s theorem,
and this is appropriate if the magnetic Reynolds num-
ber Rm' of the turbulence is large. To show more
formally that helicity acts in a similar way for all Rw',
we represent turbulent fields traditionally as
u=1u+u’, where u is the turbulent (ensemble) average
of u and v’ is the fluctuating remnant. This notation
will apply in this subsection even though it conflicts
with that of Sections 8.03.3 and 8.03.4, where u and u’
were the axisymmetric and asymmetric parts of u. No
confusion should arise; in fact, some parallels with
Section 8.03.4 may emerge more clearly. In the follow-
L~ oy, T,= LU,
’Z_',] = L?/n, and U are characteristic of @, while £’
T'(=L'/U), T',=L"?/n, and U = Vu'? are

ing qualitative arguments,
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characteristic of u’; the corresponding magnetic
Reynolds  numbers are Rm=UL/n and
Rm' =U'L"/n.

Substitution of u=u+u’ and B=B+B’ into
[6e] and averaging leads to

nWWxB=E+uxB+£& [63a]
where
E=u xB [63D]

Attention focuses on the new term € in the Ohms law
[63a] for the mean field B. Out of the recognition of
the existence and importance of this term, a new
subject was born, ‘mean field electrodynamics’ or
‘MFE’. To evaluate &, it is necessary to find, or at
least evaluate approximately, the solution of the
equation governing B’. This equation is derived

from [6e] and [63a] by subtraction:
nVxB =E +u xB+uxB +&  [63]

(The possibility that a dynamo operates with B’
alone, that is, from solutions of [63¢| with B=0, is
irrelevant to MFE and is not considered here.)

Consider induction by homogeneous turbulence,
that 1s, turbulence whose statistical properties are
the same for all points x so that, for example, the
correlation between the velocity at two different
points depends only on 7 and their separation X,
that is,

Q (%, 1) =v; (x, ) (%1 +x, 1) =0 ;i(—x, 1) [64]

is independent of x;; similarly, u is constant, assumed
zero by choice of reference frame. Suppose that
Rm" < 1. Two simplifications are immediate. First,
the emfu’ x B produces a field at most of order Rm'B
and this in turn creates a contribution to £’ of order
Rm'u’ x B which is negligible compared with u’ x B
in [63c]. We may therefore set £ =0, a step usually
called ‘first-order smoothing’ and here justified.
Second, we recall from Section 8.03.2.6 that, when
Rm' <1,V x E' =0 to leading order. By [10b], [12],
and [63c]|, we therefore have

nV'B'=v-VB-B-Vu [65]

The sources of B’ on the right-hand side of [65] make
two contributions to &:

® The first source creates B" of order L'Rm'VB.
This generates an O(nRm'*VB) part of £ that may be
written as EEI) = —B;iV;By, where 3;; depends only
on the symmetric part O 1(;) =1 (Q it Q];) of Q ;.

If the turbulence is isotropic, that is, has statistical
properties independent of direction, 3, = B¢;; with
(3>0. Then €= —£V x B and, if this term is trans-
ferred to the left-hand side of [62a], it is immediately
seen that its effect on B is purely diffusive, just as
though the molecular diffusivity 7 were enhanced by
a turbulent diffusivity 3 of order U'*7",,

® The second source in [65] creates B’ of order
Rm'B. This generates an O(U'Rm'B) part of £ that
may be written as ;" = «;;B; where a;;depends only
on the antisymmetric part QE;) =10 -0,
of Q j;. The classic theory of turbulence supposes
mirror symmetry, which means that its statistical
properties are unchanged by the coordinate reflec-
tion x——x, so that Q{’=0, by [64]. Cyclonic
turbulence lacks mirror symmetry and Q (¥ #0.
The simplest case is ‘pseudoisotropic turbulence’,
which is statistically independent of direction, but
possesses mean helicity /=1u’-@". Then a;;= b,
and €= aB, where a = O(47",)). In agreement with
the earlier heuristic arguments, & and 4 usually have
opposite signs.

Summarizing the discussion so far, we have found
that

E{ = a,-/-B]‘ - BMV/B/@ [663]
or in the isotropic case
E=aB- GV xB [66b]

The creation of the large-scale emf aB parallel to B
is called the a-effect, for no better reason than the
choice made by Steenbeck e a/. (1966) for the con-
stant of proportionality. The a-effect is a classic
example of ‘inverse cascade’ or what is sometimes
called an ‘up-the-spectrum process’, where the
small scales are not merely an energy sink for the
large scales.

The case Rm" <1 is the easiest to analyze but the
least interesting since € has little effect on B; for
example, the turbulent diffusivity B is of order

2

u' Ty, = Rm'_ m < 1. A more interesting and more
challenging case is Rm'>> 1. It is more interesting
because € in [63a] now plays a very significant
role in the electrodynamics. It is more challenging
because there is no simple route to [66]; indeed, [66]
is an oversimplification and first-order smoothing
is unjustified. On the assumption that [66] is
nevertheless an acceptable approximation, it is
often argued that, because of fast reconnection
(Section 8.03.2.3), o and [ are independent of
7. Replacing therefore 7, by 7 in the small Rm’



Theory of the Geodynamo 91

estimates for o and 3, we obtain o = O(h7,) and
B=0U"T,)=0UL) > n The diffusive
timescale of B is £?/[3 rather than £ /7. In the case
of the Sun, £?/n may be billions of years but the
turbulence is so violent that £ /3 may be the decadal
tumescale of magnetic activity, the time during which
the Sun cleanses itself of old flux and makes new
reversed flux. The dynamo efficiency, E, defined by
[44a], is plausibly reduced by a factor of order n/3 by
the ohmic losses of the turbulence. In order of mag-
nitude, the ratio aB/BV x B of the two sources on
the right-hand sides of [66] is aL/B = O(hL/U'?).
Because £ < L, the first dominates the second if 4
takes its maximum possible value of order U'*/L".
Even a helicity much smaller than this maximum can
create a significant a-effect when Rm' > 1.

The form of [66b] of € relies on the (pseudo)
isotropy of the turbulence and ignores significant
questions, such as how Q%@ can be created and main-
tained. Although the a-effect and helicity arise
naturally in rotating convective turbulence, Coriolis
and buoyancy forces, together with the Lorentz
forces from the B created by the dynamo, make the
turbulence nonisotropic, possibly strongly  so.
Generally [66a] is more realistic than [66b], but
modelers have often preferred the simpler choice
because it contains the essence, while involving
fewer ad hoc parameters. (But see, e.g, Krause and
Ridler (1980), Roberts (1972), Tilgner (2004)).

This discussion of MFE merely touches
the fringes of what has become a massive subject.
Further details can be found in Krause and
Ridler (1980), Moffatt (1978), and Riidiger and
Hollerbach (2004).

8.03.5.2 Mean Field Dynamos

The impact of MFE and especially the a-effect has
been enormous, particularly in astrophysics. In
exploring a tiny fraction of what has been done, we
shall revert to the notation of Section 8.03.4 in which
u and u’ are the axisymmetric and asymmetric parts
of u, but where now u(=u-+u’) is the statistical
mean of the velocity; similarly for B. We adopt the
simpler [66b] of the two expressions for the emf.
This, combined with [63a] and the ensemble
averages of [1b] and [lc], gives the simplest form of
the ‘MF induction equation’:

9,B=V x (aB +u x B) +7V’B [67]

where 7 =m0+ 3. Self-sustaining solutions satisfying
the dynamo conditions are called ‘mean field
dynamos’ or ‘MF dynamos’. These have been prof-
fered as models of planetary, stellar, and galactic
magnetism.

The additional source aB in [67] means that
Cowling’s theorem (Section 8.03.3.5) does not pre-
vent B from having an axisymmetric part B. We
concentrate mainly on this part, using the represen-
tation [37] and obtaining, in place of [55],

6,/71(,; + J'fll_lM . V(Izig) = ﬁAEé + aE,/) [683]
a,l?@ + .fﬁM N V(I71§¢) = f]AEQ + IBM : VC - OCAEQ [68b]

As already noted in Section 8.03.2.6, dynamical con-
siderations favor the equatorial symmetry

(—2) = u(z)

iy(—2) = s(2),  #(-2) = —a:(2)

Q
—
|
n
&
I
|
Q
—
3
&
N

[69a]

applying for each «. In this case there are two distinct
types of solutions:

dipole family: Ef(fz) =
Eﬂj(*z) = 7E¢7(Z)7 _2(7Z) = B.(z)

quadrupole family:  B,(—z) = B,(z2),
By(-2) = By(s), B o)= B(s) %

These imply Ay(—z)=Ay(2) for the dipolar family
and Ay(—z)=—Ay(z) for the quadrupolar family.
When [69a] does not hold, the solutions must gen-
erally involve both symmetry types.

The concept of equatorial symmetry applies to
general B after the overbars have been removed
from [69] and the MHD equations again allow solu-
tions of a single parity provided u(—x) = —u(x). To
avoid confusion, however, the words ‘dipolar’ and
‘quadrupolar’ are usually then replaced by ‘antisym-
metric’ and ‘symmetric’, respectively, since the
equatorial dipole actually belongs to the symmetric
family. There has been considerable interest in the
equatorial symmetry of the paleofield (see Merrill
et al. (1996)).

Both the final term in [68a] and at least one of the
last two terms in [68b] are needed to maintain B. We
first suppose that uyy 1s negligible or zero. There are
three possibilities:

® If o> u,, the a-effect provides the dominating
source in [68b] and creates from A, a zonal field of
strength By= O(Rm,A,/L), where Rm,=aLl/7 is
the a-effect Reynolds number; the a-source in
[68a] produces As= O(Rm,BysL) from B, Clearly
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regeneration requires that Rm, exceeds some critical
value Rm,.. Such a dynamo, that operates through
the ‘product’ of two a-effects, is called an o’-
dynamo.

® Ifi,> o, the w-effect provides the dominating
source in [68b] and creates from Ay a zonal field of
strength By = O (Rmgp AsL), Where Rmg=C(L7/7) is
the w-effect Reynolds number. The a-source in
[68a] produces Ay = O(Rm,By L) from By, as before.
Clearly, regeneration requires that the ‘dynamo
number’, D = Rm,Rmgy = aCL’ /7, exceeds some cri-
tical value D.. Such a dynamo, that operates through
the ‘product’ of a- and w-effects, is called an aw-
dynamo.

® If a~ g, the two sources in [68b] are equally
effective and must be retained, giving an o w-
dynamo. This less-studied case will not be consid-
ered here.

Many solutions of each type have been generated.
The a’-dynamos satisfy [67] with u=0, and are
usually of DC type. This is so for the very simple
spherical solutions that exists when « (50) is a con-
stant. These can be readily found by the technique of
Section 8.03.3.2, which applied to [67] gives

o, T =qV*T — aV*s [70a]
0,8 =qVS+aT [70b]

Marginal solutions are of DC type and satisfy (in
nondimensional variables) V2 T4 Rmi . T=0, where
Rmy, = ar,/1. Instead of [42c| and [42d], we have

T = Rmac/;z(Rmacr) Yn(ev ¢) [70C]

S= [/;(Rmacr) - Cnr”} Yﬂ(07 ¢) [70d]

If C, = Rmgejh(Rmae /(224 1) and j,(Rm,,.) =0, the
dynamo condition [40] is satisfied. Again »=1 is the
critical mode and Rm,.=4.493. This constant-c
model does not satisfy the symmetry condition [69a].

The aw-dynamos are usually of AC type, and
involve a particularly interesting phenomenon: the
‘dynamo wave’. Parker, who invented the aw-
dynamo, also exhibited dynamo waves for the first
tme using a simple planar model in which the
a-effect creates B,(y, N1, from B.(y, 7)1, and a shear-
ing motion (xl. does the reverse; a and ( are
constants. Equation [67] gives

0,B, = 70} B, + a0, B. [71a]

0,B. = 70} B. + B, [71b]

These equations admit solutions of the form

B ocexpli(ky —wr)] 71
provided that

(1w - 7¥)* = 1aCk [71d]

Only one root of this equation can be regenera-
tive, namely

1/2
w= —mk - (%\a(/d) [sgn(aCk) —1] [71€]

This gives growing B if Im(w)>0, that is, if
D>D.=2, where D= |aCk*|/7 is the dynamo
number. In the critical state D= D,, the frequency
w[= —7k? sgn (k)] is nonzero, so the dynamo is of
AC type. Magnetic activity progresses as a wave
moving with phase velocity —7|4|sgn(a()1,. As in
Section 8.03.2.6, the drift speed U/, of B relative to the
conductor is of order 1/ L, where L is the wavelength.

Parker (1957) used dynamo waves to explain the
solar activity cycle, which progresses from the poles
of the Sun to its equator. The timescale is consistent
with its 22-year period provided 3 is sufficiently
large, so that 7, is sufficiently small (see Section
8.03.5.1). Parker visualized that (x, y, 2) in the planar
model correspond to (7, 6, ¢), in that order, for
spherical aw-dynamos. The planar model then indi-
cates that, if (<0 and if @>0 in the Northern
Hemisphere, a dynamo wave originating near the
north pole will progress toward the equator. The
symmetry conditions [69a] show that one starting
near the south pole will also move toward the
equator. Subsequently, numerous integrations of
[67] in spherical geometry confirmed this (see, e.g.,
P.H. Roberts (1972). More recently, as mentioned in
Section 8.03.4.4, Gubbins and Gibbons (2002) found
similar solutions in a 3D kinematic model. As Section
8.03.2.6 has shown, a>0 (a<0) in the Northern
(Southern) Hemisphere is plausible, but advances in
helioseismology did not support ¢ <0, and this led to
the abandonment of Parker’s model of the solar cycle
in the simple form in which he originally conceived
it. Dynamo waves may nevertheless be significant for
the geodynamo (Section 8.03.6.3). In the 3D MHD
geodynamo simulation of Glatzmaier and Roberts
(1996a), waves of magnetic activity progress west-
ward through the core even though the fluid itself,
together with the SIC, moves predominantly east-
ward. [t is tempting to believe that these are dynamo
waves, responsible for maintaining the &4 that the
dynamo requires, the relative motion of field and
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conductor being the resistive drift /£ described in
Section 803.2.6. This might explain both the
observed geomagnetic westward drift of magnetic
features across the CMB and the seismically inferred
(if controversial) eastward motion of the SIC. This
discussion of the - and aw-models has so far sup-
posed that Gy =0. We now consider awm-dynamos
in which uy; # 0. It was observed in Section 8.03.3.5
that uy; advects 1% and E(ﬁ but does not enable them
to defeat Cowling’s theorem. Nevertheless, ty; can
change the character of MF dynamos by carrying B,
to regions where the a-source is particularly effec-
tive, and by advecting A, to places where the w-effect
1s especially potent, or it can do the reverse. This can
reduce or increase D, considerably and can turn the
dynamo from AC to DC type. This is what happens
to the Braginsky models described in Section 8.03.4.1.
These do not create a at a point through helical
turbulence in the neighborhood of that point
Instead, they produce a through the helicity of pla-
netary waves of global scale. Nevertheless, they are
MF dynamos, where the M refers to an average
over ¢. As shown in [56], their a-effect 1s confined
to the production of Ay, so they are aw-dynamos or
more precisely awm-dynamos, since uyy 1s large
enough and of the right sign to reduce D, signifi-
cantly and to create a steady B.

Some vestiges of Cowling’s theorem infect models
based on [66b]. As pointed out in Section 8.03.3.5,
every regenerative B has at least one singular latitude
circle C, in V or on S, where Byy=0 and only
ineligible, infinite @ can maintain B. Cowling’s argu-
ment also excludes MF dynamos based on [66b] that
have a singular C on any zero-« surface, such as the
equatorial plane for the symmetry [69a]. This means
that not only B of the quadrupolar family [69¢] but
also B of the dipole family [69b] must possess at least
two singular C, one in each hemisphere. This tends to
make each hemisphere act as a dynamo, indepen-
dently of the other, so that reversing the sign of B
in one hemisphere almost creates an acceptable solu-
tion of the opposite symmetry. This means that R,
for az—dynamos, or D, for cw-dynamos, is numeri-
cally nearly the same for one symmetry as for the
other (see also Proctor (1977b)). The more general
MF dynamos based on [66a] can in principle main-
tain the Ey(—z)=—Ey(z) symmetry of the dipole
family without excluding C from the equatorial
plane.

The reversals produced by the AC models are on
far too short a timescale to be relevant to the polarity
reversals of the geomagnetic field, which are much

more likely to have a dynamic than a kinematic
cause. Some of the DC models create B remarkably
similar to those produced by 3D MHD geodynamo
simulations. Perhaps this is not too surprising since
(even though this tends to be hidden beneath its
greater complexity) an MHD model must still create
an &, large enough to sustain the axisymmetric part

of its field.

8.03.5.3 Saturation: Intermediate Models

Nonlinear generalizations of MF dynamos provide
comparatively simple ways of exploring dynamical
issues. By assigning a, Cowling’s theorem is defeated
and the collapse of B is prevented, leaving the inves-
tigator free to study nonlinear processes such as
‘saturation’, in which the Lorentz force equilibrates
B at some statistically constant amplitude.

The only mechanism that can equilibrate an
o’-dynamo is a B-dependent . The heuristic dis-
cussion of Parker’s a-effect in Section 8.03.2.6 makes
it clear that the larger the B in the flux tube, the more
it will resist deformation by a cyclonic eddy. This
motivates the commonly used but a4 hoc Ansatz

ao(X)

o= W (By = constant) [72]

Additionally, it is reasonable to include a dependence
of v on the current helicity Hj, in recognition of the
decreased angle through which the €2 in Figure 5(a)
is turned by w when B is increased (Roberts, 1971a).
The question of whether the full B or its statistical
mean should feature in [72] is of considerable interest
in solar physics and astrophysics but is probably less
significant for the geodynamo (see Section 8.03.5.4).

Nonlinear aw-models can saturate by a different
route: B-dependence of the w-effect. The energy
source powering these dynamos is usually assumed
to be pole-equator temperature differences produced
by convection. In a rotating system this creates a
thermal wind, #r(s, 2)1, (see Section 8.03.6.2). In
addition, Lorentz and viscous forces make two other
contributions to the w-effect a magnetic wind
u\(s, 2)1, of order ]:%é/ZQ,uo,orC that tends to suppress
the zonal differential rotation, and a geostrophic wind
ui(5)1, that depends only on distance s from the polar
axis (and 7) (see Section 8.03.6.2). In total,

iy = uwr(s, 2) + am(s, 2) + ic(s) [73]

Because the a-effect and thermal wind are specified,
. 2
these 2D, nonlinear «°- and aw-models cannot
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properly be called ‘MHD dynamos’ but, as they take an
important step in that direction, they are often termed
‘intermediate dynamos’. No attempt will be made here
to review the, by now, extensive literature on inter-
mediate dynamo models; interested readers will find
Soward (1991) and Ridiger and Hollerbach (2004)
informative. Despite significant progress, perplexing
issues remain unresolved, a state of affairs that is unli-
kely to improve quickly now that fully 3D MHD
geodynamo simulations have become commonplace.

8.03.5.4 Application of MFE to the Core

In analogy with the name traditionally given to
Pr=v/k, the diffusivity ratios

Pm=v/n [74a]
Pk =k/n [74b]
P6 =6/ [74c]

where v is the kinematic viscosity, & is the thermal
diffusivity, and ¢ is the compositional diffusivity,
are often called ‘Prandtd numbers’. Since the FOC
is a liquid metal, Pm and Pk are small, of
order 107 °~10°, and P is even smaller, of order
107'°-107". In most laboratory experiments with
liquid metals, Rm < 1 so that EM induction is weak
(Section 8.03.2.6). For the FOC, Rm= 0(10°), so that
the kinetic Reynolds number Re=U L/v and the
Péclet number Pe=U L/k are of order 10’-10°. Tt
can hardly be doubted therefore that the FOC is
highly turbulent and that the molecular transport of
momentum, heat, and composition are, except on
tny dissipation scales, negligible compared with
their turbulent transport. Because 7 is so large com-
pared with v, , and 9, it is far from obvious that the
turbulent transport of magnetic flux similarly dwarfs
its molecular diffusion. Plausibly, the magnetic
energy spectrum tails off with increasing wave num-
ber k as £ ''/?, that is, much more rapidly than the
k3 expected for the kinetic and internal energy
spectra. Therefore, considering R to be a function of
L, the turbulence in the range Rm' <1 rides on a
comparatively smooth background field B.

A rough assessment of the importance of the turbu-
lent transport of large-scale magnetic flux in the
Earth’s core follows from [63a] and [63b], which
imply that 7 is increased to H=n+ 3 and ’2_',,, is
correspondingly reduced, as argued above. No charac-
teristic of the observed geomagnetic field demands this.
For example, paleomagnetism profters no compelling

evidence that the duration of a polarity reversal is
significantly shorter than £°/7n. This suggests that,
unlike the Sun, 3 is not large compared with 7, though
conceivably they are comparable. By omitting £ from
[63a], one is asserting that the geodynamo is driven by
motions and waves of global scale, and that MFE is
irrelevant. Even if this atttude is simplistic, omitting
turbulent a- and S-effects from core electrodynamics
is arguably far less significant than many other geo-
physical uncertainties that beset the theory, and 1s
much less serious than the inadequate way that the
transport of momentum, heat and composition by the
turbulence is currently handled.

8.03.6 MHD Dynamos

8.03.6.1 Basic Equations and Boundary
Conditions

The aim of this section is to survey the basics of
MHD dynamo theory. The addition of the equations
of fluid dynamics is a major step demanding more
than a greater computational committment; it
requires also a deeper insight when interpreting the
results of numerical work. The discussion will focus
on convective dynamos in which u obeys

Ou+u-Vu+2Q xu=-VII-~4Tg+]J xB/p
+ vViu [75]

This is the usual Navier—Stokes equation for a rotat-
ing Boussinesq fluid with an added Lorentz force. In
the Boussinesq approximation p is uniform, so that
mass conservation reduces to the condition [12] of
incompressibility. Momentum conservation [75] is
expressed in the reference frame that co-rotates
with the mantle, at a constant angular velocity €.
The resulting Coriolis acceleration, 2Q X u, appears
on the left-hand side of [75]. The centrifugal accel-
eration, Q x (Q X x), has been combined with the
kinetic pressure, P, to form the ‘reduced pressure’,
=Pr/p—1(Qx x)’. The last two terms in [75]

represent the Lzorentz and viscous forces per unit
mass. The buoyancy force per unit mass is —y7g,
where T'is the temperature, 7y is the thermal expan-
sion coefficient, and g 1is the gravitational
acceleration. Compositional buoyancy is ignored.
Most MHD geodynamo simulations are based on
[12] and [75], although a geophysically more realistic
approach was initiated by Glatzmaier and Roberts
(1996a), whose simulations used the anelastic theory
of Braginsky and Roberts (1995).



Theory of the Geodynamo 95

The temperature is governed by an energy equa-
tion of the form

O, T+u-VT =rV’'T+q/pC, [76]

where ¢ comprises three heat sources: = ¢* + ¢ + ¢”.
Here ¢® arises from internal sources, if any, such as
dissolved radioactivity and ¢” (= pvd;;d;) is the viscous
dissipation rate per unit volume and C, is the specific
heat at constant pressure. Usually, and here, ¢* and 47
are omitted from ¢, and ¢ is required to drive convec-
tion only when the SIC is ignored.

The conditions for B derived in Sections 8.03.2.1
and 8.03.3.2 are supplemented by boundary condi-
tions on u and 7. Often selected are

u=0 [77a]
} on the CMB

T=T, [77b]

u=20 [77¢]
} on the ICB

T =T, [77d]

where T, and T; (>T) are constants; 1;— T, will be
denoted by AT. Because of its small moments of
inertia, the SIC responds readily to torques exerted
by the mantle and FOC, but for simplicity €; = 0 has
been assumed in [77c|. When viscous forces are
ignored, the differential order of [75] 1s reduced,
and it is possible to satisfy only one scalar condition
on u at the boundaries; [77a] and [77c] are then
replaced by

n-u=0, onthe CMB and ICB forv =0 [77€]

T'wo nondimensional parameters are commonly used
in describing convection, the ‘Rayleigh number’, Ra
and the (thermal) ‘Prandd number’, Pr:

Ra = gByLY vk [78a]
Pr=v/k [78b]

Here 3 1s typical of the applied temperature gradient,
for example, 3= AT/(r.— 1) or 3= ¢"r./pC,x. The
Rayleigh number 1s a measure of how effective the
buoyancy force is in overcoming the diffusive pro-
cesses that oppose convection.

A popular way to gain insight into convective
processes, popular because the theory is relatively
tractable, is to study the onset of convection. A
motionless ‘conductive state’ is defined in which
heat is carried across the system by thermal conduc-
tion; the linear stability of this state 1s then analyzed.
It is found that when the ‘control parameter’, Ra,

reaches some ‘critical’ or ‘marginal’ value, Ra,, the
conduction solution becomes convectively unstable.
The eigenfunction corresponding to Ra. gives the
structure of the marginal state. In the absence of
Coriolis and Lorentz forces, Ra. is typically of
order 10’ and the marginal mode is a pattern
of overturning convection cells, each having about
the same horizontal scale as the depth of the fluid.

While studies of this type provide some insight
into convective flows, they clearly have limited
value. They predict that, when Rz > Ra,, the convec-
tive motions increase without limit, though in reality
the nonlinearities u-Vu and J x B/p in [75], pre-
vents this and cause the solution to ‘saturate’. The
enhanced amplitudes and modified structure of the
convective motions as Rz is increased beyond Ra, are
topics beyond the scope of this chapter. We shall use
the results of linear theory to obtain clues about how
Coriolis and Lorentz forces affect thermal
convection.

8.03.6.2 Classical Theory of Rotating Fluids

In this subsection we shall suppose that B=0; at first
we exclude buoyancy too (g=0). We give a rudimen-
tary account of relevant concepts in the theory of
rotating fluids. For a more complete treatment, see
the classic text of Greenspan (1968).

Two dimensionless numbers quantify the impor-
tance of viscosity and inertia relative to the Coriolis
force, the ‘Ekman number’, £, and the ‘Rossby num-
ber’, Ro:

E=v/QL? [79a]
Ro=U/QL [79b]

The molecular viscosity, vy, of the FOC is uncertain
but is commonly estimated to be about 10~ °m?s ™",
Then taking £=2x10°m, we obtain E~10"".
Such a small value suggests that large-scale momen-
tum is transported more effectively by small
turbulent eddies than by molecular diffusion, and
that £ should be estimated using a larger, turbulent
viscosity, V. A popular paradigm (see, e.g., Braginsky
and Meytlis (1990)) assumes that v~ 1, but even
then £ does not exceed 10~ Taking/ =2 x 10 *m
s, we have Ro~ 10", From these estimates, we see
that the FOC is a ‘rapidly rotating fluid’, if defined as
one for which

E< 1 [79¢]

Ro < 1 [79d]
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For the geodynamo to exist, Rm=U L/n must be of
order 10% and, since Re=Ro/Pm and Pm < 1, it
follows that Re>> 1. Because £=Ro/Re, [79¢] is a
consequence of [79d]. The smallness of Ro suggests
that we may discard one of the inertial terms, u - Vu,
from [75]. Looking ahead to Section 8.03.6.3, we shall
recognize that the main nonlinear feedback equili-
brating the geodynamo is the Lorentz force and not
the inertial force.

The remaining inertial term, O,u, in [75] is
responsible for ‘inertial waves’. These are most easily
studied by abbreviating [75] to

Ou+2Q xu=-VII [80]

by assuming that u is proportional to exp(zw?), and by
solving this equation and [12] subject to [77¢]. The
waves are dispersive; the spectrum of possible w is
discrete, with infinitely many possible eigenvalues w,
all in the range |@| < 2€ (see Greenspan (1968)). The
closer |w| is to zero, the denser the packing of eigen-
values and the more 2D the eigenfunctions are with
respect to = Q1. The extreme case, w =0, gives a
single, infinitely degenerate eigenfunction called the
‘geostrophic mode’. For this mode, Q=0 and [12]
and [80] give

2Q-Vu=0 [81a]
that is,
u=u(x, y, 1) [81b)]
Stated in words:

Proudman—"Taylor theorem: The slow steady motion of a
rotating inviscid fluid is 2D with respect to the rotation axis.

Since the CMB and ICB are assumed spherical, [77¢]
and [81b] imply

u:ﬁG(y,t)la [81C]

The function ug(s, #) is arbitrary; this is the infinite
degeneracy referred to above. The ‘geostrophic flow’
Ug 1s axisymmetric, zonal, and constant on ‘geos-
trophic cylinders’, C(s). These are cylinders of
constant radius s. Figure 10 shows a typical geos-
trophic cylinder and also a particularly significant
one, C;=C(r;), that touches the SIC on its equator
and is therefore called the ‘tangent cylinder’. The
arbitrariness of ug expresses the fact that the
Coriolis force created by g is ineffective, because
2Q xug =VY, where Y= -2 [ig(s,1)ds.
Thus, the Coriolis force can be absorbed into VII.
This means that, for v =0, each geostrophic cylinder
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Figure 10 Geostrophic cylinders. A meridional section
of the core is shown. One geostrophic cylinder, C(s), of
radius s >r;, appears in cross-section as two lines parallel to

Oz of length 2z4, where z; = | /r,.2 — s2. The tangent

cylinder, C;, is also shown; this is the geostrophic cylinder
of radius r; that touches the SIC on its equator.

can turn about its axis Oz without disturbing, or
being disturbed by, its neighbors.

Consider next the dynamical effect of a buoyancy
force produced by an axisymmetric temperature dis-
tribution 7' The steady linearized inviscid form of
[81] 1s then

2Qxua=-VII-~Tg [82a]
Since V x g = 0, this implies, in place of [81a]
2Q-Va= —4gx VT [82b]

Because g(= —gl,) is radial, this reduces to 0.4, =
(g7v/2Q7)0y T, which integrates to

u = [ar(s, 2) + 46(5)]1, [82(]

The flow #y 1s called the ‘thermal wind’. Its magnitude
is O(gy6'T/Q) and, if this is comparable with the
assumed characteristic velocity U =2x 107" m s/,
the pole-equator temperature difference 07" is of
order 10~ *K for v~ 107" K" This may be regarded
as typical of the temperature differences between rising
and falling convecting streams in the core though,
more precisely, when the compressibility of the core
is properly allowed for, it is typical of the excess or
deficit of the temperature relative to the adiabat.
There is clearly some arbitrariness in [82¢], since
all or any part of #g can be absorbed into #y. A
convenient way of removing this arbitrariness is to
introduce a ‘geostrophic average’. The geostrophic
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average of a scalar field Q(x,7) is denoted here by
angle brackets and is defined for s > R; by:

1
(0 ) (s, A(y / 0 (x, 1)
L TR [83]

ZZI —z

Here +2(s) = + — 52 are the z-coordinates of
the latitude circles where the geostrophic cylinder C(s)
meets the CMB, 4 = 47z () is the area of the cylin-
der, and dS =sd¢dz (see Figure 10). The
‘ageostrophic part’ of Q(x,7) is what is left over after
the geostrophic part has been subtracted: O (x,7) =
0 (x,7) = (Q )(s, r). The geostrophic part of a vector
field Q(x,7) is defined from its zonal component by
(Q)(s,1) = (Qy)(s5,1)14. These definitions apply
only when s >7; Inside the TC, there is a geostrophic
average for the fluid to the north of the SIC and
another for the fluid to the south, but we shall often
avoid this complication by ignoring the SIC entirely.
The separaton [82c] is made unique by defining
u; = (u). It is particularly significant because the z-
component, psi,, of the angular momentum density
of u is carried by (u) alone (Greenspan, 1968).

The thermal wind is illustrative of a more general
situation: the response of a rotating fluid to forcing.
Ignoring the u - Vu part of the inertial acceleration,

[75] has the form
Ou+2Qxu=-VII+F [84a]

where F(x,7) is the forcing and the response u is
sought. There are interesting cases in which the for-
cing has a high frequency. For example, a
precessionally driven flow has the same diurnal time-
scale as the inertial waves. Also, diurnal frequencies
may arise from core turbulence. But, on the timescale
T of large-scale convection, the modified Rossby
number, 1/Q7, is small. The response of u to F is
then a combination of ‘free’ inertial waves (the solu-
tion to the homogeneous part [80] of [84]), and a
particular solution that varies slowly, on the same
timescale as F. This is the part of u of greatest inter-
est; the free inertial waves are of lesser significance
and can be ‘filtered out’ by discarding the O term in
[83a], so dispensing with the inertial force entirely.

Discarding Oa is tempting but dangerous. The
geostrophic average of [84a] is

Ostig + 2Qu,) = <FO> [84b]

By definition, the second term is proportional to the
mass flux across, and out of, C. By [77¢], the mass flux

C(s)

\_‘_/g(s)

Figure 11 Spherical caps, N (s) and S(s), on the CMB
provide the ends of the geostrophic cylinder C(s). The
volume enclosed by S = C(s) + N(s) + S(s) is denoted by
V(s) in the text. (for simplicity, the existence of the SIC is
ignored in the figure).

through the spherical caps, N(s) and S(s) is zero (see
Figure 11). Therefore, denoting by V(s) the volume
surrounded by the surface §=C(s) + N (s) + S(s), we

have

(u.r>514gﬂ/c(f)u~ds—/§l(lﬂ£.u-ds

1
= V-udl/ =0 [84c
A(s) /v(;) [B4c]

by [12]. Equation [83b] therefore simplifies to

O = (Fy) [84d]

If we discard the inertial term Ou in [84a], we also
remove O,Ug in [84d] and obtain a contradiction unless
<F¢> =0. When F is the buoyancy force —Tg
alone, <FO> = 0 because g has no ¢-component. If F
contains the Lorentz force, however, it is not necessa-
rily true that <F¢> = 0, a point to which we return in
Section 8.03.6.3. Meanwhile we see that one way of
evading this difficulty, while at the same time removing
the free inertial waves, 1s to retain only the geostrophic
part of Ou, replacing [84a] by

Orig +2Q xu= —-VII+F [84e]

Another way is to restore viscous effects. The small-
ness [79¢] of £ encourages an asymptotic approach to
determining core flow. Conceptually, the core is
divided into boundary layers, in which viscosity is
significant, and the remaining ‘mainstream’ in which
viscosity does not act at leading order, as in [84e].
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The most important boundary layer in rotating fluids
1s the Ekman layer, the thickness of which is of order
6,=w/N'?*=E"L~01m (see Greenspan
(1968)). The main task of an Ekman layer is to
reconcile mainstream flows with the no-slip condi-
tons [77a] and [77b]. For example, the tangential
component n X 0(s, z;) of the mainstream velocity
obtained from [84e¢| will not in general obey [77a]
at the latitude circle (s,2;) on the CMB, and an
Ekman layer forms that smoothly brings n X u(s, z;)
to zero. In the process, the normal component n-u
acquires a small additional part, of order
E'?n x (s, z)|. This vanishes on the CMB, but is
nonzero on the edge of the boundary layer. This
process, called ‘Ekman pumping’ (if the flow
1s away from the boundary) or ‘Ekman suction’ (if it
is toward the boundary), creates a meridional main-
stream flow tyy(s) of order El/z%.

Ekman pumping (or suction) provides an alterna-
tive way of overcoming the difficulty encountered
when <F®> # 0. The mass flux across, and out of]
C(s), can be balanced by an inward Ekman pumping
from the boundary layers on N (s5) and S(s5). Pumping
through the caps vitiates [84c] and leads to a mod-
ification of [84e]:

d¢ + E'’Qug +2Q xu= ~VII +F [84f]

The obstacle to setting 0,u = 0 has disappeared; [84f]
gives uG = E’1/2<F¢>/Q. Equation [84f] also deter-
mines the most important viscous timescale of a
rapidly rotating system, the ‘spin-up timescale’ 7 g,.
The angular momentum of the mantle about Oz is
viscously exchanged with that of the FOC on
this timescale. By comparing the first two terms
in [84f], it may be seen that 7, = O(E’I/ZQ’I) =
O(L/(I/Q)l/z) ~ 10° years (When the SIC is
included, complicated shear layers surround the tan-
gent cylinder whenever the SIC does not corotate
with the mantle. For a brief discussion of these
‘Stewartson layers’ and references to recent work,
see Riidiger and Hollerbach (2004).)

Viscosity also plays a crucial role in thermal con-
vection. We shall consider only the case [79¢] of
small £ and for simplicity, suppose that Pr>1. We
again ignore the SIC and suppose that convection is
driven by heat sources 4. The flow in the marginal
state, Ra = Ra,., is asymmetric, consisting of a ‘car-
tridge belt’ of 2D cells, often called “Taylor cells,
parallel to the axis of rotation and regularly spaced
round that axis (Busse, 1970; Jones e al, 2000,
Roberts, 1968). Adjacent cells spin around their axes

in a sequence of cyclonic and anticyclonic vortices,
their vorticity being respectively parallel and anti-
parallel to Q. The name ‘Taylor cell’ is a useful
reminder of the Proudman—Taylor theorem, which
the flow is trying to obey by being as 2D as possible,
consistent with allowing convection to occur at all.
We have already seen that, if v =0, small amplitude
motions must be geostrophic. But geostrophic
motions have no radial components to carry heat
outwards. Convection can occur only if viscous forces
are large enough to ‘break the rotational constraint’ of
the theorem. Viscous forces are most effective at
small £ but such motions viscously dissipate energy
rapidly and therefore require a strong buoyancy force
to maintain them. This explains why, when E<1,
the width of the cells in the marginal state is small, of
order £'r,, and why Ra. is large, of order £ %3,

8.03.6.3 Coriolis Magnetohydrodynamics

This section focuses on MHD, but only in the form
relevant to core dynamics where Coriolis forces are
strong and drastically transform classical MHD, so
much so that the subject deserves its own name and
acronym. The obvious choice 1s ‘rotating MHD’, but
‘RMHD’ is an abbreviation that is often used for either
‘relativisuc MHD’ or ‘reduced MHD’. Here it will be
called ‘Coriolis magnetohydrodynamics’ or ‘CMHD”.

The Alfvén number (aka the ‘magnetic Mach
number’) is defined by

Al=U/V, 854

With U=2%x10"* ms™"' and Vy=1lcms ' as
before, A/~ 0.02. Even though this is not very small,
we write for simplicity

Al <1 [85b]

for itis AP (=4 x 10~ *) that is significant. Not only is
it the ratio of kinetic and magnetic energy densities
but also it quantifies the importance of the inertial
force pu-Vu=0(pl’/L) relative to the Lorentz
force J x B= O(B*/oL). The smallness of A7 indi-
cates that, for all £, it is Lorentz force that
equilibrates the system; the inertial term pu-Vu in
[75] 1s mostly ignored in what follows.

The Lorentz force can equilibrate the system in
two main ways, the first of which has already been
noted in Section 8.03.2.7: a balance between Lorentz
and viscous forces requires

Weak field regime:
B = \/uopvn/L [86a]



Theory of the Geodynamo 99

or
Ha = 0(1) [86b]

(Here Ha 1s the Hartmann number defined in [27a].)
Alternatively, equilibration may occur when the
Lorentz and Coriolis forces are comparable:

Strong field regime:
B =/ popQn [86¢]
or
A=0(1) [86d]
Here A is the Elsasser number, a parameter that is
independent of both £ and U:
_ o3 _ L;
T Qp My

[86¢]

The adjectives ‘weak’ and ‘strong’ are appropriate
since Byeat/Betrong = O(E'/?) < 1.

Magnetic parameters analogous to [79a] and [79b)]
are the magnetic Ekman number, £, and magnetic
Rossby number, Roy,:

Em = 1/QL* [87a]
Roy = V4/QL [87b]

When 7 =2m’™ ', £ =10°m and V4 = lcms™'
as before, £, ~3 x 1077, Ro,,~2 x 107>, so that

En <1 [87¢]
Row < 1 87d]

the first of which follows from [79d] since £, = Ro/
Rm and Rm>>1. Since AF = Pm '(Rm/Ha)’, the
magnetic energy in a weak field dynamo operating
in a liquid metal 1s necessarily much less than the
kinetic energy of the motions that sustain it
According to [87c], the reverse is true for a strong
field dynamo, since AF = Ey,(Rm’ /).

Weak field dynamos exist, but apparently the geody-
namo is not one of them since A=1 gives
Bgrong & 1 mT, whereas, even if v=wvr~mn, [86a]
gives Byea ~ 1077 T, that is, Bitrong 18 typical of the
observed field strength while By, 1s very much weaker.
Equilibration in the strong field regime is partly due to
the magnetic wind (Section 8.03.5.3), which reduces the
potency of the w-effect, a fact confirmed by several fully
3D MHD geodynamo simulations. Ignoring the inertial
force as before, [75] gives, in place of [82b],

2Q-Vi=-1gx VT -p 'Vx (JxB) [88]

the ¢-component of which integrates to give [73].

The magnetc field removes the geostrophic
degeneracy of the inertial waves discussed in Section
8.03.6.2. The geostrophic cylinders C(s) shown in
Figure 10 are no longer free to turn about Oz inde-
pendently; each is threaded to its neighbors by the
s~component of B. Thus ug is no longer arbitrary but
1s controlled by B,. It was seen in Section 8.03.6.2 that
the Coriolis force associated with geostrophic motions
can be absorbed into the pressure gradient. Since this
otherwise dominating force 1s then effectively
removed, the remaining forces become influential,
including the inertial term pOm. Torsional waves
therefore resemble Alfvén waves and have the same
timescale, 7 s, = 7./Vas, where Vy, is now based on
the rms strength of B, on the geostrophic cylinder C(s):

(B)(5,1) = ﬁ /c B 6,545

= popVi,(s:1) [89]

Even if Vy, is as small as 1 cms ™', 7 4, is less than a
decade. This may be compared with the timescale
of the ageostrophic waves which (see below) is of
order 10° years. It is also short in comparison with
the timescales, 7', and 7, of the diffusive processes.
This means that, in a first approximation, we may
ignore the time dependence of <Bf> and all diffusive
effects.

For v =n=0, torsional waves are governed by the
induction equation [17a] for a perfect conductor and
by [84d] with F as the Lorentz force:

POt = ((J x B),) [90]

In a steady state, ((J x B) ;) = 0, that s,

/ (J % B),ds =0 01]
c)

This important result (Taylor, 1963) 1is called
Taylor’s condition or Taylor’s constraing; it can also
be derived from the s-component of [88] and [12]. A
field obeying [91] 1s called a Taylor state.

The torque exerted by the Lorentz force on the
interior V(s) of C(s) is

I.(s) = / s(JxB),dV
V(s) )
= / <(J x B)o>;A(;) ds [92a]
Jo
According to [15f], this may also be written as

() = - 7§ B,(B-dS) [92b)]

7#0 s
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where § is the complete boundary of V(s). In the
axisymmetric case, Bs;=0 on the spherical caps of
S, so that the magnetic torques exerted by these caps
on V() 1s zero, leaving only the magnetic torque from
C(s). Therefore [91] implies

04y
/ By—"dz=10 [92¢]
, Oz

21

This 1s the form of Taylor’s condition used in inter-
mediate aw-dynamo theory (Section 8.03.5.3). If [91]
does not hold initially, a torsional wave is launched in
which the geostrophic cylinders oscillate about a
Taylor state, u¢(s). Denoting by (s, 7) the departure,
iiG(s, 1) — u&(s), of the geostrophic motion from this
Taylor state, Braginsky (1970) showed that the asso-
ciated shear (=1v/s satisfies the ‘torsional wave
equation’

62(_ 1 0 oC¢
or { 47 Os

57 = 745 v: sZA—} [93a]

The waves transport the z-component of the angular
momentum density to and fro across the core, but do
not change its integral:

o7,

Mmpoc = / sty dV:p/ fﬁg/)ds [93b]
Jroc 0

In this simplest application of [93a], the SIC is ignored.
The ordinary differental equation obtained by substi-
tuting ¢ (5,7) = Z(s) exp (wr) into [93a] has regular
singularities both at s=0 and at s=7,, where A=0.
The implicit requirement that { be bounded at both
these points transforms [93a] into an eigenvalue pro-
blem for the torsional wave frequencies, w. Similar
conclusions hold if the SIC is included, and more
generally still if coupling between the FOC, SIC, and
mantle is introduced: the sum, mpoc + #sic + Mmande
of their angular momenta is conserved. A torsional
wave, initiated by a turbulent fluctuation in the FOC,
then creates an increase (or decrease) in the length of
day that correlates with an increase (or decrease) in
mpoc + Msic. By estimating #g(s, ) from B on the
CMB and comparing with the known variation in
length of day, Jault er a/. (1988) inferred that such a
correlation exists (see also Jackson ez al. (1993)).

If viscous and ohmic dissipation is restored, it is
plausible that any departure of #g from a Taylor state
will die out, but this can happen only on the same
long diffusive timescales 7, and 7', as B evolves on;
the target #&(s) changes as rapidly as || declines.
Nevertheless, it is reasonable to suppose that #g(s)
will asymptotically approach an evolving Taylor

state and remain in a Taylor state thereafter. This
explains why Taylor’s condition and Taylor states
occupy such an important place in MHD dynamo
theory. In what is sometimes called the ‘Malkus—
Proctor scenario’ (Malkus and Proctor, 1975), solu-
tions of the MHD equations continuously satisfying
[91] are sought. Intermediate models of this type
have been constructed but so far no fully 3D MHD
dynamo.

Knowledge of B on the CMB tells little about Bp
and nothing about B in the core. The torsional wave
potentially provides badly needed information about
B via <Bf>, a quantity to which not only Bp but also
B contributes. This thought has motivated several
models of torsional waves, for example, Braginsky
(1970) and Zatman and Bloxham (1997).
Extrapolation of Bp to the CMB and comparisons
with geodynamo simulations indicate that 7 4, is
about a decade, but there are indications that it may
be nearly 10 times larger. A 60-year peridocity in
both the geomagnetic field and the length of day has
been claimed and denied intermittently for the last
50 years, but recently modern methods of data ana-
lysis appear to have put its existence beyond
reasonable doubt (Roberts e 4/, 2007). The torsional
wave provides the natural explanation. Braginsky
(1994) proposed a type of dynamo in which B is
not in a Taylor state and in which, except in bound-
ary layers, Bp is almost in the z-direction, so
prompting its name: ‘model-Z.” Characteristic of
this dynamo is a large #g and a small <Bf> consistent
with a large 7,,. Intermediate models of this
type have been constructed but so far no fully 3D
MHD dynamo.

Consider next the ageostrophic waves. If Ro,, < 1,
these are of one of two types: inertial waves (slightly
modified by the Lorentz force) and slow waves (slightly
modified by inertia). The only wave in the system of
Alfvén type is geostrophic, the torsional wave. The
timescale of the slow waves is 7, = QL’ / V3 and is of
order 10° years. This is comparable with the timescale
of the secular variation of the main geomagnetic field.
The corresponding velocity, V,= £/T,= V31 /QL, is of
order 10 *ms ™", which is roughly the speed at which
discernable magnetic features at the CMB drift west-
ward. The time dependence of the slow waves is
governed by the left-hand side, O,B, of the induction
equation [17a]; the inertial term O,u in [75] plays
essentially no role. For this reason the waves are some-
tmes called ‘MC waves’, to emphasize that they are
governed by the Magnetic and Coriolis forces alone
(and of course the pressure gradient).
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MC waves, like inertial waves, are dispersive.
They are characteristically large-scale planetary
waves, that is, they are asymmetric. Therefore, if
they have finite amplitude, they are potentially able
to create an emf &4 = (u/ X B’)é that can defeat
Cowling’s theorem. But then they feed energy to
By, and to maintain themselves they must draw
energy from buoyancy. This provides a strong moti-
vation for studying ‘MAC waves’, which are MC
waves modified by the addition of the Archimedean
(buoyancy) force. Braginsky proposed this acronym
and provided the first model, which was planar
(Braginsky, 1964b), and the second model, which
was spherical (Braginsky, 1967). In a perfect conduc-
tor, u' and B’ tend to be parallel and, not
surprisingly, the phase relationship between u’ and
B’ in MAC waves is unfavorable for creating the emf
(u' xB’ )(/). To obtain a nonzero £y, it is necessary

to include diffusion. The proper exploitation of the
idea of a ‘MAC wave dynamo’, therefore requires
that the theory of diffusive, finite amplitude MAC
waves be advanced, a task scarcely less challenging
than that of studying the MHD dynamo in full!
Magnetoconvection theory gives a hint why
A=0(1) is the relevant dynamical balance for the
core. Consider again the rotating convecting sphere
discussed in Section 8.03.6.2, but now suppose that
a strong magnetic field B is present. The viscous
force is no longer necessary to break the rotational
constraint; the magnetic field can achieve this
unaided. In contrast to Section 8.03.6.2, where the
length scale £ of the marginal state was very small
in order to enhance the viscous forces, the scale of the
convection cells in the marginal state when A= 0(1)
1s the same as that of the container: £ = O(r,). Cells of
this scale are much less dissipative and therefore
demand a much smaller buoyant energy input. It
is found that Ra.=O(E™"), instead of the
Ra.= O(E~*?) of Section 8.03.6.2, that is, the mag-
netic field allows the system to convect more readily.
The result Ra.=O(E~') may be written as
Ra. = O(1), where Ra = gyBr. /% = Ra. E is the
‘modified Rayleigh number’, which is often used in
preference to Rz in CMHD convection studies. The
fact that Rac, A, and the cell size are all independent
of v emphasizes how completely the Lorentz forces
have taken over from viscous forces in breaking the
Proudman—Taylor appears that
A= 0(1) may give the field strengths that are most
effective in breaking the constraint when £ < 1. If so,
this may explain why the geomagnetic field has

constraint. It

varied so little in strength over geological time: it is
tied to the rotation of the Earth through [86¢]. It is
often said that the fact that the magnetic compass
needle points approximately north proves that the
Coriolis force dominates core dynamics, but this is an
oversimplification. The Coriolis force has a preferred
direction, Q. To counter the rotational constraint, the
magnetic field configures itself so that the Lorentz
force shares the same preferred direction (and
magnitude).

This example, like others in this section, is
intended to be suggestive rather than definitive.
It ignores important questions and in particular,
“Is the dynamo—generated B dynamically stable?”
Instabilities driven by the Lorentz force have been
extensively studied in plasma physics, because they
threaten the generation of magnetic fusion energy.
The instabilities are of two types: ideal and resistive.
The latter depend on the reconnection of field lines;
the former do not. An example of a resistive instabil-
ity 1s the tearing mode (see Section 8.03.2.6). In a
nonrotating system, ideal instabilities grow on the
dynamic timescale 7 4, but the timescale of a resistive
instability is usually intermediate between 7, and
T, Magnetic instabilites in the core are greatly
affected by the Coriolis force, which lengthens their
dynamic timescale from 7 5 to 7 ;. They have been
extensively studied by Fearn and his associates (see
Fearn (1998) where earlier references are given).
Obviously magnetic instabilities cannot drive the
geodynamo, but the larger the A, the greater the
menace of instability. Perhaps there is a limit to A
that, if exceeded by the dynamo, causes a magnetic
instability that leads to a radically different field
configuration? This is one explanation of polarity
reversals (Fearn, 1998). Another is that the meridio-
nal flow uy; becomes temporarily weaker, putting the
dynamo into an AC state (see Section 8.03.5.2), from
which it may emerge with its axial dipole in either
direction with equal probability (Glatzmaier and
Roberts, 1995; Sarson ez al, 1998). Sarson and Jones
(1999) argue that the disruption of uyy is due to
buoyancy surges.

8.03.7 Final Remarks

This chapter has focused on basic electromagnetic
theory as applied to electrically conducting fluids,
and on the associated kinematic dynamo problem in
which the fluid motion is specified and a self-exciting
magnetic field is sought. These topics are contained
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within the larger MHD dynamo problem in which an
energy source for the fluid motions is specified and
both the fluid motion and a self-excited magnetic
field are sought. Fundamentals of convective MHD
dynamos have been described in Section 8.03.6; more
details will be given in Chapter 8.05.

Hopefully the reader of this chapter will realize
that kinematic theory has brought important con-
cepts and significant understanding to field
generation by homogeneous dynamos, that is, dyna-
mos that operate in simply connected, homogeneous
masses of electrically conducting fluids. Among its
successes, recognition of the importance of broken
symmetry, including helicity, stands out. The kine-
matic theory has also provided motivation for
laboratory experiments that study electromagnetic
induction and dynamo action in liquid metals.

Geodynamo theory is now so dominated by MHD
simulations that the reader may wonder whether
kinematic theory has any useful further role to play.
One may argue however that the purpose of such
simulations is not merely to produce numerical ana-
logs of the geodynamo. It is also to decipher their
message. This daunting objective requires a good
understanding of kinematic theory. Unfortunately, it
also demands proper treatment of turbulence, domi-
nated by Coriolis, Lorentz, and buoyancy forces. The
question of how to incorporate the turbulent trans-
port of momentum, heat, and composition into
geodynamo theory is the most severe challenge
faced by geodynamo theory today. Large increases
in v, K, and 0 are currently necessary to ensure that
numerical simulations are adequately resolved. They
can be, and often are, advertised as turbulent diffu-
sivities representing the effect of the small scales (ie.,
the ‘subgrid scales’ that cannot be resolved in numer-
ical simulations) on the large (resolved) scales. But it
is questionable whether scalar turbulent diffusivities
can adequately describe transport by a turbulence
that, because of the dominance of the Coriolis and
Lorentz forces, must surely be highly anisotropic. In
view of these major obstacles, it is truly remarkable
how successful numerical simulations of the geody-
namo have been; the main features of the observed
geomagnetic field have all been replicated, leading
some commentators to assert that the geodynamo
problem has been solved. This success is sometimes
called the ‘geodynamo paradox’. Its resolution is cur-
rently the main target of geodynamo theory. Further
discussion of core turbulence will be found in
Chapter 8.06.
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