
8.01 Overview
P. Olson, Johns Hopkins University, Baltimore, MD, USA

ª 2007 Elsevier B.V. All rights reserved.

8.01.1 A Scientific Journey to the Center of the Earth 1

8.01.2 State of the Core 3

8.01.3 The Search for a Dynamo Theory 5

8.01.4 Core Dynamics and the Geomagnetic Field 11

8.01.5 Core Energetics 12

8.01.6 Core Dynamics as a Heat Engine 14

8.01.7 Convection and Dynamo Action 14

8.01.8 Simulating the Geodynamo 16

8.01.9 Mantle Effects within the Core 18

8.01.10 The Dynamical Inner Core 20

8.01.11 Future Prospects and Problems 20

8.01.12 Additional References 21

8.01.13 Summary of the Chapters in This Volume 21

8.01.13.1 Energetics of the Core 21

8.01.13.2 Theory of the Geodynamo 22

8.01.13.3 The Large Scale Flow in the Core 22

8.01.13.4 Thermal and Compositional Convection in the Core 23

8.01.13.5 Turbulence and Small-Scale Dynamics in the Core 23

8.01.13.6 Rotational Dynamics 24

8.01.13.7 Numerical Dynamo Simulations 24

8.01.13.8 Magnetic Polarity Reversals in the core 25

8.01.13.9 Inner Core Dynamics 26

8.01.13.10 Laboratory Experiments on Core Dynamics 26

8.01.13.11 Core–Mantle Interactions 27

References 28

8.01.1 A Scientific Journey to the
Center of the Earth

For as long as man has speculated about the interior

of the Earth, it has been presumed that there exists a

central core. Centuries before the rise of modern

science, philosophers, and theologians had concluded

that the Earth has a hot region at its center, with

properties distinct from all other parts of the planet.

For nearly as long a time it has been known that the

Earth is also magnetic, but the cause of the Earth’s

magnetism remained just as mysterious as the nature

of the deep interior.
Scientific inquiry about the core grew from early

investigations of the properties of the geomagnetic

field, which began during the era of global exploration.

Although the ancient Chinese deserve the credit for

discovering Earth’s magnetism, Gilbert (1600) was the

first to demonstrate that the compass needle is

controlled by a force originating within the Earth
(Figure 1). He showed that the pattern of magnetic

field lines on a uniformly magnetized sphere approx-
imate the known directions of the compass needle

over the Earth’s surface. Three hundred and fifty
years later, Sidney Chapman characterized Gilbert’s
demonstration as ‘‘the only successful experiment in

the history of geomagnetism!’’ Later it was observed
that Earth’s magnetic field changes slowly with time.

In his famous explanation for this secular variation,
Halley (1683, 1692) proposed that the geomagnetic
field has its origin near the Earth’s center, in a region

separated from the solid crust by a cavernous, fluid-
filled shell. Halley (Figure 2) envisioned that both the

crust and the central region or core rotate in the
prograde sense, but the core spins slightly slower,

causing the magnetic field to drift systematically west-
ward as seen at the surface. Thus, two important and
long-lasting concepts were born: the basic three-layer
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model of Earth’s interior (solid crust and mantle,
liquid outer and solid inner core), and the association
between the westward geomagnetic drift and west-
ward motion of the fluid outer core with respect to
other parts of the Earth system.

Halley’s model implicitly assumed that the mag-
netic field originated in a solid inner core (Evans,
1988), akin to Gilbert’s uniformly magnetized sphere.
Subsequently, it was shown that Halley’s model is at
variance with the ferromagnetic properties of Earth
materials, which lose their permanent magnetization
at the Curie temperature at depths of a few tens of
kilometers beneath the surface (see Chapter 5.06).
However, by then the physical connection between
magnetic fields and electric currents had been estab-
lished, providing an alternative explanation for the
geomagnetic field that relied on free electric currents
rather than permanent magnetization.

The liquid (i.e., molten) state of the outer core was
established during the early part of the twentieth
century, but the roots of the idea can be traced back
into antiquity. Several independent lines of scientific
evidence appeared in the middle of the nineteenth
century in favor of high temperatures in the Earth’s
deep interior, including the steep geothermal gradi-
ent measured in deep mines and petrologic

discoveries that indicated that very high tempera-

tures are needed to form most igneous rocks.

However, the early estimates of the actual tempera-

ture variation through the deep Earth varied wildly,

preventing any firm conclusion about the state of

matter in the core.
Toward the end of the twentieth century, two

competing models of the state of Earth’s deep interior

became prominent. One model assumed that the inter-

ior was solid (except for small melt regions below

volcanoes) and also elastic, with a very high shear

modulus, ‘as rigid as steel’, according to the Kelvin

(1862) famous prescription. This model was supported

by observations of the amplitudes of the tides (Darwin,

1879) and the period of Earth’s free nutation, the

Chandler wobble (Newcomb, 1892). The competing

model held that the interior was largely fluid, an idea

that was popular with geologists at that time, although

it had prominent adherents within the physics com-

munity as well, for example, Ritter (1878), Poincaré

Figure 1 Title page from William Gilbert’s 1600 treatise De

Magnete.

Figure 2 Edmond Halley (1656–1742) interpreted the

geomagnetic secular variation.
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(1885, 1994), Arrhenius (1900), and even earlier,

Franklin (1793).
The terms of this debate underwent a permanent

shift with the publication by Wiechert (1897) of the

first quantitative model of Earth structure.

Wiechert’s Earth model was based on all available

astronomical and geodetic data, and featured a cen-

tral metallic core surrounded by a rocky mantle.

Wiechert (Figure 3) is often given credit for being

the first to attribute both chemical and physical dif-

ferences to the core and mantle, and to infer that the

core–mantle boundary, the most significant disconti-

nuity in the planet’s interior, represents a change

from silicates to iron, as well as a density jump. In

any case, there is little doubt that his work launched

the era of seismic exploration of the core. Within a

decade, Oldham identified seismic P- and S-waves

(1899) and interpreted the P-wave shadow as low

velocity in a central core (Oldham, 1906). Shortly

thereafter, Gutenberg (1912) determined the location

of the core–mantle boundary, at depth of

2900� 20 km, consistent within his calculated uncer-

tainty with the present-day value.

Gutenberg’s original Earth model included rigid-
ity throughout the core, in spite of the fact that
seismic shear wave transmission through the core
had never been confirmed, a testimony to the lasting
influence of Kelvin’s ideas. Indeed, the fluidity of the
core remained controversial for more than another
decade. The issue was settled when Jeffreys (1926)
showed that it was possible to reconcile seismic wave
speeds with tidal and Chandler wobble observations
using an Earth model with a liquid core of radius
3471 km, essentially the same as in the Gutenberg
model. As Brush (1996) points out in his history of the
exploration of the Earth’s interior, Jeffreys’ reputa-
tion became somewhat tarnished by his refusal to
accept continental drift and the concept of mantle
convection (Jeffreys, 1929). Ironically, Jeffreys made
several fundamental contributions to the theory of
convection in viscous fluids – the basic model for
mantle convection – and he also contributed impor-
tantly to the acceptance of the geodynamo theory by
demonstrating the outer core is liquid.

The final piece of the main radial structure of the
core was provided by Lehmann (1936; Figure 4),
who discovered the inner-core boundary, which she
placed at 4970 km depth, or 1400 km radius (the
currently preferred radius is about 1220 km).
Following Lehmann’s discovery, seismologists have
succeeded in demonstrating the crystalline nature of
the inner-core material. The study by Dziewonski
and Gilbert (1971) of normal mode overtones excited
by the 1964 Alaska earthquake provided an estimate
of its average rigidity, and subsequent investigations
have determined that the inner core is also anisotro-
pic. Table 1 gives the chronology of important
milestones in this scientific journey.

8.01.2 State of the Core

A full review of the composition of the core is found
in Chapter 2.05 of this treatise. Here we provide a
brief summary of the major constituents of the core,
for purposes of this chapter. Table 2 lists some of the
well-known physical properties of the core, Table 3
lists some important thermodynamic and transport
properties (which are generally less well-known),
and Figure 5 shows its basic radial structure.

The model of a predominantly iron core was
firmly in place by the middle of the twentieth cen-
tury, and was well-supported by evidence from
seismology (Bullen, 1954) and mineral physics
(Birch, 1952). One early argument that was often

Figure 3 Emil Wiechert (1861–1928) constructed the first

quantitative Earth model with a core.
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cited in support of an iron core was Birch’s law

(Birch, 1964), a linear relationship between density

and bulk sound velocity with a coefficient

proportional to the mean atomic weight of the

material. Applications of Birch’s law revealed that

the mean atomic weight of the outer core and inner

core is slightly less than iron, respectively, but are

far too large to be explained by a phase

transformation of lower mantle material. Although

it is now recognized that the theoretical basis for

Birch’s law is weak, it was historically important

because it seemed to demand a metallic core, rather

than an oxide-rich or silica-rich one. Other metals

might also be present in the core. The abundance of

nickel in iron meteorites was historically used to

argue that the core contains substantial Fe–Ni alloy.

However, many of the important physical properties

of nickel are indistinguishable from iron at core

conditions, so the detection of nickel in the core is

difficult.
The presence of lighter elements is quite impor-

tant for the dynamics of the core. As described in

Chapter 2.05 of this treatise, the abundance of the

various candidate light elements has been a matter of
intense controversy. Four decades of high-pressure
measurements and theory have convincingly
demonstrated Birch’s interpretation that the outer
core is less dense than pure iron at in situ conditions,
even allowing for the expected density decrease
due to melting, and therefore requires the
addition of light elements. Candidate light
elements frequently proposed to reconcile this
density deficit include oxygen and sulfur (Poirier,
1994), and less frequently, silicon, hydrogen, and
even helium. Sulfur has a known affinity for iron at
low pressures, and high-pressure studies indicate that
the oxygen is soluble in iron at core conditions (Alfe
et al., 2003). Both sulfur and oxygen are known to
affect the phase diagram of iron substantially,
including the melting point. Less is known about
the effects of silicon in the core, and still less about
hydrogen or helium.

Most detailed information on the present-day
structure of the core comes from seismology (see
Chapter 1.19 of this treatise). The variation of seismic
wave velocity and density with depth through the
fluid outer core shown in Figure 5(b) are basically
consistent with a homogeneous mixture of iron and
the lighter alloying elements listed above
(Dziewonski and Anderson, 1981). Unfortunately, it
has proved to be difficult to choose between the
candidate light elements on the basis of their seismic
properties alone. Some dilution of the solid inner
core by lighter elements is also indicated, as the
predicted density of solid iron is a few percent
greater than the seismic properties indicate (Shearer
and Masters, 1990; Masters and Gubbins, 2003). The
actual density change at the inner-core boundary is
500–900 kg m�3, of which about one-third is due to
solidification. The rest is likely due to differences in
light element concentration between the inner and
outer core. This small density difference has pro-
found implications for the driving mechanism for
flow in the core, and also for the power source of
the geodynamo (Buffett, 2003). A related issue is the
abundance of radioactive heat sources in the core.
Among the possible radio isotopes, 40K is the most
likely to be energetically significant, because of its
low-pressure affinity for iron sulfides. However, the
amount of potassium in the core is still debated
(Gessmann and Woods, 2002; Rama Murthy et al.,
2003). In addition to potassium, some uranium con-
tent has been proposed for the core, which could
slightly augment the amount of internal heat
production. As mentioned above, the temperature

Figure 4 Inge Lehmann (1888–1993) discovered the inner

core.
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distribution in the core appears to follow an adiabat.
Based on melting point temperature measurements
(Boehler, 1996), it is estimated that the temperatures
at the core–mantle boundary and inner-core bound-
ary are approximately 4000 and 5500 K, respectively,
as shown in Table 3.

8.01.3 The Search for a Dynamo
Theory

Until rather late in the twentieth century, ‘core
dynamics’ was a rather narrowly defined subject. It
was limited to topics drawn from classical mechanics,
such as rotational and tidal deformation, and was
pursued by a small number of theoretical physicists
and applied mathematicians, G. Darwin, H. Poincaré
(Figure 6), and H. Jeffreys among them. The full
range of core dynamics, the subject of this volume,
has received serious study only since the advent of

the modern dynamo theory for the origin of the
geomagnetic field.

After the time of Halley, relatively little work was
done on the causes of the geomagnetic field until
well into the twentieth century. Gauss (1832, 1839;
Figure 7) conjectured that geomagnetic secular var-
iation was a consequence of solidification of the crust,
but evidently did not speculate much on the origin of
the main field. Zollner (1871) constructed a model for

geomagnetic secular variation that included several
aspects of present-day dynamo theory, including
electric currents induced in a liquid core, and inter-
action with the solid mantle. However, his ideas
evidently were not taken up by others, and the sub-
ject languished in obscurity. Even in the middle

decades of the twentieth century, leading theorists
showed only passing interest in the physical origins
of the geomagnetic field. For example, Chapman and
Bartels (1940) treatise Geomagnetism devotes portions
of just 7 pages (out of 1050 total) to this topic. They

Table 1 Chronology

Year Person(s) Event

1000 Chinese Discover lodestone south–north orientation

1600 W. Gilbert Publication of De Magnete

1634 H. Gellibrand Discovers geomagnetic secular variation
1683 E. Halley Interprets secular variation

1820 H. Oersted, A. Ampere Relate magnetism to electric currents

1831 M. Faraday Introduces disk dynamo
1834 C. F. Gauss Measures magnetic intensity

1836 C. F. Gauss Spherical harmonic analysis

1897 E. Weichert Iron-core Earth model

1906 R. Oldham Observes core seismic waves
1906 B. Brunhes Reversely magnetized rocks

1912 B. Gutenberg Determines core radius

1919 J. Larmor Proposes self-sustaining fluid dynamos

1933 T. Cowling Antidynamo theorems
1936 I. Lehmann Discovers inner core

1942 H. Alfven MHD waves

1946 W. Elsasser First MHD dynamo theory

1952 F. Birch Composition of the core
1953 J. Jacobs Present-day inner-core growth

1955 E. Parker �!-Dynamo effect

1958 A. Hertzenberg, G. Backus Laminar kinematic dynamos
1961 J. Verhoogen Inner-core freezing as core energy source

1963 F. Lowes & I. Wilkinson Laboratory dynamo

1963 J. B. Taylor Rotational dynamo constraint

1964 S. Braginsky Asymptotic dynamo model Z
1966 M. Steenbeck et al. �2-Dynamo effect

1971 A. Dziewonski & F. Gilbert Inner-core rigidity

1995 G. Glatzmaier & P. Roberts Self-consistent reversing dynamo model

1995 A. Kageyama & T. Sato Self-consistent compressible dynamo model
1996 Z. Song & P. Richards Inner-core super-rotation

2000 A. Gailitis, U. Muller and others First laboratory fluid dynamos
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Table 2 Known physical properties

Property Notation Units Value

Core–mantle radius (mean) ro m 3.480�106

Inner-core radius (mean) ri m 1.22�106

Outer-core thickness d m 2.26�106

Core–mantle boundary area Ao m2 1.52�1014

Inner-core boundary area Ai m2 1.87�1013

Core–mantle boundary ellipticity �o nd 2.5� 10�3

Core volume V m3 1.77�1020

Inner-core volume Vi m3 7.6� 1018

Outer-core volume Vo m3 1.70�1020

Core moment of inertia I kg m2 9.2� 1036

Outer-core mass Mo kg 1.835�1024

Inner-core mass Mi kg 9.68�1022

Core density (mean) � kg m�3 1.09�104

Inner-core density (mean) �i kg m�3 1.29�104

Core–mantle boundary gravity go m s�2 10.68

Inner-core boundary gravity gi m s�2 4.40

Core–mantle boundary pressure Po GPa 136

Inner-core boundary pressure Pi GPa 328
P-wave velocity below CMB vp km s�1 8.07

P-wave velocity above ICB vp km s�1 10.36

Poisson ratio, Inner core �P nd 0.44
Angular velocity of rotation � rad s�1 7.292�10�5

Free core nutation period Tc s 3.71�107

Magnetic dipole moment md A m2 7.8� 1022

Magnetic dipole tilt �d deg 10.8
Magnetic intensity, CMB (rms) BCMB mT 0.42

Magnetic dipole intensity, CMB (rms) BCMB
dip mT 0.263

nd, not determined.

Table 3 Thermodynamic and transport properties

Property Notation Units Range

Core–mantle boundary temperature To K 4000� 400

Inner-core boundary temperature Ti K 5500� 600
Outer-core temperature (mean) T K 4500� 500

Adiabatic temperature gradient, CMB �dT/drad K km�1 0.3� 0.1

Adiabatic temperature gradient, ICB �dT/drad K km�1 0.8� 0.2

Density jump, ICB ��i kg m�3 700�200
Light element density reduction, outer core Co % 8� 2

Light element density reduction, inner core Ci % 4� 2

Thermal expansivity � K�1 1.4� 0.5�10�5

Light element expansivity �C nd 0.7� 0.3

Specific heat Cp J kg�1 K�1 850�20

Latent heat, crystallization L J kg�1 1� 0.5� 106

Thermal conductivity k W m�1 K�1 45�10
Thermal diffusivity � m2 s�1 5� 3� 10�6

Compositional diffusivity D m2 s�1 1� 10�9� 2

Kinematic viscosity, outer core � m2 s�1 1� 10�5� 2

Kinematic viscosity, inner core �i m2 s�1 1� 1010� 3

Electrical conductivity � A2 kg�1 m�3 s3 5� 2� 105

Magnetic diffusivity 	 m2 s�1 1.5� 0.5

nd, not determined.
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rejected permanent magnetization, ohmic decay of

free electric currents, and gyromagnetism as primary
causes. They also dismiss the self-sustaining dynamo

mechanism, concluding, as did Schuster (1911) that

the ‘‘difficulties which stand in the way of basing

terrestrial magnetism on electric currents inside the

Earth are insurmountable.’’
Evidently, Chapman and Bartels were responding

to the suggestion in a short paper by Larmor (1919;

Figure 8) that an internal circulation of a conducting

fluid in the presence of a small magnetic field would

induce an electric field, and if a suitable path for
electric currents was created in the fluid, a magnetic

field might be sustained indefinitely. In short, Larmor

had proposed a self-sustaining fluid dynamo. Although

Larmor’s suggestion was primarily intended for appli-

cation to the Sun (his paper refers to Hale’s discovery
of magnetic fields in sunspots), the idea seemed

equally applicable to the Earth. However, it did not

lead to much immediate progress on the geodynamo.
Subsequently, Cowling (1933) showed that electro-

magnetic induction by a conducting fluid cannot

maintain a steady axisymmetric field. This was the

first of several antidynamo theorems that cast some

doubt on the validity of the self-sustaing dynamo
concept. In retrospect, it seems that Cowling’s theo-

rem was perhaps overinterpreted. A steady

axisymmetric dynamo is probably an unphysical situa-

tion, and is certainly not applicable to the Earth.
Nevertheless, many theorists of that era believed that

Cowling’s results implied that a general nonexistence

proof of fluid dynamos would eventually be found.
The logjam started to break in the 1940s, begin-

ning with a series of papers by Elsasser (1946, 1950;

Figure 9), and E. C. Bullard (Figure 10) and collea-
gues (Bullard et al., 1950; Bullard and Gellman, 1954),
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Figure 5 (a) Cutaway view showing the main layers of the Earth’s interior, including the solid mantle (yellow), liquid outer

core (orange), the solid inner core (red), and the core–mantle boundary (CMB) and the inner–outer core boundary (ICB).

(b) Seismic Earth model PREM (Dziewonski and Anderson, 1981).
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Figure 6 Henri Poincaré (1854–1912) developed the

theory of rotating, precessing fluids.

Figure 7 Carl Friedrich Gauss (1777–1855) father of

geomagnetism.

Figure 8 Joseph Larmor (1857–1942) proposed a self-

sustaining fluid dynamo for the core.

Figure 9 Walter M. Elsasser (1904–1991) pioneer in the

dynamo theory of geomagnetism.
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the first quantitative efforts to build a full magneto-

hydrodynamic (MHD) theory for the main

geomagnetic field. Accomplishments in these early

papers that have stood the test of time include the

derivation of the magnetic induction equation for

incompressible flow, representation of the magnetic

field in terms of its poloidal and toroidal parts, ampli-

fication of toroidal field through interaction of

toroidal shear flow with a poloidal (i.e., dipolar-

type) field, selection rules for interaction between

toroidal magnetic fields and poloidal flows, identifi-

cation of outer-core convection as the main source of

kinetic energy for the flow, and the definitions of

several of the key dimensionless parameters that

govern self-sustaining fluid dynamos, including the

ratio of Lorentz to Coriolis forces, now called the

Elsasser number. In addition, these early papers

offered an explanation for the observed geomagnetic

westward drift, based on conservation of angular

momentum and core–mantle interaction.
The main shortcoming of these pioneering papers

was that they failed to adequately prove the existence

of self-sustaining dynamos, even kinematic ones.

Elsasser’s (1946) attempt at a theoretical demonstra-

tion fell short of completeness, and the early

numerical efforts by Bullard and Gellman (1954) to
construct kinematic dynamos in terms of a series of
spherical harmonics have subsequently been shown
to diverge when the series is extended (Liley, 1970;
Gubbins, 1973). The first working theoretical exam-
ples of kinematic dynamos were by Backus (1958)
and Herzenberg (1958). Although these were based
on quite unrealistic flows (e.g., the Backus dynamo
assumed periods of motion alternating with periods
of stasis), they succeeded in demonstrating the exis-
tence of fluid dynamos, and with this, the limitations
of Cowling’s theorems. Several other examples of
kinematic dynamos followed, in which the flow con-
sists of large-scale, laminar-type motions amenable to
analytical or simple numerical investigation (see
Chapter 8.03), including an important experimental
dynamo by Lowes and Wilkinson (1963) consisting of
fluid and solid conductors. Although these idealized
dynamos provided only limited insight into the
dynamics of the geodynamo, they succeeded in
defining some of the conditions necessary for mag-
netic field generation in the core.

Just as these successes were being registered, the
direction of dynamo research began to shift away
from large-scale kinematic models, following the
introduction of mean-field dynamo concepts. The
first mean-field theory for dynamo action was an
early model by Parker (1955), who proposed that
polodial magnetic field is induced in the core by
the statistical action of smaller-scale convective vor-
tices on the large-scale toroidal magnetic field.
Parker used the term ‘cyclonic’ to describe the kine-
matics of convective flows in which the radial
velocity correlates with the radial vorticity, a conse-
quence of Earth’s rotation. The term now used to
describe such motions is ‘helicity’, defined as the
inner product of vorticity and velocity vectors.
Helical flows twist toroidal magnetic field lines into
meridional planes, inducing a poloidal magnetic field
from the original toroidal one.

This mechanism for inducing poloidal from tor-
oidal magnetic field was recognized as a key
ingredient missing from many of the failed efforts to
produce kinematic dynamos. It became a particularly
potent concept starting in the 1960s, with the intro-
duction of ‘mean field electrodynamics’, a formal
approach for calculating the large-scale induction
properties of complex, small-scale flows (see
Chapter 8.03). Mean field electrodynamics is implicit
in the early work of Parker but the form in which it is
used today came from astrophysics (Steenbeck et al.,
1967; Steenbeck and Krause, 1967). The basic idea is

Figure 10 Edward C. Bullard (1907–1980), leading

twentieth century geophysicist, the first to attempt
numerical solution of the dynamo problem.
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to represent the fluid velocity and the magnetic field
as consisting of a mean and a fluctuating part, the
latter part having zero average over some appropri-
ately chosen length or time scales. Under appropriate
conditions, the interaction between the small-scale
velocity and magnetic fields generates a large-scale
electric field that is parallel to the large-scale field.
The proportionality between the induced electric
field and the large-scale magnetic field is represented
by the coefficient �, and the name given to this type
of induction is the ‘�-effect’. Dynamo action occurs if
the �-coefficient is sufficiently large to overcome the
inhibiting effects of magnetic diffusion. Roberts
(1972) generates an extensive set of numerical calcu-
lations that showed how self-sustaining kinematic
dynamos could be generated in conducting fluid
spheres, using various distributions of the �-para-
meter, in combination with different types of large-
scale flows. The nomenclature introduced by Roberts
for the large-scale flows included ! for toroidal shear
flows and m for meridional (poloidal) flows.
Combinations of these parameters produced an
assortment of dynamos. For example, �2-dynamos,
in which both the toroidal and poloidal magnetic
fields are induced by the small-scale motion, �!-
dynamos, in which the poloidal fields is induced by
the small-scale flow through the �-effect, but the
toroidal field is induced by the !-effect, and �!m-
dynamos, where all three effects are active. One
advantage of this formalism is that kinematic dyna-
mos exhibiting a wide variety of characteristics could
easily be constructed, without explicitly specifying
the details of the fluid motion, in essence by lumping
all of the flow properties into a few parameters. It was
subsequently shown that the �-effect is proportional
in many rotating systems to the fluid helicity (Rädler,
1968; Moffatt, 1978), so that the kinematics of these
dynamos could be related, at least indirectly, to real
fluid motions.

With the successes of mean field electrodynamics,
efforts to find dynamos driven entirely by large-scale
flows waned in the 1970s. At about this same time,
additional impetus for the study of mean field dyna-
mos was provided by experimental and theoretical
studies of thermal convection in rapidly rotating
fluids. As discussed earlier, it is generally accepted
that the most important fluid motions in the outer
core for maintaining the geodynamo are convection –
flows driven directly by thermal and compositional
buoyancy forces. Convection in the core is surely
affected by the Coriolis acceleration. Because of the
small viscosity of liquid iron compounds, the Ekman

number in the core is exceedingly small (the Ekman

number is the ratio of viscous to Coriolis effects). In

addition, the geomagnetic secular variation indicates

that the fluid velocities in the core are of the order

10–20 km yr�1 (see Chapter 8.04). Assuming a length

scale of a few hundred kilometers for these motions,

the Rossby number implied for these motions is also

rather small (the Rossby number is the ratio of vor-

ticity in the fluid motion to planetary vorticity). Fritz

Busse and colleagues (Busse, 1970; Busse and

Carrigan, 1976) developed theoretical and experi-

mental techniques to study the structure of

convection in this, the so-called ‘rapidly-rotating’

limit. They demonstrated that rapidly rotating con-

vection takes the form of small-scale columns or

vortices that are nearly two dimensional (2D) and

aligned parallel to the axis of rotation, as discussed in

Chapter 8.11. Moreover, columnar convection is

helical, with negative helicity in the Northern

Hemisphere and positive helicity in the Southern

Hemisphere (see Jones et al. (2000) and Chapter

8.05), and so is capable of dynamo action through

the �2-mechanism. Thus, the structure of rotating

convection provides another important piece of the

core dynamics puzzle.
While all of these advances in understanding the

kinematics of dynamo action were taking place, only

incremental progress was being made on the more

difficult problem of dynamo equilibration. Dynamo

equilibration involves the back-reaction of the mag-

netic field on the flow, through the Lorentz force.

The Lorentz force is nonlinear in the magnetic field,

and its action in the context of internally generated

fields was a little-understood facet of MHDs. The

main focus of efforts to understand dynamo equili-

bration mechanisms involved a theorem proved by

Taylor (1963), showing that, for small Ekman and

Rossby numbers, the torque exerted by the Lorentz

force must vanish on cylinders coaxial with the rota-

tion axis (see Chapter 8.03). This so-called Taylor

constraint imposes some restrictions on the config-

uration and the strength of the internal magnetic field

in such a dynamo. It was widely assumed that the

Taylor constraint applies to the geodynamo, and

therefore it determines the strength and the symme-

try of the geomagnetic field inside the core. An

alternative model of the field equilibration process

was proposed by Braginsky (1964), the so-called

‘model-Z’, which assumed a nearly uniform magnetic

field configuration in the core interior plus thin mag-

netic layers just below the core–mantle boundary.
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The stumbling block for all magnetic field equili-
bration theories has been our lack of a full
understanding of the Lorentz force in self-sustaining
dynamos. The nonlinear character of the Lorentz
force has precluded the development of full analyti-
cal solutions, except in a few, highly idealized
theoretical cases, such as weakly nonlinear dynamo
action in horizontally infinite plane layers.
Convincing demonstrations of how dynamos in sphe-
rical geometry driven by fully developed convective
flows subject to Lorentz forces equilibrate had to
await the advent of 3D numerical models.

Full 3D, spherical MHD simulations were pio-
neered by astrophysicists (Gilman and Miller, 1981)
for application to the Sun and magnetic stars. The
first successful 3D MHD models applied to the geo-
dynamo were made nearly simultaneously by
Glatzmaier and Roberts (1995) and Kageyama and
Sato (1995). Both models were driven by thermal
convection, although former used the Boussinesq
approximation whereas the later included fluid com-
pressibility. Quickly thereafter, these models were
extended to include the buoyancy derived from
growth of the inner core, for example, the study by
Glatzmaier et al. (1999) was based on the theory for
thermo-chemical convection in a compressible fluid
proposed by Braginsky and Roberts (1995). This
modeling activity since has spread around the
globe, with a wide variety of competing dynamo
models in use (see Chapter 8.08). Further experimen-
tal confirmation of the dynamo theory came in the
form of the first successful self-sustaining, purely
fluid dynamos by Gailitis et al. (2003) and Muller
et al. (2006) using liquid sodium (see Chapter 8.11).

8.01.4 Core Dynamics and the
Geomagnetic Field

The study of the geomagnetic field is a rich topic in
its own right, and is the subject of Volume 5 in this
treatise. An extensive description of the geomagnetic
field and paleomagnetic field can also be found in
Merrill et al. (1998) and the full theory of the geo-
magnetic field is given in Backus et al. (1996). Here it
is appropriate to briefly list some of the main features
of the geomagnetic field that we seek to explain in
terms of the core’s dynamics. First and foremost is the
persistence of an internally generated geomagnetic
field, not just the modern field, but a field sustained
throughout most if not all of Earth history. The main
geomagnetic field that originates in the core is at least

3.5 Ga, according to the rock record, and quite pos-
sibly is as old as the core itself. The present-day
dipole moment, 7.8� 1022 A m2, is probably some-
what larger than the long-term average value,
which may be around 6.5� 1022 A m2. Significantly,
there is little evidence for a secular trend in the
dipole moment over geologic time, although there
is abundant evidence of fluctuations, as described
below. For reference, the free decay time of the
dipole field in the core is only about 20 ky. The
existence of an ancient field, the lack of evidence of
a decreasing dipole moment, and the inadequacy of
permanent magnetization as a source for the field are
three facts that demand there be a regeneration
mechanism, that is, a dynamo theory.

The dominance of the dipole component is evi-
dent in the present-day field, where its energy
exceeds that in any other spherical harmonic, even
at the core–mantle boundary. This dominance
becomes even stronger if time averages of the field
are considered. The characteristic time constants of
the nondipole terms in the spherical harmonic repre-
sentation of the field are measured in centuries, so
that when the field is averaged over a millenium or
more it tends toward a dipolar state. Over somewhat
longer time averages, of the order of 10 ky, the com-
ponents of the dipole moment vector lying in the
equatorial plane average out, and the field tends
toward a geocentric axial dipole, an important refer-
ence state called GAD. The GAD representation is
the basis of much of paleomagnetism (see Volume 5)
and it appears to approximate the actual time-aver-
aged field at about the 95% level. The main
deviations from GAD in the time-averaged field in
the last few million years are a small axial quadrupole
term (with the same sign as the dipole) and a small
1–2% additional deviation that may be a nonaxial
field, but is not fully resolved.

Despite its long-term persistence, the geomagnetic
field exhibits fluctuations on a wide range of time-
scales, which are fully described in Volume 5 of this
treatise. Very briefly, these include the so-called geo-
magnetic jerks at the high-frequency end of the
spectrum – probably the shortest time signal capable
of traversing the weakly conducting mantle and still
producing a measurable signal at the surface – and
decade timescale fluctuations in tilt and other field
parameters. The classic geomagnetic secular variation
occurs on centuries timescales, including the present-
day dipole moment decrease, which has been a fea-
ture of the geomagnetic field ever since Gauss’
intensity measurements in the 1830s. Large
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amplitude, irregular dipole moment strength fluctua-
tions occur on millenium timescales, and individual
dipole polarity chrons have characteristic timescales
of several hundred thousand years. The dipole polar-
ity chrons are separated by polarity reversals, and are
often subdivided into shorter subchrons, separated by
brief dipole transitions called excursions. The dura-
tion of the polarity reversal process, typically 2–12 ky,
defines another characteristic timescale of the
dynamo. On the longest timescales, the frequency of
polarity reversals changes with a 100–200 My time
constant, the minimum in the cycle being marked by
superchrons, lengthy intervals that are evidently
devoid of polarity reversals. The relationship between
these characteristics of polarity reversals and the
dynamics of the core is the subject of Chapter 8.09.

8.01.5 Core Energetics

The sequence of events in the formation and evolution
of the core is reasonably well established, even though
the timing of events and important details of the
processes remain uncertain (see Volume 9 of this
treatise). It is widely accepted that the core began to
form during or shortly after the accretion from the
solar nebula. Heat generated by large impacts during
the accretion phase may have resulted in widespread
melting in the near surface, allowing the metallic
compounds to separate and sink to the center, as
illustrated in Figure 11. The gravitational energy
released in this process is enough to raise the core

temperature by several thousand degrees, enough to
ensure that the early core was entirely liquid. Along
with Fe, the proto-core metal included Ni and some
important light constituents, particularly S, O, and Si.
Many of the abundant heat-producing elements such
as Th and U were probably partitioned into what
became the mantle and crust, but some heat producers,
most notably 40K, may have dissolved into the iron
compounds and been swept into the core. The exact
process by which the core segregated from the mantle
remains uncertain, but regardless of its details, this was
an extreme event capable of completely mixing the
early core and setting the stage for its later evolution
dominated by convection. Subsequently, as the cool-
ing of the Earth proceeded, the temperature in the
core became low enough for the solid inner core to
begin to nucleate by crystallization at the center.

As described in Chapters 8.05, 8.06, and 8.07, the
iron-rich outer-core liquid has a small enough visc-
osity to permit strong convective flows, waves,
turbulence, and other types of fluid motion with
typical velocities of 20 km y�1. Together these fluid
motions induce electric currents and magnetic fields,
in the core which have persisted throughout Earth’s
history in spite of the electrical resistance of the iron
and other core compounds. Collectively, the pro-
cesses by which magnetic fields and electric
currents are produced and maintained by core
dynamics are called the ‘geodynamo’. The geody-
namo is fundamentally an MHD phenomenon, in
which the kinetic energy of the outer-core fluid is
converted into electromagnetic energy. This energy
conversion is promoted by Earth’s rotation, which
structures the flow through the Coriolis acceleration,
leading to sustained magnetic field production. The
magnetic fields so produced exert forces back onto
the core, altering the fluid motion and allowing the
geodynamo to attain an overall statistical equilibrium
in the face of a host of fluctuations and instabilities.

Since the energy for the geodynamo is ultimately
derived from the overall cooling of the Earth (possi-
bly agumented by radioactive heating in the core),
the history of the geodynamo is linked to the thermal
and chemical evolution of the core, and also to the
thermal evolution of the mantle. The rejection of the
light elements as the inner core crystallizes is one of
the major sources of buoyancy for convection in the
liquid outer core. Fluid enriched in light elements is
expected to form ascending flows in the outer core,
while the fluid that is relatively depleted in light
elements is expected to form descending flows.
Thermal buoyancy is another important source of

Magma ocean

Primitive
 mantle

Protocore

Impacts

Metal 
pond

Figure 11 Schematic illustration of core formation. Iron

droplets from impacting planetismals sink through a deep

magma ocean and pond at the top of the high viscosity
primitive mantle, forming large metal diapirs that descend

into the protocore. From Wood BJ, Walter MJ, and Wade J

(2006) Accretion of the Earth and segregation of its core.

Nature 441: 825–833 (doi:10.1038/nature04763).
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outer-core convection. Thermal buoyancy originates
near the core–mantle boundary, a consequence of
heat extracted from the core by the cooler mantle.
In addition, thermal buoyancy is also produced by
inner-core growth, through release of latent heat of
crystallization near the inner-core boundary. The
relative contributions of thermal and compositional
buoyancy to convection in the outer core are uncer-
tain, but most estimates put the compositional effect
larger than the thermal effect, by a factor of 2 or 3.
However, this has not always been the situation.
Earlier in Earth history the inner core was likely
smaller and played a proportionally smaller role in
driving outer-core convection, and prior to the
nucleation of the inner core (which is variously esti-
mated to have begun 1–3 Ga), the geodynamo would
have had to rely on thermal convection alone.

An important factor in the energetics of the core is
the control on the rate of core evolution imposed by
the overlying mantle. The solid mantle has a larger
thermal mass than the core, and its subsolidus con-
vective overturn is much slower. Accordingly, heat
transfer by the mantle is the rate-limiting process in
the heat transfer from the core, and so is the rate
limiter for convection in the core, inner-core growth,
and the power available to the geodynamo. Recent
estimates of the total heat flux from the core to the
mantle are in the range of 6–14 TW, which corre-
spond to 15–35% of the surface geothermal flux (see
Table 4). This would seem more than adequate to

power convection in the outer core, except that the

adiabatic gradient in the outer core is quite large,

nearly 0.8 K km�1, and owing to the large thermal

conductivity of liquid iron, the heat conducted down

the core adiabat is also large, about 4 TW. This con-

ducted heat flow makes no direct contribution to

outer-core convection, and represents a substantial

tax on the geodynamo: the core must produce

enough heat to maintain an adiabatic thermal profile

just to ensure that the convection occurs throughout

the outer core. In doing so, it uses up a relatively

large fraction of its available energy.
Other complications in core–mantle thermal

interactions arise because of the way the mantle

draws heat from the core. The so-called D0 -layer,

the 200 km thick layer at the base of the lower mantle

above the core–mantle boundary is among the most

heterogeneous regions in the Earth. As depicted in

Figure 12, the lateral variations of seismic properties

are larger in D0 than anywhere else in the lower

mantle. In addition, the D0 layer is dynamically

active. Its long wavelength structure is related to,

and probably dictated by, the large-scale pattern of

flow, density, and viscosity variations in the lower

mantle (Schubert et al., 2001). On shorter wave-

lengths, its own internal dynamics shape its

structure. The D0 is generally considered to be a

source of mantle plumes, hot upwelling structures

that produce volcanic hot spots on the surface.

Table 4 Dynamical properties

Property Notation Units
Approximate
range

Total heat flux,
CMB

Q TW 10� 4

Adiabatic heat

flux, CMB

Qad TW 4�1

Buoyancy flux,
outer core

F m2 s�3 �10�13

Core age tc yr 4.4�109

Inner-core age ti yr (0.5–3)�109

Inner-core growth

rate

dri /dt m yr�1 (0.3–1)�10�3

Viscous diffusion

time

t� yr �1010

Thermal diffusion

time

t� yr �1011

Magnetic

diffusion time

t	 yr �105

Dipole diffusion

time

tdip yr 2�104

Circulation time d/U yr 100–300

D″-layer

Outer core

Lower mantle

ULVZ

CMB

Figure 12 Schematic depiction of the D0 layer near the

core–mantle boundary (CMB), illustrating various types of

core–mantle interaction and small-scale dynamical
processes that have been proposed for this region. The

seismic ultralow velocity zone (ULV2) consists of thin lenses

of material directly above the CMB that may be partially

molten and may have a composition intermediate between
the mantle and the core. Courtesy of E. Garnero.
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Thermal plumes are expected to form in D0 by virtue
of the large superadiabatic thermal gradient there,
estimated to be in the neighborhood of 5 K km�1.
The major volcanic hot spots – those with a large
enough buoyancy flux to originate in D0 and traverse
the whole mantle – are relatively small in number
and are widely distributed over Earth’s surface. This
suggests that the spacing of plumes near the core–
mantle boundary may be controlled by the large-
scale pattern of mantle flow, although the heat flow
from the core to the mantle in the neighborhood of
the plumes may be controlled by the dynamics of the
plumes themselves. In any event, a strong case can be
made that the local heat flux from the core to the
mantle is spatially variable over the core–mantle
boundary, and this pattern of variability has changed
with time in concert with changes in the pattern of
convection in the lower mantle and changes in loca-
tion and intensity of mantle plumes. Just how the
core and the geodynamo respond to these mantle-
induced thermal changes, and what effects this cou-
pling has on the Earth system as a whole, are frontier
research issues.

8.01.6 Core Dynamics as a Heat
Engine

The overall operation of the dynamo can be thought
of as a giant Carnot heat engine with several inter-
acting parts. This analogy, which is fully described in
Chapter 8.02, can also be found in several general
treatments (Verhoogen, 1979; Roberts et al., 2003;
Gubbins et al., 2003). Heat is extracted from the
core by the mantle, providing a source of kinetic
energy in the core that maintains the geomagnetic
field. The sources of buoyancy for convection in the
outer core have already been mentioned – thermal
buoyancy due primarily to the secular cooling of the
core, and compositional buoyancy derived from the
growth of the solid inner core. Both of these sources
are linked by the global energy flow in the core,
whose path is the following: secular cooling of the
core results in solidification at the inner-core bound-
ary and growth of the inner core. Preferential
fractionation of the light elements and compounds
into the outer core reduces its mean density and
lowers its gravitational potential energy with time
(Loper, 1978). Since the adjustment toward lower
potential energy requires convection to redistribute
the light elements throughout the outer core, pro-
duction of kinetic energy of fluid motion is necessary

for this process to occur fast enough to keep up with
the cooling. Part of this kinetic energy is then trans-
formed into magnetic energy, the kinematic step in
the dynamo process. This is called the gravitational
dynamo mechanism. There are additional energy
sources available to help drive the geodynamo,
including latent heat released by inner-core crystal-
lization (Verhoogen, 1961), and stirring of the core by
tidal forces and by the precession of Earth’s spin axis
(Malkus, 1968; Tilgner, 2005; see also Chapter 8.07).
The thermal–compositional effect is probably the
most important energy source now, but the rotational
effects may have played a proportionally larger role
at times in the past.

Another important aspect of the Carnot heat
engine analogy is the efficiency of the geodynamo.
Fluid dynamos have intrinsically low thermo-
dynamic efficiency. The primary energy dissipation
process within the core is ohmic dissipation – ordin-
ary Joule heating by electric currents flowing in the
imperfectly conducting core material. The efficiency
of the geodynamo can be expressed as the ratio of the
total Joule heating in the core to the total convective
heat transfer by the dynamo process. Theory indi-
cates this ratio is about 0.1. Numerical dynamo
models indicate the amount of Joule heating neces-
sary to maintain the present-day geomagnetic field is
between 0.1 and 1.0 TW. Accordingly, the convective
heat flow in the core lies between 1 and 10 TW; to
this we should add the heat flow down the core
adiabat, which is about 4 TW, giving a total core
heat loss of 6–14 TW. The lower end of this range
does not present problems for the current energy
budget of the Earth, but the high end does. In addi-
tion, the energy demands of the geodynamo become
more acute further back in time. For these reasons,
one of the primary objectives in core dynamics is to
derive better constraints on the energy budget and
energy flow in the geodynamo.

8.01.7 Convection and Dynamo
Action

The finite electrical conductivity of the core means
that the main dipole part of the geomagnetic has an
e-fold decay time of about 20 000 years. The exis-
tence of the field over geological time requires
continual regeneration on timescales shorter than
this. The convection in the core is estimated to be
sufficiently fast to induce large-scale magnetic fields
on the required short timescales, and moreover,
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theoretical, experimental, and numerical studies of
convection in rapidly rotating spherical shells give us
valuable insight into how it works. Planetary rotation
affects core convection through the so-called
Taylor–Proudman constraint, where the local axis
of fluid vorticity tends to align parallel (or anti-
parallel) to Earth’s spin axis (Taylor, 1923). The
resulting convective motion, shown in Figure 13, is
often called ‘columnar’, because the variation in flow
structure parallel to the spin axis is smaller than the
variations in perpendicular planes, that is, parallel to
the equatorial plane. Theory indicates that the
Lorentz force due to the geomagnetic field within
the core distorts the columns in the equatorial plane,
as does the compressibility of the core fluid and the
curvature and roughness of the core–mantle and
inner-core boundaries. Columnar convection
includes secondary motions with components paral-
lel to the spin axis. The combination of these
secondary motions and the primary geostrophic
motion makes convection helical, in which the vor-
ticity and velocity vectors are correlated on average,
being generally negative in the Northern
Hemisphere of the outer core and generally positive
in the Southern Hemisphere. This helical motion
gives rise to the aforementioned �-effect through
which poloidal magnetic field is induced from toroi-
dal magnetic field, and vice versa. The forward and
backward transformation of magnetic energy

between these two types of fields in the outer core
is the key kinematic ingredient in the geodynamo.
Helicity is not just a property of convection; other
rotationally dominated flows, such as the flows
induced by precession, are helical. Another induction
mechanism is provided by large-scale toroidal flows,
such as thermal winds and the flows associated with
differential rotation of the inner core. The shear in
these nearly horizontal flows converts poloidal mag-
netic field lines into toroidal magnetic field lines,
much like windings on a ball of string, providing
the so-called ‘! -effect’. The relative contributions
of the � and ! effects in the geodynamo are uncer-
tain, because the strength of the toroidal field in the
core is unknown. If the toroidal field is only about as
strong as the poloidal field in the core (1–10 mT),
then the geodynamo is likely an �2-type dynamo,
and the ! effect due to large-scale shear flows does
not control the field strength in the core. Much
stronger field strengths in the core would imply a
larger role for the ! effect, and the geodynamo would
then be classified as �! or �2!. It is significant that
both effects are functions of latitude, offering a fun-
damental explanation for why the geomagnetic field
tends toward an axially symmetric dipole time-aver-
age configuration.

An important dynamical issue is the physics of
magnetic field equilibration – what controls the geo-
magnetic field strength. In this context, theorists
distinguish between two generic classes of dynamos,
called ‘weak’ and ‘strong’, respectively. In strong field
dynamos, the Lorentz force exerted by the magnetic
field on the fluid is comparable to the Coriolis accel-
eration, whereas in weak-field dynamos the Lorentz
force is secondary. The fluid motion in strong field
dynamos is sometimes called ‘magnetostrophic’, indi-
cating the tendency for the fluid to circulate around,
rather than directly crossing, the magnetic field lines.
In strong field dynamos, the Elsasser number is of
order one. Assuming the geodynamo is a strong field
dynamo, an Elsasser number of one implies an root
mean square (rms) field of about 4 mT in the core.
Strong-field dynamos tend to equilibrate by trading
off magnetic and kinetic energy. Increases in mag-
netic energy increase the Lorentz force, reducing the
kinetic energy of the fluid, which ultimately causes
the field to decrease back toward its equilibrium
strength. Conversely, decreases in magnetic energy
decrease the Lorentz force, allowing the kinetic
energy to increase, which induces a stronger mag-
netic field. This situation would seem to provide a
stable equilibrium field strength (given a constant

Figure 13 Columnar-style convection in a rotating
spherical shell. Numerical model results show columnar

concentrations of axial vorticity (red¼positive,

blue¼ negative vorticity).

Overview 15



driving force for the convection), and may explain
why the geomagnetic dipole moment has been stable
for much of Earth’s history.

However, the above simple argument fails to
explain the most dramatic of geomagnetic field
changes, the polarity reversals. Volume 5 describes
what is known of the polarity reversal process from
paleomagnetism. Chapter 8.09 discusses what is
known about the reversal process from theory and
from numerical models. Mathematically, a simple
change in the sign of the magnetic field (a full rever-
sal) makes no difference in the governing MHD
equations for the geodynamo, since the Lorentz
force is quadratic and the induction equation is
homogeneous in the magnetic field. In other words,
there is no bias for polarity in an MHD dynamo; both
polarities are equally likely. The facts that the paleo-
magnetic record shows no evidence for polarity bias,
and also shows no evidence for differences in field
structure with polarity, are strong points in favor of a
MHD origin for the geodynamo.

The existence of occasional geomagnetic rever-
sals, widely spaced in time and yet short in duration,
suggested to some early investigators that they might
possibly have an external trigger. However, theory
and numerical experiments have convincingly shown
that polarity reversals occur in dynamos through
internal dynamics, without any external influence
needed. Some dynamos reverse periodically, most
notably the �!-dynamos, which often show wave-
like or oscillatory magnetic field behavior. Other
dynamos reverse more irregularly, a consequence of
chaotic fluctuations in fluid motion. It is likely that
several different mechanisms are capable of produ-
cing polarity reversals in the geodynamo. It is also
likely that there are many failed attempts at reversal,
marked by events such as polarity excursions, for
example. For these reasons, it is not clear that an
individual reversal represents a very significant
event in the evolution of the core.

Possibly more significant for core dynamics is the
average frequency of reversals, which has changed
appreciably through time. The average rate of rever-
sals is about 4 per million years during the past few
million years, but this rate has increased systemati-
cally since the 35 My long Cretaceous normal
superchron, which ended about 83 Mo. Because
dynamo theory indicates that the important dynami-
cal timescales intrinsic to the geodynamo should be
substantially less than hundreds of millions of years,
many geodynamicists have looked to the mantle for
the cause of long-term polarity reversal changes. As

described in Chapter 8.08 of this volume, it is now
well documented that the frequency of polarity
reversals is sensitive to the overall vigor of convec-
tion in the core, and in addition, spatial variations in
core convection, both of which the mantle controls.
Additional evidence for a mantle control on the geo-
dynamo comes from the tendency for some transition
fields to follow statistically prevered paths during
polarity change. A full understanding of the ways
the core and mantle interact, and how these interac-
tions affect the geodynamo and also the dynamics of
the mantle, remain important goals for the future.
Current ideas and possible new directions in this
area are the topic of the Chapter 8.12 of this volume.

8.01.8 Simulating the Geodynamo

Along with the new discoveries of core structure
coming from seismology, the delineation of the pre-
sent-day and ancient geomagnetic field, and progress
in fluid dynamo experiments, the most important
advances in understanding core dynamics in this
decade have come from numerical simulations of
the dynamo process. Chapters 8.08 and 8.09 describe
the rapid development, considerable successes,
inherent limitations, and future prospects of this
approach. Here it is appropriate just to describe the
basic ideas behind these models and comment on
their overall objectives.

Numerical dynamo models solve the conservation
equations for fluid motion and magnetic field induc-
tion in rotating spherical shell geometries with
homogeneous magnetic boundary conditions, to
ensure that any sustained magnetic field is internally
generated, without an external source. The field and
the flow are free to evolve through mutual inter-
action. The goals are to obtain magnetic fields
resembling the geomagnetic field, and to understand
how the various interactions generate different
aspects of geomagnetic field behavior.

As mentioned above, this approach has developed
rapidly, starting with the breakthrough simulations of
Glatzmaier and Roberts (1995) and Kageyama and
Sato (1995), which quickly became a global activity.
Numerical dynamos driven by Boussinesq convec-
tion in thick, rotating fluid shells commonly produce
magnetic fields similar to the geomagnetic field, with
a strong axial dipole component, secular variation,
and occasional polarity reversals, as shown in
Figure 14. Dynamo models with inner cores smaller
than the present Earth predict different magnetic
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field intensity at early stages of inner-core growth.

These and other more recent high-profile modeling

studies (e.g., Takahashi et al., 2005) have led to the

impression, in some quarters, that the dynamo pro-

blem has actually been solved. In truth, however,

many fundamental problems remain in applying

numerical dynamo model results directly to the

Earth, not to mention the other magnetic planets,
which have been swept under the rug, so to speak,
in this initial burst of progress. Some of these pro-
blems stem from our limited knowledge of the core,
but other arise because the dynamo models are far
removed in parameter space from the Earth.
Specifically, numerical dynamos rotate too slowly,
are less turbulent, and have far too large viscosity
(relative to electrical conductivity) compared to the
core. In terms of the dimensionless parameters that
control convective dynamos, this combination of fac-
tors means that the Rayleigh number is too small, and
the Ekman and magnetic Prandtl numbers are too
large in the dynamo models. Estimates of these and
other dimensionless parameters important to core
dynamics are listed in Table 5. As demonstrated in
Chapter 8.08, prospect of direct numerical simulation
with realistic values of these parameters is remote,
because of the enormous temporal and spatial resolu-
tion such calculations would require.

As Chapter 8.08 describes, several different types
of numerical models are now used for studying the
geodynamo. Most dynamo models are driven by
thermal convection, although some use a combina-
tion of thermal and compositional buoyancy, and
there is substantial progress on precession-driven
dynamos (see Chapter 8.07). In nearly all of these
models, the poloidal magnetic field is generated by
what is essentially a mean-field effect, through heli-
city produced by the convection. A part of the
toroidal field is also generated by the convection,
and some is generated by large-scale shear flows,
particularly within the tangent cylinder of the inner

Table 5 Dimensionless parameters

Parameter Notation Definition Approximate value

Radius ratio r* ri /ro 0.35

Prandtl number Pr �/� 0.1–0.5

Magnetic Prandtl number Pm �/	 �10�5

Roberts number q �/	 �10�6

Ekman number E �/�d2 �3�10�14

Magnetic Ekman number E	 	/�d2 �4�10�9

Thermal Ekman number E� �/�d2 �10�14

Rayleigh number, �T RaT �g�Td3/�� �1020

Rayleigh number, q Raq �gqd4/k�� �1022

Dissipation number Di �gd/Cp 0.3
Elsasser number � �Brms

2 /�� �1

Elsasser number, CMB �CMB �BCMB
2 /�� �0.01

Reynolds number Re Ud/� �106

Magnetic Reynolds number Rm Ud/	 300–600
Peclet number Pe Ud/� �107

Note: Ekman and Elsasser numbers are defined here without factors 2 in denominator.

Figure 14 Magnetic field lines of force from a numerical
dynamo model. Blue¼ inward directed, yellow¼outward

directed field. A dominantly dipolar magnetic field extends

out from the core into the mantle. Complex magnetic field is

induced inside the core by turbulent columnar convection.
Courtesy of G. Glatzmaier.
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core. Many numerical dynamos produce realistic

large-scale magnetic fields: dominantly axial dipoles

with Elsasser number �’ 0.1; nearly flat spectra at

the core mantle boundary and realistic velocities

(magnetic Reynolds number Rm’ 100–1000), even

though the input Ekman number E, Rayleigh number

Ra, Prandtl number Pr, and magnetic Prandtl number

Pm are decidedly unrealistic. An example of an

advanced dynamo model is shown in Figure 14.

Some numerical dynamos have strong westward

drift and large zonal velocities at low latitudes,

although many do not have this feature. In many

models, the most rapid westward drift is found at

high latitudes, due to thermal wind-style flow within

the inner-core tangent cylinder.
How do different boundary conditions affect

numerical dynamos? The difference between no-

slip and free-slip boundary conditions is relatively

minor in dynamos with Newtonian (uniform) viscos-

ity, although it is large in dynamos using

hyperviscosity. In contrast, heat-flow boundary con-

ditions have a strong effect, particularly nonuniform

heat flow imposed at the core–mantle boundary.

Large variations in core–mantle boundary heat flow

tend to kill numerical dynamos. Moderate variations

in boundary heat flow generate departures from axi-

symmetry in the time-average magnetic field, and

also influence the frequency of polarity reversals.

The so-called ‘tomographic’ heat-flow boundary

condition assumes that core–mantle boundary heat

flow variations are proportional to seismic velocity

variations in the D0 layer. This boundary condition

produces heterogeneity in numerical dynamos that

can be compared with heterogeneity in the geomag-

netic field, including concentrated flux spots at high

latitudes, regions with westward drift, and regional

differences in the time-average magnetic field and

secular variation. In addition, calculations using this

boundary condition suggest that thermal coupling

between the mantle and the inner core is possible;

the nonuniform heat flow at the core–mantle bound-

ary is transmitted through the whole outer core,

producing azimuthal variations in heat flow at the

inner-core boundary. These characteristics are not

found in numerical dynamos with uniform core–

mantle boundary heat flow, which generate time-

average magnetic fields with axial symmetry.

Tomographic models do not explain all of the non-

dipole field however. In particular, they fail to

explain the large quadrupole component in the

paleomagnetic field.

Polarity reversals occur in numerical dynamos
with large temporal fluctuations, particularly when
the dipole field is weak and time variable. In some
cases the polarity transition is short, comparable to
the timescale of the transitions in the paleomagnetic
record. However, some reversals in dynamo models
are characterized by extremely long transition peri-
ods. Two broad classes of reversals have been found.
In convection-dominated dynamo models, large tem-
poral fluctuations are usually found at high Rayleigh
number where the flow is strongly chaotic. In these
dynamos the reversals are irregular (possibly ran-
dom) in time and seem to develop from
anomalously large reversed flux patches. It has been
shown that the frequency of these irregular reversals
is sensitive to thermal boundary conditions: bound-
ary heat flow that is compatible with the heat flow
pattern intrinsic to the dynamo stabilizes polarity,
whereas incompatible boundary heat flow destablizes
polarity (Glatzmaier et al., 1999). Dynamo models
with strong zonal flows also show polarity reversals,
but at more regular intervals. This type of reversal
may be produced by dynamo wave instabilities.

8.01.9 Mantle Effects within the Core

Many of the processes we associate with core dynamics
and the geodynamo have timescales that are short
compared to mantle dynamics timescales. Figure 15
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summarizes the space and timescales that character-
ize some of the important core dynamical processes.
As discussed in Chapters 8.07, 8.04, and 8.12, inertia,
Alfven, and buoyancy-driven waves have character-
istic timescales ranging from 1 day to decades or
centuries. The convective overturn time in the core
is measured in centuries to millennia. The dipole free
decay time is about 20 000 years, and the average
duration of the last 10 dipole polarity chrons is
about 250 000 years.

But in addition to these relatively short timescales
connected with fluid dynamical processes in the core,
the geodynamo shows evidence of much longer time-
scales. These more slowly evolving processes have
often been attributed to the influence of the mantle
on the core. The best-known example of this class
of phenomena is the modulation in the frequency of
magnetic polarity reversals seen in the record of sea-
floor magnetization (see Volume 5). A related
phenomenon is the occasional magnetic superchron –
lengthy intervals of time that appear to be devoid of
reversal behavior. The reversal frequency modula-
tion occurs on a 100–200 My timescale, which is very
suggestive of the timescale for changes in mantle
convection (see Volume 8 of this treatise).
Additional but less certain evidence comes from the
persistence of nondipole field components and the
tendency of the field to reverse polarity along paths
that are confined in longitude. Since it seems unlikely
on theoretical grounds that the core has such a long-
term dynamic memory of its own, it is natural to look
at the role of the mantle in the geodynamo process.

The lowermost region of the mantle is known to
be among the most heterogeneous regions in the
planet (see Volume 1 of this treatise). Mantle hetero-
geneity that could directly affect the geodynamo
includes lateral variations of temperature and heat
flow near the core–mantle boundary, topography on
the core–mantle boundary, and lateral variations in
other physical and chemical properties, possibly
including melts. As discussed in Chapter 8.12, this
heterogeneity has the potential to influence the core
in multiple ways, although a full exploration of the
ramifications of each type of heterogeneity is yet to
be made.

Thermal interaction with the mantle is expected
to influence the core on very long timescales.
Temperature differences of several hundred degrees
are expected in the lower mantle, and these will
cause substantial heat flow heterogeneity over the
core–mantle boundary. It is possible that there are
regions on the core–mantle boundary where the heat

flow is less than the heat conducted down the core

adiabat, and stable thermal stratification will prevail

in these areas. In spite of the very small lateral tem-

perature differences this boundary heterogeneity

produces in the core, the circulation in the core will

be strongly modified, through the addition of thermal

wind-type flows and the suppression of convection in

the stable regions.
The dynamical response of the core to mantle

thermal heterogeneity is a rich subject, one that has

received considerable attention in the past decades

(e.g., Zhang and Gubbins, 1992) but the basic ques-

tions here are far from resolved. Numerical dynamo

models indicate that mantle heterogeneity induces

long-lasting, large-scale circulation in the outer

core (see Chapter 8.12) and can influence the fre-

quency and the character of polarity reversals (see

Chapter 8.09). The fact that core–mantle boundary

heterogeneity changes in both pattern and magnitude

on 100–200 My timescales suggests a causal link

between mantle convection and the long-term geo-

dynamo variations, including reversal frequency

modulation, superchrons, and low-frequency varia-

tions in the dipole field strength.
Chemical exchange is another type of long-term

core–mantle interaction, that is even less well under-

stood than thermal interactions. As discussed in

Chapter 8.12, isotopic anomalies from volcanic hot

spots have been interpreted by some geochemists as

evidence for core contamination of mantle plumes

originating near the core–mantle boundary. The seis-

mic complexity of the core–mantle boundary region,

which indicates heterogeneity over a wide range of

spatial scales, is broadly consistent with the idea that

chemical reactions, sedimentation, infiltration and

compaction, and other processes active near the

Earth’s surface may have counterparts in the envir-

onment of the core–mantle boundary region.
Very different kinds of core–mantle interactions

can occur on shorter timescales. Elevated electrical

conductivity near the base of the mantle permits the

geomagnetic secular variation to induce electric

currents in the lower mantle that can couple the

mantle and core electromagnetically (Rochester,

1962), and allow for exchange of angular momentum

between the core and the mantle on decade and

century timescales. Other short-term interactions

include gravitational coupling between mantle den-

sity heterogeneity and density heterogeneity in the

core, most notably the equatorial bulge of the inner

core.
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8.01.10 The Dynamical Inner Core

Perhaps the most unanticipated development in core

dynamics in the past decade has come from realiza-

tion of the importance of the solid inner core. Long

thought to be homogeneous and dynamically passive,

it is now seen to play a much more significant role in

the evolution of the core and the geodynamo process.

The core was recognized to be seismically anisotro-

pic about 15 years ago, based on the travel times of

seismic compressional waves, which travel a few per-

cent faster along polar paths, compared with

equatorial paths (see Volume 1 of this treatise).

Initially this anisotropy was seen as more or less

uniform through the whole inner core, which led to

an early suggestion that it could be a single crystal,

possibly aligned by Earth’s rotation. However, sub-

sequently it has been shown that the anisotropy is not

entirely rotationally aligned, and moreover, it is spa-

tially heterogeneous through the inner core. In

particular, anisotropy is weak or absent for a few

hundred kilometers below the inner-core boundary,

and even more surprising, it appears to vary in

strength between the Eastern and Western

Hemispheres of the inner core (Ishii and

Dziewonski, 2003).
Several explanations have been offered to explain

the inner-core anisotropy. The obvious one is tex-

tural anisotropy, the statistical alignment of crystals.

Another possible explanation is partial melt fabric.

Each of these explanations has its own merits,

although both involve difficulties. There are also

several competing theories for the origin of the aniso-

tropy, which are discussed fully in Chapter 8.10 of

this volume. Most of these explanations rely on the

ability of the inner core to deform on timescales of

tens of millions of years, which requires the solid

material to have a small yield strength and a finite

viscosity.
The most provocative interpretation of inner-core

dynamics is its anomalous rotation. Numerous stu-

dies have used observations of small, secular changes

in the travel times of seismic P-waves traversing the

inner core to infer that the inner core is rotating

relative to the crust and mantle. The initial reports

suggested a relatively fast super-rotation, with the

inner core rotating eastward relative to the crust by

about one degree per year (Song and Richards, 1996).

Subsequent investigations have demonstrated that

this rate is too high. The observed splitting of certain

normal modes that are sensitive to inner-core

structure indicates little or no anomalous rotation,
whereas follow-up studies based on the original
P-wave technique still indicate a super-rotation, but
only 0.2-0.3� yr�1. Interestingly, the theoretical pos-
sibility of inner-core super-rotation had been known
for more than a decade (see Chapter 8.10), and pro-
grade anomalous inner-core rotation was observed in
several of the earliest numerical dynamo models.
Indeed, the pattern of core convection predicted by
numerical dynamo models is fully consistent with
inner-core super-rotation (see Chapter 8.08).
However, there are some unresolved basic issues
here. First, the uncertainty in the seismic observa-
tions does not entirely preclude an inner-core co-
rotating with the rest of the Earth. In addition, it is
theoretically possible that gravitational coupling
locks the inner core to the mantle (see Chapter
8.12). This question will ultimately be settled, as
ever better seismic data accumulate.

8.01.11 Future Prospects
and Problems

It is impossible to know if the rapid progress we have
witnessed in core dynamics over the past decade or
two will continue at this same pace. Rather than
attempt to forecast what lies ahead, for this field, it
may be more useful to define some important goals
for the future, in terms of key core dynamics ques-
tions. Most of the chapters in this volume have
identified the key science questions particular to
each area. Below is a partial list of broadly defined
questions, by which future progress in core dynamics
may be gauged.

• What is the present-day energy budget of the
core?

• What is the path for energy flow in the present-
day core?

• How old is the inner core?

• By what processes does the inner core formed,
what accounts for its complex structure, and how
has its formation affected the rest of the Earth?

• What is the strength of the geomagnetic field in
the core, and what processes control its strength?

• How much energy is dissipated in maintaining the
geodynamo?

• What is the relative importance of chemical ver-
sus thermal buoyancy in core convection?

• What are the characteristic length and time scales
of core convection?
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• What is the nature of turbulence in the outer core,
and how does turbulence influence core dynamics
at larger scales?

• How does dynamo action in numerical models
differ from dynamo action in true liquid metals?

• Can numerical dynamos be scaled to Earth
conditions?

• What is the relationship between the flow at the
top of the core inferred from geomagnetic obser-
vations and the geodynamo process?

• What are the contributions of rotational instabil-
ities to the geodynamo?

• Is the inner core rotationally locked to the mantle,
or does it differentially rotate?

• What are the critical processes that lead to mag-
netic polarity changes and other forms of
geomagnetic variation?

• What is the nature of long-term mantle control on
core and geodynamo processes, such as the che-
mical and thermal evolution of the core and the
frequency of magnetic polarity reversals?

• What are the characteristics of shorter-term core–
mantle interactions?

• Which aspects of Earth’s core dynamics are
applicable to the cores in other planets?

8.01.12 Additional References

Although there is no published book like this volume,
with comparable breadth and focus on the dynamics
of the core, there are numerous works that treat the
specific foundations of this subject. Several of these
deserve special mention here. Monographs by
Verhoogen (1979), Jacobs (1987), and the collected
volumes edited by Dehant et al. (2003) and Jones et al.

(2003) treat most aspects of core structure and ener-
getics. The fundamentals of rotating fluid dynamics
and geophysical turbulence can be found in
Greenspan (1968) and Rhines (1979), respectively,
and the fundamentals of dynamo theory in books by
Moffatt (1978) and Davidson (2001). Stacey (1992)
and Poirier (1988) are good sources of basic informa-
tion on core properties, Schubert et al. (2001) describe
the dynamics at the base of the mantle, and together
Merrill et al. (1998) and Backus et al. (1996) give a
comprehensive account of the geomagnetic and
paleomagnetic fields as they relate to core dynamics.
There have been numerous review papers on the
recent advances in numerical dynamo models,
including Dormy et al. (2000), Kono and Roberts
(2002), Glatzmaier and Roberts (2002), and

Glatzmaier (2002). Braginisky and Roberts (1995)
have developed a complete set of equations for the
core convection including thermal and compositional
buoyancy.

8.01.13 Summary of the Chapters in
This Volume

8.01.13.1 Energetics of the Core

Chapter 8.02 analyzes the gross energetics of the
core, a subject of long-standing and on-going
controversy. After reviewing the present state of the
core, author Francis Nimmo derives the global
balances of energy and entropy, which are critical
to such basic issues as the growth rate of the solid
inner core and the power necessary to maintain the
geodynamo. Special attention is given in this chapter
to the power requirements and the long-term con-
sequences of inner-core growth. Growth of the inner
core results in compositional convection and latent
heat release, and the author concludes that the for-
mer is likely the most important energy source for
the geodynamo. Geophysical considerations indicate
that the present-day heat loss from the core is
6–14 TW. Nimmo shows how this heat flow trans-
lates into estimates of inner-core age, which vary
from about 0.3 to around 2 Ga if the geodynamo is
driven by compositional convection. Even when the
uncertainties in core properties are taken into
account, this range indicates that the inner core is
far younger than the core itself. The lower end of this
range puts the onset of inner-core nucleation well
within the Paleozoic era, which would imply that the
inner core has existed only for about two Wilson
cycles of plate tectonics, and that it postdates the
explosion of advanced life forms over the Earth’s
surface. The author concludes the chapter by
considering the possible alternatives to the young
inner-core scenario. The most important of these
alternatives is an end-member model in which the
core contains appreciable radioactive heat sources,
most notably radioactive potassium 40K, and the
power requirements of the geodynamo remain low
throughout inner-core growth. Such a model is mar-
ginally capable of extending the inner-core age to
about 3 Ga, broadly consistent with some estimates
obtained from rare-earth isotope measurements. A
final resolution of this controversial yet central
issue could come by detecting inner-core formation
in the record of the paleomagnetic field, more precise
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modeling of core–mantle interaction, or some as yet
unexploited geochemical evidence on the early core.

8.01.13.2 Theory of the Geodynamo

Long before there were 3D numerical dynamo simu-
lations, and long before self-sustaining experimental
sodium dynamos, the theoretical foundations for
understanding the geodynamo were laid by applied
mathematicians and physicists. The accomplish-
ments of this dedicated group are all the more
noteworthy in light of the fact that they were working
without the benefits of realistic numerical or labora-
tory examples of fluid dynamos.

The important elements of dynamo theory are set
out by Paul Roberts in Chapter 8.03. Roberts begins
by defining what a fluid dynamo is, what is meant
when a dynamo is ‘self-sustaining’, and the difference
between kinematic dynamos, in which the fluid velo-
city is specified a priori and the magnetic field is then
calculated, and MHD dynamos, in which the energy
source is specified, and both the flow and the mag-
netic field are calculated simultaneously. Dynamo
theory starts from the (pre) Maxwell equations for
electromagnetic induction in a moving, conducting
fluid. An important limiting case that is often used for
intuition and practical applications is Alfven’s frozen
flux theorem, appropriate for a perfect electrical
conductor.

Roberts then presents the basis for kinematic
dynamos in both Cartesian and spherical geometries.
Important results include a lower bound for the cri-
tical magnetic Reynolds number for dynamo action,
plus a set of antidynamo theorems, including the
famous theorems by Cowling, that reveal some of
the necessary conditions for fluid dynamos to become
self-sustaining. The chapter includes a full account of
the very influential mean-field electrodynamics, the
statistical treatment of the induction effects of turbu-
lent fluid motion. This leads to several types of mean
field dynamos, which derive their dynamo action
from the �-effect, an induction property of convec-
tive turbulence, and the !-effect, the induction
property of large-scale shear flows, as discussed pre-
viously in this chapter.

Now that the study of the geodynamo has come to
rely so heavily on large-scale numerical simulations,
it is fair to ask what role classical dynamo theory
plays in the present discussion. Roberts’ summary
provides a clear reply to this question. Because
there are no true ‘simple’ fluid dynamos, analog
models, be they numerical or experimental, offer

only limited insight into the geodynamo on their
own. By virtue of their inherent complexity, a sub-
stantial level of theoretical insight is needed to
interpret the results of any numerical dynamo simu-
lation, or any laboratory dynamo experiment, for that
matter. Kinematic dynamo theory provides us with
the fundamental concepts and a useful terminology,
for analyzing and describing how complex fluid
dynamos work.

8.01.13.3 The Large Scale Flow in the Core

The theory in other Chapters (Chapters 8.05, 8.07,
and 8.06) and the results of numerical dynamo mod-
els presented in other Chapters (Chapters 8.08, 8.09)
indicate that a broad spectrum of motions is likely in
the fluid outer core, governed by a variety of possible
force balances that include several possible driving
mechanisms. In light of this inherent complexity in
the geodynamo processes, there is little hope of
deducing the nature of the flow in the core on the
basis of theoretical considerations alone. For this
reason, a substantial effort has been made over the
past few decades to infer as many properties of the
flow in the core as possible from other types of
geophysical observations. By far the most success in
this regard has come from analyzing the secular var-
iation of the geomagnetic field on the core–mantle
boundary. There is a full description of the properties
of geomagnetic secular variation in the Volume 5 of
the treatise.

In this volume we are primarily concerned with
interpreting the images of flow near the top of the
core, obtained from the geomagnetic secular varia-
tion, in terms of the types of motion that are
important for core dynamics in general, and the
geodynamo in particular. We are also interested in
the evidence for interaction between the core and
other parts of the Earth system as revealed by these
motions. In Chapter 8.04, Richard Holme sum-
marizes what we know about the actual fluid
motions in the core, both in the present-day and in
the past, as far back in time as the geomagnetic record
allows us to infer them. Holme points out that geo-
magnetic secular variation has been used to ‘trace’
motions in the core for more than four centuries,
starting with Halley’s famous 1692 discovery of its
westward drift, which Halley interpreted as the result
of relative motion between magnetized regions in
Earth’s interior. Holme shows how the early idea of
a uniformly westward drifting core, based on a
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preferred westward shift of anomalies in the core
field with time, has been replaced by a far more
complex picture of the core flow, which includes
westward motion mostly confined to the Atlantic
Hemisphere. However, the long-standing contro-
versy over the geomagnetic westward drift and its
interpretation provided impetus to develop the mod-
ern techniques for imaging core flow, which are
based on the concept of frozen magnetic flux.
Holme first reviews the frozen-flux hypotheses,
including its assumptions and limitations, and then
goes on to summarize the important aspects of the
core flow that the applications of this technique have
revealed. He shows how frozen flux reveals that an
energetic, large-scale flow is present in the outer
core, with characteristic velocities of 10–20 km yr�1.
This motion appears to be most vigorous beneath the
Atlantic and Indian Oceans (since it is proportional to
the geomagnetic secular variation, which is greatest
there), and it includes several large-scale vortices and
jets that are suggestive of the large-scale quasi-geos-
trophic vortices and jets seen in the general
circulation of the atmosphere and ocean. Smaller-
scale motions are doubtless also present (see
Chapters 8.05 and 8.06), but are filtered from the
geomagnetic secular variation by the electrical con-
ductivity of the mantle and by permanent
magnetization in the crust, and are therefore invisible
at the surface. Wave motion in the core is another
possible interpretation of the secular variation.
Holme discusses several interesting interactions
between the the core and the mantle related to core
flow, including the decade scale variations in the rate
of rotation. These variations involve angular momen-
tum exchange between the core and mantle, and
appear as nearly periodic variations in the zonally
averaged part of the core flow. In addition, the core
flow shows some response to the abrupt, transient
changes in the core field, the class of phenomena
called geomagnetic jerks.

8.01.13.4 Thermal and Compositional
Convection in the Core

Convection in the liquid outer core is the primary
energy source for the geodynamo, and also the
primary mechanism for heat and mass transfer
through the core. In Chapter 8.05, author
Christopher Jones examines the complex fluid
mechanics involved in convection in the core. Both
thermal convection and compositional convection
are important in the outer core, thermal convection

produced by temperature variations arising at the
inner-core boundary and especially at the core–
mantle boundary, the compositional convection
being a product of chemical fractionation of light
elements such as sulfur and oxygen into the outer-
core fluid accompanying crystallization of the
inner core.

After introducing the basic physical principles
involved in thermochemical convection in the core,
Jones derives the basic equations governing the con-
vection, with emphasis on the effects of
compressibility, which are present in the outer core
by virtue of the enormous (�200 GPa) increase in
hydrostatic pressure between the core–mantle and
inner–outer core boundaries. He then conducts a
systematic tour of the physics of convection, starting
with a model of high Rayleigh number convection in
a nonrotating, electrically insulating fluid, then pro-
gressively adding in the effects of rotation and
magnetic fields, ending up with a model of core
convection in which all of the known physical ingre-
dients are present and interacting with each other.
The result is a model of core convection that is
multiply anisotropic, with the flow jointly con-
strained by Earth’s rotation, by the Lorentz force
due to interaction between the induced magnetic
field and associated electric currents, and other dyna-
mical effects. Jones shows how the characteristic
velocity, time, and length scales of this convection
are all determined by internal dynamical balances
involving subtle balances between Coriolis, Lorentz,
buoyancy and inertial forces, and the spherical shell
configuration of the outer core. He goes on to show
how this rotating magnetoconvection model for the
core dynamics fits into the numerical models of the
geodynamo described in Chapter 8.08 on the large
scale, and in the other extreme, how it fits with the
concepts of smaller-scale core turbulence described
in Chapter 8.06. Jones then considers how the parti-
cular deep Earth environment influences core
convection, specifically, how the surrounding mantle
with its substantial lateral heterogeneity can affect
convection in the core. The control of core convec-
tion by the mantle is only partially understood, and is
among the highest priorities for future expansion of
knowledge in this whole subject.

8.01.13.5 Turbulence and Small-Scale
Dynamics in the Core

Turbulence is ubiquitous in geophysical and plane-
tary fluids, although it exists in a wide variety of
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forms. The causes and consequences of turbulence in
the core is a relatively new subject in geodynamics,
but with the growth of sophisticated numerical and
laboratory models of the core dynamics, it is coming
to play a more central role in our view of the geo-
dynamo. In Chapter 8.06, David Loper gives a
connected account of turbulence and the small-
scale dynamics of the core. He starts by describing
the special conditions for small-scale dynamics in the
core, an environment dominated by the Coriolis and
Lorentz forces due to planetary rotation and the
core’s magnetic field, respectively. This environment
is affected by the great thickness of the outer-
core fluid, where relatively weak buoyancy forces
can generate turbulence even though the
overall fluid velocity is small. The dominant form
of energy dissipation in the core is ohmic ( Joule
heating) rather than viscous dissipation as in a
normal fluid.

Interpreting the core as a turbulent MHD system,
Loper finds that several dynamically distinct regimes
are expected, including complex boundary layers
near the inner and outer-core boundaries with over-
laping magnetic, viscous, and thermal layers. Outside
the boundary layers are regions dominated by buoy-
ant plumes, especially beyond the inner-core
boundary. He argues that the interior of the outer
core should be well mixed, but there is the possibility
of a stable layer near the top of the core, a conse-
quence of incomplete mixing of lighter elements
released by inner-core crystallization. He presents a
model for each of these regions based on length- and
time-scaling considerations. Lastly, he discusses
some possible ways to parametrize core turbulence
for use in global models of the core and the
geodynamo.

8.01.13.6 Rotational Dynamics

Convection is not the only type of motion in the fluid
outer core. There are a host of instabilities that arise
because of irregularities in Earth’s rotation. These are
well documented in theory and experiments, for
example, in the Chapter 8.11 chapter of this volume.
In Chapter 8.07, Andreas Tilgner summarizes the
state of knowledge on rotation-induced core flows.
He begins by deriving the equations of motion for a
fluid rotating about a variable axis, in which the
transverse or Poincaré acceleration appears in addi-
tion to the familiar Coriolis and centripetal
accelerations. He summarizes the properties of

inertial oscillations and the structure and transport
properties of viscous Ekman layers.

The central problem in this subject is the flow
induced by precession. Tilgner begins by presenting
the classical solutions to the inviscid problem, includ-
ing the Poincaré solution on which most subsequent
studies were based. He then systematically intro-
duces the complexities of a real fluid, first the
effects of viscosity, then instabilities, tidal excitation
and finally nonlinear interaction with convective
flows. A long-standing question is whether precession
can support a planetary dynamo by itself, without
assistance from buoyancy-driven motions. Tilgner
discusses the status of this debate, and points out
the directions future work must take to supply a
definitive answer.

8.01.13.7 Numerical Dynamo Simulations

The use of first-principles numerical models of self-
sustaining fluid dynamos has been the most signifi-
cant technical development in the study of the
geodynamo in decades. The enormous progress in
this arena, and the challenges for the future, are the
subjects of Chapter 8.08. Ulrich Christensen and
Johannes Wicht first review the governing equations
for the geodynamo in their basic, Boussinesq form,
including the fundamental dimensionless parameters
that control the system. They also define the critical
dimensionless output parameters that characterize
each dynamo model solution and provide the basis
for comparison with the geodynamo. Attention is
paid to the choices of boundary conditions appropri-
ate for the core–mantle boundary and the inner–
outer-core boundary. The choice of boundary
conditions is crucial for modeling specific aspects of
the geodynamo behavior, particularly its interaction
with the mantle, but also its interaction with the solid
inner core.

In this chapter the challenges in dynamo modeling
have already been discussed that stem from the fact
that the physics of the geodynamo is characterized by
extreme values of the governing dimensionless para-
meters, which are not accessible to direct numerical
simulation. This situation has guided both the
development of numerical dynamos and the techni-
ques used to apply them to the Earth. Each of these
aspects are discussed in detail in Chapter 8.08.
Christensen and Wicht first summarize the simplify-
ing approximations that are sometimes used in the
models, such as representing the buoyancy force in
convection in terms of just a single variable, imposed
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symmetries, and modifications to the inertial and
diffusive terms in the equations. In terms of the
numerical techniques, Christensen and Wicht focus
on the spectral (or semispectral) approach, which has
been the work-horse method to date, although they
point out its inherent limitations and the need to
continue development of alternative methods that
will be more suitable for the massively parallel com-
puter architectures in the future.

The authors then summarize the main classes of
dynamo models found to date, describing their
changes in structure as the main controlling para-
meters (Rayleigh and Ekman numbers) are
systematically varied in the direction of Earth values.
They point out that most convectively driven
numerical dynamo models are basically of the �2-
type, although !-effects from thermal wind flows are
sometimes important contributors to the dynamo
mechanics.

The rapid increase in the number of high-quality
numerical dynamos in the literature has made it
possible to derive scaling laws for the basic behavior
of convective dynamos. This is an important
development, since it provides a way to extrapolate
numerical results with more modest input parameters
to the extreme parameter regime of the geodynamo.
Christensen and Wicht show a number of rather sim-
ple scaling laws for the main dynamo properties, that
project reasonably well to the geodynamo, providing
additional evidence that dynamo models are capturing
important parts of the core’s dynamics.

As for the prospects in dynamo modeling, it may
be that the low-hanging fruit has, to a large extent,
already been picked, and that future progress will
hinge on solving a number of thorny physical pro-
blems that were conveniently swept under the rug in
the rush of the past decade. Many of these problems
involve the complicating but interesting effects dis-
cussed in other chapters of this volume. Christensen
and Wicht end the chapter with a sober assessment of
some of these problems, and where their solutions in
the context of numerical dynamos might ultimately
be found.

8.01.13.8 Magnetic Polarity Reversals in
the core

The fact that the geomagnetic field has stably per-
sisted for most of Earth’s history, while exhibiting
occasional polarity reversals, is among the strongest
pieces of evidence in support of the dynamo theory.

As discussed at length in Volume 5 of this treatise,
and as summarized in Chapter 8.09 of this volume,
both the existence and the known characteristics of
magnetic polarity reversals offer general confirma-
tion of the dynamo interpretation, as well as severe
challenges for any successful model of the
geodynamo.

In Chapter 8.09, Gary Glatzmaier and Robert Coe
examine the behavior of polarity reversals in numer-
ical dynamo models in light of the evidence on the
nature of reversals as seen in the paleomagnetic
record. Key observations include the time required
for polarity reversal (2 to about 12 ky), the character-
istic duration of stable polarity chrons (100–1000 ky,
but highly variable), the nature of the transition field,
and the possibility of polarity bias, statistical differ-
ences between magnetic fields for normal (i.e.,
present-day-type) polarity and the reverse polarity
configurations. They argue that nearly all records of
reversals indicate reduced intensity for the transition
field, but that the actual transition field structure is
complex and may differ substantially between indi-
vidual reversals, as evidenced by the variety of
virtual geomagnetic pole (VGP) paths. They also
point to the significance of large directional excur-
sions, which appear to be more frequent than full
polarity switches and may represent failed reversals
in the core.

Dynamo models have shown convincingly that it is
not necessary to have an external trigger for polarity
reversals. There are several mechanisms that operate
in numerical dynamos which can produce sponta-
neous polarity reversals, either in a semiregular way
(i.e., nearly periodic reversals) or in a chaotic way (in
which the reversal sequence is seemingly random in
time). Glatzmaier and Coe analyze some specific
numerical examples of each of these types of rever-
sals. Their general conclusion is that chaotic, nearly
random reversing dynamos better approximate the
observed reversal behavior as measured by the main
geomagnetic polarity timescale (i.e., the reversals that
define the major polarity chrons). However, they also
find that the presence of more frequent, short rever-
sals implied by excursions may indicate that a more
regular reversal mechanism also operates in the
geodynamo.

The authors examine the role of reversals in illu-
minating the interaction between the core and the
mantle, a recurring theme in the other chapters of
this volume. The transition field structure in some
(but not all) reversals seems to indicate some mantle
control on the process, in that the VGP paths for
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these reversals tend to cluster within one of two
longitude belts. As mentioned earlier in this chapter,
one interpretation of this phenomenon is that it
represents the tendency for the transition field to
configure itself in accord with the large-scale hetero-
geneity of the lower mantle. As Glatzmaier and Coe
show, the transition fields in numerical dynamo mod-
els are indeed sensitive to large-scale boundary
heterogeneity. Preferred reversal paths do emerge
in the statistical behavior of dynamo models with
heterogeneous thermal boundary conditions, for
example. However, like nearly all aspects of core–
mantle interaction, the paleomagnetic data are still
ambiguous and the numerical dynamo models are
still too rudimentary to yield a firm conclusion on
this issue.

The evidence for very long timescales in the
polarity record, as typified by magnetic polarity
superchrons and the 100–200 My modulation of the
reversal frequency record, is of considerable theore-
tical interest for properly interpreting the longer-
term thermal interaction of the core and the mantle.
Here again, Glatzmaier and Coe point to several
numerical studies that demonstrate dynamo model
sensitivity to mantle heterogeneity, particularly ther-
mal heterogeneity at the core–mantle boundary.
Reversal frequency seems to be a function of the
total heat loss at the core–mantle boundary, and
also is sensitive to the pattern of that heat loss. The
authors demonstrate that dynamo models generally
show more frequent reversals with increased total
heat flow, a consequence of increased flow complex-
ity. They also present some preliminary evidence,
drawn from the very few studies on this subject,
that the pattern of core–mantle boundary heat flow
can affect reversal frequency. Sensitivity of reversal
frequency to the pattern of mantle dynamics offers a
way to link the history of the paleomagnetic field to
the history of mantle convection and plate tectonics –
an exciting prospect indeed, but one that will require
a large, sustained and focused effort before a full
picture emerges.

8.01.13.9 Inner Core Dynamics

Chapter 8.10 summarizes the wealth of new informa-
tion on the inner core, and discusses the various roles
the inner core plays in core dynamics and the
geodynamo. Ikuro Sumita and Michael Bergman
first describe the current understanding of the phase
diagram of the core, which is critical for properly
interpreting the effects of inner-core growth, and

for estimating the present-day thermal regime of
the core. They then use the information from the
phase diagram as the basis for a discussion of the
small-scale processes near the inner–outer core
boundary that affect and are affected by, the solidifi-
cation. Solidification processes at the inner-core
boundary naturally lead to their next topic, estimat-
ing the grain size and creep viscosity of the inner-
core solid material. Viscosity and grain size are
closely linked in the inner core (as they are in the
crystalline mantle), and the value of inner-core visco-
sity controls the rate of creep deformation in
dynamical processes such as the relaxation that
accompanies heterogeneous inner-core growth and
super-rotation. It also affects the ability of the inner
core to convect on its own. Sumita and Bergman then
describe the various models that have been advanced
to explain the recent and most perplexing observa-
tions of the inner core, its heterogeneity, anisotropy,
and (possible) anomalous rotation. These three are
linked, since the lateral heterogeneity and the aniso-
tropy of the inner core serve as the basis for detecting
(and correctly interpreting) its possible anomalous
rotation. They conclude that the evidence for aniso-
tropy is unequivocal; the evidence for lateral
heterogeneity is compelling (but likely subject to
many future revisions), whereas the evidence for
anomalous motion now indicates the super-rotation
is quite small (a few tenths of degree per year at most)
and there is still the possibility that it is zero.

8.01.13.10 Laboratory Experiments on
Core Dynamics

Laboratory experiments always play a crucial role in
fluid dynamics research, and core dynamics is no
different in this respect. In Chapter 8.11, Philippe
Cardin and Olson conduct a tour of the important
experiments that have shaped our physical intuition
about the flows in the core that produce the geody-
namo and govern its evolution. Most, if not all, of the
dynamical phenomena discussed elsewhere in this
volume can be seen in their relatively pure forms in
the framework of laboratory experiments. This chap-
ter is possibly singular in all of geodynamics, in
collecting photographic examples of all the types of
flow thought to be significant in the core.

The chapter begins with a description of the funda-
mental flow structure in rotating fluids, the
geostrophic column. Geostrophy is familiar in atmo-
sphere and ocean dynamics, but this partiular class of
structures, so-called Taylor columns, are especially
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important in the outer core because of its thick shell
geometry and the dominance of the Coriolis accelera-
tion over the effects of viscosity. Where geostrophic
columns touch the core–mantle and inner–outer core
boundaries, the no-slip condition leads to various
shear boundary layers, including Ekman boundary
layers. Similarly, where distinct geostrophic columns
meet, free shear layers called Stewartson layers form.
The most prominent Stewartson-type shear layer in
the core is formed along the inner-core tangent cylin-
der – the imaginary cylinder parallel to the Earth’s
rotation axis and tangent to the inner-core equator.
The strength of the inner-core tangent cylinder is an
important element of the internal structure of the core,
because the tangent cylinder wall tends to divide the
outer core into dynamically separate fluid regions.

Complementing the theory of rotational instabil-
ities in Chapter 8.07, this chapter discusses the
experiments on precession-induced flows in spheres,
spherical shells, and spheroids. These flows include
the classic Poincaré-type flow (in which the outer
core rotates about an axis that lags the mantle in
precession), and the parametric instabilities that
occur when precession effects reach finite amplitude.
Experimental examples of the quasi-geostrophic tur-
bulence discussed in Chapter 8.06 are shown in
connection with these rotational instabilities.

Although rotational instabilities are likely in the
core, the main source of energy for the geodynamo
probably comes from thermo-chemical convection.
The chapter includes a discussion of the clever
experimental techniques that were developed to
investigate thermal convection in rapidly rotating
spherical shells, starting with the pioneering work
by F. H. Busse and co-workers. Subjects include the
nature of rotating convection at onset, and how the
structures change as the convection becomes fully
developed, rotating convection in liquid metals, and
the differences between compositionally driven
versus thermally driven flows.

Fluid mechanics in the core is strongly influenced
by the geomagnetic field. As discussed in Chapter
8.05, the theoretical foundation here is classical
MHDs of an electrically neutral but conducting
fluid, subject to the combined effects of buoyancy,
rotation, and its own internally generated magnetic
field. An important simplification to this system uses
an externally applied magnetic field in place of a
self-sustained one; the resulting flow is called
magnetoconvection. The fundamentals of rotating
magnetoconvection as it occurs in laboratory fluid
metals such as mercury, gallium, and molten sodium

are described, with a focus on the differences
between magnetic versus nonmagnetic convection
in a rotating fluid.

Lastly, an account is given of the recent successes
of, and the future prospects for, laboratory self-sus-
taining fluid dynamos. The design and the results
from the Riga and Karlsruhe sodium dynamos are
reviewed, both of which achieved self-sustaining
behavior within the same year, 2000. These two
dynamos used mechanical forcing to reach supercri-
tical Reynolds numbers and helical-shaped ducts and
channels to get the proper feedbacks between poloi-
dal and toroidal field components. The next
challenge is to produce a laboratory dynamo in an
Earth-like geometry, with rotation included. The
authors discuss the technical difficulties associated
with scale and power requirements associated with
this type of experiment, and close by summarizing
the on-going efforts at labs around the world to make
rotating spherical lab dynamos a reality.

8.01.13.11 Core–Mantle Interactions

In Chapter 8.12, Bruce Buffett examines a wide range
of possible ways the mantle can affect core dynamics,
and corresponding ways the core can affect the man-
tle. He separately considers the effects of thermal,
mechanical, electromagnetic, and chemical inter-
actions, and how each of these might be detected at
the Earth’s surface. As Buffett points out, the possible
inventory of core–mantle interactions is quite large,
comparable to the number and scope of interactions
between the lithosphere and the hydrosphere. In
terms of timescales, they range from about 1 day for
rotational interactions to hundreds of millions of
years for thermal and chemical interactions. The
basic elements of core–mantle thermal interaction
were referred to earlier in this chapter. Mantle
dynamics has a controlling influence on the heat
loss from the core, and as Buffett argues, both the
total heat flow and the pattern of heat flow at the
core–mantle boundary are expected to have a major
influence on core dynamics. Furthermore, this influ-
ence is time dependent, because of the evolving
thermal regime of the core–system, and also because
the pattern and strength of mantle flow varies with
time. During times when heat loss to the mantle is
low, a thermally stably stratified layer might develop
in the outer-core fluid below the core–mantle bound-
ary. This layer could be destroyed by an episode of
increased boundary heat flow, or through the accu-
mulation of lower density, iron depleted fluid rising
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up from the inner-core boundary region. It is
expected that high-frequency components of the
geodynamo would be damped when the stable layer
was present, resulting in a quieter geomagnetic field
during those times. Conversely, at times when con-
vection is vigorous below the core–mantle boundary,
the geomagnetic field is expected to show more
variability. The same reasoning applies to spatial
variations of boundary heart flow, a consequence of
the pattern of mantle convection. These variations
produce lateral variations in the intensity of convec-
tion, and also larger-scale thermal wind flows, both of
which tend to destroy the rotational symmetry of the
geomagnetic field. Dynamo models indicate that the
frequency and the character of magnetic polarity
reversals are sensitive to boundary heat-flow hetero-
geneity, with some types of boundary heterogeneity
acting to destabilize the dynamo (resulting in more
frequent reversals) and other types of heterogeneity
acting to stabilize it. The primary control on the
character of reversals comes through longitudinal
bias, that is, a tendency for the equatorial component
of the dipole to amplify at longitudes where the heat
flow is large, which in turn causes a statistical pre-
ference for the dipole to reverse along these
longitudes. There is suggestive evidence for many
of these thermal effects in the paleomagnetic and
geomagnetic field behavior (see Volume 5 of this
treatise), but as Buffett explains, unambiguous iden-
tification of these effects requires better resolution of
the paleomagnetic field and a more thorough com-
parison with dynamo models.

Electromagnetic core–mantle interactions described
in Chapter 8.12 include the electromotive force
exerted by the core field on the mantle through its
interaction with electric currents in the mantle. The
strength of this interaction depends on the electrical
conductivity of the lower mantle, which is not very
large unless it contains an appreciable amount of
core material. The best-understood interaction of
this type is the exchange of angular momentum
between core and mantle which produces decade-
scale length-of-day variations. Less well understood
are electromagnetic interactions arising from lateral
variations in mantle electrical conductivity. The
effects of these interactions are expected to be
most pronounced when the field is varying rapidly
(as it is today) and particularly during polarity tran-
sitions. Mechanical interactions include the effect of
core–mantle boundary topography and roughness
on core dynamics, the large influence of seemingly
small topographic variations being well known in

ocean and atmosphere dynamics. Unfortunately,
the core–mantle boundary topography has proved
to be exceedingly difficult to image seismologically,
so the importance of this interaction has yet to be
quantified. Another class of mechanical interactions
involve gravitational coupling between the solid
inner core and the mantle, which limits the freedom
of the inner core to rotate separately from the
mantle.

Lastly, Buffett summarizes the evidence for and
against active chemical interaction between the man-
tle and the core, including the mechanisms through
which mass exchange across the core–mantle bound-
ary might occur. This subject has recently been
stimulated by the interpretation of certain trace ele-
ment isotopes from mantle rocks as having a core
signature. There are multiple ways that mass
exchange might occur across the core–mantle bound-
ary, so the real issue here is to determine which, if
any, of them are large enough to produce an obser-
vable chemical tracer.

References

Alfe D, Gillan MJ, and Price GD (2003) Thermodynamics from
first principles temperature and composition of the Earth’s
core. Mineralogical Magazine 67: 113–123.

Arrhenius S (1900) Zur Physik des Vulcanismus. Geologiska
Foreningens i Stockholm Forhandlingar 22: 395–420.

Backus G, Parker R, and Constable C (1996) Foundations of
Geomagnetism. Cambridge: Cambridge University Press.

Backus GE (1958) A class of self-sustaining spherical dynamos.
Annals of Physics 4: 372–447.

Birch F (1952) Elasticity and constitution of the Earth’s interior.
Journal of Geophysical Research 57: 227–286.

Birch F (1964) Density and composition of mantle and core.
Journal of Geophysical Research 69: 4377–4388.

Boehler R (1996) Melting temperature of the Earth’s mantle and
core: Earth’s thermal structure. Annual Review of Earth and
Planetary Sciences 24: 15–40.

Braginsky S and Roberts P (1995) Equations governing
convection in Earth’s core and the geodynamo. Geophysical
and Astrophysical Fluid Dynamics 79: 1–97.

Braginsky SI (1964) Self-excitation of a magnetic field during the
motion of a highly conducting fluid. Soviet Physics JETP
20: 726–735.

Brush SG (1996) Nebulous Earth. New York: Cambridge
University Press.

Buffett BA (2003) The thermal state of Earth’s core. Science
299: 1675–1677.

Bullard EC, Freedman C, Gellman H, and Nixon J (1950) The
westward drift of the Earth’s magnetic field. Philosophical
Transactions of the Royal Society of London Series A
243: 67–92.

Bullard EC and Gellman H (1954) Homogeneous dynamos and
terrestrial magnetism. Proceedings of the Royal Society of
London Series A 247: 213–278.

Bullen KE (1954) Compositon of the Earth’s outer core. Nature
174: 505.

28 Overview



Busse FH (1970) Thermal instabilities in rapidly rotating
systems. Journal of Fluid Mechanics 44: 441–460.

Busse FH and Carrigan CR (1976) Laboratory simulation of
thermal convection in rotating planets and stars. Science
191: 81–83.

Chapman S and Bartels J (1940) Geomagnetism. Oxford:
Clarendon Press.

Cowling TG (1933) The magnetic field of sunspots. Monthly
Notices of the Royal Astronomical Society 94: 39–48.

Darwin GH (1879) On the bodily tide of viscous and semi-elastic
spheroids, and on the ocean tides upon a yielding nucleus.
Philosophical Transactions of the Royal Society of London
170: 1–35.

Davidson PA (2001) An Introduction to Magnetohydrodynamics.
New York: Cambridge University Press.

Dehant V, Creager K, Karato S, and Zatman S (2003) Earth’s
Core, Dynamics, Structure, Rotation. American Geophysical
Union Geodynamics Series 31. Washington, DC: American
Geophysical Union.

Dormy E, Valet JP, and Courtillot V (2000) Numerical models of
the geodynamo and observational constraints. Geochemistry
Geophysics Geosystems 1, doi:2000GC000062.

Dziewonski AM and Anderson DL (1981) Preliminary reference
Earth model. Physics of the Earth and Planetary Interiors
25: 297–356.

Dziewonski AM and Gilbert F (1971) Solidity of the inner core of
the Earth inferred from normal model observations. Nature
234: 465–466.

Elsasser WM (1946) Induction effects in terrestrial magnetism.
Part II: The secular variation. Physical Review 70: 202–212.

Elsasser WM (1950) The Earth’s interior and geomagnetism.
Reviews of Modern Physics 22: 1–35.

Evans ME (1988) Edmond Halley, geophysicist. Physics Today
41: 41–45.

Franklin B (1793) Conjectures concerning the formation of the
Earth. Transactions of the American Philosophical Society
3: 1–5.

Gailitis A, Lielausis O, Platacis E, Gerbeth G, and Stefani F
(2003) The Riga Dynamo Experiment. Surveys in Geophysics
24: 247–267.

Gauss CF (1832) cited in ‘Carl Friedrich Gauss und die
Erforschung des Erdmanetismus’, by Schering E, Abhand.
Gesellschaft Wissenschaften Gottingen 34: 1–79.

Gauss CF (1839) Allgemeine Theorie des Erdmagnetismus.
In: Gauss CF and Weber W (eds.) Resultate aus den
Beobachtungen des magnetischen Vereins, pp. 1–57.
Gottingen: Dieterichsche Buchhandlung.

Gessmann C and Wood B (2002) Potassium in the earth’s core?
Earth and Planetary Science Letters 200: 63–78.

Gilbert W (1600) De Magnete. London: P. Short.
Gilman PA and Miller J (1981) Dynamically consistent nonlinear

dynamos driven by convection in a rotating spherical shell.
Astrophysical Journal Supplement Series 46: 211–238.

Glatzmaier G (2002) Geodynamo simulations – How realistic are
they? Annual Review of Earth and Planetary Sciences
30: 237–257.

Glatzmaier G, Coe R, Hongre L, and Roberts P (1999) The role of
the Earth’s mantle in controlling the frequency of
geomagnetic reversals. Nature 401: 885–890.

Glatzmaier G and Roberts P (1995) A three-dimensional self-
consistent computer simulation of a geomagnetic field
reversal. Nature 337: 203–209.

Glatzmaier G and Roberts P (2002) Simulating the geodynamo.
Contemporary Physics 38: 269–288.

Greenspan H (1968) The Theory of Rotating Fluids. Cambridge:
Cambridge University Press.

Gubbins D (1973) Numerical solution of the kinematic dynamo
problem. Philosophical Transactions of the Royal Society of
London Series A 274: 493–521.

Gubbins D, Alfe D, Masters G, Price GD, and Gillan MJ (2003)
Can the Earths dynamo run on heat alone? Geophysical
Journal International 155: 609–622.

Gutenberg B (1912) Uber Erdbebenwellen, VIIA. Gottingen
Nachr 125–176 (read 1912, published 1914).

Halley E (1683) A theory of the variation of the magnetical
compass. Philosophical Transactions of the Royal Society of
London 13: 208–221.

Halley E (1692) An account of the cause of the change of the
variation of the magnetical needle, with an hypothesis of the
structure of the internal parts of the Earth. Philosophical
Transactions of the Royal Society of London 16: 563–578.

Herzenberg A (1958) Geomagnetic dynamos. Philosophical
Transactions of the Royal Society of London Series A
250: 543–583.

Ishii M and Dziewonski AM (2003) Distinct seismic anisotropy at
the center of the Earth. Physics of the Earth and Planetary
Interiors 140: 203–217.

Jacobs JA (1987) The Earth’s Core, 2nd edn. London:
Academic Press.

Jeffreys H (1926) The rigidity of the Earth’s central core. Monthly
Notices of the Royal Astronomical Society Geophysical
Supplement 1: 371–383.

Jeffreys H (1929) The Earth: Its Origin, History and Physical
Constitution, 2nd edn. Cambridge: Cambridge University
Press.

Jones C, Soward A, and Zhang K (eds.) (2003) Earth’s Core and
Lower Mantle, 218p. London and New York: Taylor and
Francis.

Jones CA, Soward AM, and Mussa AI (2000) The onset of
convection in a rapidly rotating sphere. Journal of Fluid
Mechanics 405: 157–179.

Kageyama A and Sato T (1995) Computer simulation of a
magnetohydrodynamic dynamo. II Physics of Plasmas
2: 1421–1431.

Kelvin L (1862) On the rigidity of the Earth. Philosophical
Transactions of the Royal Society of London 153: 573–582.

Kono M and Roberts P (2002) Recent geodynamo simulations
and observations of the geomagnetic field. Reviews of
Geophysics 40: 1013.

Larmor J (1919) How could a rotating body such as the sun
become a magnet? British Association for the Advancement
of Science 87: 139–160.

Lehmann I (1936) P9, publications of the International geodetic &
geophysical Union, Assosiation of seismology, Seria A,
Travaux Scientifiques 14: 87–115.

Lilley FEM (1970) On kinematic dynamos. Proceedings of the
Royal Society of London Series A 316: 153–167.

Loper D (1978) Some thermal consequences of the
gravitationally powered dynamo. Journal of Geophysical
Research 83: 5961–5970.

Lowes F and Wilkinson (1963) Geomagnetic dynamo: A
laboratory model. Nature 198: 1158–1160.

Malkus VWR (1968) Precession of the earth as the cause of
geomagnetism. Science 160: 259–264.

Masters G and Gubbins D (2003) On the resolution of density
within the Earth. Physics of the Earth and Planetary Interiors
140: 159–167.

Merrill RT, McElhinny MW, and McFadden PL (1998) The
Magnetic Field of the Earth. London: Academic Press.

Moffatt HK (1978) Magnetic Field Generation in Electrically
Conducting Fluids. Cambridge: Cambridge University
Press.

Müller U, Stieglitz R, and Horanyi S (2006) Experiments at a two-
scale dynamo test facility. Journal of Fluid Mechanics
552: 419–440.

Newcomb S (1892) On the dynamics of the Earth’s rotation, with
respect to the periodic variation of latitude. Monthly Notices
of the Royal Astronomical Society 52: 336–341.

Overview 29



Oldham RD (1906) The constitution of the Earth, as revealed by
earthquakes. Nature 92: 684–685.

Parker EN (1955) Hydrodynamic dynamo models. Astrophysical
Journal 122: 293–314.
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Nomenclature
c mass fraction of light element

e internal energy

fad ratio of Ti to Tc

g, g acceleration due to gravity

h internal heating rate

i flux vector of light element

k thermal conductivity

q heat flux

r radial distance

rc core radius

re planetary radius

ri IC radius

s entropy

t time

u core contraction velocity

v local core fluid velocity

vp, vs seismic P-wave and S-wave velocities

A characteristic core lengthscale

B characteristic core lengthscale

B magnetic field

C characteristic core lengthscale

Cc constant relating light element release

to core growth

Cp specific heat capacity

Cr constant relating core growth to

temperature change

D lengthscale of adiabatic temperature

variation

E electric field

Eg entropy production rate due to

potential energy

EH entropy production rate due to

chemical heating

Ek entropy production rate due to ther-

mal conduction

EL entropy production rate due to latent

heat

EP entropy production rate due to

pressure heating

ER entropy production rate due to inter-

nal heating

Es entropy production rate due to secu-

lar cooling

E� entropy production rate due to mole-

cular diffusion

E� entropy production rate due to Ohmic

dissipation

ẼT total entropy production constant

G gravitational constant

Is
R
�T dV

IT
R
�/T dV

K0 compressibility at zero pressure

L lengthscale of density variations

LH latent heats

L9H latent heat incorporating pressure

effect

Mc core mass

Moc outer core mass

P pressure

Pc pressure at the CMB

PT constant relating pressure change to

temperature change

Qcmb CMB heat flow

Qg heat flow due to potential energy

QH heat flow due to chemical reaction

QL heat flow due to latent heat

QP heat flow due to pressure heating

QR heat flow due to radioactive heating

Qs heat flow due to secular cooling
�Qcmb mean core heat flow

Q̃T total heat flow constant

RH heat of reaction

S outward normal vector

T, Ta temperature, adiabatic temperature

Tc temperature at the CMB

Ti temperature at the ICB

Tm melting temperature

Tm0, Tm1,

Tm2

coefficients describing melting curve

Wg energy released since IC formation

due to potential energy

WL energy released since IC formation

due to latent heat

WR energy released since IC formation

due to radioactive decay

Ws energy released since IC formation

due to secular cooling
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8.02.1 Introduction

Understanding the energy budget of the Earth’s core is

important for at least four reasons. First, it is this energy

budget which determines the present-day viability of

the Earth’s dynamo and magnetic field. Second, the

persistence of this field for at least 3.5 Gy places strong

constraints on the thermal and energetic evolution of

the core (and particularly, the growth of the inner core

(IC)). Third, the core is a large reservoir of heat which

is transferred to the mantle, at a rate controlled by the

mantle; thus, the thermal evolution of the mantle both

depends on and affects the energy budget of the core.

Finally, an improved understanding of the way the

Earth’s dynamo has evolved will allow us to make

better use of the fact that various other solar system

bodies possess, or once possessed, apparently similar

dynamos (e.g., Stevenson, 2003; Nimmo and Alfe,

2006).
The aim of this chapter is to summarize the con-

tributing factors to the core’s overall energy (and

entropy) budgets; to quantify these factors, and their

likely uncertainties; and to demonstrate how these

results may be used to evaluate the behavior of the

core, both now and in the past. The development

followed below should allow a reader to start from

general thermodynamic equations, and end up able

to calculate the entropy and energy terms for an

arbitrary core structure. Large parts of this chapter

are based on previous works, particularly those of

Braginsky and Roberts (1995), Buffett et al. (1996),

Labrosse (2003), Roberts et al. (2003), Gubbins et al.

(2003, 2004), and Nimmo et al. (2004). Other relevant

chapters in this treatise include, Chapters 8.05, 8.06,

8.03, 8.08, 9.09, 8.09, and 8.12. Such a treatment is

inevitably lengthy; readers more interested in the

application of the equations to the Earth than their

derivation are advised to focus on Sections 8.02.4

and 8.02.5.
Perhaps the most robust conclusion is that the

principal driving mechanism for the present-day

dynamo is the release of one or more light elements

at the inner core boundary (ICB) due to ongoing IC

solidification. In the absence of such solidification,

the core would have had to cool roughly 3 times as

fast in order to maintain the same rate of dissipation

in the dynamo (Section 8.02.4.4). The rate at which

the core cools is controlled by the mantle, and the

present-day heat flow at the core–mantle boundary

(CMB) is estimated at 10� 4 TW, sufficient to

maintain a present-day dynamo generating 1–5 TW

of Ohmic dissipation. However, this range of core

cooling rates implies that the IC is 0.37–1.9 Gy old

(Section 8.02.5.3), much less than the age of the Earth.

Prior to the formation of the IC, the rate of core

cooling must have been faster, leading to early core

temperatures likely implying widespread lower man-

tle melting. These high initial temperatures are

reduced if the core contains radioactive potassium,

which acts as an extra energy source for the dynamo

and allows slower core cooling and less rapid inner-

core growth. For the IC to be as old as 3.5 Gy requires

a time-averaged core heat flux of 1.5–3.3 TW less than

the present-day value; the presence of potassium in

the core makes an ancient IC somewhat more plau-

sible. Since geochemical arguments have been used to

argue for such an ancient IC (e.g., Brandon et al., 2003),

there remains a currently unresolved disagreement

between the geophysical and geochemical arguments,

which will undoubtedly form the basis for future work.
The rest of the chapter is arranged as follows.

Section 8.02.2 briefly summarizes core and dynamo

� thermal expansivity

�c compositional thermal expansivity

� Gruneisen parameter

l radioactive decay constant

� chemical potential

�0 permeability of free space

� density

�cen density at the center of the Earth

�i density at the ICB

�m mantle density

�0 density at zero pressure

� electrical conductivity

� i IC age

�9 deviatoric stress

 gravitational potential

�c compositional contrast across the

ICB

�P pressure difference from ICB to cen-

ter of Earth

�Tc change in Tc since IC formation

�T 9c change in Tc prior to IC formation

��c compositional density contrast

� Ohmic dissipation
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parameters relevant to the later analysis. Section
8.02.3 gives the general energy and entropy equations
describing core thermal evolution and dynamo gen-
eration. It also gives specific expressions for each of
the mechanisms (e.g., latent heat release) contribut-
ing toward dynamo generation for a simple analytical
model of core structure. Section 8.02.4 shows how
these expressions may be used to establish general
results for core and dynamo behavior. This section
also derives specific results for the present-day
energy and entropy budget of the core, based on
recent models of core and mantle structure. Section
8.02.5 summarizes investigations of these budgets
through time, focusing in particular on the age of
the IC and the role of radioactive heating. Finally,
Section 8.02.6 summarizes and concludes the chapter.

8.02.2 Core Structure and Magnetic
Field Evolution

8.02.2.1 Density

The radially averaged density structure of the core
may be derived directly from seismological observa-
tions. Figure 1(a) plots the inferred density structure
of the core as a function of depth, and shows the
increase with depth due to increasing pressure. The
density discontinuity at the ICB arises because of two
effects. First, solid core material is inherently denser
than liquid core material at the same pressure and
temperature (P,T ) conditions. Second, the outer core
contains more of one or more light elements than the
IC (e.g., Poirier, 1994), and would therefore be less
dense even if there were no phase change. This com-
positional density contrast has a dominant role in
driving compositional convection in the core (see
Section 8.02.3.3 below); unfortunately, its magnitude
is uncertain by a factor of about 2.

Even the total density contrast across the ICB is
somewhat uncertain. The two observations generally
employed are normal mode data (e.g., Dziewonski
and Anderson, 1981) and reflected body wave ampli-
tude ratios (e.g., Shearer and Masters, 1990). Early
application of these methods gave widely varying,
and sometimes contradictory, results. However, a
recent normal mode study (Masters and Gubbins,
2003) gives a total density contrast at the ICB of
640–1000 kg m�3, which agrees rather well with the
result of 600–900 kg m�3 obtained using body waves
(Cao and Romanowicz, 2004), but is somewhat
higher than the value obtained by Koper and
Dombrovskaya (2005).

The density contrast, based on first-principles
simulations, between pure solid and liquid Fe at the
ICB is estimated at 1.6% (Laio et al., 2000). This value
contrasts with the 5–8% density contrast inferred
from seismology to exist at the ICB. These results
imply a compositional density contrast of 3.5–6.5%,
or 400–800 kg m�3, and may in turn be used to esti-
mate the difference in light element(s) concentrations
between inner and outer core.

8.02.2.2 Composition

Cosmochemical abundances leave no doubt that the
bulk of the core is made of iron. However, it is also
clear that the outer core is 6–10% less dense than

4000

120 160

IC
B

Alfe melting calculations
Model melting curve
Model adiabat

C
M

B

200 240 280
Pressure (GPa)

320 360 400

5000

(b)

6000

T
em

pe
ra

tu
re

 (
K

)

15

D
en

si
ty

 (
g 

cm
–3

) 
or

 g
ra

vi
ty

 (
m

 s
–2

)

Density

Temperature

(a)

10

5

0
3000 5000 6000

4000

5000

6000

4000
Depth (km)

T
em

perature (K
)

C
M

B

IC
B

Gravity

Figure 1 (a) Variation in density, gravity, and temperature

with depth for the Earth’s core. Crosses denote
seismologically constrained values from PREM (Dziewonski

and Anderson, 1981). Solid lines are analytical

approximations to these observations, using the expressions

given in Section 8.02.3.4 and the parameter values given in
Table 2. CMB denotes core–mantle boundary and ICB inner

core boundary. (b) Melting curve and adiabat as a function of

pressure. Dots are computational melting results for pure iron

from Alfe et al. (2004), with a reduction in temperature of 11%
to account for the presence of the light element(s). Thick line

is a least-squares fit to these data (eqn [51]). Thin line is the

analytical adiabat (eqn [44]).
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pure liquid iron would be under the estimated P,T
conditions (e.g. Poirier, 1994; Alfe et al., 2002a). The
IC also appears to be less dense than a pure iron
composition would suggest ( Jephcoat and Olson,
1987), though here the difference is smaller. Both
the outer and inner core must therefore contain
some fraction of light elements, of which the most
common suspects are sulfur, silicon, and oxygen
(Poirier, 1994). Furthermore, the outer core must
contain a greater proportion of such elements than
the IC. It is the expulsion of these light elements
during IC crystallization that, to a large extent, drives
the dynamo.

Using first-principles computations, Alfe et al.
(2002a) find that oxygen does not tend to be retained
within crystalline iron. It therefore partitions strongly
into the outer core, and is most likely the element
responsible for the compositional density contrast at
the ICB. Conversely, S and Si have atomic radii
similar to that of iron at core pressures, and thus
substitute freely for iron in the solid IC. There is
thus little difference between S/Si concentrations in
the inner and outer core. Based on an assumed total
ICB density contrast of 4.5% (575 kg m�3), Alfe et al.
(2002a) concluded that 2.8% (360 kg m�3) of this
density contrast arose from compositional variations.
They suggested that the IC contains 8.5 � 2.5%
molar S/Si, while the outer core contains 10 �
2.5% molar S/Si and 8 � 2.5% molar O. A higher
total density contrast would imply a higher molar
fraction of O: for instance, a total density contrast of
7% (900 kg m�3) would imply a compositional
density contrast of 5.3% and 15% molar O in the
outer core.

8.02.2.3 Temperature

As long as the core is vigorously convecting, its mean
temperature profile will closely approximate that of
an adiabat, except in very thin top and bottom
boundary layers. Since the temperature at the ICB
must equal the melting temperature of the core at
that pressure, the temperature elsewhere in the core
may be extrapolated from the ICB along an appro-
priate adiabat. Thus, determining the melting
behavior of core material is crucial to establishing
the temperature structure of the core.

The melting behavior of pure iron is difficult to
establish: experiments at the P,T conditions required
(e.g. Brown and McQueen, 1986; Yoo et al., 1993;
Boehler, 1993) are challenging, and computational

(first-principles) methods (e.g. Laio et al., 2000;
Belonoshko et al., 2000; Alfe et al., 2002b) are time
consuming and hard to verify. Furthermore, the pre-
sence of the light element(s) likely reduces the
melting temperature from that of pure iron, but by
an uncertain amount. These issues are discussed in
detail elsewhere in this volume. Here, we will simply
summarize what appears to be the most convincing
set of computational results to date.

Based on first-principles calculations, Alfe et al.
(2003) obtain a melting temperature of 6350 � 500 K
for pure iron at ICB pressures (330 GPa). They further
use ideal solution theory to argue that the melting
point depression due to the presence of oxygen is
proportional to the oxygen concentration difference
across the ICB, and obtain a temperature reduction of
700� 100 K. The predicted temperature at the ICB is
therefore 5650 � 600 K. Extrapolating from this point
to other locations within the core depends on the
adiabat, which involves further unknowns discussed
below (Section 8.02.3.4).

The results of the calculations by Alfe et al. (2002a,
2002b, 2003) differ from previous calculations by
Belonoshko et al. (2000) and Laio et al. (2000).
However, this discrepancy arises mainly because of
the different molecular dynamics techniques
adopted; correcting for these differences, the results
obtained are very similar (Alfe et al., 2002a). The
melting curve of Alfe et al. (2002a, 2002b) agrees
well with the low-pressure diamond-anvil cell results
of Shen et al. (1998) and Ma et al. (2004), though not
those of Boehler (1993). Similarly, the curve agrees
with the higher-pressure shock-wave results of
Brown and McQueen (1986) and Nguyen and
Holmes (2004), though not those of Yoo et al.
(1993). Further discussion of the differing results
may be found in Alfe et al. (2004).

Figure 1(b) shows the melting curve of Alfe et al.
(2002a, 2002b), including a temperature reduction of
11% to account for the presence of the light ele-
ment(s), and also shows a linear fit to the
computational data. This fit gives a temperature at
the ICB (P¼ 328 GPa) of 5520 K. Figure 1(b) also
shows a hypothetical adiabat, and demonstrates that
the temperature at the CMB, obtained by extrapolat-
ing down the adiabat, is 4100 K.

8.02.2.4 Dynamo Behavior over Time

The behavior of the Earth’s magnetic field over time
bears directly on core energetics (see reviews by
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Valet (2003) and Jacobs (1998)). In particular, one
might expect that the long-term behavior of the
field would provide information on the evolution of
the dynamo and core. In practice, however, as dis-
cussed below, the information is limited to the
following: (1) a reversing, predominantly dipolar
field has existed, at least intermittently, for at least
the last 3.5 Gy; (2) the amplitude of the field does not
appear to have changed in a systematic fashion over
time.

One reason for this paucity of constraints is that
the measurable magnetic field at the Earth’s surface
differs considerably from the field within the core.
First, the short-wavelength surface field is dominated
by crustal magnetic anomalies, which obscure the
components of the dynamo field at wavelengths
shorter than about 3000 km (e.g., Langel and Estes,
1982). Second, the toroidal component of the core’s
magnetic field has field lines which are parallel to the
surface of the core. Thus, the toroidal component is
not observable at the Earth’s surface, though it is
probably at least comparable in magnitude to the
observable poloidal component (e.g., Jackson, 2003).
As a result, the magnetic field that we can measure at
the surface is different in both frequency content and
amplitude from the field within the core. In particu-
lar, Ohmic heating is dominated by small-scale
magnetic fields which are not observable at the
surface.

Several other factors also make it difficult to relate
the observed evolution of the geomagnetic field to
the core’s thermal evolution in any more detail. First,
although current numerical simulations can now
generate dynamos whose behavior resembles that of
the Earth’s magnetic field (see reviews by Busse
(2000), Roberts and Glatzmaier (2000), Glatzmaier
(2002), Kono and Roberts (2002), and Chapter 8.08),
these models have not in general been used to
explore how dynamo behavior (e.g., reversal fre-
quency and field intensity) changes as a function of
parameters such as core cooling rate or IC size. A
notable exception is Roberts and Glatzmaier (2001),
who found that increasing the IC size tended to result
in a less axisymmetric field and (surprisingly) greater
time variability. However, models with ICs 0.25 and
2 times the radii of the current IC both produced
almost identical mean field amplitudes; a similar
result was found by Bloxham (2000). Nor is it clear
that changes in global variables, such as core cooling
rate, will have a larger effect on the field behavior than
local factors such as the heat flux boundary condition
(e.g., Christensen and Olson, 2003).

Second, the present-day amount of dissipation
actually generated by dynamo activity (Ohmic heat-
ing) is very uncertain, making a direct link between
core thermal evolution and dynamo activity proble-
matic (see Section 8.02.4.3.5). And finally,
paleomagnetic observations are sparse at times prior
to the oldest surviving oceanic floor (150 My BP),
making identification of trends in field amplitude
very difficult (see, e.g., Labrosse and Macouin, 2003).

Despite these difficulties, it is clear that, over
timescales greater than a few thousand years, the
mean position of the magnetic axis coincides with
the rotation axis (Valet, 2003). Furthermore, the field
appears to have remained predominantly dipolar
over time (though, see Bloxham, 2000), and has
apparently persisted for at least 3.5 Gy (McElhinny
and Senanayake, 1980). The earliest documented
apparent paleomagnetic reversal is at 3.2 Gy BP
(Layer et al., 1996). The magnetic field intensity has
fluctuated over time, with the present-day magnetic
field being anomalously strong (Selkin and Tauxe,
2000), and the field during the Mesozoic anoma-
lously weak (Prevot et al., 1990). The maximum
field intensity appears never to have exceeded the
present-day value by more than a factor of 5 (Valet,
2003; Dunlop and Yu, 2004). The pattern of magnetic
reversals for the Proterozoic is well known, but not
well understood. For instance, although reversals
occur roughly every 0.25 My on average (Lowrie
and Kent, 2004), there were no reversals at all in
the period 125–85 Ma (e.g., Merrill et al., 1996), for
reasons which are obscure but may well have to do
with the behavior of the mantle over that interval
(e.g., Glatzmaier et al., 1999).

In summary, the fact that a reversing dynamo has
apparently persisted for >3.5 Gy can be used to con-
strain the energy budget of the core over time (see
Section 8.02.5). Unfortunately, other observations
which might potentially provide additional con-
straints, such as the evolution of the field intensity,
are either poorly sampled or difficult to relate to the
global energy budget, or both.

8.02.3 Energy and Entropy Equations

The Earth’s dynamo is ultimately maintained by
convection (either compositional or thermal), with
the convective motions being modified by electro-
magnetic and rotational forces (see, e.g., Roberts and
Glatzmaier, 2000). Since the dynamo has persisted
over 3.5 Gy, core convection must have likewise
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persisted, which places constraints on the energy
budget of the core. In this section, the basic equations
which allow the different terms in the energy balance
to be estimated are derived. It will be demonstrated
that the Ohmic heating generated by dynamo activity
does not appear in the energy equations. Thus, these
equations are in general insufficient to determine
whether or not a geodynamo will operate, though
they do allow the evolution of parameters like the
IC radius to be calculated. However, by deriving the
equivalent entropy equations, in which the Ohmic
heating term does appear, a criterion for geodynamo
activity may be determined (see eqn [72]).

This section summarizes a large body of previous
work on core thermodynamics. Pioneering works by
Bullard (1950), Verhoogen (1961), and Braginsky
(1963) were followed by studies focusing primarily
on the entropy balance of the dynamo (Backus, 1975;
Hewitt et al., 1975; Gubbins, 1977; Loper, 1978;
Gubbins et al., 1979; Hage and Muller, 1979). More
recent works include the monumental Braginsky and
Roberts (1995) and contributions by Lister and
Buffett (1995), Buffett et al. (1996), Buffett (2002),
Lister (2003), Labrosse (2003), Roberts et al. (2003),
Gubbins et al. (2003, 2004), and Nimmo et al. (2004).

The derivations given below, though not espe-
cially difficult, are somewhat lengthy. Individual
terms contributing to the geodynamo are summar-
ized in Table 1. The most important equations, those
which summarize the entropy and energy balances,
are given in eqns [32] and [39], respectively. These
equations also make the underlying physics relatively
easy to understand. Briefly, the principal sources of
buoyancy capable of driving convection and a
dynamo are either thermal (core cooling, latent heat
release at the ICB, and radioactive decay) or compo-
sitional (light element release at the ICB). The
thermal sources are less efficient at driving a dynamo
(they generate less entropy) than the compositional
sources. More rapid core cooling provides more
entropy available to drive a dynamo; if the core cool-
ing is too slow, convection ceases because the core is
capable of losing its heat purely by conduction.

8.02.3.1 Preliminaries

The methods and notation adopted here are essen-
tially reviews of Gubbins et al. (2003, 2004) and
Nimmo et al. (2004). Alternative approaches which
yield similar or identical results may be found in
Buffett et al. (1996), Roberts et al. (2003), and

Labrosse (2003). A useful set of simplified expressions
is given by Lister (2003).

Because convection in the outer core is vigorous,
the core fluid is assumed to be well mixed outside the
thin boundary layers. This in turn implies that both
the entropy and fraction of the light element are
uniform in the fluid outer core. Over timescales
longer than the convective transport timescale, the
pressure field is assumed to average to hydrostatic:

rP ¼ �r ½1�

where P is the pressure, � is the density, and  the
gravitational potential. Although the hydrostatic bal-
ance is not precisely maintained (with important
consequences for core convection), the difference
from a hydrostatic reference state is negligible for
globally averaged quantities. The nature of the refer-
ence state is discussed in more detail in Braginsky
and Roberts (2002).

For an isentropic and isochemical outer core, the
temperature gradient is adiabatic and obeys

rTa ¼
�gTa

Cp
¼ �g

v2
p –

4
3 v2

s

� � ½2�

where Ta is the temperature along an adiabat, � and
Cp the thermal expansivity and specific heat capacity,
respectively, g the acceleration due to gravity, � is
Gruneisen’s parameter, and vp and vs the P- and
S-wave seismic velocities. It should be noted that if
the heat flux out of the top of the core is subadiabatic, a
stable conductive layer may develop in the outer core
(e.g., Loper, 1978; Labrosse et al., 1997), while a similar
effect may occur if the light element, rather than being
well mixed, accumulates at the top of the core (e.g.,
Braginsky, 1999). Although in either of these cases the
temperature gradient will not be adiabatic every-
where, in most of what follows it is assumed that the
temperature is in fact adiabatic throughout.

For a two-component mixture, the thermodynamic
relationship between the three state variables P, T

(temperature), and the mass fraction of the light ele-
ment, c, is given by

T ds ¼ de –
Pd�

�2
–�dc ½3�

Here, de and ds are the differentials of the internal
energy and entropy, respectively, and � is the che-
mical potential, where

q�
qT

� �
P; c

¼ –
qs

qc

� �
P; T

½4�
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and

q�
qP

� �
T ; c

¼ –
1

�2

q�
qc

� �
P; T

¼ �c

�
½5�

and �c is a dimensionless coefficient which indicates
the sensitivity of the core density to the presence of
the light element (Roberts et al., 2003; Gubbins et al.,
2004):

�c ¼ –
1

�

q�
qc

� �
P; T

� ��c

�i�c
½6�

Here ��c is the change in density across the ICB due
to the change in light element concentration, �c,
across the same interface, and �i is the density of
the solid IC at the ICB. The parameter �c depends
on the properties of the light element and is assumed
to be independent of the light element concentration
(mass fraction), c.

The continuity equation for the core can be
written

q�
qt
þr ? ð�vÞ ¼ D�

Dt
þ �ðr ? vÞ ¼ 0 ½7�

where v is the local fluid velocity. Similarly, conser-
vation of mass of the light element can be written

�
qc

qt
þ �v ?rc þr ? i ¼ �Dc

Dt
þr ? i ¼ 0 ½8�

where i is the flux vector of the light element. Both
the compositional and heat flux vectors depend on

the gradients of the three state variables, P, T, and s,
according to the Onsager reciprocal relationships
(Landau and Lifshitz, 1959):

q ¼ – krT þ i �þ �T

�D

� �
½9�

i ¼ –�Dr� –�rT ½10�

where k is the thermal conductivity, �D and � are
material constants (defined in Gubbins et al., 2004),
and � is related to P, T, and s via eqn [3].

Having established these preliminary expressions
describing the reference state of the core, the indivi-
dual terms in the core’s energy and entropy budgets
may now be derived.

8.02.3.2 Energy Balance

Although the individual terms in the core’s energy
budget can be quite complicated, the overall budget
is actually quite simple to write down. The rest of this
section demonstrates that the energy budget may be
written as

Qcmb ¼ Qs þ QL þ Qg þ QP þ QH þ QR ½11�

Here, Qcmb is the heat flow across the core–mantle
boundary, the thermal energy extracted out of the
core by the mantle. This energy arises from six main
sources: Qs, the secular cooling of the core; QL, the
latent heat delivered as the IC solidifies; Qg, the

Table 1 Summary of analytical expressions for entropy and energy terms

Term Energy Entropy

Secular cooling
Qs ¼ –

Z
�Cp

dTc

dt
dV Es ¼ –

Z
�Cp

1

Tc
–

1

T

� �
dTc

dt
dV

Latent heat
QL ¼ –

4	r2
i LHTi

ðdTm=dP –dT=dPÞg
1

Tc

dTc

dt
EL ¼ –

4	r2
i LHðTi –TcÞ

ðdTm=dP – dT=dPÞTcg
–

1

Tc

dTc

dt

Radioactive decay
QR ¼

Z
�h dV ER ¼

Z
�h

1

Tc
–

1

T

� �
dV

Heat of reaction
QH ¼

Z
�RH

Dc

Dt
dV ¼ 0 EH ¼ –

Z
�

RH

T

Dc

Dt
dV

Compositional
Qg ¼

Z
� �c

Dc

Dt
dV Eg ¼

Qg

Tc

Pressure heating
QP ¼

Z
�TPT

dTc

dt
dV EP ¼

QP

Tc
–

Z
�PT

dTc

dt
dV

Pressure freezing
QPL ¼ 4	r2

i LH
T9m

T9m –T9

PT

g

dTc

dt
EPL ¼ QPL

1

Tc
–

1

Ti

� �
Note that the latent heat terms QL, EL can incorporate the pressure freezing terms QPL, EPL by substituting L9H for LH (eqn [30]). Also note
that dTc/dt has been substituted for DT/Dt (see text). Integrations are carried out over the entire core except for the compositional and heat
of reaction terms.
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gravitational potential energy (or more properly
compositional energy) associated with the release of
the light element during IC solidification; QP, a small
contribution due to the change in pressure during
core cooling; QH, a contribution from chemical reac-
tions which turns out to be negligible; and QR, a
contribution from the decay of any radioactive ele-
ments within the core. The first four terms on the
right-hand side (RHS) of the equation are all propor-
tional to the rate of core cooling dTc/dt, where Tc is
the core temperature at the CMB (Gubbins et al.,
2003). Thus, in the absence of radioactive heating,
the heat flow out of the core is directly proportional
to the core cooling rate. Hence, a high CMB heat
flow either requires a rapidly cooling core, or a large
contribution from radioactive elements. In a situation
lacking an IC, the only nonzero terms are Qs, QP, and
potentially QR. The same CMB heat flow would
therefore require a more rapidly cooling core than a
similar situation in which an IC existed.

An important aspect of eqn [11] is that heating due
to dynamo activity (Joule heating) or viscous dissipa-
tion does not appear. This is because the dissipation
only involves conversion of energy within the core
(buoyancy forces generate kinetic and magnetic
energy, which in turn are converted to heat via
Ohmic and viscous dissipation). As a result, the global
energy balance is not affected. In order to investigate
the effect of dissipation, it is necessary to consider the
entropy budget of the core. This approach allows
investigation of the circumstances under which a
dynamo will operate, and is the subject of Section
8.02.3.3.

8.02.3.2.1 General expression

A very general expression for energy conservation
within the core may be written as follows (Gubbins
et al., 2003; see also Buffett et al., 1996):

d

dt

Z
�e dV þ d

dt

Z
1

2
�v2dV þ

Z
q
qt

B2

2�0
dV

¼ –

I
Pv?dS –

I
E� B

�0
?dS

þ
I

v ? �9?dS –

I
q ? dSþ

Z
�h dV

þ
Z
�v ?r dV ½12�

Here, � is density, e is internal energy, v is the core
fluid velocity, B and E are magnetic and electric
fields, �0 is the permeability of free space, P is the
pressure, S is an outward normal surface vector, �9 is

the deviatoric stress, q is the CMB heat flux, h the

local volumetric heat generation, and  the gravita-

tional potential. The left-hand side (LHS) of this

equation gives the total rate of change of internal,

kinetic, and magnetic energies, respectively. The sur-

face integrals on the RHS give the work done on the

surface by pressure and electromagnetic forces, sur-

face tractions, and the heat flow across the boundary

(Qcmb). The final two volume integrals give the total

heat generated and the work done against gravita-

tional forces.
Several simplifications may be applied to this

equation (Gubbins et al., 2003, 2004). For the Earth’s

core there are two very different timescales implicit

in eqn [12]: the short timescale (�1 year) associated

with convective motions, and the much longer time-

scale (�100 My) associated with cooling and

contraction of the core as a whole. Let the velocity

associated with core contraction be denoted by u.

Then over timescales long compared to the convec-

tive timescale, but short compared to the core

evolution timescale, the core will be well represented

by the well-mixed, hydrostatic and isentropic basic

state (see Section 8.02.3.1). Over this intermediate

timescale, the total fluid velocity v may be assumed

to average to the slow contractional velocity u

(Gubbins et al., 2003), while at the core boundary it

is always true that v ? dS¼ u ? dS. Over this same

timescale, it is assumed that the time fluctuations of

kinetic and magnetic energy are negligible (see

Braginsky and Roberts, 1995) and thus the second

two terms on the LHS are zero.
Another simplification arises from the imposition

of boundary conditions. By assuming that the

Earth’s mantle is a perfect insulator, the surface

integral involving electromagnetic fluxes disap-

pears. A similar assumption of stress-free boundary

conditions allows the removal of the shear stress

surface integral. This approach is convenient and

will be followed here, although a no-slip boundary

condition would be more realistic (see Roberts and

Glatzmaier, 2000).
Equation [12] may thus be rearranged as follows:

Qcmb ¼
I

q ? dS

¼
Z
�h dV –

Z
�

De

Dt
dV

þ
Z
�u?r dV –

Z
r ? ðPuÞ dV ½13�

where
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D

Dt
¼ q

qt
þ u ?r ½14�

and each integral is taken over the whole core and is
time-averaged. The term in u. r arises because the
long-term evolution of the gravitational potential
depends only on u. It will later prove useful to con-
vert �u ?r to u ?rP by using eqn [1]. The final
term on the RHS is obtained by application of
the divergence theorem and subsitution of u for v
(see Gubbins et al., 2003). Note that Qcmb is the
amount of heat being extracted from the core, and
not the adiabatic heat flow.

Equation [13] shows that the long-term energy
loss from the core may be estimated using integrals
over the reference state, that is, the short-term con-
vective velocity v is not important. Put another way,
the short-term convective velocity is responsible for
maintaining the reference state, but the energy avail-
able to drive the dynamo depends only on the long-
term evolution of the core. In the absence of an IC, a
further simplification arises: application of eqn [3]
causes the last two terms on the RHS of eqn [13] to
disappear and the integral in De

Dt
is replaced by one in

T Ds
Dt

(see Gubbins et al., 2003). However, in the case

of a solidifying IC, there is a significant contribution
to the gravitational energy from the redistribution of
the light element (see below).

Thermal contraction and IC solidification both
lead to a volume reduction in the core, which releases
additional gravitational energy. Although it has been
claimed (Hage and Muller, 1979) that this energy
becomes available to drive the dynamo, Gubbins
et al. (2003) showed that the actual contribution to
the energy budget is very small.

Equation [13] is more directly applicable than eqn
[12] to the Earth’s core. In particular, it may be used
to derive each of the terms given in eqn [11] in a
relatively straightforward fashion. Each of these
terms is derived in turn below; readers wishing to
avoid the details will find all terms summarized in
Table 1.

8.02.3.2.2 Core heat flow Qcmb

From eqn [13], the heat flow across the CMB is
given by

Qcmb ¼
I

q?dS ½15�

The heat flux q in the case of a solidifying IC
depends on the solute flux i (eqn [9]) as well as the
temperature gradient in the boundary layer.

However, assuming that no solute crosses the bound-

ary, then i ? dS¼ 0 and the CMB heat flow may be

written as

Qcmb ¼ –

I
krT ?dS ½16�

8.02.3.2.3 Internal heating QR

Internal heat production may arise because of radio-

genic elements or (less likely for the Earth) tidal

dissipation (Greff-Lefftz and Legros, 1999) or core–

mantle coupling (Touma and Wisdom, 2001). For the

radiogenic case, it is reasonable to assume that heat-

ing is uniform since vigorous convection will

homogenize the distribution of radiogenic elements.

In such a case, the internal heating is given by

QR ¼
Z
�h dV ½17�

where h is the volumetric heating rate. Note that this
term does not include any contribution from Ohmic
heating.

8.02.3.2.4 Heat of reaction QH

In the presence of a solidifying IC, the internal

energy term in eqn [13] may be written with the

help of eqn [3] asZ
�

De

Dt
dV ¼

Z
�T

Ds

Dt
dV þ

Z
P

�

D�

Dt
dV

þ
Z
��

Dc

Dt
dV ¼

Z
�T

Ds

Dt
dV

–

Z
Pr?u dV þ

Z
��

Dc

Dt
dV ½18�

where the second equality makes use of eqn [7].
The rate of change of internal energy depends

on the rate of change of entropy (which depends on

P, T, and c), pressure, and the concentration of the

light element. The first term on the RHS may be

written as

�T
Ds

Dt
¼ �T

qs

qT

� �
P; c

DT

Dt
þ �T

qs

qP

� �
T ; c

DP

Dt

þ �T
qs

qc

� �
P; T

Dc

Dt
¼ �Cp

DT

Dt
–�T

DP

Dt

– �T
q�
qT

� �
P; c

Dc

Dt
½19�

where Maxwell’s relation (eqn [4]) has been used.
The specific heat capacity Cp is defined by
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Cp ¼ T
qs

qT

� �
P; c

½20�

and the thermal expansivity � is given by

� ¼ – �
qs

qP

� �
T ; c

¼ –
1

�

q�
qT

� �
P; c

: ½21�

The second term on the RHS of eqn [18] vanishes
in conjunction with the last two terms on the RHS of

eqn [13]. Combining the terms in eqn [18] that

depend on c, we obtain

QH ¼
Z
� � –T

q�
qT

� �
P; c

" #
Dc

Dt
dV ¼

Z
�RH

Dc

Dt
dV

½22�

where RH is the heat of reaction between iron and the

light element. Here QH represents the change in

internal energy due to chemical reactions; for an

exothermic reaction, heat is absorbed at the ICB

and released throughout the liquid core.

8.02.3.2.5 Secular cooling and pressure

heating Qs, QP

Making use of eqn [19], we can identify two terms in

the internal energy budget not associated with com-

positional variations. The first is the secular cooling

term:

Qs ¼ –

Z
�Cp

DT

Dt
dV ½23�

This term is simply the heat released as the core
cools; it includes a small contraction term due to
the Lagrangian derivative. Although the release of
latent heat due to IC solidification can be included in
this term (by modifying the specific heat), greater
transparency is retained by including the latent heat
as a separate term (see below).

The second term gives the heating that arises
from a change in pressure, and is referred to as the

pressure heating term by Gubbins et al. (2003). It is

given by

QP ¼
Z
�TPT

DTc

Dt
dV ½24�

where PT is a numerical coefficient which relates the
change of pressure at the ICB with time to the rate of
core cooling:

DP

Dt
¼ PT

dTc

dt
½25�

where Tc is the core temperature at the CMB. A
more extensive discussion of this small term is
given in Gubbins et al. (2003).

8.02.3.2.6 Gravitational energy Qg

The gravitational energy term arises due to the

release of the light element at the ICB, and is thus

really a compositional energy term (Braginsky and

Roberts, 1995; Lister and Buffett, 1995). Considering

only the density changes arising due to these compo-

sitional changes, the gravitational potential term in

eqn [12] may be written (Gubbins et al., 2004) as

Qg ¼
Z
1
�v?r dV

¼
Z
1
 

q�
qt

� �
P; T

dV ¼
Z
� �c

Dc

Dt
dV ½26�

where the compositional expansion coefficient �c is
defined by eqn [6]. The gravitational energy contri-
bution is proportional to the rate of expulsion of the
light element, as parameterized by Dc/Dt.

8.02.3.2.7 Latent heat release QL

The latent heat released depends on the rate at which

the IC solidifies:

QL ¼ 4	r 2
i LH�i

dr i

dt
½27�

where ri is the IC radius, �i is the density at the ICB,
and LH is the latent heat (assumed constant). The rate
at which the ICB advances is determined by the rate
at which the ICB temperature changes, and the rela-
tive slopes of the adiabat and melting curve (see
Section 8.02.3.4). The rate at which Ti, the tempera-
ture at the ICB, changes may be directly related to
the rate of change of the temperature Tc at the CMB,
because both lie on the same adiabat. The quantity
dri/dt may therefore be rewritten in terms of dTc/dt

(see Section 8.02.3.4).

8.02.3.2.8 Pressure effect on freezing QPL

If the pressure increases, the melting temperature of

iron increases and thus the IC grows. A pressure

change �P causes the IC radius to increase by a

quantity �ri, where

�ri ¼
T 9m

T 9m –T 9

�P

�ig
½28�

Energetics of the Core 41



Here, Tm and T are the melting and adiabatic tem-
peratures of the core at r¼ ri, respectively, and T 9m
and T 9 are their radial derivatives.

Making use of eqn [25], the additional latent heat
released by this effect is given by

QPL ¼
4	r 2

i LHT 9m

T 9m –T 9

PT

g

dTc

dt
½29�

The effect can also be included by modifying the
usual latent heat as follows:

L9H ¼ LH 1þ PT
dTm

dP

Tc

Ti

� �
½30�

In practice, the increase in latent heat due to this
effect is only 10–20% (Gubbins et al., 2003).

8.02.3.2.9 Summary

Combining the results of Sections 8.02.3.2.2–
8.02.3.2.8, the general energy budget for the core,
eqn [13] may be rewritten as follows:

Qcmb ¼ –

I
krT ?dS ¼

Z
�h dV

–

Z
�CP

DT

Dt
dV þ

Z
�T

DP

Dt

þ
Z
�RH

Dc

Dt
dV þ

Z
� �c

Dc

Dt
dV

þ 4	r 2
i L9H�i

dr i

dt

¼ QR þ Qs þ QP þ QH þ Qg þ QL ½31�

The utility of this equation is that it makes each of
the mechanisms contributing toward the core energy
budget obvious: the total amount of energy being
extracted from the core depends on radioactive heat
production within the core, secular cooling and con-
traction of the core, and chemical, gravitational, and
latent heat release as the IC grows. With the excep-
tion of radioactive heating, all these terms turn out to
be directly proportional to the rate of core cooling
dTc/dt (see Section 8.02.3.4). This equation also
demonstrates that neither the adiabatic heat flow,
Qk, nor Ohmic heating, play any role in the global
energy budget. Both these terms, however, do figure
in the corresponding entropy balance, which is
derived next.

8.02.3.3 Entropy Terms

As noted above, the Ohmic heating (dissipation)
caused by the dynamo does not enter the global

energy balance. However, dissipation is nonreversi-
ble and therefore a source of entropy. Thus, by
considering the entropy budget of the core, criteria
may be established for the operation (or failure) of
the dynamo (see Section 8.02.4.2). In particular, an
equation analogous to eqn [31] may be derived that
describes the entropy budget of the core. In particu-
lar, both entropy sinks (heat diffusion, Ohmic
dissipation, and molecular conduction) and sources
(radioactive decay, secular cooling, latent heat
release, pressure heating, chemical reactions, and
compositional buoyancy) may be identified.

These entropy terms, derived below, are rates of
entropy production. In general, each entropy term
may be thought of as a heat flow, multiplied by some
efficiency factor (<1) and divided by some character-
istic operating temperature. Higher heat flows result
in higher rates of entropy production.

The general equation corresponding to eqn [12]
for the entropy terms is (Hewitt et al., 1975; Gubbins
et al., 2004)

�
Ds

Dt
¼ –

r ? q

T
þ �r ? i

T
þ �h

T
þ �

T
½32�

where the heat flux q depends on the solute flux i
(eqn [9]) and the entropy s depends on P, T, and c

(eqn [3]). This equation summarizes the changes in
entropy arising from both thermal and compositional
effects. Here, � is the combined viscous and Ohmic
dissipation. The former is assumed to be negligible
and the volumetric Ohmic dissipation is given by

� ¼ J2

�
� B2

�2
0�l2

� �
½33�

where J is the electric current density, B and l are
typical values for the magnetic field and the length-
scale at which dissipation occurs (e.g., Labrosse,
2003), respectively, and � is the electrical conductiv-
ity. It is because of the appearance of this term that
the entropy balance may be used to determine
whether or not a dynamo can operate.

Making use of eqns [9] and [10] and employing
the divergence theorem, we haveZ r?q

T
dV ¼

Z
r ?

q

T

� �
dV þ

Z
q ?
rT

T 2
dV

¼ Qcmb

Tc
–

Z
k
rT

T

� �2

dV

þ
Z

1

�DT
1þ ��D

�T

� �
ð –�Dr� ? i – i2Þ dV

½34�
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The LHS of eqn [32] may be expanded using eqn
[19] as before. The RHS may be further simplified by
making use of eqn [8] and making the assumption
that ��D� �T (see Gubbins et al., 2004). The result-
ing expression isZ
�Cp

T

DT

Dt
dV –

Z
�

DP

Dt
dV –

Z
�
q�
qT

Dc

Dt
dV

¼ –
Qcmb

Tc
þ
Z

k
rT

T

� �2

dV

þ
Z

i2

�DT
dV þ

Z
�h

T
dV þ

Z
�

T
dV

½35�

where the terms on the LHS represent contributions
to the entropy budget from core cooling, contraction,
and chemical reactions.

The term in i2 is the entropy of molecular con-
duction, E�, which turns out be negligible (see
below). The terms involving �h and � are the
entropy contibutions from internal heating and
Ohmic (and viscous) dissipation, respectively. The
term in (rT/T)2 is the entropy of thermal diffusion,
Ek. This quantity depends on the temperature gradi-
ent and is an entropy sink; it reduces the entropy
available to drive the dynamo and if large enough
will ensure a conductive core and thus an absence of
dynamo activity.

Since Qcmb contains contributions from the differ-
ent sources (eqn [31]), most of these source terms
occur twice in eqn [35]. For instance, the secular
cooling contribution to the overall entropy budget isZ

�Cp
DT

Dt

� �
1

T
–

1

Tc

� �
dV ½36�

where the term in Tc is a consequence of the Qcmb/Tc

term in eqn [35]. Similar equations may be derived
for the contributions from latent heat, heat of solu-
tion, radioactive decay, and pressure heating. As
before, the latent heat term may be incorporated
into the secular cooling term.

The resulting expression for the entropy budget is
as follows:Z

�Cp
1

T
–

1

Tc

� �
DT

Dt
dV –

Z
T�

1

T
–

1

Tc

� �
DT

Dt
dV

–
1

T

Z
�RH

DT

Dt
dV –

Z
�h

1

T
–

1

Tc

� �
dV þ Qg

Tc

¼
Z

k
rT

T

� �2

dV þ
Z

i2

�DT
dV þ

Z
�

T
dV

½37�

which may be rewritten in an analogous form to eqn
[31] as follows:

Es þ EP þ EH þ ER þ Eg ¼ Ek þ E� þ E� ½38�

Here, the latent heat terms have been incorporated
into the secular cooling term Es.

An important aspect of eqn [37] is the ((1/Tc) –
(1/T )) terms. These terms give the thermodynamic
(Carnot) efficiency of the various processes driving
the dynamo, and arise because the sources and sinks
of buoyancy are operating at different temperatures.

Buoyancy sources which are distributed through-
out the core volume have a lower efficiency than
those which arise at the ICB, because the mean
operating temperature of the former is smaller and
thus the efficiency term ((1/Tc) – (1/T )) is also smal-
ler. Thus, the buoyancy forces due to radioactive
decay or secular cooling are intrinsically less efficient
at driving a dynamo compared to latent heat release.

An important exception is the term which arises
due to compositional convection. This term only
occurs once in eqn [37] and has the form Qg/Tc. Its
efficiency is thus intrinsically higher than those of the
other energy sources. Thus, as we will see below,
although compositional convection has only a mod-
erate effect on the core’s energy budget, its
contribution to the core’s entropy budget (and thus
the operation of the dynamo) is very significant.

Table 1 summarizes the expressions derived
above for the various entropy and energy terms.

8.02.3.4 Example Core Structure

The terms in energy and entropy derived above and
summarized in Table 1 are general in that they may
be applied to any model of core structure. Some of
the core properties required, such as density,
compressibility, and gravitational acceleration,
can be obtained from seismological observations
(see Figure 1). Other properties, in particular the tem-
perature structure, must be inferred from experimental
studies or first-principles numerical calculations (see
Section 8.02.4.3). Here a model core structure is derived
which allows analytical expressions for the terms in
Table 1 to be obtained. These expressions give good
agreement with numerical integrations carried out using
the observed core density structure (see Nimmo et al.,
2004). A comparison of these results with those using
different parameter choices is given in Section 8.02.4.3.9.

Given the large uncertainties associated with var-
ious core parameters, it is acceptable to make
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simplifying assumptions which allow the energy and
entropy integrals to be treated analytically. The first
major simplification is to assume spherical symmetry,
although lateral variations in properties like the
CMB heat flux may sometimes have important effects
on the detailed behavior of the dynamo (e.g., Bloxham,
2000).

A second simplification is to assume that certain
core properties, such as compressibility, thermal
expansivity, and specific heat capacity, are constant.
While only an approximation, this makes the inte-
grals tractable and results in density and gravity
profiles which are similar to those inferred
(Figure 1). Here we describe the approach taken by
Labrosse et al. (2001). Other authors, such as Buffett
et al. (1996), Lister (2003), and Roberts et al. (2003)
have adopted slightly different expressions.

The density within the Earth’s core increases by
about 35% from the CMB to the center of the planet
(Figure 1). Following Labrosse et al. (2001), the vara-
tion of � with radial distance r from the center of the
Earth is given approximately by

�ðrÞ ¼ �cen expð – r 2=L2Þ ½39�

where �cen is the density at the center of the Earth
and L is a lengthscale given by

L ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3K0 In �cen

�0
þ 1

� �
2	G�0�cen

vuut
½40�

Here, K0 and �0 are the compressibility and density at
zero pressure, respectively, G is the universal grav-
itational constant, and L � 7000 km (see Section
8.02.4.3). From eqn [39], the mass of the core Mc is
given by

Mc ¼
Z rc

0

�ðrÞdV

¼ 4	�cen –
L2

2
r expð – r 2=L2Þ þ L3

4

ffiffiffi
	
p

erf ðr=LÞ
� �rc

0

½41�

where rc is the core radius. Expanding erf (r/L)
allows Mc to be written as

Mc ¼
4

3
	�cenr 3

c e – r2
c =L2

1þ 2

5

r 2
c

L2
þ 	 	 	

� �
½42�

Similarly, the acceleration due to gravity g is
given by

gðrÞ ¼ 4	

3
G�cen� 1 –

3r 2

5L2

� �
½43�

This expression neglects the density jump �� across
the ICB, introducing an error of order r 4

i =L4 � 1,
where ri is the IC radius (Labrosse et al., 2001). Note
that the effect of this density jump is incorporated
when considering compositional convection.

The adiabatic temperature Ta within the core is
given by

TaðrÞ ¼ Tcenexpð – r 2=D2Þ ½44�

where Tcen is the temperature at the center of the
Earth and D is another lengthscale given by

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Cp=2	��cenG

q
½45�

Here Cp is the specific heat capacity, � the thermal
expansivity, and D � 6000 km (see Section 8.02.4.3).
Note that eqn (44) assumes that the ratio �/Cp, or

equivalently the ratio �=ðv2
p –

4
3 v2

s Þ, is constant. This

issue is discussed further below (Section 8.02.4.2).
The adiabatic profile (eqn [44]) allows the follow-

ing useful simplification to be made (Gubbins et al.,

2003):

1

Ta

DTa

Dt
¼ 1

Tc

dTc

dt
½46�

where Tc is the temperature at the CMB. This
approximation allows the term in T �1 DT/Dt to be
taken out of all the integrals given in Table 1, assum-
ing that the temperature profile is adiabatic.
Furthermore, the rate of IC growth dri/dt and
the rate of change of concentration in the light
element Dc/Dt may both be related to dTc/dt as
follows.

Equation [46] shows that the rate of cooling at the
ICB is directly proportional to the rate of cooling at

the CMB. In addition, Figure 2 shows that the change

in inner-core radius 
ri for a change in core tempera-

ture 
Tc depends on the relative slopes of the adiabat

and the melting curve. We may therefore write

dr i

dt
¼ 1

ðdTm=dP – dT=dPÞ
Ti

�ig

1

Tc

dTc

dt
¼ Cr

dTc

dt
½47�

where the slopes of the adiabat and melting curve at
the ICB are given by dTa/dP and dTm/dP, respec-
tively, and Ti and �i are the ICB temperature and
density, respectively.

In a similar fashion, the rate of release of light
material into the outer core may be written as

Dc

Dt
¼ 4	r 2

i �ic

Moc

dr i

dt
¼ CcCr

dTc

dt
½48�
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where Moc is the mass of the outer core and

Cc ¼ 4	r 2
i �i=Moc. Note that the rate of light element

release is directly proportional to the core cooling rate.
It should further be noted that integrals involving

Dc/Dt consist of two contributions: one denoting
removal of light element from the IC at the ICB,
and one involving the uniform redistribution of this
material over the outer core. Assuming that the heat
of reaction is constant, this conservation of species
means that the energy term QH, but not the entropy
term EH, is identically equal to zero (see Gubbins
et al., 2004).

The pressure is given by

PðrÞ ¼ Pc þ
4	G�2

cen

3

3r 2

10
–

L2

5

� �
expð – r 2=L2Þ

� �rc

r

½49�

where Pc is pressure at the CMB.
The dependence of the core melting temperature

on pressure and composition is often approximated
using Lindemann’s law (e.g., Buffett et al., 1996;
Labrosse et al., 2001; Roberts et al., 2003). For exam-
ple, neglecting the compositional effects, one could
write (Labrosse, 2003):

TmðrÞ ¼ Tm0 exp – 2 1 –
1

3�

� �
r 2

D2

� �
½50�

where Tm0 is the melting temperature at zero pres-
sure and � is the Gruneisen parameter. Here we

adopt a slightly different approach, following that of
Stevenson et al. (1983), and parametrize the core
melting temperature Tm as

TmðPÞ ¼ Tm0ð1þ Tm1P þ Tm2P2Þ ½51�

where Tm1 and Tm2 are constants and Tm0 incorpo-
rates the reduction in melting temperature due to the
light element(s). In this work, it is assumed that
Tm2¼ 0.

With the variation of �, g, and T within the core
described by eqns [39], [43], and [44], respectively,
analytical expressions for the entropy and energy
terms are given below.

8.02.3.4.1 Specific heat (Qs, Es)

Table 1 and eqn [46] may be used to show that both
Qs and Es involve a term Is ¼

R
�TdV given

(Labrosse et al., 2001) as

Is ¼ 4	Tcen�cen –
A2rc

2
e – r 2

c =A2 þ A3
ffiffiffi
	
p

4
erf ½rc=A�

� �
½52�

where

A2 ¼ 1

L2
þ 1

D2

� � – 1

½53�

It will be useful to expand Is as follows:

Is ¼
4

3
	Tcen�cenr 3

c e – r 2
c =A2

1þ 2

5

r 2
c

A2
þ 	 	 	

� �
½54�

Strictly speaking, the adiabat is only followed in
the outer core, but Labrosse (2003) argues that the
integral may be taken over the entire core without
introducing significant errors. The contributions Qs

and Es may thus be written as

Qs ¼ –
Cp

Tc

dTc

dt
Is; Es ¼

Cp

Tc
Mc –

Is

Tc

� �
dTc

dt
½55�

where Mc is the mass of the core and Tc the core
temperature at the CMB.

8.02.3.4.2 Radioactive heating (QR, ER)
For radioactive heating, the term involved IT¼

R
(�/T)

dV is more complicated and depends on the relative
sizes of D and L. Although complete analytical solutions
may be derived (see Nimmo et al., 2004), it is more useful
to carry out a series expansion, which yields

IT ¼
4	�cen

3Tcen
r 3

c 1 –
3

5

r 2
c

B2
þ 	 	 	

� �
½56�
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Figure 2 Schematic of melting and adiabatic temperature

profiles. The IC (temperature Ti) is defined by the

intersection of the adiabat Ta and the melting curve Tm. The
corresponding temperature at the CMB, Tc, is obtained by

following the adiabat. Changing this CMB temperature by a

small amount 
Tc results in a change in IC radius, 
ri, which

depends on the relative slopes of the adiabat and melting
curve, dTa/dP and dTm/dP, respectively. The temperature

drop at the CMB since the onset of IC solidification is given

by �Tc.
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where

B2 ¼ 1

L2
–

1

D2

� � – 1

½57�

These equations allow the contributions QR and
ER to be determined:

QR ¼ Mch; ER ¼
Mc

Tc
– IT

� �
h ½58�

where h is the heat production per unit mass within
the core.

8.02.3.4.3 Latent heat (QL, EL)

The contributions QL and EL given in Table 1 may
be written as:

QL ¼ 4	r 2
i L9H�i

dr i

dt
; EL ¼ QL

ðTi –TcÞ
TcTi

½59�

where L9H is the latent heat of fusion (incorporating
the small pressure effect) and Ti is the temperature at
the ICB.

8.02.3.4.4 Gravitational contribution

(Qg, Eg)
From [43], the potential  (r) relative to zero poten-
tial at the CMB is given by

 ðrÞ ¼ 2

3
	G�cenr 92 1 –

3r 92

10L2

� �� �r

rc

½60�

Table 1 and eqn [48] give

Qg ¼
Z

oc

� dV –Moc ðr iÞ
� �

�cCcCr

DTc

Dt

¼
Z

oc

� dV –Moc ðriÞ
� �

��c

c

�c

4	r 2
i

Moc

dr i

dt
½61�

Here, ��c is the compositional density drop across
the ICB, Moc is the mass of the outer core (‘oc’
denotes the outer core), �c is the compositional
expansion coefficient (eqn [6]), CrdTc/dt¼ dri/dt

and Cc is defined after eqn [48]. If the IC completely
excludes the light element(s), then c¼�c. Note that
in this case Qg depends only on the compositional
density contrast ��c and not on c, the actual
concentration.

The integral
R

oc � dV is given by

8	2�2
cenG

3

3

20
r 5 –

L2

8
r 3 –L2C2r

� �
e – r 2=L2

�
þ C2

2
L3

ffiffiffi
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erf r=Lð Þ
�rc
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½62�

where

C2 ¼ 3L2

16
–

r 2
c

2
1 –

3r 2
c

10L2

� �
½63�

The mass of the outer core Moc may be obtained
from [41] by changing the limits of integration.
Equations [62] and [63] allow Qg to be obtained; Eg

is simply Qg/Tc.

8.02.3.4.5 Entropy of heat of solution (EH)

As discussed above, the quantity QH¼ 0. The con-
tribution EH in Table 1 is given by

EH ¼ –RH

Z
oc

�

T
dV –

Moc

Ti

� �
Cc

dr i

dt
½64�

where RH is the heat of reaction. The integral in this
equation may be derived using the same approach as
that for radioactive heating (eqns [56]–[58]). Note
that this expression assumes that core contraction is
negligible (see below).

8.02.3.4.6 Adiabatic contribution (Qk, Ek)

The entropy change due to thermal diffusion is given
by Table 1:

Ek ¼
Z

k
rT

T

� �2

dV ½65�

where k is the core thermal conductivity.
From [44], we have rTa/Ta¼�2r/D2; using

[65], it can therefore be shown that for an adiabatic
core

Ek ¼
16	kr 5

c

5D4
½66�

while Qk at the CMB is simply given by

Qk ¼ 8	r 3
c kTc=D2 ½67�

Note that both Qk and Ek, unlike almost all the
other terms in Table 1, are independent of the core
cooling rate.

8.02.3.4.7 Other contributions

Gubbins et al. (2003, 2004) argued that the molecular
diffusion term E� and pressure heating term EP in
eqn [38] are negligible and may be ignored. The rate
of change of the core temperature is governed by

DTc

Dt
¼ qTc

qt
þ u?rTc ½68�
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where u is the core contraction velocity. Gubbins
et al. (2003) state that core contraction is negligible
at the present day, in which case DTc/Dt¼ dTc/dt.

8.02.3.5 Summary

Table 1 gives the general expressions for each of the
terms contributing to the core’s energy (eqn [31]) and
entropy (eqn [38]) budgets. Section 8.02.3.4 gives
explicit expressions for these terms when the state
of the core is described by a simple analytical model.
Given a core cooling rate dTc/dt, this allows the rates
of heat transfer and entropy production for the core
to be derived.

8.02.4 Present-Day Energy Budget

8.02.4.1 Introduction

Having derived approximate expressions for the
individual terms in the energy and entropy equa-
tions, the magnitudes of these terms are estimated
for the Earth in this section. In order to do so, various
properties of the Earth’s core are required, some of
which are still highly uncertain. Section 8.02.4.2
derives some general conclusions regarding the
present-day budgets which are independent of the
specific property values assumed. Section 8.02.4.3
summarizes the likely values and discusses their
uncertainties. Section 8.02.4.4 shows how these values
may be used to establish the present-day global
energy and entropy budget of the core, and compares
these estimates with other constraints. For instance,
the fact that a dynamo is operating at the present day
places a constraint on the current CMB heat flow
(eqn [71] and see below). This section draws heavily
on previous works on the subject, as described below,
in particular those of Buffett et al. (1996), Roberts et al.
(2003), Labrosse (2003), Gubbins et al. (2003, 2004),
Nimmo et al. (2004), and Chapter 9.09.

8.02.4.2 General Behavior

It is clear that the entropy budget within the core at
the present day is capable of sustaining a dynamo. In
this section, we review the constraints that this obser-
vation places on conditions in the core. In particular,
we show how to calculate the rate at which the core
must be cooling to sustain the dynamo, and the
balance between thermal and compositional contri-
butions to the dynamo. Considerations of core
cooling inevitably lead to the question of the

energy/entropy budget of the core through time;
this topic is the subject of Section 8.02.5.

The entropy rate available to drive the dynamo is
given by eqn [38] and, neglecting the small terms E�
and EP, may be written as

�E ¼ ER þ Es þ EL þ EH þ Eg – Ek ¼ ER þ ẼT
dTc

dt
– Ek

½69�

where Es, EL, EH, and Eg depend on the core cooling
rate dTc/dt (see Table 1), ER depends on the pre-
sence of radioactive elements in the core, and Ek

depends on the adiabat at the CMB. ẼT is simply a
convenient way of lumping together the terms which
depend on core cooling rate (see Gubbins et al., 2003),
and is itself independent of dTc/dt. This equation
illustrates two important points. First, as expected, a
higher cooling rate or a higher rate of radioactive
heat production increases the entropy rate available
to drive a dynamo. Second, a larger adiabatic con-
tribution reduces the available entropy.

The equivalent energy balance (eqn [11]), neglec-
ting QP and QH (=0), may be written

Qcmb ¼ QR þ Qs þ Qg þ QL ¼ QR þ ~QT
dTc

dt
½70�

Again, Q̃T is simply a convenient way of lumping
together the terms (Qs, Qg, and QL) that depend on
the core cooling rate. By combining eqns [69] and
[70], an expression may be obtained that gives the
core heat flow required to sustain a dynamo charac-
terized by a particular entropy production rate E�:

Qcmb ¼ QR 1 –
~QT

ẼT

1

TR

� �
þ

~QT

ẼT
E� þ Ekð Þ ½71�

where TR is the effective temperature such that
TR¼QR/ER. This equation encapsulates the basic
energetics of the dynamo problem.

Equation [71] shows that larger values of adiabatic
heat flow or Ohmic dissipation require a correspond-
ingly higher CMB heat flow to drive the dynamo, as
would be expected. In fact, in the absence of
radiogenic heating, the CMB heat flow required
is directly proportional to Ek þ E�. Because the

term 1 –
~QT

ẼT

1
TR

� �
exceeds zero, a dynamo which is

partially powered by radioactive decay will require a
greater total CMB heat flow than the same dynamo
powered without radioactivity. Alternatively, if the
CMB heat flow stays constant, then an increase in the
amount of radioactive heating reduces the entropy
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available to power the dynamo. These results are a
consequence of the fact that radioactive heating has a
lower thermodynamic efficiency than other methods
of driving a dynamo (see Section 8.02.3.3).

Equation [71] also illustrates the fact that a
dissipative dynamo can exist even if the CMB heat
flow is subadiabatic (Loper, 1978). For instance,
anticipating the results of Section 8.02.4.3, using
Table 4 we have Q̃T/ẼT¼ 12 200 K for the present-
day IC size. If the CMB heat flow is set to the
adiabatic value (Qcmb¼ 4.9 TW; Ek¼ 162 MW K�1),
application of [71] shows that the entropy available
to drive the dynamo, E�¼ 575 MW K�1. Only if the
CMB heat flow fell below 2 TW, strongly subadia-
batic, would the entropy available become negative.
Thus, a subadiabatic CMB heat flow can sustain a
dynamo, as long as an IC is present to drive composi-
tional convection (e.g., Loper, 1978; Labrosse et al.,
1997). It should be noted that these results assume
that the CMB heat flux does not vary in space; lateral
variations in the heat flux may allow a dynamo to
function even if the mean value of Qcmb suggests the
dynamo should fail (or vice versa).

In the absence of an IC, ~QT
dTc

dt
¼ Qs and

ẼT
dTc

dt
¼ Es. Because the value of Q̃T/ẼT increases

when an IC is absent, eqn [71] shows that driving the
same dynamo purely by thermal convection requires
a higher CMB heat flow than when an IC is present.
Again, this effect is a result of the higher efficiency of
compositional convection (Section 8.02.3.3). Making
use of eqns [43], [45], [54]–[56], [66], and [68], it can
be shown that in the absence of an IC,

~QT

ẼT
� Qk

Ek

¼ 5

2

D2

r 2
c

Tc ½72�

and in a similar fashion (eqns [42], [44], and [56]–[58])
it may also be demonstrated that for L < D

TR ¼ Tc

1þ 2
5

r 2
c

L2

2
5

r 2
c

D2

½73�

with a similar result for L > D.
In the absence of an IC, eqn [71] may therefore be

rewritten as

Qcmb ¼
QR

1þ 5
2

L2

r 2
c

þ Qk 1þ E�

Ek

� �
½74�

If QR¼ 0 and Ohmic heating is negligible
(E�¼ 0), then eqn [74] shows that the heat flow at
the CMB, Qcmb, must exceed the adiabatic heat flow,
Qk, for a dynamo driven only by thermal convection

to function. This result is well known (e.g., Nimmo
and Stevenson, 2000), but the utility of eqn [74] is
that it allows dynamo dissipation to be taken into
account explicitly: a more strongly dissipative core
requires a more superadiabatic CMB heat flow to
operate.

Equation [74] also illustrates the effect of radiogenic
heating in the absence of an IC. Because the term

1þ ð5=2ÞðL2=r 2
c Þ

	 

is of order 10, the CMB heat

flow required to maintain a thermally driven dynamo
at a constant dissipation rate is not very sensitive to an
increase in radiogenic element concentrations (see
Figure 3). This is because the efficiencies of radiogenic
heating and secular cooling are comparable (see
Section 8.02.3.3).

The presence of radiogenic elements is more
influential on the core cooling rate, and thus ulti-
mately the age of the IC (e.g., Labrosse et al., 2001).
Rewriting eqn [70], we obtain a core cooling rate of

dTc

dt
¼ Qcmb –QR

~QT

½75�

It is clear that the effect of the QR term is to reduce
the rate of core cooling, and hence prolong the life of
the IC. This is an issue we return to below.

8.02.4.3 Core Properties

Having made some general remarks, we now turn to
the specific core properties we will assume for more
detailed analysis. The temperature structure and
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heat flow. Calculations carried out using the expressions

given in Section 8.02.3.4 and the parameter values given in
Table 2. The IC ages given are only relevant to the case of a

present-day IC containing no potassium, and are calculated

assuming a constant heat flow. Shaded area denotes
estimated present-day CMB heat flow (see text).
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physical and compositional nature of the core are
described in detail elsewhere in this treatise. The
values adopted here are summarized in Table 2.
Only a brief discussion of these values is given
below; further discussion of the effects of uncertain-
ties in these values on model results may be found in
Chapter 9.09. Note that in general the values are
assumed to be constant throughout the core; as dis-
cussed below, such an assumption is incorrect, but
unlikely to yield significant errors. The resulting
theoretical profiles for density, temperature, and
gravity are shown in Figure 1 and may be compared
with the seismologically inferred values.

8.02.4.3.1 Density and gravity

Figure 1 shows the seismologically inferred density
and gravity profiles and compares them with those
obtained using the theoretical expressions given in
8.02.3.4 and the values given in Table 2. There is
good agreement; the only difference is that the sim-
ple density model (eqn [39]) neglects the increase in
density of the IC. However, as noted above, this error
has a negligible effect on the results.

8.02.4.3.2 Thermodynamic properties

From the point of view of the entropy and energy
budgets, the most important thermodynamic proper-
ties are those influencing the temperature profile and
the CMB heat flow, that is � (or equivalently � and
Cp) and k.

The thermal conductivity of iron at core condi-
tions is obtained by using shock wave experiments
and converting the measured electrical conductivity
to thermal conductivity using the Wiedemann–Franz
relationship (Stacey and Anderson, 2001). Although
molecular dynamics simulations have been used to

determine thermal conductivities in some systems
(e.g., Recoules and Crocombette, 2005), doing so for
iron has not yet been attempted. Shock experiments
by Matassov (1977) led Stacey and Anderson (2001)
to conclude that k at the CMB was 46 W m�1 K�1.
More recent shock experiments by Bi et al. (2002)
give electrical resistivities 50% higher than those of
Matassov (1977), suggesting a thermal conductivity
closer to 30 W m�1 K�1. A value of 40� 20 W m�1

K�1 spans the likely uncertainty and is in agreement
with other recent choices for this parameter
(see Table 3).

Thermodynamic arguments (e.g., Anderson, 1998)
and molecular dynamics simulations (e.g. Alfe et al.,
2002b) both suggest that the value of Gruneisen’s
parameter � is close to a constant value of 1.5
throughout the core. Since the seismic velocities
vary significantly across the core, this result in turn
implies that � is variable (here Cp is assumed con-
stant). Labrosse (2003) derives an expression for � as
a function of the core density, and argues that �
varies from 1.25� 10�5 K�1 at the centre to
1.7� 10�5 K�1 at the CMB. Roberts et al. (2003)
obtain a variation of 0.9–1.8� 10�5 K�1 by assuming
a depth-dependent �. Labrosse (2003) also points
out, however, that to the third-order accuracy
required, the temperature profile (eqn [44]) is not
affected by the variation in � and simply depends on
the value of this parameter at the center of the Earth.
We follow Labrosse (2003) and adopt a constant
value for � of 1.35� 10�5 K�1 to determine Ta (r).

As Labrosse (2003) states, the temperature gradi-
ent and adiabatic heat flow at the CMB should be
calculated using a larger value of � appropriate to
CMB conditions. If �¼ 1.5, then the values in
Table 2 give a temperature gradient at the CMB of

Table 2 Values of quantities assumed for core calculations

Symbol Value Units Eqn Symbol Value Units Eqn

�cen 12500 kg m�3 [39] ri 1220 km [43]

rc 3480 km [41] Pc 139 GPa [49]

K0 500 GPa [40] D 5969 km [45]
L 7272 km [40] Ti 5520 K [59]

Tc 4100 K [55] Tcen 5756 K [44]

� 1.35 10�5 K�1 [45] Cp 840 J kg�1 K�1 [45]

LH 750 kJ kg�1 [59] �c 1.1 [6]
k 40 W m�1 K�1 [65] RH �27.7 MJ kg�1 [64]

Tm0 2673 K [51] Tm1 3.25 10�12 Pa�1 [51]

�0 7900 kg m�3 [40]

The rationale for these values is given in Sections 8.02.2 and 8.02.4.3.
Picb is the pressure at the ICB.
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1 K km�1, implying that the correct value of � to use
in this situation is 1.9� 10�5 K�1. However, for sim-
plicity, we prefer to retain a constant value of �
throughout; doing so will result in an underestimate
in Qk and thus a conservatively low value of the CMB
heat flow required to drive a dynamo (eqn [74]).

8.02.4.3.3 Temperature and melting

The temperature profile of the core is determined by
the temperature at the ICB (see Figure 1). As
explained in Section 8.02.2.3, we use the recent mole-
cular dynamics simulations of Alfe et al. (2003), who
find a drop in melting temperature �Tm due to the
presence of light elements of 700 K. A linear fit to
their results using eqn [51] results in Ti¼ 5520 K
and melting parameters Tm0¼ 2673 K and
Tm1¼ 3.25� 10�12 K Pa�1. The adiabatic core tem-
perature profile may be extrapolated from this point,
with uncertainties arising due to uncertainties in �
and Cp (see above).

8.02.4.3.4 Chemical properties

By far, the most important chemical property of the
core is the compositional density drop ��c.
Examination of eqn [62] demonstrates that it is this
property, rather than the mass fraction of light ele-
ment c, which actually determines the gravitational
energy available. As noted in Section 8.02.2.1, the
uncertainty in ��c is probably a factor of 2, with a
likely range of 400–800 kg m�3. Other chemical
properties of the core materials, such as the heat of
reaction RH and the material constants �D and �, may
be determined from molecular dynamics simulations
(Gubbins et al., 2004).

8.02.4.3.5 Ohmic dissipation
The entropy production rate E� required to power

the dynamo is a critical parameter because it ulti-

mately determines how rapidly the core must cool to

maintain such a dynamo (eqn [71]). It in turn

depends directly on the Ohmic heating (eqn [33]),

but this heating rate is currently very poorly con-

strained. The heating is likely to occur at lengthscales

which are sufficiently small that they can neither be

observed at the surface, nor resolved in numerical

models (Roberts et al., 2003). Moreover, the toroidal

field, which is undetectable at the surface, may dom-

inate the heating.
The Ohmic dissipation Q� may be converted to an

entropy production rate using E�¼Q�/TD (Roberts

et al., 2003), where the characteristic temperature TD

is unknown but intermediate between Ti and Tc

and is here assumed to be 5000 K. Theoretical

lower bounds on the rate of Ohmic heating do

exist, but are too low to be either realistic or

useful; calculations based on simple assumed current

geometries likewise produce unrealistically small

values (e.g., 5 GW; Stacey, 1969). A more useful

approach is to extrapolate from numerical dynamo

simulations. Roberts et al. (2003) used the results of

the Glatzmaier and Roberts (1996) simulation to

infer that 1–2 TW are required to power the dynamo,

equivalent to an entropy production rate of 200–

400 MW K�1. The dynamo model of Kuang and

Bloxham (1997) gives an entropy production rate of

40 MW K�1. Christensen and Tilgner (2004) gave a

range of 0.2–0.5 TW, based on numerical and labora-

tory experiments, equivalent to 40–100 MW K�1,

and Buffett (2002) suggested 0.1–0.5 TW, equivalent

to 20–100 MW K�1. Labrosse (2003) argues for a

Table 3 Comparison of parameter values assumed by four different studies

Quantity Units Buffett Roberts Labrosse This work

� �10�5 K�1 1.0 0.89–1.77 1.25–1.7 1.35

Cp J kg�1 K�1 800 819–850 850 840

� 1.4 1.15–1.33 1.5
LH kJ kg�1 600 1560 660a 750

k W m�1 K�1 35 46 50 40

��c kg m�3 400 255 500 575

�c 0.93 1.0 1.1
Ti K 4662 5100 5600 5520

Tc K 3724 3949 4186 4100

�Tm K 525 300 700

Qk TW 2.8 5.9 3.0 4.9

aAssuming a present-day IC temperature of 5600 K.
References are: Buffett et al. (1996), Roberts et al. (2003), Labrosse (2003), and this work.
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range 350–700 MW K�1. We shall regard the
required Ohmic dissipation rate as currently
unknown, but think it likely that entropy production
rates in excess of 100 MW K�1 are sufficient to
guarantee a geodynamo.

8.02.4.3.6 Internal heating

Section 8.02.4.2 shows that radioactive heat produc-
tion (or, for that matter, tidal heating) in the core has
a significant effect on the entropy and energy bud-
gets. It has sometimes been suggested, for reasons
explained below, that radioactive potassium is pre-
sent in the core. This isotope, 40K, has a half-life of
1.3 Gy, and makes up 0.012% of naturally occurring
potassium at the present day.

Samples of the Earth’s crust and upper mantle
produce ratios of lithophile, refractory elements very
similar to those found in primitive (chondritic)
meteorites, and the solar photosphere. The constancy
of these ratios allow the abundance of these elements
(e.g., U and Th) in the bulk silicate Earth (BSE) to be
established with some confidence (e.g., McDonough
and Sun, 1995). However, it is also clear that Earth
samples are generally depleted, relative to chondrites,
in more volatile lithophile elements such as potassium.
The amount of depletion appears to be roughly cor-
related with condensation temperature. A recent
estimate of potassium concentration in the BSE yields
a range of 120–300 ppm (Lassiter, 2004) and a K/U
ratio range of 7000–12 000. Chondrites typically have
K/U ratios an order of magnitude higher, indicating
the extent of the terrestrial depletion.

One possible explanation for the depletion in
volatile elements is that the Earth either never
accreted them in the first place (due to the elevated
temperatures in the protoplanetary disk), or lost them
early in its history (e.g., due to late, large impacts).
However, the lack of variation in potassium isotope
ratios across measured solar system bodies implies
that no fractionation of potassium occurred
(Humayun and Clayton, 1995), which places severe
limits on the classes of mechanisms which could
induce volatile loss. An alternative possibility is that
some of the potassium was sequestered into the
Earth’s core (e.g., Murthy and Hall, 1970; Lewis,
1971). Potassium would presumably not be the only
element sequestered; other alkali metals (e.g., Na, Rb)
should follow suit. Whether the inferred concentra-
tions of these metals in the BSE are compatible with
such sequestration is unclear, though it does seem
likely that neither U nor Th resides in the core.
Given the existing uncertainties, and the extent to

which the BSE is depleted in potassium relative to
the chondrites, it is hard to rule out �100 ppm K in
the core on cosmochemical grounds.

The hypothesis that the core might contain potas-
sium was apparently not supported by low-pressure
experiments (e.g., Chabot and Drake, 1999), which
showed that K did not partition into Fe liquids.
However, more recent studies overcame previously
unrecognized experimental problems and demon-
strated that K does in fact partition into Fe liquids,
especially in the presence of S and/or Ni (Gessmann
and Wood, 2002; Murthy et al., 2003; Lee et al., 2004).
Further arguments regarding the presence or absence
of potassium in the core may be found in Roberts et al.
(2003) and McDonough (2007).

In view of the cosmochemical uncertainties sur-
rounding the availability of potassium, the
concentration of K in the core must currently be
regarded as a free parameter. As discussed below,
several groups (e.g., Labrosse et al., 2001; Buffett,
2002; Nimmo et al., 2004; Butler et al., 2005) have
recently advocated potassium in the core on the
basis of theoretical calculations which are summar-
ized below.

8.02.4.3.7 Present-day CMB heat flow
The rate of entropy production within the dynamo
ultimately depends on the CMB heat flow, that is, the
rate at which heat is extracted from the core. The
CMB heat flow, in turn, is determined by the ability
of the mantle to remove heat. Importantly, indepen-
dent estimates on this cooling rate exist, based on our
understanding of mantle behavior.

One approach to estimating the heat flow across
the base of the mantle relies on the conduction of
heat across the bottom boundary layer. As discussed
in Section 8.02.2.3, the temperature at the bottom of
this layer (the core) arises from extrapolating the
temperature at the ICB outward along an adiabat,
and is about 4100 K. The temperature at the top of
the layer is obtained from extrapolating the mantle
potential temperature inward along an adiabat, and is
about 2700 K (Boehler, 2000). The thickness of the
bottom boundary layer, based on seismological
observations, is 100–200 km. For likely lower mantle
thermal conductivities, the resulting conductive heat
flow is probably in the range 9� 3 TW (Buffett,
2003). However, as pointed out by Buffett (2002),
the presence of significant quantities of radioactive
materials in the boundary layer at the base of the
mantle would reduce the heat flux out of the core.
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Early estimates of the CMB heat flow based on the
inferred contribution from rising convective plumes
(Davies, 1988; Sleep, 1990) are smaller by a factor of
2–4. However, these results are probably underesti-
mates, both because the temperature contrast
between plumes and the background mantle varies
with depth (Bunge, 2005) and because not all plumes
may reach the surface (Labrosse, 2002). A more
recent seismological study of plumes by Montelli
et al. (2004) yields a plume heat flow of 10 TW if
the mean upwelling velocity is 1 cm yr�1. Two recent
theoretical studies of convection including, respec-
tively, compositional layering and the post-
perovskite phase transition result in CMB heat
flows of �13 TW (Zhong, 2006) and 7–17 TW
(Hernlund et al., 2005). These results are roughly
consistent with the simple conductive heat flow esti-
mate, and suggest that a range of 10 � 4 TW is likely
to encompass the real present-day CMB heat flow.

8.02.4.3.8 Geochemical constraints on IC
age

As will become obvious, the age of the IC is a parti-
cularly important parameter. Obtaining observational
constraints on this age is therefore of great signifi-
cance. Several recent publications (Brandon et al.,
2003; Puchtel et al., 2005) have suggested that
(1) coupled 186Os–187Os isotope anomalies found in
surface lavas carry a signal from the core (via material
entrained across the CMB) and (2) these anomalies
were generated as a result of IC formation, which
began �3.5 Gy BP. These results, if correct, are of
great significance, but there is as yet little agreement
that the current interpretation is the right one
(e.g., Lassiter, 2006). First, recycled oceanic crust
and/or sediments, rather than core material, could be
responsible for the observations (Hauri and Hart,
1993; Baker and Jensen, 2004; Schersten et al., 2004);
though that conclusion has been disputed (Brandon
et al., 2003; Puchtel et al., 2005). Second, a correspond-
ing signal should also be observed in tungsten and lead
isotope anomalies; such signals appear to be lacking in
Hawaiian lavas (Schersten et al., 2004; Lassiter, 2006),
but may simply have been swamped by crustal con-
tributions. Third, the partition coefficients for Re and
Os under likely core conditions are unknown and thus
currently have to be treated as free parameters.
Nonetheless, this result is intriguing because it can
potentially provide an observational constraint on
the age of the IC, which can otherwise only be
addressed with theoretical models.

8.02.4.3.9 Comparison with other models

Clearly, the choice of parameters presented above

involves considerable uncertainties. One reason

for adopting the analytical model presented in

Section 8.02.3.4 is that the effect of varying individual

parameters is relatively transparent. Estimated errors

have been tabulated in several other recent works,

notably Labrosse (2003), Roberts et al. (2003), and

Nimmo et al. (2004). Rather than going through a

similar exercise here, Table 3 compares the para-

meter choices adopted by four different groups, to

highlight those parameters which are particularly

uncertain and those on which there is general agree-

ment. Further discussion of the effects these

uncertainties have on the model results may be

found in Chapter 9.09.
There is good general agreement on some para-

meters, in particular the specific heat capacity Cp,

Gruneisen’s parameter �, and the compositional

expansion coefficient �c . Choices of the thermal con-

ductivity k show more variability; together with the

fact that some groups adopt a variable thermal

expansivity, the resulting adiabatic heat flow at the

CMB varies by a factor of 2. Although estimates of �c

do not vary significantly, the assumed compositional

density contrast across the ICB ��c also varies by a

factor of roughly 2 (this is mainly because of the

recent upward revision in the seismologically deter-

mined density contrast; see Section 8.02.2.1). Thus,

the gravitational entropy production estimated by

Labrosse (2003) will be almost double that of

Roberts et al. (2003). Since the gravitational term is

probably the dominant one in the overall entropy

budget (see below), this kind of uncertainty can

have potentially significant effects.
The assumed present-day temperature structure

strongly affects the entropy estimates, because of

terms having the form (1/T) – (1/Tc). More recent

estimates of Ti and Tc are higher than earlier estimates,

mainly as a result of the recent molecular dynamics

calculations (see Section 8.02.2.3). Estimates of the

adiabatic temperature gradient have also increased in

more recent works, and appear to be converging on a

value of roughly 0.8 K km�1 at the CMB. The slope of

the melting curve is, however, still uncertain: current

estimates vary by roughly a factor of 2. Small uncer-

tainties in the slopes of the adiabat and solidus lead to

large variations in the growth history of the IC. This

issue is discussed further, and tabulations of IC ages

under different parameter choices are given, in

Section 8.02.5.3 below.
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8.02.4.4 Present-Day Behavior

Having summarized the likely parameter values, this

section applies the results of Section 8.02.3.4 to cal-

culate the present-day energy and entropy budget of

the core for an assumed CMB heat flow of 9 TW.

Table 4 summarizes these results.
Figure 3 shows how the rate of entropy produc-

tion available to drive a dynamo varies as a function

of the heat flow out of the core, both for a set of core

parameters appropriate to the present-day Earth, and

for a situation in which the IC has not yet formed. As

expected, higher core heat fluxes generate higher

rates of entropy production; also, the same cooling

rate generates more excess entropy when an IC exists

than when thermal convection alone occurs.
As discussed above, when an IC is present, posi-

tive contributions to entropy production arise from

core cooling, latent heat release, and gravitational

energy; the adiabatic contribution is negative (eqn

[70]). For a present-day, radionuclide-free core, a

CMB heat flow of <2 TW results in a negative net

entropy contribution and, therefore, no dynamo

(Figure 3). This cooling rate would yield an IC

roughly 2.8 Gy old, using the parameters adopted

here. A higher core cooling rate generates a higher

net entropy production rate; it also means that the IC

must have formed more recently.
For a present-day estimated CMB heat flow of

6–14 TW, the net entropy production rate available

to drive the dynamo is 300–1000 MW K�1, sufficient

to generate roughly 1.5–5 TW of Ohmic dissipation.

Since most estimates of Ohmic heating are less than
2 TW (Section 8.02.4.3.5), it is clear that there is no
difficulty in driving a dynamo at the present day. A
heat flow of 6–14 TW also implies an IC age of about
0.4–1.2 Gy for the parameters given in Table 2.

Prior to the formation of an IC, the CMB heat
flow had to exceed the adiabatic value (>4.9 TW) in
order to maintain a dynamo for reasons discussed
above (eqn [74]). For a dynamo requiring an entropy
production rate of 200 MW K�1, the core cooling rate
had to be roughly 3 times as fast to maintain this rate
before the onset of IC solidification. This again illus-
trates the rapid core cooling required if thermal
convection is the only buoyancy source.

Figure 3 also shows that, as discussed above, a
larger CMB heat flow is required for the same
entropy production if radioactive heating is impor-
tant in the present-day Earth. In this particular
example, when there is 300 ppm potassium in the
core, no dynamo can function if the CMB heat flow
drops below 3.3 TW. However, the corresponding
core cooling rate is 5 K Gy�1, less than the potas-
sium-free equivalent and permitting an IC to exist
over the entire history of the Earth.

Prior to the existence of the IC, the effect of radio-
active decay on the entropy production is small
(Figure 3), because the prefactor for QR in eqn [74]
is small. Again, however, the existence of radioactive
potassium in the core has a significant effect on the
cooling history of the core, and the growth of the IC.
The role of potassium in controlling the age of the IC
is discussed further in Section 8.02.5.3.

Table 4 Individual contributions to energy/entropy budgets for a present-day core with parameters given in Table 2 and a

CMB heat flow of 9 TW

K¼0 K¼300 ppm

Q E Q E

(TW) (%) (MW K�1) (%) (TW) (%) (MW K�1) (%)

Qs, Es 2.2 25 73 8 1.7 19 56 7
QL, EL 4.2 47 268 28 3.3 37 205 26

Qg, Eg 2.5 28 618 64 1.9 21 474 59

QR, ER 0 0 0 0 2.1 24 65 8
Qk, Ek 4.9 �162 4.9 �162

QH, EH 0 �219 0 �168

Qcmb, �E 9.0 537 9.0 431

dTc/dt (K Gy�1) �37 �30
dri/dt (km Gy�1) 788 605

IC age (My) 590 780

Q and E refer to the energy and entropy contributions, respectively; �E is the entropy available to drive the dynamo, dTc/dt is the core
cooling rate and dri/dt the IC growth rate. Two cases are shown, one with no potassium (K) and one with 300 ppm potassium in the core. IC
age is calculated assuming a constant CMB heat flow.
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Table 4 summarizes the individual contributions
to the overall entropy and energy budgets for the
present-day core, both with and without potassium.
In both cases, the CMB heat flow is specified to be
9 TW. It is clear that the different driving mechan-
isms are associated with different thermodynamic
efficiencies. In particular, while the gravitational
term only contributes roughly one quarter of the
total heat budget when potassium is absent, it deli-
vers two-thirds of the entropy budget. Similarly, the
latent heat term delivers twice as much energy, but 4
times as much entropy, as the secular cooling term.

Table 4 also makes the role of radioactive heating
clear. Its efficiency is comparable to that of secular
cooling; thus, for the same total CMB heat flow,
adding radioactive elements reduces �E, the entropy
available to drive the dynamo. The presence of
radioactivity also reduces the core cooling rate, and
thus increases the age of the IC. However, since the
radioactive contribution (2.1 TW) is small compared
to the assumed CMB heat flow, the increase in IC age
is relatively small.

In summary, Figure 3 shows that the minimum
CMB heat flow which could allow a dynamo to
persist at the present day is about 2 TW. Under
these circumstances, an IC could have persisted for
about 3.5 Gy. However, such a small present-day
CMB heat flow is incompatible with independent
estimates of this quantity, which ranges from 6 to
14 TW. The latter range of heat flows allows a
dynamo dissipating several terawatts via Ohmic
heating to operate, but implies an IC of roughly
0.4–1.2 Gy. Radioactive heating can increase this
age somewhat, but the present-day radioactive heat
production is likely only a small fraction of the total
energy budget, and thus the effects are modest. In
practice, of course, both the core heat flux and the
radiogenic heat production will vary with time;
investigating the time evolution of the core and
mantle is the subject of the next section.

8.02.5 Evolution of Energy Budget
through Time

8.02.5.1 Introduction

From the above, it is evident that the energy and
entropy budgets of the present-day core for a
dynamo dissipating of order 1 TW of heat are con-
sistent with the inferred CMB heat flow of 6–14 TW.
Because a dynamo similar to the present-day one has
apparently been operating for at least 3.5 Gy,

constraints can also be applied to the energy and

entropy budgets over this time period. Attempting

to do so introduces additional, large uncertainties, in

particular the fact that the evolution of the CMB heat

flow through time is unknown. Nonetheless, this

problem has been investigated by several groups,

notably Yukutake (2000), Buffett (2002), Labrosse

(2003), Nimmo et al. (2004), Nakagawa and Tackley

(2004a), and Butler et al. (2005). Many of these groups

have reached similar conclusions. In particular, the

IC is commonly found to be a relatively young fea-

ture, with an age of �1 Gy, and early core

temperatures tend to be very high, an effect which

is somewhat mitigated if radioactive potassium is

present in the core.
Prior to IC solidification, the CMB heat flow over

time depends on the adiabatic and Ohmic dissipation

terms and is given by eqn [74]. Given a CMB heat

flow, the core cooling rate, and hence the total core

temperature drop prior to onset of IC solidification,

is simple to determine (eqn [75]). Let the IC age be

� ic and the age of the dynamo be �d. Then making the

simplifying assumption that the heat capacity of the

core is simply MCp, the reduction in core tempera-

ture, Tc, over the interval from the onset of dynamo

activity to the start of core solidification is given by

�T 9c � Tc
8	r 3

c k

D2
1þ E�

Ek

� �
– �QR

1
2r 2

c

5L2 þ 1

 !
½�d – �ic�

MCp
½76�

where �Q R is the mean radiogenic heat flow over the
interval of interest. Since the temperature at which
IC solidification starts is fixed, eqn [76] allows the
initial temperature of the core to be calculated.
Higher Ohmic dissipation rates, later IC formation,
and higher thermal conductivities all imply a larger
core temperature drop, and a higher initial tempera-
ture (Labrosse et al., 2001; Buffett, 2002). On the other
hand, radioactive heating reduces the amount by
which the temperature drops. Using the values of
Table 2 and assuming that Ek � E�, the core tem-
perature drop over a 2 Gy time interval is roughly
400 K in the absence of radioactive heating. Such a
high initial temperature for the early core likely
implies widespread melting of the lowermost mantle
(e.g., Boehler, 2000). Although the consequences of
such melting are unclear, it is likely that advection of
this melt will lead to high CMB heat flows and rapid
initial cooling of the core and mantle. Whether such a
scenario is compatible with the subsequent mainte-
nance of a dynamo is unclear.
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The advantage of eqn [76] is that it provides a
robust and relatively transparent estimate of how
much core cooling occurred prior to IC formation.
However, in practice, the CMB heat flux is likely to
have fluctuated with time, and the onset of IC
solidification raises additional complications. Thus,
a fuller picture of core and dynamo evolution
requires more sophisticated approaches, which are
discussed below.

8.02.5.2 Theoretical Models

The CMB heat flow ultimately controls the thermal
evolution of the core, but its evolution through time is
not observationally constrained. Accordingly, theore-
tical arguments have to be adopted. One such
argument is to employ a numerical model of the
Earth’s thermal evolution, and predict the CMB heat
flow through time. Models can either be relatively
simple parametrized convection calculations (e.g.,
Yukutake, 2000; Buffett, 2002; Nimmo et al., 2004), or
more sophisticated (but two-dimensional (2-D))
approaches in which the full fluid-dynamical equa-
tions are solved (e.g., Nakagawa and Tackley, 2004a;
Butler et al., 2005). These models illustrate the impor-
tant point that the evolution of the CMB heat flow
cannot be decoupled from the thermal evolution of the
Earth’s mantle. The rate at which heat is transported
across the CMB depends on the temperature gradient
at the base of the mantle, which ultimately depends on
the rate at which the mantle itself is cooling. Thus, a
successful model must accurately reproduce the beha-
vior of the mantle through time in order to calculate
the evolution of the CMB heat flow.

None of the models currently in existence are
likely to meet this criterion. First, the actual evolu-
tion of the mantle temperature through time is
unknown, with estimated mantle potential tempera-
tures at 3.5 Gy BP spanning the range from 1500
C to
1900
C (e.g., Abbott et al., 1994; Grove and Parman,
2004). Second, the effect of mantle temperature on
plate tectonic behavior is not well understood, with
even the sign of the effect being disputed (e.g.,
Korenaga, 2003); similarly, the change in mean
plate tectonic velocities over billions of years is
unknown. Since it is plate tectonics that controls the
cooling rate of the mantle, these are important issues.
Third, it is not clear that any model incorporates all
of the relevant physics. For instance, the proposed
‘post-perovskite’ phase near the base of the mantle
(Murakami et al., 2004; Oganov and Ono, 2004) likely
has an appreciable effect on the evolution of the

CMB heat flow (e.g., Nakagawa and Tackley,
2004b), as would dense chemical piles at the base of
the mantle (McNamara and Zhong, 2004). The effect
of a partially molten zone at the CMB (e.g., Williams
and Garnero, 1996), either now or in the past, may
also have important, but currently unquantified,
effects on heat transfer.

An example of one such 2-D fluid-dynamical cal-
culation is shown in Figure 4. This calculation is
based on the code described in Xie and Tackley
(2004) and includes a viscosity which depends on
the mean mantle temperature, and which also
increases by a factor of 100 over the depth of the
mantle. The top panel shows the evolution of core
and mantle temperature with time, both of which
decrease due to the slow decay of radioactive ele-
ments in the mantle. The approximate present-day
rate of core cooling is 150 K Gy�1.

Because Tc never falls below 4500 K, an IC never
forms in this particular example. The middle panel
shows the evolution of the CMB heat flow with time.
After an initial transient, the main trend is a slight
decline, owing to the cooling of the mantle. However,
strong fluctuations in the CMB heat flow occur on a
timescale of �500 My, because mantle convection
involves discrete thermals separating from the bot-
tom boundary layer and ascending, leading to time-
dependent behavior. The bottom panel shows the
rate of entropy available to drive the dynamo, calcu-
lated using the methods and parameters given in
Section 8.02.3. Because there is no IC contribution,
the entropy production rate essentially mirrors the
CMB heat flow and demonstrates similar fluctua-
tions. The rate of entropy production is
100–200 MW K�1, sufficient to drive a moderately
dissipative dynamo for at least 3.5 Gy following the
initial transient.

The advantage of the above approach is that arbi-
trarily complicated models, including phase changes,
compositional variations, melting, and so on, can be
included. The disadvantages are that such models are
slow to run, which limits the parameter space that
can be explored, and that it is not clear that all the
relevant physical processes have been included. For
instance, there is no agreement on whether or not
plate tectonics was primarily responsible for trans-
porting the Earth’s heat during the Archean period
(De Wit, 1998).

An alternative approach is to assume that the
Ohmic dissipation in the core, and thus the rate of
entropy production required to drive the dynamo E�,
has been constant, or varied in a prescribed manner,
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through time (e.g., Buffett, 2002; Labrosse, 2003).
Since the rate of entropy production depends on
the core cooling rate (eqn [69]), specifying this rate
of production specifies the core cooling rate and thus
the CMB heat flow over time. This in turn allows the
core temperature Tc to be integrated backward from
the present day. A high rate of entropy production
requires rapid cooling of the core and thus a young
IC, and an early core which is very hot.

The CMB heat flow changes slowly, on timescales
of several hundreds of millions of years (Figure 4). It
can therefore be seen from eqn [71] that the onset of
IC solidification will cause a large increase in the rate
of entropy production available to drive the dynamo.
This is because the heat flow Qcmb is fixed in the short
term, and the addition of latent heat and compositional
driving forces (which are thermodynamically more
efficient) reduce the value of Q̃T/ẼT. The specified

rate of entropy production should therefore be appro-
priate to the situation just prior to the onset of IC
solidification.

The advantage of this approach – specifying an
entropy production rate and deducing the resulting
temperature evolution – is that it is simple; for
instance, no knowledge of the mantle is required.
Thus, parameter space can be explored rapidly, and
the sensitivity of the results to uncertainties in dif-
ferent parameters determined. On the other hand,
this technique requires a large assumption – that
dissipation within the core has stayed constant over
time. Furthermore, as discussed above, the actual rate
of dissipation involved in even the present-day
dynamo is unknown.

Figure 5 is an example of the results obtained by
specifying an entropy production rate. It starts from
the present-day structure discussed in Section
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Figure 4 Example of 2-D numerical mantle thermal evolution calculations, based on the method described in Xie and Tackley

(2004). (a) Evolution of mantle potential temperature and core temperature at the CMB as a function of time. (b) Evolution of

surface heat flow, CMB heat flow, and radiogenic mantle heat production. (c) Rate of entropy production, calculated using the
methods of Section 8.02.3.4 and the parameters given in Section 8.02.4. Model output courtesy of Paul Tackley.
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8.02.4.3 and integrates Tc backward in time such that

the entropy production rate prior to IC formation

stays constant at 500 MW K�1. It is assumed that the

core heat flow subsequent to IC formation remains

constant, which is reasonable given the young IC

ages obtained.
Figure 5(a) shows the evolution of Tc and CMB

heat flow, integrated backward from the present. An

entropy production rate prior to IC formation of

500 MW K�1 requires a CMB heat flow of 20 TW,

and a present-day core cooling rate of 84 K Gy�1 in

the absence of radioactive heating. This CMB heat flow

is a significant fraction of the total global surface heat

flow of 42 TW (Sclater et al., 1980), and exceeds the

likely value deduced from present-day observations

(Section 8.02.4.3.7). These high heat fluxes suggest

that a dynamo requiring an entropy production rate

of 500 MW K�1 (�2.5 TW dissipation) is unrealistic.
Figure 5 shows two scenarios: one with no radio-

active heating, the other with 300 ppm potassium in

the core. In either case, the initial core temperatures

are high, but the presence of potassium reduces the

initial temperature, as expected from eqn [77], from

5863 to 5140 K. The magnitude of this effect is

mainly due to the short half-life of potassium,

which produces 15 times more heat at 3.5 Gy BP

than at the present day.
Figure 5(b) shows the evolution of the IC radius

and entropy production with time. The high core

cooling rate means that the IC is a young feature

(0.6 Gy old). As expected, the entropy production

rate increases (by a factor of �3) when IC formation

begins. While one might expect such an increase to

have significant effects on the observed magnetic

field, in practice the observations are sufficiently

sparse that no such effects have been detected

(Section 8.02.2.4). Because of the high CMB heat

flow, the presence of potassium has little effect on

the age of the IC, though it does affect the early core

temperature as noted above.
As noted by Buffett (2002) and Labrosse (2003),

and shown in eqn [76], the dissipation required to

7000
300 ppm potassium

50

40 H
eat flux (T

W
)

D
im

ensionless IC
 radius

30

20

10

0

1.0

0.8

0.6

0.4

0.2

0

0 ppm potassium

300 ppm potassium
0 ppm potassium

Net entropy production rate

Dimensionless inner-
core radius

CMB heat flux

Radiogenic heat flux

Core temperature

T
em

pe
ra

tu
re

 (
K

)
E

nt
ro

py
 p

ro
du

ct
io

n 
ra

te
(M

W
 K

–1
)

(b)

(a)

6000

5000

4000

3000

2000

1600

1200

800

400

0 1000 2000 3000 4000
Time (My)

Figure 5 (a) Evolution of core temperature Tc (left-hand scale) and heat flow Qcmb (right-hand scale) through time, assuming
a constant rate of entropy production of 500 MW K�1 prior to IC solidification. During IC solidification, the heat flow is kept

constant at 20 TW. Results were obtained by integrating backward in time using the present-day conditions and parameters

specified in Table 2. Given a fixed heat flow or rate of entropy production, and a radioactive heat production rate, the change

in core temperature with time may be calculated. Thick lines denote case with no core potassium; thin lines denote case with
300 ppm potassium. In the latter case, the radioactive heat production is given by the dotted line. (b) Evolution of rate of

entropy production and growth of IC. Thick lines denote potassium-free case; thin lines show 300 ppm potassium in the core.
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drive the dynamo has a strong influence on the evo-
lution of the core temperature. Figure 6 shows an
identical set of results to Figure 5, except assuming a
constant (pre-IC) entropy production rate of
135 MW K�1 (�0.7 TW dissipation), appropriate to
a more reasonable CMB heat flow of 9 TW. As one
would expect, the lower heat flow results in a slower
core cooling rate and an older IC (0.61–0.84 Gy,
depending on the potassium concentration). The
resulting changes in core temperatures are also smal-
ler. In particular, if 300 ppm potassium is present,
then the core initially heats up, because the radio-
active decay alone is sufficient to account for the
required entropy production. A corollary is that the
IC may have been present, disappeared as the core
heated up, and then began to resolidify (cf. Buffett,
2002). Such a scenario, however, is unlikely simply
because the core is expected to have been initially
hot due to the gravitational energy released during
accretion of the Earth (see below).

There are two other interesting consequences of the
lower entropy production rate assumed. First, the
CMB heat flow stays almost constant over 4 Gy.
While parametrized scalings (e.g., Nimmo et al., 2004)
suggest that the CMB heat flow should have declined
over Earth history as the mantle temperature

decreased, the numerical model shown in Figure 4
demonstrates that the decrease may actually be rather
small and thus a scenario invoking a constant CMB
heat flow may not be unreasonable. Second, the pre-
sence of radioactive potassium has more of an effect on
the IC age when the CMB heat flow, and total entropy
production rate, are smaller.

Figure 7 summarizes these results. Figure 7(a)
plots the initial core temperature as a function of core
potassium and entropy production rate. It demon-
strates that, as expected, higher rates of entropy
production require more core cooling and thus
higher initial temperatures. Adding potassium to the
core counteracts this effect. These effects are essen-
tially identical to those found by Buffett (2002) and
Labrosse (2003). Unfortunately, as discussed below,
the initial temperature of the core is sufficiently
uncertain that only results indicating an initial tem-
perature cooler than that of the present day can be
excluded with any confidence.

The initial core temperature depends on both the
manner in which the Earth accreted, and the process
of core differentiation (Stevenson, 1989). The energy
associated with the differentiation process may be
calculated in a fairly straightforward manner, by
comparing the gravitational potential energies of a
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Figure 6 Same as for Figure 5, except that rate of entropy production prior to IC solidification is fixed at 135 MW K�1,

and CMB heat flow following onset of solidification is fixed at 9 TW.
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uniform and layered body of the same total mass and
radius (Flasar and Birch, 1973). For the case in which
the core radius is half the planetary radius, and the
core density is twice the mantle density, it may be
shown that the change in energy �Wg associated with
differentiation is given by

�Wg ¼
1

15
	2r 5

e �
2
mG ½77�

where �m is the mantle density and is 8/9 of the mean
planetary density, and re is the planetary radius. If
this energy is distributed uniformly across the planet
and is all converted into thermal energy, the resulting
increase in temperature is roughly 1800 K. If all this
energy were concentrated in the core, the increase
would be roughly 8000 K. Such a large temperature
increases implies an initially partially molten mantle,
and suggests that scenarios involving an initial core
colder than the present day are very unlikely.

8.02.5.3 Age of the IC

Figures 3, 5, and 6 make it clear that the initiation of

IC solidification significantly increases the entropy
production available to drive the geodynamo, even
though the consequences of this increase for the mag-

netic field intensity are unclear. If the IC age could be
established observationally, it would provide an
immediate constraint on the time-averaged CMB

heat flow, and hence on the mechanisms available to
drive the geodynamo. Establishing the age of the IC is
therefore of great importance but, as outlined below,

there is currently a significant disagreement between
geochemical and geophysical arguments.

Over the interval since IC solidification began, the
total amount of energy released Wt has come from
four main sources: secular cooling of the whole core

(Ws), gravitational energy (Wg), latent heat release
(WL), and perhaps some radioactive decay (WR).
These quantities may be calculated by time integra-

tion of the corresponding heat flow terms given in
Section 8.02.3.2; for the similar set of equations inves-

tigated by Buffett et al. (1996), analytical expressions
for these terms may also be derived.

Letting the IC age be � i and the mean CMB heat
flow over this interval be �Q cmb, we have

�i ¼
Ws þWg þWL þWR

�Qcmb

¼
Ws þWg þWL þ QR

l el�i – 1
	 


�Qcmb
½78�

where QR is the present-day radioactive heat produc-
tion and l is the decay constant. Note that this
equation, unlike eqn [71], contains no information
on whether a dynamo operates; in particular, if the
mean CMB heat flow is too small, a dynamo will not
occur.

The IC age depends on the total energy released
since solidification began, and the CMB heat flow. Of

the four energy terms, the first depends on the mean
temperature drop �T in the core since solidification

began (Ws � McCp�T); the others are independent
of this quantity, and depend on the same variables as
their time derivatives Qg, QL, and QR (see Section

8.02.3.4). The mean temperature drop �T in turn
depends on the behavior of the solidus and the adia-
bat, as discussed below.

Since the IC first began to solidify, the tem-
perature at the ICB has dropped by an amount

determined by the behavior of the melting
curve and adiabat (see Figure 2). To achieve this
growth in IC size requires a corresponding change
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in the temperature at the CMB, �Tc . Making the
approximation that the solidus and adiabat are
both linear (with respect to pressure) within the
IC, then the change in CMB temperature since
the onset of core solidification �Tc is given by
(see Figure 2)

�Tc ¼
�P

fad

dTm

dP
–

dTa

dP

� �
¼ 22 K

dTm

dP
– dTa

dP

1 K=GPa

 !
½79�

where �P is the pressure difference between the pre-
sent ICB and the center of the Earth, Ta and Tm are
the adiabatic and melting temperature profiles, fad is a
factor converting the core temperature at the CMB to
that at the ICB, and the numerical values are obtained
by using the parameter values given in Table 2. Note
that �Tc depends on the difference in slopes and is
thus sensitive to small variations in these slopes.

For the parameters given in Table 2, fad¼ 1.35,
�P¼ 30 GPa, and the difference in slopes at the
ICB is 1.3 K GPa�1. This indicates that the core has
only cooled by approximately 30 K since the IC
began to solidify. However, as noted above, the slopes
of both the adiabat and the melting curve are
subject to substantial uncertainties. In order to inves-
tigate these uncertainties, Table 5 compares the
values adopted for relevant quantities by the same
four groups shown in Table 3. There is a consider-
able range in the value of �Tc obtained, from 31
to 146 K. The amount of heat released by core cool-
ing Ws has a correspondingly large range: it
dominates all other contributions in the Buffett et al.
and Labrosse models, but is of lesser importance
in the models of Roberts et al. and this work.
Similarly, the release of latent heat WL can range
from minor (Buffett) to dominant (Roberts). The
uncertainty in the total amount of energy released

since IC solidification is uncertain by a factor of
2, ranging from 16 to 36� 1028 J. This range will be
adopted as representative of the likely uncertainties,
and may be used to estimate the IC age. For a
mean CMB heat flow range of 6–14 TW, eqn [78]
shows that the resulting IC age in the absence
of radiogenic heating is 0.37–1.90 Gy, much less
than the age of the Earth. As discussed below, this
result is of considerable importance, not least since
it appears to contradict geochemical estimates of
IC age.

A reduction in CMB heat flow would result in a
reduction in Ohmic dissipation and a longer-lived IC.
Just prior to the onset of dynamo formation, the CMB
heat flow must have equalled or exceeded the adia-
batic value, depending on the amount of Ohmic
dissipation (eqn [74]). Assuming that the heat flow
has not decreased since, the mean heat flow since IC
formation cannot have been less than the adiabatic
value. Taking this value to be 4.9 TW (likely too low
an estimate) and using the total energy release range
of 16–36� 1028 J results in a maximum IC age range
of 1.04–2.33 Gy from eqn [78]. This estimate is con-
servative and still results in an IC only half the age of
the Earth at most. An even lower CMB heat flow
would allow an older IC, but would not allow a
dynamo to function prior to IC formation.
Furthermore, such a low CMB heat flow is not con-
sistent with the available present-day observational
constraints (Section 8.02.4.3.7).

Equation [78] shows that another way to increase
the age of the IC is to add radioactive heating. For
instance, Figure 6 shows that adding 300 ppm to the
core increases the IC age from 0.61 to 0.84 Gy for a
constant heat flow of 9 TW. Figure 7(b) shows how
the IC age varies as a function of potassium concen-
tration for different rates of Ohmic dissipation,

Table 5 Comparison of results obtained by different groups

Quantity Units Buffett Roberts Labrosse This work

Tm (r¼0) 5000 5379 5967 5800
qTm

qP jcmb �10�8 K Pa�1 1.0 1.25 1.7 0.87
qTa

qr
jcmb K km�1 0.54 0.88 0.75 0.80

�Tc K 146 68 96 31

Ws �1028 J 23 8.7 18.2 5.3

Wg �1028 J 3.8 1.9 4.1 4.2
WL �1028 J 5.6 15 7.0 6.7

Wtot �1028 J 36 26 29 16

IC age (Qcmb¼ 9 TW) Gy 1.26 0.92 0.64 0.57

References are Buffett et al. (1996), Roberts et al. (2003), and Labrosse (2003).
IC age assumes a constant heat flow of 9 TW.
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calculated using the same method as that shown in
Figures 5 and 6. As expected, lower rates of entropy
production and the addition of potassium both result
in longer-lived ICs. However, only at low dissipation
rates does the addition of potassium have a significant
effect, because at high dissipation rates the required
CMB heat flow greatly exceeds that due to radio-
active decay (2.1 TW at the present day for 300 ppm
potassium). It is clear that the parameter values given
in Table 2 make an IC older than�1 Gy unlikely for
any significantly dissipative dynamo.

The effect of adopting different parameter values
may be investigated by using eqn [78] and adopting
the total energy release range of 16–36� 1028 J from
Table 5; the results shown in Figures 5 and 6 use the
lower bound. In the absence of radioactive heating, a
mean CMB heat flow of 9 TW results in an IC age of
0.57–1.26 Gy. Adding 300 ppm of potassium increases
this range to 0.79–2.35 Gy. In the absence of potas-
sium, an inner core age of 3.5 Gy implies a mean
CMB heat flow of 1.5–3.3 TW. For the upper bound
of 36� 1028 J, a time-averaged heat flow of 8.5 TW
with 300 ppm in the core results in an IC age equal-
ling the age of the Earth; with 150 ppm in the core,
this situation occurs for a heat flow of 6 TW. In both
cases, the entropy production is a few hundred mega-
watts per kelvin (eqn [71]), likely sufficient
to maintain a dynamo. Thus, an ancient IC can be
obtained, but only with potassium and a time-aver-
aged heat flow that does not significantly exceed the
present-day value.

Investigations by Buffett (2002), Labrosse (2003),
and Roberts et al. (2003) reach similar conclusions to
those stated here. In the absence of radioactive heat-
ing, the IC is most likely young (�1 Gy); an ancient
IC requires heat flows which are likely too low to
maintain a dynamo. Radioactive heating in the core
could extend the IC age to �3 Gy while permitting
dynamo operation, but requires both significant con-
centrations of potassium and a relatively low value
for the time-averaged CMB heat flow.

As discussed in Section 8.02.4.3.8, the possibility of
an ancient IC is interesting because geochemical obser-
vations of Os isotope anomalies have been used to
argue for ancient (�3.5 Gy) IC crystallization (e.g.,
Brandon et al., 2003). If this interpretation of these
anomalies is correct, the implications are profound;
something is seriously wrong with the models tabulated
in Tables 3–5. Possible errors might arise from incor-
rect core temperature models (e.g., a steeper melting
curve would allow a more ancient IC; see Figure 2), a
significantly overestimated core thermal conductivity,

an underestimate of core radioactive heating, or an
overestimate of the present-day CMB heat flow.
Based on the discussion of Section 8.02.4.3, none of
these errors currently appears very likely, but all should
become the focus of future research if the geochemical
arguments continue to stand up to scrutiny.

8.02.6 Summary and Conclusions

The results reviewed here are the outcome of three
decades of intensive study of the energy and entropy
budgets of the Earth’s core. The theoretical descrip-
tion of these budgets has been understood for a long
time, but only in recent years have experimental and
computational constraints on many core parameters
required (e.g., Table 2) become available. While most
of these parameters are sufficiently well determined to
allow relatively firm conclusions to be drawn, there
are some lingering uncertainties (see Section 8.02.4.3).

First, and perhaps most important, the melting
behavior of the iron–light element system is not yet
sufficiently well understood. Although different com-
putational groups are now converging on results
which agree relatively well with experimental deter-
minations, some discrepancies still remain. Similar
uncertainties remain concerning the density contrast
due to the light element, and in this case the uncer-
tainties are exacerbated by differing interpretations
of the seismological observations. Second, the
present-day CMB heat flow, which is crucial in
determining IC age and dynamo activity, is still
uncertain by at least a factor of 2, and its value at
earlier times is unknown. The mechanisms by which
heat is transferred through the lower mantle are
complicated, with the possibility of melting, phase
or compositional boundaries, and local radioactive
heating likely complicating the simple picture of
conduction across a boundary layer. Third, it is not
clear that current estimates of the thermal conduc-
tivity of the core, based on 30-year-old data, are
reliable. Since this parameter has a major effect on
the sustainability of a dynamo, more measurements
are certainly needed. And finally, the amount of dis-
sipation actually occurring within the present-day
dynamo is unknown, but again has a major effect on
the sustainability of the dynamo (eqn [71]).

Despite these uncertainties, there is actually a
significant amount of agreement within the geo-
physical community concerning the present-day state
and history of the core and dynamo. Tables 3 and 5
show the extent to which different groups, working
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independently, have arrived at similar conclusions

despite employing different parameter choices. For

instance, there is general agreement that the single

most important mechanism driving the dynamo at

the present day is compositional convection. An

important result is the likely age of the IC

(Table 5), which depends only on the mean CMB

heat flow and the total energy released since core

solidification (eqn [78]). In the absence of core potas-

sium, these different groups obtain an IC age range of

0.37–1.90 Gy for a time-averaged CMB heat flow

equal to the inferred present-day value of 6–14 TW.

A heat flow <6 TW would almost certainly cause the

dynamo to fail prior to the onset of IC solidification

(eqn [74]). Thus, a substantial disagreement cur-

rently exists between the geophysical results and

geochemical observations which may indicate an IC

3.5 Gy old. Adding potassium to the core results in

lower initial core temperatures, and also allows IC

ages compatible with the geochemical estimates, but

only if the CMB heat flow has remained low (e.g.,

<9 TW for 300 ppm potassium) for the whole of

Earth history. Whether such a relatively constant

heat flow is a likely outcome of the mantle’s thermal

evolution remains to be seen.
The age of the IC is clearly the most important

outstanding question. Unless paleomagnetic observa-

tions can be used to identify its onset, which

seems unlikely, the question is most likely to be

settled by geochemistry. The role of potassium in

the evolution of the core is also an important ques-

tion; although better constraints from geochemistry

are likely to help, this question is most likely to be

settled by geophysics, in particular further investiga-

tion of the antineutrinos produced by radioactive

decay in the Earth’s interior (Araki et al., 2005).

Quantifying the CMB heat flow is also crucial; here

a combination of higher-resolution seismology, bet-

ter mineral physics constraints, and convection

modeling is likely to yield dividends. In parallel

with these advances, our improved understanding of

the Earth’s dynamo is likely to prove central in

unraveling the histories of the dynamos on other

terrestrial planets and satellites (Stevenson, 2003;

Nimmo and Alfe, 2006).
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8.03.1 Introduction

8.03.1.1 Dynamos and Self-Excited
Dynamos

‘Dynamo’ is the name given to any device that

‘induces’ electric current to flow, through the motion

of an electrical conductor in an ‘inducing’ magnetic

field. Dynamos were constructed first in the mid-

nineteenth century but the first really significant

technological advance was made by Werner von

Siemens (1867). Siemens conceived of, constructed,

and in 1866 publically demonstrated, the first self-

excited dynamo, in which the inducing magnetic

field was created by the induced currents; previously,

it had been supplied by permanent magnets.
The physical principles governing dynamos are

illustrated in Figure 1, where the homopolar dynamo

is shown. Here D is a solid electrically-conducting

disk rotating with angular velocity � about an axis of

symmetry A9A, parallel to which we first suppose
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(see Figure 1(a)) that there is a uniform externally

produced ‘inducing field’ B0, such as might be pro-

duced by permanent magnets. Through the velocity

u¼W� x of the conductor, an electromotive force
(emf ) u�B0 is induced that would, if there were a

closed electric circuit, drive a current radially out-

ward from A9A toward the rim R. (Here x is the

position vector from an origin on A9A.) Instead, posi-
tive charges (P) build up on R, and negative charges

(N) are set up on the electrically conducting axle. In

this way an electric field E is created that cancels out
the induced emf, as of course is necessary since no

current flows.
Now let a conducting wire W join A9A to R,

electrical contact being maintained by sliding con-

tacts (or ‘brushes’) at S1 and S2 (see Figure 1(b)).
Electric charges that in Figure 1(a) were trapped on

the rim can now be ‘drawn off ’ as an electric current I

flowing along W and across D; the electric circuit has

been completed and the emf has become motive!
This induced current I can be directed to perform a

useful task, such as powering the electric light bulb

shown in Figure 1(b), the concomitant expenditure
of energy being provided by the energy source that

maintains the rotation of D. It is this conversion of

mechanical energy into electrical energy that is the

essence of the dynamo, in this case a pre-Siemens,
non-self-exciting dynamo.

Siemens’ idea was to make use of the magnetic
field that always accompanies the flow of electric
current. Suppose that, instead of taking the shortest
route between S1 and S2, the wire W is wound round,
and in the plane of, D, just outside R and making
almost one complete loop around R before being led
to the two brushes (Figure 1(c)). The direction of the
winding is such that the induced magnetic field B
produced by the current I in the loop reinforces the
applied magnetic field B0. In the plane of D, both
fields are perpendicular to the disk, in the same sense
A9!A. Unlike B0 the magnetic field B is not uni-
form across D, so that the emf u�B it creates from
the motion does not depend on x in the same way
that u�B0 does, but it can perform the same func-
tion. If � exceeds some critical value �c, the ‘seed
magnetic field’ B0 can be removed and the dynamo
will continue to operate, the current I being induced
by the emf u�B alone. Thereafter, the device will
create a magnetic field for as long as an angular
velocity greater than �c is maintained. The dynamo
has become ‘self-excited’.

If we persist in looking only at the electrody-
namics of the dynamo, we would believe that, if �
is increased beyond �c, then B will grow without
limit because the rotation of D would create mag-
netic energy faster than it is destroyed by the
electrical resistance of the circuit. This absurdity is
removed when we consider the mechanics of the
device. A Lorentz force, J�B per unit volume,
opposes the rotation u¼W� x of the disk (see
Figure 1(c)). In the marginal state, �¼�c, this cre-
ates a magnetic torque �B about A9A that is equal and
opposite to the applied torque �A that keeps the disk
in rotation. An increase in �A makes � bigger, but
this results in a larger B and a greater �B. Soon a new
balance between �A and �B is set up with a larger �c.

8.03.1.2 The Geodynamo Hypothesis

The suggestion that the magnetic fields of the Earth
and the Sun are produced by self-excited dynamos
was first made by Joseph Larmor (1919). He visua-
lized that the solid disk in Figure 1 is replaced in the
Earth and Sun by the movement of electrically con-
ducting fluid. His idea gained ground as every other
explanation of terrestrial and solar magnetism
became increasingly implausible. Paleomagnetic stu-
dies found that there are no discernable differences
between the normal and reversed polarity states of
the geomagnetic field. This is particularly hard
to reconcile with any other explanation of
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geomagnetism but is required of a self-excited
dynamo because if B(x, t) satisfies the governing
equations, so does �B(x, t). Once the seed field of
the homopolar dynamo is removed, magnetic field of
either sign can be sustained equally well. The idea
that the main geomagnetic field is produced by a
dynamo operating in the Earth’s fluid core became
known as ‘the geodynamo hypothesis’.

It is clear from the homopolar dynamo that the
geodynamo hypothesis demands answers to two
questions. First, without seeking an origin for the
fluid motion, can one find a motion that self-gener-
ates magnetic field? The answer to this ‘kinematic
dynamo’ question is not obvious. The homopolar
dynamo has a specially constructed lack of symme-
try; the Earth’s core is a nearly homogeneous
electrical conductor. Are ‘homogeneous dynamos’
possible in such a body? Theoreticians were chal-
lenged either to prove the answer is ‘No’, or to
create a working model. Nearly four decades elapsed
before this challenge was met. During this time, and
subsequently, it became increasingly well understood
how structural asymmetry in the homopolar dynamo
could be mimicked in a homogeneous dynamo by
fluid motions that lack mirror symmetry.

Once the kinematic dynamo question had been
answered in the affirmative, attention became
increasingly focused on different questions: How is
the driving motion u produced? How is it modified
by the presence of the magnetic field B that it itself
creates? These are the concerns of ‘magnetohydro-
dynamic dynamo’ theory, or ‘MHD dynamo theory’.
Obviously, the kinematic theory is ‘contained’ in the
MHD theory and is an essential part of it.

8.03.1.3 Plan of Chapter: Notation

The objective of this chapter is to provide the basics
of kinematic and MHD dynamo theory. In Section
8.03.2 the basic electromagnetic theory is briefly
reviewed, and in Section 8.03.3 the kinematic theory
is formulated. Dynamo models driven by laminar and
turbulent flows are described in Sections 8.03.4 and
8.03.5. In Section 8.03.6 the ideas behind MHD dyna-
mos are outlined. Discussion is everywhere slanted
toward the geophysical application. SI units are used.

To simplify the presentation, some verbal abbre-
viations will usually be employed: ‘velocity’ ¼ fluid
velocity, ‘density’¼mass density, ‘field’¼magnetic
field, ‘current’¼ ‘electric current density’, ‘conduc-
tor’¼ conductor of electricity, ‘potential’¼ electric
potential, ‘core’¼Earth’s core, ‘FOC’¼ fluid outer

core, ‘SIC’¼ solid inner core, ‘CMB’¼ core–mantle
boundary (radius rc), ‘ICB’¼ ‘inner-core boundary’
(radius ri), ‘emf ’¼ electromotive force, and
‘EM’¼ either electromagnetism or electromagnetic.

Script letters, L , T , U , B , J , E , . . . , will indicate
typical magnitudes of length, time, velocity, field,
current, electric field, . . . . The angular velocity of
the reference frame (approximately the angular velo-
city of the mantle) will be denoted by W, and will be
assumed constant and in the z-direction. Sometimes
cylindrical coordinates (s, �, z) will be used and
sometimes spherical coordinates (r, �, �). ‘Zonal’
will mean ‘in the �-direction’ and ‘meridional’ will
mean ‘lying in meridional planes’, that is, in the
planes �¼ constant. Except for the unit normal n to
surfaces, unit vectors will be denoted by 1q, where
the q is the coordinate concerned; qq will be short for
q/qq, except that qt¼ q/qt is the (Eulerian) time
derivative. Except in Section 8.03.5.1, �Q will denote
the average over � of a quantity Q, and Q9 will be
short for Q� �Q . The �-averages of the spherical or
cylindrical components of a vector Q define �Q .
A similar notation will be used in Section 8.03.5.1,
but there �Q denotes the ensemble average of Q in a
turbulent environment.

8.03.2 Basic Electrodynamics

8.03.2.1 Pre-Maxwell Theory

Magnetohydrodynamics is the study of the flow of
electrically conducting fluids in the presence of mag-
netic fields. It has significant applications in
technology and in the science of planets, stars, and
galaxies. In this volume, its main focus is on its role in
explaining the origin and properties of the geomag-
netic field.

MHD is based on the equations governing fluid
motion in the presence of magnetic fields and the
equations governing EM fields in moving fluids.
Nearly always, and invariably in geomagnetic studies,
the nonrelativistic form of MHD is employed. This is
appropriate when conditions are changing slowly, that
is, when the characteristic velocity U of the conductor
is small compared with the velocity of light c and when
the time L /c taken by light to cross the system is small
compared with all time scales T of interest. The EM
fields are governed by the equations that were in use
before Maxwell introduced displacement currents,
and are therefore called the ‘pre-Maxwell equations’.
Unlike full Maxwell theory, in which the electric field
E and the magnetic field B are on an equal footing, E
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plays a subsidiary role in pre-Maxwell theory. This is
why the magnetic field is usually referred to simply as
‘the field’. The aim of this subsection is to review pre-
Maxwell theory briefly.

The pointwise form of the pre-Maxwell EM
equations are, in SI units,

��H ¼ J ½1a�

�� E ¼ – qt B ½1b�

� ? B ¼ 0 ½1c�

� ? D ¼ # ½1d�

where J is the current density and # is the volume
charge density. Equations [1a] and [1b] are, respec-
tively, Ampère’s law and Faraday’s law. The sources
on the right-hand sides of [1a] and [1d] must satisfy
charge conservation and, in pre-Maxwell theory, this
requires

� ? J ¼ 0 ½1e�

which is consistent with [1a]. If [1c] holds for any t, it
holds for all t by [1b]. The CMB, and the ICB, is
represented by a ‘discontinuity surface’, S, across
which material properties change abruptly. The
same integral laws that led to [1a]–[1e] imply that

n�H½ � ¼ C on S ½2a�

n� Eþ u� Bð Þ½ � ¼ 0 on S ½2b�

n ? B½ � ¼ 0 ½2c�

n ? D½ � ¼ Y on S ½2d�

n ? J½ � ¼ –�S ? C on S ½2e�

Here Y is the surface charge density, C is the surface
current density, �S is the two-dimensional surface
divergence, n is the unit vector to S, u is the velocity
of a point P on S, and Q½ � is the difference in limiting
values of a quantity Q at P, evaluated on opposite
sides of S.

Geodynamo theory is mainly concerned with
timescales much shorter than those over which the
Earth evolves. It is then a good approximation to take
n ? u¼ 0 on the CMB and ICB, and to assume that
these surfaces are spherical, of constant radii rc and ri.
Conditions [2] are simplified in Section 8.03.3.1
below.

8.03.2.2 Constitutive Relations

The pre-Maxwell equations must be supplemented
by relations that define the physical nature of the

medium in which they are applied. We shall suppose
that the conductor is isotropic and homogeneous so
that, at a point P within it and in a reference frame
moving with the constant uniform velocity
uP¼ u(xP) of P,

H9 ¼ B9=�P ½3a�

D9 ¼ �PE9 ½3b�

J9 ¼ �PE9 ½3c�

where �, �, and � are the permeability, permittivity,
and electrical conductivity of the medium. Except in
the crust, the temperature within the Earth every-
where exceeds the Curie point, at which permanent
ferromagnetism ceases to exist. We shall therefore
assume that �¼�0¼ 4�� 10�7 H m�1, the vacuum
permeability, but � may differ from the vacuum per-
mittivity �0.

To apply [3] it is necessary to relate B9, E9, H9,
D9, J9 to B, E, H, D, J. To relate them at xP, the
Lorentz transformation is approximated by its non-
relativistic (Galilean) form, appropriate for U � c :

x ¼ x9þ uPt 9 ½4a�

t ¼ t 9 ½4b�

The EM fields and sources in the two reference
frames are related by

B9 ¼ B ½5a�

E9 ¼ Eþ uP � B ½5b�

H9 ¼ H ½5c�

D9 ¼ Dþ uP �H=c2 ½5d�

J9 ¼ J ½5e�

#9 ¼ # – uP ? J=c2 ½5f �

Since �9¼� and q9t¼ qtþ uP ? � according to [4a]
and [4b], it follows from [5] that [1] also hold in the
primed frame of reference, that is, the pre-Maxwell
equations are frame-indifferent. According to [5],
only E, D, and # are frame dependent. When trans-
lated back to the original frame, [3] are

H ¼ B=�0 ½6a�

D ¼ �Eþ � – �0ð Þu� B ½6b�

J ¼ � Eþ u� Bð Þ ½6c�

The suffix P has been removed since these relations
hold for every P. After its removal, u, �, and � in [6]
may be functions of x.
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Wherever H occurs, we shall now use [6a] to
remove it, in favor of B. Equation [6c] is the general-
ization of Ohm’s law to a moving conductor, and is
centrally important. By [1a], [6a] and [6c]

�0 J ¼ �� B ½6d�

E ¼ – u� Bþ ��� B ½6e�

where �¼ 1/�0� is the ‘magnetic diffusivity’. In esti-
mating Earthlike values for the core, we shall take
�¼ 4� 105 S m�1 so that �¼ 2 m2 s�1. The form [6e]
of Ohm’s law provides a convenient way of removing
E in favor of B; as mentioned earlier, E plays a
subsidiary role in MHD as do D and #.
Nevertheless, it is worth observing that, by [1d],
[6b], and [6c],

# ¼ – �0� ? u� Bð Þ þ J ? � �=�ð Þ ½7�

Unlike the case of a stationary uniform conductor for
which an initial # flows to the boundaries in a time of
order �0/�¼O (�/c2) (i.e., instantaneously according
to pre-Maxwell theory), the free charge density in a
moving conductor is generally nonzero, and takes the
value [7].

8.03.2.3 Induction Equation: Magnetic
Reynolds Number

Eliminating E between [1b] and [6e], we see that B
obeys the induction equation

qt B ¼ �� u� Bð Þ – �� ��� Bð Þ ½8�

When � is constant (the usual assumption), [1c]
shows that [8] can be rewritten as

qt B ¼ �� ðu� BÞ þ �r2B ½9�

Another useful form of the induction equation is

dt B ¼ ðB ? �Þu – B� ? uþ �r2B ½10a�

which follows from [9], [1c], and the vector identity

�� ðu�BÞ ¼ ðB ? �Þu – ðu ? �ÞBþ u� ? B – B� ? u

½10b�

Here dt¼ qtþ u ? � is the motional or Lagrangian
derivative, that is, the derivative following the
motion of the conductor. Sometimes the term ‘the
dynamo equation’ is applied to one or other of these
three forms of the induction equation but this is a
misnomer, since they apply in many contexts totally
unrelated to dynamo theory.

MHD processes in rotating bodies such as the core
are usually most readily studied using a reference
frame rotating with the body. With the understand-
ing that u is the velocity relative to the rotating
frame, the same relations [6] hold and lead to the
same induction equations.

Equation [9] exposes the evolution of B as a com-
petition between EM induction (through �� (u�B))
and ohmic diffusion (through �r2B). The relative
importance of these effects is quantified by

Rm ¼ U L =� ¼ �0�U L ½11a�

In analogy with the familiar (kinetic) Reynolds num-
ber Re¼ U L /	 used in fluid mechanics to quantify
the effects of the (kinematic) viscosity 	, Rm is called
the ‘magnetic Reynolds number’. It can also be writ-
ten as the ratio

Rm ¼ T �=T u ½11b�

of the ‘electromagnetic diffusion time’ T �¼ L 2/� and
the ‘fluid advection time’ T u¼ L /U . The former
quantifies the time in which a current system of
scale L in a conductor will decay ohmically, unless
some agency maintains it. For the Earth, T �� 2� 105

years, if we take L ¼ rc. The Earth is known to have
possessed a field for at least 3.4� 109 years (Kono and
Tanaka, 1995). Thus, the Earth’s magnetic field is not
a ‘legacy of the past’; an agency is required to main-
tain the current system and, according to the
geodynamo hypothesis, this is electromagnetic
induction created by the term u�B in [9]. For the
dynamo to be successful, this term must create new
flux as rapidly as, or more rapidly than, it is destroyed
by the �r2B term. This implies that T u < T � and
Rm > 1. Most kinematic dynamo models require that
T � exceeds T u by at least one, but more probably two,
orders of magnitude.

The westward drift velocity on the CMB of recog-
nizable features of the geomagnetic field is of order
3� 10�4 m s�1. It is likely that part of this motion is
due to diffusion of the features relative to the fluid
(see Section 8.03.2.6 below). We shall estimate that
U ¼ 2� 10�4 m s�1. Taking L ¼ 106 m as a typical
field scale, T u� 2� 103 years and Rm¼ 100.

Kinematic dynamo theory rests on the induction
equation [9] and Gauss’s law [1c]. It assumes that u is
given, but it would make no sense to study physically
meaningless flows. We shall restrict ourselves to
‘eligible flows’ that, for example, have no point
sources or sinks, and that are everywhere and at all
times bounded. Some models will involve discontin-
uous u, that is, ‘tearing’ of the fluid, but these models
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can be simply modified so that the tearing is replaced
by a large but finite shear. For simplicity, it will
usually be assumed that the fluid is incompressible:

� ? u ¼ 0 ½12�

Some results will apply to compressible fluids too.

8.03.2.4 Electromagnetic Energy and
Stress

It follows from [1a] and [1b] that

qt e
B þ � ? IB ¼ E ? J ½13a�

where eB is the EM energy per unit volume and IB is
the EM energy flux (or Poynting vector):

eB ¼ B2=2�0 ½13b�

IB ¼ E� B=�0 ½13c�

When integrated over a volume v bounded by a sur-
face s, [13a] states that magnetic energy in v

diminishes through its outward flow across s and by
the rate at which the EM field transfers its energy to
the material contents of v. By [6c] the latter has two
parts:

–E ? J ¼ – q J – u ? L ½13d�

where

L ¼ J � B ½13e�

q J ¼ J 2=� � 0 ½13f �

Here L, the ‘Lorentz force’, is the force per unit
volume that the EM field exerts on the conductor;
qJ, which is necessarily non-negative, is the rate per
unit volume at which EM energy is converted into
heat through electrical resistance. This is called the
‘Joule loss’ or ‘ohmic loss’. Summed over v it is

� ¼
Z

v

J 2

�
dV ½13g�

On combining [13a] and [13d] and integrating, we
have

d

dt

Z
v

eB dV ¼ –� –

I
s

IB ? dS –

Z
v

u ? L dV ½13h�

The final term is the rate of working of the Lorentz
force. In an electric motor this is positive, represent-
ing conversion rate of EM energy into mechanical
energy. In a dynamo the opposite is true: kinetic
energy is transformed into EM energy, and the last

term in [13h] is large enough to make good the
integrated ohmic losses �.

The EM force and torque (about the origin of x)
on the contents of a volume v are

f ¼
Z

v

L dV ¼
Z

v

J� B dV ½14a�

G ¼
Z

v

x� L dV ¼
Z

v

x� J� Bð Þ dV ½14b�

By using [1a], [1c], and [13c], it is possible, and often
useful, to express these as surface integrals. This is
achieved by re-expressing L as the divergence of the
EM stress tensor p$B

:

Li ¼ rj�
B
ij ½15a�

�B
ij ¼ �B

ji ¼
BiBj

�0
–

B2

2�0

ij ½15b�

The first term on the right-hand side of [15b] represents
tension in a field line (defined as a curve that is every-
where parallel to B); the final term in [15b] represents
an isotropic magnetic pressure, Pm¼ B2/2�0, which is
about 4 atm for a field of 1 T. These interpretations will
be useful in Sections 8.03.2.5 and 8.03.2.6 below.

By using [15a], f and G may be replaced by surface
integrals:

fi ¼
I

s

�B
ij dSj ½15c�

�i ¼
I

s

�ijkxj�
B
kl dSl ½15d�

Equivalently,

f ¼
I

s

BðB ? dSÞ
�0

–
B2

2�0
dS

� �
½15e�

� ¼
I

s

x� BðB ? dSÞ
�0

–
B2

2�0
dS

� �
½15f �

According to pre-Maxwell theory, the magnetic field
alone determines the EM force on the conductor, the
EM stresses, and the EM energy. The corresponding
contributions made by the electric field are smaller
by a factor of order (U /c)2.

8.03.2.5 The Perfect Conductor: Alfvén’s
Theorem

A ‘perfect conductor’ is one of infinite electrical
conductivity �, that is, �¼ 0. Since J must be finite
even though �¼1, Ohm’s law [6c] implies that

E ¼ – u� B ðif � ¼ 1Þ ½16�
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The induction equation can be written as

qt B ¼ �� ðu� BÞ ðif � ¼ 1Þ ½17a�

dt B ¼ B ? �u – B� ? u ðif � ¼ 1Þ ½17b�

In a perfect conductor, the magnetic Reynolds number,
Rm, is infinite by [11a]. While Rm� 1 in many applica-
tions of MHD (including some considered here),
Rm¼1 is an idealization that is never achieved. It is
however often helpful because of the following theorem:

Alfvén’s theorem: Magnetic flux tubes move with a perfect

conductor as though frozen to it.

A flux tube is a ‘bundle’ of field lines. It is defined by a
‘cross-section’ �, the tube being the volume occupied
by all the field lines intersecting �. The surface, M,
of the tube is therefore a ‘magnetic surface’, that is, a
surface composed of field lines and on which
n ? B¼ 0. The net magnetic flux through � is

F ¼
Z

�

B ? dS ½18�

and is called the ‘strength’ of the tube. It follows from
[1c] that F is the same for every cross-section of the tube.

Alfvén’s theorem can be proved by appealing to
the kinematic result

dt dSð Þ ¼ dS � ? uð Þ – dSj �uj ½19�

which describes the change in area and orientation of
an element dS of surface area as it is advected with
the flow. Combining this with [17b], it is found that

dt B ? dSð Þ ¼ 0 when � ¼ 1ð Þ ½20a�

It follows that

B ? dS ¼ 0 at t ¼ 0 implies B ? dS ¼ 0 for all t ½20b�

so that, if M is initially a magnetic surface, it is always
a magnetic surface. Thus a flux tube remains a flux
tube for all time. Further, [20a] shows that the flux
tube preserves its strength F as it moves.

According to Alfvén’s theorem, field lines move
with a perfect conductor as though frozen to it, and

sometimes the theorem is stated in those terms. This

statement is however a weaker form of the theorem

that does not imply that F is conserved.
The following examples illustrate how the frozen

flux picture, coupled with the concepts of stress and

energy developed in Section 8.03.2.4, help in visua-

lizing MHD processes:

• Conversion of kinetic energy into magnetic
energy occurs in an incompressible fluid when motions

stretch or bend flux tubes; conversely, shortening or
straightening field lines creates kinetic energy from

magnetic energy. The stretching of field lines stores
magnetic energy in much the same way as a rubber

band stores elastic energy when it is stretched. If a flux
tube of cross-sectional area A0 containing field B0 is

lengthened from L0 to L, its cross-section will, according
to [12], decrease in the same proportion (A¼ A0L0/L)

and the field within it will increase by the same factor
(B¼ B0L/L0). The magnetic energy it contains, which

is proportional to B2, is therefore enhanced by a factor
of (L/L0)

2 from B2
0=2�0

� �
L0A0 to B2=2�0

� �
LA ¼

B2=2�0

� �
L0A0¼ B2

0=2�0

� �
L0A0

� �
L=L0ð Þ2. If L¼L0þ


where 
� L0, the increase in magnetic energy is

B2
0=�0

� �
A0
. This is the work done by the applied

force in stretching the tube by 
 in opposition to the
magnetic tension B2

0=�0

� �
A0 of the field lines.

• ‘Alfvén waves’ are the result of field line ten-
sion. The mass per unit length and tension of a flux

tube of unit cross-section are � and B2/�0 so that, as
in a taut string, a wave can travel nondispersively in

either direction along the flux tube with speedffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2=�0

� �
=�

� �q
¼ B=

ffiffiffiffiffiffiffiffi
�0�
p

. This defines the ‘Alfvén

velocity’, VA ¼ B=
ffiffiffiffiffiffiffiffi
�0�
p

. It is approximately
1 cm s�1 for B ¼ 1 mT and �¼ 104 kg m�3; the

Alfvénic timescale T A¼ L /V A is about a decade for
L ¼ rc. In a system such as the core that is rotating

with an angular velocity � that is large compared
with V A/L , Alfvén waves lose much (but not all) of

their significance, which is subsumed by slow waves,
with velocity V s ¼ O V 2

A=L �
� �

� V A and timescale

T s ¼ O L 2�=V 2
A

� �
� T A; see Section 8.03.6.3.

• A zonal shearing motion �¼ �u� /s can drag the
lines of force of a meridional field �BM out of the
meridional planes, i.e., it can create a zonal compo-

nent �B� in �B (see Figure 2). Dating from a time when
the � was frequently denoted by !, this is often called

the !-effect; in the astrophysical literature it is more
often referred to as the ‘�-effect’. Taking Alfvén’s

theorem literally, �u� will continue to wind the field
lines around the symmetry axis for as long as
the motion can be sustained, and �B� and eB will

increase monotonically. The magnetic stresses grow
as the field lines become increasingly stretched in the

�-direction until eventually the agency that creates
�u� can no longer maintain it, and growth of �B� ceases.

This marks the end of the kinematic regime (in which
fluid motion is prescribed a priori and the field grows)

and the start of the MHD regime in which the field
quenches its own further growth.
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The intermittent character of MHD turbulence is
reflected by the existence of flux tubes in which B is
more intense than in their surroundings. Frequently, B
is visualized as being discontinuous across the surface
M of the tube, which is therefore a current sheet, by
[2a]. Because of the field line tension, a closed flux
tube will tend to collapse in much the same way as a
stretched elastic band contracts when released. If there
is no compensating stretching process, the collapse
will continue until B has subsided to the level of the
field in its environment. Similarly, a bent flux tube
tends to straighten, returning some of its magnetic
energy to the kinetic energy of the fluid frozen onto
it; an example is given in the next subsection.

8.03.2.6 The Imperfect Conductor:
Reconnection

Strictly speaking, a field line passes through every
point in space, but only a finite number of lines can
be shown in sketches of field line topology, where the
crowding together of field lines indicates a more
intense field. In these sketches, field lines may appear
to disconnect and reconnect in a new topology as the
field evolves. This phenomenon is called ‘reconnec-
tion’, the prior ‘disconnection’ being tacitly assumed.

According to Alfvén’s theorem, field line topology
is immutable. Fluid lying on a field line always
remains on that field line; reconnection of field lines
is impossible. This makes the dynamo problem mean-
ingless; the magnetic flux trapped in the conductor can
never be lost, it can only be rearranged. One cannot
even ask how the conductor acquired its flux origin-
ally. Flux can be gained, retained, or lost only by its
diffusion relative to the conductor, and diffusion hap-
pens only when � and Rm are finite. Every successful
dynamo relies on reconnection processes.

When � 6¼ 0, field lines diffuse relative to
the conductor with a ‘resistive drift speed’ of order
U �¼ �/L , where L is a length characteristic of the
field gradient (L 	 B /�0J ). Several examples are
given below.

When thinking about reconnection, it is perhaps
helpful to regard Rm as a function of position.
Wherever Rm� 1 (i.e., wherever U � U �), Alfvén’s
theorem and the ideas of the last subsection are useful
in picturing MHD processes. Reconnection is, how-
ever, likely to be significant wherever U � U � (i.e.,
Rm� 1). The following examples illustrate this idea
and reconnection processes:

• The !-effect. Besides the dynamical process
described in the last subsection, there is a kinematic
process that halts the production of zonal field by the
!-effect. As �B� is amplified by the shear �, diffusion
increasingly acts to straighten the field lines depicted
in Figure 2(b). They move with the conductor less
and less, drifting in the opposite direction with a
velocity U � of order $� relative to the conductor,
where $ is the field line curvature. When �B� becomes
of order Rm�BM where Rm¼ �/�$2, amplification of
�B� ceases, the stretching process being offset by an
equal but opposite resistive drift.

A similar example will be of interest in Section
8.03.3.5: Suppose that B is created by currents flowing
in a spherical conductor. If the radial component of u
vanishes, the collapse of the magnetic field cannot be
prevented; resistive drift inexorably carries the field
lines inwards.

• The Sweet–Parker mechanism – SPM. This, the
simplest and most fundamental process of magnetic
reconnection, is sketched in Figure 3. A steady flow,
U , of a weakly resistive fluid in the 
y-directions,
forces together two ‘slabs’ of oppositely directed field

B (Figure 3(a)). The slabs are of length L and the
field is approximately in the 
x-directions. As the
fluid is incompressible, u must have nonzero
x-components, 
U e, as indicated in Figure 3(a).
This figure shows (shaded) the formation of a recon-
nection region R which has such a small thickness ,
that it resembles a current sheet. Because
,¼O (Rm�1/2)L � L , ohmic diffusion can break the
topological constraint of Alfvén’s theorem and allow
the field lines in R to reconnect (Figure 3(c)), even
though field lines elsewhere are advected with the
flow. The reconnected lines exit from R in the 
x-
directions. A field line labeled ‘n’ in Figure 3(a) is
replaced by a field line ‘nþ 1’ in Figure 3(d). The
entire process is then repeated.

(a) (b)

Figure 2 The !-effect. (a) a field line in a meridian plane

(single arrow) is sheared by a zonal flow (double arrows);

(b) as a result of the shearing, the field line is bent, so
creating a �–component of B.
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Many MHD phenomena appear to be explicable

only through ‘fast’ reconnection, that is, reconnection
on the ideal time scale T u. This is especially true of

solar and astrophysical phenomena such as solar

flares, but it is widely believed that reconnection in

the Earth’s core is slow, with a timescale of order T �;
see Section 8.03.5.4. Between these two extremes are

reconnection processes that are ‘intermediate’, that is,

operate on a timescale that is short compared with T �
but long compared with T u. The SPM, which oper-

ates on the timescale (T �T u)
1/2 is of intermediate

type.
The SPM is a kinematic reconnection machine

but some dynamical aspects are clear, e.g., the curva-
ture of the reconnected field lines in Figure 3(c)

assists in ejecting them from R (Section 8.03.2.5).

Amongst other intermediate reconnection pro-

cesses, those central to magnetic instabilities, such
as the tearing mode, should be mentioned. This

instability of sheared magnetic fields is most easily

exhibited for the sheet pinch:

B0 ¼ BoxðzÞ1x þ BoyðzÞ1y ½21a�

�0J0 ¼ – B90yðzÞ1x þ B90xðzÞ1y ½21b�

In this model, the conductor is at rest and remains at
rest since the Lorentz force J0�B0 is balanced by
the pressure gradient (B0x

2 þ B0y
2 )9/2�0. Since u X 0,

the Alfvén velocity substitutes for U in defining the
dynamic timescale T A¼ L /V A, so that the Lundquist
number,

Lu ¼ V AL =� ¼ T �=T A ½22�

takes over from Rm. A perturbation of the equilibrium
[21] proportional to exp ikxx þ ikyy þ 
t

� �
is envi-

saged. The instability arises at resonant surfaces, defined
by F¼ 0, where F ¼ kxB0x þ kyB0y . Reconnection
occurs in a thin boundary layer surrounding a reso-
nant surface, in which the reconnected field lines
can shorten, releasing magnetic energy to drive the
instability. The timescale of reconnection, T 3=5

� T 2=5
A ,

is long compared with T A but short compared with
T �; see Furth et al. (1963). In a rapidly rotating
system such as the core in which V A=L � �, tear-
ing is dramatically slowed by Coriolis forces. Its
dynamic timescale becomes the slow timescale
defined in Section 8.03.2.5 and the Elsasser number,

� ¼ V 2
A=�� ¼ T �=T s takes on the role of Lu; see

Kuang and Roberts (1990).

• Flux expulsion. A simple illustration of this phe-
nomenon is provided by a solid sphere of radius a,
embedded in a solid conductor with which it is in
perfect electrical contact. A uniform magnetic field

B0 is applied, and the sphere is set into rotation with
angular velocity ! about an axis perpendicular to B0.
The appropriate magnetic Reynolds number is

Rm ¼ !a2=� and is assumed to be large. To an obser-
ver on the surface S of the sphere and rotating with it,

the applied field seems to be oscillatory and, since
Rm� 1, it ultimately penetrates only a short distance,
of order 
m ¼ Rm – 1=2a ¼ �=!ð Þ1=2, into the sphere.

This phenomenon is well known in the EM of solid
conductors and is called the ‘skin effect’, because the
induced currents are confined to a thin ‘skin’ on S.
These currents create a dipolar magnetic field, b, that

almost completely excludes B0 from the interior of
the sphere n ? (B0þ b)� 0 on S. During the time the
system evolves into this steady state, the field lines

within the sphere gradually diffuse out of it, and
reconnect in the skin and in the vicinity of the sphere.
This process, called ‘flux expulsion’, is sketched in

Figure 4.
Field lines tend to be similarly expelled from

circulating flows in fluid conductors and to be
crowded together in EM boundary layers at the
edges of the circulations, so forming flux ropes and
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Figure 3 The Sweet–Parker reconnection machine (see

text for explanation).
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flux sheets. It might seem at first sight that this can
only be detrimental to dynamo action but this is not
necessarily the case. Consider induction by a steady
flow. An X-type stagnation point may exist between
one circulation and its neighbor. (An example is given
in Section 8.03.4.3 below.) The expelled flux sur-
rounds this point and, since the streamlines separate
there, the field lines almost frozen to them are ‘expo-
nentially stretched’. This is an efficient way of
transforming kinetic energy into magnetic energy.
Even more efficient are flows with chaotic streamlines,
that is, flows in which a finite volume of space is filled
by only a finite number of streamlines (i.e., the stream-
lines do not lie on stream surfaces but fill a volume).
Exponential stretching can be even more efficient
when the chaos includes time, as in a turbulent flow.

• Parker’s �-effect mechanism. Let us use Alfvén’s
theorem to visualize what happens when a helical
eddy meets a flux rope. Helical motions are those in
which the velocity u is correlated to the vorticity w
so that the ‘helicity’,

H ¼ u ? w ½23a�

w ¼ �� u ½23b�

is nonzero. A helical eddy may be pictured as a screw
motion in which a blob of fluid twists around the
direction in which it moves. Although the inductive
effects of u and w act simultaneously, it is convenient
to consider them successively. The ‘vertical’ motion u

creates an �-shaped indentation on the flux rope, as
sketched in Figure 5(a). The twisting motion asso-
ciated with w turns this � out of the plane of the
paper (Figure 5(b)). The field gradients are large
near the point marked ‘R’ in Figure 5(b). Here diffu-
sion can rapidly detach the � as an independent flux

loop that, in the idealization depicted here, lies in the
plane perpendicular to the flux rope.

Helicity is the simplest manifestation of a lack of
mirror-symmetry, and the destruction of this sym-
metry is often called ‘symmetry breaking’. Helicity is
a pseudoscalar, that is, a scalar that changes sign
under a reflection of coordinates, either in a plane
(e.g., z! – z) or through the origin (x! – x). It
arises naturally in a rotating, convecting system.
Perhaps a compressible fluid provides the simplest
example of this: Imagine that the sequence shown in
Figure 5 concerns a cold, sinking ‘blob’ of fluid at
high ‘southern’ latitudes, the ‘top’ of each panel being
nearer than the bottom to the center of the fluid body.
As the eddy shown sinks, it compresses under the
increasing pressure of its environment but attempts
to conserve its angular momentum relative to the
inertial frame. This translates, in the reference
frame rotating with the fluid body, to an increase in
the angular velocity ! of the eddy about the rotation
axis, as indicated in panel b. The sense of helicity is
the same for a hot, buoyant blob expanding as it rises
through the fluid. This example also indicates a pre-
ference for ‘right-handed’ helicity, H > 0 in the
Southern Hemisphere of a rotating, convecting body

(a)

B0  B = B0 + b

(b)

. .

Figure 4 Flux expulsion. (a) A conducting sphere

embedded in a similarly conducting, stationary medium lies in
a uniform magnetic field B0 and is set in rotation. (b) The field is

ultimately almost completely expelled from the sphere.

B

(a)

(b)

B
R

u

ω

(c)

B

j

Figure 5 The alpha-effect mechanism. (a) A flux rope bent

by the velocity u of a cyclonic eddy, (b) is twisted by the
vorticity w of the eddy, creating large field gradients near R

where the flux loop detaches as indicated in (c).
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and ‘left-handed’ helicity, H < 0, in its Northern Hemi-

sphere. It is clear from [23a] that Hj j � uj j wj j ¼
O U 2=L
� �

; a ‘maximally helical flow’ is one in which

Hj j ¼ uj j wj j.
• The stretch-twist-fold dynamo – STF. Obtain an

elastic (rubber) band, loosely corresponding to the flux

tube in Figure 6(a), and use its tension to roughly

simulate the tension of the field lines in the flux tube.

The tension in the band may be systematically

increased by a three-step, stretch-twist-fold process:
(1) ‘stretch’ the rubber band to double its length;
(2) ‘twist’ it into a figure-8; and
(3) ‘fold’ the loops of the 8 on top of one another

to form two linked loops of the same size as

the original band.
These steps are illustrated in Figures 6(a)–6(c), in
which panel (a) depicts the initial flux tube, panel (b)
sketches it when it is stretched and twisted, and panel
(c) shows it after it is subsequently folded. The energy
within, and the tension of, the flux tube are increased by
a factor of 4 in step (1). Steps (2)–(3) can, in principle, be
repeated over and over again, the sense of twist in step
(2) being always the same. This gives the band the sense
of ‘handedness’ or helicity of a screw motion, and the
broken reflection symmetry that is crucial to the suc-
cess of this dynamo. The tension in the band (analogous
to magnetic tension) increases progressively as steps
(1)–(3) are repeated, and at some stage the reader’s
hands will tire, making it impossible to increase the
tension further. This marks the end of the kinematic
regime (in which fluid motion is prescribed a priori and
the field grows) and the start of the dynamic regime (in
which the field quenches its own further growth). If the

reader lets go of the band at any stage, it will immedi-
ately relax back to its initial state. This illustrates the
crucial importance of magnetic reconnection as a
means of ‘locking-in’ the amplified magnetic field.
Said another way, magnetic reconnection provides the
crucial element of irreversibility in the dynamo. The
process of reconnection in the flux tube occurs near
the point marked ‘R’ in panel ‘c’, where the field gra-
dients are greatest. The result of the reconnection, two
separate rings, is shown in panel (d).

The STF dynamo, originally proposed by

Vainshtein and Zeldovich (1972), has become the

paradigm for ‘fast dynamos’, which are defined as

processes of field amplification that operate on time-

scales independent of T � in systems where Rm is

large (see Section 8.03.3.3 below and Childress and

Gilbert (1995)). Clearly, a fast dynamo necessarily

requires fast reconnection, in order to lock in the

dynamo-generated field as fast as it is produced.

• Alfvén’s twisted kink dynamo – ATK. Take a piece
of taut rope and start twisting its ends, as in

Figure 7(a). As the result of an instability, it will

develop kinks like those often seen on the cord joining

a telephone handset to its cradle (Figure 7(b)).

A magnetic flux rope twisted in the same way will

also develop a kink and, because of the large field

gradients near the crossing point R in the figure, a

tube will detach (Figure 7(c)) and move away from

the flux rope. Simultaneously, the torsion of the rope is

released, but increases again as the twisting continues

until further loops detach. The flux rope has become a

machine for generating flux tubes. A sufficiently large

twisting rate creates a fast dynamo (Alfvén, 1950).

When � 6¼ 0, the boundary conditions [2] simplify.
From a physical standpoint, it is clear that an infi-
nitely thin concentration of current, even if it could
be set up initially, would instantly diffuse into a layer
of finite thickness, in which J (though possibly large)
is finite. This layer replaces the surface current, that
is, C X 0 instantaneously. Thus, when � 6¼ 0, the con-
ditions [2] reduce to

B B B

B B

B B

(a)

(d)(c)

(b)

R B

Figure 6 Stretch-twist-fold. (a) A closed flux tube is
(b) stretched, twisted, and (c) folded over onto itself, so

creating large field gradients near R where one loop

detaches from the other, as indicated in (d).

(a) (b) (c)

R

Figure 7 Alfvén’s twisted kink dynamo. (a) A flux rope is
twisted and (b) becomes unstable to the formation of kinks.

The large field gradients near R allows the kink to detach

from the rope, as indicated in (c).
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n� B½ � ¼ 0 on S ½24a�

n� E½ � ¼ 0 on S ½24b�

n ? B½ � ¼ 0 on S ½24c�

n ? J½ � ¼ 0 on S ½24d�

n ? D½ � ¼ Y on S ½24e�

Equations [24a] and [24b] imply

n ? IB
� �

¼ 0 on S ½24f �

Condition [24d] is superfluous since, according to
[1a] and [6a], it is satisfied when [24a] holds.
Similarly [24c] implies that n ? qt B½ � ¼ 0, so that
one (linear combination) of the two scalar conditions
[24b] is automatically obeyed by [24c]. Thus, only
four of the six scalar conditions [24a]–[24d] are inde-
pendent. The usual choice is

B½ � ¼ 0 on S ½25�

together with one condition from [24b]. According to
[1c] and [24a], ðn ? �Þðn ? BÞ

� �
¼ 0 but, because

�½ � 6¼ 0 in general, ðn ? �Þðn� BÞ
� �

6¼ 0 and there-
fore n� J½ � 6¼ 0 on S.

8.03.2.7 The Low Conductivity
Approximation

Alfvén’s theorem and the ideas just presented in
Sections 8.03.2.5 and 8.03.2.6 are useful when
Rm� 1. We now consider the opposite extreme, the
‘low conductivity approximation’ in which Rm� 1.
Since then T �� T u, the EM field adjusts almost
instantaneously to changes in u so that [1a] and [6e]
give, to leading order in Rm,

E ¼ –� ½26a�

� – 1J ¼ ��� B ¼ –� þ u� B ½26b�

just as though B were time independent. By [26b], the
Lorentz force [13e] is

L X J� B ¼ �B� � – �B2u? ½26c�

where u? ¼ u – ðu ? BÞB=B2 is the component of u
perpendicular to B. This demonstrates that the field
opposes the motion in part through an anisotropic ‘mag-
netic friction’, – �B2u?=� per unit mass. Comparison
with the fluid acceleration qtu shows the importance of

T m ¼ �=�B2 ¼ �=V 2
A, which is often called the ‘mag-

netic damping time’, not to be confused with the
magnetic diffusion time T �¼ L 2/�. Their ratio T �/T m

is Lu2. The magnetic damping time is significant in

MHD turbulence theory for liquid metals such as the
Earth’s core (Section 8.03.5.4). It is independent of L
and, for �¼ 2 m2 s�1 and VA¼ 1 cm s�1, it is the short-
est timescale relevant to core dynamics: T m� 6 h.

The integrated rate of working of the leading
order Lorentz force [26c] isZ

v

u ? L dV ¼ –

Z
v

J ? ðu� BÞ dV

¼ –� –

Z
s

 J ? dS ½26d�

which is �� when no current flows across s. The
Lorentz force then merely satisfies the ohmic demands
of v. In the approximation [26b], the magnetic energy
density eB does not change since, by [26a], � ? IB ¼
–E ? �� B=�0 ¼ –E ? J. The field, b¼B�B0,

induced by motions in v is O(Rm B0), that is, tiny com-
pared with the field B0 created by currents flowing
outside v. Nevertheless, the currents J (¼ j) induced in
v, which are Oð�U B0Þ, create an L of order �B2

0 U that
may significantly alter u. If Ha � 1, L dominates the
viscous force �	�2u ¼ Oð�	U =L 2Þ; if I � 1, it dom-
inates the inertial force �u ? �u ¼ Oð�U 2=L Þ. Here Ha

is the Hartmann number and I is the interaction
parameter:

Ha ¼ B L
	 �
�	


1=2

¼ V ALffiffiffiffiffi
	�
p ½27a�

I ¼ �B 2L
�U ¼ V 2

AL
�U ½27b�

Approximations [26] are commonly applied to labora-
tory experiments involving liquid metals for which EM
induction processes are usually insignificant. It is per-
haps surprising though true that, even when the low
conductivity approximation is appropriate, it is some-
times helpful to use the concept of frozen-in fields when
picturing the evolution of B. This is because, even when
Rm� 1, there is usually a slight tendency for the field to
evolve as it would in a perfect conductor. When [26]
hold, the EM field depends only parametrically on t but
an improved solution may be obtainable as an expansion
in Rm, the leading term obeying [26a]. Of course,
steady-state solutions of the induction equation for
any Rm must satisfy [26b] (see Section 8.03.3.3).

8.03.3 Kinematic Dynamos

8.03.3.1 The Dynamo Condition

The STF and ATK models of Section 8.03.2.6 are
heuristic and remote from geophysical needs. This
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subsection derives more explicitly the condition of

self-excitation. We do this in a framework relevant to
the Earth: a conducting fluid V surrounded by an

insulator V̂. In fact, the mantle is such a poor elec-

trical conductor that little is lost by assuming (as is

usually done) that V̂ consists not only of the exterior

of Earth but also of the entire mantle and crust.
Quantities in V̂ will be distinguished from those in

V by a superimposed hat. Since �̂¼ 0, it follows from

[19]–[1c] and [6a] that

�� B̂ ¼ 0 ½28a�

� ? B̂ ¼ 0 ½28b�

�� Ê ¼ – qt B̂ ½28c�

The first two of these equations imply that B̂ is a
potential field:

B̂ ¼ –�V̂ ½29a�

where

r2V̂ ¼ 0 ½29b�

In the case of the Earth, [29b] led Gauss to his well-
known representation of B̂ at and above the Earth’s
surface r¼ re :

V̂ ¼ re

X1
n¼1

Xn

m¼0

�
re

r

	 
nþ1

gm
n cos m�þ hm

n sin m�
� �

þ r

re

� �n

qm
n cos m�þ sm

n sin m�
� ��

Pm
n �ð Þ ½29c�

where Pn
m(�) is the Legendre function (usually

Schmidt normalized now, though not in Gauss’s
day). Because we assume that the mantle is insulat-
ing, we adopt Gauss’s expansion everywhere above
the CMB, that is, for all r� rc.

The coefficients g, h, q, and s in [29c] are time
dependent; the g and h coefficients describe the field

created within V and decreasing with distance from

it, while the q and s coefficients correspond to fields

created by external sources that, according to [29c],

are ‘at infinity’. The ‘dynamo condition’ expresses the
absence of sources outside V:

Dynamo condition: form 1: qm
n X 0; sm

n X 0 ½30�

When this is enforced, the magnetic field is produced
totally by sources within V, and [29c] gives

V̂ ¼ rc

X1
n¼1

rc

r

	 
nþ1

Ynð�; �Þ ½31a�

B̂r ¼
X1
n¼1

ðnþ 1Þ rc

r

	 
nþ2

Ynð�; �Þ ½31b�

etc., where Yn(�, �) is the surface harmonic

Ynð�; �Þ ¼
re

rc

� �nþ2Xn

m¼0

gm
n cos m�

�
þhm

n sin m�
�
Pm

n �ð Þ ½31c�

Equation [31b] shows that the field becomes increas-
ingly dipolar with increasing r, and an alternative
way of expressing the dynamo condition is

Dynamo condition: form 2:

B̂ ¼ Oðr – 3Þ for r !1 ½32�

The three n¼ 1 terms in [31a] define the Earth’s cen-
tered dipole moment m. This is customarily expressed
in terms of H rather than B so that Vdipole¼�0m ? r/
4�r3 (the 4� being there because SI are rationalized
units). Since P1(�)¼ cos � and P1

1(�)¼ sin �, it therefore
follows that m ¼ ð4�r 3

e =�0Þ g1
1 1x þ h1

11y þ g0
1 1z

� �
,

where 4�re
3/�0� 2.580� 1027 A m�1 T�1; the

z-component of m defines the ‘axial dipole’, and the
x- and y-components the ‘equatorial dipole’. Because
g1

0 < 0 currently, the angle between m and Oz, com-
monly called the ‘tilt’ of the dipole axis, is large:
cos�1(mz/m)� 170�, but more usually it is expressed
as cos�1(�mz/m)� 10�. The five n¼ 2 terms in [31a]
represent the quadrupolar part of B̂.

It is worth noting that, according to [29a] and [31],
the magnetic energy stored outside the core is

M̂ ¼ 1

2�0

Z
V̂

B̂
2

dV

¼ 1

2�0

Z
CMB

V̂B̂r dS ¼ 2�r 3
c

�0

X1
n¼1

Mn

2nþ 1
½33a�

where

Mn ¼ ðnþ 1Þ re

rc

� �2nþ4Xn

m¼0

gm
n

� �2þ hm
n

� �2
h i

½33b�

is the (Mauersberger–Lowes) field spectrum at
the CMB, which is B 2 for the nth harmonic averaged
over the CMB. This can be computed from observa-
tion for n . 13, and is remarkably constant for n� 3. If
other planetary dynamos share this property, it pro-
vides a valuable way of estimating the radii of their
conducting cores from flybys (Hide, 1978) (see
also Glatzmaier and Roberts (1996b), where further
references are given). The constancy of Mn cannot
hold for all n, as this would give infinite bM, by [33a].

Since B¼ B̂ on the CMB by [25], the dynamo
conditions [30] and [32] restrict the solutions of the
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induction equation on S and therefore in V. They are

rather inconvenient conditions as they stand; a sim-

pler, third form will be derived in Section 8.03.3.2.
In Section 8.03.2.6 it was shown that, in addition to

[25], one scalar condition on E must be obeyed at a

discontinuity surface such as the CMB. It is impor-

tant to show that this condition does not restrict

solutions of the induction equation.
To see this, introduce scalar and vector potentials

� and A to satisfy [1b] and [1c]

B ¼ �� A ½34a�

E ¼ – �� – qt A ½34b�

� ? A ¼ 0 ½34c�

Without essential loss of generality, we may assume
for simplicity that #̂¼ 0 and �̂¼ �0, so that, by [1d],
� ? Ê¼ 0, which implies that �̂ satisfies Laplace’s
equation. Condition [24c] is satisfied by n� A½ � ¼ 0
and therefore, according to [24b], n�E determines a
unique �̂ on S and (by solving r2�̂ ¼ 0) a unique �̂
throughout V̂ that vanishes for r ! 1. The resulting
n ? D̂ will generally differ from n ? D on S but their
difference does no more than determine Y by [24e]. It
does not constrain the solution of the induction equa-
tion in V any way whatever. Because magnetic charges
do not exist, a similar argument applied to B has a
radically different outcome. Although Laplace’s equa-
tion and an arbitrary n ? B on S determine the
magnetic potential V̂ uniquely, the resulting n� B½ �
would be nonzero in general, so contradicting [24a].
Only [25] restricts B on S and therefore in V.

On the ICB, condition [24b] on n�E is not superf
luous, and it is in general necessary to supplement

[25] with one independent condition from [24b].

When however, as is often the case, the SIC is mod-

eled as a solid of the same conductivity as the fluid,

electrical properties are continuous across S and, if in

addition it is assumed that u½ � ¼ 0 (the no-slip con-

dition), then B½ � ¼ 0 is enough to imply E½ � ¼ 0 and

J½ � ¼ 0. One is then free to treat the whole core,

SICþFOC, as a single domain in which

u ¼ Wi � r for r � ri ½35a�

In kinematic theory, the angular velocity Wi (t) is
specified at the same time as u is assigned to the
FOC. In MHD theory, the torque Gi on the ICB
determines Wi from Euler’s equation

I
$

? qt Wi þW�Wið Þ ¼ Gi ½35b�

where I
$

is the moment of inertia tensor. Plausibly, Gi

is dominated by the gravitational torque from the
mantle and the magnetic torque [15f] from the
FOC. (Some modelers treat the SIC as an insulator.
Then, as for the CMB, only [25] is needed.)

8.03.3.2 EM Induction in Spherical
Conductors

Nearly all investigations of dynamos in the Earth,
planets, and stars make the simplifying assumption
that these bodies are spherical. It may then be con-
venient to satisfy [1c] automatically by separating B
into ‘toroidal’ and ‘poloidal’ parts:

B ¼ BT þ BP ¼ �� Trð Þ þ �� �� Srð Þ ½36a�

where T r ; �; �; tð Þ is the ‘toroidal scalar’ and
S r ; �; �; tð Þ is the ‘poloidal scalar’. Obviously,
according to [1b] and [35a], the toroidal field BT ¼
�� Trð Þ is created solely by poloidal currents. A
particularly pleasant feature is the reverse: the poloi-
dal field BP ¼ �� �� Srð Þ is created solely by
toroidal currents, since

�0 J¼��B¼�� –r2S
� �

r
� �

þ���� Trð Þ ½36b�

A second curl shows thatr2B ¼ �� r2T½ �rð Þþ
�� �� r2S½ �rð Þ.

In spherical polar components, BT and BP are

BT ¼ – r� �T ¼ 1

sin �

qT

q�
1� –

qT

q�
1� ½36c�

BP ¼ �
q rSð Þ
qr

� �
– rr2S

¼ L2S

r
1r þ

1

r

q
q�

q rSð Þ
qr

� �
1� þ

1

r sin �

q
q�

q rSð Þ
qr

� �
1�

½36d�
where

L2S ¼ r
q2 rSð Þ
qr 2

– r 2r2S

¼ –
1

sin �

q
q�

sin �
qS

q�

� �
þ 1

sin2�

q2S

q�2


 �
½36e�

The salient characteristic of [36c] is that toroidal
fields have no radial components.

The simplest examples of toroidal and poloidal fields
are the axisymmetric fields �B� and �BM defined by T ¼
�T r ; �; tð Þ and S ¼ �S r ; �; tð Þ. It may be seen from

[36c] and [36d] that �B� is ‘zonal’ (has only a �-compo-
nent) and �BM is meridional (has no �-component):

�B ¼ �B� þ �BM ¼ �B�1� þ �� �A�1�
� �

½37�

where �A� ¼ – q� �S and �B� ¼ – q� �T .
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The usefulness of the representation [36] depends
partly on the ease with which T and S can be ‘pro-

jected’ from a given B by solving

L2T ¼ r �� Bð Þr¼ �0rJr ½38a�

L2S ¼ rBr ½38b�

Since L2S¼ f (r) has no solutions, fields having mono-
polar components (if they existed) could not be
represented by [36] but, since magnetic monopoles do
not exist, [38a] and [38b] are easily solved through their
spherical harmonic components, using the fact that

L2Yn ¼ n nþ 1ð ÞYn ½38c�

For example, by [38b],

Br ¼
X1
n¼1

Br ; n r ; tð ÞYn �; �ð Þ ½38d�

implies

S ¼ r
X1
n¼1

Br ;n r ; tð Þ
n nþ 1ð Þ Yn �; �ð Þ ½38e�

T can be similarly extracted from [38a].
By using this projection method, partial differential

equations governing Tn(r, t) and Sn(r, t), equivalent to

the induction equation, can be derived. A further

attraction is the ease with which the dynamo condition

can be applied. In V̂, [36b] implies

T̂ ¼ 0 ½39a�

and

r2Ŝ ¼ 0 ½39b�

Equations [36c] and [36d] then show that

B̂ ¼ –�V̂; where V̂ ¼ – qr r Ŝ
� �

½39c�

As in [29], Ŝ satisfies Laplace’s equation and, as in
[31b], the dynamo condition shows that

Ŝ ¼
X1
n¼1

Ŝn r ; tð ÞYn �; �ð Þ ½39d�

where

Ŝn r ; tð Þ ¼ Ŝn rc; tð Þ rc

r

	 
nþ1

½39e�

This, together with [39d], means that, everywhere in
V̂ and in particular on the CMB,

T̂n ¼ 0 ½39f �

qŜn

qr
þ nþ 1ð ÞŜn

r
¼ 0 ½39g�

According to [36c] and [36d], [25]is equivalent to

Tn½ � ¼ 0; Sn½ � ¼ 0; qSn=qr½ � ¼ 0; on S ½39h�

implying, by [39f] and [39g],

Dynamo condition : form 3: Tn ¼ 0;
qSn

qr
þ nþ 1ð ÞSn

r
¼ 0; at r ¼ rc

½40�

These are boundary conditions on the solutions for B
in V. Using these, the induction equation can be solved
without reference to B̂. From the resulting B one can,
but only if desired (perhaps for presentational pur-
poses), extract Sn(rc, t) and determine the field

B̂ ¼ –�V̂ ½41a�

where

V̂ ¼
X1

0

nSn rc; tð Þ rc

r

	 
nþ1

Yn �; �ð Þ ½41b�

that satisfies the dynamo condition and the continu-
ity requirement [25].

The simplicity of the third form of the dynamo
condition partly explains the current popularity of

spectral methods in solving both kinematic and

MHD dynamo problems. To illustrate this simpli-

city, we derive the ‘decay modes’ for a spherical

conductor such as the Earth’s core. These are solu-

tions of the induction equation [9] when u X 0, so

that

qt T ¼ �r2T ½42a�

qt S ¼ �r2S ½42b�

The solutions that are nonsingular at r¼ 0 are pro-
portional to

Tn rð Þ ¼ jn kT
n r

� �
Yn �; �ð Þ exp – �kT2

n t
� �

½42c�

Sn rð Þ ¼ jn kS
n r

� �
Yn �; �ð Þ exp – �kS2

n t
� �

½42d�

where jn is the spherical Bessel function of order n.
They obey [40] provided

jn kT
n rc

� �
¼ 0 ½42e�

jn – 1 kS
n rc

� �
¼ 0 ½42f �

These equations are satisfied by an infinite set of
positive admissible kn

T and kn
S, the smallest of which

we denote by kn1
T and kn1

S . The e-folding times over
which Tn and Sn disappear through ohmic diffusion
are therefore �kT2

n1

� � – 1
and �kS2

n1

� � – 1
. The longest of

these times is given by the smallest number in the
combined kn1

T and kn1
S sets, which belongs to the
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poloidal dipole mode for which kS1 ¼ �=rc, we
denote this by kmin. In units of rc

2/�, the e-folding
times of the first five dipole modes are approximately
0.101321, 0.025330, 0.011258, 0.006333, 0.004053; for
the quadrupole modes and for the toroidal n¼ 1
modes, they are 0.049528, 0.016756, 0.008410,
0.005054, 0.003372, and for the toroidal n¼ 2 modes
they are 0.030105, 0.012089, 0.006585, 0.004154,
0.002863. Other cases can be obtained from table
10.6 of Abramowitz and Stegun (1964).

The decay modes provide the basis for what is
called a ‘variational inequality’, which will be useful
in Section 8.03.3.4 below. This exploits the fact that
the modes form a complete orthogonal set, in terms of
which an arbitrary magnetic field B satisfying [25] and
the dynamo condition, but not necessarily the induc-
tion equation, can be expanded. Since every other
mode in that sum decays more rapidly than the
longest-lived poloidal n¼ 1 mode, it follows that
mode provides a lower bound on the ohmic losses:Z

V

�� Bð Þ2dV � k2
min

Z
V1

B2dV ½43a�

where V1 denotes all space ðV þ bV Þ. (For any
bounded nonspherical container, a variational
inequality of the form [43a] holds, but with a differ-
ent kmin.) Inequality [43a] can be rewritten in terms of
the total magnetic energy M of the dynamo and its
ohmic dissipation �:

� � 2�k2
minM ½43b�

where

M X

Z
V1

eBdV ¼ 1

2�0

Z
V1

B2dV ½43c�

� X

Z
V

qJ dV ¼ �

�0

Z
V

�� Bð Þ2 dV ½43d�

The ‘efficiency’ of a dynamo, if defined as

E ¼ k2
min

Z
V1

B2 dV=

Z
V

�� Bð Þ2 dV ½44a�

cannot exceed 1 (see Gubbins et al. (2000a)).
The value of kmin provides an improved estimate of

T � ¼ �k2
min

� � – 1¼ r 2
c =�

2�, or about 104 years, an

order of magnitude smaller than our previous estimate

r 2
c =�. Nevertheless, it refers only to the longest-lived

mode, not to the entire B spectrum. An appropriately
smaller T �, more representative of the ohmic losses, is

T� ¼ E �k2
min

� �–1¼
Z

V1

B2 dV=�

Z
V

��Bð Þ2 dV ½44b�

Both E and T � can be assessed from any geodynamo
simulation, but this is not possible for the Earth since
BT is unknown and only the n . 13 harmonics of BP

are available.
A few remarks about nonspherical V are apposite.

Many large-scale bodies are significantly flattened by
centrifugal forces (or distorted by tidal forces), but an
oblate spheroid (or a triaxial ellipsoid) may be an
acceptable representation of V. Standard analytic
methods can then determine the solution V̂ of
Laplace’s equation that vanishes at infinity, and a
dynamo condition similar to [40] can be derived
(see Walker and Barenghi (1994)).

Experiments with liquid metals, at values of Rm large
enough in some cases for regeneration, are discussed in
Chapter 

. When V is a cylinder of finite length, it is
hard to solve [29] analytically and a dynamo condition
of the form [40] does not exist. One expedient, that is
also sometimes used in constructing galactic dynamos,
is to introduce a sphere S0 surrounding V and to solve
Laplace’s equation for V̂ numerically in the domain D
between S0 and S, subjecting the solution to [40] on S0.
It is not possible to treat D as an extension of V in which
�¼1, since r2B̂ ¼ 0 in D does not imply Ĵ ¼ 0.

8.03.3.3 The Eigenvalue Problem
for Steady Flows

In studying kinematic dynamo action, it is often
convenient to keep the form of u fixed but to vary
its amplitude. This is most easily done by writing the
induction equation in nondimensional form by the
transformation r! L r and t! (L /U )t. Then [9] and
[1c] are

qt B ¼ �� u � Bð Þ þ Rm – 1r2B ½45a�

where

� ? B ¼ 0 ½45b�

Time-dependent u will be briefly considered at the
end of Section 8.03.4.4, but we now focus on the
easier case qtu¼ 0 for which normal mode solutions
of [45] exist of the form

B _ e
t ½46�

Equations [45] become


B ¼ �� u� Bð Þ þ Rm – 1r2B ½47a�

where

� ? B ¼ 0 ½47b�
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The boundary conditions and the equations govern-
ing B̂ are unaltered. Together they define an
eigenvalue problem of a type commonly encountered
in fluid stability theory. The eigenvalue is the growth
rate 
, and Rm is the ‘control parameter’.

For bounded volumes V, the eigenfunctions, B�,
form a complete set, in terms of which an arbitrary

solution of [45] can be expanded:

B ¼
X
�

B� xð Þ exp 
�tð Þ ½48a�

and the spectrum of 
� is discrete, with limit point at
�1. The eigenvalue problem is not self-adjoint in
general. The growth rates 
� may be complex,
although they then occur in conjugate complex
pairs, so that the corresponding eigenfunctions can
ensure the reality of the sum [48a]. Greatest interest
attaches to the 
� (or 
�s) having the greatest real
part, because these dominate the solution for large t ;
for presentational simplicity we suppose that only
one such eigenvalue exists and denote it by 
max.

The eigenvalues are continuous functions of the
control parameter. As Rm varies, mode crossing may

occur, and a complex eigenvalue pair may become
real or conversely. If

Re 
maxð Þ � 0 ½48b�

the corresponding term in [48a] will persist for all
time, showing that the flow Rm u is dynamo. In fact, if
Re(
max) > 0, the field grows without bound, a phy-
sical absurdity that arises from the linearity of the
kinematic dynamo problem. It is removed by the
nonlinear Lorentz force in the MHD dynamo pro-
blem. If [48b] does not hold, all terms in [48a]
disappear as t!1, and the motion Rm u is not a
dynamo for this Rm.

As in fluid stability theory, the ‘marginal’ or ‘cri-
tical’ mode is of special interest. This is defined by
the smallest value Rmc of Rm for which

Re 
maxð Þ ¼ 0 ½48c�

The critical mode may not exist, in which case the
postulated u is not a dynamo for ‘any’ Rm. When the
critical mode exists, it is of one of two types:

Imð
maxÞ ¼ 0; called a DC mode

Im ð
maxÞ 6¼ 0; called an AC mode
½48d�f

Here ‘AC’ and ‘DC’ follow everyday usage of these
abbreviations: AC for alternating current; DC for direct
current. The DC case is a ‘direct bifurcation’; the AC

case is often called a ‘Hopf bifurcation’ (although such
bifurcations had earlier been studied by Eddington,
who called the bifurcation ‘overstability’).

It will be shown in Section 8.03.3.4 that, Re(
max) is
bounded above so that, in the original dimensional
variables, Re(
max) is at most of order 1/T u, which is
independent of �. It might be supposed that a limit
of this order is necessarily attained as Rm!1, but
this is not so. As the dimensional u is increased, flux
expulsion as described in Section 8.03.2.6 becomes
more effective and regeneration is increasingly
confined to current sheets of diminishing thickness.
As a result, the dimensional Re(
max), after reaching
a maximum, may decrease. Three types of kinematic
dynamo are usually distinguished: If the dimensionless
Re(
max) tends to a ‘positive’ limit as Rm!1, the
dynamo is ‘fast’. In this limit, the dimensional Re(
max)
is independent of � and of order T u

�1. If the dimen-
sional Re(
max) is of order T �

�1 (though positive), the
dynamo is ‘slow’; if it is positive and lies between T �

�1

and T u
�1, it is an ‘intermediate dynamo’. Plausibly, the

geodynamo is slow (Section 8.03.5.4).
If u(�x)¼�u(x), the MHD equations admit

solutions of two distinct parities: either
B(�x) XB(x) or B(�x) X�B(x). But it is not gener-
ally true that, if u(x) regenerates field, so will �u(x);
in general 
(�Rm) 6¼
(Rm). A striking example of
this is the homopolar dynamo of Section 8.03.1.1,
where reversing u destroys regeneration and actually
hastens the demise of B. The eigenvalue problem for

 is not self-adjoint. (The adjoint dynamo problem
was first derived by Roberts (1960). It has the same
eigenvalues as [47] but different eigenfunctions. See
Gibson and Roberts (1966), Proctor (1977b), Kono
and Roberts (1991), and Sarson and Gubbins (1996)).

When the dynamo is of DC type, the critical mode
can be found by setting 
¼ 0 in [47a]. This transfers
the eigenvalue from 
 to Rmc:

0 ¼ Rmc�� ðu� BÞ þ r2B ½49�

8.03.3.4 Bounds on the Magnetic Reynolds
Number

The discussion following [11b] indicates that dynamo
action is possible only if Rm is big enough. Lower
bounds on Rm have been derived by Backus (1958),
Childress (1969b), and Roberts (1967). We derive only
the first of these here, in dimensional units.

The Backus and Childress bounds follow from the
evolution equation for the ‘total’ magnetic energy M

defined in [43c]. Applying [13h] to V and V̂ and
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adding, using [25f] and the dynamo condition [32],
we have

dM

dt
¼ –� –

Z
v

u ? ð J� BÞ dV ½50�

The Backus bound requires that u¼ 0 on S. Then, by
[15] and the divergence theorem,Z

V

u ? ðJ�BÞdV ¼
Z

V

uirj�
B
ij dV ¼

Z
V

�B
ijrj ui dV

¼ 1

�0

Z
V

dij Bi Bj dV ½51a�

where dij ¼ 1
2 riuj þrj ui – � ? u 
ij

	 

reduces to

the rate of strain tensor when the fluid is incompres-
sible. Evidently,Z

V

dij Bi Bj dV � �max

Z
V

B2dV � 2�0M�max ½51b�

where �max is the largest absolute value taken by any
eigenvalue of dij anywhere in V. It now follows from
[50], [51a], and [51b] and the variational inequality
[43b] that

dM

dt
� 2 �max – �k2

min

� �
M ½51c�

In terms of the magnetic Reynolds number

RmB ¼ �max=�k2
min, [51c] shows that a necessary con-

dition for dynamo action is RmB > 1. It also
demonstrates that the maximum growth rate of B is
�max� �kmin

2 . The result [51c] was first established by
Backus (1958) for the incompressible case [12] (see
also Proctor (1977a)).

The Childress bound

dM

dt
� 2kmin umax – �kminð ÞM ½52�

is also obtained from the energy equation without
assuming that u X 0 on S. In terms of the magnetic
Reynolds number RmC ¼ umax=�kmin, [52] shows that
a necessary condition for dynamo action is RmC > 1. It
also demonstrates that the maximum growth rate of B
is kmin umax – �kminð Þ. In any specific situation, the
bound RmC may be lowered by rotating the reference
frame to reduce umax since, as noted in Section
8.03.2.3, the induction equation is invariant under
rotation of frame.

It was recognized in Section 8.03.2.6 that, if ur X 0
in a sphere (i.e., if uP X 0), B collapses as the field lines
diffuse inexorably inwards with a velocity of order
U �¼ �/rc. This can be countered by a sufficiently
large ur and, the bigger the ur, the larger the ratio B P/
B T for the BP created from BT. It is therefore

plausible that, to maintain the dynamo for the speci-
fied B P/B T, ur must exceed O B P=B T½ �U �

� �
. This idea

was made precise by Busse (1975), who showed that,
if MP and MT are the magnetic energies of the
poloidal and toroidal fields, a necessary condition
for dynamo action is

MP X
1

2�0

Z
V1

B2
P dV � 1

2
Rm2

r MT

MT X
1

2�0

Z
V

B2
T dV

½53a�

and Rmr ¼ rurj jð Þmax=� (see also Roberts (1987)).
Proctor (2004) derived a similar but stronger

result. He showed that a necessary condition for
dynamo action is

RmP �
1

2
RmT þ

ffiffiffi
2
p� � – 1

½53b�

where RmP ¼ uPmax
rc=� and RmT ¼ uTmax

rc=� are the
magnetic Reynolds numbers based on the maxima of
the poloidal and toroidal flow speeds.

8.03.3.5 Antidynamo Theorems

The bounds of the last subsection provide precise
necessary conditions for dynamos to exist, but these
conditions are not sufficient. This became important
in 1934 when Cowling announced an unexpected and
negative result that was the first of so many other
‘antidynamo theorems’ (ADTs) that many believed it
would only be a matter of time before a general ADT
was proved:

• Cowling’s theorem: Axisymmetric magnetic fields

cannot be maintained by a dynamo.

By [9], a u that has �-dependent components
necessarily creates from an axisymmetric B, a field
with �-dependent components. The theorem there-
fore pre-supposes that u ¼ �uð ) is axisymmetric. It
should be particularly noticed that Cowling’s theo-
rem does not rule out dynamos driven by
axisymmetric motions, but forbids such dynamos
from maintaining a field that has an axisymmetric
part (see Section 8.03.4.3).

In the steady state envisaged by Cowling (1934),
in which [26a] and [26b] hold, the axisymmetry of ��

means that �E�¼ 0, so that

��� �BM ¼ �uM � �BM ½54�

Cowling reversed the dynamo problem: instead of
seeking B for given u, he sought u for given B. He
noticed that an axisymmetric field satisfying the
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dynamo condition possesses at least one singular
latitude circle C (in V or on S) where �BM ¼ 0. In
general �� �BM 6¼ 0 on C (or if it vanishes then �BM

vanishes to higher order) so that [54] requires
�uM¼1; in the terminology of Section 8.03.2.3, the
flow is ineligible. There is only one escape: �BM X 0,
i.e., �B¼ �B1�, but this too can be ruled out by geome-
trical reasoning (Roberts, 1967).

Cowling’s argument applied to both compressible
and incompressible fluid motions but it had a lacuna
(Roberts, 1967). Backus and Chandrasekhar (1956), and
later Braginsky (1965a), provided more robust proofs
that applied to incompressible, but not necessarily
steady, fields and motions. Ivers and James (1984)
gave a proof that is valid for both compressible and
incompressible unsteady motions. These results gener-
alize the theorem beyond what Cowling had in mind.

Braginsky’s (1965a) proof, which applies to
unsteady B and incompressible u, is useful here. It
starts by extracting from [9] the equations governing
the functions �A� s; z; tð Þ and �B� s; z; tð Þ defining
the general axisymmetric field [37]:

qt
�A� þ s – 1�uM ? � s �A�

� �
¼ �	�A� ½55a�

qt
�B� þ s�uM ? � s – 1 �B�

� �
¼ �	 �B� þ s�BM ? �� ½55b�

where 	¼r2� s�2 and � is the zonal shear �u�=s . The
last term in [55b] is a source that can create zonal field
from meridional field by the !-effect (Sections 8.03.2.5
and 8.03.2.6). There is however no corresponding source
in [55a] to generate meridional field from the zonal field;
the left-hand side of [55a] merely represents the advec-
tion of �BM and not its creation. Braginsky’s proof consists
in showing that �A� ! 0 as t !1, where upon the last
term in [55b] vanishes also, so that �B�, having lost its
source, disappears too. It is interesting to realize that the
magnetic energy of an initially specified field may at
first grow enormously through the!-effect, and yet the
entire field must eventually become arbitrarily small. It
is true quite generally in dynamo theory, that a demon-
stration that a flow initially amplifies a field does not
establish that it is a dynamo. This is a consequence of
the non-self-adjointness of the dynamo problem (see
Section 8.03.3.3).

• The Cartesian analog of Cowling’s theorem is
due to Cowling (1957):

Two-dimensional field theorem: Two-dimensional mag-

netic fields cannot be maintained by a dynamo.

Here ‘two-dimensional’ (2D) means that all three com-
ponents are independent of one Cartesian coordinate; it
does not mean that any particular component is

identically zero. A 3D velocity u necessarily induces a

3D field from a 2D field. The theorem therefore pre-

supposes that u is 2D. It should be particularly noticed

that the theorem does not rule out dynamos driven by

2D motions, but forbids such dynamos from maintain-

ing a field that has a 2D part (see Section 8.03.4.3).

• Perhaps the ADT next in significance to
Cowling’s theorem is the

Toroidal velocity theorem: The toroidal motion of an

incompressible fluid in a spherical conductor cannot main-

tain a magnetic field by dynamo action.

Following the discussion in Section 8.03.2.6, this

ADT is hardly a surprise! Its proof has points of

similarity with Braginsky’s proof of Cowling’s theo-

rem, with S and T taking over the roles of �A� and �B�,

respectively. It is more convenient to work with Q X

r ? B ¼ L2Sð Þ and T rather than S and T. The induc-

tion equation [9] implies that

qt Q þ u ? �Q ¼ �r2Q þ B ? �ðr ? uÞ ½56a�

The final term in [56a] is the only source that can
maintain Q, and it is absent if the motion is purely
toroidal r ? u X 0ð Þ. Then Q, and therefore S and BP,
disappear in a time of order T �. When neither poloi-
dal field nor poloidal flow is present, the induction
equation reduces to

qt T þ u ? �T ¼ �r2T ½56b�

This resembles the heat conduction equation with T

being temperature. There is no source of T within V

and T¼ 0 on S. Therefore BT disappears in a time of
order T �.

The toroidal velocity ADT is due to Elsasser (1947)

and Bullard and Gellman (1954) (see also Cowling

(1957)). There is no analogous poloidal velocity

ADT; Love and Gubbins (1996a) have constructed a

dynamo maintained by a purely poloidal flow.

• The Cartesian analog of the toroidal velocity
theorem (Zeldovich, 1956) is

Planar velocity theorem: Motions in a plane layer that

everywhere lack a component perpendicular to the boundaries

cannot maintain a magnetic field by dynamo action.

Bachtiar et al. (2006) recently pointed out that the

shape of V is important: in a sphere, planar motions

can maintain a dynamo.

• Kaiser et al. (1994) established a result that also
follows from Proctor’s theorem [53b]:

Toroidal field theorem: A purely toroidal field cannot be

maintained by a dynamo.
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This is also called the ‘invisible dynamo theorem’
since it shows that a dynamo necessarily signals its
existence magnetically outside the conductor. (A
dynamo generally produces an external electric
field since charges on S must be present to prevent
the currents from leaving V.)

For other ADTs, see Hide (1979), Hide and Palmer
(1982), Ivers and James (1981, 1986, 1988a,b),
Namikawa and Matsushita (1970), and Zeldovich
and Ruzmaikin (1980).

8.03.4 Laminar Dynamos

8.03.4.1 Early Successful Models

The difficulty faced by early dynamo theorists is
apparent from the last subsection: It was necessary
either to prove a general ADT or to construct an
explicit working model. As the computers then avail-
able were incapable of deriving convincing numerical
solutions of the partial differential equations posed by
the induction equation [9], the explicit model could
emerge only from mathematical analysis, perhaps sup-
plemented by sufficiently undemanding numerical
work. At first there seemed to be little hope of finding
simple, exact solutions of [9] satisfying the dynamo
condition, and thoughts naturally turned to approxi-
mate procedures, but a convincingly converged result
required expansion in a small parameter. The bounds
of Section 8.03.3.4 show that Rm is certainly not that
parameter! Eventually, two successful models were
produced (Backus, 1958; Herzenberg, 1958). These
provided the first, and much needed, mathematical
demonstrations that homogeneous dynamos exist, so
establishing that a search for a general ADT would be
fruitless. The Herzenberg flow u is steady. It inspired
the first homogeneous dynamo experiments (Lowes
and Wilkinson, 1963, 1968) and further theoretical
studies (see for example Gibson (1968) and, most
recently, Brandenburg et al. (1998)).

A step closer to geophysical reality was taken by
Braginsky (1965a), who based an asymptotic model
on a simple idea: if the magnetic Reynolds number
Rm ¼ �u�rc=� based on the zonal core motion �u� is
large, even a small deviation u9 from axisymmetry
may suffice to produce (from the �B� created by the
!-effect) the �BM necessary to defeat Cowling’s theo-
rem. To achieve this, u and B are expanded in powers
of Rm�1/2, the leading terms being �u� and �B�. Then
u9 of order Rm�1/2�u� induces from �B� an asymmetric
B9 of order Rm�1/2 �B� that in turn generates an emf

�E�¼ ðu9� B9Þ� of order Rm�1 �B�. This is a source

that must be added to the right-hand side of [55a]. It
may maintain a meridional field �BM of order Rm�1 �B�,

which is precisely the strength necessary to create �B�
by the !-effect. This regenerative loop, �B� $ �BM,

parallels the one that maintains a turbulent dynamo
in Section 8.03.5.2 below. To leading order,

�E� ¼ ��B�1� ½57�

where � is O (Rm�1) and can be calculated explicitly
from u9 and �u�, though the recipe is rather compli-
cated. Soward (1972) showed how � is linked to the
helicity of u. After the source [57] has been inserted
into the right-hand side of [55a], Cowling’s theorem is
no longer a threat; self-excited �B may exist and may be
found by solving [57a] and [57b] for �B numerically, a
task that is far less challenging than integrating the 3D
induction equation [9] for B. Braginsky (1964a) suc-
cessfully solved three such axisymmetric models. One
of these even contains a dynamical element: the angu-
lar velocity �i of the inner core was determined from
the magnetic torque �z, i by solving the equation of
motion for the SIC (see [35b]).

Two features of Braginsky’s asymptotic analysis are
of special geophysical interest. First, since

B9=�BM ¼ OðRm1=2Þ�1, it might seem at first sight

that his expansion is geophysically irrelevant. Because
Rm� 1 however, the largest terms in his expansion of

B9 are frozen to the fluid and do not escape from the
core. In fact, bB9 ¼ O Rm – 1B9ð Þ ¼ OðRm – 1=2bBMÞ, con-
sistent with the small tilt of the centered dipole. Second,

as is clear from his generalization ( Braginsky, 1965b), u9

and B9 should be attributed mainly to large-scale, long-

itudinally moving planetary waves that ride on the
axisymmetric state �u� and �B�, creating as they do so

the � that sustains �BM. This attractive idea gives a new
significance to the westward drift of the observed geo-

magnetic field.

8.03.4.2 One-Dimensional Models

The existence of simple solutions of [9] satisfying the

dynamo condition was overlooked until 1973 when
Ponomarenko devised a 1D model, that is, one in

which u depends solely on one coordinate s and is
independent of �, z (and t), so that [36] simplifies to

B ¼ B1ðsÞ expðım�þ ıkzþ 
tÞ ½58a�

Cowling’s theorem demands that m 6¼ 0 and the 2D
field ADT that k 6¼ 0.
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In the model of Ponomarenko (1973), the conduc-
tor fills all space but is stationary outside a cylinder of

radius a. The dynamo condition requires that B1(s) is

exponentially small for s!1. Within C, u is a ‘solid-

body’ motion, that is, a motion that C can execute

even if solid. The velocity of C is helical, a combina-

tion of a uniform velocity U along the axis Oz and a

rotation about Oz with uniform angular velocity !:

u ¼
s!1� þ U1z; if s < a

0; if s > a

(
½58b�

see Figure 8. If U¼ 0, the motion has no component
in the z-direction and the dynamo fails by the planar
velocity ADT. Clearly, there is an infinity of possible
models, distinguished by the value of p¼ a�/U

where �1< p <1. For p 6¼ 0, the motion [58b] is
non-mirror-symmetric, the positive helicity of a
model with p > 0 being mirrored by the negative
helicity of the model of opposite p.

The magnetic Reynolds number is defined as

Rm ¼ umaxa=�, where umax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U 2 þ !2a2
p

. The

eigenvalue problem for 
(m, k) only requires that ordin-

ary differential equations for B1(s) be solved, and that

can be done analytically, leading to a dispersion rela-

tionship for 
 that can be solved even on a pocket

calculator! As described in Section 8.03.3.3, the smallest

value of Rm for which Re(
)¼ 0 is minimized over m

and k to give Rmc and, since Im(
c) 6¼ 0, the dynamo is

of AC type. The minimum of Rmc over jpj gives the

most efficient generator, and Rmc� 17.7 for this model.
The Ponomarenko dynamo spawned a number of

similar ‘screw dynamos’: Léorat (1995), Lupian and

Shukurov (1992), Lupian et al. (1996), Ruzmaikin et al.

(1988, 1989), Sokoloff et al. (1989), Solovyev (1985a,
1985b, 1987). Because of the infinite shear on s¼ a,
the Ponomarenko dynamo is fast (Gilbert, 1988).
Screw dynamos, in which the infinite shear is smoothed
out in a narrow layer, are also efficient generators but,
in the terminology of Section 8.03.3.3, they are ‘inter-
mediate’. A Ponomarenko-type dynamo of finite z-
length (Gailitis, 1990) developed into a homogeneous
dynamo successfully demonstrated in laboratory
experiments; see Chapter 8.11.

8.03.4.3 Two-Dimensional Models

As noted in Section 8.03.3.5, the 2D field ADT does
not exclude models driven by 2D motions, that is,
flows independent of one Cartesian coordinate, z. For
these [46] simplifies to

B ¼ B2ðx; yÞ expðıkzþ 
tÞ ½59�

The 2D field ADT merely requires that k 6¼ 0.
The earliest 2D model was the spatially periodic

dynamo of G. O. Roberts (1972), in which

u ¼ 1x sin y þ 1y sin x þ 1zðcos x – cos yÞ ½60a�

The projection onto an xy-plane of this flow is sketched
in Figure 9(a). There is, in addition to the xy-compo-
nents of motion shown, a z-component into (out of ) the
paper for each clockwise-turning (counterclockwise-
turning) ‘cell’. Although the model predates
Ponomarenko’s, each cell resembles a Ponomarenko
dynamo, adjacent cells moving in opposite z-directions
but having the same positive helicity H.

From the real part of [59], the xy-average of B at
t¼ 0 is

�B ¼ B0ð1xcos kzþ 1y sin kzÞ; where k > 0 ½60b�

It is exponentially stretched where it crosses the
dividing streamlines at the stagnation points shown
in Figure 9(a). This makes the motion [60a] an
efficient generator (Section 8.03.2.6). Strictly it is an
intermediate dynamo although it would be fast, but
for a logarithmic factor (Soward, 1987). It is the basis
of successful laboratory experiments demonstrating
homogeneous dynamo action (see Chapter 8.11).

The way in which the flow [60a] generates �B is
sketched in Figure 9(b), where three constant-z

‘decks’ are shown spanning one-quarter of a
z-wavelength. On the ‘lower’ deck, the flow has an
‘upward’ component in the shaded patches and the
mean field (in the direction indicated) is ‘lifted
upwards’ and twisted by the ‘vertical’ vorticity so

Figure 8 The Ponomarenko dynamo. The outer cylinder

represents a stationary conductor that fills all space, apart

from the central cylinder that moves in the spiral indicated.
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that it is roughly in the direction Ox of the mean field
on the center deck. On the upper deck (z¼ �/4k), the
flow has a ‘downward’ component in the unshaded
patches and the mean field (in the direction indi-
cated) is ‘depressed’ to the center deck and twisted
by the vorticity so that it too is roughly in the
x-direction of �B. The same process reinforces �B on
every z-section of the flow. The mean field [60b] is
helical, in the sense that �� �B¼ – k�B; the current
helicity HJ ¼ �B ? �� �B is negative, as is the mag-
netic helicity HB ¼ �A ? �� �A¼ �A ? �B.

In addition to [60a], Roberts (1972) investigated
three other dynamos driven by spatially periodic
flows (see also Roberts (1969) and Childress (1969a,
1970)). Since then there have been several other
studies of such systems, most recently by Tilgner
and Busse (1995), Zheligovsky and Galloway
(1998), and Demircan and Seehafer (2002).

The term ‘2D’ can be generalized to cover
motions ‘independent of one coordinate’, either z as
in the Cartesian 2D models described above, or � as
in the spherical 2D dynamos described next. As noted
in Section 8.03.3.5, Cowling’s ADT does not exclude
models driven by axisymmetric motions �u. For these
[46] simplifies to

B ¼ B9ðr ; �Þexpðım�þ 
tÞ ½61�

Cowling’s ADT merely requires that m 6¼ 0. When
Im(
c) 6¼ 0, the field [61] moves longitudinally as a
‘dynamo wave’, regenerating itself as it goes (see also
Section 8.03.5.2 below).

Although spherical 2D models were first proposed
more than four decades ago, perhaps the first convin-
cing model was that of Roberts (1971b), which was
solved numerically. It is driven by an adaptation of a

Cartesian periodic motion that forces it into a sphere
(see also Childress (1970)). A simpler flow was
employed by Gubbins (1973). Three models devised
by Dudley and James (1989) deserve special notice.
They explore symmetries with simple �u and have
proved useful in interpreting laboratory experiments
(see Chapter 8.11).

Gailitis (1993, 1995) investigated several spherical
2D models, in which the conductor fills all space but is
stationary outside a sphere. Although electric currents
now leak into V̂, the dynamo condition still imposes
[32]. Gailitis made an interesting comparison between
two similar flows, one having helicity and one without
it. Both regenerated field but Rmc was much smaller
for the helical model. He concluded that ‘helicity is
favorable but not indispensible’ for dynamo action.

8.03.4.4 Three-Dimensional Models

When u depends on all three coordinates, separable
solutions of the form [58a], [59], or [61] do not exist,
so that [46] is the only simplification in solving [9].
We classify these ‘3D models’ as cylindrical,
Cartesian, or spherical.

The cylindrical 3D class consists of the models of
Lortz (1968). As for the Ponomarenko model, these
operate in a conductor filling all space. They capita-
lize on the effectiveness of helicity in field
generation, and they can be solved analytically.
They will not be described here. Their theory has
been developed most recently by Eltayeb and Loper
(1988), Lortz (1990), and Soward (1990).

The Cartesian 3D class is exemplified by Beltrami
motions, defined as those in which the flow u and the
vorticity w ¼ �� u are everywhere parallel, so that

y

y

z B

B

B

(a) (b)

x

x

kz = π/4

kz = –π/4

kz = 0

Figure 9 The G.O. Roberts dynamo. (a) The xy-projection of the periodic pattern of motion that fills all space. The flow also

has a component out of (into) the plane of the paper in the counter-clockwise-moving (clockwise-moving) cells; (b) the effect

of the motion on the mean field (see text).
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the helicity is maximal (i.e., jHj ¼ juj jwj; see Section

8.03.2.6). The G. O. Roberts dynamo [60a] is a 2D
Beltrami flow. A famous 3D example is the Arnold–

Beltrami–Childress or ABC flow, defined by

u ¼ 1xðC sin zþ B cos yÞ þ 1yðA sin x þ C cos zÞ
þ 1zðB sin y þ A cos xÞ ½62�

Depending on the choice of the constants A, B, and C,

this flow possesses chaotic streamlines (see Section

8.03.2.6) and may be a fast dynamo (see Galloway and

Frisch (1986)).
The earliest example of the 3D spherical class was

that of Herzenberg (1958). The first successful com-

putational models were those of Pekeris et al. (1973)

and Kumar and Roberts (1975). The latter aimed at

comparing 3D models with corresponding 2D models

derived from Braginsky’s asymptotic analysis
(Section 8.03.4.1). Four independent parameters

define this model, one for the zonal flow, one for

the meridional flow, and two for the asymmetric

(poloidal) flow. This 4D parameter space has been

thoroughly investigated in papers by Gubbins et al.

(2000a, 2000b), Gubbins and Gibbons (2002), Holme

(1997), Love and Gubbins (1996a, 1996b), Sarson and

Gubbins (1996). They found few regenerating solu-

tions, prompting Gubbins et al. (2000a) to opine that

‘‘Dynamo action might, therefore, be quite unusual,
at least for a large-scale flow.’’ The particular case in

which the zonal flow parameter is zero, led to the

successful poloidal field model referred to in Section

8.03.3.5 (see Love and Gubbins (1996a)).
Two further issues about spherical kinematic models

should be mentioned. The first concerns the paradoxical
result of Bullard and Gubbins (1977): it appeared that,

contrary to intuition, Rmc can be reduced by bringing to

rest the outermost layer of fluid (see also Liao et al.

(2005), Sarson and Gubbins (1996), Serebrianya

(1988)). This enhancement of dynamo action is wel-
come news for those who believe on other grounds that

the uppermost layers of the FOC are stably stratified

(see, e.g., Braginsky (1984) and Moffatt and Loper

(1994)). The reduction of Rmc is attributed by

Hutcheson and Gubbins (1994) to the diffusion (into

the stagnant layer) of toroidal field that would otherwise
concentrate more intensely near the boundary and pro-

duce a larger ohmic loss. Some laboratory dynamos also

make use of stagnant surroundings to make field regen-

eration easier; see Chapter 8.11.
The second issue concerns a case in which even [46]

does not apply: dynamos driven by time-dependent,

periodic u, such as those produced by precessional

forcing. Then B oscillates within an envelope that
grows or diminishes in amplitude, corresponding respec-
tively to regeneration or nonregeneration; Floquet
theory can decide which. (See Willis and Gubbins
(2004), who study a model in which u has the same
spatial form as the Kumar–Roberts dynamo but oscil-
lates sinusoidally in time.) The success of the Backus
(1958) dynamo depended on the choice of a time-depen-
dent u that is periodic but far from sinusoidal.

8.03.5 Turbulent Dynamos

8.03.5.1 Induction by Cyclonic Turbulence

The importance of helicity in promoting dynamo
action was first realized by Parker (1955) in the context
of solar magnetism. He argued that Coriolis forces
make solar turbulence ‘cyclonic’. He visualized that,
through the process idealized in Section 8.03.2.6, each
turbulent eddy generates a flux loop in the plane
perpendicular to the inducing field (represented by
the flux rope in Figure 5). He pointed out that a
large-scale mean field b is then produced in that
plane through the diffusive merging of each loop
with those created by neighboring cyclonic eddies.
Similarly in spherical geometry, a mean zonal field
�B� induces a mean meridional field �BM, leaving the

o-effect to complete the regenerative cycle �B� $ �BM

and so defeat Cowling’s theorem.
In cyclonic turbulence, the helicity is positive, and

each induced flux loop encircles its parent flux rope in
the left-handed sense so that the associated electric
current j is antiparallel to the flux rope, and the sum
B(¼B0þ b) of the induced and inducing fields has
negative current helicity HJ¼�0 J ? B. Positive HJ is
produced by anticyclonic turbulence. This heuristic
description of Parker’s idea relies on Alfvén’s theorem,
and this is appropriate if the magnetic Reynolds num-
ber Rm9 of the turbulence is large. To show more
formally that helicity acts in a similar way for all Rm9,
we represent turbulent fields traditionally as
u¼ �uþ u9, where �u is the turbulent (ensemble) average
of u and u9 is the fluctuating remnant. This notation
will apply in this subsection even though it conflicts
with that of Sections 8.03.3 and 8.03.4, where �u and u9

were the axisymmetric and asymmetric parts of u. No
confusion should arise; in fact, some parallels with
Section 8.03.4 may emerge more clearly. In the follow-

ing qualitative arguments, �L 	 rc; �T u ¼ �L =�U ;
�T � ¼ �L 2=�, and �U are characteristic of �u, while L 9,

T 9u(¼ L 9/U 9), T 9�¼ L 92/�, and U 9 ¼
ffiffiffiffiffiffiffi
u92
p

are
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characteristic of u9; the corresponding magnetic
Reynolds numbers are Rm ¼ �U �L =� and
Rm9 ¼ U 9L 9=�.

Substitution of u¼ �uþ u9 and B¼ �BþB9 into
[6e] and averaging leads to

��� �B ¼ �Eþ �u� �Bþ �E ½63a�

where

E ¼ u9� B9 ½63b�

Attention focuses on the new term �E in the Ohms law
[63a] for the mean field �B. Out of the recognition of
the existence and importance of this term, a new
subject was born, ‘mean field electrodynamics’ or
‘MFE’. To evaluate �E, it is necessary to find, or at
least evaluate approximately, the solution of the
equation governing B9. This equation is derived
from [6e] and [63a] by subtraction:

��� B9 ¼ E9þ u9� �Bþ �u� B9þ E9 ½63c�

(The possibility that a dynamo operates with B9

alone, that is, from solutions of [63c] with B X 0, is
irrelevant to MFE and is not considered here.)

Consider induction by homogeneous turbulence,
that is, turbulence whose statistical properties are
the same for all points x so that, for example, the
correlation between the velocity at two different
points depends only on t and their separation x,
that is,

Q ij ðx; tÞ ¼ ui ðx1; tÞuj ðx1 þ x; tÞ ¼ Q jið – x; tÞ ½64�

is independent of x1; similarly, �u is constant, assumed
zero by choice of reference frame. Suppose that
Rm9� 1. Two simplifications are immediate. First,
the emf u9� �B produces a field at most of order Rm9�B
and this in turn creates a contribution to E9 of order
Rm9u9� �B which is negligible compared with u9� �B
in [63c]. We may therefore set E9¼ 0, a step usually
called ‘first-order smoothing’ and here justified.
Second, we recall from Section 8.03.2.6 that, when
Rm9� 1, ��E9¼ 0 to leading order. By [10b], [12],
and [63c], we therefore have

�r2B9 ¼ u9 ? � �B – �B ? �u9 ½65�

The sources of B9 on the right-hand side of [65] make
two contributions to �E:

• The first source creates B9 of order L 9Rm9��B.
This generates an O �Rm92��B

�
) part of �E that may be

written as �EðsÞi ¼ – �ijk�j
�Bk , where �ijk depends only

on the symmetric part Q
ðsÞ
ij ¼ 1

2 Q ij þ Q ji

� �
of Q ij.

If the turbulence is isotropic, that is, has statistical
properties independent of direction, �ijk¼ ��ijk with
� > 0. Then �E¼���� �B and, if this term is trans-
ferred to the left-hand side of [62a], it is immediately
seen that its effect on �B is purely diffusive, just as
though the molecular diffusivity � were enhanced by
a turbulent diffusivity � of order U 92T 9�.

• The second source in [65] creates B9 of order
Rm9�B. This generates an O (U 9Rm9�B) part of �E that
may be written as �EðaÞi ¼ �ij

�Bk where �ij depends only
on the antisymmetric part Q

ðaÞ
ij ¼ 1

2 ðQ ij – Q jiÞ
of Q ij . The classic theory of turbulence supposes
mirror symmetry, which means that its statistical
properties are unchanged by the coordinate reflec-
tion x!�x, so that Q ij

(a)¼ 0, by [64]. Cyclonic
turbulence lacks mirror symmetry and Q ij

(a) 6¼ 0.
The simplest case is ‘pseudoisotropic turbulence’,
which is statistically independent of direction, but
possesses mean helicity �h¼ u9 ? w9. Then �ij¼�
ij

and �E¼��B, where �¼O (�hT 9�). In agreement with
the earlier heuristic arguments, � and �h usually have
opposite signs.

Summarizing the discussion so far, we have found
that

�Ei ¼ �ij
�Bj – �ijkrj

�Bk ½66a�

or in the isotropic case

�E ¼ ��B – ��� �B ½66b�

The creation of the large-scale emf ��B parallel to �B
is called the �-effect, for no better reason than the
choice made by Steenbeck et al. (1966) for the con-
stant of proportionality. The �-effect is a classic
example of ‘inverse cascade’ or what is sometimes
called an ‘up-the-spectrum process’, where the
small scales are not merely an energy sink for the
large scales.

The case Rm9� 1 is the easiest to analyze but the
least interesting since �E has little effect on �B; for
example, the turbulent diffusivity � is of order

U 92T 9� ¼ Rm92
m�� �. A more interesting and more

challenging case is Rm9� 1. It is more interesting
because �E in [63a] now plays a very significant
role in the electrodynamics. It is more challenging
because there is no simple route to [66]; indeed, [66]
is an oversimplification and first-order smoothing
is unjustified. On the assumption that [66] is
nevertheless an acceptable approximation, it is
often argued that, because of fast reconnection
(Section 8.03.2.3), � and � are independent of
�. Replacing therefore T 9� by T 9u in the small Rm9
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estimates for � and �, we obtain � ¼ Oð�hT 9uÞ and

� ¼ OðU 92T 9uÞ ¼ OðU 9L 9Þ � �. The diffusive

timescale of �B is �L 2=� rather than �L 2=�. In the case

of the Sun, �L 2=� may be billions of years but the

turbulence is so violent that �L 2=� may be the decadal

timescale of magnetic activity, the time during which

the Sun cleanses itself of old flux and makes new

reversed flux. The dynamo efficiency, E, defined by

[44a], is plausibly reduced by a factor of order �/� by

the ohmic losses of the turbulence. In order of mag-

nitude, the ratio ��B/��� �B of the two sources on

the right-hand sides of [66] is ��L =� ¼ Oð�h�L =U 92Þ.
Because L 9 � �L , the first dominates the second if �h
takes its maximum possible value of order U 92/L 9.

Even a helicity much smaller than this maximum can

create a significant �-effect when Rm9� 1.
The form of [66b] of �E relies on the (pseudo)

isotropy of the turbulence and ignores significant

questions, such as how Q ij
(a) can be created and main-

tained. Although the �-effect and helicity arise

naturally in rotating convective turbulence, Coriolis

and buoyancy forces, together with the Lorentz

forces from the �B created by the dynamo, make the

turbulence nonisotropic, possibly strongly so.

Generally [66a] is more realistic than [66b], but

modelers have often preferred the simpler choice

because it contains the essence, while involving

fewer ad hoc parameters. (But see, e.g., Krause and

Rädler (1980), Roberts (1972), Tilgner (2004)).
This discussion of MFE merely touches

the fringes of what has become a massive subject.

Further details can be found in Krause and

Rädler (1980), Moffatt (1978), and Rüdiger and

Hollerbach (2004).

8.03.5.2 Mean Field Dynamos

The impact of MFE and especially the �-effect has

been enormous, particularly in astrophysics. In

exploring a tiny fraction of what has been done, we

shall revert to the notation of Section 8.03.4 in which

�u and u9 are the axisymmetric and asymmetric parts

of u, but where now u(¼ �uþ u9) is the statistical

mean of the velocity; similarly for B. We adopt the

simpler [66b] of the two expressions for the emf.

This, combined with [63a] and the ensemble

averages of [1b] and [1c], gives the simplest form of

the ‘MF induction equation’:

qt B ¼ �� �Bþ u� Bð Þ þ ��r2B ½67�

where ��¼ �þ �. Self-sustaining solutions satisfying
the dynamo conditions are called ‘mean field
dynamos’ or ‘MF dynamos’. These have been prof-
fered as models of planetary, stellar, and galactic
magnetism.

The additional source �B in [67] means that
Cowling’s theorem (Section 8.03.3.5) does not pre-

vent B from having an axisymmetric part �B. We
concentrate mainly on this part, using the represen-

tation [37] and obtaining, in place of [55],

qt
�A� þ s – 1�uM ? �ðs �A�Þ ¼ ��	�A� þ ��B� ½68a�

qt
�B�þ s�uM ?�ðs –1 �B�Þ ¼ ��	 �B�þ s�BM ?�� – �	�A� ½68b�

As already noted in Section 8.03.2.6, dynamical con-
siderations favor the equatorial symmetry

� ð – zÞ ¼ –� ðzÞ; �usð – zÞ ¼ �usðzÞ
�u�ð – zÞ ¼ �u�ðzÞ; �uzð – zÞ ¼ – �uzðzÞ

½69a�

applying for each s. In this case there are two distinct
types of solutions:

dipole family: �Bsð – zÞ ¼ – �BsðzÞ;
�B�ð – zÞ ¼ – �B�ðzÞ; �Bzð – zÞ ¼ �BzðzÞ

½69b�

quadrupole family: �Bsð – zÞ ¼ �BsðzÞ;
�B�ð – zÞ ¼ �B�ðzÞ; �Bzð – zÞ ¼ – �BzðzÞ

½69c�

These imply �A�(�z)¼ �A�(z) for the dipolar family
and �A�(�z)¼��A�(z) for the quadrupolar family.
When [69a] does not hold, the solutions must gen-
erally involve both symmetry types.

The concept of equatorial symmetry applies to
general B after the overbars have been removed
from [69] and the MHD equations again allow solu-

tions of a single parity provided u(�x) ¼ �u(x). To
avoid confusion, however, the words ‘dipolar’ and

‘quadrupolar’ are usually then replaced by ‘antisym-
metric’ and ‘symmetric’, respectively, since the

equatorial dipole actually belongs to the symmetric

family. There has been considerable interest in the
equatorial symmetry of the paleofield (see Merrill

et al. (1996)).
Both the final term in [68a] and at least one of the

last two terms in [68b] are needed to maintain �B. We

first suppose that �uM is negligible or zero. There are
three possibilities:

• If �� �u�, the �-effect provides the dominating
source in [68b] and creates from �A� a zonal field of
strength �B�¼O (Rm��A�/L ), where Rm�¼�L /�� is

the �-effect Reynolds number; the �-source in
[68a] produces �A�¼O (Rm��B� L ) from �B�. Clearly
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regeneration requires that Rm� exceeds some critical
value Rm�c. Such a dynamo, that operates through
the ‘product’ of two �-effects, is called an �2-
dynamo.

• If �u���, the !-effect provides the dominating
source in [68b] and creates from �A� a zonal field of
strength �B�¼O (Rmw �A�L ), where Rmw¼ �L 2/�� is
the !-effect Reynolds number. The �-source in
[68a] produces �A�¼O (Rm��B� L ) from �B�, as before.
Clearly, regeneration requires that the ‘dynamo
number’, D¼ Rm�Rmw¼��L 3/��2, exceeds some cri-
tical value Dc. Such a dynamo, that operates through
the ‘product’ of �- and !-effects, is called an �!-
dynamo.

• If �	 �u�, the two sources in [68b] are equally
effective and must be retained, giving an �2!-
dynamo. This less-studied case will not be consid-
ered here.

Many solutions of each type have been generated.
The �2-dynamos satisfy [67] with u X 0, and are
usually of DC type. This is so for the very simple
spherical solutions that exists when � ( 6¼0) is a con-
stant. These can be readily found by the technique of
Section 8.03.3.2, which applied to [67] gives

qt T ¼ ��r2T – �r2S ½70a�

qt S ¼ ��r2S þ �T ½70b�

Marginal solutions are of DC type and satisfy (in
nondimensional variables) r2Tþ Rm2

�cT¼ 0, where
Rm�¼�rc/��. Instead of [42c] and [42d], we have

T ¼ Rm�c jnðRm�crÞYnð�; �Þ ½70c�

S ¼ jnðRm�crÞ – Cnr n½ �Ynð�; �Þ ½70d�

If Cn ¼ Rm�c j 9nðRm�cÞ=ð2nþ 1Þ and jn(Rm�c)¼ 0, the
dynamo condition [40] is satisfied. Again n¼ 1 is the
critical mode and Rm�c¼ 4.493. This constant-�
model does not satisfy the symmetry condition [69a].

The �!-dynamos are usually of AC type, and
involve a particularly interesting phenomenon: the
‘dynamo wave’. Parker, who invented the �!-
dynamo, also exhibited dynamo waves for the first
time using a simple planar model in which the
�-effect creates Bx(y, t)1x from Bz(y, t)1z and a shear-
ing motion �x1z does the reverse; � and � are
constants. Equation [67] gives

qt Bx ¼ ��q2
y Bx þ �qyBz ½71a�

qt Bz ¼ ��q2
y Bz þ �Bx ½71b�

These equations admit solutions of the form

B _ exp ıðky –!tÞ½ � ½71c�

provided that

ðı! – ��k2Þ2 ¼ ı��k ½71d�

Only one root of this equation can be regenera-
tive, namely

! ¼ – ı��k2 –
1

2
��kj j

� �1=2

sgn ��kð Þ – ı½ � ½71e�

This gives growing B if Im(!) > 0, that is, if
D > Dc¼ 2, where D ¼ ��k – 3

�� ��=��2 is the dynamo
number. In the critical state D¼Dc, the frequency

!½¼ – ��k2 sgn ð��kÞ� is nonzero, so the dynamo is of

AC type. Magnetic activity progresses as a wave
moving with phase velocity – �� kj jsgn ��ð Þ1y . As in
Section 8.03.2.6, the drift speed U � of B relative to the
conductor is of order �/L , where L is the wavelength.

Parker (1957) used dynamo waves to explain the
solar activity cycle, which progresses from the poles
of the Sun to its equator. The timescale is consistent
with its 22-year period provided � is sufficiently
large, so that �T � is sufficiently small (see Section
8.03.5.1). Parker visualized that (x, y, z) in the planar
model correspond to (r, �, �), in that order, for
spherical �!-dynamos. The planar model then indi-
cates that, if � < 0 and if �> 0 in the Northern
Hemisphere, a dynamo wave originating near the
north pole will progress toward the equator. The
symmetry conditions [69a] show that one starting

near the south pole will also move toward the
equator. Subsequently, numerous integrations of
[67] in spherical geometry confirmed this (see, e.g.,
P.H. Roberts (1972). More recently, as mentioned in
Section 8.03.4.4, Gubbins and Gibbons (2002) found
similar solutions in a 3D kinematic model. As Section
8.03.2.6 has shown, �> 0 (�< 0) in the Northern
(Southern) Hemisphere is plausible, but advances in
helioseismology did not support � < 0, and this led to
the abandonment of Parker’s model of the solar cycle
in the simple form in which he originally conceived
it. Dynamo waves may nevertheless be significant for
the geodynamo (Section 8.03.6.3). In the 3D MHD
geodynamo simulation of Glatzmaier and Roberts
(1996a), waves of magnetic activity progress west-
ward through the core even though the fluid itself,
together with the SIC, moves predominantly east-
ward. It is tempting to believe that these are dynamo
waves, responsible for maintaining the �E � that the
dynamo requires, the relative motion of field and
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conductor being the resistive drift �/L described in
Section 8.03.2.6. This might explain both the
observed geomagnetic westward drift of magnetic
features across the CMB and the seismically inferred
(if controversial) eastward motion of the SIC. This
discussion of the �2- and �!-models has so far sup-
posed that �uM X 0. We now consider �!m-dynamos
in which �uM 6¼ 0. It was observed in Section 8.03.3.5
that �uM advects �A� and �B� but does not enable them
to defeat Cowling’s theorem. Nevertheless, �uM can
change the character of MF dynamos by carrying �B�
to regions where the �-source is particularly effec-
tive, and by advecting �A� to places where the !-effect
is especially potent, or it can do the reverse. This can
reduce or increase Dc considerably and can turn the
dynamo from AC to DC type. This is what happens
to the Braginsky models described in Section 8.03.4.1.
These do not create � at a point through helical
turbulence in the neighborhood of that point.
Instead, they produce � through the helicity of pla-
netary waves of global scale. Nevertheless, they are
MF dynamos, where the M refers to an average
over �. As shown in [56], their �-effect is confined
to the production of �A�, so they are �!-dynamos or
more precisely �!m-dynamos, since �uM is large
enough and of the right sign to reduce Dc signifi-
cantly and to create a steady �B.

Some vestiges of Cowling’s theorem infect models
based on [66b]. As pointed out in Section 8.03.3.5,
every regenerative �B has at least one singular latitude
circle C, in V or on S, where �BM¼ 0 and only
ineligible, infinite �u can maintain �B. Cowling’s argu-
ment also excludes MF dynamos based on [66b] that
have a singular C on any zero-� surface, such as the
equatorial plane for the symmetry [69a]. This means
that not only �B of the quadrupolar family [69c] but
also �B of the dipole family [69b] must possess at least
two singular C, one in each hemisphere. This tends to
make each hemisphere act as a dynamo, indepen-
dently of the other, so that reversing the sign of B
in one hemisphere almost creates an acceptable solu-
tion of the opposite symmetry. This means that Rm�c

for �2-dynamos, or Dc for �!-dynamos, is numeri-
cally nearly the same for one symmetry as for the
other (see also Proctor (1977b)). The more general
MF dynamos based on [66a] can in principle main-
tain the �E �(�z)¼��E �(z) symmetry of the dipole
family without excluding C from the equatorial
plane.

The reversals produced by the AC models are on
far too short a timescale to be relevant to the polarity
reversals of the geomagnetic field, which are much

more likely to have a dynamic than a kinematic
cause. Some of the DC models create �B remarkably
similar to those produced by 3D MHD geodynamo
simulations. Perhaps this is not too surprising since
(even though this tends to be hidden beneath its
greater complexity) an MHD model must still create
an �E � large enough to sustain the axisymmetric part
of its field.

8.03.5.3 Saturation: Intermediate Models

Nonlinear generalizations of MF dynamos provide
comparatively simple ways of exploring dynamical
issues. By assigning �, Cowling’s theorem is defeated
and the collapse of �B is prevented, leaving the inves-
tigator free to study nonlinear processes such as
‘saturation’, in which the Lorentz force equilibrates
�B at some statistically constant amplitude.

The only mechanism that can equilibrate an
�2-dynamo is a B-dependent �. The heuristic dis-
cussion of Parker’s �-effect in Section 8.03.2.6 makes
it clear that the larger the B in the flux tube, the more
it will resist deformation by a cyclonic eddy. This
motivates the commonly used but ad hoc Ansatz

� ¼ �0ðxÞ
1þ ðB=B0Þ2

ðB0 ¼ constantÞ ½72�

Additionally, it is reasonable to include a dependence
of � on the current helicity HJ , in recognition of the
decreased angle through which the � in Figure 5(a)
is turned by ! when B is increased (Roberts, 1971a).
The question of whether the full B or its statistical
mean should feature in [72] is of considerable interest
in solar physics and astrophysics but is probably less
significant for the geodynamo (see Section 8.03.5.4).

Nonlinear �!-models can saturate by a different
route: B-dependence of the !-effect. The energy
source powering these dynamos is usually assumed
to be pole-equator temperature differences produced
by convection. In a rotating system this creates a
thermal wind, �uT(s, z)1� (see Section 8.03.6.2). In
addition, Lorentz and viscous forces make two other
contributions to the !-effect: a magnetic wind
�uM(s, z)1� of order �B2

�/2��0�rc that tends to suppress
the zonal differential rotation, and a geostrophic wind
�uG(s)1� that depends only on distance s from the polar
axis (and t) (see Section 8.03.6.2). In total,

�u� ¼ �uTðs; zÞ þ �uMðs; zÞ þ �uGðsÞ ½73�

Because the �-effect and thermal wind are specified,
these 2D, nonlinear �2- and �!-models cannot
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properly be called ‘MHD dynamos’ but, as they take an
important step in that direction, they are often termed
‘intermediate dynamos’. No attempt will be made here
to review the, by now, extensive literature on inter-
mediate dynamo models; interested readers will find
Soward (1991) and Rüdiger and Hollerbach (2004)
informative. Despite significant progress, perplexing
issues remain unresolved, a state of affairs that is unli-
kely to improve quickly now that fully 3D MHD
geodynamo simulations have become commonplace.

8.03.5.4 Application of MFE to the Core

In analogy with the name traditionally given to
Pr¼ 	/�, the diffusivity ratios

Pm ¼ 	=� ½74a�

P� ¼ �=� ½74b�

P
 ¼ 
=� ½74c�

where 	 is the kinematic viscosity, � is the thermal
diffusivity, and 
 is the compositional diffusivity,
are often called ‘Prandtl numbers’. Since the FOC
is a liquid metal, Pm and P� are small, of
order 10�6–10�5, and P
 is even smaller, of order
10�10–10�9. In most laboratory experiments with
liquid metals, Rm� 1 so that EM induction is weak
(Section 8.03.2.6). For the FOC, Rm¼O (102), so that
the kinetic Reynolds number Re¼ U L /	 and the
Péclet number Pe¼ U L /� are of order 107–108. It
can hardly be doubted therefore that the FOC is
highly turbulent and that the molecular transport of
momentum, heat, and composition are, except on
tiny dissipation scales, negligible compared with
their turbulent transport. Because � is so large com-
pared with 	, �, and 
, it is far from obvious that the
turbulent transport of magnetic flux similarly dwarfs
its molecular diffusion. Plausibly, the magnetic
energy spectrum tails off with increasing wave num-
ber k as k�11/3, that is, much more rapidly than the
k�5/3 expected for the kinetic and internal energy
spectra. Therefore, considering Rm to be a function of
L , the turbulence in the range Rm9 . 1 rides on a
comparatively smooth background field �B.

A rough assessment of the importance of the turbu-
lent transport of large-scale magnetic flux in the
Earth’s core follows from [63a] and [63b], which
imply that � is increased to ��¼ �þ � and �T � is
correspondingly reduced, as argued above. No charac-
teristic of the observed geomagnetic field demands this.
For example, paleomagnetism proffers no compelling

evidence that the duration of a polarity reversal is
significantly shorter than L�2/�2�. This suggests that,
unlike the Sun, � is not large compared with �, though
conceivably they are comparable. By omitting �E from
[63a], one is asserting that the geodynamo is driven by
motions and waves of global scale, and that MFE is
irrelevant. Even if this attitude is simplistic, omitting
turbulent �- and �-effects from core electrodynamics
is arguably far less significant than many other geo-
physical uncertainties that beset the theory, and is
much less serious than the inadequate way that the
transport of momentum, heat and composition by the
turbulence is currently handled.

8.03.6 MHD Dynamos

8.03.6.1 Basic Equations and Boundary
Conditions

The aim of this section is to survey the basics of
MHD dynamo theory. The addition of the equations
of fluid dynamics is a major step demanding more
than a greater computational committment; it
requires also a deeper insight when interpreting the
results of numerical work. The discussion will focus
on convective dynamos in which u obeys

qt uþ u ? �uþ 2W� u ¼ –�
 – �Tgþ J� B=�

þ 	r2u ½75�

This is the usual Navier–Stokes equation for a rotat-
ing Boussinesq fluid with an added Lorentz force. In
the Boussinesq approximation � is uniform, so that
mass conservation reduces to the condition [12] of
incompressibility. Momentum conservation [75] is
expressed in the reference frame that co-rotates
with the mantle, at a constant angular velocity �.
The resulting Coriolis acceleration, 2W� u, appears
on the left-hand side of [75]. The centrifugal accel-
eration, W� (W� x), has been combined with the
kinetic pressure, P, to form the ‘reduced pressure’,


 ¼ P=� – 1
2 W� xð Þ2. The last two terms in [75]

represent the Lzorentz and viscous forces per unit
mass. The buoyancy force per unit mass is ��Tg,
where T is the temperature, � is the thermal expan-
sion coefficient, and g is the gravitational
acceleration. Compositional buoyancy is ignored.
Most MHD geodynamo simulations are based on
[12] and [75], although a geophysically more realistic
approach was initiated by Glatzmaier and Roberts
(1996a), whose simulations used the anelastic theory
of Braginsky and Roberts (1995).
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The temperature is governed by an energy equa-
tion of the form

qt T þ u ? �T ¼ �r2T þ q=�Cp ½76�

where q comprises three heat sources: q¼ qRþ q	þ q J.
Here qR arises from internal sources, if any, such as
dissolved radioactivity and q	 (¼ �	dij dij) is the viscous
dissipation rate per unit volume and Cp is the specific
heat at constant pressure. Usually, and here, q	 and q J

are omitted from q, and qR is required to drive convec-
tion only when the SIC is ignored.

The conditions for B derived in Sections 8.03.2.1
and 8.03.3.2 are supplemented by boundary condi-
tions on u and T. Often selected are

u ¼ 0 ½77a��
on the CMB

T ¼ Tc ½77b�

u ¼ 0 ½77c��
on the ICB

T ¼ Ti ½77d�

where Tc and Ti (>Tc) are constants; Ti – Tc will be
denoted by 	T. Because of its small moments of
inertia, the SIC responds readily to torques exerted
by the mantle and FOC, but for simplicity Wi¼ 0 has
been assumed in [77c]. When viscous forces are
ignored, the differential order of [75] is reduced,
and it is possible to satisfy only one scalar condition
on u at the boundaries; [77a] and [77c] are then
replaced by

n ? u ¼ 0; on the CMB and ICB for 	 ¼ 0 ½77e�

Two nondimensional parameters are commonly used
in describing convection, the ‘Rayleigh number’, Ra

and the (thermal) ‘Prandtl number’, Pr :

Ra ¼ g��L 4=	� ½78a�

Pr ¼ 	=� ½78b�

Here � is typical of the applied temperature gradient,
for example, �¼	T/(rc� ri) or �¼ qRrc/�Cp�. The
Rayleigh number is a measure of how effective the
buoyancy force is in overcoming the diffusive pro-
cesses that oppose convection.

A popular way to gain insight into convective
processes, popular because the theory is relatively
tractable, is to study the onset of convection. A
motionless ‘conductive state’ is defined in which
heat is carried across the system by thermal conduc-
tion; the linear stability of this state is then analyzed.
It is found that when the ‘control parameter’, Ra,

reaches some ‘critical’ or ‘marginal’ value, Rac, the
conduction solution becomes convectively unstable.
The eigenfunction corresponding to Rac gives the
structure of the marginal state. In the absence of
Coriolis and Lorentz forces, Ra c is typically of
order 103 and the marginal mode is a pattern
of overturning convection cells, each having about
the same horizontal scale as the depth of the fluid.

While studies of this type provide some insight
into convective flows, they clearly have limited
value. They predict that, when Ra > Rac, the convec-
tive motions increase without limit, though in reality
the nonlinearities u ? �u and J�B/� in [75], pre-
vents this and cause the solution to ‘saturate’. The
enhanced amplitudes and modified structure of the
convective motions as Ra is increased beyond Rac are
topics beyond the scope of this chapter. We shall use
the results of linear theory to obtain clues about how
Coriolis and Lorentz forces affect thermal
convection.

8.03.6.2 Classical Theory of Rotating Fluids

In this subsection we shall suppose that B X 0; at first
we exclude buoyancy too (g X 0). We give a rudimen-
tary account of relevant concepts in the theory of
rotating fluids. For a more complete treatment, see
the classic text of Greenspan (1968).

Two dimensionless numbers quantify the impor-
tance of viscosity and inertia relative to the Coriolis
force, the ‘Ekman number’, E, and the ‘Rossby num-
ber’, Ro :

E ¼ 	=WL 2 ½79a�

Ro ¼ U =WL ½79b�

The molecular viscosity, 	M , of the FOC is uncertain
but is commonly estimated to be about 10�6 m2 s�1.
Then taking L ¼ 2� 106 m, we obtain E	 10�15.
Such a small value suggests that large-scale momen-
tum is transported more effectively by small
turbulent eddies than by molecular diffusion, and
that E should be estimated using a larger, turbulent
viscosity, 	T. A popular paradigm (see, e.g., Braginsky
and Meytlis (1990)) assumes that 	T	 �, but even
then E does not exceed 10�9. Taking U ¼ 2� 10�4 m
s�1, we have Ro	 10�5. From these estimates, we see
that the FOC is a ‘rapidly rotating fluid’, if defined as
one for which

E � 1 ½79c�

Ro � 1 ½79d�
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For the geodynamo to exist, Rm¼ U L /� must be of
order 102 and, since Re¼ Ro/Pm and Pm � 1, it
follows that Re� 1. Because E¼ Ro/Re, [79c] is a
consequence of [79d]. The smallness of Ro suggests
that we may discard one of the inertial terms, u ? �u,
from [75]. Looking ahead to Section 8.03.6.3, we shall
recognize that the main nonlinear feedback equili-
brating the geodynamo is the Lorentz force and not
the inertial force.

The remaining inertial term, qt u, in [75] is
responsible for ‘inertial waves’. These are most easily

studied by abbreviating [75] to

qt uþ 2W� u ¼ –�
 ½80�

by assuming that u is proportional to exp(ı!t), and by
solving this equation and [12] subject to [77e]. The
waves are dispersive; the spectrum of possible ! is
discrete, with infinitely many possible eigenvalues !,
all in the range jwj � 2� (see Greenspan (1968)). The
closer j!j is to zero, the denser the packing of eigen-
values and the more 2D the eigenfunctions are with
respect to W¼W1z. The extreme case, !¼ 0, gives a
single, infinitely degenerate eigenfunction called the
‘geostrophic mode’. For this mode, qtu¼ 0 and [12]
and [80] give

2W ? �u ¼ 0 ½81a�

that is,

u ¼ u x; y; tð Þ ½81b�

Stated in words:

Proudman–Taylor theorem: The slow steady motion of a

rotating inviscid fluid is 2D with respect to the rotation axis.

Since the CMB and ICB are assumed spherical, [77e]
and [81b] imply

u ¼ �uG s; tð Þ1� ½81c�

The function �uG(s, t) is arbitrary; this is the infinite
degeneracy referred to above. The ‘geostrophic flow’
�uG is axisymmetric, zonal, and constant on ‘geos-
trophic cylinders’, C (s). These are cylinders of
constant radius s. Figure 10 shows a typical geos-
trophic cylinder and also a particularly significant
one, C i¼ C (ri), that touches the SIC on its equator
and is therefore called the ‘tangent cylinder’. The
arbitrariness of �uG expresses the fact that the
Coriolis force created by �uG is ineffective, because

2W� �uG ¼ ��, where � ¼ – 2�
R

�uG s; tð Þ ds .

Thus, the Coriolis force can be absorbed into �
.
This means that, for 	¼ 0, each geostrophic cylinder

can turn about its axis Oz without disturbing, or
being disturbed by, its neighbors.

Consider next the dynamical effect of a buoyancy
force produced by an axisymmetric temperature dis-
tribution �T . The steady linearized inviscid form of
[81] is then

2W� �u ¼ –��
 – � �Tg ½82a�

Since �� g ¼ 0, this implies, in place of [81a]

2W ? ��u ¼ – �g� � �T ½82b�

Because g ¼ – g1rð Þ is radial, this reduces to qz�u� ¼
g�=2�rð Þq� �T , which integrates to

�u ¼ �uT s; zð Þ þ �uG sð Þ½ �1� ½82c�

The flow �uT is called the ‘thermal wind’. Its magnitude
is O g�
T=�ð Þ and, if this is comparable with the
assumed characteristic velocity U ¼ 2� 10�4 m s�1,
the pole-equator temperature difference 
T is of
order 10�4 K for �	 10�5 K�1. This may be regarded
as typical of the temperature differences between rising
and falling convecting streams in the core though,
more precisely, when the compressibility of the core
is properly allowed for, it is typical of the excess or
deficit of the temperature relative to the adiabat.

There is clearly some arbitrariness in [82c], since
all or any part of �uG can be absorbed into �uT. A
convenient way of removing this arbitrariness is to
introduce a ‘geostrophic average’. The geostrophic

ri

ri

rc

z1

z1

i

z

Figure 10 Geostrophic cylinders. A meridional section

of the core is shown. One geostrophic cylinder, C (s), of

radius s > ri, appears in cross-section as two lines parallel to

Oz of length 2z1, where z1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 2

i – s2

q
. The tangent

cylinder, C i, is also shown; this is the geostrophic cylinder

of radius ri that touches the SIC on its equator.
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average of a scalar field Q (x, t) is denoted here by
angle brackets and is defined for s > Ri by :

Qh i s; tð Þ ¼ 1

A sð Þ

Z
C sð Þ

Q x; tð Þ dS

¼ 1

2z1

Z z1

– z1

�Q s; z; tð Þdz ½83�

Here 
z1 sð Þ ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 2

c – s2
p

are the z-coordinates of
the latitude circles where the geostrophic cylinder C (s)
meets the CMB, A ¼ 4�sz1 sð Þ is the area of the cylin-
der, and dS ¼ s d� dz (see Figure 10). The
‘ageostrophic part’ of Q(x, t) is what is left over after
the geostrophic part has been subtracted: Q̃ x; tð Þ ¼
Q x; tð Þ – Qh i s; tð Þ. The geostrophic part of a vector

field Q(x, t) is defined from its zonal component by

Qh i s; tð Þ ¼ Q�

� �
s; tð Þ1�. These definitions apply

only when s > ri. Inside the TC, there is a geostrophic
average for the fluid to the north of the SIC and
another for the fluid to the south, but we shall often
avoid this complication by ignoring the SIC entirely.
The separation [82c] is made unique by defining
�uG ¼ �uh i. It is particularly significant because the z-
component, �s U �, of the angular momentum density
of u is carried by uh i alone (Greenspan, 1968).

The thermal wind is illustrative of a more general
situation: the response of a rotating fluid to forcing.
Ignoring the u ? �u part of the inertial acceleration,
[75] has the form

qt uþ 2W� u ¼ –�
þ F ½84a�

where F(x, t) is the forcing and the response u is
sought. There are interesting cases in which the for-
cing has a high frequency. For example, a
precessionally driven flow has the same diurnal time-
scale as the inertial waves. Also, diurnal frequencies
may arise from core turbulence. But, on the timescale
T of large-scale convection, the modified Rossby
number, 1/�T , is small. The response of u to F is
then a combination of ‘free’ inertial waves (the solu-
tion to the homogeneous part [80] of [84]), and a
particular solution that varies slowly, on the same
timescale as F. This is the part of u of greatest inter-
est; the free inertial waves are of lesser significance
and can be ‘filtered out’ by discarding the qtu term in
[83a], so dispensing with the inertial force entirely.

Discarding qtu is tempting but dangerous. The
geostrophic average of [84a] is

qt �uG þ 2W �ush i ¼ F�
� �

½84b�

By definition, the second term is proportional to the
mass flux across, and out of, C . By [77e], the mass flux

through the spherical caps, N (s) and S (s) is zero (see
Figure 11). Therefore, denoting by V (s) the volume
surrounded by the surface S¼ C (s)þ N (s)þ S (s), we
have

�ush i X
1

A sð Þ

Z
C sð Þ

u ? dS ¼ 1

A sð Þ

I
S

u ? dS

¼ 1

A sð Þ

Z
V sð Þ

� ? u dV ¼ 0 ½84c�

by [12]. Equation [83b] therefore simplifies to

qt �uG ¼ F�
� �

½84d�

If we discard the inertial term qtu in [84a], we also
remove qt �uG in [84d] and obtain a contradiction unless

F�
� �

¼ 0. When F is the buoyancy force ��Tg

alone, F�
� �

¼ 0 because g has no �-component. If F
contains the Lorentz force, however, it is not necessa-
rily true that F�

� �
¼ 0, a point to which we return in

Section 8.03.6.3. Meanwhile we see that one way of
evading this difficulty, while at the same time removing
the free inertial waves, is to retain only the geostrophic
part of qtu, replacing [84a] by

qt�uG þ 2W� u ¼ –�
þ F ½84e�

Another way is to restore viscous effects. The small-
ness [79c] of E encourages an asymptotic approach to
determining core flow. Conceptually, the core is
divided into boundary layers, in which viscosity is
significant, and the remaining ‘mainstream’ in which
viscosity does not act at leading order, as in [84e].

s

(s)

(s)

(s)

z

Figure 11 Spherical caps, N (s) and S (s), on the CMB
provide the ends of the geostrophic cylinder C (s). The

volume enclosed by S ¼ C (s) þ N (s) þ S (s) is denoted by

V (s) in the text. (for simplicity, the existence of the SIC is

ignored in the figure).
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The most important boundary layer in rotating fluids
is the Ekman layer, the thickness of which is of order

	¼ (	/�)1/2¼ E1/2L 	 0.1 m (see Greenspan
(1968)). The main task of an Ekman layer is to
reconcile mainstream flows with the no-slip condi-
tions [77a] and [77b]. For example, the tangential
component n� �u(s, z1) of the mainstream velocity
obtained from [84e] will not in general obey [77a]
at the latitude circle (s, z1) on the CMB, and an
Ekman layer forms that smoothly brings n� �u(s, z1)
to zero. In the process, the normal component n ? u
acquires a small additional part, of order

E1=2n� �u s; z1ð Þj. This vanishes on the CMB, but is
nonzero on the edge of the boundary layer. This
process, called ‘Ekman pumping’ (if the flow
is away from the boundary) or ‘Ekman suction’ (if it
is toward the boundary), creates a meridional main-
stream flow �uM(s) of order E1/2�u�.

Ekman pumping (or suction) provides an alterna-
tive way of overcoming the difficulty encountered
when F�

� �
6¼ 0. The mass flux across, and out of,

C (s), can be balanced by an inward Ekman pumping
from the boundary layers on N (s) and S (s). Pumping
through the caps vitiates [84c] and leads to a mod-
ification of [84e]:

qt �uG þ E1=2W�uG þ 2W� u ¼ –�
þ F ½84f �

The obstacle to setting qtu¼ 0 has disappeared; [84f]
gives �uG ¼ E – 1=2 F�

� �
=�. Equation [84f] also deter-

mines the most important viscous timescale of a
rapidly rotating system, the ‘spin-up timescale’ T su.
The angular momentum of the mantle about Oz is
viscously exchanged with that of the FOC on
this timescale. By comparing the first two terms
in [84f], it may be seen that T su ¼ O E – 1=2� – 1

� �
¼

O
�

L = 	�ð Þ1=2� 	 105 years (When the SIC is

included, complicated shear layers surround the tan-
gent cylinder whenever the SIC does not corotate
with the mantle. For a brief discussion of these
‘Stewartson layers’ and references to recent work,
see Rüdiger and Hollerbach (2004).)

Viscosity also plays a crucial role in thermal con-
vection. We shall consider only the case [79c] of
small E and for simplicity, suppose that Pr > 1. We
again ignore the SIC and suppose that convection is
driven by heat sources qR. The flow in the marginal
state, Ra¼ Rac, is asymmetric, consisting of a ‘car-
tridge belt’ of 2D cells, often called ‘Taylor cells’,
parallel to the axis of rotation and regularly spaced
round that axis (Busse, 1970; Jones et al., 2000;
Roberts, 1968). Adjacent cells spin around their axes

in a sequence of cyclonic and anticyclonic vortices,
their vorticity being respectively parallel and anti-
parallel to W. The name ‘Taylor cell’ is a useful
reminder of the Proudman–Taylor theorem, which
the flow is trying to obey by being as 2D as possible,
consistent with allowing convection to occur at all.
We have already seen that, if 	¼ 0, small amplitude
motions must be geostrophic. But geostrophic
motions have no radial components to carry heat
outwards. Convection can occur only if viscous forces
are large enough to ‘break the rotational constraint’ of
the theorem. Viscous forces are most effective at
small L but such motions viscously dissipate energy
rapidly and therefore require a strong buoyancy force
to maintain them. This explains why, when E� 1,
the width of the cells in the marginal state is small, of
order E 1/3rc, and why Rac is large, of order E�4/3.

8.03.6.3 Coriolis Magnetohydrodynamics

This section focuses on MHD, but only in the form
relevant to core dynamics where Coriolis forces are
strong and drastically transform classical MHD, so
much so that the subject deserves its own name and
acronym. The obvious choice is ‘rotating MHD’, but
‘RMHD’ is an abbreviation that is often used for either
‘relativistic MHD’ or ‘reduced MHD’. Here it will be
called ‘Coriolis magnetohydrodynamics’ or ‘CMHD’.

The Alfvén number (aka the ‘magnetic Mach
number’) is defined by

Al ¼ U =V A ½85a�

With U ¼ 2� 10�4 m s�1 and V A¼ 1 cm s�1 as
before, Al� 0.02. Even though this is not very small,
we write for simplicity

Al � 1 ½85b�

for it is Al2 (�4� 10�4) that is significant. Not only is
it the ratio of kinetic and magnetic energy densities
but also it quantifies the importance of the inertial
force �u ? �u¼O(�U 2/L ) relative to the Lorentz
force J�B¼O(B 2/�0L ). The smallness of Al2 indi-
cates that, for all L , it is Lorentz force that
equilibrates the system; the inertial term �u?�u in
[75] is mostly ignored in what follows.

The Lorentz force can equilibrate the system in
two main ways, the first of which has already been
noted in Section 8.03.2.7: a balance between Lorentz
and viscous forces requires

Weak field regime:

B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
�0�	�
p

=L ½86a�
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or

Ha ¼ Oð1Þ ½86b�

(Here Ha is the Hartmann number defined in [27a].)
Alternatively, equilibration may occur when the
Lorentz and Coriolis forces are comparable:

Strong field regime:

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0�W�

p
½86c�

or

� ¼ Oð1Þ ½86d�

Here � is the Elsasser number, a parameter that is
independent of both L and U :

� ¼ �B 2

��
¼ V 2

A

��
½86e�

The adjectives ‘weak’ and ‘strong’ are appropriate
since B weak/B strong¼O(E1/2)� 1.

Magnetic parameters analogous to [79a] and [79b]
are the magnetic Ekman number, Em, and magnetic

Rossby number, Rom:

Em ¼ �=�L 2 ½87a�

Rom ¼ V A=�L ½87b�

When � ¼ 2 m2s�1, L ¼ 106 m and V A ¼ 1 cm s�1

as before, Em� 3 � 10�7, Rom� 2� 10�3, so that

Em � 1 ½87c�

Rom � 1 ½87d�

the first of which follows from [79d] since Em ¼ Ro/
Rm and Rm� 1. Since Al2 ¼ Pm�1(Rm/Ha)2, the
magnetic energy in a weak field dynamo operating
in a liquid metal is necessarily much less than the
kinetic energy of the motions that sustain it.
According to [87c], the reverse is true for a strong
field dynamo, since Al2¼ Em(Rm2/�).

Weak field dynamos exist, but apparently the geody-
namo is not one of them since �¼ 1 gives

B strong � 1 mT, whereas, even if 	¼ 	T� �, [86a]

gives B weak � 10 – 7 T, that is, B strong is typical of the

observed field strength while B weak is very much weaker.

Equilibration in the strong field regime is partly due to

the magnetic wind (Section 8.03.5.3), which reduces the

potency of the !-effect, a fact confirmed by several fully

3D MHD geodynamo simulations. Ignoring the inertial

force as before, [75] gives, in place of [82b],

2W ? ��u ¼ – �g� � �T – � – 1�� J� B
� �

½88�

the �-component of which integrates to give [73].

The magnetic field removes the geostrophic
degeneracy of the inertial waves discussed in Section
8.03.6.2. The geostrophic cylinders C (s) shown in
Figure 10 are no longer free to turn about Oz inde-
pendently; each is threaded to its neighbors by the
s-component of B. Thus �uG is no longer arbitrary but
is controlled by Bs . It was seen in Section 8.03.6.2 that
the Coriolis force associated with geostrophic motions
can be absorbed into the pressure gradient. Since this
otherwise dominating force is then effectively
removed, the remaining forces become influential,
including the inertial term �qtu. Torsional waves
therefore resemble Alfvén waves and have the same
timescale, T As ¼ rc=V As, where VAs is now based on
the rms strength of Bs on the geostrophic cylinder C (s):

B2
s

� �
s; tð Þ ¼ 1

A sð Þ

Z
C sð Þ

B2
s s; �; z; tð Þ dS

¼ �0�V 2
As s; tð Þ ½89�

Even if V As is as small as 1 cm s�1, T As is less than a
decade. This may be compared with the timescale
of the ageostrophic waves which (see below) is of
order 103 years. It is also short in comparison with
the timescales, T su and T � , of the diffusive processes.
This means that, in a first approximation, we may
ignore the time dependence of B2

s

� �
and all diffusive

effects.
For 	¼ �¼ 0, torsional waves are governed by the

induction equation [17a] for a perfect conductor and
by [84d] with F as the Lorentz force:

�qt �uG ¼ h J� Bð Þ�i ½90�

In a steady state, h J� Bð Þ�i ¼ 0, that is,Z
C sð Þ

J� Bð Þ� dS ¼ 0 ½91�

This important result (Taylor, 1963) is called
Taylor’s condition or Taylor’s constraint; it can also
be derived from the s-component of [88] and [12]. A
field obeying [91] is called a Taylor state.

The torque exerted by the Lorentz force on the
interior V (s) of C (s) is

�z sð Þ ¼
Z

V sð Þ
s J� Bð Þ� dV

¼
Z s

0

J� Bð Þ�
D E

sA sð Þ ds ½92a�

According to [15f], this may also be written as

�z sð Þ ¼ 1

�0

I
S

sB� B ? dSð Þ ½92b�
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where S is the complete boundary of V (s). In the
axisymmetric case, �B�¼ 0 on the spherical caps of
S, so that the magnetic torques exerted by these caps
on V (s) is zero, leaving only the magnetic torque from
C(s). Therefore [91] impliesZ z1

– z1

�B�
q�A�
qz

dz ¼ 0 ½92c�

This is the form of Taylor’s condition used in inter-
mediate �!-dynamo theory (Section 8.03.5.3). If [91]
does not hold initially, a torsional wave is launched in
which the geostrophic cylinders oscillate about a
Taylor state, �uG

T(s). Denoting by v(s, t) the departure,
�uG(s, t) – �uT

G(s), of the geostrophic motion from this
Taylor state, Braginsky (1970) showed that the asso-
ciated shear �¼ v/s satisfies the ‘torsional wave
equation’

q2�

qt 2
¼ 1

s2A

q
qs

V 2
As

s2A
q�
qs

� �
½93a�

The waves transport the z-component of the angular
momentum density to and fro across the core, but do
not change its integral:

mFOC ¼
Z

FOC

�su� dV ¼ �
Z rc

0

s�uT
GA ds ½93b�

In this simplest application of [93a], the SIC is ignored.
The ordinary differential equation obtained by substi-
tuting � (s, t)¼ Z (s) exp (ı!t) into [93a] has regular
singularities both at s¼ 0 and at s¼ rc, where A¼ 0.
The implicit requirement that � be bounded at both
these points transforms [93a] into an eigenvalue pro-
blem for the torsional wave frequencies, !. Similar
conclusions hold if the SIC is included, and more
generally still if coupling between the FOC, SIC, and
mantle is introduced: the sum, mFOCþmSICþmmantle,
of their angular momenta is conserved. A torsional
wave, initiated by a turbulent fluctuation in the FOC,
then creates an increase (or decrease) in the length of
day that correlates with an increase (or decrease) in
mFOCþmSIC. By estimating �uG(s, t) from B̂ on the
CMB and comparing with the known variation in
length of day, Jault et al. (1988) inferred that such a
correlation exists (see also Jackson et al. (1993)).

If viscous and ohmic dissipation is restored, it is
plausible that any departure of uG from a Taylor state
will die out, but this can happen only on the same
long diffusive timescales T su and T � as B evolves on;
the target �uT

G(s) changes as rapidly as jvj declines.
Nevertheless, it is reasonable to suppose that �uG(s)
will asymptotically approach an evolving Taylor

state and remain in a Taylor state thereafter. This
explains why Taylor’s condition and Taylor states
occupy such an important place in MHD dynamo
theory. In what is sometimes called the ‘Malkus–
Proctor scenario’ (Malkus and Proctor, 1975), solu-
tions of the MHD equations continuously satisfying
[91] are sought. Intermediate models of this type
have been constructed but so far no fully 3D MHD
dynamo.

Knowledge of B̂ on the CMB tells little about BP

and nothing about BT in the core. The torsional wave
potentially provides badly needed information about
B via B2

s

� �
, a quantity to which not only BP but also

BT contributes. This thought has motivated several
models of torsional waves, for example, Braginsky
(1970) and Zatman and Bloxham (1997).
Extrapolation of BP to the CMB and comparisons
with geodynamo simulations indicate that T As is
about a decade, but there are indications that it may
be nearly 10 times larger. A 60-year peridocity in
both the geomagnetic field and the length of day has
been claimed and denied intermittently for the last
50 years, but recently modern methods of data ana-
lysis appear to have put its existence beyond
reasonable doubt (Roberts et al., 2007). The torsional
wave provides the natural explanation. Braginsky
(1994) proposed a type of dynamo in which B is
not in a Taylor state and in which, except in bound-
ary layers, �BP is almost in the z-direction, so
prompting its name: ‘model-Z .’ Characteristic of
this dynamo is a large uG and a small B2

s

� �
consistent

with a large T As. Intermediate models of this
type have been constructed but so far no fully 3D
MHD dynamo.

Consider next the ageostrophic waves. If Rom� 1,
these are of one of two types: inertial waves (slightly
modified by the Lorentz force) and slow waves (slightly
modified by inertia). The only wave in the system of
Alfvén type is geostrophic, the torsional wave. The
timescale of the slow waves is T s¼�L 2/V 2

A and is of
order 103 years. This is comparable with the timescale
of the secular variation of the main geomagnetic field.
The corresponding velocity, V s¼ L /T s¼ V A

2 /�L , is of
order 10�4 m s�1, which is roughly the speed at which
discernable magnetic features at the CMB drift west-
ward. The time dependence of the slow waves is
governed by the left-hand side, qt B, of the induction
equation [17a]; the inertial term qt u in [75] plays
essentially no role. For this reason the waves are some-
times called ‘MC waves’, to emphasize that they are
governed by the Magnetic and Coriolis forces alone
(and of course the pressure gradient).
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MC waves, like inertial waves, are dispersive.
They are characteristically large-scale planetary
waves, that is, they are asymmetric. Therefore, if
they have finite amplitude, they are potentially able
to create an emf �"� ¼ u9� B9

� �
�

that can defeat
Cowling’s theorem. But then they feed energy to
BM, and to maintain themselves they must draw
energy from buoyancy. This provides a strong moti-
vation for studying ‘MAC waves’, which are MC
waves modified by the addition of the Archimedean
(buoyancy) force. Braginsky proposed this acronym
and provided the first model, which was planar
(Braginsky, 1964b), and the second model, which
was spherical (Braginsky, 1967). In a perfect conduc-
tor, u9 and B9 tend to be parallel and, not
surprisingly, the phase relationship between u9 and
B9 in MAC waves is unfavorable for creating the emf

u9� B9
� �

�
. To obtain a nonzero �E�, it is necessary

to include diffusion. The proper exploitation of the
idea of a ‘MAC wave dynamo’, therefore requires
that the theory of diffusive, finite amplitude MAC
waves be advanced, a task scarcely less challenging
than that of studying the MHD dynamo in full!

Magnetoconvection theory gives a hint why
�¼O (1) is the relevant dynamical balance for the
core. Consider again the rotating convecting sphere
discussed in Section 8.03.6.2, but now suppose that
a strong magnetic field B is present. The viscous
force is no longer necessary to break the rotational
constraint; the magnetic field can achieve this
unaided. In contrast to Section 8.03.6.2, where the
length scale L of the marginal state was very small
in order to enhance the viscous forces, the scale of the
convection cells in the marginal state when �¼O (1)
is the same as that of the container: L ¼O (rc). Cells of
this scale are much less dissipative and therefore
demand a much smaller buoyant energy input. It
is found that Rac¼O (E�1), instead of the
Rac¼O (E�4/3) of Section 8.03.6.2, that is, the mag-
netic field allows the system to convect more readily.
The result Rac¼O (E�1) may be written as

Reac ¼ O 1ð Þ, where Rea ¼ g��r 2
c =�� ¼ Ra: E is the

‘modified Rayleigh number’, which is often used in
preference to Ra in CMHD convection studies. The
fact that Reac, �, and the cell size are all independent
of 	 emphasizes how completely the Lorentz forces
have taken over from viscous forces in breaking the
Proudman–Taylor constraint. It appears that
�¼O (1) may give the field strengths that are most
effective in breaking the constraint when E� 1. If so,
this may explain why the geomagnetic field has

varied so little in strength over geological time: it is
tied to the rotation of the Earth through [86c]. It is
often said that the fact that the magnetic compass
needle points approximately north proves that the
Coriolis force dominates core dynamics, but this is an
oversimplification. The Coriolis force has a preferred
direction, W. To counter the rotational constraint, the
magnetic field configures itself so that the Lorentz
force shares the same preferred direction (and
magnitude).

This example, like others in this section, is
intended to be suggestive rather than definitive.
It ignores important questions and in particular,
‘‘Is the dynamo–generated B dynamically stable?’’
Instabilities driven by the Lorentz force have been
extensively studied in plasma physics, because they
threaten the generation of magnetic fusion energy.
The instabilities are of two types: ideal and resistive.
The latter depend on the reconnection of field lines;
the former do not. An example of a resistive instabil-
ity is the tearing mode (see Section 8.03.2.6). In a
nonrotating system, ideal instabilities grow on the
dynamic timescale T A, but the timescale of a resistive
instability is usually intermediate between T A and
T �. Magnetic instabilites in the core are greatly
affected by the Coriolis force, which lengthens their
dynamic timescale from T A to T s . They have been
extensively studied by Fearn and his associates (see
Fearn (1998) where earlier references are given).
Obviously magnetic instabilities cannot drive the
geodynamo, but the larger the �, the greater the
menace of instability. Perhaps there is a limit to �
that, if exceeded by the dynamo, causes a magnetic
instability that leads to a radically different field
configuration? This is one explanation of polarity
reversals (Fearn, 1998). Another is that the meridio-
nal flow �uM becomes temporarily weaker, putting the
dynamo into an AC state (see Section 8.03.5.2), from
which it may emerge with its axial dipole in either
direction with equal probability (Glatzmaier and
Roberts, 1995; Sarson et al., 1998). Sarson and Jones
(1999) argue that the disruption of �uM is due to
buoyancy surges.

8.03.7 Final Remarks

This chapter has focused on basic electromagnetic
theory as applied to electrically conducting fluids,
and on the associated kinematic dynamo problem in
which the fluid motion is specified and a self-exciting
magnetic field is sought. These topics are contained
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within the larger MHD dynamo problem in which an

energy source for the fluid motions is specified and

both the fluid motion and a self-excited magnetic

field are sought. Fundamentals of convective MHD

dynamos have been described in Section 8.03.6; more

details will be given in Chapter 8.05.
Hopefully the reader of this chapter will realize

that kinematic theory has brought important con-

cepts and significant understanding to field

generation by homogeneous dynamos, that is, dyna-

mos that operate in simply connected, homogeneous

masses of electrically conducting fluids. Among its

successes, recognition of the importance of broken

symmetry, including helicity, stands out. The kine-

matic theory has also provided motivation for

laboratory experiments that study electromagnetic

induction and dynamo action in liquid metals.
Geodynamo theory is now so dominated by MHD

simulations that the reader may wonder whether

kinematic theory has any useful further role to play.

One may argue however that the purpose of such

simulations is not merely to produce numerical ana-

logs of the geodynamo. It is also to decipher their

message. This daunting objective requires a good

understanding of kinematic theory. Unfortunately, it

also demands proper treatment of turbulence, domi-

nated by Coriolis, Lorentz, and buoyancy forces. The

question of how to incorporate the turbulent trans-

port of momentum, heat, and composition into

geodynamo theory is the most severe challenge

faced by geodynamo theory today. Large increases

in 	, �, and 
 are currently necessary to ensure that

numerical simulations are adequately resolved. They

can be, and often are, advertised as turbulent diffu-

sivities representing the effect of the small scales (i.e.,

the ‘subgrid scales’ that cannot be resolved in numer-

ical simulations) on the large (resolved) scales. But it

is questionable whether scalar turbulent diffusivities

can adequately describe transport by a turbulence

that, because of the dominance of the Coriolis and

Lorentz forces, must surely be highly anisotropic. In

view of these major obstacles, it is truly remarkable

how successful numerical simulations of the geody-

namo have been; the main features of the observed

geomagnetic field have all been replicated, leading

some commentators to assert that the geodynamo

problem has been solved. This success is sometimes

called the ‘geodynamo paradox’. Its resolution is cur-

rently the main target of geodynamo theory. Further

discussion of core turbulence will be found in

Chapter 8.06.
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104 Theory of the Geodynamo



beeinflußter Bewegung. Zeitschrift Für Naturforschung.
21a: 369–376.

Taylor J (1963) The magnetohydrodynamics of a rotating fluid
and the earth’s dynamo problem. Proceedings of the Royal
Society of London A 274: 274–283.

Tilgner A (2004) Small scale kinematic dynamos: Beyond the
�–effect. Geophysical and Astrophysical Fluid Dynamics
98: 225–234.

Tilgner A and Busse FH (1995) Subharmonic dynamo action of
fluid motions with two-dimensional periodicity. Proceedings
of the Royal Society of London A 448: 237–244.

Vainshtein SI and Zeldovich YB (1972) Origin of magnetic fields
in astrophysics. Soviet Physics Uspekhi 15: 159–172.

Walker MR and Barenghi CF (1994) High resolution numerical
dynamos in the limit of a thin disk galaxy. Geophysical and
Astrophysical Fluid Dynamics 76: 265–281.

Willis AP and Gubbins D (2004) Kinematic dynamo action in a
sohere: Effects of periodic time dependent flows on
solutions with axial dipole symmetry. Geophysical and
Astrophysical Fluid Dynamics 98: 537–554.

Zatman S and Bloxham J (1997) Torsional oscillations and the
magnetic field within the Earth’s core. Nature
388: 760–763.

Zeldovich YB (1956) The magnetic field in the two-dimensional
motion of a conducting fluid. Soviet Physics JETP
31: 154–156.

Zeldovich YB and Ruzmaikin AA (1980) Magnetic field in a
conducting fluid in two dimensional motion. Soviet Physics
JETP 51: 493–497.

Zheligovsky V and Galloway D (1998) Dynamo action in
Christopherson hexagonal flow. Geophysical and
Astrophysical Fluid Dynamics 88: 277–293.

Theory of the Geodynamo 105



8.04 Large-Scale Flow in the Core
R. Holme, University of Liverpool, Liverpool, UK

ª 2007 Elsevier B.V. All rights reserved.

8.04.1 Introduction 107

8.04.2 Surface Core Flow from Observed Secular Variation 108

8.04.2.1 Westward Drift 108

8.04.2.2 The Frozen-Flux Hypothesis 109

8.04.2.3 Poloidal–Toroidal Decomposition 110

8.04.2.4 Boundary Conditions 110

8.04.2.5 Nonuniqueness 111

8.04.2.6 The Large-Scale Approximation 111

8.04.2.7 Steady Flows 112

8.04.2.8 Toroidal Flows 112

8.04.2.9 Tangentially Geostrophic Flows 113

8.04.2.10 Comparison of Solutions Constructed with Different Nonuniqueness-Reducing

Assumptions 114

8.04.2.11 Other Flow Modeling Assumptions 115

8.04.2.11.1 Flow in a drifting reference frame 115

8.04.2.11.2 Helical flow 115

8.04.2.11.3 Columnar flow 115

8.04.2.12 Limitations in Resolution of Nonuniqueness 115

8.04.2.13 The Horizontal Field Components 116

8.04.2.14 Effects of Diffusion 117

8.04.3 Higher-Resolution Flows from Detailed Models of SV from Satellite Observations 118

8.04.4 Angular Momentum – LOD Variation, and Correlation with Core Angular Momentum 121

8.04.5 Torsional Oscillations as a Probe of Core Structure 122

8.04.5.1 Probing the Magnetic Field Interior to the Core 122

8.04.5.2 Coupling of Torsional Oscillations to the Outer and Inner Core 123

8.04.5.3 Geomagnetic Jerks, and Links to Earth’s Rotation 124

8.04.6 Wave Motion as an Explanation for Secular Variation 124

8.04.7 Polar Vortices 125

8.04.8 Modeled Core Flow and the Dynamics of the Core 127

References 128

8.04.1 Introduction

Timescales of processes in the Earth tend in general

to be very short (e.g., the rupture associated with an

earthquake) or very long (millions of years or longer)

(e.g., the movement of the tectonic plates). The geo-

magnetic field provides the primary example of

intermediate timescales. The internal magnetic

field, with origin in the Earth’s fluid core, varies

on timescales from yearly or less (the so-called geo-

magnetic jerks) through decadal variation, secular

change over centuries, to more significant variations

(excursions and reversals) on timescales of millenia.

These changes are named the secular variation. This

chapter is concerned with variations on timescales of

years to centuries, and what can be deduced about

the interior of the Earth and processes in the core

from such changes. This subject has a long history:

the first attempt to infer motion in the Earth’s interior

from geomagnetic secular variation was by Halley

(1692). Modern analysis interprets the secular varia-

tion as being primarily due to advection of magnetic

field at the top of the core, and so uses magnetic

observations to constrain flow there.
In Section 8.04.2, we begin by outlining how

neglect of diffusion in the core allows the simplifica-

tion of the magnetic induction equation to a form that

can be used to solve for flow. This solution is highly
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nonunique: we review the approaches that have been
taken to deal with this nonuniqueness, and discuss to
what extent they influence the resulting models of
flow. We also discuss some attempts to allow for
diffusional effects. In Section 8.04.3, we consider
recent fine-scale flow models which have attempted
to take advantage of new, detailed models of the
magnetic field and (particularly) secular variation
from satellite data. Effective modeling of flow from
such models is proving difficult.

In Section 8.04.4, we consider the link between flow
modeling and an important independent geophysical
observable, the variation in length of day (LOD).
Decadal variations in LOD almost certainly originate
from the exchange of angular momentum between the
fluid core and solid Earth, and simple models of
whole-core flow constrained by surface flow modeling
provide strong support for this. The existence of this
correlation, and the underlying theory of torsional
oscillations, provides an opportunity to probe physical
processes not just at the surface of the core, but also at
depth: this is described in Section 8.04.5. There is
increasing evidence that torsional processes are also
responsible for the most rapid feature seen in the
internal secular variation, the so-called geomagnetic
jerks (Section 8.04.5.3), promising a probe of core
processes on timescales as little as a year or even less.

Large-scale flow provides one paradigm for secular
variation, but another, hydromagnetic waves, is consid-
ered briefly in Section 8.04.6. In Section 8.04.7, we focus
in detail on a particular small-scale structure in the
flow, in the polar regions north and south of the inner
core, the so-called polar vortices. Finally, in Section
8.04.8, we discuss briefly attempts to unify the kine-
matics of flow modeling with more dynamical
approaches, for further understanding of core processes.

8.04.2 Surface Core Flow from
Observed Secular Variation

8.04.2.1 Westward Drift

The time variation (secular variation) of the mag-
netic field was first recognized in the late seventeenth
century. In attempting to provide a theory to explain
it, Halley (1692) noticed that a large part of the
secular variation could be explained in terms of a
‘westward drift’ of the field. When maps of the field
are produced over the Earth’s surface at different
epochs, there is a clear westward movement of
features in the field. This apparent motion is seen
particularly clearly if lines of zero declination

(so-called agonic lines) are plotted at different epochs
(e.g., Langel, 1987). Halley estimated that a full revo-
lution of the field would take about 700 years, giving
a rotation rate of just over 0.5� yr�1. To explain the
drift, he posited a model of the interior of the Earth
consisting of concentric shells of magnetic material
rotating at varying rates with respect to the Earth’s
surface. While much of his theory was unavoidably
flawed (the interior of the Earth is too hot to support
permanent magnetization at depths greater than
about 100 km, and there are no large void spaces
within the Earth, and in particular, no people living
in them awaiting religious conversion!), the funda-
mental insight of the magnetic secular variation
resulting from large-scale differential motion
between different components of the Earth remains
fully valid. In many ways, his theory has remarkable
similarities to our current understanding. The Earth
does consist of different layers, one of which (the
fluid outer core) gives rise to the secular variation,
of which a large part can indeed be represented by
westward motions at the surface of the core.

As understanding of the Earth’s interior improved,
it became clear that Halley’s theory was inadequate
both observationally and theoretically, not least
because the thermal state of the Earth does not
allow permanent magnetization at depth. With the
advent of dynamo theory, and the understanding that
the magnetic field originates from fluid motions in
the molten iron core, the first ‘modern’ theory of
westward drift was proposed by Bullard et al. (1950).
They argued that cooling of the Earth would lead to
a pattern of largescale convection in the core. As a
parcel of fluid rose, it would move further from the
Earth’s rotation axis. Therefore, to conserve angular
momentum, the angular velocity of the parcel would
reduce. Similarly, a sinking fluid parcel would reduce
its moment arm, and so need to increase its angular
velocity. Bullard et al. suggested that this would lead
to a net eastward flow with respect to the solid Earth
at the base of the core near the inner-core boundary
(ICB), and westward flow at the core surface, which
would then carry the magnetic field in a westerly
direction, giving rise to westward drift. While the
basic physical ideas of this theory are very attractive,
modeling of rotating convection has shown that the
interaction of convection and rotation is much more
complicated, and this pleasingly simple explanation
for the drift is not physically viable.

Further, westward drift is an oversimplification of
the magnetic secular variation. Estimates of westward
drift obtained vary depending on the precise
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definition: should it involve a fit to the whole field,
just the equatorial dipole, the secular variation, or
some combination? The value of Bullard et al. (1950)
of 0.2� yr�1 has entered the geomagnetism conscious-
ness as a standard, but estimates have varied from 0.8�

eastward per year, up to 0.733� westward (for a
summary, see Langel, 1987). What this range of
values demonstrates is that the picture of westward
drift is much too simplistic. Even in the eighteenth
century, it was realized that some features of the field
drift northwards rather than westward, and once
Gauss had developed a method for measuring mag-
netic intensity, the observed decay of the dipole
could clearly not be explained by drift alone.
Further, westward drift is much more clearly visible
in Europe and North America than in Asia and the
Pacific Hemisphere. Yukutake and Tachinaka (1969)
argued that other features in the field did not move at
all, and proposed a division of the field into drifting
and standing components, while Yukutake (1979)
further suggested that the equatorial dipole field
could be separated into two components, drifting
in opposite directions, a process reminiscent of
wave motion.

With the advent of detailed time-dependent mod-
els of the magnetic field at the core–mantle boundary
(CMB) (see Chapter 5.05), the idea of simple west-
ward drift has been superseded, although as we shall
see, westward motion is still a major component of
most models of core-surface flow. It is these models
that are the primary focus of this chapter.

8.04.2.2 The Frozen-Flux Hypothesis

We turn therefore to a more detailed mathematical
description of the generation of the secular variation.
The evolution of the magnetic field in the core is
governed by the magnetic induction equation

qB

qt
¼ rm umBð Þ þ �r2B ½1�

where B is the magnetic field, u the fluid velocity and
� ¼ 1= �0�ð Þ is the magnetic diffusivity, defined in
terms of the permeability of free space �0 and the
electrical conductivity � of the core fluid. For the
derivation of this equation, see the discussion of
secular variation by Jackson in Chapter 5.05. Using
this kinematic description of the system, we will
derive and apply methods to determine the flow at
the top of the core from time-varying models of the
magnetic field.

For a full description of the flow in the core, we
must also consider the dynamics, governed by the

Navier–Stokes equations (in the Boussinesq

approximation)

�0
qu

qt
þu ?ruþ 2Omu

� �
¼ –rpþ �9gþ JmBþ �0�r2u ½2�

where �0 is the hydrostatic density, �9 the departure
of density from the hydrostatic state, O is the Earth’s
rotation vector, p is the nonhydrostatic pressure, g is
the acceleration due to gravity, and J ¼ 1=�0ð ÞrmB
is the current density. Although the dynamics are
not a primary focus of this chapter, the dynamical
equation will be used in a simplistic way to provide
additional constraints on flow. For more details
on the full dynamical system see Chapters 8.03
and 8.05.

The primary tool for observational constraint of core
fluid motions is the radial component of the induction

equation at the CMB. The CMB is approximated as

spherical, and because it is a material boundary the

radial component of the flow there is zero. Then, the

radial component of eqn [1] can be written as

_Br ¼ –rH ? uH Brð Þ þ �
r
r2 rBrð Þ ½3�

where uH are the flow components in the horizontal
directions, and rH ? is the horizontal part of the
divergence operator. In other words, the rate of change
of the magnetic field at the CMB is the sum of the
contributions from the advection of the radial field (the
first term) and its diffusion (the second term). A simple
scaling analysis of this equation allows estimation of
the relative importance of advection to diffusion in the
generation of the secular variation. Typical scales in
the core might be U ’5� 10 – 4 m s – 1, L’ 1000 km,
�’ 1 m2 s – 1, giving Rm� 500, suggesting that advec-
tion dominates diffusion. If we neglect diffusion, then
eqn [3] becomes

_Br þrH ? uBrð Þ ¼ 0 ½4�

This equation is the starting point for modeling of
flow at the core surface, as originally proposed by
Roberts and Scott (1965). It is named the frozen-flux
induction equation, because it can be shown (e.g., see

Chapter 5.05) that the magnetic field is carried
along passively with the flow and so provides
a tracer of that flow. The justification for dropp-
ing diffusion is not particularly strong: Bloxham
and Jackson (1991) among others discuss many of
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the factors that might make this assumption fail.
Perhaps most obviously, the estimate of length scale
may be inadequate: it is motivated by possible hor-
izontal length scales of the magnetic field. It is likely
that the radial length scale for magnetic field varia-
tion at the CMB may be shorter, due to the formation
of hydromagnetic boundary layers, strongly increas-
ing the importance of the diffusion term.
Unfortunately, the radial dependence of the mag-
netic field cannot be constrained by observations.
Even neglect of the diffusion term in the horizontal
directions may be inappropriate, a point to which we
will return later. Nevertheless, eqn [4] provides the
primary tool for the modeling of core-surface flow.
Given a model of the radial field Br , and either a
model of secular variation _Br , or direct estimates at
the Earth’s surface (e.g., from yearly differences of
magnetic observatory annual means) it is possible to
model (or at least constrain) the surface flow u.

8.04.2.3 Poloidal–Toroidal Decomposition

For a spherical geometry, it proves useful to consider
both the magnetic field and flow in terms of a poloidal–
toroidal decomposition (see, e.g., Gubbins and Roberts
(1987); see Chapter 8.03). Because of Gauss’s theorem
for magnetic field (and the absence of magnetic mono-
poles), and the incompressibility condition for flow from
the Boussinesq approximation, it follows that both the
field and flow are divergence free

r ? B ¼ 0 ½5�

r ? u ¼ 0 ½6�

As a result, we may write field and flow as

B ¼ rm Trð Þ þ rmrm Srð Þ ½7�

u ¼ rm trð Þ þ rmrm srð Þ ½8�

where T, t and S, s are toroidal and poloidal scalars,
respectively, and r is the position vector. This leads
to expressions for the flow in spherical coordinates
(r, �, �) (radius, colatitude, longitude) of

uT ¼ 0;
1

sin �

qt

q�
; –

qt

q�

� �
½9�

uS ¼
L2s

r
;

1

r

q rsð Þ
qr q�

;
1

r sin �

q rsð Þ
qr q�

� �
½10�

and similar expressions for the field, where

L2 ¼ –
1

sin �

q
q�

sin �
q
q�

� �
þ 1

sin2 �

q2

q�2

� �
½11�

is the angular momentum operator from quantum
mechanics. (Note that this expansion for the poloi-
dal–toroidal decomposition is by no means unique:
often, e.g., the unit vector r̂ replaces the position vector
r in eqns [7] and [8].) We must consider the boundary
conditions for both field and flow. As already noted,
defining an impenetrable, spherical CMB gives zero
radial velocity there, leading to an alternative form for
the flow decomposition. From eqn [10], zero radial
flow requires that s¼ 0, but qs=qr is nonzero.
Writing T ¼ t , S ¼ ð1=rÞðqðrsÞ=qrÞ, we obtain an
expression for the horizontal flow

uH ¼ rm T rð Þ þ rH r S ½12�

To solve for the flow, each of the scalars is further
expanded on a basis of spherical harmonics, most
commonly real, Schmidt-normalized harmonics,
defining

T ¼
P1
l¼1

Pl

m¼0
Pm

l ðcos�Þ T mc
l cosm� þ T ms

l sinm�
� �

S ¼
P1
l¼1

Pl

m¼0
Pm

l ðcos�Þ S mc
l cos m� þ S ms

l sinm�
� � ½13�

where Pm
l cos �ð Þ are associated Legendre functions of

degree l and order m (see, e.g., Langel (1987)). These
expansions are then substituted into eqn [4], along
with expressions for field and secular variation
derived from spherical harmonic models of the
potential magnetic field at the Earth’s surface.
Spherical harmonic orthogonality is used to derive
a linear system of equations for T m

l ; S m
l

� 	
. Solution

for this set of flow coefficients provides a solution for
the flow (e.g., Whaler, 1986).

8.04.2.4 Boundary Conditions

In order to estimate the flow near the surface of
the core, we must consider the boundary conditions
in detail. One boundary condition has already been
discussed, which is that no penetration of the CMB
requires zero radial velocity. However, as the CMB is
a rigid boundary, considerations of hydrodynamics
also require that the horizontal components of velo-
city there are zero. Clearly, therefore, determining
the flow precisely at the CMB is trivial, but not
very informative – it is zero there! When we speak
of obtaining the flow at the top of the core, we are
generally referring to the flow at the top of the
‘free stream’ – the region just below the hydro-
magnetic boundary layers at the CMB. The jump in
the radial component of the field across this layer is
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constrained by a scaling analysis of the condition
r ? B¼ 0, which gives

qBr

qr
� rH ? BH ½14�

As the radial length scale of the boundary layer is
much smaller than the horizontal length scale of the
whole core, it follows that the change in Br is small.
Therefore, we may adopt the radial field at the CMB
as appropriate for the radial field at the top of the free
stream. Analysis of the perpendicular field compo-
nents is less clear, particularly concerning the
toroidal magnetic field (eqn [7]), but as we shall not
use these perpendicular components here, we will
pass over these problems.

8.04.2.5 Nonuniqueness

Equation [4] provides the fundamental tool with
which it is possible to determine a surface core flow
from observations. Its use was first attempted by
Kahle et al. (1967), but problems soon became appar-
ent. An ambiguity in part of the flow was noticed by
Roberts and Scott (1965), and later quantified by
Backus (1968). Backus wrote the product of the flow
and radial field in the form

uBr ¼ rH � – r̂mrH � ½15�

Substituting this decomposition into eqn [4] leads to

_Br þr2
H � ¼ 0 ½16�

eliminating the scalar �. Thus, the part of the flow
corresponding to this scalar does not contribute to
secular variation and is not constrained by field obser-
vations except for some weak continuity conditions at
null-flux curves (lines of Br¼ 0). (In other words, �
defines the ‘null space’ of the flow.) This problem is
also clear from a very simple argument: even given the
assumed zero radial velocity, there remain two com-
ponents of flow to be determined (e.g., northwards and
eastwards) over the surface of the core. Equation [4]
provides only one equation with which to do this, so
with fewer equations than unknowns, nonuniqueness
should be no surprise. From expanding eqn [4] as

_Br þ BrrH ? uþ u ?rH Br ¼ 0 ½17�

Backus (1968) observed that a component of the flow
is only determined independently at points on the
core surface on the null-flux curves, and even at
these locations, only that component of the flow
perpendicular to the curve.

Clearly, a second equation for the flow (at least) is
required: while this does not guarantee a formally
unique solution, clearly two equations for two
unknown flow components are better than just one.
Such an equation can be obtained by considering
various dynamical approximations; we discuss the
most frequently used below, but begin with a ‘hidden’
assumption of at least equal importance.

8.04.2.6 The Large-Scale Approximation

The most important condition required for flow cal-
culation does not provide an additional equation, and
is often overlooked, because it is so ingrained in the
methods of solution. The so-called large-scale
approximation is the assumption that the flows that
generate the observed SV are large scale at the sur-
face of the core. It would always be possible to fit
observed SV exactly by taking a flow of arbitrarily
small scale. However, such small scales are not
required to explain the observations, and therefore
cannot be reliably recovered from them. Two
approaches have been used to apply this condition.
The simpler is to limit the small scales of the flow by
truncation of the spherical harmonic series in eqn
[14] (e.g., Voorhies, 1986): by not parametrizing
small scales, they are required to be zero. This
approach requires no additional physical assumptions
about the flow, but is arbitrary and mathematically
unattractive, similar to applying Fourier methods
without any tapering, leading to possible ‘ringing’. A
more common approach is to apply some form of
regularization or ‘damping’. One physically moti-
vated form of damping is to minimize the mean-
square velocity in the flow integrated over the area
of the CMB, Z

CMB

ðv2
� þ v2

�ÞdS ½18�

limiting its kinetic energy (Madden and Le Mouël,
1982). Problems from the implementation of this
norm (essentially due to the lack of convergence of
the flow and its implications for other physical con-
straints) led Bloxham (1988) to propose what has
become known as the strong norm, which can be
written as Z

CMB

ðr2
H v�Þ2 þ ðr2

H v�Þ2

 �

dS ½19�

Physical interpretation of this norm can be
attempted, but it is probably best to regard it merely
as penalizing small-scale structure (roughness) more
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severely than condition [18]. Expanding the flow into
its toroidal and poloidal parts following eqn [14],
damping condition [18] requires minimization ofX

l ; m

lðl þ 1Þ
2l þ 1

� �
T m2

l þ S m2
l


 �
½20�

while damping condition [19] minimizes to

X
l ; m

l3ðl þ 1Þ3

2l þ 1

� �
T m2

l þ S m2
l


 �
½21�

Hence, the strong norm increases the penalty on
higher-degree flow components.

We emphasize that all of the more physical (and
‘higher profile’) approximations that follow are useful
only because of the inherent assumption that the flow
is large scale.

8.04.2.7 Steady Flows

The first a priori assumption adopted was to model
the flow as steady (Gubbins, 1982) – that is, T , S in
eqn [13] are independent of time. This was motivated
partially by computational convenience – consider-
ing a flow which is steady rather than time dependent
greatly reduces the number of free parameters which
must be considered. However, more physical justifi-
cation is also possible. The steady part of the secular
variation accounts for a large fraction of its power,
which can be related to a steady flow (consider eqn
[4]). Further, many features of the field at the CMB
change approximately uniformly with time: for
example, the close-to-uniform westward progression
of flux patches in the equatorial region under the
Atlantic Hemisphere suggests that they are being
carried along by a broadly steady flow.

Steady flows have been determined in two ways:
first, a simple approach of fitting estimates of the
secular variation at a range of epochs, given the
magnetic field at those epochs; second, and more
consistently, the nonlinear problem posed by advect-
ing an initial field model over the period of interest
using a steady flow (e.g., Bloxham, 1992). Both meth-
ods produce similar-looking flows that can explain a
large fraction of the secular variation, particularly its
steady component – variance reductions of over 98%
being perfectly possible (Bloxham, 1992).

Resolution of the flow nonuniqueness relies on
sufficient change of the field over the time of analysis
to allow for view of the flow in the null space. This
requirement was given in a determinant condition by
Voorhies and Backus (1985), and yields a minimum

time over which data must be considered for the flow

to be formally unique. However, whatever the math-
ematical conditions imposed, the important factor is

whether the assumption is physically sensible: is the

flow really steady (or sufficiently slowly varying)
over the time period over which it is solved for?

Bloxham (1992) demonstrates that even with very

high variance reductions, such flows do not well

explain fine-scale detail in the SV, particularly the
60-year oscillation in the axial dipole and other more

rapid variations in field coefficients. Voorhies (1993)

argues that such small variations are well below the
error budget imposed by unmodeled physical pro-

cesses relating to core flow (such as the influence of

variations in mantle conductivity, core conductivity,

and core asphericity), but nonetheless, these features
of the SV appear to be robust, and have the potential

to provide much information about the dynamics of

the top of the core – see, for example, the description
of geomagnetic jerks in Section 8.04.5.3. In particular,

time variations can be correlated against variations in

Earth rotation, and as described in Section 8.04.4, this
correlation provides perhaps the only independent

confirmation that core-surface flow modeling is

meaningful. In this respect, assuming a simple

steady flow is unsatisfactory, despite its success in
explaining the observed secular variation in a very

compact way.

8.04.2.8 Toroidal Flows

A toroidal motion is one in which upwelling of the

flow is suppressed, so that there is no radial motion of

the fluid, giving ur¼ 0 not only at the CMB, but also

within the free stream. Various workers, particularly
Braginsky (1999) and references therein, have sug-

gested that the top of the core could be stably

stratified, which might justify this assumption.
Therefore, the radial derivative of the radial compo-

nent of the flow is zero. The continuity equation

gives

1

r

qðrur Þ
qr
þrH ? uH ¼ 0 ½22�

giving the condition for no upwelling as

rH ? uH ¼ 0 ½23�

implying no horizontal divergence in the surface
flow. Substituting from eqn [12] gives

r2
H r S ¼ 0 ½24�
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and hence the condition that S ¼ 0 over the core
surface, requiring no poloidal component to the
motion: hence the name toroidal flow.

The additional constraint on the flow provided by
eqn [23] reduces the formal nonuniqueness in the
flow determination, but does not eliminate it.
Combining eqn [23] with eqn [17] leads to

_Br þ u ?rH Br ¼ 0 ½25�

Therefore, flow along contours of Br (in the direction in
whichrHBr ¼ 0) generates no secular variation, and so
is unconstrained by observations. A particularly impor-
tant such contour is the geomagnetic equator, meaning
that under the toroidal flow assumption, the net flow
around the equator is not constrained. As already dis-
cussed, Backus (1968) demonstrated that flow can
always be determined uniquely perpendicular to null-
flux contours; the toroidal flow assumption extends this
result to include all contours of Br . With additional
physical assumptions, a toroidal flow can be considered
as being determined fully uniquely: Lloyd and Gubbins
(1990) demonstrated that, in the case of an completely
insulating mantle, a toroidal flow is unique if calculated
using both radial and horizontal components of the
induction equation. However, even if the mantle is
only a weak conductor, the horizontal components of
the induction equation are no longer useful, and so this
result is not applied in current flow modeling.

Whaler (1980) provided observational support for
the toroidal flow assumption from a local analysis of
the geomagnetic field. She observed, following
Roberts and Scott (1965), that at local extrema in
Br , where rHBr¼ 0, eqn [25] requires

_Br ¼ 0 ½26�

She tested this condition against geomagnetic field
models (choosing available international geomagnetic
reference field (IGRF) models) and found evidence
that this condition holds within observational uncer-
tainties. However, because the field is downward
continued from surface observations, no such test can
be conclusive, because only ‘patch-averages’ of the
field can be determined from surface observations:
the formal error on a point estimate of the field at
the CMB is infinite (e.g., Backus et al., 1996).

Toroidal flows have been calculated by several
authors (e.g., Voorhies, 1984; Whaler, 1986;
Bloxham, 1992). They fit the secular variation less
well than flows with both toroidal and poloidal com-
ponents, but this is not surprising as they possess half
the number of free parameters for a given spherical
harmonic truncation.

8.04.2.9 Tangentially Geostrophic Flows

An alternative dynamical assumption, and the one that

has been used most frequently in flow modeling for

several decades, is that of tangential geostrophy, inde-

pendently proposed by Hills (1979) and Le Mouël

(1984). An assumption is made that the dynamics of

the flow at the top of the core is dominated by a

balance between pressure gradients, rotation (via the

Coriolis force), and buoyancy. Because the mantle is

approximately an electrical insulator (at least com-

pared with the core), the Lorentz force is assumed to

be small. Justification for this assumption is well-sum-

marized by Bloxham and Jackson (1991). In this

approximation, the dynamical eqn [2] reduces to

2�ðOmuÞ ¼ –rp þ �9g ½27�

Curling this equation eliminates the pressure term,
giving the ‘thermal wind equation’

2�ðO:rÞu ¼ gmr�9 ½28�

Assuming that gravity is fully radial, the radial com-
ponent of eqn [28] implies

rH ? ðu cos �Þ ¼ 0 ½29�

(compare with the equivalent expression for toroidal
flow, eqn [23]). As for toroidal flow, this assumption
reduces, but does not eliminate, the formal nonuni-
queness in flow determination. Substituting eqn [29]
into the frozen-flux induction, eqn [4] yields

_Br þ cos � u ?rH ? ðBr=cos �Þ ¼ 0 ½30�

If follows that flow is undetermined along contours of
Br/cos �. However, this remaining nonuniqueness is
less severe than that for toroidal flow, as realized by
Backus and Le Mouël (1986). Many of these contours
intersect the geographic equator at points where
Br ¼ 0. The flow along such contours is not undeter-
mined: it is only closed contours of Br/cos � around
which the flow is ambiguous. These depend on the
morphology of the main field, and so differ slightly
from epoch to epoch, but typically make up approxi-
mately 40% of the core surface. Such areas have been
named ‘ambiguous patches’. The tangential geos-
trophic approximation must also fail close to the
geographic equator. In this region, the radial compo-
nent of the Coriolis term is identically zero, and so the
thermal wind balance [28] must break down (Backus
and Le Mouël, 1986). Numerically, eqn [29] still
applies a constraint on flow at the equator, giving
u�¼ 0 there, equatorial flow is entirely east–west, but
this constraint is not physically well-posed.
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Two methods have been used to implement the
tangentially geostrophic approximation. First, the
flow can be expanded in terms of allowed geostrophic
functions, the nonorthogonal geostrophic basis (e.g.,
Le Mouël et al., 1985; Backus and Le Mouël, 1986;
Gire and Le Mouël, 1990; Jackson, 1997). This con-
ditions the flow to be precisely tangentially
geostrophic. An alternative approach is to damp non-
geostrophic components of the flow numerically, for
example, by minimizing the normZ

CMB

ðrH ? ðu cos �ÞÞ2dO ½31�

(e.g., Le Mouël et al., 1985; Voorhies, 1993; Holme,
1998; Pais et al., 2004). If this integral is identically
equal to zero, then the flows are constrained to be
identically tangentially geostrophic. An advantage of
this second approach, pursued in detail by Pais et al.
(2004), is that it is possible to study the effects of
small departures from geostrophy. Such a study
seems appropriate, because the tangential geo-
strophic assumption is derived depending on other
terms in the force balance being small, not zero, and
so it is important to check that forcing the flow to be
exactly tangentially geostrophic does not impose
artifacts on the solution.

8.04.2.10 Comparison of Solutions
Constructed with Different Nonuniqueness-
Reducing Assumptions

Bloxham and Jackson (1992) present a comparison of
flows derived by several groups with each of the
above assumptions (steady, toroidal, and tangentially
geostrophic). Here we present flow of each type
derived in the same way from the same field models,
so as to focus on the different physical features of
the resulting flows, rather than potential methodolo-
gical differences. We consider the field and secular
variation around 1980, calculated from the model
GUFM of Jackson et al. (2000). This is a continuous,
time-dependent model of the Earth’s magnetic field,
regularized to be smooth at the CMB. For more
details of this model, see Chapter 5.05. We present
toroidal and geostrophic flows calculated for 1980
(the epoch of the Magsat mission, at which the
model is expected to be best constrained by the
data), and a steady flow, using field and secular
variation in 1970, 1980, and 1990, a sufficiently long
interval to ensure formal uniqueness. Each flow is
regularized with the strong norm (eqn [19]), and

with damping parameters chosen to produce similar

flow strength. The flows are presented in Figure 1.

We see some similarities between the flows, but also

some differences. The three models have similar

maximum and root mean square (rms) flow speeds.

All three flows show some evidence of large-scale

symmetry between the North and South

Hemispheres, and are dominated by toroidal compo-

nents, particularly zonal toroidal modes (Hulot et al.,

1990; Bloxham, 1992). There is a strong westward

flow under the Atlantic Hemisphere in all three cases.

Under the Pacific, flow is generally weaker, due to

weaker secular variation there; but the tangentially

geostrophic flow shows in places a strong eastward

flow. This flow is not required to explain the obser-

vations, but arises from the combination of the

 (a) 

 (b) 

 (c) 

20.0 km yr 

–1

20.0 km yr 

–1

20.0 km yr 

–1

Figure 1 (a) Steady, (b) toroidal, and (c) tangentially

geostrophic flows for 1980 calculated from the field

model GUFM (Jackson et al., 2000). Maximum/rms flow
speeds in km yr�1 are (a) 31.0/12.2, (b) 29.6/12.6, and

(c) 31.2/14.3.
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large-scale and tangential geostrophy assumptions.
Furthermore, it is strongest at the equator, where
the latter assumption does not necessarily hold,
and so should be viewed with suspicion. All three
flows show some evidence of flow circulation in
the Southern Hemisphere under Africa and the
south Atlantic (christened the southern gyre by
Voorhies), and weaker common circulation under
North America. However, the differences in detail
between the flow models demonstrate how any con-
clusions drawn from a particular model depend on
the validity of the underlying physical assumptions
used to derive it.

8.04.2.11 Other Flow Modeling
Assumptions

More recently, other assumptions have been tested to
further constrain flow modeling. In Section 8.04.2.14,
we discuss briefly modeling with diffusion, but within
the framework of frozen flux, three additional meth-
ods have been proposed.

8.04.2.11.1 Flow in a drifting reference
frame

Voorhies and Backus (1985) suggested examination
of flows that were steady in a drifting reference
frame – a steady flow pattern rotating around the
Earth’s rotation axis. This could be conceived of as
a crude solid body rotation of the whole outer core, of
the core near-surface, or as a phase propagation of
wave motion at the top of the core. Such flows pro-
vide a parsimonious fit to the observed secular
variation (Davis and Whaler, 1997; Holme and
Whaler, 2001), in the sense that addition of one
further free parameter to a steady flow, the drift
rate, results in a large reduction in the misfit to the
secular variation, largely by a better fit to variations
in the axial dipole field. Allowing a time-dependent
drift does not greatly further reduce secular variation
misfit, but the variations in drift rate show good
correlation with decadal variations in LOD – see
Section 8.04.4.

8.04.2.11.2 Helical flow

Helical flow is one of two new types of a priori

information introduced by Amit and Olson (2004).
Dynamos are known to operate well in the presence
of helicity (giving rise to the so-called 	-effect), and
therefore helicity is a sensible choice of a physical

quantity with which to constrain flow structure. Amit
and Olson (2004) assume that

rH ? uH ¼ �k0
 ½32�

where k0 is a constant to be chosen, and 
 is the radial
component of the vorticity rm u. Using the toroi-
dal–poloidal decomposition, the condition on the
flow components is

r2
H S ¼ �k0r2

H T ½33�

The negative sign applies in the Northern
Hemisphere, the positive sign in the Southern
Hemisphere. Note that k0 is considered constant, for
which there is some evidence from some dynamo
simulations. Amit and Olson (2004) show that a for-
mulation which combines any amount of helical flow
(any nonzero constant value of k0) with the tangential
geostrophic assumption produces a flow solution that
is formally unique everywhere.

8.04.2.11.3 Columnar flow

The second assumption provided by Amit and Olson
(2004) is columnar flow, which assumes that the flow
internal to the dynamo is organized dominantly in
columns; then, because these columns must make
contact with the slanted spherical surface of the
CMB, the surface flow is constrained such that

rH ? uH ¼
2 tan �

c
u� ½34�

where c is the core radius. The columnar assumption
is closely related to the tangential geostrophic
approximation – eqn [29] can be rewritten as

rH ? uH ¼
tan �

c
u� ½35�

differing only by a factor of 2 from eqn [34]. Some
observational evidence for columnar flow is provided
by very detailed models of the core-surface field
constrained using maximum entropy techniques
(Jackson, 2003).

8.04.2.12 Limitations in Resolution of
Nonuniqueness

Considerable effort has been expended on investi-
gating the reduction or elimination of formal
nonuniqueness by the various dynamical flow
assumptions. This has led to a perception that, for
example, constraining a flow to be tangentially geo-
strophic yields a unique result which can be applied
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to examine other physical problems. Such confidence
is misplaced, as even in the case where a formally
unique flow can be obtained, in practice the flow is
obtained by a fit to noisy ‘data’. As in all data model-
ing problems, the ‘data’ (here the radial field secular
variation at the Earth’s surface) are not fit exactly, but
instead to within a given tolerance, generally to about
one standard deviation defined by the expected error.
The field models (and especially the secular variation
models) used are uncertain because of sparse,
unevenly distributed, noisy data, and contributions
to the field from sources other than the core (for the
field itself, particularly from the long-wavelength
lithospheric field, and for the secular variation, from
the field external to the Earth, particularly from
induced components in the conducting mantle
related to the solar cycle). Direct estimates of mag-
netic secular variation from obsevatory data (e.g.,
Whaler, 1986) have also been used; these allow better
quantification of noise, but the problem of uncer-
tainty of degree of fit remains. For convenience, the
further uncertainty in the field models is usually
ignored; the consequences of this are considered for-
mally by Jackson (1995). Numerically, a model fit
provides a unique solution (the flow which fits the
data to within a given error tolerance, subject to
additional physical information, and smoothness
defined by the chosen from of damping – the large-
scale approximation); however, there are an infinite
number of flows which fit the data to such a given
tolerance, while allowing perhaps only slightly
greater complexity (a slight relaxation of the damp-
ing). Thus, there is an infinite space of flows which
explain the observed secular variation. This is parti-
cularly the case as the errors on the field coefficients
are formally unbounded (or rather, any rigorous for-
mal bound is so weak as to be practically useless
(Backus, 1988)), due to the need to downward con-
tinue the field from the Earth’s surface to the CMB,
an operation which is mathematically unstable. An
example of the pitfalls of overestimating the unique-
ness of the flow was given by Holme (1998) in a study
of electromagnetic core–mantle coupling. While for-
ward modeling of the electromagnetic torque of the
core on the mantle from a calculated field model
displays little similarity with that torque required
to explain observed variations in LOD, inverse mod-
els calculated to explain both the secular variation
and the torque do so with little additional flow com-
plexity, showing that this core–mantle coupling
mechanism cannot be ruled out on observational
(flow modeling) grounds alone. Pais et al. (2004)

took such ideas further, by exploring the effects of
relaxing the tangential geostrophic constraint, rather
than applying it exactly. Physically this is sensible:
while we might believe that tangential geostrophy is
a good approximation to the physics at the top of the
core – for example, that the influence of the Lorentz
force is weaker than the Coriolis force and pressure
gradients – this is far from stating that the Lorentz
force must be exactly zero. A small Lorentz force
could give rise to a large change in the physical
behavior of the flow.

We should therefore be very careful in interpret-
ing the flows modeled, because in the Earth the
nonuniqueness-reducing assumptions will not apply
exactly – essentially, the flows obtained are only as
good as the physics used as a constraint. This is
particularly of concern when flow models are further
analyzed to determine other physical properties, for
example, in deriving torsional oscillation structure,
or constraining core–mantle coupling.

8.04.2.13 The Horizontal Field Components

The analysis thus far has focused entirely on the
radial component of the induction equation; what
can be determined from the perpendicular compo-
nents of the equation? Sadly, the answer appears to be
not very much. The horizontal field components
include contributions from the toroidal field, which,
in the assumption that the mantle is an insulator, is
totally contained within the core. The mantle is not a
perfect insulator, and in principle it should be possi-
ble to obtain as estimate of the toroidal field at the top
of the core by the measurement of global-scale elec-
tric currents at the Earth’s surface – for example, in
abandoned telecommunications cables (Lanzerotti
et al., 1985). However, the effects are very small, and
very difficult to distinguish from other sources of
electric currents, especially oceanic motional induc-
tion (see, e.g., Shimizu et al., 1998; Shimizu and Utada,
2004). This leaves the toroidal parts of the horizontal
field, as given in eqn [12], essentially unknown. At
the top of the free stream, it is likely that the toroidal
field is at least as large as the poloidal field in the
horizontal directions.

Nevertheless, Bloxham and Jackson (1991)
attempted to use the horizontal components of the
poloidal part of the magnetic field to map the vertical
shear of the flow. They generated maps of the shear,
but these were contested by Jault and Le Mouël
(1991). Further investigation of the effects unearthed
several unfortunate surprises: in particular, in
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inverting for shear from synthetic flows with shears
of opposite signs, the same shear sign was obtained in
both (as reported in Whaler and Davis (1997)).
Therefore, the determination of shear at the top of
the core does not appear to be robust, and will not be
discussed further. Gubbins (1996) has further consid-
ered the influence of shear in deriving methodology
for including diffusion in flow modeling.

8.04.2.14 Effects of Diffusion

The analysis developed above, particularly questions
of flow uniqueness, has relied fundamentally on the
neglect of magnetic diffusion, assuming that secular
variation is dominated by advection, in particular on
decadal timescales. However, this is by no means
certain. In particular, eqn [3] allows an alternative
self-consistent scaling interpretation: rather than the
dominant term balance being the match of the secular
variation against advection, the largest terms could
instead be the advection and diffusion, almost cancel-
ling, with the secular variation a result of small
departures from this equilibrium. Support for such a
state was provided by analysis of kinematic dynamo
output by Gubbins and Kelly (1996): they argued that
a steady flow will evolve to just such a balance, with
secular variation tending to zero over time. Love
(1999) argued this point with vigor, suggesting that
because we expect the dynamo process to be close to
steady on decadal timescales, this is precisely the
type of state we should expect in the core. If this
physical picture truly holds, then clearly flow models
neglecting diffusion are in serious error.

Some studies suggest that this problem may be
less severe than at first glance. Voorhies (1993)
argued for just such a state, and solved for a steady
flow and parametrized steady diffusion. Interestingly,
he found that the form of the steady flow did not
change greatly with the additional allowance for dif-
fusion, even at quite low magnetic Reynolds numbers
(when diffusion is in principle dominant over advec-
tion). This result is supported by the study of Rau
et al. (2000), who conducted synthetic experiments
based on the output of dynamo codes. They took the
synthetic secular variation generated by the dynamo
model, solved for a flow based on this secular varia-
tion, and compared their solution with the true flow
at the dynamo surface. Despite the diffusive contri-
bution to the flow being of the same order of
magnitude as the advective contribution, the mod-
eled flow recovered well many features of the true
flow.

Many workers have continued to ignore diffusion
in modeling for core flow, perhaps encouraged by the
result of Rau et al. (2000), or perhaps motivated at
least in part by convenience: the flow inversion is
already a severely underdetermined inverse problem,
and adding additional parametrization for diffusion
only makes this problem worse. The method of
Voorhies (1993) relied on the steady flow assump-
tion, together with steady diffusion, which makes the
number of parameters tractable. However, it does not
allow for time-dependent flow. Voorhies argues that
part of the secular variation which must be explained
by nonsteady flows is small, particularly in compar-
ison with errors resulting from neglect of other
effects (such as diffusion, or a noninsulating mantle).
Bloxham (1992) made a similar point. Nevertheless,
direct comparison with observations from magnetic
observatories shows that a steady flow is unable to
explain clear features in the observed secular varia-
tion (see, e.g., the results of Bloxham et al. (2002), who
solve for a particularly detailed steady flow, which is
nevertheless unable to explain notable features of the
secular variation). Further, these parts of the secular
variation are among the most interesting, and provide
the one independent test that the flow models are in
any way meaningful – see Section 8.04.4. Therefore,
it is unfortunate to ignore them. Gubbins (1996) has
provided a methodology for solving for both time-
dependent flow and diffusion, but this has not as yet
been implemented.

Alternative treatments of diffusion have been pro-
posed. Olson et al. (2002) appeal to mean-field
analysis, which has been useful in dynamo theory,
to consider the different scales on which diffusion can
act. They separate both field and flow into large and
small scales

Br ¼ B þ b ½36�

uH ¼ Uþ u ½37�

yielding after some analysis a relation matching the
upwelling of the small-scale flow to the diffusion of
the small-scale field

B rH ? uð Þ ¼ �
r
r2 rbð Þ ½38�

where these smaller-scale magnetic field features are
in advective–diffusive equilibrium in a frame moving
with the large-scale velocity (not dissimilar to the
concept of steady flow in a drifting frame described
above). The diffusive term still depends on unknown
radial derivatives of the magnetic field at or within
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the free stream, but Olson et al. (2002) argue that, at
least away from the equator, horizontal diffusion
should be dominant, supporting this contention
with examples from dynamo simulations.

Usually, the effects of diffusion are considered
at small scales, but Holme and Olsen (2006) instead

considered the influence of diffusion at large scales,

particularly in its influence on the observed secular

variation. Decomposing the field into its spherical

harmonic constituents, the secular variation

from diffusion might be expected to increase with

harmonic degree, a simple scaling argument giving

perhaps

_Br lð Þ � l2Br lð Þ ½39�

But the strength of the observed secular variation also
increases with degree as a function of the field
strength, approximately

_Br lð Þ � l3=2Br lð Þ ½40�

Thus, the observed secular variation power increases
almost as rapidly with degree as the simple
scaling argument for diffusion would predict, leaving
the predictive fractional diffusive power in the
observed SV only a weak function of harmonic
degree. Holme and Olsen (2006) obtain crude esti-
mates on the possible magnitude of diffusion at each
harmonic degree using the well-defined magnetic
free-decay modes (e.g., Gubbins and Roberts, 1987)
to match the observed field. With this analysis,
the largest contribution of diffusion to the observed
secular variation occurs at low degrees (large
scales) rather than the usually assumed high degrees
(small scales). In particular, the strength of the axial
dipole coefficient of the field is so dominant at the
Earth’s surface (where the geomagnetic field is
observed) that the action of diffusion on this field
component may be the most important diffusional
element in the observed secular variation.
Interestingly, some tangentially geostrophic flows,
for example, the flows of Jackson (1997) and even
more clearly flows of the same author reported by
Whaler and Davis (1997), underfit the decay of the
axial dipole by 5–10 nT yr�1. However, applying
diffusional estimates as uncertainties on flow deter-
mination from the frozen-flux assumption gives
surprisingly little change in flow from conventional
error estimates, perhaps because the flow is unable
to easily explain such secular variation, and so
does not.

8.04.3 Higher-Resolution Flows from
Detailed Models of SV from Satellite
Observations

Even within the constraints of nonuniqueness and

unmodeled diffusion, a model of the core-surface

flow can be no better than the models of the radial

field and secular variation used to calculate it. Recent

models of the secular variation in particular have a

considerable improvement in resolution arising from

data from recent satellite missions: the Danish Ørsted

satellite (Neubert et al., 2001), the German CHAMP

satellite (Reigber et al., 2002), and the Argentine SAC-

C mission. These have provided effectively continuous

data coverage from early 1999 to the time of writing

(2007), with global three-component vector measure-

ments of the magnetic field allowing construction of

high-quality models of the global magnetic field. For

more details of these missions, see Chapter 5.02. Only

one earlier mission, the Magsat satellite which flew for

6 months in 1979/1980 (Langel et al., 1982) provided

data quality and coverage even approaching the cur-

rent period. These data allow models of secular

variation to be constrained to smaller scales: for exam-

ple, the CHAOS model of Olsen et al. (2006), which

shows coherent signal in secular variation to at least

spherical harmonic degree 15.
Hulot et al. (2002) made the first attempt to use

these higher-resolution models to calculate detailed

flow models. They estimated a 20-year time-aver-

aged secular variation from the difference between

the field in 1980 and 2000, and used this to model the

mean flow for the intervening period, centered on

1990, presented in Figure 2(a). This flow model

included finer-scale features than previous models,

in particular many small vortices in mid-latitudes.

Such features are characteristic of some geodynamo

simulations (e.g., Olson et al., 1999). In contrast,

Holme and Olsen (2006) calculated flows based on

the secular variation from 4 years of data from the

satellite missions. Figure 3 presents possible flows

calculated with both the toroidal and tangentially

geostrophic assumptions for these epochs. Fine-

scale detail is seen which varies greatly in detail

between the two flow approximations, and even

more compared with the flow of Hulot et al. (2002),

particularly lacking the many mid-latitude vortices.

The differences between the flows are a consequence

of their construction. The vortices observed by Hulot

et al. (2002) dominantly flow along closed contours

around field maxima and minima; this corresponds
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closely to the nonuniqueness described by eqn [30],
and shown in the Figure 2(b), and so these flows
produce no secular variation. Such flows might be
expected precisely from the balance between advec-
tion and diffusion described in Section 8.04.2.14, and
predicted by, for example, Gubbins and Kelly (1996).
The vortex flows suggested by Hulot et al. (2002) are
not required by the observations, but neither can they
be ruled out by them.

Previous flow models had shown broad agreement
between different methods and authors (see, e.g., the
survey provided by Bloxham and Jackson (1991) and
the flows shown in Figure 1); now, clearly, this
agreement is breaking down. The reason for the
emergence of this problem (compared with earlier,
larger-scale flows) can be understood quite simply.
The nonuniqueness of eqn [30] is for flows along

closed contours of Br/cos �. These contours are
themselves small scale, and only now, with attempts
to fit higher-resolution secular variation, is the inver-
sion able to generate flows of fine-enough scale to
match them. The flows of Holme and Olsen (2006)
do not show obvious evidence of the resulting vor-
tices; however, this by no means proves that such
features are not present in the real core flow. Their
flows are damped so as to minimize the overall mag-
nitude of the flow. Therefore, the nonunique flow
around these closed contours will be chosen so as to
minimize the global strength of the flow. The flow
models are equally influenced by the presence of the
nonuniqueness, if less obviously than the flows of
Hulot et al. (2002).

An even greater problem for resolution of small-
scale flow may be the limits to field resolution. Even

 (a) 

 (b) 

Figure 2 Flow of Hulot et al. (2002), plotted above the contours of the geostrophic nonuniqueness. Many of the small

vortices which can be identified in (a) coincide with closed contours of the nonuniqueness in (b). Adapted by permission from

Macmillan Publishers Ltd: Nature (Hulot G, Eymin C, Langlais B, Mandea M, and Olsen N (2002) Small-scale structure of the
geodynamo inferred from Oersted and MAGSAT satellite data. 416 (6881): 620–623), copyright (2002).
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with more detailed secular variation estimates, the

new field models cannot resolve details in the core
field smaller than spherical harmonic degree 13,

because of the presence of the lithospheric field

which screens out these scales. Eymin and Hulot

(2005) demonstrated that flow models were strongly

compromised by missing knowledge of the main

field, supporting the earlier contention of Hulot
et al. (1992). The problem arises because field and

flow interact with each other at all scales: therefore,

the modeled large-scale flow will generate large-

scale secular variation from the unknown small-

scale field. Eymin and Hulot (2005) consider a suite

of field models with varied ‘unknown’ small-scale
field, and conclude that this lack of knowledge

critically impairs modeling of the true flow from

modeled secular variation.
Rau et al. (2000) arrived at similar conclusions when

analyzing the output of dynamo simulations. They

found that neglect of diffusion did not critically

damage the integrity of the flows obtained, but that

lack of knowledge of the smaller-scale features in the

field was much more damaging. A filter on the field

chosen to mimic the effects of the crustal field took a

fine-scale field with no clear large-scale westward

drift, and produced a larger-scale field with apparent

large westward drift. In effect, they argue (at least for

their model) that a wave mechanism (see Section

8.04.6 below) is made to appear as if it were generated

by large-scale flow.

Geostrophic flow

Toroidal flow

20.0 km yr 

–1

20.0 km yr 

–1

Figure 3 A toroidal and a tangentially geostrophic flow fit from a model derived from high-quality magnetic satellite data for

the period 1999–2004 (Holme and Olsen, 2006). Note circulation foci which might be evidence for columnar flow (North and

South Hemisphere vortices at matching latitudes and opposite rotational sense), although these features are not robust to

variations in inversion parameters. Maximum/rms flow speeds in km yr�1 are 35.0/15.2 and 36.4/13.6, respectively. Adapted
from Holme R and Olsen N (2006) Core surface flow modelling from high-resolution secular variation. Geophysical Journal

International 166 (2): 518–528.
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8.04.4 Angular Momentum – LOD
Variation, and Correlation with Core
Angular Momentum

Core-surface flows can be calculated using the

methodology described in Section 8.04.2, but without

independent verification they cannot be confirmed as

meaningful. Fortunately, there is another piece of

geophysical information against which at least part

of the flow model can be tested: the variation in

Earth’s LOD. The rotation period of the Earth is

not a uniform 86 400 s, but varies on timescales of

days to millennia, due to the action of external tor-

ques, and exchanges of angular momentum between

different parts of the Earth system. Much more detail

is presented in Chapter 3.09. Over the longest time-

scales, the tidal drag of the Moon and Sun on the

rotating Earth is known to produce a secular slowing

of rotation (increase in LOD), currently of order

1.4 ms per century. On yearly and subyearly time-

scales, the angular momentum variation predicted

from models of the atmospheric global circulation

explains most of the observed LOD variation, and a

further part of the signal can also be predicted from

oceanic general circulation models (see, e.g., Marcus

et al. (1998)) and hydrology (Chen, 2005). However,

there are further variations of a couple of milliseconds

in LOD over several decades that are not easily

explained by surface processes. It was realized as

early as the 1950s that the missing angular momentum

was likely being taken up by the core: there was a good

correlation between variations in declination at some

magnetic observatories and LOD, and in particular

Vestine (1953) demonstrated a good correlation

between bulk core rotation predicted from westward

drift of the magnetic field and the LOD signal. The

observation was put on a much stronger footing by

Jault et al. (1988), based on the concept of Braginsky

(1970) that angular momentum in the core on decadal

timescales should be carried by torsional oscillations,

rotation of fluid on concentric cylinders coaxial with

the Earth’s rotation axis. Jault et al. (1988) realized that

if such motions were important, they would be man-

ifest in variations in surface flow patterns (see

Figure 4). Therefore, using surface flow models the

angular momentum of the whole core could be

approximated, and compared with observed LOD.

Perhaps surprisingly,for uniform flow on cylinders,

only two surface flow harmonics are required to cal-

culate the change in angular momentum of the core,

the zonal toroidal harmonics of degree 1 and 3. The

angular momentum (in the direction of the rotation

axis) is given by ( Jault et al., 1988)

Jz ¼
8�c4�

15
T 0

1 þ
12

7
T 0

3

� �
½41�

where c and � are the radius and mean density of the
core, respectively. Conservation of angular momen-
tum between the solid Earth and core leads to a
prediction for changes in observed LOD �T (mea-
sured in milliseconds) of

�T ¼ 1:138 �T 0
1 þ

12

7
�T 0

3

� �
½42�

where the toroidal flow coefficients are measured in
units of kilometers per year. Using this formulation,
Jault et al. (1988) obtained a promising correlation
between observed and predicted variations in LOD
for the previous 40 years determined from a sequence
of tangentially geostrophic flow models, especially
the rate of change; convincing support followed
from the work of Jackson et al. (1993), who provided
an excellent correlation between predicted core
angular momentum changes and observed LOD

Figure 4 Schematic diagram of the structure of torsional

oscillations. The vertical axis coincides with the Earth’s

rotation axis, and core flow moves on uniform cylinders. The

expression in the surface flow in the Northern and Southern
Hemispheres should be the same. Figure courtesy of Dr.

Stephen Zatman.
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variations for the past century. Prior to this period,
the correlation is poorer, in particular with an appar-
ent phase shift, but the general pattern is still
provoking. Pais and Hulot (2000) argue that the mis-
fit of �LOD prior to 1900 is not significant compared
with model uncertainty. The results of Jault et al.
(1988), Jackson et al. (1993), and some other flow
calculations are presented in Figure 5, taken from
Ponsar et al. (2003). The way in which the correlation
with LOD changes is achieved is also interesting.
Jackson et al. (1993) show that the two relevant tor-
oidal harmonics T 1

0 and T 3
0 are approximately

anticorrelated for much of the period. The flow giv-
ing rise to the LOD signal is a small part of the
overall flow, and the secular variation it generates a
small part of the total secular variation, making the
observed correlation with the variation in LOD even
more impressive.

Other assumptions for flow dynamics also pro-
duce a good correlation with variations in LOD.

Toroidal and even unconstrained motions (flow con-

strained to fit the secular variation without further

dynamical assumptions) show evidence of the corre-

lation, although weaker than for geostrophic flow.

This could be regarded as support for the assumption

that flow at the top of the core is approximately

tangentially geostrophic. However, estimating core

angular momentum from a toroidal flow is more
subject to uncertainty from nonuniqueness, because
part of the toroidal nonuniqueness involves flow
along contours of Br which encircle the Earth, and
can make strong contributions to the calculated
angular momentum. (Note that uncertainty for geos-
trophic flows arising from the failure of the
approximation near the equator is not significant:
although the moment arm from the rotation axis is
maximum, the amout of fluid in the cylinder touch-
ing the equator is small because it is short, and so
little angular momentum is carried related to surface
flows at this latitude.) Drifting flows with time-
dependent drift (Holme and Whaler, 2001) show a
correlation with �LOD that is almost as good as that
from tangentially geostrophic flows, and arguably
better prior to 1900, as shown in Figure 5. A yet
better correlation prior to 1900 is probably given by
the original Vestine (1953) analysis of westward drift!
The greater success of simpler flow parametrization
from 1870 to 1900 may be due to the field and secular
variation models: over this period a major improve-
ment in data quality and quantity was achieved,
particularly the establishment of a global network of
magnetic observatories. The improvement in data
allows increasing resolution (to smaller scales) of
secular variation in the field models, which a fit by
a flow model attempts to explain by core processes. It
may be that more parsimonious representations of
flow are less influenced by this change.

8.04.5 Torsional Oscillations as
a Probe of Core Structure

In the previous section, torsional motions have been
introduced as an important contributor to the secular
variation, even the amplitude of the resulting secular
variation signal is small. Further consideration of
torsional oscillations provides a direct probe of pro-
cesses within the core, rather than just at its surface.

8.04.5.1 Probing the Magnetic Field Interior
to the Core

If torsional oscillations are excited, and assuming that
core–mantle coupling is sufficiently weak so that
they can oscillate freely, then the characteristics of
such oscillations can constrain magnetic field struc-
ture in the core. The coupling force between the
cylinders arises primarily from their linkage by the
magnetic field, in particular its cylindrical radial
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component Bs . The work of Zatman and Bloxham
(1997, 1998) was pioneering in this respect. They
examined the structure of a time-dependent flow
model, and identified at least one and possibly two
separate torsional waves within the structure of the
oscillations, shown in Figure 6. Both the frequency
and decay rate of these oscillations provide useful
constraints, suggesting a value for Bs from 0.2 mT
rising to over 1 mT at the ICB in models including
boundary friction at the CMB and ICB. Note, how-
ever, that caution is necessary: it would be possible to
construct a range of possible flow models from the
observations which provide a sufficient fit to decadal
LOD variation, but differ in their fine-scale temporal

structure. Because this analysis is of a model of a flow
generated from a model of secular variation con-
strained by field observations, there is much scope
for uncertainties to arise depending on the precise
nature of the models chosen at each stage.

8.04.5.2 Coupling of Torsional Oscillations
to the Outer and Inner Core

Using the framework of torsional oscillations, observed
variations in LOD can also be used directly to probe
core–mantle interaction. Drawing on a detailed theory
giving the normal modes of oscillation including the
inner core, coupled electromagnetically to the outer
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core and gravitationally to the mantle (Mound and
Buffett, 2003, 2005; Buffett and Mound, 2005), Mound
and Buffett (2006) focus on a variation with approxi-
mate 6-year peroid detected by Abarco del Rio et al.
(2000). They argue that the 6-year oscillation is a
natural consequence of the coupling of the modes
with motion of the inner core (gravitationally coupled
to the mantle). By matching their model to the LOD
time series, they are able to constrain the strength of
gravitational coupling between the inner core and the
mantle, and place a lower bound on the viscosity of the
inner core.

8.04.5.3 Geomagnetic Jerks, and Links to
Earth’s Rotation

Geomagnetic jerks are sharp changes in the rate of
change of geomagnetic secular variation (in other
words, close to a discontinuity in the second time
derivative of the geomagnetic field) at points on the
Earth’s surface, first identified by Courtillot and
Le Mouël (1984) (see Chapter 5.05, or, e.g., Mandea
et al. (2000) and references therein). They are seen
particularly clearly in the eastward (Y) field compo-
nent from magnetic observatory records in Europe,
although some jerks are seen globally. As an important
detail in the secular variation, it is sensible to interpret
their generation in terms of core-surface flow. Bloxham
et al. (2002) have provided a particularly attractive
interpretation. They modeled the background (almost)
steady secular variation with a steady (if complex)
flow, and showed that for the 1969 geomagnetic jerk,
the magnetic field variation could be well-fit by flows
consisting only of odd-degree, zonal toroidal, harmo-
nics: the surface expression of torsional oscillations.
Unfortunately, the mechanism does not explain some
other jerks as effectively (e.g., Southern Hemisphere
jerk features in 1971). However, direct examination of
the variation in LOD provides additional evidence for
a link between geomagnetic jerks and Earth rotation
(and so perhaps torsional oscillations in the core).
Holme and de Viron (2005) identify features in the
decadal rate of change in LOD at or slightly before
epochs of identified jerks (Figure 7). These features
are consistent with impulsive torques on the core,
producing discontinuities in the rate of change of tor-
sional rotation, again consistent with torsional motions
in the core being associated with geomagnetic jerks. To
date, a mechanism which can generate such changes
has not been identified, but the possibility remains
to probe core processes on a very short timescale
(a year or less).

8.04.6 Wave Motion as an
Explanation for Secular Variation

The analysis presented so far has assumed that the
secular variation is primarily a result of large-scale
flow at the top of the core. The correlation between
predicted core angular momentum and observed varia-
tions in LOD suggests that at least part of the flow can
be represented in this way. However, for much of the
secular variation, there is another alternative, originat-
ing from a suggestion by Hide (1966) of an alternative
mechanism to explain westward drift. Whereas Bullard
et al. (1950) had argued for a origin of westward drift in
large-scale flow, Hide instead suggested that it could
arise as a result of wave motion. Magnetic waves called
Alfven waves were known to be supported in a fluid
penetrated by a magnetic field. Adding the effect of
rotation, additional families of diffusionless magneto-
hydrodynamic waves were shown to exist, some with
periods of order days (similar to inertial waves), but
others, named magnetic Rossby waves or planetary
waves, with much longer periods, for reasonable
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estimates of the magnetic field strength perhaps 300
years. Initial analysis based on propagation in a thin
shell (similar to analysis for the atmosphere) unfortu-
nately suggested that these waves would propagate
eastward, not westward! Hide provided an intuitive
argument, later confirmed by more detailed analysis,
as to why in the core (a thick shell) such waves would
propagate westward instead. Further examination has
suggested that westward motion will dominate when
the toroidal field is stronger than the poloidal field, as is
thought to be the case within the core (Hide and
Roberts, 1979).

There are a number of tantalizing observations
that suggest that a wave origin for much of the
secular variation may be appropriate. When dividing
the observed surface field into its standing and drift-
ing components, Yukutake (1979) further suggested
that the equatorial dipole field could be separated
into two components, drifting in opposite directions;
such a process is reminiscent of wave motion, con-
sistent with Hide’s ideas. Holme and Whaler (2001)
parametrized the large-scale flow into a steady flow
in a drifting frame, and derived optimal solutions
with equal and opposite drift rate, which if added
together (the solutions are linear) give rise to a stand-
ing wave. Finlay and Jackson (2003) have provided a
detailed analysis of the variation of the nonaxisym-
metric part of the field as revealed by the GUFM
model (Jackson et al., 2000). They revealed evidence
of uniform westward motion of field near the core
equator over all longitudes (although much less clear
in the Pacific Hemisphere) suggesting that the dif-
ference in secular variation between the Atlantic and
Pacific Hemispheres could have more to do with the
morphology and strength of the background field
than with any significant difference in physical pro-
cesses in the two areas. Hydromagnetic waves
provide one possible explanation for this signal.

Wave theory can also explain some level of com-
plexity in the secular variation very concisely, as the
local ‘drift rate’ of any feature can very with location,
as the wave velocity is a function of the background
field strength, which will vary over the core’s surface.
Many features of the core field could be explained by
a wave-based interpretation: for example, the west-
ward motion of equatorial flux patches under the
Atlantic Hemisphere has been suggested to be due
to trapped barotropic and baroclinic modes in a thin,
stably stratified equatorial band (Bergman, 1993).
Some numerical dynamo results (e.g., Rau et al.,
2000) also show the motion of fine-scale field struc-
ture in ways that could be interpreted in terms of

waves, but which if viewed through the ‘crustal filter’
(in other words, only the long-wavelength parts)
appear to be large-scale westward drift, not dissimilar
from that we see in models from the historical record.

How is a wave explanation for secular variation
consistent with induction through flow (and specifi-
cally with eqn [4])? If a part of SV can be explained
through a wave process, then this equation must still
be justified, but the flows which satisfy it may be small
scale, in particular too small scale to be resolved by the
limit we have observationally on the observed secular
variation (and particularly the observed field).
Evidence from the correlation with LOD suggests
that at least one feature of the flow, the torsional
oscillations, are large scale, although they themselves
are now interpreted in terms of wave processes! While
interpretations of secular variation in terms of large-
scale flow are currently dominant, it is certainly not
impossible that wave processes have an important role.
If this is identified, it opens up new avenues for con-
straining the physical processes in the core: for
example, the nature of the propagation is likely to be
a function of the structure of the unseen toroidal field.

8.04.7 Polar Vortices

If, as has been argued for torsional oscillations, mod-
els of core-surface flow reflect processes deeper
within the core, then it might be expected that flow
near the poles should differ in structure from flow
elsewhere. The theory of torsional oscillations relies
on the Taylor–Proudman theorem, and that motions
are uniform on cylinders throughout the core.
However, inside the ‘tangent cylinder’ defined by
the region of the core along the rotation axis above
and below the solid inner core, the Taylor cylinders
cannot extend from top to bottom of the core. The
possible expression in surface flow of the region is
small: the two caps at North and South Poles make
up less than 7% of the total core-surface area, but
analysis of the differences between flow in these caps
and flow over the rest of the core surface offers the
tantalzing prospect of probing the different dynamics
in the different regions of the core. Flow in the
tangent cylinder is particularly of interest, as it
might reflect rotation of the inner core, controver-
sially claimed to have been observed seismically
(Song and Richards, 1996; Souriau and Poupinet,
2000; Zhang et al., 2005). Olson and Aurnou (1999)
first identified the possible presence of a polar vortex
from examination of the UFM field model of
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Bloxham and Jackson (1992) over more than 100
years. They identified a rotation of field features
with time (Figure 8), and using a local (rather than
global) flow modeling algorithm, a finite difference
scheme regularized by horizontal diffusion, derived
an average westward drift rate within the tangent
cylinder of nearly a degree per year. They were
aware of the inherent nonuniqueness of their flow
model, and solved for a flow that was cylindrically
symmetric about the rotation axis, which they argued
would yield a unique flow field.

Further support for polar vortices has come from
the analysis of field models from recent satellite data.
Hulot et al. (2002) identified vortices in the flow not
only in the north polar region, but also in the south
polar region. Figure 9 shows the calculated axially
averaged flow from the model of Hulot et al. (2002),
based on the difference in field between 1980 and 2000.
This profile shows a remarkably uniform profile in
axisymmetric velocity outside the tangent cylinders,
but with vortex-like profiles within them. Further sup-
port is provided by results of Holme and Olsen (2006)
for both tangentially geostrophic and toroidal flows for
the period 1999–2004. However, Eymin and Hulot
(2005) cast some doubt on the robustness of these
conclusions, arguing that the polar vortices determined
are poorly resolved, echoing other earlier (unpub-
lished) criticism. The root of this controversy is (once
again) nonuniqueness of the flow determination.
Tangentially geostrophic flows are nonunique to
flows along contours of Br/cos � (eqn [30]). The con-
tours are shown for the north polar region in Figure 10.
Because they encircle the pole, the net circulation of
flow around the North Pole could take any value,
positive or negative.

Olson and Aurnou (1999) tried to bypass these
dificulties by solving for an axially symmetric com-

ponent of the flow, which they argued can then be

determined uniquely. Exact axial symmetry excludes

all of the flows around the contours of geostrophic

degeneracy, because they themselves are not axially

symmetric. However, such a claim of uniqueness is

only valid if the physical assumption is truly valid,

which at best is difficult to prove. Nevertheless, if the

flow near the poles is large scale (or has a strong

large-scale component), then the results of Hulot

et al. (2002) and Holme and Olsen (2006) may be

robust, because such large-scale flow cannot closely

follow the contours of nonuniqueness, because small-

scale structure cannot be matched.

(a) (b)

Figure 8 Evolution of the radial field of the GUFM model in the polar region ((a) 1870; (b) 1990) following Olson and Aurnou
(1999). The movement of the null-flux curve (included as a thick contour) shows the direction of fluid motion of the vortex.
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Examination of dynamo simulations may provide
some insight. In dynamo simulations of Sreenivasan

and Jones (2005), flow occurs around a local field

maximum, and so would be poorly resolved in a

flow determination from secular variation, as flows

around such contours are close to the null-space of

the inversion. However, this field area itself migrates
around the pole. Thus the flow models may reflect

both these processes, with the Olson and Aurnou

(1999) observation primarily sensitive to the long-

term drift of the field maximum, and the models from

satellite data more sensitive to possible flow around
this maximum.

Given an observed polar vortex, what further can
be deduced? Voorhies (1999) argued that from obser-

vation of the vortex, it was possible to constrain a rate

of inner-core rotation, obtaining a maximum bound

of 1.5� yr�1. However, the simulations of Sreenivasan

and Jones (2005) yield a polar vortex with a station-
ary inner core, gravitationally coupled to the mantle,

so it is clear that observational measurements of

geomagnetic secular variation cannot constrain pos-

sible inner-core motion until the physics is much

better understood. As with many questions as to the
core flow, more rigorous statements await a better

understanding of the flow regime at the top of the

core, leading to better physical constraints on core
motion.

8.04.8 Modeled Core Flow and
the Dynamics of the Core

Except in very general terms, this review has avoided
discussions of flow dynamics. The calculation of the
flow models has been kinematic (from the induction
equation), and while dynamical information has been
included to reduce the nonuniqueness of this deter-
mination, dynamical implications of the flow models
have not been considered in detail. This is in part due
to the uncertainties in the models: there are large
differences between calculated flow models, and it
is difficult to argue objectively which model to
accept. Nonetheless, it is important to consider
what further inferences can be made, and how the
flow models can be fitted into the dynamical frame-
work, particularly with the ever-growing number of
numerical dynamo models.

One method is to examine the range of behavior
which comes from relaxing nonuniqueness assumptions,
and whether this can provide any dynamical informa-
tion. To this end, Pais et al. (2004) considered the
relaxation of the tangential geostrophy approximation,
modeling the required departure from equilibrium
as being due to the magnetic Lorentz force. The equa-
tion for the current density which they solved is
essentially identical to the flow modeling eqn [4] here,
and so subject to the same issues of nonuniqueness.
Nonetheless, it is possible to seek current distributions
that minimize, for example, the energy dissipation
required; they found that substantial departures from
tangential geostrophy required an electrical dissipation
inconsistent with the energy budget of the core. This
methodology may be applicable more broadly, to test
whether the Lorentz forces required to support a parti-
cular flow are physically possible.

It is of particular interest to consider what might
control the long-term structure of the flow, and in
particular, whether any features are likely to demon-
strate coherence on long timescales. For this to occur,
the most likely mechanism is thermal core–mantle
coupling (Bloxham and Gubbins, 1987), with the ther-
mal regime at the base of the mantle having a strong
influence on the dynamo, and so the flow patterns
observed. Assuming that Lorentz forces are weak
near the CMB, the thermal wind equation [28] can
in principle be used to constrain the buoyancy, and so
the temperature field. However, in order to do this,

Figure 10 Contours of tangentially geostrophic
degeneracy in the region of the North Pole for 2000 from the

model CO2003 (Holme and Olsen, 2006). Note that the North

Pole is contained within a local maximum of such contours,

and so the net flow around the North Pole can take any value.
Adapted from Holme R and Olsen N (2006) Core surface from

modelling from high-resolution secular variation. Geophysical

Journal International 166(2): 518–528.
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information is required on the flow shear. To construct

the temperature field, either a thin-layer approxima-

tion must be used for flow at the top of the core (as

applied by Kohler and Stevenson (1990) looking at

topographic rather than thermal coupling), or the

shear must be determind (Bloxham and Jackson,

1990), which as already mentioned is problematic.

Instead, progress is being made through comparison

with the results of dynamo codes (e.g., Amit and Olson,

2006), although as always using such methods, a sig-

nificant caveat remains when interpreting the results

as to the usefulness of simulations running in a physi-

cal regime far from that of the Earth.
What overall conclusions can be drawn with

regards to the nature of large-scale flow in the core?

If we wish to be able to make fully rigorous statements,

then unfortunately there are very few. The still uncer-

tain role of diffusion, the uncertainty as to the validity

of the assumptions made to reduce nonuniqueness,

and the screening influence of the lithospheric field,

mean that almost any conclusion has to come with a

caveat. Nonetheless, if we are willing to accept some

of the assumptions as reasonable, we may draw some

overall conclusions. The correlation of predicted core

angular momentum from flow models with observed

variations in LOD suggest that at the very least, the

large-scale time-varying flow is being well recovered

by our flow modeling. The steady component is less

clear, but given results of testing output from dynamo

simulations, it is likely that at least the gross features of

flow are being successfully recovered. Root mean

square flow speed has not increased greatly with the

higher-resolution models calculated from satellite data

(compare the values in Figures 1 and 3) and so a

general rms flow speed of not more than 20 km yr�1

seems reasonable. The flow is probably well-defined

under the Atlantic Hemisphere, where secular varia-

tion is strong and regular, but less so under the Pacific

Hemisphere, where the secular variation is weaker,

and models with different a priori information display

strong differences. The success of the tangentially

geostrophic assumption in fitting observed and mod-

eled secular variation, and its comparitively strong

theoretical underpinnings, means that it remains the

most attractive form of a priori information for flow

modeling. In this case, thermal winds seem a probable

driving mechanism for surface flows, at least over

periods of centuries or so. Finally, some finer features

of core flow are likely to be robust: in particular, the

polar vortices are likely to be present, and should

provide a constraint on the dynamics in the tangent

cylinder, although constraining inner-core rotation is
likely to be overambitious.

How may we improve on this rather vague state of
affairs? We have looked briefly at studies which have
used insights from numerical dynamo modeling. The
logical extension of such studies is to combine observa-
tional and computational methods directly – applying
data assimilation to dynamo modeling. In this way, the
dynamo models are constrained to fit the observations
as far as possible. Such work is in its infancy (e.g.,
Kuang et al (in press)), but only in this way is there
any real hope of resolving the issues of flow ambiguity
described in this chapter, and of making real progress
in direct constraint of dynamical processes from
observed secular variation and inferred core flow.
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Hulot G, Le Mouël JL, and Jault D (1990) The flow at the core–
mantle boundary – Symmetry properties. Journal of
Geomagnetism and Geoelectricity 42: 857–874.
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Nomenclature
cp specific heat at constant pressure

(J kg�1 K�1)

d rcmb� ricb (m)

g acceleration due to gravity (m s�2)

h� heat of reaction (J kg�1)
, typical width of convection rolls (m)

j current density (A m�2)

k thermal conductivity (W m�1 K�1)

k vector wave number (m�1)

k� mass diffusion coefficient (kg m�1 s�1)

m azimuthal wave number (exp im�)

p pressure (fluctuating pressure)

q Roberts number (�/�)

r distance from Earth’s center (m)

rcmb radius of CMB (m)

ricb radius of ICB (m)

t time (s)

u velocity (m s�1)

A magnetic potential (T m)

B magnetic field (T)

B� typical core field strength (T)

C Coriolis operator in toroidal-poloidal

expansion equations (m�1)

D dissipation number

E electric field (V m�1)

E, " Ekman number

Fconv the convective part of the heat flux

(W m�2)

Fv viscous force per unit mass (N kg�1)

H internal heat source (W kg�1)

Iad heat flux per unit area conducted down

the adiabat (W m�2)

Icmb heat flux per unit area passing through

CMB (W m�2)

L height of Busse annulus (m)

LH latent heat per unit mass (J kg�1)

L 2 r2 times the angular part of the Laplacian

operator

N Nusselt number based on the adiabatic

temperature gradient

Nu Nusselt number based on the superadia-

batic temperature gradient

Pm magnetic Prandtl number (�/�)

Pr Prandtl number (�/�)

Q Chandrasekhar number ðB2
0=����Þ

Qj ohmic dissipation (W m�3 )

Qv viscous dissipation (W m�3 )

Ra Rayleigh number g	�Tsd
3=��

Ra� nondiffusive Rayleigh number g	�Ts=�d2

RaQ convective flux Rayleigh number
RaðNu – 1Þ

Rm magnetic Reynolds number U�d=�

Ro Rossby number U�=�d

R scaled Rayleigh number "4=3Ra

S, (Sc) specific entropy (entropy perturbation)

(J K�1 kg�1)

S poloidal scalar for velocity (m3 s�1)

T temperature (K)

Ta temperature of adiabatic state (K)

Tc temperature perturbation due to

convection (K)

T 9 Tc�T0, T0 being the static temperature

distribution (K)
T90 qT0=qr (K m�1)
T9� typical temperature perturbation in the

core (K)

T toroidal scalar for velocity (m2 s�1)

U� typical core velocity (m s�1)

U toroidal scalar for magnetic field (T m)

	 coefficient of thermal expansion (K�1)

	� adiabatic compositional expansion

coefficient


 rotation parameter in the annulus model

4��D3=L�

� Grüneisen parameter


 thermal boundary layer thickness (m)


B magnetic dissipation length scale (m)

� vorticity (s�1)

� magnetic diffusivity (m2 s�1)

� thermal diffusivity (m2 s�1)

�� mass diffusivity (m2 s�1)

� magnetic permeability (H m�1)

V poloidal scalar for

magnetic field (T m2)

�T turbulent kinematic viscosity (m2 s�1)
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8.05.1 Introduction to Core
Convection

The Earth’s liquid outer core is stirred by thermal
and compositional convection. In thermal convection
the buoyancy is due to temperature fluctuations,
while in compositional convection it is produced by
light material released at the inner-core boundary.
Convection in the core is strongly supercritical, and
is greatly affected by rotation and magnetic field. In
this chapter, we focus on the issues of how fast the
convective motions are, what type of flows occur, and
how this relates to the heat and mass transport. Core
convection is believed to be a primary source of
dynamo action, and so it is responsible for the
Earth’s magnetic field. We therefore also consider
how core convection affects the magnetic field
generated.

8.05.1.1 The Need for a Dynamo

The basic structure of the Earth’s interior has been
deduced from seismic observations. It is known from
these data that there is a high-density core sur-
rounded by a lower density mantle, with the
transition occurring at the core–mantle boundary
(CMB), which is located 3480 km from the center of
the Earth. The high-density core, which is believed
to be composed mainly of iron, is divided into a fluid
outer core and a solid inner core, with the inner-core
boundary (ICB) having a radius of 1220 km. There is
a density jump across the ICB of roughly 500 kg m�3,
the density of the inner core itself being around
12 000 kg m�3. The fluid nature of the outer core is

deduced from its inability to support transverse
seismic waves (S-waves), which can only propagate
in a solid.

The basic structure of the Earth’s interior was
mainly worked out in the first half of the twentieth
century. It had been known much earlier that the
Earth’s magnetic field varies slowly with time;
indeed, this secular variation was known to Henry
Gellibrand in 1635, and Edmond Halley noticed that
the field appeared to drift westwards. He suggested
that the Earth might have a layered concentric shell
structure, with the magnetic field being carried along
with one of the interior shells. Joseph Larmor (1920)
proposed that the magnetic fields of the Earth and the
Sun might be generated by a dynamo, driven by
motion in an electrically conducting fluid in the
core, which is the basis of the modern geodynamo
theory of the Earth’s magnetic field. The physical
principles behind the dynamo theory are the laws of
electromagnetism (Maxwell’s equations) and the laws
of fluid motion (the Navier–Stokes equations). These
equations were well known in Larmor’s time, but
finding useful solutions of them has proved difficult,
though it is now possible to find numerical solutions
using powerful computers.

The iron in the outer core has an electrical con-
ductivity of around 4� 105 S m�1, though there is
some uncertainty because the exact composition of
the outer core is not known, and the very high pres-
sure adds a further difficulty to estimating this (and
other physical properties of the core) accurately. It is
not difficult to show that with this conductivity, the
geomagnetic field would decay on a 20 000 year
timescale (see, e.g., Moffatt (1978)) if the fluid in

� mass fraction of light element

�, �a density of reference state (kg m�3)

�c density perturbation (kg m�3)

� electrical conductivity (S m�1)
�diss magnetic dissipation time

(energy/dissipation rate) (s)

� endwall slope angle in the annulus model

 stream function (m2 s�1)

!A buoyancy frequency (internal wave

frequency) (s�1)

!C inertial wave frequency (s�1)

!M Alfvén frequency (torsional wave

frequency) (s�1)

�2 dimensionless quantity derived from

melting point curve
�Ta adiabatic ICB-CMB temperature

difference (K)
�Ts superadiabatic ICB-CMB temperature

difference (K)
�� jump of � across the ICB
� Elsasser number B2

0=����

W rotation rate of mantle (assumed

constant) (s�1)

WIC rotation rate of inner core (s�1)
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the core is not actively driven. Core material has
electrical resistance which leads to ohmic dissipation,
giving rise to heating. Unless fluid motion is continu-
ously driven, the current systems that maintain the
field in the core decay away. The amount of ohmic
heating is a measure of the power input required to
maintain the dynamo. Since the geomagnetic field
induced magnetism in rocks laid down 3.5 Ga (see,
e.g., Kono and Roberts (2002)), soon after the Earth’s
formation, it is clear that a long-term energy source is
needed to maintain the Earth’s field. Many alterna-
tive theories to the dynamo mechanism have been
proposed for maintaining the geomagnetic field, but
none has stood the test of time. Gauss (1839) showed
that the nature of the field is such that the main field
must have an internal rather than an external origin.
Chemical inhomogeneity (the battery effect) and
thermo-electricity have been considered as possible
sources, but while they can generate very small fields,
they cannot plausibly provide the substantial energy
needed to maintain the observed field.

While the dynamo origin of the geomagnetic field
has been largely accepted, there is much less agree-
ment on the nature of the energy source driving it.
Thermal and compositional convection have been
explored in considerable detail as possible energy
sources, but precession and tidal forcing have also
been considered seriously (Malkus, 1994). The
gravitational torques on the nonspherical Earth
make the polar axis precess around the ecliptic pole
approximately once every 26 000 years. The liquid
outer core of the Earth will therefore be forced at its
boundary by this motion, and consequently fluid
motion is induced inside the outer core. The rotation
axis of the fluid outer core will lag a little behind the
rotation axis of the mantle, and the resulting torque
will extract energy from the Earth’s rotation, even-
tually bringing the rotation axis into its minimum
energy configuration parallel to the ecliptic pole.
Oceanic and solid Earth tides cause the Earth to
gradually rotate more slowly, and stresses at the
CMB transmit this angular momentum loss down to
the fluid outer core by generating fluid motion there.
These precessional and tidal energy sources for core
motion ultimately derive from the rotational energy
of the Earth. There is somewhat less energy in the
Earth’s rotation than there is in the gravitational and
thermal energy that drives convection, but sufficient
rotational energy exists to maintain a dynamo pro-
vided that the conversion of kinetic energy to
magnetic energy is reasonably efficient. We do not
yet know whether the fluid motions induced by

precession or tides can drive a dynamo, but this is
being investigated (Tilgner, 2005). The difficulty is
that the forcing provided by these mechanisms has
the diurnal frequency, while the dynamo operates on
a much longer timescale. Here we adopt the hypoth-
esis that the dynamo is driven by convection, which
provides an adequate power source on a suitable
timescale.

8.05.1.2 Velocities in the Core

Direct evidence for core motions comes from the
temporal behavior of the geomagnetic field, the
secular variation. To a first approximation, fluid
carries magnetic field with it as it moves. The
change in the field is therefore due partly to the
velocity just under the CMB. Magnetic diffusion
allows field to move through the fluid, but even if
this is neglected, we cannot specify the velocity
solely from magnetic field observations (Roberts
and Scott, 1965). For example, if we monitor the
radial component of the field Br at the CMB, there
will be no change in the field if the flow is parallel to
lines of constant Br , so this component of the field is
invisible to secular variation measurements.
Additional assumptions have to be made in order
to specify the core flow. Two common assumptions
are either that the flow is tangentially geostrophic,
or that it is toroidal, just below the CMB. Tangential
geostrophy implies that �H ? cos � u¼ 0, while tor-
oidal flow implies �H ? u¼ 0. Here � is the co-
latitude and u is the fluid velocity just below the
CMB. �H means the horizontal part of the diver-
gence is taken, so for toroidal flow

1

r sin �

qðsin �u�Þ
q�

þ 1

r sin �

qu�

q�
¼ 0

(for further details, see Holme and Olsen (2006)).
When either of these assumptions are made, it is
possible to reconstruct the flow field (Bloxham and
Jackson, 1991). Figure 1, which is based on data
from the Orsted and CHAMP magnetic satellite
observations, is reproduced from Holme and Olsen
(2006).

The figure shows that some features are universal
even if different assumptions are made, and the typi-
cal velocity of 15 km yr�1, which is 5� 10�4 m s�1, is
a measure of the faster moving flows that are trans-
porting magnetic field. Of course, this is just the flow
beneath the CMB, and the flow at larger depths may
be different. Also, small-scale flows are invisible
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because only large-scale field structures can be seen.
Small-scale structures are obscured by crustal mag-
netism. The flow speeds may be somewhat larger if
there is a significant small-scale contribution.
Nevertheless, flow speeds of this order are what is
predicted from our understanding of core convec-
tion, and we will adopt the point of view that
convective velocities of the order of 5� 10�4 m s�1

are present in the core.

8.05.1.3 The Heat Flux and Core Cooling

It is likely that a great deal of heat was released when
the iron differentiated from the mantle to the core of
the Earth. The Earth has therefore been cooling
down ever since its birth. The current rate of loss of
heat from the Earth is around 44 TW. The fraction of
this 44 TW that comes from the core is controversial,
with estimates ranging from 3 TW (Sleep, 1990) to
15 TW (Roberts et al., 2003). Since the temperature
increases as we approach the Earth’s center, heat can
be transmitted outwards by thermal conduction. If all
the heat flux coming from the core can be so trans-
mitted, there will be no thermal convection. Thermal
convection occurs when there is more heat to be
transmitted than can be carried by conduction.

As we shall see below, the criterion for the onset of
core convection is essentially that the actual tem-
perature gradient is steeper than the adiabatic
temperature gradient. The key question is therefore
whether the required heat flux can be carried down
the adiabatic temperature gradient entirely by con-
duction. The adiabatic temperature gradient can be
estimated reasonably well (see, e.g., Anufriev et al.

(2005)), but the thermal conductivity k is still rather
uncertain with estimates being in the range
k� 25–50 W m�1 K�1. With k¼ 46 W m�1 K�1,
Roberts et al. (2003) estimated the heat flux con-
ducted down the adiabat at 0.3 TW near the ICB
and 6 TW near the CMB. Models suggest that a
large fraction of the core heat flux comes from latent
heat released at the ICB as the inner core grows. If
this is the case, even with a low estimate of CMB heat
flux there is more than 0.3 TW to be carried outward
near the ICB, and convection must occur there. Near
the CMB the situation is much less clear; high esti-
mates of CMB heat flux give convection throughout
the core, but if the low estimates are correct then
there will be convectively stable regions in the core
where the heat is being extracted solely by conduc-
tion down the adiabat.

If the core is cooling, the solid inner core must be
slowly growing in size as the iron gradually freezes
out. It might seem surprising that the core freezes
first near the center, where it is hottest, rather than at
the CMB where it is coolest. This is due to the rapid
increase in pressure as we move toward the center of
the core, pressure raising the melting point tempera-
ture. Because (dT/dp)liq > (dT/dp)ad, where the
subscript ‘liq’ denotes variation along the melting
point curve and the subscript ‘ad’ denotes variation
along the adiabat, freezing first occurred at the center
of the Earth as the core gradually cooled. As the inner
core grows, light material is released, the iron content
of the inner core being higher than that of the outer
core. The exact nature of this light material is uncer-
tain, but ab initio quantum calculations of the
properties of materials at core temperatures and pres-
sures suggest that a mixture of several different light
elements, oxygen, sulfur, and silicon, form the light
component (Alfè et al., 2003). This light material is
buoyant, and drives compositional convection. The
rate of growth of the inner core is therefore directly
related to the buoyancy flux of light material driving
compositional convection. The density jump across
the ICB can be measured directly by seismic obser-
vations. Recent estimates (Masters and Gubbins,
2003) give the density of the inner core to be about
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Figure 1 Core flows inferred from secular variation
observations using the (a) geostrophic flow assumption and

(b) toroidal flow assumption. Reproduced from Holme R

Olsen N (2006) Core surface flow modelling from high-

resolution secular variation. Geophysical Journal
International 166: 518–528.
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5% greater than that of the outer core at the ICB.
Some of this is due to the fact that iron (unlike water)
contracts as it freezes, so there would be a density
jump even if there was no light material; after this
jump is subtracted off, the remaining part of the
density jump relates the compositional buoyancy
flux to the rate of growth of the inner core.
Knowledge of the melting point curve allows us to
relate the rate of growth of the inner core to the rate
of cooling of the outer core, which in turn relates to
the heat flux passing through the CMB. The latent
heat released at the ICB is also related to the rate of
growth of the inner core.

While the basic physics governing inner-core
growth, compositional buoyancy flux, latent heat
release, and the core cooling rate is understood,
unfortunately the key physical properties of materi-
als at very high pressure and temperature are not
well known. They are measured by a combination
of experiments and theory, but different authors give
estimates which can vary by a factor 2 or more, which
means that the estimated rate of growth of the inner
core can vary considerably. A further complication is
the uncertainty over whether radioactive elements
occur in the core. They are believed to be responsible
for most of the heat coming out of the mantle, but it is
uncertain whether radioactive elements such as
potassium (40K) are present in the core material or
not (see Chapter 8.02). 40K is strongly depleted in the
mantle from the value expected from the primordial
composition, but this could be because it evaporated
into space when the Earth formed. Alternatively, it
could have alloyed with elements such as nickel, and
hence entered the core; our knowledge of geochem-
istry is not currently sufficient to be certain which
scenario occurred. If 40K and other radioactive ele-
ments are present in significant quantities, the whole
heat budget of the core is changed dramatically. The
core might not be cooling at all, with the radioactive
heat released balancing the heat coming out at the
core mantle boundary. The inner core would then
not be growing, so there would be no compositional
convection and no latent heat released at the ICB.
The dynamo would then have to be driven entirely
by thermal convection, or some other source such as
precession. If compositional convection is occurring,
with a thermal conductivity of 40 W m�1 K�1, it is
likely that the rate of release of buoyant material
at the ICB is about 105 kg s�1, corresponding to an
inner core age of only 1.2 billion years. The rate of
release of gravitational energy is then about 0.5 TW
and the latent heat release is between 3 TW and

6 TW. Reducing the thermal conductivity of the
core reduces the amount of heat conducted down
the adiabat, and hence slows down the rate of growth
of the inner core. The age estimate also depends on
the amount of latent heat released per unit mass at
the ICB.

As mentioned above, there is no agreement about
the amount of heat passing through the core–mantle
boundary. Physically, this is determined by mantle
convection. From the point of view of the mantle, the
core provides a uniform temperature bottom bound-
ary. There appears to be a thermal boundary layer at
the base of the mantle, the D0 layer, through which
heat is conducted into the mantle, but in the absence
of reliable information about mantle convection, we
have to accept that there is a wide range of plausible
estimates from 3 TW to 10–15 TW for the CMB heat
flux, and we need to consider what happens in both
high and low CMB heat flux models. In the case of a
high CMB heat flux, that is, one greater than the
heat flux conducted down the adiabat near the
CMB (about 6 TW on current estimates of the ther-
mal conductivity), the situation is straightforward
because convection can occur throughout the core.
If the heat flux passing through the CMB is less than
that conducted down the adiabat, the situation is
more complicated. If compositional convection is
occurring, and this is sufficiently effective to main-
tain the temperature gradient close to adiabatic, then
the temperature gradient will actually be slightly
subadiabatic and there is a negative convective heat
flux (Loper, 1978), that is the convection pumps heat
back into the core, so that the total convected and
conducted flux near the CMB equals the flux passing
through the CMB. Alternatively, compositional con-
vection may lead to an accumulation of light material
just below the CMB. In this case, the temperature
gradient would depart very strongly from adiabatic
until the conducted flux fell to the CMB value. Then
the very strong stable stratification would allow only
oscillatory radial motion. Braginsky (1993) has
termed this the ‘inverted ocean’, since it would
consist of a sea of relatively light material floating
up against the CMB. The dynamo would then have
to be driven in the deeper part of the core, below the
level where the actual CMB flux equals the flux
carried by the adiabat. These arguments suppose
that the conducted and convected heat flux is
approximately spherically symmetric. This may
well not be the case. If the heat flux passing into the
mantle is strongly inhomogeneous, there could be
regions of the CMB where the heat flux is greater
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than adiabatic, so there would be strong convection
beneath these features, but in other regions the heat
flux might be subadiabatic, and consequently rela-
tively little convection in the core beneath these
regions. The total CMB heat flux might then be at
the low end of the estimates, but still allow some
strong upwellings in the core just below the CMB,
and hence possible dynamo activity at all depths in
the core. In Section 8.05.6 below we therefore discuss
convection with a heterogeneous CMB boundary
condition to explore this further.

8.05.1.4 The Dynamics of Core Convection

It is clear from the above discussion that while we do
not know the exact amounts of heat flux and composi-
tional flux that are being convected in the core, it is
very likely that these processes are occurring.
Thermal convection is essentially a process by which
hot parcels of fluid move outward, while cold parcels
of fluid move inward. Natural questions are what is the
temperature difference between the warm and cool
fluid parcels, and how fast are they moving? The heat
flux transported constrains the product of these two
quantities, but does not on its own specify either the
velocity or the temperature perturbations individu-
ally. For example, suppose thermal convection at a
radius r0¼ (ricbþ rcmb)/2 convects 1 TW of heat.
Suppose also that exactly one-half of the fluid at
r¼ r0 is moving radially outward at speed ur , and has
temperature T�9 greater than the remaining fluid,
which moves radially inward at speed ur. If we take
the density as the mean density 11 340 kg m�3 and the
specific heat as 860 J kg�1 K�1, then to transport one
terawatt of heat requires T�9ur ¼ 3:7� 10 – 8 m s – 1 K.
From the arguments in Section 8.05.1.2, the typical
core velocity can be estimated from the typical speed
with which flux patches move, say 5� 10�4 m s�1.
Then T�9 � 7� 10 – 5 K, a surprisingly small value.
However, it might be that radial motion is a factor
ten less, in which case we could transport the same
amount of heat by increasing T�9 by a factor 10. Of
course, this example assumed that the hot fluid was
perfectly correlated with rising fluid. This might not
be the case, in which case a slightly higher T�9 would
be required to transport the required heat flux at a
given velocity. Actually, as we shall discuss later,
simulations suggest that there does generally seem to
be a fairly high correlation between the rising fluid
and the horizontal temperature perturbations. Now
that very small horizontal temperature perturbations
have been proposed for thermal convection in the

core, one might ask whether such small temperatures
can actually drive motions at this speed. As we shall
see below, this is indeed possible, and core speeds of
the order of 5� 10�4 m s�1 emerge naturally from
convection models. This is of course strong evidence
for the existence of core convection. We can repeat
these estimates for compositional convection. Again
we find that very small density perturbations of the
order of 10�9 of the actual density are capable of
delivering the required mass fluxes.

Our very small estimate for T�9 raises an issue that
it is important to understand. The actual temperature
difference between the ICB and the CMB is over
1000 K. So how can the temperature differences
driving the convection be so much less? The answer
is that in a convecting region the core is almost
adiabatically stratified, and it is only the difference
between the actual temperature gradient and the
adiabatic gradient which drives the convection.
This difference is called the superadiabatic tempera-
ture gradient, and it is more than a million times
smaller than the adiabatic gradient. So in a compres-
sible fluid such as the Earth’s core, we call �Ts the
superadiabatic temperature difference across the
core. T�9 is of the same order as �Ts, which is much
less than 1000 K. This is illustrated in Figure 2.

Convection in the core will be influenced by rota-
tion and magnetic field. Since the velocities are so

g←

Ω

↑

T = ΔT + Tcmb

T = Tcmb

Figure 2 Geometry of convection between spherical
shells. The dashed lines mark the position of the tangent

cylinder (TC). For a Boussinesq liquid, �T is the total

temperature difference across the outer core, but for
compressible convection �T ¼ �Tad þ �Ts, and the

superadiabatic temperature difference �Ts is much less

than the adiabatic temperature difference �Tad.
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slow, the dimensionless Rossby number Ro ¼ U�=d�,

taking d¼ rcmb� ricb as a typical length scale, is very

small. It is therefore natural to work in the rotating

frame and introduce Coriolis and centrifugal forces.

The centrifugal force is small compared with gravity

and it is usually ignored in core convection. Note that

for constant density, the centrifugal force is the gradi-

ent of a potential, ���2s2=2, so it can be exactly

balanced by the pressure. Only when the very small

variations due to density are taken into account does

centrifugal force contribute, and then it is dominated

by the corresponding terms involving the gravitational

acceleration, g. It is therefore through the Coriolis

force that rotation makes an impact. In crude terms,

we might expect this to happen when the magnitude

of the Coriolis force 2�W � uj j exceeds the magni-

tude of the inertial acceleration �ðqu=qt þ u ? �uÞ
�� ��.

If we estimate the gradient as 1/d, we see that Coriolis

force dominates acceleration provided the Rossby

number Ro is small, and the velocity changes on time-

scales longer than the rotation rate. If we accept the

estimate of uj j � 5� 10 – 4m s – 1 suggested above,

then Ro � 3� 10 – 6, so that from this crude estimate

Coriolis force completely dominates inertia in the

core, and so we expect rotation to be very influential

in the core. On the timescales we are interested in for

core convection, which are much longer than a day,

we therefore expect inertia to be small, so that the core

is always in equilibrium, and changes occur in the core

by evolving slowly through a sequence of equilibrium

states. We need to be careful, however, because there

are a number of ways in which this estimate can be

radically altered. If the fluid motion is geostrophic, this

means that the Coriolis force is a potential force, and

so it can be balanced entirely by pressure. Flows which

are geostrophic are then controlled by the smaller

terms in the equation of motion after the pressure

force and the Coriolis force have cancelled each

other out. So for geostrophic flows, inertial terms can

be more important than our crude estimate implies.

The condition for geostrophy is that

�� ð�W� uÞ ¼ 0

Motions in the Earth’s atmosphere and oceans are
mainly geostrophic, and this is likely to be true in
the core too. However, because the Rossby number
is so small in the core, any significant departure from
exact geostrophy will lead to a large Coriolis force that
cannot be pressure balanced, which will normally be
balanced by buoyancy and magnetic forces. An exam-
ple of geostrophic core motion is the torsional

oscillation, where the fluid moves azimuthally only
and the velocity is constant on cylinders. For this
motion, which has a typical timescale of 60 years, the
balance is between the magnetic Lorentz force and
inertia, since the large Coriolis and pressure forces
exactly cancel at all times. There is another way in
which inertia can be important for slow core flows;
the length scale for the gradient in u ? �u may be
much less than the core size, making inertia relatively
more important. We shall return to this important
issue of the effect of inertia in rotating convection
below.

If viscosity and variations of density are ignored,
the condition for geostrophy reduces to qu=qz ¼ 0.
The requirement that slow steady motions with neg-
ligible ageostrophic forces (such as buoyancy and
magnetic field) must be geostrophic, and hence satisfy
this equation, is known as the Proudman–Taylor
theorem, predicted by Proudman (1916) and verified
experimentally by Taylor (1923). Core motions driven
by convection are indeed slow, and are steady on
timescales corresponding to the rotation timescale, so
we expect the velocity generally to be independent of
z, that is, the motion is columnar, with whole columns
of fluid moving together. Within the geometry of the
Earth’s core, there is then going to be an important
distinction between the behavior inside and outside
the tangent cylinder (see Figure 2). The tangent
cylinder (TC) is the imaginary cylinder whose axis is
parallel to the rotation axis and which touches the
inner core. Outside the tangent cylinder, columns of
fluid can extend from one hemisphere right through to
the other hemisphere. Inside the tangent cylinder,
fluid columns can only reach from the CMB down to
the ICB. Furthermore, a column of fluid moving out-
side the tangent cylinder will have to change its length
(and hence induce ageostrophic motion) quite slowly
as it changes its distance from the rotation axis. A
column of fluid moving from outside to inside the
tangent cylinder is cut in two and undergoes a very
rapid change in length as it crosses the tangent
cylinder. Strongly ageostrophic motion is required to
do this, so it is not very likely to happen; although
there is no physical barrier at the tangent cylinder, the
dynamics of rapidly rotating fluids makes it unlikely
that there is much fluid transport across the TC.

Convection inside and outside the tangent cylinder
is likely to be rather different in character, for geome-
trical reasons. Outside the TC, columnar motions can
transport heat effectively outward in the s-direction
(using cylindrical polar coordinates s, �, z with z

parallel to the rotation axis). A relatively small amount
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of ageostrophic motion in the z-direction is required
to transport the heat parallel to the columns. Inside the
TC, convection faces more difficulties, because to get
heat from the ICB to the CMB inside the TC requires
mainly motion in the z-direction, which must vary
with z because there can be no penetration through
the ICB or CMB. Even though there is no penetration
through the ICB and CMB, there can be a thin bound-
ary layer, the Ekman layer, inside which there is
some horizontally diverging flow. This leads to
Ekman suction, that is a small flow in the radial direc-
tion into the boundary layer (see section 8.05.4.4
below). This Ekman suction may affect the flow in
the core, but it is too small to carry much heat out-
wards. Not surprisingly, convection inside the TC is
harder to get going, and will rely more strongly on
ageostrophic forces such as the Lorentz force to con-
trol it. Nevertheless, at Rayleigh numbers well above
critical, convection inside the TC can be as vigorous as
that outside the TC, because the buoyancy forces are
strong enough to maintain the ageostrophic part of the
flow. Indeed, the heat transport inside the TC can
even exceed that outside the TC (Tilgner and Busse,
1997; Busse and Simitev, 2006).

Magnetic fields influence core flow to some extent
everywhere in the core. In a dynamo generated field
this is inevitable, because the induction equation is
linear in the magnetic field B. For a dynamo, there
must be growing modes which can potentially increase
the field without limit. Magnetic field saturation occurs
by the field altering the dynamo properties of the flow
so that magnetic growth no longer occurs. However,
the ability to generate magnetic field from a flow is a
fairly subtle process, and small changes in the flow may
be sufficient to prevent further field growth. We can try
estimating the magnitude of the Lorentz force jj�Bj
and comparing it with the crude estimate of Coriolis
force. From geomagnetic observations, the radial field
at the CMB is typically 0.5 mT, and if we assume the
field inside the core is slightly larger at 1 mT, then the
current density jj j ¼ �� Bj j=� � Bj j=�d is around
4� 10�4 A m�2 giving j� Bj j � 4� 10 – 7 N m – 3.
The comparable estimate for 2�W� uj j is
8� 10�4 N m�3, considerably larger. However, it
would be wrong to conclude that the magnetic field
has no dynamical influence in the core. First, the field
in the core may be considerably larger than the
observed radial field at the CMB. There may be
‘invisible’ toroidal components which contribute to
the core field but never emerge at the CMB. Even if
1 mT is a fair estimate of the field, we must remem-
ber that the field will be important in the dynamics

even if it balances only the ageostrophic part of the
Coriolis force (that part not balanced by pressure)
which may be considerably smaller than our
8� 10�4 N m�3 estimate. Finally, the scale of varia-
tion of the magnetic field might be considerably
smaller than d. Indeed, a crude balance between the
generation term and the diffusion term in the induc-
tion equation suggests that the length scale for
evaluating the current should be dR – 1=2

m , roughly a
factor 20 less than d. Nevertheless, as we shall see
below, although the magnetic field is important in
the dynamics of core convection, it is mainly effec-
tive only over length scales significantly less than
that of the whole core. Since convection can be
controlled by what happens in thin boundary layers,
this can be sufficient to strongly influence the nature
of convection. In particular, it is believed that the
small-scale dissipation which balances the convec-
tive energy input comes primarily from magnetic
(ohmic) dissipation.

8.05.2 Equations Governing
Convection

8.05.2.1 Compressible and Anelastic
Equations

Much of our information about core convection has
come from numerical simulations based on the gov-
erning equations. The full equations are quite
complicated, and a wide range of simplifications
have been used to study particular aspects of convec-
tion. In this section we consider some of the most
commonly used approximations, and the assumptions
on which they are based. Since magnetic fields can
influence convection, we include them in our discus-
sion. In consequence, these equations can be used for
dynamo simulations as well as for convection calcu-
lations. We shall assume that we are dealing with a
two-component fluid with a light component, some-
times called a binary fluid. The mass fraction of a
small volume of fluid that is light is denoted by �.
This is already a simplification of the situation in the
core, as the material properties of the core are better
described by a mixture of light components (Alf è
et al., 2003). The heavy component is usually identi-
fied with iron (mass fraction 1� �) and the light
component with sulfur, though we are really lumping
together all the different light elements in the core
into one component. The density of the inner
core near the ICB is greater than that of the outer
core near the ICB, and this difference is greater than
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that due to the density change on solidification. So
the value of � is lower in the inner core, and excess �
is released at the ICB during the freezing process.
This gives rise to buoyant compositional convection.

The variable � is usually called the composition. We
also allow for variations of temperature to drive

thermal convection.
The momentum conservation equation can be

written as

�
Du

Dt
þ 2�W� u ¼ –�p þ �gþ j� Bþ �Fv

D

Dt
¼ q

qt
þ u ? �

½1�

Here the density � is the averaged density of both fluid
components, u is the fluid velocity, and t the time. W is
the Earth’s rotation vector, so the second term on the
left is the Coriolis force. Strictly speaking, it is an
acceleration times a density, but it is convenient to
consider it as a force in the rotating frame.

A list of numerical values for the parameters used
in core convection is given in Table 1, taken mostly
from Anufriev et al. (2005). Note that there is uncer-

tainty about many of these numbers. For example,
while the value given for the kinematic viscosity is

that usually adopted, Palmer and Smylie (2005) argue
for a value five orders of magnitude larger, giving an

Ekman number also five orders of magnitude greater

than that quoted in Table 1. Some quantities such as
the rotation rate are known to very high accuracy, but
others are little more than informed guesses. The
centrifugal force has not been included explicitly as
it is added into the gravitational acceleration term. In
core convection it is usually omitted altogether, so
gravity is radial. Note that in some experiments, cen-
trifugal force dominates over gravity, so in these cases
g is perpendicular to the rotation axis. The oblateness
of the core due to rotation may be important in studies
of precession and tidal forcing, but is usually omitted
for simplicity in convection studies.

The pressure is denoted by p, and the magnetic
term j�B is usually called the Lorentz force, some-
times the Laplace force. j is the current density
(units A m�2) and B the magnetic field, measured in
tesla (T). Older papers often used gauss as the unit of
magnetic field (1 gauss¼ 10�4 tesla). Most estimates
of the core field strength lie in the range 1–10 mT.
We include in [1] the viscous force �F� . All estimates
of the viscosity in the core suggest that viscous forces
are very weak when acting over length scales the size
of the core, so it is strange that we include them in
our discussion. The reason is that it has not yet

proved possible to devise stable numerical schemes
with no viscosity. Schemes which do not include
viscosity explicitly invariably contain numerical dif-
fusion which provides an effective viscosity. Viscous

Table 1 Definitions and numerical values of core quantities

rcmb Outer core radius 3.48�106 m

ricb Inner core radius 1.22�106 m

d Gap width rcmb� ricb 2.26�106 m
�0 Mean core density 11340 kg m�3

g Gravitational acceleration 7.8 m s�2

� Earth rotation rate 7.29�10�5 s�1

	 Thermal expansion coefficient 1.5� 10�5 K�1

cp Specific heat at constant pressure 860 J k g�1 K�1

LH Latent heat energy per unit mass �106 J kg�1

�� Jump in � across the ICB �0.05

� Grüneisen parameter 1.5
� Magnetic diffusivity �2 m2 s�1

� Thermal diffusivity �5�10�6 m2 s�1

�T Turbulent thermal diffusivity ��¼2 m2 s�1

� Kinematic viscosity �5�10�7 m2 s�1

�T Turbulent kinematic viscosity ��¼2 m2 s�1

U� Typical core velocity �5�10�4 m s�1

T9� Typical superadiabatic temperature
perturbation

�10�4 K

Ro Rossby number U�/�d �3�10�6

Rm Magnetic Reynolds number U�d/� �500

E Ekman number �/�d2 �10�15 (laminar)
�5�10�9 (turbulent)

Where the quantity varies over the core, a typical value is given.
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forces act to smooth out very sharp variations in the
flow, particularly in boundary layers. There have
been attempts to solve the equations with no viscosity
(e.g., Walker et al. 1998), but none as yet has been
particularly successful. The most fruitful approach
has been to include viscosity, but to reduce its
magnitude as much as possible using high-resolution
numerical schemes. In a compressible flow, the
viscosity is often written as

F v
i ¼ qj ���T qj ui þ qiuj –

2

3

ij � ? u

� �� �
½2�

where �T is the turbulent kinematic viscosity (see the
article by Loper).

The mass conservation equation is

q�
qt
¼ – � ? ð�uÞ ½3�

The time-dependent perturbations in density are
small, and the scale of time variations in the core is
long. In consequence, the term q�=qt in this equation
is extremely small compared with the other terms. It
is helpful to introduce the convective turnover time,
tconv ¼ d=U�, where d¼ rcmb� ricb and U� is a typical
speed of convection. The turnover time is then the
time an element of convecting fluid takes to travel a
distance d. Following the arguments given in the
introduction, the typical density perturbation driving
core convection is only 10�9�, so the magnitude of
the term q�=qt is 10�9�/tconv, whereas the magni-
tude of the other terms is �/tconv, estimating the
divergence as 1=d . The term q�=qt is therefore a
factor 10�9 smaller than the other terms in [3]. This
argument is of course very crude, but the factor 109 is
so huge that the errors incurred by our rough
approximations are negligible in comparison. It can
also be shown that neglecting q�=qt is equivalent to
assuming the sound travel time is small compared to
the convective turnover time. We therefore immedi-
ately replace [3] by

� ? ð�uÞ ¼ 0 ½4�

The approximation of neglecting q�=qt in the con-
tinuity equation is known as the anelastic
approximation.

The density across the core varies by about 20%
only, and many authors ignore this variation. This is
part of the Boussinesq approximation, which will be
systematically derived from the full equations below.
Crudely speaking, the Boussinesq approximation
neglects variations of density everywhere except in
the buoyancy term. Density perturbations are

retained in the buoyancy term because although
they are a very small fraction of the total density,
they are multiplied by g, which is a very large accel-
eration compared to U�=tconv.

The electromagnetic equations governing j and B
are (e.g., Moffatt, 1978; Davidson, 2001)

qB

qt
¼ �� ðu� BÞ þ �� ð��� BÞ ½5�

�j ¼ �� B ½6a�

� ? B ¼ 0 ½6b�

Here � is the magnetic permeability. Because the core is
hot, well above the Curie point, the magnetic perme-
ability is essentially that of free space, � ¼ 4��
10 – 7 H m – 1. The magnetic diffusivity � is defined by
� ¼ 1=ð��Þ, where � is the electrical conductivity
measured in Siemens per meter, or equivalently in
some papers ohm�1 m�1, (��1 m�1). The units of �
are m2 s�1. Equation [5] is known as the induction
equation. It is derived from Maxwell’s equations,
together with Ohm’s law in a moving medium

j=� ¼ Eþ u� B ½7�

The composition equation, or mass transport equa-
tion, is

�
D�

Dt
¼ � ? ðk���Þ ½8�

The coefficient k� is the mass diffusion coefficient. It
is very small in the core, and mass diffusion will be
negligible in the core unless it is strongly enhanced
by turbulence (see Chapter 8.06). In simulations, a
much larger eddy diffusion value of k� is usually
assumed. The heat transport equation is

�T
DS

Dt
¼ � ? ðk�T Þ þ H� ½9�

Here T is the temperature and S is the entropy. k is
the thermal conductivity, which again in simulations
is often enhanced to crudely model turbulent diffu-
sion. H is the rate of release of heat per unit mass. One
source for this could be radioactivity in the core. As
we see below, this term must also include the heating
from viscous and ohmic dissipation.

To complete the equations, we need an equation of
state giving the density in terms of pressure, tempera-
ture, and composition, and an equation for the entropy,
also in terms of pressure, temperature, and composition,

� ¼ �ð p; T ; �Þ ½10a�

S ¼ Sð p; T ; �Þ ½10b�
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Equations [1]–[10] could be used, in principle, to
solve numerically for convection inside the core. In
practice they are almost always simplified much
further before numerical solution is attempted. The
perturbations of density that drive the convection are
a tiny fraction of the full density, so errors of even
one part in a million for the density would over-
whelm the true density perturbations. Any practical
scheme must separate out the perturbations in the
thermodynamic variables from the reference state
variables, a procedure sometimes called thermody-
namic linearization.

8.05.2.2 Adiabatic Reference State

We must first specify the reference state about which
we linearize the thermodynamic quantities. We write

p ¼ pa þ pc ½11a�

� ¼ �a þ �c ½11b�

T ¼ Ta þ Tc ½11c�

� ¼ �a þ �c ½11d�

S ¼ Sa þ Sc ½11e�

where the subscript a refers to the reference state
values and c to the small perturbations associated
with the convection. A number of different choices
of reference state are possible. When Boussinesq
convection experiments are performed, the natural
reference state is the conduction state. Thus for
convection in a horizontal layer of liquid, where the
only source of heat is from the boundary planes, the
reference state has Ta ¼ T0 – cz which is a solution
of r2Ta ¼ 0. The equation of state is taken as
�a ¼ �0ð1 – 	TÞ, 	 being the expansion coefficient,

and the reference state pressure is the solution of
the hydrostatic equation dpa=dz ¼ – g�a , which
is pa ¼ p0 – p0gð1 –	T0Þz – 0:5�0g	cz2. In a
spherical Boussinesq system with no heat sources,
the equivalent reference state temperature is
a solution of r2Ta ¼ 0 in spherical polar
coordinates, Ta ¼ T0 þ c=r , which corresponds to
a uniform heat flux of 4�kc passing from the ICB to
the CMB.

The core is believed to be in a well-mixed state
and close to adiabatic stratification. In consequence,
a reference state in which the composition is uni-
form, �a independent of position, and uniform
entropy, Sa independent of position, is adopted
(e.g., Braginsky and Roberts, 1995). The argument

in favor of the well mixed, near adiabatic state, is

that if it were violated, the very large forces would

lead to a rapid adjustment back to such a state. Also,

these large forces would lead to rapid changes in the

secular variation which are not seen (geomagnetic

jerks (see Chapter 8.04) are sudden changes in the

rate of change of secular variation, not sudden jumps

in the field itself). We note that constant entropy in

the core does not imply constant temperature, and

indeed defines the reference state temperature

gradient. This will therefore not in general satisfy

Fourier’s heat conduction law. This leads to effec-

tive additional heat sources in the core as detailed

below.
We now need some thermodynamic relations, to

express the change in entropy in terms of other

variables,

dS ¼ qS

qT

� �
p;�

dT þ qS

qp

� �
T ;�

dp þ qS

q�

� �
p;T

d�

¼ cp

T
dT –

	

�
dp þ h�

T
d� ½12�

see, e.g., Braginsky and Roberts (1995, eq. (D6)).
The first of these relations expresses the chain rule,
using the fact that the entropy is a function of
the three variables p, T, and �. cp is the specific
heat at constant pressure cp ¼ TðqS=qT Þp;� . The
relation ðqS=qpÞT ;� ¼ ð1=�2Þðq�=qTÞp; � is one of
Maxwell’s thermodynamic relations, and 	 ¼ – � – 1

ðq�=qT Þp;� is the coefficient of thermal expansion. h�

is known as the heat of reaction, the heat released
(or absorbed) when the composition changes.

Since the entropy and composition are assumed
constant in the reference state, it follows that

dpa

dr
¼ – g�a ½13a�

d

Ta

dTa

dr
¼ –D ½13b�

d

�a

d�a

dr
¼ –

D

�
½13c�

D ¼ g	d

cp

½13d�

where the dimensionless parameter D� 0.3 in the core
is called the dissipation parameter (see, e.g., Schubert
et al. (2001)), and � is a dimensionless parameter called
the Grüneisen parameter. As we see below, D also
measures the importance of ohmic and viscous dissi-
pation in a planetary core. The equation for dpa=dr is
simply the hydrostatic equation, and since dS and d�
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are zero for the chosen reference state, the
equation for dTa=dr follows from eqn [12]. The equa-
tion for dpa=dr then follows from the definition of
the Grüneisen parameter, � ¼ ð�=TÞðqT=q�ÞS;� .
The numerical value of � is discussed in Alfé
et al. (2002).

The reference state equations can be solved either
using the values from a reference Earth model
such as PREM (Dziewonski and Anderson, 1981)
constructed from seismic data, or using a simple

model such as that of Nimmo, described in Chapter
8.02. The temperature has to be specified at either
the ICB or CMB. In principle, the melting point of
iron determines the ICB temperature, but in practice

there is uncertainty about how much the melting
point is depressed by the chemical impurity;
Nimmo takes Ticb¼ 5 520 K. The models suggest a
temperature drop across the outer core of approxi-
mately 1300 K.

8.05.2.3 Equations for the Convective
Perturbations

We can now formulate the anelastic equations for con-
vection in the Earth’s core. The treatment here follows
that of Anufriev et al. (2005), though here we ignore any
perturbations in gravity induced by the perturbations
�c, though these are formally the same order as the

other terms. The convective density perturbation �c

can be written in three parts in terms of the entropy,
pressure, and composition perturbations:

�c ¼ Sc

q�
qS

� �
p;�

þ pc

q�
qp

� �
S;�

þ �c

q�
q�

� �
p;S

¼ –
�a	Ta

cp

Sc –
pc

g�a

d�a

dr
– �a	

��c ½14�

Here 	� ¼ – � – 1ðq�=q�Þp;S is the adiabatic compo-
sitional expansion coefficient; because the light
element has very low density compared to iron, it is
nearly unity. We can now write the momentum
equation in a form close to that of Braginsky and
Roberts (1995):

Du

Dt
þ 2W � u ¼ – �

pc

�a

� �
þ 1r g

	Ta

cp

Sc þ 	��c

� �
þ j� B

�a

þ Fv ½15�

This form of the equation of motion makes it con-
venient to eliminate the pressure perturbation by
taking the curl. We then need the equations for the

composition and entropy perturbation. The compo-
sition equation is

q�c

qt
þ u ? ��c ¼

1

�a

� ? �a�
���c – _�a ½16�

where �� ¼ k�=�a is mass diffusivity. The term _�a

arises because light material is continually being
introduced at the ICB, and there is no way of getting
rid of it. We assume that in time the material
becomes well mixed, so that from the point of view
of the convective composition component, the effect
is equivalent to having a uniform sink of composition
which averaged over the core exactly balances the
input of � from the ICB.

The entropy equation is

�aTa

DSc

Dt
¼� ? �aTa�T�Sc þ � ? k �Ta

– �aTa
_Sa þ �aH ½17�

Here �T is the turbulent diffusivity of entropy. The
reasoning behind this expression is that the turbulence
makes elements of fluid move isotropically carrying
their entropy, which then dissolve into the ambient
fluid releasing that entropy. Braginsky and Meytlis
(1990) pointed out that such elements will probably
not move isotropically, so this form of diffusion might
only be a crude model of the actual turbulent diffusion
process. The term � ? k�Ta is the heat flux deficit
(Anufriev et al., 2005) which comes from the heat
being conducted along the adiabat. This is a large
term, and since this conducted heat flux increases
rapidly from the ICB to the CMB, the heat flux trans-
ported by the convection has to fall rapidly, possibly
even going negative as the CMB is approached. This
term is therefore a strong heat sink. The core is likely to
be cooling (unless radioactivity is very significant), and
so �aTa

_Sa is negative, so core cooling is equivalent to a
uniform heat source. The final term

�aH ¼ Qv þ Qj þ �aH R ½18�

gives the heat sources, Qv being the viscous dissipa-
tion, Qj being the ohmic dissipation and H R the heat
released by radioactivity.

Anufriev et al. (2005) point out that for a liquid,
where 	T << 1, the entropy is dominated by the
temperature term, that is, if in [12] we replace dS

by Sc , dT by Tc , etc., then the terms involving pc and
�c are small compared to the term involving Tc . So
we have the anelastic liquid approximation (ALA):

Sc ¼
cp

Ta

Tc ½19�

Thermal and Compositional Convection in the Outer Core 143



In the core, 	T � 6� 10 – 2, so the errors arising
from the ALA will be small. The advantage of the
ALA is that the boundary conditions are more natu-
rally formulated in terms of the temperature, not the
entropy. Note that for a perfect gas, 	T¼ 1, and the
ALA is not appropriate.

8.05.2.4 Boundary Conditions

The mechanical boundary conditions in the core are
that there is no flow through the ICB and CMB, and
there is no slip at these boundaries. The growth rate
of the inner core is so slow that it can be ignored on
the convective timescale. If the inner core is rotating
relative to the mantle (whose rotation defines W),
then separating the core flow into radial and tangen-
tial components, u ¼ ur 1r þ ut ,

ur ¼ 0; ut ðrÞ ¼ WIC � r; at r ¼ ricb;

and u ¼ 0; at r ¼ rcmb

½20�

where WIC is the rotation vector of the inner core
relative to the mantle. Kuang and Bloxham (1997)
suggested that since the Ekman layer is so thin (see
Section 8.05.4.4) it should be ignored, and a stress-free
condition applied instead (see also Section 8.05.5.6).

The electromagnetic boundary conditions at the
ICB are that B is continuous across the ICB and the
continuity of tangential E implies that �jt is also
continuous. Denoting the jump in a quantity across
the boundary by square brackets [ ],

½B� ¼ 0; ½ jr � ¼ 0; ½�jt � ¼ 0; at r ¼ ricb ½21a�

where r denotes the radial component and t the
tangential component. Note that if the electrical con-
ductivity of the inner and outer cores is different,
tangential current is not continuous. Assuming the
electrical conductivity of the mantle is much less
than that of the core, there is negligible current in
the mantle, and the core field has to match to a
potential field at the CMB. This implies

½B� ¼ 0; jr ¼ 0 ½21b�

This assumption does, of course, rule out any elec-
tromagnetic coupling between core and mantle,
which might be important for length of day models.

We also need a condition on the temperature and
the composition at both the ICB and CMB. At the
ICB, there are two contributions to the input heat flux
per unit area into the outer core, the heat conducted
out of the inner core, and the latent heat, released as a
consequence of inner core freezing. If ricb (�, �, t) is the

location of the ICB, the rate of release of latent heat

energy there is LH� _r icb per unit area (see Chapter

8.02), and the rate of release of light material is ��� _r

icb also per unit area. Here LH is the latent heat energy

per unit mass and �� is the jump in � across the ICB;

numerical values are given in Table 1.
The location of the ICB, r¼ ricb, is determined by

the melting point of iron which is a function of p and

�. Braginsky and Roberts (1995) and Roberts et al.

(2003) show that its rate of change at the ICB is

governed by

_Sa ¼ – cp�2 _ricb=ricb ½22�

�2� 0.04 being a parameter dependent on the varia-
tion of the melting point with pressure (see Roberts
et al. (2003, equation [3.16]) and Chapter 8.02).
Assuming that the heat conducted out of the inner
core balances the heat conducted along the adiabat
near the base of the outer core, and using the ALA
[19], the rate of release of latent heat at the ICB
balances the heat flux conducted in the thermal
boundary layer:

LH�aricb

�2cpTa

Ta
_Sa þ cp

qTc

qt

� �
¼ �acp�T

qTc

qr
on

r ¼ ricb ½23�

which is the thermal boundary condition on the ICB
at r¼ ricb. In general, there will be a jump in the
temperature gradient at the ICB, and the thermal
conductivity may be different across the ICB also.
Nevertheless, Buffett et al. (1992) and Labrosse et al.

(2001) point out that only small errors arise in assum-
ing the inner core is adiabatically stratified, so the
assumption that the conducted heat flux is the same
on both sides of the ICB is reasonable. Note that
_S¼ _Sa þ cp

_T c=Ta , and both terms are of compar-

able magnitude, as the very large Sa changes only
very slowly on the core evolution timescale, while
the much smaller cpTc/Ta changes more rapidly on
the convective turnover timescale. Similarly, the rate
of release of light material at the ICB gives

���aricb

�2cpTa

Ta
_Sa þ cp

qTc

qt

� �
¼ �a�T

q�c

qr
on r ¼ ricb ½24�

which is the boundary condition on � at the ICB.
Although both [23] and [24] contain time derivatives
of Tc , Glatzmaier and Roberts (1996) found them to
be numerically stable, though most work on core
convection uses simplified boundary conditions,
such as Tc¼ 0 or qTc/qr constant at the ICB.
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On the CMB, the heat flux is determined by
mantle convection. It may be possible to get informa-
tion about the distribution of the heat flux through
the CMB, Icmb, from seismic measurements (see
Section 8.05.6 and, e.g., Olson (2003)), but in principle
it should be determined by mantle convection calcu-
lations. Assuming that this total heat flux is greater
than the heat conducted down the adiabat at the
CMB, if we adopt as a simple model a uniform dis-
tribution of CMB heat flux:

�acp�T
qTc

qr
¼ – Icmb þ IadðrcmbÞ on r ¼ rcmb ½25�

where Icmb is the heat flux per unit area passing
through the CMB, and Iad (rcmb) is the heat flux con-
ducted along the adiabat near the CMB. There has
been a substantial amount of work on models with a
nonuniform heat flux across the CMB, recently
reviewed by Olson (2003). Since there can be no
flux of light material across the CMB,

q�c

qr
¼ 0 on r ¼ rcmb ½26�

This completes the anelastic boundary conditions.
Possible choices for the magnetic boundary condi-
tions are either to assume an insulating inner core
and mantle, or to give a more accurate representation
of the field inside the core by solving the magnetic
diffusion problem in the solid inner core.

8.05.2.5 The Boussinesq Limit

The Boussinesq limit is found by letting the dissipa-
tion number D¼ g	d/cp go to zero. It can therefore
be thought of as a ‘thin layer’ approximation, since it
is equivalent to d << cp/g	. As noted, it is only
marginally satisfied in the core, but nevertheless
most studies of core convection are based on the
Boussinesq equations. There are several reasons for
this. First, Boussinesq convection is a well-studied
problem, and so a wealth of intuition about it has
built up, so that Boussinesq studies are built on a firm
foundation. Second, the Boussinesq equations are
significantly simpler to solve numerically, and have
fewer free parameters than the full anelastic equa-
tions. Since the convection equations are numerically
demanding, particularly in three-dimensional (3-D)
calculations, this simplicity is a major advantage.
A third reason is that much of our understanding
has come from the study of laboratory experiments,
which are all in the � ? u¼ 0 regime. So simulations

designed to make contact with this work are naturally
Boussinesq.

We start with the anelastic mass conservation
(eqn [4]). Combining with [13c] we get

� ? ð�auÞ ¼ �a� ? u –
ur D�a

�d
¼ 0 ½27�

so in the limit D! 0.

� ? u ¼ 0 ½28�

The entropy equation can be reduced to a tem-
perature equation by substituting in the anelastic
liquid approximation [19]. A large number of terms
arise that involve �Ta and �cp, but in the limit D! 0
they all vanish because of [13b] and [13c]. Then [17]
becomes

�acp

DTc

Dt
¼ �acp�Tr2Tc þ � ? k�Ta

– �aTa
_Sa þ �aH ½29�

In the Boussinesq limit, the expression for H, [18],
simplifies because the viscous and ohmic dissipation
are proportional to D, and so drop out; see Anufriev
et al. (2005) for details. The basic reason for this is that
in the Boussinesq limit the thermal energy is much
larger than the kinetic energy or the magnetic
energy. The heat transport equation then becomes a
temperature equation, because the dominant form of
energy is the temperature-dependent internal heat
energy. This is rather a drawback for the Boussinesq
approximation, because the ohmic dissipation might
be a significant player in the overall heat budget. In
consequence, the last three terms on the right-hand
side of [29] can be bundled into a single space-
dependent heat source term:

Ĥ ¼ � ? k�Ta

�acp

–
Ta

_Sa

cp

þ H

cp

½30�

to get

DTc

Dt
¼ �Tr2Tc þ Ĥ ½31�

which is the Boussinesq form of the heat transport
equation. Equation [30] shows that the effective heat
source for Boussinesq models is considerably more
complicated than is sometimes appreciated. The first
term on the right-hand side is the heat flux deficit
term arising from the fact that more and more heat is
conducted down the adiabat as we move outwards
from the ICB to the CMB. From the point of view of
the convection this is a large, almost uniform, heat
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sink. The second term on the right-hand side is the
core cooling term, which is a source term, but prob-
ably not as large as the sink term. The third term is
radioactive heating, and is a source that is currently
completely unknown. It could be zero or it could
dominate the other two sources. Note that if it is
small, Ĥ will be a net heat sink, and convection is
then driven by the heat input at the ICB.

The composition equation [16] becomes

q�c

qt
þ u ? ��c ¼ ��r2�c – _�a ½32�

The Boussinesq momentum equation is not very
different from [15], the entropy being replaced by the
temperature according to [19], and the viscous term
simplifies to give

Du

Dt
þ 2W � u ¼ – �

pc

�a

� �
þ 1r g 	Tc þ 	��c

� �
þ j� B

�a

þ �T �2u ½33�

Of course, �a is now a constant.
Equations [28] and [31]–[33] constitute the

Boussinesq equations for convection in the core.
The boundary conditions are not affected by taking
the Boussinesq limit, so the thermal and composi-
tional equations [23]–[26] can be applied, though in
practice much simpler conditions are usually
adopted. Another frequent simplification is to bundle
together the composition and temperature variables
by multiplying [31] by 	, [32] by 	� and adding,
defining the co-density C¼	Tcþ	��c . This device
only works if both composition and temperature have
the same diffusion coefficient and the same boundary
conditions, see Section 8.05.3.2.

Both the equations and the boundary conditions
contain inhomogeneous forcing terms. In some
codes, these equations are handled directly, but
sometimes the inhomogeneous terms are elimi-
nated. This procedure is detailed in Anufriev et al.

(2005); here we illustrate with the composition
equation. We define �c¼ �0þ �9, and choose the
basic distribution �0 to be a function of r only and
to satisfy

��r2�0 – _�a ¼ 0 ½34�

with boundary conditions

d�0

dr
¼ ��ricb

�2cpTa�T
Ta

_Sa on r ¼ ricb

d�0

dr
¼ 0 on r ¼ rcmb

½35�

Now �9 satisfies

q�9
qt
þ u ? ��9 ¼ –

d�0

dr
ur þ ��r2�9 ½36�

Similarly we define Tc¼T0þT 9 and T 90 ¼ qT0=qr .
Because they are spherically symmetric and constant
in time, these basic state contributions do not affect the
momentum equation significantly, because the extra
terms can be balanced by a pressure gradient. The
homogeneous Boussinesq equations are then [28] with

Du

Dt
þ 2W � u ¼ –�

p9

�a

� �
þ 1r g 	T 9 þ 	��9

� �
þ j � B

�a

þ �T�2u ½37�

DT 9

Dt
¼ –

dT0

dr
ur þ �Tr2T 9 ½38�

D�9

Dt
¼ –

d�0

dr
ur þ ��r2�9 ½39�

with the same mechanical and electromagnetic
boundary conditions as in the inhomogeneous
Boussinesq equations, but with thermal and composi-
tional boundary conditions

qT 9

qr
¼ LHricb

�2cp�TTa

qT 9

qt

q�9
qr
¼ ��ricb

�2�T Ta

qT 9

qt

9>>>=>>>;on r ¼ ricb ½40�

qT 9

qr
¼ 0;

q�9
qr
¼ 0 on r ¼ rcmb ½41�

Since only derivatives of T 9 and �9 are specified, they
are arbitrary up to a constant. This degeneracy can be
removed by specifying that the average of T 9 and �9
is zero over the ICB. This completes the specification
of the homogeneous Boussinesq equations, but it
should not be forgotten that T0 and �0 must be
added on to reconstruct the actual temperature and
composition perturbations. The homogeneous
Boussinesq equations can be linearized in a natural
way, both in the nonmagnetic and magnetic cases (in
which case the induction equation is needed), to give
an eigenvalue problem for the critical Rayleigh num-
ber and wave frequency at the onset of convection.

8.05.2.6 Formulation of the Equations
for Numerical Solution

It is useful to see how the full anelastic equations
could be approached (see e.g. Glatzmaier (1984). One
method (many others are possible) would be to take
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u, B, �c, and Sc as the primary variables which are
advanced at every timestep using [15], [5], [16], and
[17]. Because of eqns [4] and [6b], there are only two
independent scalar fields in u and B, but this can be
taken into account by writing B in terms of toroidal
and poloidal scalar fields B ¼ �� U rþ �� �� V r,
with a similar expansion for �u. This expansion means
that [4] and [6b] are automatically exactly satisfied.
Two equations for U and V can be conveniently
obtained by taking the radial component and the
radial component of the curl of [5], and similarly for
� times [15]. It is then the toroidal and poloidal scalar
fields for the magnetic field and momentum density
that are time-stepped forward, along with Sc and �c . At
each timestep, the pressure pc can be found by taking
the divergence of � times [15] and solving the result-
ing time-independent Poisson equation for pc .
Equation [14] and the equation of state then give the
temperature and density perturbations. At this stage
every term on the right-hand sides of [15], [5], [16],
and [17] is known at the current timestep, so we can
advance to the next timestep. An appropriate set of
boundary conditions would of course be needed to
complete the numerical solution.

8.05.3 Convection in the Absence
of Rotation and Magnetic Field

8.05.3.1 Thermal Convection

The thermal diffusivity in the core is estimated at
� � 5� 10 – 6m2 s – 1, with the kinematic viscosity a
factor 10 smaller at � � 5� 10 – 7m2 s – 1 and the
compositional diffusion coefficient another factor of
103 smaller. In consequence, the dimensionless
Rayleigh number g	�Td 3=�� is very large in the
core, much greater than the critical value for the
onset of convection in the absence of rotation,
which is typically Ra � 103. The onset of convection
is discussed in considerable detail both for the case of
a plane layer and a spherical shell, in chapters 2 and 6
of Chandrasekhar (1961). As we shall see, convection
in the core is strongly influenced by rotation and
magnetic field, and much useful information about
the onset of convection in the presence of these
constraints is given in the same book. It is never-
theless of interest to examine what form convection
in the core might take if these constraints are ignored.
One advantage of this approach is that unconstrained
Boussinesq plane layer convection has been exten-
sively studied both theoretically and experimentally
up to quite high Rayleigh numbers, so that far more is

known about the strongly nonlinear behavior in this
case. Much less is known about the corresponding

problems when rotation and magnetic field are
important.

Experiments typically measure the heat flux in
terms of the Nusselt number

Nu ¼ Fd

�cp��T
½42�

which is the ratio of the total convective plus con-
ductive heat flux per unit area, F, to the heat flux that
would occur in the absence of convection,
�cp��T=d . When comparing with the Earth’s core,

there is a potential for confusion here, because there
are two possible definitions for the conducted heat
flux. If this is taken as the heat conducted down the
adiabat, then the Nusselt number in the Earth’s core
turns out to be of order unity. We denote the Nusselt
number defined in this way, with �T ¼ �Ta the
adiabatic temperature drop across the core (approxi-
mately 1300 K) as N ¼ Fd=�cp��Ta . However, for
comparison with Boussinesq convection models,
�T ¼ �Ts, the superadiabatic temperature drop
across the core. This is much smaller, probably less
than 10�3 K. We denote the Nusselt number defined
in this way as Nu ¼ Fd=�cp��Ts, and its typical
value in the core is about 106. Note that no direct
numerical simulation of rotating spherical convec-
tion has ever achieved Nu values this large, and
there is no prospect of ever doing so.

At Rayleigh numbers just above critical, weakly
nonlinear theory (described in more detail in Section

8.05.4) can be used to predict the Nusselt number in
terms of the Rayleigh number. Weakly nonlinear

theory is valid when the pattern of nonlinear
convection is still close to that given by the linear

theory of the onset of convection. It is no
longer valid when convection is turbulent. It predicts

that Nu – 1 _ Ra – Rac ; Rac
being the critical

Rayleigh number for the onset of convection.

Initially as Ra is increased above critical this is what
is found experimentally, but if the Rayleigh number

is further increased it is found that the Nusselt num-

ber starts to grow more slowly with Ra than this.
Experiments at very large Ra usually find Nu � Ran,

and in the range of Ra up to 1017, which is about the
largest value that has been tested experimentally

(Niemela et al., 2000), n is typically about 0.3. As we
see below, theories exist for both n¼ 1/3 and n¼ 2/7,

but it is conjectured that at Ra � 1017, n may rise to
0.5 (see, e.g., Grossmann and Lohse, 2000). Note
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that this experimental value of Ra � 1017 is much

larger than can be obtained with 3-D numerical

experiments, Ra � 107 (note that for rapidly rotating

convection, where the critical Rayleigh number is

much larger than 103, considerably higher Ra can be

achieved) though 2-D simulations can reach signifi-

cantly larger Ra, up to 1012 (Rogers et al., 2003). The

Rayleigh number in the Earth’s core is probably

around 1023 (Christensen and Aubert, 2006).
Since we cannot measure the temperature differ-

ence �Ts directly, it is more appropriate to work in

terms of the convective heat flux per unit area, Fconv.

Even this is not well known, but a total of 2TW near

the CMB (giving 0.013 W m�2 for the flux per unit

area) for the ‘convective’ heat flux (ignoring that

carried by conduction down the adiabat) is a reason-

able order of magnitude estimate. Note that the

actual convective heat flux varies considerably across

the core (see Section 8.05.2) and may even be nega-

tive on average at the CMB, but nevertheless we

adopt 0.013 W m�2 for the purpose of estimation

here. Since

Ra ¼ g	�Tsd
3

��
; Fconv ¼ ðNu – 1Þ �cp��Ts

d
½43�

eliminating �Ts gives

RaðNu – 1Þ ¼ g	Fconvd 4

�cp�2�
½44�

A simple early estimate for Nu in plane layer
Boussinesq convection at large Ra was given by
Priestley (1959) and Kraichnan (1962) (see Siggia
(1994) for a more complete discussion than that
given here). They suppose thermal boundary layers
of thickness 
 occur at the top and bottom bound-
aries, across which most of the temperature drop
takes place. Since the temperature drop across each
boundary is approximately �Ts=2, and all the heat is
transported by conduction in the boundary layer,

Nu � 0:5d



½45�

They further assume that the Rayleigh number for
the boundary layer is close to critical. This gives

g	�Ts

3

2��
� 1000 ½46�

assuming that the critical Rayleigh number is around
103, which linear theory calculations suggest is rea-
sonable. Eliminating 
 between [45] and [46] gives

Nu _ Ra1=3. Goldstein et al. (1990) found

Nu � 0:066Ra1=3 ½47�

from experimental data, where the coefficient 0.066 is
not far from the 16 000�1/3� 0.04 expected from [45]
and [46].

The interior velocity and temperature perturba-
tions are obtained by balancing inertia and buoyancy,
the mixing-length balance, together with a simple
estimate of the convective heat flux. The mixing
length balance can be thought of as an element of
fluid being accelerated by buoyancy for a turnover
time d/U�, where U� is a typical velocity. The accel-
eration is therefore

U 2
�=d � g	T 9� ½48�

where T�9 is the typical temperature perturbation in
the fluid interior. The convective heat flux is carried
by blobs of hot fluid moving upwards, with cold fluid
descending, so

Fconv � �cpU�T 9� ½49�

This gives the Deardorff velocity and temperature
scale (Deardorff 1970):

U� ¼
g	dFconv

�cp

� �1=3

½50a�

T 9� ¼
Fconv

�cp

� �2=3
1

g	d

� �1=3

½50b�

Note that the Deardorff velocity and temperature are
independent of the diffusion coefficients.
Experiments indicate that U� is close to the rms
velocity in the interior of the fluid; we therefore do
not need a numerical scaling factor in [50a].

Putting in the standard values for the core for g,	, d,
and cp from Table 1, together with our estimate of
Fconv¼ 0.013 W m�2 gives the Deardorff velocity

U� ¼ 7� 10 – 3m s – 1. The faster moving magnetic fea-
tures at the CMB move with a speed of about
5� 10�4 m s�1, about 10 times slower than this, so
our velocity estimate has turned out 10 times too big.
The overestimate is due to neglecting the inhibiting
forces of rotation and magnetic field. While our esti-
mate is clearly too large, it is nevertheless of interest to
pursue this nonrotating nonmagnetic plane layer
model a little further. Using [44] and [47] with the
Table 1 standard values and our estimate for Fconv, we
obtain Ra � 1023 and Nu � 3� 106:�Ts � 2� 10 – 4

which is substantially larger than the Deardorff tem-
perature, as it must be for model consistency as the
Deardorff temperature is the internal temperature per-
turbation, but the main temperature drop is across the
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boundary layer. Note that Nu�Ts� 600 K, the same
order of magnitude as �Ta� 1300 K, consistent with
N being of order unity. The thermal boundary layer
thickness 
¼ 0.4 m only. We have, of course, no way of
telling whether the core boundaries are sufficiently
smooth for such a thin boundary layer to be physically
plausible.

For completeness, we should note that in a num-
ber of experiments, Nu� Ra2/7 gives a better fit than
the Ra1/3 law (Castaing et al., 1989; Siggia, 1994).
Rather than assuming a boundary layer marginally
unstable to convection, they observe thin sheet like
plumes of typical temperature �Ts and of similar
width 
 as the boundary layer thickness. These
plumes form an intermediate layer which carries
the heat into the interior. These plumes have the
Deardorff velocity, and viscosity balances buoyancy
in them so

g	�Ts �
�U�

2

½51�

This equation defines the boundary layer thickness
in the Castaing et al. picture, rather than [46], and
together with [50a] and [45] leads to

Nu � Ra2=7Pr – 1=7 ½52�

While this theory is reasonable up to experimental
values of Ra� 1017, it is unlikely to hold for larger Ra

as the viscous control of the plumes will then break
down.

Kraichnan (1962) pointed out that at very large
Ra, even a thin boundary layer like this might be
shear unstable, and hence turbulent. If so, this under-
mines the assumption of a quiescent boundary layer
in which heat transfer is by conduction. Indeed, the
arguments leading to [51] require a laminar mixing
layer, while the basis of [46] is that it is a laminar
layer which thickens due to thermal diffusion until it
becomes unstable due to local convection. With our
estimates, the local Reynolds number of the bound-
ary layer is U�
/�� 5000, probably large enough to
expect a turbulent boundary layer. The boundary
layer then starts to change its character, becoming
passive rather than active. This means that the tem-
perature drop across the boundary layer becomes the
same as the Deardorff temperature, so that it is the
interior that controls the heat flux, not the boundary
layer. Fconv then becomes independent of the diffu-
sivities, since the Deardorff velocity and temperature
are independent of diffusivities. We get

�Ts � T 9� ½53�

and using [48] and [49] gives

Nu � U�d

�
� ðRaPrÞ1=2 ½54�

A more precise treatment of the boundary layer (e.g.,
Siggia, 1994) suggests

Nu � U�d

�
� ðRaPrÞ1=2=ðln RaÞ3=2 ½55�

Note, however, that experiments even at Ra� 1017

show no sign of the Ra1/2 dependence, the exponent
typically being n� 0.3 (Niemela et al., 2000). As we
expect that rotation and magnetic field will inhibit
heat transport, and for nonmagnetic nonrotating con-
vection the interior is already beginning to take over
control of the heat transport at Earth core Rayleigh
numbers, it is likely that the interior will be in control
in the rotating magnetic Earth’s core.

8.05.3.2 Compositional Convection

It was suggested by Braginsky (1963) that the
gravitational energy released by the growth of the
inner core might help to power the geodynamo.
The density jump at the ICB suggests that the outer
core must contain less dense elements than iron, so
that the freezing process allows buoyant material to
float upwards, supplementing the buoyancy from
thermally driven convection (Fearn, 1998). Most
analyses of the energy balance in the core suggest
that compositional convection does a similar amount
of work as thermal convection, though the exact ratio
is model dependent (see Chapter 8.02). Unlike heat,
the light material cannot escape from the outer core.
There are two possibilities; the usual assumption is
that the light material mixes in the outer core, so that
the density of the inner core is a slowly decreasing
function of time, the term _�a in [16]. Because this rate
of change of density is very slow compared to the
flow turnover time, this is equivalent to having a
uniform sink of buoyancy distributed throughout
the core. A second possibility is that the light material
forms a sediment at the top of the core (Buffett et al.,
2000), near the CMB. If this is the case, there is a
release of heavy material (compositionally closer to
pure iron) near the CMB, which would give an
additional convective driving, increasing the amount
of gravitational power to drive the geodynamo.

Compositional convection can be seen in the
laboratory using a saturated solution of ammonium
chloride (e.g., Chen et al., 1994). If the container is
strongly cooled from below (placing it on dry ice, for
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example), ammonium chloride comes out of solution
releasing relatively fresh water which is less dense
than its surroundings, and so rises. When the experi-
ment is performed, the ammonium chloride does not
crystallize as a solid block on the bottom of the
container, but instead forms a dendritic structure
with a ‘mushy zone’ consisting partly of crystallized
ammonium chloride and partly of liquid. The lower-
density solution released in the neighborhood of the
crystallization process rises rapidly in thin ‘chimneys’
formed inside the mushy zone. Typically, the chim-
neys are narrow and spaced quite far apart, so there is
a strong asymmetry between the narrow upwelling
plumes coming out of the chimneys, and the slowly
sinking fluid being sucked back into the mushy zone
(Aussillous et al., 2006). There is also evidence that
mushy zones form when liquid iron freezes in metal-
lurgical processes.

These observations have led to the suggestion that
there may be a mushy zone at the ICB (Fearn et al.,
1981) though this is controversial (Morse, 2002).
There may even be chimneys of light material emer-
ging from the mushy zone. Loper et al. (2003) have
explored the dynamics of such plumes, though it is
uncertain whether such plumes can remain stable and
maintain their identity (Classen et al., 1999), or
whether the action of rotation and magnetic field
might make the plumes mix into the core fluid.

While the physical origins of thermal and composi-
tional convection are different, it is not so clear that the
dynamics of the two phenomena are very different, and
indeed modelers often lump compositional and thermal
convection together, the co-density C as mentioned in
Section 8.05.2.5. Admittedly, the composition and tem-
perature have different diffusion coefficients, but both
are so low that small-scale turbulence is probably
responsible for mixing both heat and composition.
The main difference is in the boundary conditions at
the CMB; the light material cannot escape the core, eqn
[26], but heat can, [25]. If fluid cannot easily pass across
the tangent cylinder (see also Sections 8.05.5.6.1 and
8.05.5.6.2), light material released at the ICB might have
difficulty escaping outside the TC, and hence give rise
to a higher concentration inside the TC. This has been
proposed as a possible explanation for the anticyclonic
polar vortices (Olson and Aurnou, 1999; see also
Section 8.05.5.6.2).

Anufriev et al. (2005) argued that the natural
model of compositional convection consisting of a
source at the ICB and a uniformly distributed sink
of equal strength distributed throughout the core
may be a reasonable model for the thermal

convection too, because the heat flux deficit term
arising from conduction down the adiabat is so
large, eqn [17].

8.05.4 Effect of Rotation
on Convection

In this section we consider how rotation affects con-
vection in the absence of magnetic field. As we shall
see later, magnetic fields do affect rotating convec-
tion very significantly, but it is necessary first to
consider how rotation alone can affect convection
before the additional complications of the magnetic
field are considered. We will use two coordinate
systems, cylindrical polars (s, �, z), z being parallel
to the rotation axis, and spherical polar coordinates
(r, �, �), � being the co-latitude. Cylindrical coordi-
nates turn out to be more natural for understanding
the dynamics of rotating fluids, but spherical polar
coordinates are preferred for numerical simulations
in spherical shells.

8.05.4.1 The Proudman–Taylor Theorem

Slow steady flows in homogeneous rotating fluids
have the remarkable property that the velocity is
independent of the rotation axis. This result, known
as the Proudman–Taylor theorem, can be demon-
strated in the laboratory by towing a small obstacle
along the bottom of a rotating tank; the whole column
of fluid above the obstacle moves along with it as
though the fluid column was a rigid body. This
surprising result can best be understood in terms
of the vorticity equation. Taking coordinates with
W¼�1z, the curl of the Boussinesq momentum
equation [37] with the magnetic field and composi-
tion set to zero gives

qz
qt
þ u ? �z – ð2Wþ zÞ ? �u ¼ �� g	T 91r þ ��2z ½56�

z being the vorticity. For simplicity we drop the
subscript on �T; in this section the viscosity can be
thought of either as the molecular value when dis-
cussing low Ra convection, or as a turbulent value for
very high Ra convection. Taking U� as the typical
magnitude of the velocity, slow flows are those for
which the Rossby number

Ro ¼ U�
�d

<< 1 ½57�
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The Rossby number in the Earth’s core is about
3� 10�6.

To understand the Proudman–Taylor theorem it is
helpful to first consider flows for which the length
scale of variation in all directions (including the
z-direction) is of order d. Then the vorticity has mag-
nitude U�/d, and small Rossby number implies that
ju ? �z – z ? �uj << j2�qu=qzj. Since W is con-

stant, eqn [56] can be thought of as an equation for
2Wþ z. In oceanography and atmospheric sciences,
the part 2W is called the planetary vorticity, because
it is due to the rotation of the Earth rather than the
behavior of the fluid. We therefore assume that the
planetary vorticity is much greater than the fluid
vorticity when we make this small Rossby number
approximation. Given the slow flows, this will only
break down for vortices with radii less than a few tens
of meters in the core. The steady flow approximation
requires that jqz=qt j << j2�qu=qzj, which will gen-
erally be the case provided that the timescale over
which the velocity varies is much longer than a day.
Since the convective turnover time d/U� is several
hundred years, such short timescales are unlikely to
be of much significance in the dynamics of convection.
The dominant term on the left-hand-side of [56] is
therefore the term 2�qu=qz. Of the terms on the
right-hand side, viscosity is small except on very
short length scales. The dimensionless ratio of viscous
to Coriolis force is measured by the Ekman number
E ¼ �=�d 2 � 10 – 15 in the core. Buoyancy forces

(and Lorentz forces) are significant in the core, but
do not occur in homogeneous nonmagnetic fluids. The
Proudman–Taylor theorem then arises because there
is no term on the right-hand side to balance 2�qu=qz.
In consequence, the z-derivative of u must be zero,
and fluid has to move in columns. If the time-
dependent vorticity term is restored, but the forces
on the right-hand side are ignored, we obtain

qz
qt

– 2W ? �u ¼ 0 ½58�

Taking the curl of this and eliminating z using [58],
we derive the inertial wave equation

q2

qt 2
r2u ¼ – 4�2 q2

qz2
u ½59�

This shows that if a z-dependent flow is set up
initially, the fluid responds by oscillating on a time
scale of days. In the absence of any dissipation
mechanism, these oscillations would go on ringing
forever. In the core, however, these fast oscillations
would excite rapid changes in the magnetic field,

which would lead to a rapid damping though ohmic
dissipation. Inertial waves may well exist in the core,
but they are likely to have a small amplitude only and
we will ignore any such oscillations. There are, how-
ever, a class of inertial waves which have much
smaller frequencies, namely those with a short wave-
length , in the plane perpendicular to z. These waves
have frequency 2�,=d , and are considered in more
detail below.

Another way of thinking of the Proudman–Taylor
theorem is that in z-independent motion the pressure
force is in balance with the Coriolis acceleration.
This is geostrophic motion. While the buoyancy
force and the magnetic field can induce some
z-dependence, many numerical models and labora-
tory experiments indicate that the motion is mostly
in the form of almost 2-D columnar rolls. This is not
to say, however, that the ageostrophic parts of the
motion are unimportant.

The spherical geometry means that convection
inevitably involves some z-dependent motion. The
only purely geostrophic motion in a sphere is azi-
muthal flow u¼ u�(s)1� which cannot transport any
heat radially. If the CMB is bumpy, the geostrophic
contours are those on which the length of fluid col-
umns is preserved. In general, therefore, flow along
geostrophic contours might have a weak radial
dependence and hence permit convective heat trans-
port (Bell and Soward, 1996; Westerburg and Busse,
2003). In a perfect sphere, any column moving in the
s-direction changes its length. To avoid excessive
changes of length of fluid columns, which inevitably
involve z-dependent motion, tall thin columns are
preferred. These can transport heat while minimizing
the departure from geostrophy. If there is no
magnetic field, and the velocity is small enough for
the nonlinear terms to be negligible, no balance
between pressure, Coriolis force, and buoyancy is
possible. Viscosity must be included for convection
to occur at all. Viscous forces are very small in the
core, so columns that are viscously controlled are
very thin indeed. In the presence of magnetic field
this problem is alleviated, because an inviscid balance
is possible by replacing the viscous force with
Lorentz force.

There is one further consequence of the difficulty
fluid columns have changing their length in rapidly
rotating fluid, which is that there is unlikely to be
much fluid motion across the tangent cylinder. Inside
the tangent cylinder the inner core cuts the fluid
columns in half. Any motion in the s-direction across
the tangent cylinder will therefore involve strong
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z-dependence, and so will need correspondingly
strong thermal or magnetic forcing to occur. Another
factor tending to divide the regions inside and outside
the tangent cylinder into two distinct parts is that
columns inside the tangent cylinder increase their
length as they move outward in s, but columns outside
the tangent cylinder decrease in length as they move
outward in s. As we see below, this means that the
Rossby waves propagate eastward (that is prograde, in
the same direction as the rotation) outside the tangent
cylinder but westward (retrograde) inside the tangent
cylinder. This discontinuity in the phase speed of the
waves is another reason why convection in the two
regions has to be considered separately.

8.05.4.2 The Onset of Instability

We are therefore led to study two types of linear
problem for the onset of convection in a rotating
sphere or spherical shell. The first is the nonmagnetic
viscous problem, and the second is the equivalent
magnetic problem in which a simple imposed mag-
netic field is specified. The nonmagnetic problem can
be solved either numerically at finite (possibly small)
E or asymptotically in the limit E! 0. The magnetic
problem can be solved numerically, or asymptoti-
cally in the weak field limit (see Section 8.05.5). We
start by describing the nonmagnetic problem.

Numerical solutions were obtained by Gilman
(1975), Zhang and Busse (1987), Zhang (1992),
Jones et al. (2000), and Dormy et al. (2004), with
later workers generally reaching lower E, due to the
increase in computer speeds. An accurate method for
obtaining solutions is to expand the velocity in tor-
oidal and poloidal scalars

u ¼ � � T r þ � � � � S r ½60�

which automatically satisfies the continuity equation,
and reduces the velocity field to two independent
scalars. The equations are nondimensionalized taking
the unit of time as r 2

cmb=�, the viscous time, the unit
of length as the sphere radius rcmb, and the unit of
temperature as �Pr rcmbdT0/dr where T0 is the basic
state temperature. The discussion below is in terms
of temperature, but this could be replaced by com-
position. In this case, the boundary conditions
adopted should be those appropriate for composi-
tional convection (see [40] and [41]) but otherwise
nothing is significantly changed. Note that the length
scale used for nondimensionalization in this problem
is rcmb rather than the gap width d. This affects the
definition of Ekman number and Rayleigh number,

so care must be exercised when comparing results
from these stability problems with numerical dynamo
simulations, which often use d as the length scale.

Two cases are commonly studied: a uniformly
heated sphere where dT0/dr is proportional to r,
appropriate for a strongly radioactive heat source,
and differential heating where dT0/dr is proportional
to 1/r2, suitable for a model where all the heat (or
composition flux) is input at the ICB. In the differ-
ential heating model the total input heat flux at the
ICB equals the heat flux coming out of the CMB, so
no account is taken of the variable amount of heat
conducted down the adiabat. The gravity field is�gr.

The linearized vorticity equation [56], which
omits the advection of vorticity and the stretching
of fluid vorticity (but not the much larger stretching
of planetary vorticity), can be written as

qz
qt

– 2W ? �u ¼ � � g	T 91r þ ��2z ½61�

and the scalar equations used are the radial compo-
nents of [61] and its curl:

E q
qt

– r2

� �
L 2T –

qT
q�
þ CS ¼ 0 ½62�

E q
qt

–r2

� �
L 2r2S –

q
q�
r2S – CT þ E RaL 2T 9¼ 0 ½63�

where (r, �, �) are spherical polar coordinates, the
temperature perturbation is T 9, and

L 2 ¼ –
1

sin �

q
q�

sin �
q
q�

� �
–

1

sin2 �

q2

q�2

C ¼ 1z ? � –
1

2
ðL 21z ? � þ 1z ? �L 2Þ

½64�

The temperature equation [38] becomes

Pr
qT 9

qt
¼ Q L 2S þ r2T 9 ½65�

where Q ¼ 1 for internal heating and Q ¼ 1/r3 for
differential heating. The dimensionless parameters
are the Ekman number, the Rayleigh number, and
the Prandtl number:

E ¼ �

2�r 2
cmb

; Ra ¼ –
g	r 5

cmb

��

dT0

dr
; Pr ¼ �

�
½66�

Note that many nonlinear convection and dynamo
codes use the same basic formulation of the equations
as this, with a further toroidal and poloidal expansion
of the magnetic field, and the radial components of
induction equation and its curl giving the two scalar
equations for the field. Note also the factor 2 in this
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definition of the Ekman number. Unfortunately,
there is no consistency in the literature over the
definition of the Ekman number. In dynamo simula-
tions, E ¼ �=�d 2 is often used. This gives

E ¼ Eð1 – ricb=rcmbÞ2=2 so at radius ratio 0.35,

E ¼ 0.21E. Similarly, care is needed with Ra; although
the same symbol is used in many papers, the defini-
tions are frequently different, so suitable conversion
factors must be worked out if numerical results from
one paper are used in another.

The quantities S , T , and T 9 are then expanded in
spherical harmonics, taking account of the symmetry

about the equator. Busse (1970) showed that solutions

with ur , u� , and !z symmetric about the equator, and

u� and uz antisymmetric about the equator are pre-

ferred, in that they have the lowest critical Rayleigh

number. The expansion for S is then

S ¼
XL

l¼0

S l ðrÞPm
2lþmðcos �Þexp iðm� – !tÞ ½67�

the other expansions being found in Jones et al.

(2000). The radial dependence can be dealt with for
example either by expanding S l ðrÞ in Chebyshev
polynomials and using collocation to derive the
equations for the coefficients, or by finite difference
methods. In either case, a key point is that there is no
coupling between modes with different azimuthal
wave number m. The operators L 2 and r2 are parti-
cularly convenient in this representation, as

L 2Pm
2lþm ¼ – ð2l þ mþ 1Þð2l þ mÞPm

2lþm so they do

not couple spherical harmonics, and the operator C
only couples adjacent spherical harmonics, that is,
C Pm

2lþm can be written as a simple linear combination
of Pm

2lþmþ1 and Pm
2lþm – 1. In consequence the matrix

equations arising from the expansion or discretization
of the radial structure can be written in banded form,
with each m value treated separately and only the
blocks corresponding to l� 1, l, and lþ 1 having
nonzero elements. The eigenvalue ! is the frequency
and the value of the Rayleigh number Rac which
makes ! real, the neutral mode condition, can then
be found simply using a variety of different methods,
for example inverse iteration.

The Rayleigh number Rac is then minimized over
m, to determine mc , !c , and Rac as a function of E , Pr,

and the radius ratio ricb/rcmb. Calculations using a

variety of boundary conditions, either stress free or

rigid, and with fixed temperature and fixed heat flux,

have been performed. Values of E down to 10�7 can

be reached without excessive computational

resources, which is sufficiently small to get excellent

agreement with the asymptotic methods described
below.

The results show that as E is reduced, the azi-
muthal wave number increases with mc � E – 1=3, the
Rayleigh number increases as Rac � E – 4=3 and fre-
quency increases as !c � E – 2=3. This means that at
small E the horizontal wavelength gets small, and in
the limit of zero viscosity the critical Rayleigh
number goes to infinity, showing that no convection
can happen without viscosity in this problem.
Numerical simulations at four different Ekman
numbers are shown in Figure 3, which is for the
case of no internal heating, so convection onsets
first close to the tangent cylinder. The roll structures
seen in these numerical calculations are also found in
laboratory experiments (Busse and Carrigan, 1976)
where the gravity is replaced by centrifugal accelera-
tion arising from the very rapid rotation. In these
experiments, the sphere has to be cooled from within.
With E � 10 – 15 in the core, these results suggest
m� 3� 104, giving a typical roll diameter of about
300 m only (there is a cyclonic and an anticyclonic
roll in each wavelength). Tall thin columns stretch-
ing all the way to the boundaries are seen in
experiments, but it seems unlikely structures with
such a large aspect ratio exist in the core. As we see
in Sections 8.05.4.8.1 and 8.05.5.3 below, magnetic
fields and nonlinear inertial effects can thicken the

Figure 3 Contours of axial vorticity, colored according to

the temperature perturbation, at the onset of convection in a
spherical shell, radius ratio 0.35: (a) E ¼ 3�10�5, (b)

E ¼ 10�5, (c) E ¼ 3� 10�6, (d) E ¼10�6. This figure appeared

in Dr E. Dormy’s PhD. thesis.
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columns, and time-dependent motions may break the
columns up. Having said that, it is possible that tall
thin columns with a large (but less than 104) aspect
ratio are present in the core. Dynamo simulations,
especially those in the most Earth-like regimes, often
show columnar convection. Interestingly, convection
columns are particularly good at generating dipolar
magnetic fields.

8.05.4.3 The Onset of Instability
in the Rapidly Rotating Limit

The asymptotic E ! 0 theory of convection was
developed by Roberts (1968) and Busse (1970), but
the distinction between the local theory and the
global theory of the onset of convection was
elucidated more recently ( Jones et al., 2000; Dormy
et al., 2004). We use cylindrical polar coordinates
(s, �, z) and use an axial poloidal and toroidal
decomposition:

u ¼ � �  1z þ � � � � �1z ½68�

Since all the components of velocity are of similar
order of magnitude (the boundary conditions ensure
ur and uz are the same order but 1=s q=q� and q=qs

are OðE – 1=3Þ), � is O(E 1/3) smaller than  and so to
leading order

u ¼ � �  1z þ uz1z ½69�

Inserting this equation into the z-components of the
linearized [61] and its curl, the temperature equation
[38], we obtain

E q
qt

– r2

� �
r2

H þ
quz

qz
¼ E Ra

qT 9

q�
½70�

E q
qt

– r2

� �
r2uz –

q
qz

ðr2
H Þ

¼ E Ra zr2
HT 9 –

1

s

q
qs

s2 qT 9

qz

� �� �
½71�

Pr
q
qt

– r2

� �
T 9 ¼ Q q 

q�
þ zuz þ s

q2�

qsqz

� �
½72a�

r2
H� ¼ – uz ½72b�

r2
H ¼

1

s

q
qs

s
q
qs
þ 1

s2

q2

q�2
½72c�

with Q defined in [65].
The local theory starts by seeking solutions with

dependence exp iðk̃s þ m̃� – !̃tÞ, and assuming that

the wavelengths perpendicular to the z-direction are
O (E 1/3), and the Rayleigh number and frequency
follow the scalings mentioned above. We write

Ra ¼ E – 4=3R ; ~! ¼ E – 2=3!; ~m ¼ E – 1=3m

~k ¼ E – 1=3k; a2 ¼ m2

s2
þ k2

½73�

Some terms drop out, and the leading order equation
for uz then becomes a second-order equation for z,
known as the Roberts–Busse equation,

F d

dz

1

F
duz

dz

þ ða2 – i!ÞG –
im

a2 – iPr!
F d

dz

R Q z

F

� �� �
uz ¼ 0 ½74�

following the notation of Dormy et al. (2004), where

F ¼ m2R Q
a2 – iPr!

– a2ða2 – i!Þ

G ¼ ðm
2 þ a2z2ÞR Q
a2 – iPrw

– a2ða2 – i!Þ
½75�

The stress-free boundary conditions are

duz

dz
–

ia2

m
ða2 – i!Þzuz ¼ 0 at z ¼ 	ð1 – s2Þ1=2 ½76�

and for no-slip conditions

duz

dz
–

ia2

m
ða2 – i!Þzuz ¼ E 1=6

ffiffiffiffiffi
r

2z

r
m2 þ a2z2

m2
F uz at

z ¼ 	ð1 – s2Þ1=2 ½77�

from which it is clear that in the low E limit the
distinction between stress-free and no-slip
boundary conditions is not crucial. Physically, this
is because the rolls are so thin that most of the
dissipation is occurring in the bulk of the fluid and
not in the boundary layer. Note that if these thin rolls
excite a large-scale zonal flow, the bulk dissipation
for that zonal flow will be very small, so then the
dissipation in the boundary layer is crucial in
determining the strength of the zonal flow. Just
because the boundary conditions do not affect the
linear rolls very much does not imply that boundary
conditions are unimportant in nonlinear rotating
convection.

The Roberts–Busse equation [74] can be solved
numerically subject to the boundary conditions [76]
or [77] as an eigenvalue problem, using any standard
ODE eigenvalue numerical method. The real and
imaginary parts determine the complex frequency !
for any given Rayleigh number R . The imaginary
part of the frequency is the exponential growth rate
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of the linear mode. The output of the eigenvalue
solver is then the dispersion relation

! ¼ !ðs; k; m; R Þ ½78�

The difference between the original local theory
of Roberts and Busse and the newer global theory
lies entirely in how this dispersion relation is
treated. The same equation (and hence the same
dispersion relation) is used in both approaches. The
local theory derives the equations for the five
unknowns !L, sL, kL, ml and R L from the five imagin-
ary part conditions

If!g¼ 0; I
q!
qm

� �
L


 �
¼ 0; I

q!
qR

� �
L


 �
¼ 0

I
q!
qk

� �
L


 �
¼ 0; I

q!
qs

� �
L


 �
¼ 0

½79�

which are that the scaled growth rate (the imaginary
part of !) should be zero and that the growth rate
should be a local maximum of R , m, k, and s. sL is then
the location of the local convective instability, that is,
where the rolls first become unstable. For internal
heating the critical sL is typically about 0.5rcmb. The
differential heating case does not have an internal
local maximum for the growth rate (equivalently a
minimum critical Rayleigh number) but is maxi-
mized on the ICB.

In the differentially heated case, the local theory
prediction for the critical Rayleigh number agrees
with the fully 2-D spherical coordinate results, in

the sense that as E is reduced the results steadily
approach the asymptotic results. However, in the

internally heated case, where sL is in the interior
rather than at a boundary, there is no such agreement.

In either case, the local solution must be part of a
WKBJ expansion

uzðs; �; zÞ � W ðxÞuzðzÞ exp i

Z
k̃ ds

� �
exp ið~m� – ~!tÞ

½80�

where the variable x is given by

x ¼ ðs – scÞ=E 1=6 for internal heating ½81a�

x ¼ ðs – sicbÞ=E 2=9 for differential heating ½81b�

In the internally heated case, sc is determined by a
procedure described below. The rapid variation on
the O (E 1/3) length scale is taken care of by the factor
exp i

R
k̃ ds

� �
, and the z-dependence comes from the

Roberts–Busse equation. The equation for the ampli-
tude of the envelope, W (x), is derived by inserting

[80] into the governing equations, and with the dif-
ferential heating case scaling for x we obtain

–
1

2

q2!

qk2

� �
L

d2W
dx2

þ q!
qs

� �
L

xW

þ q!
qR

� �
L

R 1 – !1 þ
q!
qm

� �
L

m1

� �
W ¼ 0 ½82�

where

R ¼ R L þ E 2=9R 1; m ¼ mL þ E 2=9m1

! ¼ !L þ E 2=9!1

½83�

The Airy equation [82] can be solved subject to the
boundary conditions

W ¼ 0 at x ¼ 0ðs ¼ sicbÞ and W ! 0 at x!1 ½84�

The Airy function solution therefore gives the lead-
ing order asymptotic behavior in the radial direction,
together with the z-dependence from the local
Roberts–Busse equation. The leading order critical
Rayleigh number and frequency are therefore R L

and !L, and the first-order corrections come from
the solution of [82] which is an eigenvalue problem,
the real and imaginary parts giving R 1 and !1�
m1q!/qm. How !1 and m1 are found individually is
described in Dormy et al. (2004). In the asymptotic
limit of small E , the s-structure of the solution takes
the form of a succession of convective rolls, each with
a radial and azimuthal length scale O (E 1/3), begin-
ning close to the tangent cylinder and of gradually
diminishing amplitude, on a longer length scale
O (E 2/9), as we move outwards. However, because
the difference between O (E 1/3) and O (E 2/9) is so
small, extremely small " is required before more
than one roll is seen in the radial direction. In
Figure 4, reproduced from Dormy et al. (2004), we
see the planform of the rolls at onset for E ¼ 10�7,
Pr¼ 1. In the top row of Figure 4, numerical solution
of the full equations has been used, while in the
bottom row the asymptotic theory was used. There
is no great difference, suggesting that the asymptotic
method works very well at E¼ 10�7 or less. The
variation with radius ratio at onset was studied by
Al-Shamali et al. (2004), using the numerical method
rather than the asymptotic method.

The natural way to deal with the internally heated
case would be to solve [82] subject to the boundary

conditions

W ! 0 at x ! 	1 ½85�
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Unfortunately, no solution of [82] satisfying [85]
exists, because of the term proportional to (q!/qs)L.
This means that when the onset of convection occurs
away from the boundary, the local solution cannot be
embedded in a consistent WKBJ solution. The solu-
tion to this difficulty is quite radical (Jones et al.,
2000) and consists of abandoning the sL found by
local theory, and instead seeking a point in the com-
plex s-plane, sc , at which the real part

Rfq!=qsg ¼ 0 ½86�

as well as the imaginary part. We therefore solve [79]
together with [86], so with s complex we now have
six equations for six unknowns. The coefficient of the
term proportional to x, which is the term which
makes it impossible to satisfy the boundary condi-
tions [85], is now zero. This is why the scaling for x

changes to [81a], and then the amplitude equation
becomes (with scaling E 1=3 instead of E 2=9 in [83])

–
1

2

q2!

qk2

� �
c

d2W
dx2
þ 1

2

q2!

qs2

� �
c

x2W

þ q!
qR

� �
c

R 1 – !1 þ
qw

qm

� �
c

m1

� �
W ¼ 0 ½87�

which now has a satisfactory solution in parabolic
cylinder functions satisfying [85].

Since the equations used to find the critical
Rayleigh number and frequency are different from
the local theory (six equations, not five), the results
are different. The critical Rayleigh number is
significantly higher (typical 25% higher at Pr� 1 or
greater, but with a much larger difference at
low Prandtl number) for this global theory than for
local theory. The way in which the solutions
for complex s¼ sc are converted into real eigenfunc-
tions is detailed in Jones et al. (2000). In physical
terms this surprising result can be understood in
terms of phase mixing. Disturbances that try to
grow at the local critical Rayleigh number are
sheared apart by the variation of ! with s. Because
of the increasing slope of the boundaries with s in
spherical geometry, waves at larger s travel with
faster phase speed. It is therefore more difficult to
get a disturbance inside an envelope where each
part has to travel at the same speed, when each part
wants to travel at a different speed. At low Prandtl
number, the disturbance occupies a much greater
range of s, and the problem of ‘orchestration’ is
more difficult, which is why the global critical
Rayleigh number has to be much greater than the
local critical Rayleigh number.

8.05.4.4 The Ekman Boundary Layers

In eqns [76] and [77] above, we noted that the
boundary condition in the Roberts–Busse equation
was affected by whether the boundary was no slip or
stress free. This difference comes about because of
the presence of Ekman layers near the boundary.
Ekman layers are the thin boundary layers of thick-
ness O ((�/�)1/2) over which the velocity changes
from its interior value to the value at the rigid bound-
ary, usually taken to be zero. In this respect, the
boundary layer is similar to the thin layers in non-
rotating flow, for example, over aircraft wings. There
are, however, some important differences. Ekman
layers have an unusual ‘suction’ property. At the
boundary itself, the velocity is zero, while at the
‘edge’ of the boundary layer the velocity parallel to
the wall merges into its interior value. Somewhat
surprisingly, at the edge of the boundary layer there
is a nonzero component of velocity perpendicular to
the wall, called the Ekman suction. This velocity can
be either outward or inward, depending on the sign
of the interior fluid vorticity. If the horizontal length
scale of this external vorticity is d, we can define an

Figure 4 Comparison between equatorial cross-sections

of the axial vorticity in the full numerics for E ¼ 10�7 (top row)
and the asymptotic eigenfunction  for the same Ekman

number (bottom row). Internal heating with large aspect

ratio ricb /rcmb on the left, differential heating with aspect

ratio 0.35 on the right. Reproduced from Dormy E, Soward
AM, Jones CA, Jault D, and Cardin P (2004) The onset of

thermal convection in rotating spherical shells. Journal of

Fluid Mechanics 501: 43–70.
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Ekman number E¼ �/�d2, and then this suction
velocity is O (E1/2) times the parallel velocity com-
ponents. This might seem negligibly small, but in fact
it can have quite a significant effect on the dynamics.

The Ekman suction affects the spin-up (or spin-
down) time of rotating fluid, that is, the time taken for
rotating fluid initially at rest to achieve rigid body
rotation, subsequent to a sudden change in the con-
tainer rotation speed. Naively, one might expect the
spin-up time to be O (d 2/�)� 1011 years for the core,
this being the typical time for momentum to diffuse
through the fluid by internal friction. Actually, the
time is O (E1/2) times this value, or about 5000 years,
because all the fluid in the sphere is pumped into the
boundary layer, where it acquires the boundary velo-
city much more rapidly. Recent experiments (Brito
et al., 2004) have measured the spin-up time and find
good agreement with the times predicted by Ekman
layer theory. They also find that if low Prandtl
number fluid is convecting, the spin-up time is sig-
nificantly shortened, suggesting that the convective
turbulence is affecting the Ekman layer. The usual
theory assumes a laminar Ekman layer.

The Ekman layer is studied by assuming E is
small, and considering the thin layer in which viscous
forces, pressure forces, and Coriolis forces are in
balance:

2W � u ¼ 1

�
�p þ ��2u ½88�

Because the layer is thin, the gradient of u in the
direction perpendicular to the boundary is much
larger than gradients in other directions, and these
can therefore be ignored by comparison. Greenspan
(1968) shows that the Ekman suction is

u ? 1njz ¼ 	 H ¼ � 1

2

�

�

� 
1=2

1n ? �

� 1

ð1n ? 1zÞ1=2
ð1n � u þ uÞ

" #
½89�

where 1n is the unit vector normal to the wall point-
ing out of the fluid. Here u ? 1njz¼H denotes the
asymptotic value of the normal velocity at the
Northern Hemisphere boundary (�H for Southern
Hemisphere boundary) as we move out of the bound-
ary layer into the interior.

The simplest case is when the boundary is normal
to the rotation axis, as near the poles. For the south
pole, 1n¼�1z, when [89] reduces to uz¼(�/�)1/2

�z/2, so that the suction is proportional to the z-com-
ponent of the interior vorticity just above the
boundary layer. Anticyclonic vorticity gives suction

into the boundary at either pole, cyclonic (in the
same sense as the rotation) vorticity to motion away
from the boundary. We take the z-component of the
curl and double curl of [88] to get

– 2�
quz

qz
¼ �

q2�z

qz2
½90a�

2�
q�z

qz
¼ �

q4uz

qz4
½90b�

which can be combined to give

quz

qz
¼ – 4E2d 4 q

5uz

qz5
½91�

We can add on H to z without changing these for-
mulas, thus bringing the wall to the level z¼ 0. The
solution then consists of a constant plus four expo-
nential terms corresponding to the four complex
fourth roots of� 4, (	 1 	 i). The two with positive
real part correspond to solutions which grow as we
move out of the boundary layer, and are therefore
unacceptable. We are left with

uz ¼ ui
z þ exp –

z

d
ffiffiffi
E
p

� �
A cos

z

d
ffiffiffi
E
p þ B sin

z

d
ffiffiffi
E
p

� �
½92a�

�z ¼ �i
z þ exp –

z

d
ffiffiffi
E
p

� �
� A þ B

d
ffiffiffi
E
p cos

z

d
ffiffiffi
E
p þ B – A

d
ffiffiffi
E
p sin

z

d
ffiffiffi
E
p

� �
½92b�

and the boundary conditions are that uz¼ 0,
quz/qz¼ 0, and �¼ 0 at the wall, z¼ 0. The last
two follow from the fact that ux¼ uy¼ 0 at the
wall, so horizontal derivatives are zero, and
r ? u¼ 0. Inserting these into [92] gives
A ¼ B ¼ – ui

z; �
i
z ¼ 2E – 1=2ui

z=d , consistent with

[89]. Since the A and B terms in [92] vanish as we
move up into the interior, the constants of integration

�i
z and ui

z have a natural interpretation as the interior

vorticity just after leaving the boundary layer and the
Ekman suction, respectively. The Ekman layer in the
core is less than 1 m thick, and so any roughness at
the CMB or ICB may lead to a thickening of the
layer.

The effect of Ekman suction on the onset of con-
vection was investigated by Zhang and Jones (1993).
They found that at high Prandtl numbers it is
stabilizing, but at low Prandtl numbers it can be
destabilizing. At low E the effect of Ekman suction
on the tall thin columns is small, and then the
most important effect of the Ekman suction is on
the zonal flow.
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8.05.4.5 The Busse Annulus

The discussion in Sections 8.05.4.1–8.05.4.3 showed that

the sloping boundaries are crucial when considering the

onset of rotation in convecting spherical geometry. Busse

(1970) pointed out that a simplified model for the con-

vection in a sphere is to consider a cylindrical annulus

with sloping top and bottom boundaries (see Figure 5).

The gravity is assumed to act in the�is direction.
If we now take the limit in which the angle of

slope of the annulus �<< 1, then the motion is

almost geostrophic. The z-component of the velocity

is now small compared to the other two components,

and so we can write

u ¼ � �  ðs; �Þ1z þ uz1z ½93�

because the horizontal part of the flow is much larger
and 2-D flow with zero divergence must be the curl
of a scalar. There is a distinction between [69] and
[93] because in [69] we retained the z-dependence of
 , whereas in the annulus model this disappears
because of the small slope assumption. The annulus
is also assumed to be thin, so that the curvature terms
can be neglected, which means that the �-coordinate
is replaced by a Cartesian x-coordinate, that is,
(1/s)q/q� becomes q/qx, and s is replaced by �y.

Our fundamental equation is [56], the vorticity
equation. We assume small Rossby number so the

planetary vorticity dominates the fluid vorticity, so

the term z ? �u is omitted. The z-component of the

vorticity equation [56] is then

q�
qt
þ u ? �� – 2�

quz

qz
¼ – g	

qT 9

qx
þ �r2� ½94�

Although the z-component of velocity uz is small, O (�),
compared to the other components in [93], the rotation
is large, so that the stretching of the planetary vorticity
is important. Integrating over z and applying the
boundary conditions uz¼	�uy on z¼	 L/2 gives

q�
qt
þ qð ; !Þ

qðx; yÞ –
4��

L

q 
qx
¼ – g	

q�
qx
þ �r2� ½95�

Note that in assuming this boundary condition we
have discarded any Ekman layer contribution from
the endwalls. We are therefore assuming implicitly
that they are stress free. Nondimensionalizing on the
gap between the cylinders D, timescale D2/�, and
temperature ��T/�, �T being the temperature
drop between the cylindrical boundaries, we get

q�
qt
þ qð ; �Þ

qðx; yÞ – 

q 
qx
¼ –Ra

qT 9

qx
þ �2� ½96a�

� ¼ r2 ½96b�

The z-vorticity can be written in terms of the stream
function  from [93]. The temperature equation [38]
becomes

Pr
qT 9

qt
þ qð ; T 9Þ

qðx; yÞ

� �
¼ –

q 
qx
þ r2T 9 ½97�

where

Ra ¼ g	�TD3

��
; 
 ¼ 4��D3

L�
½98�

The rotation enters these equations explicitly only
through the 
-parameter; apart from this term the
equations are identical to those of 2-D Rayleigh–
Bénard convection. Rotation has been invoked
implicitly, though to justify the two dimensionality
of the flow. Equation [96a] is commonly used in the
atmospheric sciences community where it is known
as the 
-plane equation.

8.05.4.5.1 Linear properties

of the annulus model

If we linearize these equations, by dropping the
Jacobian terms in [96] and [97], and adopt the conve-
nient no penetration, stress-free, constant temperature
boundary conditions at the side walls

 ¼ q2 

qy2
¼ 0; T 9 ¼ 0; on y ¼ 	 1

2
½99�

then there is a simple solution

 ¼ expiðkx –!tÞcos�y; T 9¼ – ik

k2þ�2 – i!Pr
 ½100�

g D L

Ω

χ

x
y

z

Figure 5 Geometry of the Busse annulus. The angle � is
assumed small, as is the gap width to depth ratio, D/L. The

x-direction corresponds to the �-direction, and the

y-direction to the –s-direction in spherical geometry.
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provided

! ¼ 
k

ð1 þ PrÞð�2 þ k2Þ ½101a�

Ra ¼ ð�
2 þ k2Þ3

k2
þ Pr 2
2

ð�2 þ k2Þð1 þ PrÞ2
½101b�

The equation for ! is the dispersion for thermal
Rossby waves, and the expression for Ra is the critical
Rayleigh number for the onset of convection. If 
¼ 0
the onset of convection is steady, but the presence of
the rotation means that convection onsets in the form
of traveling waves. The critical wave number k for
the onset of instability is found by setting

dRa

dk
¼ 0 ½102�

Note also that if 
¼ 0 we recover Rayleigh’s famous
result for the onset of convection Rac¼ 27�4/4 with

k ¼ �=
ffiffiffi
2
p

.

The thermal Rossby waves travel with phase
speed cs and group velocity cg

cs ¼
!

k
¼ 


ð1 þ PrÞð�2 þ k2Þ ½103a�

cg ¼
d!

dk
¼ 
ð�2 – k2Þ
ð1 þ PrÞð�2 þ k2Þ2

½103b�

If 
 is positive, the phase speed is positive, so the waves
propagate eastward. This will be the case outside the
tangent cylinder. Inside the TC, the integration over z

leads to a negative 
, so waves travel westward there.
From [101b] we see that rotation delays the onset of
convection, as we expect. The rapid rotation limit

!1 is the most instructive; we find

k ¼ 
1=3Pr 1=3

21=6ð1 þ PrÞ1=3
½104a�

! ¼ 
2=321=6

Pr 1=3ð1 þ PrÞ2=3
½104b�

Ra ¼ 3
4=3Pr 4=3

22=3ð1 þ PrÞ4=3
½104c�

Since 
 is essentially 1/E multiplied by factors to
account for the particular geometry of the annulus, it
is comforting to note that these are the same scalings
found for Ra, !, and k in Sections 8.05.4.2 and 8.05.4.3
in the rapid rotation limit. It is also interesting to note
that although the phase speed is always eastward, the
group velocity is westward for rapid rotation. Note
also that it follows from the dispersion relation that
the larger wavelengths have a higher phase speed
than the smaller ‘tall thin column’ modes.

8.05.4.5.2 Weakly nonlinear theory

and the annulus model

Equations [96a], [96b], and [97] can also be solved in
the nonlinear regime to investigate rapidly rotating
convection at large Ra. One method is to solve these
2-D equations numerically using the pseudo-spectral
method, and this is described in Section 8.05.4.5.3. It

is also possible to use weakly nonlinear theory to
investigate nonlinear behavior in rotating (and
magnetic) systems at Rayleigh numbers just above
critical.

The fundamental idea of weakly nonlinear theory
is that just above critical the spatial form of the
convection is still approximately that given by linear
theory. It can be shown that for Rayleigh numbers

sufficiently close to critical this will always be true,
but in some situations weakly nonlinear theory still
gives a reasonable picture of behavior well above
critical while in other situations it breaks down
quite quickly. The great advantage of weakly non-

linear theory is that it avoids the solution of
multidimensional partial differential equations. This
means that although the theory may be quite hard to
formulate, once that task is done the parameter space
can be covered much more thoroughly than is possi-
ble for direct numerical simulations (DNS). Weakly

nonlinear theory is most useful for suggesting possi-
ble behavior and developing understanding of
rotating convection. Because its domain of validity
cannot be determined a priori, results using it do need
to be checked against DNS simulations.

Weakly nonlinear theory for fluids problems was
developed in the late 1950s, but the theory for the
annulus model was given by Busse and Or (1986).

The velocity is expanded in a power series

 ¼ � 1 þ �2 2 þ �3 3 þ 
 
 
 ½105�

with a similar expansion for the temperature
perturbation

T 9 ¼ �T 91 þ �2T 92 þ �3T 93 þ 
 
 
 ½106�

Here � is small parameter, and the Rayleigh number
and the frequency must also be expanded in �:

Ra ¼ Rac þ �R1 þ �2R2 þ 
 
 

! ¼ !c þ �!1 þ �2!2 þ 
 
 


½107�

We insert these expansions into eqns [96a], [96b],
and [97] and equate like powers of �. At first order
in � there are no contributions from the nonlinear
terms, and we just recover the linear theory. The
solution then determines Rac and !c just as above,
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and  1, T 91 are the standard linear eigenfunctions.
The nonlinear terms start to appear at O (�2). In the
annulus problem these nonlinear terms can be
balanced by second-order terms in  and T 9, for
example, the nonlinear terms in the temperature
equation give rise to a term proportional to �2 sin
�y cos �y, which leads to a T 92 term also proportional
to sin 2�y. However, at the next order, O (�3), some
nonlinear terms have the same x- and y-dependence
as the linear solution, exp ikx cos �y. These are called
resonant terms, and they cannot be allowed, because
no finite terms in  and T 9 can balance them. We
must arrange that these resonant terms have a zero
coefficient, and this gives equations which determine
R2 and !2. The absence of resonant terms at O (�2) in
this problem, which is symmetric about y¼ 0, means
that R1¼!1¼ 0. This procedure can be extended to
higher orders, and at third order a mean flow
appears, that is, a flow ux which does not average to
zero in the x-direction. These flows are called zonal
flows and have been much studied recently because
large zonal flows are seen in the atmospheres of giant
planets.

The idea of weakly nonlinear theory can be
extended to the case of the rapidly rotating annulus
(Abdulrahman et al., 2000). Now we have two small
parameters, the amplitude � and the small horizontal
wavelength Oð
 – 1=3Þ. The behavior depends on the
the relative size of these small quantities, but the
most interesting case is when �� 
�1/3. It is then
possible to derive nonlinear partial differential equa-
tions in y and t only. In this system, the x-dependence
is given by a wavy mode with the linear critical wave
number, but the y-dependence can vary from its
onset form. This makes it possible to analyze the
bifurcations that occur as the Rayleigh number is
increased. Interestingly, all these bifurcations occur
in a range of Rayleigh number for which Ra/Rac is
only Oð
 – 2=3Þ above critical, so that the transition
from steady rolls to chaotic convection takes place
when the Rayleigh number is only slightly super-
critical. Because the curvature of the endwalls is
neglected in the annulus model, the system is sym-
metric about the midplane in y, that is, if the sidewalls
are at y¼	 d/2, there is a symmetry about y¼ 0. The
zonal flow driven by the convection initially has this
symmetry, and has an approximately parabolic form.
However, as the Rayleigh number is increased, a
symmetry-breaking bifurcation occurs, and the
zonal flow becomes asymmetric about y¼ 0 (Or and
Busse, 1987; Abdulrahman et al., 2000). With no cur-
vature, there is nothing to distinguish the two

asymmetric zonal flow patterns corresponding to
eastward or westward flow at the outer boundary,
but if small curvature is introduced, then the zonal
flow which is eastward on the outer boundary is
preferred, corresponding to a prograde equatorial
zonal flow in spherical shell geometry.

8.05.4.5.3 Zonal flows and multiple jets

The 2-D nonlinear equations [96a], [96b], and [97]
can be integrated forward in time very efficiently,
using fast Fourier transforms in Cartesian geometry
with a pseudo-spectral method in which  and T 9

have expansions of the form

 ¼
XNx – 1

l¼ – ðNx – 1Þ

XNy

m¼1

 lmeilxð2�=LxÞ sin m�y ½108�

This means that values of 
� 106 (low E ) can be
achieved (see Brummell and Hart, 1993; Jones et al.,
2003). This makes the annulus model a powerful tool
for the study of zonal flows. Zonal flow strength can
be significantly affected by Ekman suction, which we
omitted when we set uz¼	�uy on z¼	 L/2. If we
now include the Ekman suction term [89], remem-
bering that � is small, there is now a boundary term
when we integrate [94] over z, and [96] becomes

q�
qt
þ q  ; �ð Þ

q x; yð Þ – 

q 
qx
¼ – Ra

qT 9

qx
– C 
j j1=2� þ �2�

½109�

details being given in Jones et al. (2003). The extra
term proportional to the geometrical constant of
order unity, C, represents a damping due to the
Ekman boundary layer. In experiments, this term
can often be larger than the internal friction �2�,
for the zonal flow.

Strong zonal flow can affect the convection which
sustains it. Indeed, the shear can suppress convection,
so that the zonal flow can bite the hand that feeds it.
This leads to a range of interesting dynamical beha-
vior, for example, convection may become localized
in space or in time, so that convection does not occur
continuously, but only in bursts when the zonal flow
is particularly weak (Busse, 2002; Rotvig and Jones,
2006).

In the Earth’s core, zonal flows can be strongly
affected by magnetic fields (Aubert, 2005), but the
formation of zonal flow patterns is an important
feature of rotating convecting flows. Simulations
show that these east–west flows can build up to a
very large amplitude, so that the kinetic energy in the
jets can be much larger than the kinetic energy of the
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nonaxisymmetric rolls which are transporting the
heat. An issue which has attracted much attention
recently is the formation of multiple jets. The giant
planets, particularly Jupiter, have a zonal flow pat-
tern which has an alternating pattern of eastward and
westward jets as the latitude varies. Numerical simu-
lations of spherical convection at moderate Rayleigh
and Ekman number show a much simpler pattern,
with a prograde (eastward) flow near the equator and
a retrograde flow near the poles. The Sun has a
differential rotation pattern of this form. In terms of
the annulus model, the zonal flow comes from the
l¼ 0 mode in [108], and a multiple jet solution is one
on which this l¼ 0 mode is dominated not by m¼ 1
but by a higher m value. The boundary conditions
have some effect on the appearance of multiple jets. If
there is a no-slip boundary on the sloping boundaries,
an Ekman layer is created which leads to Ekman
suction and hence damping in the interior. This
reduces the magnitude of the zonal flows, which
makes multiple jets more common. Increasing 
 to
very high values also favors the formation of multiple
jets. However, in the core, the pattern of the zonal
flow is determined by the magnetic field, so we will
not pursue these interesting nonmagnetic problems
further here.

8.05.4.6 The Quasi-Geostrophic
Approximation

The Busse annulus model is a 2-D model which
captures many of the essential features of rapidly
rotating convection in spherical geometry found in
experiments (see Chapter 8.11): convection occurs in
the form of tall thin columns, it onsets as thermal
Rossby waves propagating prograde, and large zonal
flows develop which may have a multiple jet struc-
ture. The annulus model can only be rigorously
derived when the slope of the boundaries is small,
and it is limited because it does not take into account
the strong variation of the boundary slope � that
occurs in spherical geometry (see Figure 5). The
key property of the annulus model is that the axial
vorticity is z-independent, thus reducing the pro-
blem from three to two dimensions. Both the linear
theory of convection and experiments suggest that
the axial vorticity does not vary strongly with z even
in spherical geometry (Gillet and Jones, 2006). There
is some variation with z but it is numerically small,
suggesting that assuming axial vorticity is z-indepen-
dent may be a good approximation, even though it
cannot be rigorously derived in any limit. If this is

done, it follows that us and u� are also z-independent,
and that uz is only linearly dependent on z. This is
the essence of the quasi-geostrophic approximation
(QGA) for rapidly rotating fluids. Detailed discus-
sions of this approximation are given in Aubert et al.

(2003), and numerical results using it in Morin and
Dormy (2004) and Gillet and Jones (2006). Another
way of viewing the QGA is that the terms omitted by
assuming � is small are not very important even
when � is O (1), so that the QGA behavior is qualita-
tively similar to that of full spherical convection
provided the rotation is very large. Note that one of
these omitted terms is the z-component of gravity. In
the experiments, where gravity is replaced by
centrifugal acceleration (see Chapter 8.11), there is
no z-component of gravity, so the QGA may be
particularly appropriate. The QGA will certainly
break down if the Rossby number becomes O (1) or
larger, because then the convection will no longer be
columnar. The QGA gives useful results which can
be compared with experiments (Gillet and Jones,
2006) and has the great advantage that because it is
relatively easier to solve 2-D problems, the heat
transport and the zonal flow can be explored over a
wide range of parameter space. The zonal flow equa-
tion is found by taking the � average of the
�-component of [37], remembering that the z aver-
age has already been taken, so we are effectively
averaging over cylinders of radius s:

q
qt

– � r2
H –

1

s2
–

E –1=2r
1=2
cmb

dH 3=2

" # !
�u� ¼ – u ?�u� ½110�

where H is the height of the CMB above the equatorial
plane, H ¼ ðr 2

cmb – s2Þ1=2. On the left-hand side, the
viscous force splits into two parts, the bulk friction and
the Ekman suction, and in a steady state, these must
balance the driving by the Reynolds stresses.
Frequently, the driving is quite strong and the viscos-
ity is small, so a large zonal flow is needed to bring this
equation into balance. However, even quite weak
Lorentz forces will upset this balance, so we can expect
zonal flows to be radically different in the magnetic
case. The QGA cannot be used (at least in its present
form) for convection inside the tangent cylinder
because the axial vorticity there does depend quite
strongly on z; indeed it can change sign as z varies.

8.05.4.7 Thermal Wind

Perhaps the least satisfactory feature of the QGA is
that it is necessary to assume the temperature has no
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variation perpendicular to gravity. This may not be
true in the core; it certainly is not true in the Earth’s
atmosphere where the poles are much colder than the

equator. The �-component of [56], omitting viscosity,
time dependence, and small Rossby number, gives

2�
qu�

qz
¼ g	

r

qT 9

q�
½111�

This is the thermal wind equation. Note that now we
have omitted the Reynolds stress term on the right-
hand side of [110] as well as internal friction and
Ekman suction, so this is a very different balance
from that envisaged in [109] and [110], but it may be
more realistic in the core. In the Northern
Hemisphere of the Earth’s atmosphere, where cold
arctic air comes close to warm equatorial air, there is
a strong positive qT 9=q� and hence the zonal east–
west flow increases rapidly upwards from [111]. At
ground level, the atmosphere is constrained to rotate
at the same speed as the Earth, but at great heights the
resulting jetstream significantly shortens aeroplane
travel times going from west to east. In the core,
there is evidence from the secular variation that
there are anticyclonic vortices near the poles in the
Earth’s core (Olson and Aurnou, 1999). If the origin of
these vortices is a thermal wind (Aurnou et al., 2003;
Sreenivasan and Jones, 2005), then the polar regions
inside the core must be warmer (less dense) than the
equatorial regions. Order of magnitude estimates show
that even very small latitudinal temperature varia-
tions, of the order of 10�3 K, can give rise to the
observed anticyclonic vortices. As mentioned in
Section 8.05.4.1, the motion across the tangent cylinder
is likely to be small in the core, so a buildup of light
material and hot material released from the inner core
may accumulate inside the tangent cylinder.

Since the thermal wind produces a variation of
zonal flow with z, not only may the flow be antic-
yclonic near the CMB, it may be cyclonic (eastward)
near the ICB. This could lead to a super-rotation of

the inner core, that is, an inner core rotating faster
than the mantle. There is some seismological evi-
dence that the inner core is rotating faster than the
mantle, by about 0.3� per year (Song, 1996; Collier

and Helffrich, 2001; Zhang et al., 2005), but it is
controversial (Souriau et al., 2003). If the inner core
and the mantle are both slightly nonaxisymmetric,
gravitational coupling (Buffett and Glatzmaier, 2000)

may lock the inner core to the mantle, allowing only
an oscillation between the two rather than a contin-
uous relative rotation.

8.05.4.8 Scaling Laws and Heat Transport
in Nonlinear Rapidly Rotating Convection

The weakly nonlinear theory of Section 8.05.4.5.2 can
be used to predict behavior just above critical, but
when the flow becomes turbulent we would not
expect a theory based on convection having the
same pattern as it has near onset to be appropriate.
In particular, at low Prandtl number the flow speed
and the heat transport grow only slowly with
Ra/Rac� 1 when Ra is very close to Rac, but simula-
tions indicate that much more rapid growth of heat
transport and flow speed occurs when Ra/Rac� 1 is
O (1) (Plaut and Busse, 2002; Gillet and Jones, 2006).
A turbulent 2-D flow is one where columnar eddies
grow and decay continually throughout the fluid.
They typically last a turnover time, which means
their lifetime is about ,=U�, where , is the typical
length scale transverse to the rolls (, << d , where d

is the integral length scale, either the radius of the
sphere or the gap width as appropriate) and U� is the
typical fluid velocity. Near onset, we expect

, � dE1=3, but in a strongly nonlinear regime we
might expect that , becomes independent of � as a
turbulent cascade develops. The usual situation in
turbulence is that the very small value of � only
affects the very small length scale at which the vis-
cous dissipation occurs, and the only effect of
reducing � further is to extend the cascade so that
the dissipation length becomes even smaller, without
significantly affecting the behavior at the larger
length scales. Note that here we are only discussing
rapidly rotating convection, by which we mean that
the velocity is small enough so the Rossby number is
small, and so the convection remains columnar. As
we increase the Rayleigh number, the typical velo-
city will increase, so we must also increase the
rotation rate in order to remain in the rapidly rotat-
ing regime. If the Rayleigh number is increased at
fixed rotation rate, eventually the Rossby number
will become order unity and a different regime is
entered. Because the Earth’s core has low Rossby
number, we focus here only on the rapidly rotating
regime, and do not discuss what happens at inter-
mediate Rossby number.

8.05.4.8.1 The inertial theory of rapidly

rotating convection

A scaling independent of viscosity was proposed by
Ingersoll and Pollard (1982) and developed by
Aubert et al. (2001). The key idea is that there is a
three-term balance in the axial vorticity (eqn [56])
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between vorticity advection, vortex stretching, and
vorticity generation by buoyancy. We cannot give
exact results without detailed numerical simulation,
but here we simply try to identify the dominant
terms in the equations and hence to see how quan-
tities such as the typical velocity scale. In this spirit,
we denote the typical vorticity by �� and the typical
temperature perturbation by T 9� to get

�� �
U�
,
; U���=, � �U�=d � g	T 9�=, ½112�

We have omitted the factor 2 in the vortex stretching
term, because it can be absorbed in the definition of
the typical length scales, and we are only interested
in the scalings. Note however that it is d not , that
appears in the vortex stretching term, because the
axial velocity only varies on the long length integral
scale in columnar convection. The balance of inertial
advection against buoyancy in nonrotating convec-
tion, [48], would be the same as in [112] if , is taken
as the mixing length. In rapidly rotating convection
the vorticity constraint impedes movement in the
s-direction (the Proudman–Taylor constraint)
because of the sloping endwalls, so we can view
[112] as a mixing length balance but with the mixing
length much reduced from d to ,. Another way of
viewing this is that as a hot fluid column attempts to
move outward in the s-direction, the Coriolis force
turns it sideways in a distance ,.

The temperature perturbation is determined by
the convective heat flux per unit area as in [49]

Fconv � �cpU�T 9� ½113�

� being the fluid density, cp the specific heat at constant
pressure, and Fconv a typical value of the convective
heat flux per unit area. To complete the theory we
need a relation giving the convective heat flux in terms
of the superadiabatic temperature difference between
the ICB and the CMB. We discuss this below, but for
geophysical (and astrophysical) applications, usually
more is known about the heat flux than about tempera-
ture differences, so [112] and [113] are often all that is
needed. Eliminating T 9� and U� between them gives

, � g	Fconvd 3

�3�cp

� �1=5

½114�

and then we get

U� �
d

�

� �1=5
g	Fconv

�cp

� �2=5

½115a�

g	T 9� �
�

d

� �1=5
g	Fconv

�cp

� �3=5

½115b�

It is interesting to compare these with the Deardorff
velocity and temperature scalings [50]. The expo-
nents in the scalings with Fconv are different, but not
that different! In the inertial theory we have

U� � F 0:4
conv, whereas for the Deardorff scaling

U� � F 0:5
conv. The small difference arises because of

the weak power of 1/5 in [114]. This length scale ,
is sometimes called the Rhines scale (Rhines, 1975)
and it arises from the balance of vorticity advection
and vortex stretching. For the inertial theory to be
valid, this length scale must be larger than the thick-
ness of the rolls at onset ,c � d 1=3ð�=�Þ1=3. Of
course, at sufficiently small � the Rhines length will
be larger than onset length, but E has to be very small
before this is achieved. In the core, if we take the
usual estimate of E� 10�15 and d¼ 2.26� 106 m,
then ,c is only 20 m (but numerical factors from
simulations can increase this to 300 m), but the
Rhines scale (U�d/�)1/2� 4 km, assuming a typical
velocity of 5� 10�4 m s�1.

In simulations and experiments it is quite difficult
to achieve such a low viscosity, and then an alter-

native viscous scaling

�U�=d � g	T 9�=,c ; ,c � d
Eð1 þ PÞ

P

� �1=3

½116�

together with [113] may give better results (Gillet
and Jones, 2006).

The convective heat flux may be estimated in
terms of the Nusselt number

Fconv � ðNu – 1Þ�cp��Ts=d ½117�

exact in plane layer geometry but only an estimate in
spherical geometry. Here �Ts is the superadiabatic
temperature gradient across the layer. If we define
the Rayleigh number as Ra ¼ g	�Tsd

3=��, the
Ekman number as E¼ �/�d2, and define the convec-
tive flux Rayleigh number as RaQ¼ Ra(Nu� 1), then
[114] and [115] can be expressed in dimensionless
form as

,

d
� E3=5Pr – 2=5Ra

1=5
Q ½118�

U�d

�
� ðEPrÞ1=5

Ra
2=5
Q ½119�

Ra
T 9�

�Ts
� ðEPrÞ – 1=5

Ra
3=5
Q ½120�
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8.05.4.8.2 Heat transport in rapidly

rotating convection

We noted above that both the inertial scaling and the
viscous scaling are incomplete, because the Nusselt
number–Rayleigh number relation is undetermined.
In nonrotating convection, this relationship is deter-
mined by the formation of boundary layers, the
interior outside these boundary layers being almost
isothermal, because convection is very efficient there.
In rapidly rotating convection the formation of
boundary layers is delayed, because the vorticity
constraint makes convection less efficient. As the
Rayleigh number is raised, eventually boundary
layers form and we expect that the Nu–Ra relation-

ship will become like that in nonrotating convection.
The experiments of Sumita and Olson (2000), where
very high Rayleigh numbers were achieved, showed
this behavior. For moderate Ra, Nu – 1 is almost
proportional to Ra/Rac� 1 but d log(Nu – 1)/
dlog(Ra/Rac� 1) dropped down to 0.41 at the highest
Rayleigh numbers they could achieve.

A natural extension to the scaling laws in the
absence of boundary layers is to balance nonlinear
advection of heat with transport down the mean
gradient,

ðu ? �ÞT 9 � us

d �T

ds
or T 9� �

,

d
�Ts ½121�

Fluid elements carry their temperature until they
break after a distance , and merge into their sur-
roundings, which have temperature differing by
,�Ts=d .

With the inertial scaling formulas [114], [115a],
[115b], and [117], this gives

Nu – 1 � ðg	�TsÞ3=2
d 1=2

�2�
or

Nu – 1 � E2Ra3=2Pr – 1=2 or

Nu – 1 � E 4=5Pr – 1=5Ra
3=5
Q

½122�

The viscous scaling [116] gives

Nu – 1 � g	�Tsd
1=3

�4=3

ð� þ �Þ1=3

�
� Ra

1 þ Pr

Pr

� �1=3

E 4=3

� 1 þ Pr

Pr

� �1=6

E2=3Ra
1=2
Q ½123�

Both these formulas, which apply only when
thermal boundary layers are negligible, show that
the heat transport is strongly reduced at low E, the
effect of the vorticity constraint blocking the

convection, but Nu – 1 increases much more
rapidly with Ra than in nonrotating convection.
Eventually, boundary layers develop and [121] is
replaced by a formula in which �Ts is not the
total superadiabatic temperature drop across the
layer but the drop across the interior region outside
the boundary layers (see Gillet and Jones (2006) for
details).

The inertial scaling suggests that viscosity is
unimportant in determining the velocity and heat
transport. Christensen (2002) made a numerical
study of convection in a rotating spherical shell and
concluded that the results could be better repre-
sented in terms of a modified Rayleigh number and
Nusselt number

Ra� ¼ g	�Ts

�2d
; Nu� ¼ Fconv

�cp�Ts�d
½124a�

Ra�Q ¼ Nu�Ra� ½124b�

This has the advantage that it is independent of all
diffusivities. Note that Ra� is very small in the core,
unlike the usual definition which is very large in the
core. Now assuming that Nu >> 1, [119] and [122]
can be written as

U�
�d
¼ Ro � ðRa�Q Þ

2=5; Nu� � ðRa�Q Þ
3=5 ½125�

showing explicitly that the velocities and the
convective heat transport are completely indepen-
dent of diffusion. Christensen (2002) has compared
these formulas with the output from numerical simu-
lations. He found that they fit fairly well to the data.
When there is no internal heating, the total convec-
tive flux across any spherical surface of radius r is
constant, so Fconv� 1/r2. At large Ra the distinction
between Nu and Nu – 1 is unimportant, and he
defines

Ra�Q ¼
ricbg	F

rcmb�cp�3d 2
½126�

where F is the heat flux per unit area on the outer
boundary. The Rossby number is measured by taking
the typical velocity as the root mean square poloidal
velocity averaged over the outer core. The poloidal
velocity is a measure of the convective velocity, as it
excludes the zonal flow, which can be much larger.
He then finds a good fit for the relations

Ro ¼ 0:54ðRa�Q Þ
2=5 ½127a�

Nu� ¼ 0:077ðRa�Q Þ
5=9 ½127b�
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The typical velocity therefore agrees well with the
inertial scaling, and the power of 5/9 is between the
1/2 of [123] and the 3/5 of [122]. These results are
encouraging, though some caution is needed in
applying them. Gillet and Jones (2006) find that the
viscous scaling gives rather similar power laws to the
inertial scaling, and at moderate Ra these may give a
better fit to simulation data. Also, at fixed E and large
Ra thermal boundary layers become important and
[127b] will break down. However, the core may well
be in a regime where E is so small that diffusion is
unimportant, and Ra is large but not so large that
thermal boundary layers determine the heat
transport.

8.05.5 Convection with and without
Rotation in the Presence of Magnetic
Field

The Earth’s core is made up of electrically conduct-
ing fluid permeated by magnetic field. These
magnetic fields affect convection in many different
ways. To simplify the different effects, theoreticians
have studied simplified models which highlight the
behavior in various circumstances. From the intui-
tion developed by these studies, we hope to be able to
understand the interplay of the many different forces
at work in core convection. We first distinguish
between the dynamo process, which addresses the
question of how the field is generated, described in
Chapter 8.03, and the back-reaction that the created
field has on the convection. In this section, we do not
attempt to describe the dynamo process, but instead
assume that a field has been generated by a dynamo,
and we study the interaction of this given field with
the convection. The study of convection in the pre-
sence of an imposed field is usually known as
magnetoconvection, whereas the full problem,
including generation of field from only a small seed
field, is called the hydromagnetic dynamo problem.
Magnetoconvection studies therefore have an
imposed field. This is usually done by specifying
that there is a nonzero magnetic field at the bound-
aries. Sometimes this field is fixed at the boundaries,
sometimes there is a specified amount of flux passing
through the boundary which can be moved around
but not destroyed. While it is convenient to split the
problem into magnetoconvection and dynamo action,
there are of course connections between these two
problems. The dynamo generated field saturates
when the back-reaction of the created field alters

the flow pattern into something that no longer gen-

erates large quantities of field, so that the field

strength is determined by magnetoconvection

processes.
The issues we concentrate on here are as follows:

(1) If we start with a uniform field, how is the field

altered by the flow? (2) If we impose a uniform

magnetic field, how is the pattern of convection at

onset changed? (3) What magnetic field structures

emerge in a fully convecting conducting fluid? The

first two questions are essentially linear problems,

and so analytic progress is possible. The third ques-

tion is nonlinear, and so much difficult; we have to

rely on a relatively small number of computer

simulations.
While much of our understanding is based on the

effect of a simple large-scale field on convection, it

should be remembered that the field inside the core is

not necessarily like this. Indeed, dynamo simulations

usually show a rather complex field pattern inside the

core, not just the simple dipolar type field seen at the

Earth’s surface. Indeed, a much more complex pat-

tern emerges even when the external potential field is

extrapolated down to the CMB. In consequence,

although our intuition is based on the effect of uni-

form fields, this may not always give us a reliable

picture, so we should not be too surprised if dynamo

simulations give a rather different picture from that

predicted by magnetoconvection.

8.05.5.1 Flux Expulsion and Flux Rope
Formation

We start by assuming that an initially uniform mag-

netic field permeates a fluid layer. At time t¼ 0 a

specified velocity field is switched on, and the mag-

netic field is moved around. What happens to the

field? This is called the kinematic flux expulsion

problem (Weiss, 1966). It is kinematic because the

flow is assumed inexorable, unaffected by the field

itself. It is flux expulsion because that is what hap-

pens; the flux is expelled from regions where the flow

is vigorous into regions where very little shear

occurs. The simplest case is that of 2-D roll flow, in

a square box of height and width d,

u ¼ � �  1z

¼ – U sin
�x

d
cos

�y

d
; U cos

�x

d
sin
�y

d
; 0

� 

with a magnetic field
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B ¼ � � A1z ¼
qA

qy
; –

qA

qx
; 0

� �
;

A ¼ 0 on x ¼ 0; A ¼ B0d on x ¼ d

The initial field is a uniform vertical field, A¼ B0x.
Note that the boundary conditions on A ensure that
the total amount of vertical flux is conserved, so there
is no possibility of the field disappearing. The equa-
tion for A is the induction equation, which can be
written in two dimensions as

qA

qt
þ qð ; AÞ

qðx; yÞ ¼ R – 1
m r2A

Here the magnetic Reynolds number Rm¼Ud/�,
where � is the magnetic diffusivity. If Rm is small,
the magnetic field is not disturbed much from its
initial state, as the diffusion term dominates and the
initial field satisfies r2A¼ 0. If Rm is large, flux
expulsion occurs, and a typical solution is shown in
Figure 6, based on Galloway and Weiss (1981),
which shows how flux ropes are formed. The figure
shows behavior in a square box at a sequence of times
in units of the turnover time d/U with Rm¼ 1000.

The concentrated fields that develop at x¼ 0 and
x¼ d are called flux sheets. At large Rm their thick-
ness scales as dR – 1=2

m (Galloway et al., 1977). This
represents a balance of advection and diffusion in
the flux sheet, advection into the sheet being at a
rate Ud and diffusion out being at a rate �=
2

B, 
B

being the sheet thickness. In three dimensions, an
axisymmetric convective flow produces a rope at
the center of the cell rather than a flux sheet, but
the thickness is still approximately dR – 1=2

m , though
logarithmic factors can enter (Galloway et al., 1977).
The magnetic Reynolds number in the core is in the
range 102� 103, so we expect flux expulsion to be
significant. There is evidence from geomagnetic field
observations that flux patches exist, most notably
under Alaska and Siberia in the present field.
Unfortunately, the width of the patches is rather
uncertain, because crustal magnetism prevents us

seeing small-scale structures, and it may be that the
patches are thinner but more intense than is apparent
from the necessarily smoothed out published CMB
fields. This is certainly suggested by geodynamo
simulations. On the surface of the Sun, the intense
turbulence just below the photosphere sweeps the
flux into sunspots, which are relatively quiescent
regions. Since the convection is reduced in the
spots, they appear cooler, and hence dark by compar-
ison with the rest of the solar surface.

8.05.5.2 Linear Theory of
Magnetoconvection in Plane Geometry

We now consider the classic problem of the onset of
magnetoconvection in a plane layer of electrically
conducting fluid confined between horizontal
boundaries at z¼	d/2. The imposed field is uni-
form, but the convection generally produces a small
induced field which can significantly affect the con-
vection. Chandrasekhar (1961) describes in great
detail the case where the imposed magnetic field
and the rotation axis are parallel to gravity. Many
other cases have been studied. Convection near the
equator in the presence of a strong azimuthal field
might be best modeled by having gravity, rotation,
and the magnetic field mutually perpendicular
(Roberts and Jones, 2000; Jones and Roberts, 2000).

8.05.5.2.1 Nonrotating

magnetoconvection

We start with the nonrotating case, to isolate the
effects of magnetic field alone. If the imposed mag-
netic field is horizontal, then the convection onsets in
the form of 2-D rolls with their axes aligned with the
magnetic field. This resembles the alignment of con-
vection rolls with the rotation axis in rotating
convection. The magnetic alignment can be simply
understood, because if B0 is the imposed field, and b
is the induced field created by the motion, [5] implies

d

y

x0 d

Figure 6 Flux expulsion. The field is initially vertical, and the turnover time is d/U. Four plots shown are at times 0, 0.5, 2.0,

and 20.0 turnover times from left to right. The flux is expelled into ropes near the sides of the box.
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qb

qt
¼ B0 ? �u þ ��2b ½128�

so if the flow does not vary in the field direction
ðB0 ? �Þu ¼ 0, and there is no source term and

hence b¼ 0. There is then no Lorentz force, and so
convection proceeds as though there was no mag-
netic field, and the critical Rayleigh number at onset
is the same as in the absence of magnetic field.

In contrast, if the field is vertical, then the mag-
netic field restrains the convection, as indeed occurs
in a sunspot. Because of the horizontal boundaries,
rising hot fluid has to turn over and so cannot be
z-independent, so ðB0 ? �Þu is nonzero, and there is
an induced field. This gives rise to a perturbed cur-
rent j ¼ � � b=� and hence a Lorentz force j�B0

in the linearized equation of motion:

qu

qt
¼ – �

p9

�

� �
þ 1zg	T 9 þ j � B0

�
þ ��2u ½129�

The linearized temperature equation (we assume
compositional convection behaves similarly) is

qT 9

qt
¼ –T 90uz þ �r2T 9 ½130�

In addition to the velocity components being zero at
the boundaries, we also need additional boundary con-
ditions for the magnetic field. The simplest case is for a
perfect conductor, as then bz¼ 0 on the horizontal
boundaries, and the horizontal components of the cur-
rent are zero, which since the current is divergence free
implies that djz/dz¼ 0 on the boundaries
(Chandrasekhar, 1961). Together with a condition on
the temperature, T 9¼ 0 on the boundaries being the
usual choice, this provides a convenient set of condi-
tions. Somewhat more realistic for the core are
insulating boundary conditions, that is, the material
outside the core is assumed to be an insulator. This is
a sensible condition for the CMB (though some iron
could have leaked into cracks in the mantle, giving a
finite conductivity). Then there is no current out of the
fluid, so jz¼ 0, and the horizontal components of b
must match onto an external potential field. In the
case where the field on the boundary is naturally
decomposed into Fourier modes � expðikxx þ ikyyÞ,
this is straightforward to apply, because the external
potential field has the form expð – az þ ikxx þ ikyyÞ,
where a ¼ 	 k2

x þ k2
y

� 
1=2
, the plus sign for the field

above the layer, the minus sign for the field below.
From � ? b ¼ 0 it follows that dbz=dz ¼ �abz

on the top and bottom boundaries, respectively. A
similar trick works for spherical geometry, but the

cases of rectangular or cylindrical containers are
much harder, as there is then no simple solution for
the external field, which must therefore be calculated
numerically.

The Lorentz force opposes the convection, so that
the onset of convection is delayed, that is, the critical
Rayleigh number is increased. Details are given in
Chandrasekhar (1961). The dimensionless parameter
that measures the importance of magnetic field is
now called the Chandrasekhar number

Q ¼ B2
0

����
½131�

If this parameter is large, the onset of convection is
delayed until Ra � Q 1=2, and when convection
occurs it takes the form of tall thin cells, which
minimizes the bending of the field lines. The
Lorentz force for a general nonuniform field is

1

�
ð� � BÞ � B ¼ 1

�
ðB ? �ÞB –

1

2�
�B2 ½132�

the first term being the curvature and the second
the magnetic pressure. The magnetic pressure is not
so important in Boussinesq convection, since it
merely adds to the fluid pressure, and has no curl. It
is the curvature force that impedes convection by
opposing the convection rolls so that stronger buoy-
ancy forces are needed to maintain the convection. If
the field is oblique to gravity, the horizontal compo-
nent lines up the convection rolls with the field,
while the vertical component raises the critical
Rayleigh number.

8.05.5.2.2 Onset of plane-layer rotating

magnetoconvection

Magnetic field on its own either opposes convection,
or is neutral to it in the case of horizontal field.
However, in the presence of rotation it is possible
for the magnetic field to break the Proudman–Taylor
constraint and hence lower the critical Rayleigh
number. The linearized equation of motion is now

qu

qt
þ 2W � u ¼ – �

p9

�

� �
þ 1zg	T 9

þ j � B0

�
þ ��2u ½133�

where again B0 is a uniform magnetic field and j is
the small current induced by the small velocity. The
case where the gravity, rotation, and applied field are
all vertical (appropriate for the polar regions in the
core) was studied by Chandrasekhar (1961). The
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rapid rotation limit was examined by Eltayeb (1972).
The case where the rotation, applied field, and grav-
ity are mutually perpendicular was studied by
Roberts and Jones (2000) and Jones and Roberts
(2000). When the field and rotation are in the same
direction, not surprisingly the convection rolls have
their axes parallel to this direction. In the case where
there is an angle between the rotation and magnetic
field vectors, it is possible for the rolls to line up with
either the rotation or the magnetic field, or in some
circumstances to be oblique to both (see Roberts and
Jones (2000) for details).

It is most useful to consider the case of rapid
rotation, that is, small E, with the field gradually

increasing in strength. A key parameter is the

Elsasser number

� ¼ B2
0

����
½134�

At the onset of convection, the induction equation
gives a relation between the typical perturbed field b�
and the velocity U� :

B0U�
d
� �b�

d 2
½135�

which means that the typical value of the Coriolis
force and the Lorentz force balances when � � 1.
Note that this is not necessarily the case far from
onset.

In the polar regions, where gravity, rotation, and
applied field are all approximately parallel, a non-

magnetic mode onsets first until the Elsasser number

reaches �c ¼ 21=3�2=3E1=3 in the case of stress-free,

thermally conducting and electrically insulating

boundaries. Note that at small E this is a very weak

field, because E1/3 is small. For � < �c these non-

magnetic modes have the form of tall thin columns

with wavelength O (E1/3) perpendicular to the rota-

tion axis. However, as � is increased past �c , there is

a sudden transition to a magnetic mode of convec-

tion, which has horizontal wavelength the size of the

layer depth. If � is increased further, the horizontal

wavelength starts to decrease again, as in the non-

rotating case, and the critical Rayleigh number starts

to rise. There is therefore an optimum field strength

which minimizes the Rayleigh number and has cri-

tical wavelengths of order d. The case of a vertical
field is slightly exceptional, because with more gen-

eral field orientations the optimum Rayleigh number

occurs when the Elsasser number is of order unity

(Eltayeb, 1972).

8.05.5.2.3 Waves in the core

Equations [128]–[130] can be used to study wave
motion in the core as well as convection. We ignore
the boundary conditions, assume a uniform field, and
look for solutions of the form exp iðk ? x – !tÞ which
represent traveling waves. Substituting this form into
the equations gives the dispersion relation between k
and !. If the temperature gradient is stabilizing (sub-
adiabatic), then real values of ! are found if diffusion
is neglected. If diffusion is retained, ! is complex
with a negative imaginary part corresponding to
damped oscillations. If the temperature gradient is
superadiabatic, growing waves (instabilities) are
found provided the diffusion is not too large.

The full dispersion relation is complicated, but it
can be simplified when, as in the Earth’s core, differ-
ent types of waves have very different frequencies
(Fearn et al., 1988). It also helps to ignore diffusion in
the first analysis. The fastest waves are inertial waves
which balance the Coriolis and inertial accelerations
as in [59], and the inertial wave frequency is given by

!C ¼ 2ðW ? kÞ= kj j ½136�

The typical period is therefore of the order of a day,
though for columnar modes with k almost perpendi-
cular to W they are slower. These waves have not yet
been observed in the core, but they are expected to
be driven by tidal forcing. Alfvén waves result from a
balance of inertia and Lorentz force in the equation
of motion, when combined with the induction equa-
tion. It is useful to think of the magnetic field lines as
stretched strings, with magnetic curvature forces,
[132], providing a restoring force whenever the
field lines are bent. These waves have frequency

!M ¼ ðB0 ? kÞ=ð��Þ1=2 ½137�

and they travel at the Alfvén speed, B0=ð��Þ1=2,
which for a moderate 1 mT core field is around
10�2 m s�1, giving around 60 years for the wave to
travel round the core. An important class of Alfvén
waves are those corresponding to azimuthal motion
constant on cylinders, which are called torsional
oscillations (Braginsky, 1967). These are believed to
be important in the core and are probably responsible
for decadal length of day variations (Jault et al., 1988;
Jackson, 1997; Jault, 2003), and possibly shorter per-
iod elements of the geomagnetic secular variation,
such as the so-called geomagnetic jerks.

Another timescale comes from the temperature
gradient, from the balance of buoyancy and inertia
in the equation of motion, combined with the
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temperature equation [130] with �¼ 0. The frequency
of internal gravity waves is !A ¼ ðg	T 90Þ1=2

kH= kj j,
where T 90 is the subadiabatic temperature gradient,
and kH is the component of k perpendicular to gravity.
In a convectively unstable region, T 90 < 0, the tem-
perature gradient is superadiabatic. Then !A is
imaginary, which corresponds to an exponentially
growing unstable mode, with !Aj j being the growth
rate. With an estimate of 10�4 K for a typical super-
adiabatic temperature perturbation, – T 90 � 10 – 4=d ,
giving a typical growth rate of about 5 months.

When all the nondiffusive terms in the equations
are present, the dispersion relation gives a fast iner-
tial wave and a slow wave in which only the time
derivative terms in the induction and temperature
equations are important, inertia being negligible.
These slow waves are known as MAC waves and
have frequency

!MAC ¼ !MCð1 þ !2
A=!

2
MÞ

1=2

!MC ¼
!2

M

!C
� B2

0

���d 2

½138�

In the superadiabatic case, when !Aj j > !Mj j, !MAC

is imaginary, corresponding to a growing convective
mode. The rate of growth is slow, since
�MC ¼ 2�=!MC is of the order of some thousands of
years. It is comparable to the magnetic diffusion time,
since the ratio �diff=�MC ¼ B2

0=���� ¼ � and the
Elsasser number � has a value of O (1) in the core.
The MAC growth rate will be a little larger than
1=�MC because !Aj j > !M, but these slow growth
times are consistent with the time taken for the
typical convective velocity to take fluid across the
core, 200 years, so the dynamical picture does seem
to be self-consistent.

8.05.5.2.4 Small-scale dynamics and the

Braginsky–Meytlis theory of plate-like

motion

Although for general wave vectors k the MAC wave
timescale is slow, it is much faster if k and W are
perpendicular. This is the case for columnar motion
independent of z, the coordinate parallel to the
rotation axis. For these motions, !MC is singular,
and we have to restore inertia, leading to the
much faster torsional wave frequency. It is also pos-
sible for k to be perpendicular to both W and B0. This
type of motion does not bend the field lines, and so
has no Alfvén wave behavior. For these motions with
k in the direction W�B0 neither magnetic field nor
rotation can impede the growth of convective

instability. In a Boussinesq fluid, waves have
k ? u ¼ 0, so such waves have motion only along
‘plates’, planes containing the rotation vector and
the magnetic field vector. If there is an unstable
temperature gradient in a direction parallel to these
planes, instability will grow on the much shorter !A

timescale. Large-scale motion along plates may be
blocked by the boundary curvature, and therefore
‘feel’ the rotation, but small-scale convection in the
core will be preferentially in the form of plate-like
motions aligned with the rotation and magnetic field.
Since small-scale turbulence in the core is driven
primarily by convective instability rather than turbu-
lent cascade, Braginsky and Meytlis (1990) argued
that this would mean that turbulence is likely to be
highly anisotropic. This is a cause for concern,
because most dynamo simulations assume an isotro-
pic eddy diffusion. Introducing an anisotropic
diffusion adds considerably to the computational
cost of a dynamo code, though some work has been
done (e.g., Matsushima, 2005).

A promising approach to the problem of how to
include small-scale behavior into dynamo models is
subgrid scale modeling. A number of approaches
have been tried (Buffett, 2003), but the similarity
method is perhaps currently the most successful
(Chen and Glatzmaier, 2005). The idea is to filter
simulation runs at two different filter scales in order
to estimate the effect of the smallest scales present in
the run. Then the similarity assumption is made,
which comes down to assuming that the unresolved
scales behave similarly to the smallest resolved scales.
This allows an extrapolation to be made that takes
into account the unresolved scales; details are given
in Chen and Glatzmaier (2005). The advantage of
this method is that if the smallest resolved scales are
anisotropic, then the correction from the unresolved
scales will also be anisotropic, so Braginsky–Meytlis
ideas could be captured by this approach. On the
down side, if there are new modes entering the pro-
blem at the subgrid scale level, they will not be
detected by the similarity method, and so any effect
they have will be missed in the simulation. The
application of subgrid scale methods to core convec-
tion is very recent, and it will be interesting to see
how successful they are.

8.05.5.2.5 Boundary layers in rotating,

magnetic fluids

The presence of magnetic field affects the Ekman
boundary layer structure discussed in Section
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8.05.4.4. The simplest problem is to consider the
boundary layer just above a plane wall z¼ 0 with
rotation and an imposed magnetic field B0 in the
z-direction. The horizontal flow in the boundary
layer then induces horizontal field there. We seek a
steady solution, qB/qt¼ 0, so by Maxwell’s equations
��E¼ 0, and we assume no externally imposed
electric field, so E¼ 0. Then from Ohm’s law,

j ¼ 1

��
u � B ½139�

There is some velocity normal to the wall in an
Ekman layer (see Section 8.05.4.4) but it is small,
O (E1/2), and so to leading order the horizontal com-
ponents of j are

j ¼ uyB0

��
1x –

uxB0

��
1y ½140�

The curl of the steady momentum equation is

– 2�
qu

qz
¼ 1

�
B0

qj

qz
þ �

q2z
qz2

½141�

since the term involving (j ? �)B is negligible,
because the boundary layer is thin (formally
this requires the boundary layer to be thinner
than R – 1=2

m where Rm is the magnetic Reynolds
number based on the large horizontal length scale).
The x- and y-components of [141] give

– 2�
q
qz
ðux þ iuyÞ ¼

– iB2
0

���

q
qz
ðux þ iuyÞ

þ i�
q3

qz3
ðux þ iuyÞ ½142�

Seeking solutions of the form uxþ iuy� exp �z gives
a zero root (allowing matching to the interior flow)
and roots satisfying

�2 ¼ B2
0

����
þ 2i�

�
½143�

When B0¼ 0 this gives an Ekman layer of thickness
(�/�)1/2, and when �¼ 0 it gives a Hartmann layer
of thickness (����)1/2/B0. These layers are of com-
parable thickness when the Elsasser number (see
[134]) is order unity. In this case the layer thickness
is determined by [143] and the layer is called an
Ekman–Hartmann layer.

The stability of Ekman–Hartmann layers has been
analyzed (see, e.g., Desjardins et al. (1999)). An ana-
lysis of Ekman–Hartmann layers in spherical
geometry was given by Loper (1970).

8.05.5.3 Onset of Rotating
Magnetoconvection in Spherical Geometry

The onset of instability in the presence of a magnetic
field is studied by techniques similar to those
described in Section 8.05.4.2. Most work has been
done for magnetic fields of the form B¼ B0s1�, the
so-called Malkus field (Malkus, 1967; Fearn 1979a,
1979b; Jones et al., 2003), and the case of a uniform
field parallel to the spin axis (Sakuraba, 2002). In
addition to expanding the velocity in toroidal and
poloidal scalars, [60], we also expand the magnetic
field as

b ¼ � � U r þ � � � � V r ½144�

As usual, the dynamical equations are treated by
taking the r components of the curl and double curl
of the momentum equation, giving equations for the
toroidal and poloidal components of u. We take the
radial components of the induction equation and its
curl to get equations for U and V . The temperature
equation completes the set. Details are given in
Zhang (1995). Although at first sight this formulation
seems to involve a great many curl operations, the
resulting equations are surprisingly straightforward,
particularly if expansion in spherical harmonics Pm

l is
adopted, so that the horizontal part of the r2 opera-
tor reduces to multiplication by� l(lþ 1). The
Malkus form of the field is particularly attractive
because it only couples adjacent spherical harmonics
together, as does the Coriolis term. This means that
the equation for Pm

l only involves the coefficients in
front of Pm

l – 1, Pm
l , and Pm

lþ1. In consequence, the
matrices for the linear eigenproblem have a banded
structure, which makes it much easier to find their
eigenvalues. If a more general form of the field is
adopted, all the different l components are coupled,
so the eigenvalues of a dense matrix must be found.
Of course, if a nonaxisymmetric field were consid-
ered the problem would be even worse, because then
modes with different m are coupled. Solving such a
problem would be as difficult as the full nonlinear
dynamo, and so it is not surprising that little is known
about magnetoconvection in fields with complex
geometries.

The effect of the magnetic field is measured by
the Elsasser number, �, see [134]. If � is very small,
the magnetic field has little effect, and the convection
onsets in the usual manner for rotating convection,
that is, columnar modes are preferred. The first
noticeable effect is when � is O (E1/3). This is a rather
small value, and core values of � must certainly be
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greater than this. For values in the weak field range,
O (E1/3) < � < O (1), the convection is still columnar,
but the critical value of m is significantly reduced,
indeed the preferred value drops from O (E�1/3)
down to O (1) in this range. So we still have columnar
convection, but the rolls are now much fatter due to
the presence of the magnetic field. In this range the
critical Rayleigh number typically first increases with
�, then reaches a maximum after which it falls sig-
nificantly (Fearn, 1979b). This shows that magnetic
field can break the Proudman–Taylor constraint and
hence be favorable for convection. The fattening of
the rolls due to magnetic field may be important in
core convection. The expected roll thickness without
magnetic field is extremely thin due to the very low
value of the Ekman number. The actual value in the
core is difficult to estimate; magnetoconvection cal-
culations such as these suggest that there might be
comparatively few (less than a dozen) but this is a
linear theory valid only at onset, and low E nonlinear
dynamo simulations suggest considerably more rolls
than this.

Another feature of magnetoconvection is that the
frequency at onset drops rapidly as � increases
(Fearn, 1979b), that is, the phase speed of propagation
is much slower in the presence of magnetic field. It is
also possible for the waves to propagate westward,
rather than eastward, as generally seems to be the
case in the core. The westward drift is not, though, a
universal feature of the secular variation, as the
Pacific hemisphere has no strong westward tendency,
whereas the Atlantic hemisphere has. The phase fre-
quency actually drops to the inverse thermal diffusion
time in magnetoconvection for the main thermal
mode of convection (Fearn, 1979b), but there are
other modes where the phase speed is the inverse
magnetic diffusion time (Zhang and Jones, 1996). At
small q¼�/� these timescales are very different.
Quite surprisingly, the Malkus field can be unstable
for negative Rayleigh number (Roberts and Loper,
1979). The instability is driven by magnetic field
energy being converted into fluid motion, and it is
these magnetic modes which have a frequency corre-
sponding to the inverse magnetic diffusion time.

If magnetic field is increased into the ��O (1)
regime, the critical Rayleigh number typically has a
minimum, and then starts to increase when �
becomes large. There are however exceptions to
this behavior when the applied field is more compli-
cated: thus, if the applied toroidal field is
antisymmetric about the equator (as may well be
the case in the core), at large � the critical Rayleigh

number continues to decrease as � increases (Zhang
and Jones, 1994), and Rac goes negative because con-
vection is then driven by magnetic instability (see
Section 8.05.5.4 below) rather than by thermal or
compositional buoyancy, so these unstable modes
have the character of the magnetic modes mentioned
above.

In the weak field case, it is possible to use the same
asymptotic techniques as discussed in Section 8.05.4.3
to find solutions at very low E ( Jones et al., 2003).
This also provides a check on the numerical codes.
As in nonmagnetic rotating convection, the correc-
tions to the critical Rayleigh number due to the
formation of boundary layers are small, but they
can be calculated.

In the case where the applied magnetic field is
axial and uniform, Sakuraba (2002) found broadly
similar behavior to that found in the Malkus field,
though here the broadening of the columns only
occurs at ��O (1) rather than at ��O (E1/3), prob-
ably because in this model magnetic field and
rotation are parallel. In addition to the almost geos-
trophic columnar modes, another polar mode of
convection was found, which has the opposite equa-
torial parity to the geostrophic mode, that is, the axial
vorticity is antisymmetric about the equatorial plane
while the axial velocity is symmetric. This mode
tends to be strongest in the polar regions (see also
Section 8.05.5.6.2 below).

8.05.5.4 Magnetic Instabilities

It is well known that magnetic instabilities make it
very difficult to confine plasma in fusion devices, and
we might also expect that magnetic instabilities are
significant in the core. A valuable review on magnetic
instabilities is given in Fearn (1998). Magnetic
instabilities require a nonuniform field, so the simple
uniform field models usually employed for convection
models are not subject to them, though as noted above,
even the very simple Malkus field can be destabilized
by the addition of a stable thermal gradient. The
simplest models with magnetic instability are those
where the basic field is assumed to be azimuthal.
The two cases which have received most attention
are (1) B¼ B(s)1� and (2) B¼ B(s, z)1�. The first of
these is often studied in cylindrical geometry, using
various profiles B(s), for example, Fearn (1988). The
advantage of this is that the linearized stability pro-
blem has coefficients which are functions of s only, so
that disturbances of the form exp i(kzzþm��!t) can
be assumed, leading to a simple 1-D eigenvalue
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problem in s for the complex eigenvalue !. The dis-
advantage of this simple model is that the toroidal field
of the Earth is most likely to be antisymmetric about
the equator, and so must be a function of z. These
models become magnetically unstable at lower values
of the Elsasser number than models in which B is only
a function of s, typically ��O (10) rather than O (100)
(see Zhang and Fearn (1994, 1995)). These instabilities
can interact with thermal convection, and as noted
above can have a significant effect in magnetoconvec-
tion models (Zhang and Jones (1994)). Some magnetic
instabilities can function in the absence of diffusion,
and these are known as ideal instabilities, while the so-
called resistive instabilities require diffusion and typi-
cally have a slower growth rate. In the core, where the
magnetic diffusion time is similar to the inverse ideal
MAC wave frequency, the distinction between these
modes is not so clear-cut. It is also possible for differ-
ential rotation to provide a source of instability, and as
one might expect differential rotation can interact
with magnetic instabilities to affect the critical
Elsasser numbers for onset (Fearn, 1998).

8.05.5.5 Taylor’s Constraint

In Section 8.05.5.2.3 we noted that torsional waves in
the core have a frequency of around 60 years for a
moderate 1 mT core poloidal field. This is much
faster than the rate of evolution of the large-scale
field, so that if we average over this longer timescale
we expect the forces that excite geostrophic torsional
oscillations to be in equilibrium. Assuming that the
velocities in the core are of order those given by the
secular variation, the Reynolds stresses are compara-
tively small in the core, and we ignore them here.
Then we integrate the �-component of [37] over
cylinders of radius s. The Coriolis term reduces to
an integral of 2�us over the cylinder, which is zero
because in a Boussinesq fluid (� ? u¼ 0) there can be
no net flow through these cylinders. The �-compo-
nent of the pressure also integrates to zero, and the
buoyancy has no �-component, so we get

q
qt

Z
CðsÞ

�u� dS ¼
Z

CðsÞ
j � B ? 1� dS

þ ��

Z
CðsÞ

1� ? �2u dS ½145�

The viscous term is usually dominated by the con-
tribution from the Ekman boundary layers shown in
[110], and is small in the core compared to the
Lorentz force term. On the dynamo timescale we

expect the time-dependent term to average to zero,
so we expect Taylor’s constraint (Taylor, 1963)Z

CðsÞ
j � B ? 1� dS ¼ 0 ½146�

to be satisfied. The essential point is that this con-
straint depends on the form of the magnetic field. It is
not satisfied by B being small, but rather by positive
and negative parts of the integrand exactly canceling
each other out. The magnetic fields arising from the
linear solutions of the dynamo equations or the
induced fields from magnetoconvection problems
will not in general satisfy Taylor’s constraint. A state
in which Taylor’s constraint is not satisfied is called an
Ekman state (see, e.g., Fearn (1998)) and in such a state
the magnetic field strength has to be small, controlled
by the Ekman suction. Malkus and Proctor (1974)
suggested that a geostrophic flow would develop
which alters the induction process until a field satisfy-
ing Taylor’s constraint is generated; this type of field is
called a Taylor state. The Malkus–Proctor scenario
was shown to occur in the context of 	-effect dynamos
by Soward and Jones (1983), with Taylor states emer-
ging. However, for a plane layer magnetoconvection
problem, Jones and Roberts (1990) were able to show
that no Taylor state emerged as the Rayleigh number
was increased so the Malkus–Proctor scenario is not
necessarily universal, while Hollerbach et al. (1992)
found some evidence of an approach to an inviscid
state, but no true Taylor state emerged. In numerical
dynamo simulations, it is difficult to obtain solutions at
low E, so that the viscous term is often still significant
in [145]. The measure of whether a Taylor state has
been achieved is called the Taylorization (Anufriev
et al. (1995)):

Tay ¼

Z
CðsÞ

j � B ? 1�dSZ
CðsÞ

j � B ? 1�
�� ��dS

½147�

In an Ekman state, Tay is of order unity, but when a
Taylor state is achieved, Tay is small. Strong evi-
dence that Taylorization occurs in a convectively
driven plane layer dynamo was given by Rotvig and
Jones (2002) and recent work by Aubert (2005)
reports that at E¼ 10�4 the cylindrical average of
j�B ? 1� was only one-seventh of its maximum
value suggesting that spherical dynamo simulations
are approaching a Taylor state too.

As mentioned in Section 8.05.5.2.3, torsional oscil-
lations are believed to occur in the core. These can be

thought of as oscillations about the Taylor state, but
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it is not currently known what is exciting them. In
dynamo models, Reynolds stresses (see Eqn [110])
are significant, and these give rise to some torsional
oscillations (Dumberry and Bloxham, 2003), so that
at any instant in time, a dynamo model will not
exactly obey Taylor’s condition, though it should
do if averaged over time. In the core, Reynolds stres-
ses are thought to be small, but Dumberry and
Bloxham (2003) argue that they may nevertheless
play a role in exciting torsional oscillations.

8.05.5.6 Numerical Simulations of
Nonlinear Convection-Driven Dynamos

The next natural step after considering linear mag-
netoconvection is nonlinear magnetoconvection.
However, the equations that need to be solved for
this problem are the same as for numerical simula-
tions of the convection-driven dynamos, namely [5],
[6], [28], [37], and [38]. Usually, compositional
effects are assumed to give similar results to thermal
effects, so �9 is set to zero in [37]. Most recent work
has concentrated on the full dynamo problem rather
than the nonlinear magnetoconvection problem.
Indeed, the only essential difference is that in the
magnetoconvection problem an imposed magnetic
field is added at the boundaries, so that it is not
necessary to have a configuration which has growing
dynamo modes. However, it transpires that in con-
vecting rotating spherical shells, dynamo action is
surprisingly easy to achieve, so the incentive for
doing magnetoconvection calculations is correspond-
ingly reduced. The ease with which rotating
spherical convection models produce dynamo action
came as somewhat of a surprise, given that many
simple flows do not give dynamo action even at
large Rm (see Chapter 8.03). However, spherical geo-
metry is not the easiest configuration in which to
study either magnetoconvection or dynamo action,
and so the Busse annulus geometry has also been
used for understanding nonlinear convection in the
presence of a magnetic field (see, e.g., Kurt et al.

(2004) and references contained therein).
The four basic parameters needed to define a

convective dynamo are the Rayleigh number, the
Ekman number, the Prandtl number, and the mag-
netic Prandtl number �/�. The parameter range in
which it is feasible to run convective dynamo simula-
tions is restricted. Currently, simulations are
restricted to E > 10�6, �/�> 0.05, and R/Rc < 100
(Rc being the critical value in the absence of magnetic
field), though these values are being improved all the

time due mainly to faster computers, but also partly
to improved numerical methods. The first successful
self-consistent dynamo models were designed for
solar and stellar convection (Gilman and Miller,
1981; Gilman, 1983; Glatzmaier, 1984). Zhang and
Busse 1989 found steady drifting roll solutions which
sustained a magnetic field. The first fully time-
dependent low Ekman number dynamos made use
of hyperdiffusion (Glatzmaier and Roberts, 1995,
1997) or had very restricted resolution in � (Jones
et al., 1995), but with increasing computer speed these
drawbacks are no longer necessary. Jones (2000)
reviewed models up to that date, but many more
recent papers have appeared. The models have
been surprisingly successful at reproducing many
features of the observed field. They are frequently
dipole dominated, they can give occasional reversals
rather reminiscent of the behavior of the actual Earth,
the field strength produced is the right order of
magnitude and the secular variation is broadly simi-
lar to geomagnetic secular variation. Of course,
varying the input parameters gives different results,
but it is nevertheless rather encouraging that it is
possible to make contact with geophysical observa-
tions from first-principles solutions of the
fundamental equations. Although there is much still
to discover about the relation between the mathema-
tical solutions of the equations and the geophysical
observations, it does appear that the fundamental
physics behind the models is correct.

A particularly simple convective dynamo, at a
rather modest set of parameter values, has been
adopted as a benchmark (Christensen et al., 2001)
against which to test dynamo codes. This is neces-
sary, as the dynamo computer programs are very
complex, allowing many possibilities for coding
error. A snapshot of the field and flow produced by
a typical dynamo code is shown in Figures 7(a) and
7(b). Details of the boundary conditions and defini-
tions of the parameters are in Sreenivasan and Jones
(2006a). A modified Rayleigh number, often used in
dynamo simulations and defined as R¼ g	�Tsd/��,
is used. These simulations are for a fairly modest
value of R¼ 750.

The flow pattern is columnar, not very different
from that shown in Figure 3 which is for the linear
onset of nonmagnetic convection. Figures 7(a) and
7(b) are for E¼ 10�4; reducing E gives more, thinner
columns. The pattern drifts westward. The magnetic
field seems to be primarily generated in the convec-
tion columns (Olson et al., 1999), and indeed the
strongest field is found near the tangent cylinder,

Thermal and Compositional Convection in the Outer Core 173



coming out of the tops of the rolls. Magnetic field
near the equator is concentrated in the anticyclonic
rolls (Kageyama and Sato, 1997), which then expands
the anticyclonic rolls leading to westward flow near
the CMB and eastward flow near the ICB (Sakuraba
and Kono, 1999). Models in which the driving is from
the boundaries only (with no internal heat source)
(e.g., Christensen et al., 1999) differ in a systematic
way from models with a uniform heat source

(e.g., Grote and Busse, 2000; Busse, 2002). Models
with no internal heating are typically much more
dipolar, while with internal heating quadrupolar
dynamos are almost as common as dipolar ones.
Generally, when the convective columns are concen-
trated close to the tangent cylinder, dipolar dynamos
are more common, whereas with distributed heating,
convective columns can occur well away from the
tangent cylinder and the resulting dynamos are much
less dipole dominated.

Another interesting issue is the importance of
inertia in dynamo models. At the modest values of
E possible, if the Prandtl number is small, inertia
plays a significant role in the dynamo process
(Simitev and Busse, 2005; Sreenivasan and Jones,
2006a; Christensen and Aubert, 2006). The
dynamo-generated field is then typically weaker,
much more complex and no longer dipole domi-
nated. Velocity estimates from the secular variation
suggest inertia is not important at large scales in the
core, and the dynamo simulations also suggest that
the dipolar structure of the Earth is more easily
reproduced in the low inertia regime. Having said
that, it should be noted that the low inertia, strongly
dipole-dominated models show no sign of reversing.
To get reversals, it is generally necessary to increase
the Rayleigh number (and not to have E too small) to
produce a more strongly time-dependent and less
dipole-dominated field. Although dynamo models
give rise to reversals (Glatzmaier and Roberts, 1995;
Sarson and Jones 1999; Kutzner and Christensen,
2002), there is no general agreement about how
they are achieved. Sarson and Jones (1999) noted
that the reversal typically takes place first in
one hemisphere, suggesting the growth of a time-
dependent quadrupolar mode, cancelling out the
dipolar field in one hemisphere, strengthening it in
the other. The field can then reverse in one hemi-
sphere, and this reversed flux can lead to a complete
reversal. They also suggested that meridional circu-
lation might be important in controlling the reversal
process.

As we learn more about convective dynamos,
models which might be suitable for simulating the
magnetic fields found on other planets are being
developed ( Jones, 2003; Stevenson, 2003). There is
considerable variety in the types of magnetic fields
found on other planets. For example, the field on
Mercury is particularly weak, while the fields on
Uranus and Neptune are not dipolar dominated but
appear to be a mixture of dipolar and quadrupolar
fields with no strongly preferred parity (Holme

(a)

(b)

Figure 7 Contour plots from a dynamo simulation with

R¼ 750, E¼10�4, Pr¼Pm¼1. (a) Shaded contours of Br at
the CMB. (b) Shaded contours of ur at r¼0.8rcmb.

Reproduced from Sreenivasan and Jones (2006a) The role

of inertia in the evolution of spherical dynamos. Geophysical

Journal International 164: 467–476.
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and Bloxham, 1996; Stanley and Bloxham, 2006).
Developing planetary dynamo models is an area
likely to develop rapidly over the next few years.

8.05.5.6.1 Convection outside the tangent

cylinder: picture from numerical

simulations

The inner core appears to have an important effect on
the dynamics of convection, and the behavior of con-
vection outside the tangent cylinder (TC) is rather
different from that inside the TC. As mentioned in the
introduction, the large amount of vortex stretching
required makes it difficult for fluid to cross the TC,
though magnetic field may help to allow some trans-
port. Dynamo simulations suggest that the pattern of
convection outside the TC is not strongly influenced
by magnetic field, the columnar pattern found in non-
magnetic simulations persisting, and the rolls have the
same parity, that is, axial vorticity symmetric and axial
velocity antisymmetric about the equator (see
Figure 7(b)). The magnetic field slows down the
drift rate, as expected from magnetoconvection calcu-
lations, but the roll width is not increased as much as
would be expected from linear magnetoconvection
theory. Indeed, the roll thickness seems to go down
with E according to the E1/3 scaling.

In Figures 8(a) and 8(b), which are outputs from a
dynamo simulation run by Dr B. Sreenivasan, the
Ekman number E¼ 3� 10�6, and comparing
Figure 8(b) and 7(b) we can see that the columnar
structures are indeed much thinner in the lower E

case, despite the fact that both have fields with
Elsasser number of order unity. Possibly, this is due
to the field being quite nonuniform. It is known that
in nonlinear magnetoconvection without rotation
that once convection starts, flux expulsion occurs
from the convecting region and the heat transport is
then relatively unimpeded by the field. Nevertheless,
we should remember that in the simulations it is not
possible to get to the very thin roll regime, and that
on small scales when the local magnetic Reynolds
number gets small we expect the magnetic field to be
smooth, so it may be that magnetic field does thicken
the rolls at very low Ekman number.

As the Rayleigh number is increased, the veloci-
ties increase and the flow becomes more chaotic. The
Earth’s core has low q ¼ Pm=Pr , so it is of interest to
see what happens to the convection pattern at low q.
This is a hard regime to reach, because the magnetic
Reynolds number has to be greater than about 50 to
get dynamo action, but low q then implies very high
Péclet number U�d=�, which makes it difficult to get

resolved simulations. Nevertheless at sufficiently low
E (typically about 10�6), it is possible to get dynamos

with q� 0.1 (Christensen and Aubert, 2006) and see

also Figures 8(a) and 8(b), which are for Pr¼ 1,

Pm¼ 0.1. Note that although the Rayleigh number
here is 50 times critical, because of the low E, the

magnetic Reynolds number Rm� 125, low for the

core. This indicates that we need higher Ra, but

unfortunately this is very expensive computationally.
Note that these low E dynamos are remarkably

(a)

(b)

Figure 8 Contour plots from a dynamo simulation with

R¼50Rc, E¼3�10�6, Pr¼1, Pm¼0.1. (a) Shaded

contours of Br at the CMB. (b) Shaded contours of ur at
r¼ 0.8rcmb. These figures were supplied by Binod

Sreenivasan.
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dipole dominated (Figure 8(a)), even more so than
the field shown in Figure 7(a). Possibly higher Ra

would introduce a more chaotic flow, which might
help to reduce this strong dipole dominance, which
prevents reversals occurring.

Figures 8(a) and 8(b) show that at small q the flow
structure is finer than the field structure, as we expect
in the core. It is unfortunate, though, that this does
not happen until very low E is reached, because the
very long CPU time required to perform the simula-
tions in this regime makes it very difficult to explore
the parameter space. If the value of Pr is reduced,
then inertial effects become important, while if Pr is
increased, the roll thickness becomes even smaller, as
predicted by linear nonmagnetic theory. The actual
value of Pr is probably not very relevant in the core,
because both thermal and viscous diffusion are so
small it can only operate on very short length scales
on dynamo timescales.

The mechanism by which the convective rolls
generate magnetic field by dynamo action in simula-
tions was discussed by Olson et al. (1999). The
toroidal field is mostly generated by twisting of the
poloidal field, as in 	2 dynamos and unlike 	�!
dynamos, where toroidal field is generated by the
stretching out of poloidal field by differential rota-
tion. Low Ekman number dynamo simulations driven
by rolls appear not to have very large differential
rotation. In the quasi-geostrophic approximation, it
is assumed that uz varies linearly with z, but in the
numerical simulations uz changes more rapidly near
the equator than at the boundary. Olson et al. (1999)
point out that this variation is significant for dynamo
action, so it is not clear that quasi-geostrophic flows
will necessarily have the same dynamo properties as
fully 3-D simulations give.

8.05.5.6.2 Convection inside the tangent

cylinder: picture from numerical

simulations

The linear theory of nonmagnetic convection in a
sphere (Busse, 1970) suggests that the onset occurs at
substantially high Rayleigh number inside the TC
than outside the TC. This result is verified by
numerical simulations (e.g., Dormy et al. 2004).
Whereas the s-component of gravity predominates
in convection outside the TC, it is the z-component
that is most significant inside the TC. Indeed, of the
standard idealized geometry convection models,
the one most relevant to convection inside the TC
is the plane horizontal parallel layer with vertical
rotation and gravity (Sreenivasan and Jones, 2006b),

discussed in Section 8.05.5.2.2. In this model, the first
mode to onset has vertical velocity symmetric about
the midplane and vertical vorticity antisymmetric, so
the axial vorticity will not be even approximately
constant for convection inside the TC.

Magnetic field appears to affect the onset of con-
vection much more radically inside the TC than
outside it (Sreenivasan and Jones, 2005, 2006b). In
particular, nonmagnetic convection has the tall thin
column configuration both inside and outside the
TC, whereas magnetic field has only a limited impact
outside the TC; inside the TC, the convection col-
umns are much thicker with magnetic field, and
magnetic field enhances the vigor of convection
inside the TC (Olson and Glatzmaier, 1996). In the
plane horizontal layer geometry, the effect of mag-
netic field is not gradual, but onsets at a specific value
of the Elsasser number as noted in Section 8.05.5.2.2.
In a recent study of behavior inside the TC in
dynamo simulations, Sreenivasan and Jones (2005,
2006b) found anticyclonic vortices just below the
CMB when inertial effects are small, and cyclonic
vortices when they are large. These vortices are
associated with the large-scale magnetic mode of
convection, and their horizontal scale can be pre-
dicted surprisingly accurately using the
Chandrasekhar linear theory. Since there is evidence
from secular variation that there are anticyclonic
polar vortices (Olson and Aurnou, 1999), this sup-
ports the view that the geodynamo is in a low inertia
regime. They also found that the polar vortices are
not actually centered on the pole but are in fact
typically 10� off axis, with the vortex patches drifting
slowly westward round the pole.

The magnetic mode of convection in a plane layer
has a somewhat different physical character from
conventional nonmagnetic, nonrotating convection.
In the simple case, hot fluid rises directly because of
its buoyancy. In rotating magnetic mode convection,
hot fluid rotates about the convection column axis,
because of the local thermal wind that results from
the horizontal temperature gradient between the hot
interior and relatively cool surroundings. This local
rotation, or vertical vorticity, winds up the field lines
to produce a current and a corresponding Lorentz
force. This Lorentz force breaks the Proudman–
Taylor constraint, and allows a uz that varies with z.
It is then possible for fluid to rise in the interior.

There is still much that is uncertain about con-
vection inside the TC. Simulations up to 10 times
critical generally have stronger convection outside
the TC, because the delay in onset inside the TC is
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still having an effect. At very large Ra, the large-scale
magnetic mode may eventually give rise to convec-
tion inside the TC more vigorous than outside it.
There is also some uncertainty about how the field
inside the TC is created. On the Earth, there is
evidence that the poles have weaker field than the
region where the TC intersects the CMB (about
latitude 70�). This may be due either to weak con-
vection failing to generate much field or to vigorous
convection expelling flux from the polar regions. The
reversed flux patch seen inside the North Pole in
field models of the current geomagnetic field (see,
e.g., Olson and Aurnou, 1999) is not often seen in
geodynamo simulations. These often produce more
reversed flux patches near the equator, whereas the
Earth seems to prefer high latitude reversed flux
patches.

8.05.5.7 Scaling Laws and Dynamo
Simulations

In order to overcome the problem of the inaccessi-
bility of the geodynamo parameter regime, there has
been recent work on how the more important outputs
from geodynamo simulations scale with the input
parameters. If an asymptotic regime in which the
role of the small diffusion coefficients can be identi-
fied, it may be possible to extrapolate to the very
small values that occur in the Earth. Two approaches
have been tried; Starchenko and Jones (2002) used
results from plane layer models and the general
understanding of rotating magnetoconvection to esti-
mate typical velocities and magnetic field strengths
expected from very low E, low q dynamos. An alter-
native approach (Christensen and Aubert, 2006) is to
analyze the data from a large number of dynamo
simulations and see whether asymptotic trends are
evident in the data. In practice, these two approaches
are not so different, as theoretical ideas inevitably
affect the way the dynamo simulation data are
analyzed.

Starchenko and Jones started by assuming that at
very low E the Coriolis and buoyancy forces would
be in balance, and that the magnetic field would bring
the horizontal length scale , appearing in [112] to a
fixed ratio with d ¼ rcmb – r icb. The idea here is that
as E is reduced, the magnetic field prevents the roll-
width reducing as E1/3. Then [112] is replaced simply
by

�U�=d � g	T 9�=, ½148�

Then eliminating the temperature perturbation using
[113],

U� �
g	Fconv

�cp�

� �1=2
d

,

� �1=2

½149a�

g	T 9� � �1=2 g	Fconv

�cp

� �1=2 ,

d

� �1=2

½149b�

If the ratio d=, tends to a fixed limit at small E due to
magnetic field, as postulated by Starchenko and
Jones, U� is proportional to F 1=2

conv. Interestingly,
Christensen and Aubert (2006) find that the exponent
of 2/5 gives a better fit to their data than the expo-
nent of 1/2 in [149]. Of course, the difference is not
that great, but it may be connected with the observa-
tion made in Section 8.05.5.6.1 that in dynamo
simulations there is not much evidence of the mag-
netic field controlling the roll-width, as suggested by
Starchenko and Jones (2002). It remains possible,
though, that this control will start to occur at E less
than 10�6. Christensen and Aubert (2006) suggest
replacing [149a] by

U� � ð�dÞ g	Fconv

�cp�3d 2

� �2=5

½150�

which is the same formula as in the nonmagnetic
case, [115a]. They note that the best fit with their
simulation data can be expressed in dimensionless
variables

Ro ¼ U�
�d

; Ra�Q ¼
g	Qadv

4�r icbrcmb�cp�3d 2
½151�

by

Ro ¼ 0:83Ra� 0:41
Q ½152�

very close to [150]. Here Qadv is the total convective
heat flux over a spherical surface of radius r, assumed
constant with r throughout the core. Note that with
this assumption, the convective heat flux Fconv in
[148]–[150] is best taken as

Fconv ¼
Qadv

4�r icbrcmb
½153�

The Rayleigh number Ra�Q introduced by
Christensen and Aubert is essentially the Ra�Q
defined in [126]. Equation [152] therefore expresses
the independence of the velocity scaling on any
diffusion coefficient. The emergence of [152], with
no dependence on any Prandtl numbers, expresses
the fact that the simulations do appear to be
approaching an asymptotic regime which is indepen-
dent of diffusion, a very encouraging result.
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Christensen and Aubert (2006) also go on to esti-
mate the typical magnetic field strength in dynamo
simulations. The rate of working of the buoyancy
forces is g	F=cp , and assuming that the dissipation
is primarily ohmic, this must balance the rate of
ohmic dissipation, so

��j2 � g	Fconv

cp

½154�

To convert this into a formula for B2 we need to
know the magnetic dissipation time, that is,

�diss ¼

Z
V

B2=2� dvZ
V

��j2 dv

½155�

or equivalently the magnetic dissipation length scale


B ¼
�diss

�

� �1=2

½156�

Christensen and Tilgner (2004) argue that


B � dR – 1=2
m , again on the basis of an analysis of

numerical simulations. This is consistent with non-
rotating flux expulsion arguments (Galloway et al.

(1977)). Then [154] becomes

��j2 � � ð� � BÞ2

�
� �B2

�
2
B

� g	F

cp

½157�

giving

B� �
g	Fconv�d

U�cp

� �1=2

½158�

with the Starchenko and Jones scaling [149] this gives

B� � �1=2 g	Fconv��,d

cp

� �1=4

½159�

and with the Christensen and Aubert scaling [150]
we get

B� � �1=2d 2=5�1=5�1=10 g	F

cp

� �3=10

½160�

Note that the small difference in the velocity scalings
has led to a significant difference in the scaling of B�
with �, because the Christensen and Aubert scaling
has a remarkably weak scaling of B� with �. Indeed,
their best fit of the simulation data is

Lo ¼ 0:87f
1=2

ohmRa� 0:33
Q ½161�

where Lo ¼ B�=ð��Þ1=2�d and fohm is the fraction of
the total dissipation (ohmicþ viscous) which is
ohmic. This gives

B� � 0:9�1=2�1=6 g	Qadvd

4�r icbrcmb

� �1=3

½162�

so that B� is completely independent of the rotation.
When compositional convection is present, in the

above formulas the thermal buoyancy flux g	Qconv is
replaced by the compositional buoyancy flux gQbuoy,
where Qbuoy is the mass of light material released per
unit time.

The scalings [152] and [161] can be used to find
the ratio of kinetic to magnetic energy, which is close
to Ra� 0:15

Q . Since Ra�Q is very small in the core, this
implies that magnetic energy is indeed larger than
kinetic energy in the core, but the weak power shows
that it is not surprising that in simulations the two
forms of energy have similar magnitudes. Also,
although ohmic dissipation is predicted to dominate
over viscous dissipation at very low E, simulations
have great difficulty getting down to this regime (at
Pr¼ 1), and generally at Pr¼ 1 they show compar-
able ohmic and viscous dissipations.

8.05.6 Heterogeneous Boundary
Conditions and Stable Layers Near
the CMB

Because the departure from an adiabatic temperature
gradient is so small in the core, the core–mantle
boundary will be maintained at an almost uniform
temperature. However, it is believed that in the man-
tle, cold descending slabs may reach close to the
CMB, and the locations where this happens may
have an anomalously high CMB heat flux, while in
regions where the mantle has been relatively static
the temperature gradients, and hence the heat flux,
may be lower. It is therefore likely that there are
substantial lateral variations of heat flux at the
CMB (e.g., Schubert et al., 2001). If so, this lateral
heterogeneity may well have an impact on core con-
vection; for a recent review, see Olson (2003). It is
now possible to measure the velocity of shear waves
near the CMB, using seismic tomography (e.g., Kuo
et al., 2000). The simplest interpretation is that high
velocity zones are associated with colder material
and hence with higher heat flux. A natural assump-
tion is then that the heat flux is simply proportional
to the seismic velocity variation. If this is correct,
then the lowest heat fluxes are found under the
central Pacific and the eastern Atlantic and Africa,
while high heat flux is found under Australia and the
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gulf of Mexico. This distribution is often modeled as
a spherical harmonic P2

2 pattern of variation.
As mentioned in the introduction, and discussed

in Chapter 8.02, there is no general agreement about
the total heat flux coming out of the core. If it is as
large as 12 TW or above, then the heat flux inhomo-
geneities are only a small perturbation on the total
heat flux, but if it is at the low end of the estimates,
say 3 TW, then the core could be convectively stable
below the low heat flux regions, but unstable under
the high heat flux regions. Thus, we would expect the
effect of lateral inhomogeneity to be strongest for low
overall heat flux models.

One possible effect of laterally inhomogeneous
heat flux would be to lock core convection to the
mantle, that is, prevent any systematic westward or
eastward drift. This could in turn lock the dynamo to
the mantle. This could explain the preferred paths for
the direction of the dipole field during reversals.
There seems to be a preference for the virtual geo-
magnetic pole to track through the Americas or
through east Asia (Laj et al., 1991) but the results are
controversial (see, e.g., the review of Dormy et al.

(2000) for a discussion). Another possible effect is
that long-term changes in mantle convection might
affect the reversal rate. It is well established that
during certain eras the geomagnetic field has not
reversed, an extreme example being the Cretaceous
superchron, during which the field maintained the
same polarity for about 35 million years. The current
reversal rate is about 4.5 reversals per million years. It
is difficult to explain why the reversal rate should
vary on such a long timescale, because the magnetic
diffusion time and the turnover time are much
shorter. It is tempting to identify these long time-
scales with mantle convection timescales.

It has also been noticed that downwelling fluid
tends to concentrate radial magnetic flux into patches
(Bloxham and Gubbins, 1987). Downwelling fluid
occurs where the CMB temperature is coolest, and
the outward temperature gradient is largest there
(e.g., see figure 10 of Sarson et al. 1997) so the heat
flux is a local maximum. So according to this argu-
ment, there should be long-term local maxima in the
radial flux where the CMB heat flux is strongest,
under Australia and the gulf of Mexico, while upwel-
ling fluid giving weaker field should be associated
with relatively low, or negative, CMB heat flux.
There is some evidence at least for a long-term
excess field under Australia, and relatively low field
in the central Pacific (see Olson (2003) for a review of
the paleomagnetic evidence).

A number of authors have studied the effect of
lateral inhomogeneous boundary conditions on both
magnetic and nonmagnetic fluids. It is helpful to
divide the work into those studies where the fluid is
subadiabatically stratified, that is stable to convec-
tion, and those where it is superadiabatically
stratified.

Lister (2003) has considered the effect of lateral
variations in the thermal boundary conditions at the
horizontal boundary above stably stratified fluid. If
the stably stratified layer is unstirred, the subadia-
batic temperature gradient will be of the same order
as the adiabatic gradient itself, which implies a very
strong stable stratification. Lister finds that a vertical
magnetic field makes a very substantial difference to
the resulting flows. With no magnetic field, even a
5% lateral variation in heat flux could lead to a
horizontal temperature difference of T 9� � 1 K,
which would drive a thermal wind of order
g	T 9�=2� � 1 m s – 1 through a layer of depth
200 km, which is far too big to be consistent with
secular variation observations. Note that because of
the strong stable stratification, T 9� � 1 K is much
larger than the usual estimate of the temperature
perturbation in a convecting core. However, with a
magnetic field, the estimate is reduced by a factor
which scales with E1/4. Even if a turbulent value of
E� 10�8 is adopted, this gives a huge reduction in
flow speed, and with a radial field of order 0.5 mT he
finds a velocity of 7 mm s�1 in a layer 35 km deep.
With a molecular Ekman number, the velocity drops
to 0.3 mm s�1 which is compatible with the secular
variation observations. Given the uncertainties in the
estimates of the strength of the stable stratification, it
seems that stably stratified layers below the CMB
cannot be ruled out on the grounds that they would
produce too strong a thermal wind.

Studies of the influence of heterogeneous bound-
aries on rotating convection have been made by
Zhang and Gubbins (1996), and by Gibbons and
Gubbins (2000). In the latter paper, the core is unsta-
bly stratified, and a steady-state convection pattern is
found, locked to the inhomogeneous boundary con-
dition. The downwelling regions generally coincide
with regions of enhanced heat flux, but at low Ekman
number there is a tendency for maximum downwel-
ling to occur to the east of the peak heat flux. Sarson
et al. (1997), using a truncated dynamo model, also
found locked solutions, this time with a steady
dynamo, and again the downwelling broadly coin-
cides with enhanced heat flux, this time associated
with concentrated field patches, as predicted by

Thermal and Compositional Convection in the Outer Core 179



Bloxham and Gubbins (1987). However, Sarson et al.

(1997) found a tendency for the downwelling to be
slightly west of the maximum heat flux. Glatzmaier
et al. (1999) worked at a higher (and more realistic)
value of the Rayleigh number, and found that the
solution was not locked, but time dependent. A
similar result was found earlier in a magnetoconvec-
tion calculation by Olson and Glatzmaier (1996).
They found that though some locking occurs near
CMB, at deeper levels the flow and field drifted just
as they do with spherically symmetric CMB condi-
tions. However, even though the Glatzmaier et al.

(1999) solutions were not locked, a heterogeneous
heat flux distribution gave enhanced field where the
heat flux is maximal when averaged over time, so
there is clearly a tendency for strong magnetic flux
patches to form over regions of strong heat flux even
when the solution is not completely locked. Kutzner
and Christensen (2004) used a reversing numerical
dynamo model with an imposed heterogeneous CMB
heat flux to study whether reversal paths were sys-
tematically correlated with the heat flux distribution.
They found that although individual reversal paths
had considerable variation, there was a tendency for
reversal paths to cluster around the regions of high
heat flux on the CMB.

In summary, at the present time it seems that
inhomogeneous thermal boundary conditions, with
the heat flux varying by an O (1) amount, can cer-
tainly affect the flow near the CMB, and this is of
course where the secular variation field and inferred
flow is measured. However, it is less clear that the
whole convection pattern and dynamo are also
locked to the boundary inhomogeneities. It is cer-
tainly possible for some parameter regimes, but
unfortunately not those that the geodynamo is most
likely to be in.

8.05.7 Conclusions and Future
Developments

While uncertainties about the physical properties of
material at high pressure mean that we cannot be
absolutely certain that convection occurs in the
core, the evidence strongly suggests that both ther-
mal and compositional convection are present at least
in some parts of the core. It is also likely that con-
vection is driving the geodynamo, though we cannot
rule out the possibility that tides and precession
might make a contribution in the Earth and other
planets. The form that core convection takes is more

uncertain. The linear theory of rotating, magnetic
convection at onset is now fairly well understood,
but core convection is strongly supercritical.
Numerical simulations have carried our understand-
ing into the nonlinear regime, and a picture that is
consistent with our knowledge about the linear pro-
blem is beginning to emerge. However, numerical
simulations cannot at present reach the true para-
meter regime for the core, and there is no prospect of
doing so using our current techniques. Nevertheless,
the combination of numerical simulations, asympto-
tic analysis, and physical intuition is a powerful one,
and rapid progress is being made.

The most fruitful approach to date has been
through geodynamo simulations, using the constraint
that the pattern of convection must be consistent with
the known facts of the secular variation and the
paleomagnetic data. Recent analyses of how the
properties of convection scale with the parameters
have been particularly encouraging. This has given
strong support to the notion that at least outside the
tangent cylinder columnar convection dominates.
This type of motion not only is expected on theore-
tical grounds, it also generates fields consistent with
those of the Earth in a robust manner, without the
need for any special tuning of the parameters. The
size of the rolls is however still controversial. Some
believe that the large-scale flux patches seen in geo-
magnetic data are directly connected with the
convection roll size, others believe that the roll size
is much thinner and that the observed flux patches
are the result of organized larger-scale flows.

Generally, our lack of understanding of small-
scale convection is a matter for some concern. The
regime where �> >� is a difficult one, and simula-
tions always use a hugely enhanced value of � to
avoid it. This means that the small-scale motions
which must be present to transport the heat at very
large Péclet number are not present in the simula-
tions, and we do not know what effect they have. The
current assumption, which is made for computational
reasons rather than for physical reasons, is that these
small-scale motions act to produce an enhanced iso-
tropic eddy diffusion. This assumption may not be
correct.

Even more controversial is whether the whole
core is convecting or whether the regions near the
CMB are at least partly stably stratified. This can be
condensed down to the question of how much heat is
flowing through the CMB. One view is that the heat
flux is relatively low, say of the order of 3 TW, while
the other view is that it is of the order of 7 TW or
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larger. In favor of the low heat flux theory are the
observations that the thermal core–mantle coupling
seems to be significant, and the (tentative) conclusion
that there is no difficulty driving a dynamo, giving
fields as strong as the Earth’s, with only 3 TW of heat
going through the CMB. Opposing this, the high
CMB heat flux adherents argue that the observa-
tional evidence suggests that the dynamo has been
working for 3.5 Gy, before inner-core formation,
because current estimates of the age of the inner
core are only of the order of 1 Gy. They argue that
3 TW is insufficient to drive a dynamo with no inner
core. They also point out that the only way found so
far to make a dynamo simulation reverse is to drive it
strongly, so that while a nonreversing dynamo can
work with low heat flux (and an inner core), it may be
more difficult to make a low heat flux reversing
dynamo.

At present, none of these arguments is entirely
compelling, though hopefully more evidence will
accumulate as our understanding of core convection
and the dynamo process improves. Possibly the evi-
dence for the effect of heterogeneous heat flux at the
CMB will strengthen, and it will become clear that
this requires a partially stably stratified upper core.
Possibly, estimates of the age of the inner core will
change, due to improvements in our knowledge of
the thermal conductivity of the core. The develop-
ment of ab initio quantum calculations is helping to
improve our knowledge of material properties at
very high pressure, and this could provide a key
input to our understanding of core processes.
Further developments in dynamo theory may clarify
the issue of whether reversing dynamos with low heat
flux can exist.

Another exciting development is the growth of
experimental programs studying the dynamics of
rotating magnetic fluids. Like the simulations, these
cannot reach core conditions either, but they do
extend the parameter range in useful directions, par-
ticularly low magnetic Prandtl number. In
combination with numerical experiments they pro-
vide a very useful weapon in the fight to gain
understanding of the fundamental processes. Crucial
understanding of how small-scale and large-scale
flows interact can be gained from laboratory experi-
ments, while direct numerical simulations have great
difficulty with this issue, because of the very large
resolution required to study it.

Finally, the geophysical data available are conti-
nually improving. New satellites are providing more
information about the core field and its secular

variation, though masking by the crustal field does
limit what is possible. Seismic measurements give
more information about the inner core, its structure
and rotation, which are directly connected with flow
patterns in the core. Length of day measurements and
the torsional oscillations are also a potentially impor-
tant source of information about the core. The
detection of the short period oscillations of the
inner core about its mean position (the Slichter
modes) are currently controversial, but nevertheless
could provide very valuable evidence about the state
of the core, as indeed can nutation and precession
data. In the longer term, there is even the possibility
of that the detection of Earth’s core neutrinos (Araki
et al., 2005) could give us direct window into the core.
In an age when the furthest reaches of the universe
are being explored, it is perhaps surprising that what
is going on beneath our feet is still a mystery. Solving
this mystery is an outstanding scientific challenge,
and one that is being actively addressed by scientists
from many different fields. We must hope that this
simultaneous attack on the problem from such a large
number of fronts will eventually prove decisive.
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8.06.1 Introduction

8.06.1.1 What Is Turbulence?

Turbulence is fluid motion that is chaotic in time and

space. It is characterized by vortices and eddies on

many scales. Fluid motions that are not turbulent are

said to be laminar. It is difficult to define turbulence

more precisely, as it takes many forms depending on

circumstances. The classic definition of turbulence,

arising in engineering and applied to flow in or

around smooth bodies, is that instability of laminar

motion which occurs when the Reynolds number

exceeds approximately 2300. However, it is not

unreasonable to characterize flow in Earth’s mantle,

for example, as turbulent, even though it occurs at a

Reynolds number of order 10�20. It is clear from this

example that the Reynolds number is not always the

best measure of the occurrence of turbulence. As

explained below, it is not an appropriate measure

for Earth’s core; more appropriate measures of tur-

bulence in Earth’s core are the Lorentz and magnetic

Reynolds numbers, quantifying the effects of rotation

and the magnetic field.

8.06.1.2 Why Does Turbulence Occur?

One reason why turbulence occurs can be under-

stood with reference to the momentum equation for

an incompressible fluid:

qu=qt þ u?rð Þu ¼ –rOþ F ½1�
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where u is the fluid velocity, � is the dynamic pres-
sure, and F represents the forces per unit mass acting
on the fluid. In classic Newtonian fluid dynamics,
only the viscous force due to molecular viscosity
contributes to F:

F ¼ Fvm ¼ �r2u ½2�

where � is the kinematic viscosity. The ratio of
inertial to viscous forces is quantified by the
Reynolds number

Re ¼ UL=� ½3�

where U is a typical speed of fluid motion and L is a
typical lengthscale. (If the flow structure of interest is
characterized by several lengths, L is normally the
smallest of these.) When the viscous force is small in
comparison with inertial effects, the Reynolds num-
ber is large. Setting F¼ 0 and assuming the flow to be
steady, the momentum equation [1] simplifies to

u?rð Þu ¼ –rO ½4�

This equation describes a special balance; the inertial
term on the left-hand side is a full vector, with three
scalar degrees of freedom, whereas the pressure
term on the right is a gradient, having only one. If
the balance described by [4] prevails, a large-scale
steady laminar flow is possible. However, when this
balance is perturbed by a velocity field of arbitrary
structure, the inertial force can no longer be balanced
by the pressure gradient. With F negligibly small, a
steady force balance is not possible; the unsteady
term in [1] must make up the difference. But this
implies that the flow becomes unsteady, that is,
unstable, leading to turbulence. The time-derivative
term generates smaller scales of motion, and even-
tually scales are produced having Re¼O(1), and Fvm

restores the balance. In this example, the cascade of
energy to smaller scales is driven by the nonlinear
inertia term.

Classic homogeneous isotropic turbulence is
described by equation [1] with F given by [2],
together with the equation of conservation of mass:

r?u ¼ 0 ½5�

Its behavior is characterized by a single parameter, the
Reynolds number, given by [3].This problem has been
the subject of countless studies, and much of our intui-
tion regarding turbulence is based on this problem.
This is somewhat unfortunate in the present context,
as turbulence in Earth’s core bears little resemblance to

classic homogeneous turbulence, and it is doubtful that
fundamental concepts of homogeneity (independence
of position), isotropy (independence of direction), and
an inertial range (in which kinetic energy cascades,
without dissipative loss, to progressively smaller spa-
tial scales) apply to core turbulence. As explained in
the following subsection, the forces affecting flow in
the core are such that core motions and turbulence
are both nonhomogeneous and anisotropic. In
particular, whereas there are no preferred directions
in isotropic turbulence, at least three are relevant to
the dynamics of Earth’s core. The existence of an
inertial range relies on the dominant force balance
in the momentum equation involving only conserva-
tive forces. As we shall see, this is not the case in
Earth’s core; the Lorentz force is dominant and
dissipative.

8.06.1.3 Forces and Fluxes Affecting Core
Turbulence

Turbulent motions take differing forms and have
differing mathematical representations depending
on the forces contributing to F. Those relevant to
Earth’s fluid outer core include the Coriolis force, the
Lorentz force, and buoyancy forces, due both to
the ambient (background) stratification and to local
density differences between plumes and their sur-
roundings. (In this chapter, ‘plume’ means a small-
scale parcel of buoyant material.)

Additionally the form of turbulence depends
on the nature of the forcing for fluid motion. In
general, motions are driven by movement of bound-
aries (forced convection) or by internal density
differences (natural convection), with the former
common in engineering and the latter in geophysics
and astrophysics. This distinction is not sharp; in
some circumstances, natural convection leads to
large-scale flows (e.g., the Jet Stream in the atmo-
sphere and the Gulf Stream in the ocean) which can
be unstable and lead to turbulent motions that are
similar to those driven by forced convection.

Motions in Earth’s fluid outer core are due
ultimately to radioactive heating and secular cooling.
More specifically, motions are driven by sources of
buoyancy at the inner core boundary (ICB) and
core–mantle boundary (CMB); in the absence of
these forcings, conduction of heat would cause the
core fluid to evolve to a thermally stably stratified
state. The sources at the ICB include buoyant
material segregated into the outer core by the pro-
gressive solidification and growth of the inner core,
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latent heat released by that solidification process, and
heat sources (secular cooling, Ohmic heating, and
possibly radioactivity) arising within the inner core.
The sources at the CMB are much less certain. It is
not known with any certainty whether or how much
material is being transferred between the core and
mantle. Such transfers will be ignored in what fol-
lows. Thermal buoyancy capable of driving
convection is generated at the CMB only if the rate
of transfer of heat from core to mantle exceeds the
rate that heat is conducted down the adiabat in the
outer core.

8.06.1.4 Features of Core Turbulence

While relatively few definitive statements can be
made about core turbulence, there are two that
appear to be undisputable:

• Turbulence in the core is anisotropic.

• There is no inertial range, in which transfers of
kinetic energy between scales occurs without loss.

Anisotropy of fluid motions is due to the combined
action of the Coriolis and Lorentz forces. Together,
they act to inhibit fluid motions perpendicular to the
plane defined by W and B, resulting in so-called
pancake-shaped flow structures, elongated in that
plane. Since the Lorentz force is dominant, it is an
important factor in the transfer of kinetic energy
between spatial scales of motion; since that force is
dissipative, the transfer involves loss of kinetic
energy (Moffatt, 1967, 1978; Davidson, 2000; see
Section 8.06.4). While core turbulence has some simi-
larities to geostrophic flows (which are strongly
affected by the conservative Coriolis force; e.g., see
Charney, 1971; Rhines, 1979; Pedlosky, 1987;
Cambon et al., 1997; Cambon, 2001), the absence of
an inertial range in core turbulence makes the two
types of flows quite distinct.

8.06.1.5 Dynamic Regions in the Outer
Core

The entire outer core is close to a well-mixed state,
with composition and specific entropy nearly con-
stant, independent of position (these variables change
slowly with time). The small, spatially dependent
deviations from this state are dynamically important
and are the main focus of studies of core structure
and dynamics, including the geodynamo problem. As
a result of these deviations, there may exist as many
as three dynamic regions in the outer core: a plume

region at the bottom, a ‘well-mixed’ region in the
middle, and a stable region at the top, as illustrated
in Figure 1.

8.06.1.5.1 The plume region

The buoyancy released at the ICB due to solidifica-
tion of the inner core creates very vigorous
convection in the outer core (see [26] and discussion
following). High-Rayleigh-number convective
motions that are driven by a source of buoyancy at
a boundary invariably consist of narrow rapid flows
away from the boundary and slow, broad flows
toward that boundary. The narrow, rapid motions
upward from the ICB are likely to be small-scale
plumes (i.e., elongated and flattened pancake-shaped
structures). It follows that, near the bottom of the
outer core, the area fraction, f, occupied by upwelling
fluid is likely to be quite small; see Figure 2.

The plume region is characterized by the number,
n, of plumes touching a given spherical surface
located a distance r from Earth’s center and the frac-
tion, f, of area on that surface which they occupy.
Both f and n are likely to be functions of r. The
evolution of f and n with height above the ICB
depends on the tendencies of plumes to entrain mate-
rial, to merge, or to break up. Constraints on these
variations are quantified in Section 8.06.5.2.

Inner core
boundary

Core–mantle
boundary

Inner
core

Plume
region

Well-mixed
region

Stable region

Figure 1 A cut-away view of the core, showing a plume

region at the bottom of the outer core, a well-mixed region in

the interior, and a stable region at the top. The radial extent
of these regions is uncertain. The stable region may be well

mixed by penetrative convective motions.
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Close to the ICB, f is almost certainly very small
(reflecting the general property of vigorous convec-
tion described previously). Where f� 1, it is
reasonable to model plumes in isolation or to con-
sider only two-plume interactions. The structure and
scaling of the plume region are quantified in Sections
8.06.4 and 8.06.5.

8.06.1.5.2 The well-mixed interior region

It is likely that in the bulk of the outer core convective
motions are turbulent, with buoyant and dense plumes
of fluid ascending and descending, all the while inter-
acting vigorously. The motions are strongly affected
by Coriolis and Lorentz forces and, as in the plume
region, very likely are pancake-shaped (Braginsky and
Meytlis, 1990); see Section 8.06.4. Nearly all para-
metrizations of core turbulence are focused on this
region. Current approaches to parametrization are
summarized in Section 8.06.7.

8.06.1.5.3 A stable region beneath

the CMB?

It is possible that fluxes of heat or composition tend
to make the region at the top of the outer core
dynamically stable. If the flux of heat to the mantle
is less than that conducted down the adiabat, the
excess heat will tend to produce a stabilizing thermal
gradient near the top of the outer core. Similarly an

upward flux of light material, either due to pressure
diffusion or the upwelling of compositionally buoy-
ant plumes, may tend to create a stabilizing
compositional gradient near the top of the outer
core (Braginsky, 1999).

Even if the fluxes of heat and composition tend to
produce stabilizing gradients at the top of the outer
core, penetrative convective motions originating in
the convectively unstable interior of the outer core
may maintain a well-mixed state all the way to the
CMB. Further, it is likely that the strength of the heat
transferred to the mantle varies with location on the
CMB, so that the stable region is confined to ‘patches’
at the top of the outer core where the heat flow from
core to mantle is relatively small.

If a stable layer does exist, it is incapable of sig-
nificant dynamo action, which requires vigorous
radial motion. Consequently it has received rela-
tively little attention and will not be considered
further in this chapter.

8.06.2 Governing Equations

It is likely that convective motions in the outer core
are driven by density differences of both thermal and
compositional origin. As will be seen below, these
density differences are very small perturbations on
a reference state that is hydrostatic, adiabatic (having
uniform specific entropy), and well mixed (having
uniform composition).

Following Braginsky and Roberts (1995), thermo-
dynamic variables in the outer core will be expressed
as the sum of a reference-state portion, denoted by
subscript ‘a’, plus a small convective portion, denoted
by a subscript ‘c’. (The velocity, having no reference-
state portion, is written without subscript.) The myr-
iad of variables introduced in this chapter are
summarized in Table 1.

8.06.2.1 Reference State

The reference state satisfies the equations of state
�aCprTa¼�Tarpa and KSr�a¼ �arpa plus the
hydrostatic and well-mixed equations rpa¼��aga

and rca¼ 0, where T is temperature, p pressure, �
density, � coefficient of thermal expansion, Cp spe-
cific heat at constant pressure, KS adiabatic
incompressibility, and c mass fraction of light consti-
tuent (called the composition in the following). Note
that the Gruneisen parameter, �¼�KS/�aCp, is
dimensionless and of unit order in the outer core.

Well-mixed  region

ICB

Descending
flow

Upwelling
plumes

1 – f 

f

Figure 2 A cartoon of the plume region at the bottom of

the outer core, showing upwelling plumes and descending
flow occupying area fractions on spherical surfaces of

magnitude f and 1 – f, respectively, separated by the dark

hatched line. The magnitude of f increases with radial
distance from the center of the Earth and the top of the

plume region is characterized by f being about 1/2. The

upwelling and descending parts are shown separately for

clarity; in reality, these are intermingled.
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Table 1 Notation and definition of symbols

Symbol Name
Dimensions and
magnitude

a, b, c Components of the dimensionless perturbation magnetic field (Section 8.06.4

only); see [32]
Ap Dimensionless horizontal area of a plume; see [45]

B Magnetic field vector Wb m�2

B0 Large-scale magnetic field vector Wb m�2

B0 Typical magnitude of the magnetic field �3�10�3 Wb m�2

c Mass fraction of light constituent
_ca Rate of increase of light material in the outer core; see [11] and [77] �9�10�20 s�1

C Co-densitybC Scaled co-density; see [34]
_C Time rate of change of co-density; see [72] �5�10�20 s�1

C0 Typical magnitude of co-density See [60]

Cp Specific heat at constant pressure J kg�1 K�1

Cpe Effective specific heat of outer core � 1700 J kg�1 K�1

�Cp Mass averaged specific heat � 800 J kg�1 K�1

Cgr Effective specific heat for gravitational energy; see [85] � 300 J kg�1 K�1

Clh Effective specific heat for latent heat; see [86] � 600 J kg�1 K�1

D Material diffusivity �7�10�9 m2 s�1

f Fraction of area occupied by plumes See [59]

FS Divergence of flux of specific entropy W K�1

FC Divergence of flux of composition �3�10�21 s�1

F Body force N

F� Body force due to viscosity N

F�m Body force due to molecular viscosity N
ga Gravity vector in the reference state m s�2

�g Mass-average magnitude of gravity in the outer core ¼8.56 m s�2

g Acceleration of gravity m s�2

G Smoothing operator; see [76]
h Depth or distance m

J Buoyancy flux m4 s�3

Jicb Buoyancy flux at the base of the outer core � {15! 125} m4 s�3

Jc Buoyancy flux due to composition m4 s�3

k Thermal conductivity � 28 W m�1 K�1

KS Adiabatic incompressibility N m�2

L Typical length scale; also see [30] See [62]
LH Latent heat of fusion J kg�1

m Mass kg

M Mass within radius r kg

Mc Mass of core ¼1.94�1024 kg
Mic Mass of inner core ¼9.84�1022 kg

Moc Mass of outer core ¼1.84�1024 kg
_M Convective mass flux kg s�1

_M ic Rate of growth of inner-core mass �3.5�106 kg s�1

n Number of plumes on a spherical surface See [58]

nB Number of plumes threading a line of force

N Brunt Väisälä frequency s�1

pa Pressure in the reference state N m�2

P Scaled dynamic pressure; see [33] W

Pc Power due to compositional convection W

q Heat source per unit mass W kg�1

q� Sum of internal heat sources; see [14] W kg�1

qod Specific rate of Ohmic decay W kg�1

qrd Specific rate of radioactive heating W kg�1

Q Heat flux from core W

Qcd Heat flux down the adiabat W

(Continued )
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Table 1 (Continued)

Symbol Name
Dimensions and
magnitude

Qic Heat from inner core W

Qlh Heat released by solidification W
Qoh Ohmic heating W

Qrd Heat released by radioactive decay W

Qsc Heat flux due to secular cooling W

r Radial position m
r Radius m
�r Mass-averaged radius 2.76�106 m

s Specific entropy J kg�1 K�1

_sa Time rate of change of specific entropy in the reference state; see [12] W kg�1 K�1

_s� Sources of specific entropy; see [13] ��3.7�10�16 W kg�1 K�1

t Time S

T Temperature K
�T Mean temperature in outer core � 4350 K

u Fluid velocity m s�1

ũ Smoothed velocity; see [76] m s�1

u, v, w Plume velocity components; see [31] m s�1

U Typical speed based on Coriolis force; see [18] m s�1

Up Typical speed of plumes; see [44] See [61]

Vic Inner-core volume ¼7.6�1018 m3

_V p Volume flux of plume material �4�109 m3 s�1

_V ic Rate of growth of inner-core volume m3 s�1

W Speed of downwelling m s�1

x Coordinate direction normal to the plane of B and W m
xod Dimensionless Ohmic heating Qod 10�12 W�1

xrd Dimensionless radioactive heating Qrd 10�12 W�1

xT Dimensionless rate of cooling � [d�T /dt]3� 1015 s K�1

y Third Cartesian coordinate m
z Coordinate aligned with W m

� Coefficient of thermal expansion K�1

�s Entropic expansion coefficient;¼�TCp �7�10�5 K kg J�1

� Dimensionless distance along a field line; see [41]
� See [87]

� Fractional jump in density due to change in composition across the inner-core

boundary

�0.05

�Cc Jump in composition at the ICB; see [78]
�m Magnetic diffusivity �2 m2 s�1

	 Colatitude radian


 Thermal diffusivity;¼ k/�Cp m2 s�1

�
 Mass-averaged thermal diffusivity �3�10�6 m2 s�1

� Angle between B and W; see [32] radian

� Chemical potential J kg�1

�̂ Chemical potential gradient �4.4�107 J kg�1

�m Magnetic permeability ¼4
�10�7 Wb2 s2 m kg�1

�, �, � Plume coordinates; see [35]

� Dynamic pressure N m�2

� Local longitude radian
�a Density of the reference state kg m�3

�� Mass-averaged density of the reference state ¼1.09�104 kg m�3

��ic Mass-averaged density of inner core kg m�3

� dimensionless time; see [35]

� ic Age of the inner core s

�oc Mean turnover time of the outer core s

� Kinematic viscosity �5�10�7 m2 s�1

�c Mean gravitational potential of outer core �107 J kg�1

W Rotation vector s�1

(Continued )
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Much of our information of core structure and com-
position comes from teleseismic measurements of the
speed of sound,

ffiffiffiffiffiffiffiffiffiffiffiffi
KS=�a

p
.

8.06.2.2 Convective Equations

The equations governing convective motions in the
outer core are (see Chapter 8.05)

qu=qt þ u?rð Þuþ 2W� u ¼ –rOþ Cga

þ B?rð ÞB=�a�m þ Fv ½6�

r? �auð Þ ¼ 0 ½7�

qB=qt þ u?rð ÞB ¼ B?rð Þu –r� �mr� Bð Þ ½8�

r?B ¼ 0 ½9�

C ¼ –�ssc – cc ½10�

qcc=qt þ u?rð Þcc ¼ – Fc – _ca ½11�

and

qsc=qt þ u?rð Þsc ¼ – Fs – _sa þ _s� ½12�

where u is the fluid velocity, W rotation vector, �
dynamic pressure, ga reference-state gravity, C co-
density, B magnetic field vector, Fv viscous force, �m

magnetic permeability, �m magnetic diffusivity,
�s¼ (�T/Cp)a entropic expansion coefficient, Fc

divergence of flux of composition, _ca¼ dca/dt tem-
poral rate of increase of light material in the outer
core (due to the growth of the inner core), s specific

entropy (entropy per unit mass), Fs divergence of flux
of specific entropy, _sa¼ dsa/dt temporal rate of
increase of specific entropy in the reference state, and

_s� ¼ q�=Ta ½13�

represents the specific-entropy source due to heat
sources (per unit mass) arising from radioactive
decay, qrd, Ohmic dissipation, qod, and conduction
of heat down the adiabat:

q� ¼ qrd þ qod þ k=�að Þr2Ta ½14�

with k being (molecular) thermal conductivity. Note
that C is defined to be negative in buoyant plumes
and that conduction of heat is a sink rather than a
source of heat.

According to Roberts and Glatzmaier (2000), _ca

� 9� 10�20 s�1 and _sa ��3.7� 10�16 W kg�1 K�1.
It is estimated in Appendix 1 that _s�¼ (2.6xrd þ
2.6xoh� 7.5)�10�16 W kg�1 K�1 where the rates of
total heating (Q¼

R
qdm) in the core due to radio-

activity and Ohmic decay have been quantified by
xrd 1012 W and xoh 1012 W, respectively.

By using the variables � and C, several complica-
tions (involving the perturbations of density by
pressure and gravity by density) have been side-
stepped, although not ignored. Two advantages of
using specific entropy rather than temperature in the
density equation of state [10], are that the reference
state has uniform specific entropy and that �s is more
nearly constant across the outer core than is the

Table 1 (Continued)

Symbol Name
Dimensions and
magnitude

� Rotation rate ¼7.29�10�5 s�1

ICB Inner-core boundary
CMB Core–mantle boundary

Subscript

‘a’

Adiabatic reference state

Subscript
‘c’

Convective perturbation

E Ekman number [21]

Re Reynolds number [3]

� Lorentz number [19]
Ro Rossby number [20]

Rm Magnetic Reynolds number [22]

Ra Rayleigh number [26]
Sch Schmidt number [28]

Pr Prandtl number [29]

Magnitudes preceded by¼ are reasonably well known, and typically have two significant digits; magnitudes preceded by� are accurate to
about one significant digit (or a bit less); magnitudes preceded by � are rough approximations, with likely errors of 100%, and possibly
more. A range of values is denoted by two numbers in curly brackets, separated by an arrow.
An additional dimensionless parameter is the Gruneisen parameter � (�KS/�aCP).
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thermal expansion coefficient, � [(�s)icb/(�s)cmb¼ 0.78
while �icb/�cmb¼ 0.57]. Using data from Stacey and
Davis (2004), �s� {8.3, 6.5}� 10�5 K kg J�1 at the
{top, bottom} of the outer core.

In the case that only molecular processes act, Fv is
given by [2],

Fc ¼ –D r2cc –r? �a�ga=�̂
� �� �

½15�

and

Fs ¼ – k r2Tc

� �
=�aTa ½16�

where D is material diffusivity, �¼ q�/qp, �̂¼ q�/
qc, and � is the chemical potential difference between
the two constituents (with core material being mod-
eled as a binary alloy of metal and nonmetal; see
Loper and Roberts, 1981).

For molten iron alloys near the melting point,
D� 7� 10�9 m2 s�1 (Chalmers, 1964; Poirier, 1988),
while Loper and Roberts (1981) estimated that a plau-
sible range for �a� is between 1 and 2.5 and that
�̂� 4.4� 107 J kg�1. The magnitude of r2cc is difficult
to estimate, but it is likely not to exceed that of the
second term in the square bracket on the right-hand side
of [15]; that second term is dominated by the divergence
of gravity. Altogether, Fc � 3� 10�21 s�1; this is negli-
gibly small compared with _ca, which has been estimated
following [14]. The value of thermal conductivity in the
outer core is somewhat uncertain. Stacey and Anderson
(2001) estimated k to vary from 46 W m�1 K�1 at the
CMB to 63 W m�1K�1 just above the ICB. However,
Stacey (personal communication, 2005) now prefers a
value k¼ 28 W m�1 K�1, with little variation with
depth. The magnitude of r2Tc is also difficult to esti-
mate, but for any reasonable estimates, Fs� _sa.

To a good approximation �s may be treated as a
constant and Fs and Fc neglected. Now eqns [11] and
[12] may be combined to yield an evolution equation
for the co-density:

qC=qt þ u?rð ÞC ¼ �s _sa – _s�½ � þ _ca ½17�

Taking �s� 7� 10�5 K kg J�1 and using previous esti-
mates, the forcing term on the right-hand side of [17] is
roughly [12 – 1.8 (xrdþ xoh)]� 10�20 s�1, where xrd and
xoh were introduced in the discussion following [14].

The unparametrized form of the governing
equations contain four molecular diffusivities, for
momentum (�), material (D), heat (
¼ k/�Cp), and
magnetic flux (�m). While �, D, and 
 are small and
thus appear to require parametrization, �m is suffi-
ciently large that parametrization is neither needed
nor desirable.

8.06.3 Parameters and Scaling

In this section, the dimensionless parameters asso-
ciated with the governing equations are presented

and discussed, beginning in Section 8.06.3.1 with
those arising in the momentum and magnetic-diffu-

sion equations and concluding in Section 8.06.3.2

with those arising in the equations governing varia-
tion of composition and entropy.

8.06.3.1 Momentum and Magnetic
Diffusion Equations

As noted in Section 8.06.1.4, the force balances in [6]
are far different from those in the traditional form of

the momentum equation, [1]. Whereas the dominant
balance in [1] is between pressure and inertia with

the viscous force typically being small, the dominant

balance in [6] appears to involve Coriolis, Lorentz,
pressure, and buoyancy forces, with inertia and

viscosity being small, although possibly not negligi-
ble. By custom for rapidly rotating systems, the

Coriolis force is used as the reference force, against
which other forces are measured. Most of these com-

parisons are quantified by dimensionless parameters,

considered below. The exceptions are the pressure
and buoyancy forces, which, when compared with

the Coriolis force, yield scales for the dynamic
pressure and velocity. The pressure scale is not of

interest, while the characteristic velocity, U, is

normally given by

U ¼ C0�g=2� ½18�

where �¼kWk¼ 7.29� 10�5 s�1, �g ¼ 8.56 m s�2 is
the mass-averaged magnitude of gravity in the outer
core, and C0 is a characteristic amplitude of C. (Here
and below, an overbar denotes an average (of a vari-
able but well-determined quantity) within the outer
core, while a subscript ‘0’ denotes a typical or char-
acteristic value (of a quantity of somewhat uncertain
magnitude). Also, an equal sign implies accuracy to
roughly two significant digits, � implies one signifi-
cant digit (or a bit less), and� implies likely errors of
100% or possibly more.) The velocity deduced from
secular variation of the geomagnetic field (e.g., see
figure 4.1 of Merrill et al., 1996), 0.38	 yr�1� 7�
10�4 m s�1, is produced by this scaling with
C0� 1.2� 10�8. It is shown in Section 8.06.4 that
the rise speed of small-scale plumes can be greater
than indicated by this velocity scale.
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The Lorentz, inertial, and (molecular) viscous
forces are quantified by the Elsasser, Rossby, and
Ekman numbers, respectively:

� X B2
0=�m�m ��2� ½19�

Ro XU=2�L ½20�

and

E X �=2�L2 ½21�

where B0 is a typical magnitude of the magnetic field
in the outer core and �� is the mean density. In addi-
tion, an important measure of dynamo action is the
magnetic Reynolds number:

Rm XUL=�m ½22�

which quantifies the relative importance of induction
and Ohmic dissipation. In the core �m� 2 m2 s�1; this
parameter is invariably treated as a constant.

For large-scale motions in the core, E is very small
and � is roughly of unit order; �¼ 1 if B0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m�m ��2�
p

� 2� 10 – 3Wb m�2. One physical
interpretation of the Elsasser number is that it is the
ratio of the Joule damping time, �m�m ��=B2

0 , to the
period of rotation of Earth, 2
�. A unit-order
Elsasser number implies a large Lorentz force, cap-
able of damping flow structures (such as free vortices)
on timescales of the order of 1 day. This illustrates
one difficulty in maintaining the dynamo; if the mag-
netic field is to be maintained efficiently, it must be
configured so that this damping is not strong. It is
likely that the Elsasser number in the core is large;
see Section 8.06.5.3.

While the magnitudes of dimensionless numbers
are illustrative of the relevant force balances, they do
not tell the entire story. In addition to magnitude,
forces have three other relevant attributes: conserva-
tive/dissipative/source, linear/nonlinear, and degrees
of freedom. Conservative forces, such as inertia,
Coriolis, and pressure, redistribute kinetic energy but
do not degrade it to heat. Dissipative forces, such as
Lorentz (coupled with finite electrical resistivity) and

viscous, act to dissipate kinetic energy. The buoyancy
force acts as a source of kinetic energy, counterbalan-
cing dissipation. A force is nonlinear if it involves a
dependent variable more than once (e.g., inertia) or if
it involves a dependent variable that is governed by a
nonlinear equation (Lorentz, buoyancy). Degrees of
freedom refers to the structure of a force vector. The
forces that have three degrees of freedom and are fully
three-dimensional (3-D) are inertia and (molecular)
viscous. The Coriolis and Lorentz forces involve cross
products which constrain them to have two degrees of
freedom. Buoyancy acts in a fixed direction and so has
one degree of freedom. Pressure, being the gradient of
a scalar, also has only one degree of freedom. These
properties are summarized in Table 2. Note that the
viscous term is the only dissipative force having three
degrees of freedom.

The limitation in the degrees of freedom of the
Coriolis force results in the well-known Taylor–
Proudman Theorem:

W?rð Þu ¼ 0 ½23�

This constraint is valid only at dominant order and
only if the Coriolis force is much larger than the
Lorentz force (i.e., if �� 1). By the same token, the
limitation in the degrees of freedom of the Lorentz
force (in the case that �
 1) impresses a similar
structure on the velocity, but now with invariance
in the direction of B rather than W. These two con-
straints, taken together, imply that fluid motions in
Earth’s outer core are pancake shaped (Braginsky and
Meytlis, 1990; see Section 8.06.4).

As seen in Table 2, the momentum equation con-
tains three nonlinear terms, representing the Lorentz,
inertial, and buoyancy forces. The buoyancy force is
nonlinear by virtue of the advection term in [17]; this
is a primary source of nonlinearity in the mathematical
problem governing convective motions in the outer
core. The noninertial force is proportional to the
Rossby number, defined by [20], and is small for
flows which are sufficiently rapid or of sufficiently
large scale that Ro� 1. It is shown in Section 8.06.4

Table 2 Summary of forces in outer-core dynamics

Force Dominant or secondary Conservative, dissipative, or source Linear or nonlinear Degrees of freedom

Coriolis Dominant Conservative Linear 2

Lorentz Dominant Dissipative Nonlinear 2

Pressure Dominant Conservative Linear 1

Buoyancy Dominant Source Nonlinear 1
Inertia Secondary Conservative Nonlinear 3

Viscous Secondary Dissipative Linear 3
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that the inertial force is likely to be important in the
dynamics of buoyant plumes and that the Lorentz
force and accompanying magnetic diffusion equation
may be linearized when considering buoyant plumes
having small spatial and/or velocity scales such that
Rm��. In this limit, at dominant order in powers of
Rm, equations [6] and [8] may be expressed as

qu=qt þ u?rð Þuþ 2W� u ¼ –rOþ Cga

þ B0?rð ÞB=�a�m þ Fv

½24�

and, with constant magnetic diffusivity,

B0?rð Þu ¼ – �mr2B ½25�

where B0 is the large-scale magnetic field (to
be treated as a constant). Buoyancy is a source of
kinetic energy, through convective instability, only if
the density distribution is favorable (e.g., heavy fluid
above light). The tendency for, and strength of, con-
vective instability is quantified by the Rayleigh
number which, in the present case, is of the form

Ra ¼ C0�gh3=��
 ½26�

where �
 is the appropriate (thermal or compositional)
mass-averaged molecular diffusivity and h is a vertical
distance. Instability occurs when denser fluid underlies
lighter and Ra exceeds a critical value of roughly 1000.
Typically Ra is very large in the outer core. For exam-
ple, with �
 X k=�� �Cp and using ��¼ 1:09� 104 kg m – 3

and �Cp � 800 J kg – 1K – 1 (Stacey and Davis, 2004) plus
k¼ 28 W m�1 K�1 (F. Stacey, personal communica-
tion, 2005), �
� 3� 10 – 6 m2 s – 1. If the outer core
(h� 2.2� 106 m) has a heavy-over-light co-density
contrast of, say, C0 � 10�9 with �� 5� 10�7 m2 s�1,
�g � 8.56 m s�2, then Ra � 6� 1022, indicating extreme
convective instability. With compositional diffusivity,
the Rayleigh number is even larger. On the other hand,
if the outer core had a light-over-heavy co-density
contrast, the Brunt Väisälä frequency would be

N ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
�gC0=h

p
½27�

With previous estimates, N� 6� 10�8 s�1� 2 yr�1.
(Note that this estimate is for illustration only; it is
not suggested here that the bulk of the outer core is
stratified.)

8.06.3.2 Composition and Specific Entropy

Equations [11] and [12] with the diffusive forms of
the flux divergences [15] and [16], when nondimen-
sionalized, yield two dimensionless parameters

quantifying the relative strengths of advection and
diffusion: the Schmidt and Peclet numbers are

Sch ¼ UL=D ½28�

and

Pr ¼ UL=�
 ½29�

8.06.4 Scaling and Structure of
Plumes

A dominant factor in structure of plumes in the outer
core is the constraint imposed by rotation, quantified
by [23] in the limit that buoyancy and Lorentz forces
are negligibly small. If � � O(1), this constraint is
modified by the action of the Lorentz force in such a
way that convective motions are facilitated. For
example, the critical Rayleigh number for thermal
convection in a rapidly rotating fluid decreases as the
effect of the magnetic field increases (Chandrasekhar,
1961).

It is generally believed that the dynamo is in
the strong-field regime (Roberts et al., 2003; see

Chapter 8.08), characterized by � 
 1 in the bulk
of the core. This suggests that, by adopting a suitable
size and shape, the rise speed of plumes can exceed
the magnitude predicted by [18]. On the other hand,
the rise speed is limited by the condition that the
Rossby number not exceed unity; only flows having a
duration less than 1 day can have a large Rossby
number. That is, the maximum characteristic rise
speed is 2�L, where L is the thickness (i.e., smallest
linear dimension) of the plume. In order that the
characteristic speed of form [18] (with the mean
value of gravity replaced by the local value) not
exceed this maximum, the characteristic lengthscale
must satisfy L � C0g/4�2. Detailed scaling of plume
flow (presented below) reveals that L exceeds this
lower bound in proportion to the Elsasser number;
that is,

L ¼ C0g�

4�2
½30�

Adopting this scaling, the velocity, magnetic field,
and buoyancy may be expressed as (H. Shimizu,
private communication, 2006)

u ¼ U ux̂þ �vŷþ �wẑ½ � ½31�
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and

B¼ B0 sin �ð Þŷþ cos �ð Þẑ½ �þB0
Rm

�

1

�
ax̂þ bŷþ cẑ

� �
½32�

O ¼ C2
0 g2

4�2
�2P ½33�

C ¼ C0
bC ½34�

where x is a coordinate direction normal to the plane
of B and W, z is aligned with the rotation axis (see
Figure 3), C0 is the magnitude of the buoyancy, and
U is given by [18] with the mean magnitude of
gravity replaced by the local value. The coordinates
and time may be nondimensionalized as

x; y; z; tf g ¼ L�; L��; L��;
1

2�
��

	 

½35�

It may be seen from [32] that the perturbation mag-
netic field is small provided that Rm��. Assuming
this condition to be satisfied, the governing equations
are, at dominant order in powers of ��1,

– v þ qP

q�
¼ 0 ½36�

Dv

D�
þ u þ qP

q�
þ sinð	Þsinð�ÞbC ¼ sinð�Þ qb

q�
½37�

Dw

D�
þ qP

q�
þ cosð	ÞbC ¼ sinð�Þ qc

q�
½38�

qu

q�
þ qv

q�
þ qw

q�
¼ 0 ½39�

and

– sinð�Þ q
q�
fu; v; wg ¼ q2

q�2
fa; b; cg ½40�

where 	 is colatitude, � is local longitude, and

q
q�
¼ q

q�
þ cosð�Þ

sinð�Þ
q
q�

½41�

is a derivative in the direction of the large-scale
magnetic field.

Equations [36]–[40], together with a suitably non-
dimensionalized version of [17], constitute a set of
eight equations for eight unknowns: a, b, c, u, v, w, P,
and bC . The forcing function for this set of homoge-
neous equations is in the initial or boundary
condition for bC . Energy is provided to the flow by
the buoyancy terms bC in [37] and [38] and is dis-
sipated by the Lorentz terms in the same equations.

Although the aspect ratio of plumes governed by
this set of equations is the same as that proposed by
Braginsky and Meytlis (1990), there are some differ-
ences between the two approaches. Whereas Braginsky
and Meytlis conceived of transient plumes arising from
an unstable background state and dissipating before
reaching a fully nonlinear state, the above equations
govern possibly stable plumes surrounded by core fluid
that is otherwise convectively stable.

In the absence of any instability, steady source of
buoyancy at the ICB would produce a plume of
indefinite length. However, it is likely that any such
plume is unstable (e.g., see Eltayeb and Loper, 1997;
Classen et al., 1999; Eltayeb et al., 2005), leading to the
production of a sequence of plumes governed by the
equations presented above. It is not known at the
present time whether such plumes are stable struc-
tures or are prone to further instability, but the
scaling presented in the following section suggests
that they are unstable.

8.06.5 Dynamics of the Plume Region

This section considers the dynamics of an ensemble of
plumes within the plume region near the base of the
outer core. This region is characterized by narrow,
relatively isolated (having area fraction f� 1) regions
of rapid upwelling (plumes) embedded in a broad
region of downward flow. Due to the secular evolution
of composition and entropy in the outer core, the
descending fluid is stably stratified. Thus the structure
of the plume region is similar to that encountered in
the box-filling mode (Turner, 1975). The magnitudes
and fluxes within the buoyant plumes are quantified in
Section 8.06.5.1 and the dynamic stratification of the
downwelling regions is quantified in Section 8.06.5.2.

λ
θ

B

g
x

φ

y

Ω = Ωz

Figure 3 A depiction of the relative orientation of rotation,
magnetic field and gravity vectors, and associated angles.
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8.06.5.1 Plume Flux

Dynamics of plumes may be cast in terms of the

buoyancy flux, J:

J ¼ C0g _Vp ½42�
where total upward volume flux of plume material is

_Vp � 4
r 2Upf ¼ ApUpn ½43�
In this expression, n is the number of plumes which
occupy an area fraction f of a spherical surface a
distance r from Earth’s center,

Up ¼ C0g�=2� ½44�

and Ap is the horizontal area of a single plume:

Ap �
L2�

cosð	Þ ½45�

Note that Up¼�U, with U given by [18] with �g
replaced by g, and Up¼ 2�L with L given by [30].

If a steady plume were to rise through fluid that is
neutrally buoyant, its buoyancy flux would be con-

stant, independent of height, in spite of entrainment

of ambient fluid.
Equations [42]–[45], together with [30], may be

combined to yield expressions for C0, Up, and L in

terms of J and other factors. The most uncertain of the

other factors are f and n. Since these are related to J by

n�2J ¼ 128
2r 4�3cosð	Þf 2 ½46�

where an overbar denotes an average, the expressions
for C0, Up, and L may take a number of forms. For
example, elimination of n yields

C0 �
ffiffiffiffiffiffiffiffiffi

1

2�f

s
1

rg

ffiffiffiffiffiffiffi
�J




r" # ffiffiffiffiffiffiffiffiffi
1

2�f

s
C� ½47�

Up �
ffiffiffiffiffi
�

2f

s
1

2r

ffiffiffiffiffiffiffi
J


�

r" # ffiffiffiffiffi
�

2f

s
U� ½48�

and

L �
ffiffiffiffiffi
�

2f

s
1

4�r

ffiffiffiffiffiffiffi
J


�

r" # ffiffiffiffiffi
�

2f

s
L� ½49�

Alternately, elimination of f (setting cosð	Þ ¼ 1=2)
yields

C0 �
2�

g�

�J

n

� �1=4

½50�

Up �
�J

n

� �1=4

½51�

and

L � 1

2�

�J

n

� �1=4

½52�

Although the factors f and n are poorly known and
quite variable, they do have firm limits: f� 1 and n� 1.
A slightly more stringent limit applies to f, on the
assumption that in the well-mixed region upwelling
and downwelling plumes occupy similar areas, f� 1/2.
These imply the following limits:

16
2r 4�3

J�2
� n � 1 ½53�

1

2
� f � �

16
r 2�

ffiffiffiffi
J

�

r
½54�

1

rg

ffiffiffiffiffiffiffi
�J


�

r
� C0 �

2�5=4J 1=4

g�
½55�

1

2r

ffiffiffiffiffiffiffi
J�


�

r
� Up � ð�J Þ1=4 ½56�

and

1

4�r

ffiffiffiffiffiffiffi
J�


�

r
� L � J 1=4

2�3=4
½57�

These scaling expressions are local (not involving
radial derivatives) and thus are valid for plumes rising
through surroundings that are not neutrally buoyant.
However, J is not independent of radius (i.e., distance
from the center of Earth) in that case.

In estimates [53]–[57], the left-hand limits apply
to the well-mixed region (with f¼ 1/2), with right-

hand limits possibly approached in the plume region,

where f� 1. A plausible range of values for the buoy-

ancy flux at the base of the outer core is

Jicb� 15! 125 m4 s�3 (see [94] and discussion fol-

lowing). For purposes of illustration, consider

J� 50 m4 s�3. An estimate for � comes from dynamo

modeling; a plausible range of the typical magnetic

field obtained by numerical simulations (Glatzmaier,

personal communication, 2006) is between 0.01 and

0.05 Wb m�2, giving a plausible range 25 < � < 626.

For purpose of illustration let B0¼ 0.03 Wb m�2,

which yields �¼ 225. Near the base of the outer

core, r¼ 1.3� 106 m and g¼ 4.5 m s�2, while in the

interior, the mean values are appropriate:

�r ¼ 2.76� 106 m and �g ¼ 8.56 m s�2. With these

numerical values, [53]–[57] become

7� 107 � n � 1 ½58�

198 Turbulence and Small-Scale Dynamics in the Core



0:5 � f � 3� 10 – 5 ½59�

9:6� 10 – 11 � C0 � 3:5� 10 – 8 ½60�

1:3� 10 – 3m s – 1 � Up � 0:25 m s – 1 ½61�

and

8:7m � L � 1700 m ½62�

It is likely that J becomes small near the top of the
outer core, in which case the above numerical esti-
mates need to be modified appropriately. Further, the
plume scaling does not apply within a stable region
near the top of the outer core (if such a region exists).
In particular, note that the velocity limits in [61]
cannot be directly compared with the velocity esti-
mated from secular variation because the value of J

employed above is not representative of conditions
near the top of the outer core.

Within the plume region near the base of the
outer core, the fact that number of plumes is propor-
tional to the square of f suggests two things. First,
within the plume region, plumes are few in number,
large, and vigorous. Second, as the plumes rise, they
become more numerous, smaller, and weaker. This
implies that the plumes are unstable, breaking up as
they rise.

8.06.5.2 Relative Magnitudes of Forces
and Fluxes

With these scalings, the relative magnitude of the
viscous force is quantified by the Ekman number,
written as

E ¼ 16
r 2�2�

J
f � 0:02f ½63�

and the magnitude of the perturbation magnetic field
produced by an individual plume, relative to the
applied field, is

Rm

�
¼ J

16
r 2�2�mf
� 1:2� 10 – 5

f
½64�

The numerical estimates are suitable for the middle
of the outer core. The appearance of the factor � in
the denominator on the left-hand side of [64] is due
to the fact that for plumes the relative magnitude of
advection relative to diffusion is given by

ðu?rÞ
r2

� 2�L2

�
� 2:4� 10 – 5

f
½65�

It follows that the Schmidt and Prandtl numbers for
plume flow are

Sch ¼
J

16
r 2�2Df
� 3400

f
½66�

and

Pr ¼
J

16
r 2�2 �
f
� 8

f
½67�

The numerical estimates in [63], [64], [66], and [67]
employ the molecular values of viscosity and mag-
netic diffusivity; see the table of notation. It is clear
that molecular viscosity, thermal diffusion, and mate-
rial diffusion are small for all possible values of f,
while magnetic induction in a single plume may
become appreciable if f � 1.2� 10�5. (Recall that
the equations presented in Section 8.06.4 are valid
only if magnetic induction is negligible.)

8.06.5.3 Plume Dynamo Action

It is not known whether individual small-scale buoy-
ant plumes contribute positively to dynamo action.
Assuming that they do, the combined and cumulative
effect of an ensemble of small-scale buoyant plumes
on the dynamo process is unknown, but it has the
potential to be important. In fact, it was found in
Section 8.06.5.2 that the effective magnetic
Reynolds number of individual plumes may be of
unit order provided f � 1.2� 10�5. If the dynamo
action of individual plumes were additive, the total
effect would be quantified by nBRm/�, where nB is
the number of plumes threaded by a given line
of force. Given that the lateral extent of individual
plumes is of order L and assuming that they occupy
a fraction f of a given line of force having length h,
it follows that nB¼ fh/L. Using this, [49] and [64]
give

nB
Rm

�
¼ h

4
��m

� � ffiffiffiffiffiffiffiffiffiffi
2
fJ

��

r
½68�

With previous numerical estimates, this equation
predicts the potential for significant dynamo action
if h

ffiffiffi
f

p
> 8� 105 m. Again it should be emphasized

that these quantitative estimates, and the assumption
of additive dynamo effect, are very uncertain.
However, since f � 1 by definition, it appears that
plumes can provide significant dynamo action only if
the extent of a given line of force is larger than
the depth of the core. This can be the case; in the
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strong-field limit, the field is dominated by a strong
toroidal field which is predominantly aligned in the
zonal direction.

8.06.5.4 Stratification in Downwelling
Regions

Due to the secular evolution of the outer core,
successive layers of fluid descending toward the
ICB are progressively more buoyant, making the
core in such regions stably stratified. The structure
of plumes near the bottom of the outer core is likely
to be affected by this stratification, which is quanti-
fied in this subsection.

Local stratification is typically quantified by the
Brunt–Väisälä frequency of the form

N.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g j dC=dr j

p
½69�

Near the base of the outer core, g � gicb, while the
vertical gradient of co-density, using [10], is

dC

dr
¼ –�s

dsc

dr
–

dcc

dr
½70�

(The derivative of �s is assumed small.) At the ICB,
�s� 6.5� 10�5 K kg J�1.

Assuming that the descending motion is locally
steady and vertical and writing u ¼ –W r̂, where r̂ is
a unit vector pointing upward and using [11]
(with Fc¼ 0) and [12] (with Fs¼ 0), [70] becomes

dC=dr ¼ _C=W ½71�

where

_C X�s _s� –�s _sa – _ca ¼ 1:7xrd þ 1:7xoh – 11:5½ � � 10 – 20s – 1

½72�

and the numerical estimates following [14] have been
used. It is unlikely that the rate of heating due to
radioactivity or Ohmic dissipation is sufficiently
large to make this gradient positive. Assuming, for
example, that xrd þ xoh� 3 (i.e., the rate of internal
heating due to radioactive decay and Ohmic heating
is 3� 1012 W), _C� 5� 10�20s�1. By conservation of
volume, in the limit that f� 1, the speed of down-
welling is given by

W ¼ 2�Lf �
ffiffiffiffiffiffiffiffiffi
2f �

p 1

4r

ffiffiffiffiffiffiffi
J


�

r" #
�

ffiffiffiffiffiffiffiffiffi
2f �

p
4� 10 – 5m s – 1 ½73�

where [48] has been used. Using �¼ 225, W �
ffiffiffiffiffi
2f

p
6� 10 – 4m s – 1 . Combining [71] and [73] gives

dC

dr
� 1ffiffiffiffiffiffiffiffiffi

2f �
p 4r _C

ffiffiffiffiffiffiffi

�

J

s" #
½74�

and, recalling that dC/dr and _C are negative, the
Brunt–Väisälä frequency due to compositional stra-
tification is

N ¼

ffiffiffiffiffiffiffiffiffiffiffi
g

dC

dr

���� ����
s

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4rg _C
�� �� ffiffiffiffiffiffiffiffiffiffiffiffi


�

J2f �

svuut � 10 – 7

ðf �Þ1=4
s – 1 ½75�

This translates to an oscillation period of (f �)1/4

0.32 years or, if �¼ 225, f 1/4 0.25 years. Further, if f

were to achieve the smallest value quoted in the
paragraph following [54], the period of oscillation
would be about 5 days. While the magnitudes of
these estimates are somewhat uncertain, they demon-
strate that a significant degree of stratification is
theoretically possible, and that strength of stratifica-
tion increases as f decreases; that is, the stratification
of descending material becomes progressively stron-
ger as it approaches the ICB.

8.06.6 Cascades and Transfers of
Energy in Core Turbulence

Perhaps the greatest difference between classic tur-
bulence and turbulence in Earth’s core is in the
cascade of energy. In classic turbulence, kinetic
energy is fed in at large scales and it cascades through
the so-called inertial range to smaller scales, until
viscous dissipation transforms it to heat. In contrast,
in the core, the cascade process involves the Lorentz
force which is dissipative at all scales. That is, there is
nothing like an inertial range in which energy is
transferred without loss. In particular, Siso-Nadal
and Davidson (2004) have shown that the structure
of a vortex in a homogeneous rotating hydromagnetic
fluid evolves rapidly (on a scale of days) to a shape
that minimizes the effects of the Coriolis and Lorentz
forces. It is very likely that flows driven by buoyancy
will have this same general characteristic of minimiz-
ing these forces. A likely shape is one flattened in the
plane of W and B; this is the pancake shape identified
by Braginsky and Meytlis (1990; see Section 8.06.4).

The existence of the inertial range also relies on
an input of kinetic energy at the largest scales of
motion, often by mechanical means, such as forced
convection. If instead the energy of fluid motion is
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supplied by buoyancy forces (as is the case for most
geophysical flows), the situation may be quite differ-
ent. In order to generate large-scale structures, there
must be a significant and reasonably efficient cascade
of energy up the spatial scale. This is known to occur
in the atmosphere and oceans due to the constraint
imposed by the Coriolis force, coupled with the
extreme aspect ratio of the fluid bodies (having
depth much smaller than lateral extent; e.g., see
Starr, 1968). It is not clear whether a similar process
will act in the outer core, which is subject to the
action of the Lorentz force and which is a deep fluid.

Given that the dynamo has a limited energy supply
(see Chapter 8.02), it is apparent that the dynamo must
avoid flows and structures that dissipate energy
strongly on small scales. One way to accomplish this
is to have the energy fed in at the largest dynamically
possible scale, with virtually no cascade of energy to
smaller scales. Another is to have the small-scale flow
structures configured in a way to minimize Ohmic
dissipation. At this point, our knowledge of the
dynamics of small-scale flow structures is inadequate
to determine which, if either, alternative is preferred.

8.06.7 Approaches to
Parametrization of Turbulence

Numerical simulations of convection and dynamo
action applicable to Earth’s core are forced to operate
in regions of parameter space far removed from core
conditions. There are two reasons for this: limitations
of speed and storage in current computers and the
need for numerical stability. A good review of these
limitations is given by Glatzmaier (2002). The first of
these limitations will be with us for a very long time,
while the second can be remedied by the advent of
better numerical schemes.

Given the wide disparity in scales between the
observed magnetic field (�106 m) and dissipation of
kinetic energy by molecular viscosity (<1 m), it is
clear that some sort of parametrization of the smaller
scales is necessary in numerical simulations of core
dynamics and the dynamo process. Less clear are the
processes to be parametrized and the proper form of
the parametrizations. For example, scalar dissipative
parametrizations are poor approximations to noniso-
tropic and nondiffusive processes.

8.06.7.1 The Need for Parametrization

The full set of governing equations consist of four
evolution equations plus a diagnostic equation to be

solved for two vectors (velocity and magnetic field)
and three scalars (pressure, composition, and
entropy). The molecular form of these equations
contain four diffusivities: �m, �, 
, and D. However,
the relatively large value of magnetic diffusivity per-
mits the Lorentz force and the equation for the
magnetic field to be linearized for small-scale flows,
effectively obviating the need for parametrization.
That leaves fluxes of momentum, material, and heat
to be parametrized.

Consider first the momentum equation, [24], and
the need to parametrize viscous momentum flux.
The magnitude of molecular viscosity is very small,
so that parametrization appears inevitable. However,
it first must be determined whether parametrization
is necessary. With current numerical models, para-
metrization of the viscous force is necessary to
achieve numerical stability. However, there are
numerical schemes on the horizon (such as WENO;
see Jiang and Wu, 1999) that are numerically con-
vergent with very small viscosity. Once such schemes
are adopted, this requirement will disappear.

The question to be addressed now is whether, and
under what circumstances, the viscous force is impor-
tant and must be parametrized in numerical
simulations. Viscosity is well known to be important
in thin layers, such as the Ekman and Stewartson
layers. Current numerical simulations explicitly
resolve the Ekman layer, and this imposes a signifi-
cant constraint on the choice of grid spacing and
magnitude of viscosity. This limitation could be
removed by the use of Ekman–Hartmann compat-
ibility conditions; see Loper (1970). Further, when
hydromagnetic effects are present, they dominate the
Stewartson-layer structure, making the viscous force
irrelevant; see Hollerbach (1996). In sum, there
appears to be no need to parametrize small-scale
viscous structures such as boundary layers.

What is rather less well known is the role of the
viscous force in determining large-scale structure in
flows driven by buoyancy forces, as is the case in
Earth’s core. Shimizu and Loper (1997) showed
that, no matter how small the molecular viscosity,
the viscous force is important in determining the
scale of rotating hydromagnetic flow structures dri-
ven by buoyancy. This importance may be
understood by realizing that both the Coriolis and
Lorentz forces are anisotropic and provide no con-
straint on the shearing structure of flows that lie in
the plane of W and B; the viscous force must provide
that constraint. The extent of the flow structures
which involve viscosity is quite large, and may not
be realized in the outer core, which is of finite size.
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The parametrized form of turbulent diffusion
of entropy and material should mirror the structure

of the relevant fluid motions. That is, the

effective diffusivities should be anisotropic, having a

structure such as that proposed by Braginsky and

Meytlis (1990), as described in the following

subsection.

8.06.7.2 Diffusive Parametrizations

The simplest form of parametrization is that dictated

by molecular processes, using greatly enhanced

coefficients, often called eddy diffusivities. ‘‘All

models of the geodynamo crudely approximate . . .
turbulent transport as a simple, isotropic, homoge-

neous, diffusive process modeled after molecular

diffusion but with an enhanced ‘turbulent diffusivity’.’’

(Glatzmaier, 2002). This approach has been surpris-

ingly successful, producing earth-like dynamos in

numerical simulations. However, these simulated

dynamos require a large amount of power – more

than the Earth is likely to be able to supply.

The diffusive coefficients used in current 3-D

numerical simulations are sufficiently large that the

resolved scales of motion are stable and the flow fields

are in fact laminar. Glatzmaier (2005) has noted

that turbulent motions are likely to be significantly

different than laminar, so it is important to reduce

the diffusivities and run 3-D models in the turbulent

regime.
A variant on the eddy diffusivity approach is to

use hyperdiffusivities, in which the magnitude of the

diffusion coefficient increases as the lengthscale

decreases. This has the advantage of reducing the

amount of dissipation at larger scales, while provid-

ing numerical stability. The utility of this approach

has been summarized by Glatzmaier (2002).
The influence of Coriolis and Lorentz forces is

nonisotropic and a better parametrization will corre-

spondingly entail nonisotropic (tensorial) eddy

diffusivities. A heursitic model has been proposed

by Braginsky and Meytlis (1990; summarized in

appendix C of Braginsky and Roberts, 1995). In this

model, the scalar viscosity is replaced by a tensor

with principal axes locally aligned with W and B

such that the in-plane viscosity is of the same magni-

tude as magnetic diffusion (i.e., on the order of

1 m2 s�1), while that normal to the plane is smaller

by a factor 10�3. The parametrizations of diffusion of

heat and material are the same as for viscosity.

8.06.7.3 Alternative Parametrizations

A fundamental shortcoming of all diffusive
parametrizations is their inability to simulating non-
diffusive processes that alter the scale and structure
of flow and field. As a result, diffusive parametriza-
tions tend to overpredict dissipation of magnetic and
kinetic energy and misrepresent the dynamical struc-
tures. Several approaches have been suggested to
circumvent this limitation, including the similarity
and alpha models. Common features of these models
are a smoothing operation and a closure assumption.

The similarity model is based on a premise and an
assumption. The premise is that the dominant sub-
grid scales are those just below the resolution of the
large-eddy simulation (LES) at hand. The assump-
tion is that the structure of largest unresolved scales
is similar to that of the smallest resolved scales. The
development of the similar model entails the appli-
cation of a series of smoothing operations of the form

ũðr; tÞ ¼
Z

G r – r9ð Þu r9; tð Þdr9 ½76�

where the smoothing operator, G, is typically
Gaussian in form. Closure is achieved by assuming
that the fluctuations to be parametrized are similar in
form to those of the smallest resolved scales. Initial
implementation of this method appeared promising;
it clearly outperforms eddy-diffusive models (Buffett,
2003). However, recent results indicate that this
method is of limited utility; its ability to accurately
predict the structure of the subgrid processes seems
to decrease fairly rapidly with scale separation.

The alpha model employs smoothing of small-scale
fluctuations on a Lagrangian trajectory, with the result
expressed in the usual Eulerian framework. The
smoothing process can be cast in the form of [76]. The
parameter alpha, which gives the method its name, is a
lengthscale separating large-scale, active motions from
small-scale passive motions. The formulation is closed,
for example, by using Taylor’s hypothesis of ‘frozen-in’
turbulence. For details, see Holm (2002). Like the simi-
larity model, the alpha model is much in its infancy and
it has yet to be demonstrated that it is capable of resol-
ving small-scale structures accurately.

8.06.8 Unresolved Issues and
Future Directions

The goal of numerical simulations of core dynamics
and the geodynamo is to operate in parameter
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regimes where the results are relevant to Earth’s core.
Initial results with crude parametrizations, involving
large eddy diffusivities, have been very promising,
but these results are for parameters far from ‘Earth
like’. In order to make progress, a combination of
advances needs to be made, including the use of
larger and faster machines, the use of better
algorithms (such as WENO, that do not need
dissipation for numerical stability), and the use of
better parametrizations of small-scale structures
near boundaries (such as the Ekman or Ekman–
Hartmann layer) and in the interior of the core (asso-
ciated with turbulence and energy cascades).

Bigger and faster machines will be developed at a
fairly predictable pace, but given the disparity
between currently resolved scales and the smallest
dynamic scales in the core, there is little hope of
solving the geodynamo completely by direct numer-
ical simulation (i.e., by brute force). Major advances
can be made fairly quickly and economically by
adopting new numerical schemes that do not need
large dissipations for numerical stability, and para-
metrizations that obviate the need to resolve viscous
boundary layers. However, the problem of para-
metrizing the unresolved scales will remain for
some time to come.

Regarding turbulence and energy cascades, rela-
tively little is known of ‘mesoscale’ dynamics, on
scales having small magnetic Reynolds, Ekman,
Peclet, and Schmidt numbers. Key questions that
remain to be resolved include:

• On what scale is energy fed into convective
motions by buoyancy forces?

• Is there a significant cascade of mechanical
energy to larger spatial scales?

• With a linearized momentum equation, how does
the energy cascade occur?

• On what scales is mechanical energy degraded to
heat?

• Are there configurations of flow and field for
which energy losses during cascade are small?

• Does the core adopt these loss-minimization
structures?

• What is the energy requirement of the
geodynamo?

• Is viscosity important in determining core flow
structures or energy dissipation?

Once answers to these questions have been obtained,
then dynamically consistent parametrizations may be
devised and implemented.

Appendix 1: Core Evolution and
Buoyancy Flux

This appendix contains essential background mate-
rial for the main body of the chapter quantifying the
evolution of the composition and entropy in the
outer core. First the secular evolution of composition
and specific entropy in the outer core are quantified.
Sources of specific entropy are quantified next.
Finally, the sources are combined to quantify the
buoyancy flux.

Evolution of Composition

It follows from conservation of the heavy and light
constituents of the core that the rate of evolution of
the composition of the outer core is given by

_ca ¼ � _Mic=Moc ½77�

where � is the fractional jump in density due to change
of composition across the ICB, Moc is the mass of the
outer core, and _Mic¼ dMic/dt is the rate of growth of
the solid inner core. A reasonable estimate based on
eigenfrequencies of normal modes of Earth oscillation,
is �� 0.05 (Masters and Gubbins, 2003). The magni-
tude of _Mic is uncertain and somewhat controversial,
but there is little doubt that the inner core is growing,
and that _ca > 0. The estimate _ca� 9� 10�20 s�1 by
Roberts and Glatzmaier (2000) corresponds to a growth
rate _Mic¼ 3.5� 106 kg s�1; if the inner core grew at this
constant rate, its age would be 0.9 Ga.

The secular change of the reference-state compo-
sition acts as a volumetric sink of buoyant material
within the outer core in eqn [11] governing the con-
vective perturbation, cc. A counterbalancing source is
provided at the ICB by the solidification process. A
fluid parcel gains light material as it passes close to
the ICB (or as it penetrates the uppermost layers of
the mushy inner core), with the change given by

�ccð Þicb¼ � _Mic=ð _MÞicb ¼ _ca�oc ½78�

where _M is the convective mass flux (being a func-
tion of radius), ( _M)icb is that flux evaluated at the
ICB, and �oc¼Moc/( _M)icb is the mean turnover time
of the outer core.

Written in terms of the buoyancy flux, [78] is

Jcð Þicb¼ �½g=��icb
_Mic � �gicb

_Vic ½79�

where Jc¼ ccg _V is the buoyancy flux due to compo-
sition, _V ic ¼ _Mic=��ic is the rate of growth of the
volume of the inner core, and ��ic ��icbð Þ is the
mean density of the inner core. The rate of growth
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of the inner core is somewhat uncertain; one way to
parametrize it is to write _V ic¼Vic/� ic, where Vic

(=7.6� 1018 m3) is the current volume of the inner
core and � ic would be the age of the inner core if its
volume had increased at a constant rate. Estimates of
� ic vary from about 0.5 to 4.0 Ga (� ic� 1.6 !
13� 1016 s), giving (Jc)icb� 13! 105 m4 s�3. This is
a relatively modest buoyancy flux; black smokers and
other sources of buoyancy in the ocean typically have
far greater magnitudes.

Assuming that there are no significant sources or
sinks of material at the CMB, the variation of this
buoyancy flux with radius in the outer core is given
by

Jc ¼ Jcð Þicb Mc –M½ �=Moc ½80�

where M(r) is the mass within a sphere of radius r and
Mc (�1.94� 1024/kg) is the mass of the core. The
buoyancy flux is related to the power, Pc, released
by the rearrangement of matter in the outer core:

Pc ¼
Z rcmb

ricb

Jc� dr ½81�

Using data in Stacey and Davis (2004), plus the esti-
mated range of � ic given above, Pc� 0.24! 1.9� 1012

W. This power is sufficient to drive the dynamo in
the strong-field regime (Roberts et al. (2003) and
see Chapter 8.02), even in the absence of a contribution
from the specific entropy. However, if most of this
energy is dissipated by small-scale motions, the
amount available to sustain the large-scale field will
be correspondingly smaller.

Evolution of Specific Entropy

The specific entropy of the outer core decreases with
time due to the progressive cooling (Gubbins et al.,
2003):

_sa � –Qsc= �TMc ½82�

where

�T ¼ 1

M

Z
core

T� dV ½83�

is the mean temperature of the core ( �T � 4350 K)
and Qsc is the heat flux from core to mantle resulting
from secular cooling of the core. The other source of
heat from radioactive decay is, in effect, of external
origin and so does not contribute to the secular
entropy change. The contribution to [82] due to the
rearrangement of material associated with the growth
of the inner core is negligibly small.

In addition to the sensible cooling of the core,
secular cooling includes the latent heat and gravita-

tional energy released by the growth of the inner

core; altogether

Qsc ¼ CpeMc½ – d �T=dt � ½84�

where Cpe¼ �CpþCgrþClh is the effective specific
heat of the core, �Cp (�800 J kg�1 K�1) is the mean
(mass averaged) specific heat, and the effective spe-
cific heats for gravitational energy and latent heat are
given by

Cgr ¼
Mic

�Moc

� �
��½ ��c
� �T

� 300
J

kg K
½85�

and

Clh ¼
Mic

�Mc

� �
L
�T
� 600

J

kg K
½86�

where Mic (�9.84� 1022 kg) and Moc (�1.84� 1024

kg) are the masses of the inner and outer cores,
Mc ¼ Moc þMic; �c �107 J kg – 1

� �
is the mean grav-

itational potential of the outer core, and

� ¼ ��agar

3�aCp þ 6KS�2T

� �
icb

½87�

is a measure of the rate of advance (increase of
radius with time) of the intersection of the adiabat
with the melting curve as the core cools; KS is the
adiabatic incompressibility. With previous estimates,
�� 0.02.

Note that with these estimates, a relatively modest
rate of cooling of, say, 1.14� 10�15 K s�1

(=36 K Ga�1) releases heat at a rate sufficient to

equal that conducted down the adiabat at the CMB

(3.6� 1012 W with k¼ 28 W m�1 K�1). Note that

CpeMc� 1011 W Ga K�1, so that a change of cooling

rate of 10 K Ga�1 corresponds to a change of heat

flux of 1012 W. For purposes of illustration, suppose

that 5� 1012 W are released by cooling of the core,

corresponding to a cooling rate of 50 K Ga�1. With a

convective turnover time of 3700 years, the core

cools by about �T¼ 2� 10�4 K each convective

cycle.
The cooling rate of the core is somewhat uncer-

tain. This may be quantified by writing d �T/dt¼�xT

10 K Ga�1��xT 3� 10�16 K s�1, so that a value

xT¼ 1 corresponds roughly to 1012 W of core cool-

ing. Altogether, _sa��1.2xT� 10�16 W kg�1 K�1.

The value ( _sa��3.7� 10�16 W kg�1 K�1) estimated

by Roberts and Glatzmaier (2000) is achieved if the

rate of heat loss from the core is 3.4� 1012 W.
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Specific-Entropy Sources

The variation of specific entropy within the outer
core is more complicated than that of composition,
for two reasons. First, [12] contains source terms
other than that due to secular evolution of the refer-
ence state, and second, the specific entropy is
changed due to exchanges of heat at the CMB as
well as at the ICB. In this subappendix, first the
three volumetric entropy sources that contribute to
_s� (see [13]) are estimated close to the ICB, then the
boundary sources at the ICB and CMB are estimated.

Volumetric sources

It is reasonable to assume that Ohmic heating is
uniformly distributed (by mass) in the entire core so
that

qoh ¼ Qoh=Mc ½88�

It is likely, due to segregation induced by the solidi-
fication process, that radioactive heating is
concentrated in the outer core, so that

qrd ¼ Qrd=Moc ½89�

There is substantial uncertainty in each of the three
volumetric sources. It is uncertain whether there is a
significant amount of radioactive heating in the core.
The efficiency of the dynamo mechanism and
the associated amount of Ohmic heating is not well
constrained. While the radial structure of the adiabat is
well constrained, the value of thermal conductivity is
controversial. The uncertainties in heat sources will
be accommodated by writing Qrd¼ xrd 1012 W and
Qoh¼ xoh 1012 W. The value of thermal
conductivity will be taken as k¼ 28 W m�1 K�1 (F.
Stacey, personal communication, 2005), with
r2Ta��7� 10�10 K m�2. Altogether, near the ICB,

qrd; qoh; k r2Ta½ �=�a

� 

¼ 5:4xrd; 5:2xoh; – 15f g�

10 – 13W kg – 1 and with Ticb� 5000 K _s�¼ [2.7xrd þ
2.6xoh� 7.5]� 10�16 W kg�1 K�1.

Boundary sources

At the ICB, latent heat and inner-core sources
increase sc, while at the CMB, heat loss to the mantle
(over and above that carried by conduction)
decreases sc. These changes are quantified by

�scð Þicb¼ Qlh þ Qic½ �= MTað Þicb ½90�

and

�scð Þcmb¼ Qcd –Q½ �= _MTa

� �
cmb

½91�

where

Qlh ¼ LH
_Mic ½92�

is the rate of latent heat release due to solidification,
Qcd is the rate of transfer of heat by conduction down
the adiabat, Q is the total rate of heat transfer from
core to mantle, and LH is the latent heat of fusion.
The rate, Qic, of heat transfer from the inner core is
due to those fractions of core secular cooling, Qsc, and
Ohmic dissipation, Qoh, that occur within the inner
core (with radioactive heating in the inner core being
assumed small). The former is proportional to the
potential temperature, giving

Qic ¼
Mic

Mc

�Tic

�Tc

Qsc þ Qoh

� �
¼ 0:057Qsc þ 0:05Qoh ½93�

In a rough calculation, the effect of Qic may be
ignored.

Buoyancy Flux

The changes of both composition and specific
entropy at the ICB make the rising fluid buoyant
and drive vigorous convection near the base of the
outer core. Without loss of generality, the co-density
of the descending fluid at the base of the outer core
may be set equal to zero. The co-density of the fluid
rising from the ICB is related to the buoyancy flux, J,
at the base of the outer core by

Jicb ¼ Cg _V
� �

icb
¼ – LH �=Cp

� �
icb
þ �

h i
gicb

_Vic ½94�

Using data from Gubbins et al. (2003) and Stacey and
Davis (2004), LH (�/Cp)icb� 0.01. Recalling that
�� 0.05, it appears that change of composition is sev-
eral times more important that latent heat in creating
buoyancy at the ICB. Using previous estimates of � ic

and other parameters, Jicb� 15! 125 m4 s�3.
Barring significant mass exchanges at the CMB, the

buoyancy at the top of the mantle is dominated by the
change of specific entropy. If Q > Qcd, this change
drives convection near the top of the outer core.
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Nomenclature
a long semi-axis of a spheroid (m)

c short semi-axis of a spheroid (m)

d distance between inner and

outer boundary of a spherical shell (m)

ei, eo ellipticities of inner and outer bound-

aries of a spheroidal shell

e¼ 1� c/a ellipticity

E Ekman number

Ea kinetic energy contained in ua

k wave vector

m azimuthal wave number

r, �, ’ spherical polar coordinates, with � the

colatitude

ri, ro radii of inner and outer boundaries of a

spherical shell

u velocity

ua velocity field antisymmetric with

respect to reflection at the origin

us velocity field symmetric with respect

to reflection at the origin

x, y, z, Cartesian coordinate system with z

along rotation axis
ẑ unit vector along z, wD¼!Dẑ

� angle between rotation and preces-

sion axes

� kinematic viscosity, (m�2 s�1)

! angular frequency of inertial modes

!D diurnal rotation rate ð � 2�=24 hÞ; ðs –1Þ
!F rotation vector of fluid in a precessing

container

W precession vector

� �P=!D

�P rate of precession (s�1)
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8.07.1 Introduction

8.07.1.1 Motivation

If the mantle was a perfectly rigid shell rotating at

constant angular velocity, the core would rotate with

the same angular velocity about the same axis

because of viscous entrainment. This chapter deals

with perturbations of the simple rigid rotation of the

core. The most important perturbations are due to

variations of the rotation of the mantle and deforma-

tion of the core–mantle boundary (CMB).
There are at least two areas of geophysics for which

the rotational dynamics of the core are relevant. First,

motions in the core act back on the mantle and affect its

rotation (see Chapter 8.12). Investigation of Earth’s rota-

tion as a whole obviously requires study of the rotational

dynamics of the core in particular. Second, the core

motions also generate the magnetic field of the Earth.

Flow induced by perturbations of the rotation of the

core may contribute to the geodynamo or distort a

magnetic field generated by convectively driven flow.
Convection, both thermal and compositional, is a

plausible driving mechanism for core motion and

ultimately the geodynamo. The structure of buoy-

ancy-driven flows is well documented and it is in

particular established that these flows can produce a

dynamo effect. But the energy budget is tight and it

could well be that buoyancy is insufficient to power

the geodynamo (see Chapter 8.02). At any rate, pre-

cession of the rotation axis of the Earth and tidal

deformation of the CMB are two effects of which

we know that they exist, whereas we do not know

with certainty whether the core is convecting, which

makes it indispensable to study the response of the

rotating core to precession and tides. These two

mechanisms share many features, so that precession

will be treated in detail, and the ideas developed in

this context will then be transposed to the effects of

tidal deformation. Both mechanisms have connec-

tions with celestial mechanics. A full treatment

would require that we also take into account, for

example, variations of the lunar orbit which result

from dissipation in the core. But so far, only simpler

models have been studied in which the motion or

shape of the CMB is prescribed and the response of

the core is inquired.
Figure 1 summarizes the problem under study.

The mantle rotates about the geographic axis with

the rate of diurnal rotation !D. The axis of (retro-

grade) precession is perpendicular to the ecliptic and

forms an angle of 23.5� with the geographic axis. The

shape of the CMB is assumed spherical or spheroidal

(with the geographic axis as axis of symmetry).

Table 1 collects some relevant numbers.
Other processes have been suggested as possible

perturbation of the core’s rotation such as earthquakes

(Aldridge, 1975). These are certainly less potent than

precession and tides. Even the nutations can be

neglected compared with precession (Bullard, 1949).

There is also the possibility that the inner core and the

re

ωD

ΩP

rc
ri

Figure 1 Interior structure of the Earth. The radii of the

inner core, ri, of the CMB, rc, and of the Earth’s surface, re,
are indicated together with the rates of diurnal rotation !D

and precession �P.

Table 1 Some properties of the Earth

ri 1220 km

rc 3480 km
re 6370 km

eIC 1/414

eCMB 1/393

�P/!D �1.07�10�7

� 23.5�

� 10�6 m2 s�1

� 5�105 S m�1

The average radii of the inner core, ri, the CMB, rc, and the entire
Earth, re, together with the ellipticities of the inner core and the
CMB, eIC and eCMB, which are taken from Matthews et al. (1991b).
The ellipticities are defined with the minor and major axes c and a
as e¼ 1� (c/a). The Earth precesses in retrograde direction about
the normal to the ecliptic with a period 2�/�P of 25 700 yr, the
diurnal rotation period 2�/!D equals 1 day. � is the angle between
the rotation axis and the normal to the ecliptic. Estimates for the
viscosity � vary widely; see Poirier (1988). The conductivity � is
from Knittle and Jeanloz (1986).
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mantle do not rotate about the same axis or at the same
angular velocity which would force a complicated
flow in the outer core. There is no undisputed seismo-
logical evidence for a differential rotation between
the inner core and the mantle (Laske and Masters,
1999; Souriau and Poupinet, 2000) and gravitational
torque acts to resist it (Buffett, 1996). Even if a
differential rotation exists, it can only happen as
a consequence of motions in the liquid core, so that
differential rotation cannot be viewed as a driving
mechanism in its own right, and it will not be covered
in this chapter. A good starting point for the literature
on the fluid dynamics of differential rotation is
Hollerbach (1998).

As for any other fluid flow, it will be useful to
distinguish laminar response from unstable and
chaotic flows in which large-scale motion disinte-
grates into smaller eddies. It is at present not known
which flow regime the Earth’s core is in. A laminar
flow draws little energy from the motion of the
mantle, whereas unstable flow can dissipate orders
of magnitude more power. Only if the flows driven
by precession or tides are unstable can the rotational
dynamics of the core make a significant contribution
to the dynamo process.

Most of this chapter considers the core to
be neutrally buoyant. This allows us to look at the
peculiarities of rotational effects in isolation and
to separate them from buoyancy effects. However,
barring an extraordinary coincidence, the core
is either stably stratified or convecting. It is important
to check which properties of the rotational
dynamics may be modified by buoyancy. This
will be done towards the end in Section 8.07.5.

The topic covered in this chapter suffers from a
paucity of directly useful observational data. In fact,
Table 1 contains virtually all relevant numbers, that
is, the geometry of the core, the astronomical data on
the precession of the Earth’s axis, and the presumed
viscosity and electrical conductivity of the core
material. Because no direct observation of the core
flow is possible, we have to try to deduce that flow
from a combination of theory, numerical simulations,
and laboratory experiments. Possible connections
with observations to be exploited in the future are
compiled in the concluding section.

The introductory section presents some general
properties of rotating fluids which will be used later in
the chapter. The second section is devoted to inertial
modes. These are oscillatory motions in rotating bodies
of fluid. Precession excites directly one particular of
these modes (the spin-over mode, also called the

tilt-over mode) and may excite many more, for
instance, through instabilities or interaction with topo-
graphy. In fact, any perturbation of rotating fluid which
is small enough to be described by linearized equations
of motion excites superpositions of inertial modes.

The third section is the largest in this chapter
and collects our knowledge about precession-driven
flow stemming from theory, experiment, and numer-
ical simulation. The closely connected problem of
tidally driven flows is treated in Section 8.07.4. The
interaction with buoyancy and magnetic fields, as
well as the dynamo effect, are discussed in Section
8.07.5 before conclusions and an outlook is given in
the Section 8.07.6.

8.07.1.2 Equations of Motion

Since we will restrict ourselves to incompressible
fluid, the Navier–Stokes equation is the appropriate
starting point. This section shows how to use this
equation if we want to allow for a variable rotation
rate of the mantle.

Two different frames of reference are useful in
formulating the equations of motion. The first one is
attached to the boundaries and will be called the
mantle frame, the second one is chosen such that
the precession and rotation axes are stationary and
will be called the precession frame; see Figure 2 for
definitions. A similar choice has to be made for the
tidal problem, where one can opt either for the man-
tle frame or for a frame in which the tidal bulge
is stationary.

We start by deriving the Navier–Stokes
equation for an incompressible fluid in an arbitrary
frame of reference rotating with the instantaneous
angular frequency wref relative to inertial space and
ask which acceleration is experienced by a fluid
particle at position r. The most algorithmic way of
obtaining the relation between the acceleration mea-
sured in the rotating and an inertial frame consists in
writing the Euler matrix describing the transforma-
tion between the two frames and taking its time
derivatives. A more intuitive and shorter derivation
uses the relation between time derivatives of vectors
in the two frames (Goldstein, 1980) (q/qt)inert¼
(q/qt)rotþwref�. The subscripts specify whether
the time dependences are viewed from the inertial
or the rotating system. It follows that

q
qt

r

� �
inert

¼ q
qt

r

� �
rot

þwref � r
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and

q2

qt 2
r

� �
inert

¼ q2

qt 2
r

� �
rot

þ 2wref �
q
qt

r

� �
rot

þ wref � ðwref � rÞ þ q
qt

wref

� �
inert

� r

The second and third terms on the right hand side
correspond to the Coriolis and centrifugal
forces familiar from uniformly rotating systems, the
fourth term is an additional force appearing in non-
uniformly rotating frames generally referred to as the
Poincaré force. The acceleration in the inertial
frame can be deduced from the Navier–Stokes
equation for an incompressible fluid with

velocity uinert ¼
q
qt

r

� �
inert

¼ urot þ wref � r :

q2

qt 2
r

� �
inert

¼ –
1

�
rP þ �r2ðurot þ wref � rÞ þ f inert

¼ –
1

�
rP þ �r2urot þ f inert

r ? uinert ¼ r ? urot ¼ 0

� denotes the viscosity of the fluid, � its density, and
P the pressure. finert is a volume force (e.g., the grav-
itational attraction exerted by the Moon and the Sun)
measured in the inertial frame. The above relations

are now assembled to yield the Navier–Stokes equa-
tion in the mantle frame. The mantle rotates with a
diurnal rate wD whose precession is described by the
precession vector WP such that wref¼wDþWP and
q
qt

wref

� �
inert

¼ WP � wD. Dropping subscripts, the

equation of motion becomes

q
qt

u þ ðu?rÞu þ 2ðwD þ WPÞ � u

¼ �r2u – rp – ðWP � wDÞ � rþ f

ðmantle frameÞ ½1�

with a reduced pressure p which contains the centri-
fugal term and the factor 1/�. The no-slip boundary
condition at the outer boundary is u¼ 0.

In the precession frame on the other hand, WP and
wD are stationary such that wref¼WP and the
Poincaré force disappears, so that the equation of
motion reads

q
qt

u þ ðu?rÞu þ 2WP � u

¼ �r2u – rp þ f ðprecession frameÞ ½2�

subject to the condition u¼wD� r at the outer
boundary for no-slip boundaries. Analytical work
is generally easier in this second frame, but numerical
simulations are easier in the first frame because u
is small in this frame. The nonlinear term is then
less important and the Courant-Friedrichs-Levy
(CFL) condition due to advection is less severe,
allowing a larger time step.

The most important point about [1] and [2] is
that if f represents gravitational attraction, f derives
from a potential and can thus be absorbed in the
pressure gradient. Gravitational forces have no influ-
ence on the incompressible flow in the cavity of a body
whose motion is prescribed. If we consider as a given
that the Earth executes precessional motion, we do not
need to bother about gravitational forces and torques
exerted on the core. Equations [1] and [2] with f¼ 0
describe the flow in a container precessing on a labora-
tory bench. Direct application to the Earth’s core
requires several assumptions, chiefly that density
variations of the fluid can be ignored (which excludes
buoyancy forces) and that all material properties
remain constant throughout the liquid core.
Magnetic fields will be considered in Section 8.07.5.

It is convenient to rescale all variables so that
the equation becomes nondimensional. In the follow-
ing sections and chapters, time is measured in units of
1=!D and the length scale d is chosen either as the

ω D

ΩP

x

y
αz

Figure 2 The z-axis is chosen to coincide with the axis of
diurnal rotation wD, that is, the axis connecting geographic

North and South Poles. This axis precesses around the

precession axis WP. The mantle frame is attached to the

CMB. In this frame of reference, the boundaries are at rest
but the precession axis is revolving around the z-axis. The

precession frame is chosen such that both wD and WP are

independent of time, but the boundaries move with velocity
wD� r, where r is the position vector of a point on the

boundary measured from the origin. Viewed from an inertial

system, the tripod x, y, z of the precession frame is

precessing around WP such that WP always remains in the x,
z-plane.
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radius of the outer boundary or as the gap size
between the inner core and the outer boundary if
the inner core is taken into account. In these units,
the Navier–Stokes equation becomes

q
qt

u þ ðu?rÞu þ 2ðẑ þ WÞ � u

¼ Er2u –rp – ðW � ẑÞ � r ðmantle frameÞ ½3�

where hats denote unit vectors and � ¼ �P=!D. In
order to avoid a proliferation of symbols, velocity,
length, and time are denoted by the same letters in
[1] as their nondimensional counterparts in [3]. The
Ekman number E is given by E ¼ �ð!Dd 2Þ – 1 and
measures in order of magnitude the ratio of viscous to
Coriolis forces. Another nondimensional number of
interest is the Rossby number V ð!DdÞ – 1, where V is
a typical velocity, which estimates the ratio of the
nonlinear to the Coriolis term. If this number is small,
as is the case in many applications, the nonlinear
term may be omitted from [3]. We will use this
approximation, for example, for the study of inertial
modes in Sections 8.07.1.3 and 8.07.2 and for the
study of boundary layers in Section 8.07.1.4. In
the precession frame (in which the Rossby number
is never small) the nondimensional equation of
motion is

q
qt

u þ ðu?rÞu þ 2W � u

¼ Er2u – rp ðprecession frameÞ ½4�

8.07.1.3 Inertial Oscillations in Infinitely
Extended Fluids

A rotating fluid supports oscillatory motion, so called
inertial waves, inertial oscillations, or inertial modes.
As for all types of waves, boundaries select eigen-
modes and resonances for a finite fluid volume.
Inertial modes of spherical shells are the topic of
Section 8.07.2. It is easiest to explore the distinguish-
ing features of inertial waves in an infinite domain,
which we will do in this section.

Consider an unbounded ideal fluid rotating about
the z-axis disturbed by motions small enough so that
nonlinearities can be neglected in the co-rotating
frame. The nondimensional equation in this frame
of reference reads (see [4])

q
qt

u þ 2ẑ � u ¼ – rp; r ? u ¼ 0 ½5�

We eliminate the pressure by taking the curl of [5]:

q
qt
r � u – 2

q
qz

u ¼ 0 ½6�

Taking again the curl of [6] one finds with [5]

q
qt
r2u þ 2

q
qz
r � u ¼ 0 ½7�

r � u can now be eliminated by cross-differentia-
tion between [6] and [7]:

q2

qt 2
r2u þ 4

q2

qz2
u ¼ 0 ½8�

The last equation admits solutions in the form of
plane waves u _ eiðk ? r –!tÞ provided that

! ¼ � 2k̂ ? ẑ ½9�

This dispersion relation shows that – 2 � ! � 2 and
that ! depends on the direction of propagation of the
wave, but not on its wavelength. The phase velocity
cp is given by

cp ¼ � 2
k̂ ? ẑ

kj j k̂ ½10�

and the group velocity cg is

cg ¼ � 2
k̂ � ðẑ � k̂Þ

kj j ½11�

It follows that phase and group velocities are ortho-
gonal; see Figure 3. Their orientations are not

z
k

^
^

cg

Figure 3 A wave packet indicated by a few wave crests is
created by the superposition of plane waves with wave

vectors parallel to k̂ and angular frequency ! ¼ 2k̂ ? ẑ. The

envelope of the packet therefore extends to infinity per-
pendicular to k̂ but is localized in the direction of k̂.

Individual wave crests propagate along k̂, but energy is

transported in the direction of the group velocity cg per-

pendicular to k̂, so that the envelope of the wave packet
does not change in time. Reprinted from Tilgner A (2000)

Oscillatory shear layers in source driven flows in an

unbounded rotating fluid. Physics of Fluids 12: 1101–1111.
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independent because cp ? ẑ ¼ � 2jk̂ ? ẑj2= kj j and

cg ? ẑ ¼ � 2jk̂ � ẑj2= kj j, so that sgnðcp ? ẑÞ ¼ sgn

ðcg ? ẑÞ. The peculiar dispersion relation [9] opens

the possibility to superpose waves at a particular
frequency ! such that they form a localized packet
around a surface with normal n̂ satisfying
n̂ ? ẑ ¼ �!=2. Since the group velocity is perpendi-

cular to n̂, the wave motion will stay on that surface.
The wave packet will not broaden as time goes on
either, because the velocity field of the packet at any
time t is given byZ

f ðkÞeiðn̂k ? r – !tÞdk ¼ e – i!t

Z
f ðkÞein̂k ? rdk

where f ðkÞ represents the amplitude of the plane
wave with wave-vector kn̂. Identical spatial distribu-
tions are therefore periodically recovered. In an
infinite fluid, the wave motion can be localized in
an arbitrarily thin region around the surface.
Combinations of waves can be found which super-
pose to periodically form jets, shear layers, or a
discontinuity in any higher derivative of the velocity
field. These singularities can only occur in a periodic
motion on surfaces with the appropriate inclination
with respect to the rotation axis.

When inertial waves are reflected off a solid wall,
their oscillation frequency stays constant, so that the
angle between the wave-vector k and the rotation
axis ẑ is conserved (unlike the familiar situation with
light or acoustic waves where the angle between the
wave vector and the normal to the reflecting surface
is conserved (Phillips, 1963; Greenspan, 1968)). The
same reflection law must also hold for internal shear
layers since these can be represented as a superposi-
tion of waves. Some consequences of this unusual
reflection law will be explored in Section 8.07.2.

A recurrent theme of the following sections is the
appearance of inclined internal shear zones in rotating
fluids. The words shear zone are meant to encompass
simple shear layers as well as jets, for example.
Because of their omnipresence, it is worthwhile to
dwell more on the reasons for their existence. It is
illuminating to look at the canonical shear layer across
which pressure and normal velocity are continuous,
but the tangential velocity is not. This model is the
standard starting point for an elementary investigation
of the Kelvin–Helmholtz instability in nonrotating
fluids (Landau and Lifshitz, 1987) in which the surface
of discontinuity can have an arbitrary orientation in
space. In a rotating system on the contrary, the orien-
tation of such a surface of discontinuity is not arbitrary

because the Coriolis forces on both sides of the dis-
continuity are different and need to be balanced.
Choose Cartesian coordinates x9; y9; z9 such that ẑ9

is normal to the surface of discontinuity and forms the
angle # with the rotation axis given by
ẑ ¼ cos#ẑ9þ sin#x̂9. Denote by [?] the jump
experienced by the quantity in square brackets when
the plane spanned by the x9 and y9 axes is crossed.
From ½ p� ¼ 0 follows ½qp=qx9� ¼ ½qp=qy9� ¼ 0.
Together with ½uz9� ¼ 0, the x9 and y9 components of
the equation of motion [5] become

q
qt
½ux9� ¼ 2 cos#½uy9�

q
qt
½uy9� ¼ – 2 cos#½ux9�

If velocities vary in time like ei!t , this system of
equations admits nontrivial solutions only for

! ¼ � 2 cos# ¼ � 2ẑ ? ẑ9 ½12�

which is identical with the condition derived above if
we think of the shear layer as a superposition of
inertial waves with wavevectors parallel to ẑ9.

There is a third, mathematical approach. It for-
malizes the preceding approaches and is only
touched upon here because it depends on a whole
body of theory on partial differential equations (see
chapters 5 and 6 in vol. 2 of Courant and Hilbert
(1968)). Within this general theory, the surfaces on
which discontinuities may occur are called charac-
teristic surfaces or characteristics for short. Equation
[5] is classified as a hyperbolic equation for !j j < 2
which implies that inertial waves and internal layers
only exist for !j j < 2. Characteristic surfaces degen-
erate to lines parallel to the z-axis for !¼ 0. The
angle between the characteristic surfaces and the
rotation axis increases with ! until these surfaces
are perpendicular to the z-axis for !j j ¼ 2.
Characteristic surfaces disappear for !j j > 2 because
the equation of motion is then of the so-called elliptic
type, which means that flow with !j j > 2 do not
allow for wave propagation and instead resemble
potential flow in nonrotating systems. The distin-
guishing features of rotating flows only appear in
the frequency range !j j < 2. For instance, a disk
oscillating in a rotating tank generates inertial
waves if the oscillation period of the disk is at least
half the rotation period of the tank. If the disk oscil-
lates faster, a flow is set up around the disk which is
related to the potential flow around an oscillating
disk in a nonrotating fluid (Reynolds, 1962a, 1962b).
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Axisymmetric internal shear layers form conical
surfaces around the rotation axis. In the limit !¼ 0,
the cones become cylinders and occur at the rim
of Taylor columns. In the case !¼ 0, [6] yields the
stronger condition qu=qz ¼ 0 known as the Taylor–
Proudman theorem: steady motion in the limit of
small Ekman and Rossby numbers is independent of
the z-coordinate. Steady flow (e.g., around obstacles)
acquires columnar structure composed of Taylor
columns aligned with the z-axis. Cylindrical, time-
independent shear layers have been visualized
experimentally numerous times. A few pictures
exist also of oscillatory shear layers and their reflec-
tions from solid walls (Greenspan, 1968; Oser, 1958;
Beardsley, 1970; McEwan 1970).

8.07.1.4 Ekman Layers

This section looks at motions for which the nonlinear
term is still negligible in the mantle frame but we
reinstate the viscous term. Starting from a solution of
the inviscid equation of motion, the viscous correc-
tions are to a first approximation confined to
thin boundary layers which accommodate the no-
slip boundary conditions. These so-called Ekman
layers are of a well-known type omnipresent in rotat-
ing fluids.

Boundary layers of course also appear in non-
rotating flows and involve a balance between
viscous stresses, pressure gradients, and advection.
In a rotating system, the Coriolis force enters into
consideration and we may deduce from dimensional
analysis that it introduces an intrinsic length scale,
namely ð�=!DÞ1=2 ¼ E 1=2d with the definitions used
in [3], which in most practical circumstances is small
compared with the characteristic size of the fluid
volume, that is, E 1=2 	 1 (E� 10�15 in the Earth’s
core). This length scale determines the thickness of
the boundary layers at small Rossby numbers, that is,
when advection is negligible. A peculiarity of Ekman
layers is that they usually cause a flow inside the bulk
directed perpendicular to the boundaries. This phe-
nomenon is known as Ekman suction or Ekman
pump. In time-dependent flows, the boundary layer
approximation from which these conclusions are
derived is not valid over the entire surface but breaks
down at critical latitudes, as we shall see below. The
radial component of velocity is much larger at critical
latitudes than elsewhere on the boundary. The steep
velocity gradients around critical latitudes extend in
the form of internal layers or jets across the entire
flow. Since we meet these layers so often throughout

this chapter, it is worthwhile going through the

mathematics showing that strong flows exist around

critical latitudes. The section culminates in Figure 5

which shows the singularity at critical latitudes in
one special case.

An elementary treatment of Ekman layers in sta-
tionary flows can be found in many textbooks on fluid

mechanics (Acheson, 1990; Kundu and Cohen, 2002).

But we are mainly concerned with time-dependent

flows in this chapter. A general treatment of Ekman

layers in this case is still possible but rather abstract

(Greenspan, 1968). The classical procedure is a formal
asymptotic expansion in powers of E1/2. It starts with a

solution of the inviscid equation and adds to this

solution a correction which is significant only near

the boundaries. The boundary flow is connected to

the bulk flow by matched asymptotics. The boundary

layer then requires a correction to the bulk flow which

in turn modifies the boundary layer at a higher order

in E, etc. More and more refined solutions are obtained

iteratively. To simplify matters, we deduce here the
dominant contribution to the boundary layer from a

more intuitive approach. We will treat the particular

example of the boundary layers of the so-called spin-

over mode which is central to precession-driven flow

and which we will also meet in Section 8.07.2.
Assume that the CMB and the inner core are

spherical. The inviscid equation of motion then

allows the liquid core to spin about an arbitrary axis

at an arbitrary angular velocity because there is no
coupling between the core and the boundaries. For

small but finite viscosity, the interior motion remains

close to a rigid rotation. We regard the interior

motion as given. Boundary layers form, whose

structures we are about to compute. For finite

viscosity, the inner rotation needs to be maintained

by some forcing. We will later see that precession is

able to do so.
In the mantle frame, introduce a local coordinate

system �9; ’9; z9 attached to the inner-core bound-

ary at colatitude � with ẑ9 pointing into the fluid

(Figure 4). For definiteness the equations are derived

for the inner core, analogous equations after changes

of signs hold at the outer boundary. The local

coordinate system is actually redundant for spherical

boundaries but helps generalization to other

boundary shapes. The rotation of the liquid core is
given by w� r. We will specify w by

w ¼ !ðsin t x̂ þ cos t ŷÞ. Note that w is stationary

in an inertial frame of reference. This solution

obviously violates the no-slip boundary conditions.
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Let us restrict ourselves to situations in which the
Rossby number is small so that the advection term
can be dropped from the momentum equation [3].
We now look for a correction v such that u ¼ w � r
þv satisfies the no-slip boundary conditions, such
that v has sizeable magnitude only close to the
boundaries, and such that v is itself a solution of the
linearized equation of motion

q
qt

v þ 2ẑ � v ¼ Er2v – rp̃ ½13�

where rp̃ is a pressure gradient which will also be
confined to the boundary layer. We anticipate from
the above dimensional arguments that the thickness
of the boundary layer is O ðE1=2Þ. In that layer, the
variation of velocity with z9 is much more rapid than
with �9 or ’9. The diffusion term Er2v then simpli-
fies and becomes Eq2v=qz92.

The condition r ? v ¼ 0 implies (see [20]) that
qvz9=qz9 (which for a boundary layer of thickness

E1=2 is in order of magnitude E – 1=2vz9) is equal to
derivatives of v�9 and v’9 with respect to the horizontal
coordinates (which are in order of magnitude v�9 or v’9)
so that vz9 ¼ O ðE1=2v�9; E1=2v’9Þ and vz9 is negligible
compared with v�9 and v’9 in the Coriolis term which
becomes 2W� v � 2 cos � v’9q̂9þ 2 cos � v�9 ĵ9 –
2 sin � v’9ẑ9. Finally, it is useful to introduce the

variable � ¼ E – 1=2z9 so that the balance between the
viscous and Coriolis terms in the boundary layers

becomes apparent. We now find from [13] using

Eq2=qz2 ¼ q2=q�2

q
qt

v�9 –2 cos�v’9 ¼
q2

q�2
v�9 þ

1

ri

q
q�9

p̃

q
qt

v’9 þ 2 cos�v�9 ¼
q2

q�2
v’9 þ

1

ri sin�

q
q’9

p̃

q
qt

vz9 – 2sin�v’9 ¼
q2

q�2
vz9 þ E –1=2 q

q�
p̃

½14�

together withr ? v ¼ 0. The boundary-layer flow is
driven by the boundary conditions that v ¼ –w � r
for � ¼ 0 (so that the total velocity is zero on the
boundary) and v¼ 0 for �!1 (in order to recover
the inviscid solution at the edge of the boundary
layer). This implies p̃ ¼ const: for �!1 so that
we may choose p̃ ¼ 0 for �!1, and the z9-com-
ponent of [14] shows that p̃ ¼ O ðE1=2Þ. The pressure
can therefore be neglected in the �9 and ’9 compo-
nents of the momentum equation and we arrive at

q
qt

v�9

v’9

 !
þ 2 cos �

– v’9

v�9

 !
¼ q2

q�2

v�9

v’9

 !
½15�

More explicitly, the boundary condition at �¼ 0 is

v�9ð� ¼ 0Þ ¼ –
1

2
ri !ðeit ei’ þ c:c:Þ

v’9ð� ¼ 0Þ ¼ –
1

2
ri ! cos �ðieit ei’ þ c:c:Þ

½16�

where c.c. stands for complex conjugate. Equation
[15] is solved by the ansatz v�9; ’9 ¼ V�9; ’9e

it þ c:c.
and v� ¼ V�9 � iV’9 leading to

iv� � i2 cos �v � ¼
q2

q�2
v� ½17�

These equations admit solutions of the form
v� ¼ v � 0e –� � � with

� � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ið1 � 2 cos �Þ

p
½18�

where the square root is defined such
that Ref��g > 0 and the boundary condition at
infinity is fulfilled automatically. The boundary
conditions at � ¼ 0 determine the final solution:

v�9 ¼ –
1

2
r i½ð1 – cos�ÞRefe–�þ�eið’þ tÞgþ ð1þ cos�Þ

�Refe–�– �eið’þ tÞg�

v’9 ¼ –
1

2
r i½ð1–cos�ÞImfe–�þ�eið’þtÞg – ð1þ cos�Þ

� Imfe–�– �eið’þtÞg� ½19�

vz9 is determined by the requirement that

r ? v ¼ 0. Since r i 
 E1=2d , the radial coordinate

z

z ′

θ

θ ′
E 

1/2 d

d

E 

1/2 d

Figure 4 Definition of a local coordinate system. ẑ9 is

normal to the surface and is directed radially for a spherical

core. Boundary layers of thickness E1/2d form, where

d¼ ro� rI is the gap size of the shell.
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does not vary much across the boundary layer and

the representation of r ? v in spherical coordinates

simplifies to yield

q
qz9

vz9 ¼ –
1

ri sin �

q
q�

sin � v�9 þ
q
q’

v’9

� �
½20�

This equation together with the boundary condition
vz9ðz9 ¼ 0Þ ¼ 0 fully specifies vz9 which will in gen-
eral be different from zero at the edge of the
boundary layer at � !1. The nonzero vz9 constitu-
tes precisely the Ekman suction and is given by the
integral of the right-hand side of [20]:

E –1=2vz9ð� ! 1Þ ¼
1 – cos2�

2 sin�
Re

1

�þ
–

1

� –

� �
eið’þ tÞ

� �
þ sin�

1 – cos�

2
Re

i

�3
þ

eið’þ tÞ
� �

– sin�
1 þ cos�

2
Re

i

�3
–

eið’þ tÞ
� �

½21�

There is a singularity for 1 � 2 cos � ¼ 0 where
either �þ or �� vanishes: vz9 diverges at the critical
latitudes of �30� (�¼ 60� or 120�). E – 1=2vr , which is
equal to E – 1=2vz9 in spherical geometry is plotted in
Figure 5 against � in the planes ’ þ t ¼ 0 and
’ þ t ¼ �=2. The first plane contains w, whereas

the second one is perpendicular to w.
The singularity is of course not physical. The real

boundary layer near the critical latitudes varies

rapidly in both the z9 and the �9 directions and is

therefore much more difficult to treat. A complete

theory is still lacking, but Roberts and Stewartson
(1963) have shown that one obtains a self-consistent
scaling for a boundary layer of thickness O ðE2=5Þ
with a lateral extent of O ðE1=5Þ in the �9
direction. The singularity then disappears, but vz9

near critical latitudes is still much larger than
the O ðE1=2Þ Ekman suction found at a distance from
the critical latitudes.

The form of vr in Figure 5 suggests that a salient
feature of the interior correction will be jets (in the
plane ’þ t ¼ �=2) or shear layers (in the plane
’þ t ¼ 0) emanating from critical latitudes. It
turns out that these shear zones traverse the entire
fluid volume. vr is time dependent in the rotating
frame of reference and the shear layer will form an
angle with the rotation axis as given by [12]. These
shear layers will appear both in experiments and
numerical simulations later in this chapter.

The calculation in this section was made for the
case of differential rotation, but similar boundary
layer effects must occur for any other perturbation
of a rotating fluid. Boundary layers of the Ekman
type rely on a balance between the Coriolis and
viscous forces. Ekman layers can be substituted with
the type of shear layers which can also exist in the
bulk of a rotating fluid at places where the character-
istic surfaces are tangential to the boundaries. In the
case studied in this section, the inviscid solution
depends on time as eit in the mantle frame.
Characteristic surfaces then form an angle of 30�

with the rotation axis (�¼ 60� in [12]) and are
tangent to spherical boundaries at latitudes of �30�,
precisely where the Ekman boundary layers break
down. The same break down occurs for any other
time-dependent flow at critical latitudes determined
by the frequency of the flow.

8.07.2 Inertial Oscillations in
Spherical Shells

Section 8.07.1.3 has shown that plane waves can pro-
pagate in a rotating unbounded fluid. In a finite
volume, inertial oscillations still occur, though not
in the form of plane waves. An investigation of iner-
tial modes in general is of interest because these
oscillations are a useful starting point for the stability
analysis of precession or tidally driven flows
(Kerswell, 1993), and in some cases of thermal con-
vection (Zhang, 1993, 1995). It has also been claimed
that such modes have been detected with supercon-
ducting gravimeters following strong earthquakes
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v r
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Figure 5 vrE
– 1=2 at the edge of the inner boundary layer of

a spherical shell in the planes ’ þ t ¼ �=2 (continuous) and

’ þ t ¼ 0 (dashed) as a function of � in degrees. Both
curves are identical for �> 60�. At the outer boundary, vr has

the opposite sign.
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(Melchior and Ducarme, 1986; Aldridge and Lumb,
1975), but see Zürn et al. (1987) for a critical
comment.

More generally, we want to be able to handle
arbitrary small perturbations of the rotating core. If
the perturbation is small, we can use linearized equa-
tions of motion and proceed as for any linear
oscillator: the response of the linear system is a super-
position of eigenmodes of the system. If we know the
eigenmodes, we can easily compute the effect of
arbitrary forcings. This is the main motivation for
studying inertial modes.

8.07.2.1 The Mathematical Problem

Consider a uniformly rotating body of fluid. If this
motion is subject to small perturbations, the non-
linear advection term can be dropped from the
Navier–Stokes equation in the rotating frame which
becomes in nondimensional form

q
qt

u þ 2ẑ � u ¼ –rp þ Er2u; r ? u ¼ 0 ½22�

together with the boundary condition that u ¼ 0 on
the boundaries. Searching for eigenmodes, we look for
solutions in the form uðr; tÞ ¼ ei!t vðrÞwhich leads to

i! v þ 2ẑ � v ¼ –r� þ Er2v; r ? v ¼ 0 ½23�

with v ¼ 0 on the boundaries and pðr; tÞ ¼ ei!t �ðrÞ.
Equation [23] constitutes a mathematically well
posed eigenvalue problem. The eigenvalues ! have
an imaginary part because of viscous damping.

We are mostly interested in very small Ekman
numbers so that we are tempted to put E¼ 0 in eqn
[23]. The order of the PDE then changes and we have
to relax the boundary conditions. We can only
impose that the velocity component normal to the
boundaries vanishes in an ideal fluid.

Following general fluid dynamic experience we
could naively expect that the solutions for E strictly
zero and E different from zero but small, are very
similar except for thin boundary layers next to solid
boundaries. It turns out that in a rotating fluid, ignor-
ing the viscous term leads to great difficulties. In
mathematical terms, the problem for E¼ 0, even
with the relaxed boundary conditions, is ill posed
and in general does not have smooth solutions. The
origin of the mathematical problem lies in an over-
specification of the boundary conditions. Smooth
solutions can only exist for particular shapes of the
boundary. For a general treatment of hyperbolic par-
tial differential equations and their admissible

boundary conditions, see in particular Courant and

Hilbert (1968).
A full sphere (as opposed to a spherical shell) is an

example of a geometry which leads to smooth eigen-
functions. Simple methods for evaluating the

eigenvalues and eigenmodes are presented in

Greenspan (1968). More recently, even explicit formu-

lae have been found for this geometry (Zhang et al.,

2004). The complete spectrum of eigenfrequencies is

known for a full sphere but not for a spherical shell.

Viscous effects can be included to lowest order by

computing a boundary layer structure as in Section
8.07.1.4 together with its effects on the interior flow

(see Greenspan, 1968). It is not even necessary to

include details of the boundary layer structure at cri-

tical latitudes. The area around critical latitudes in

which the boundary layer differs from a standard

Ekman layer, and the in- or outflow from the boundary

layer, scale with E in such a way that their contribution

to the total dissipation vanishes for E ! 0. Formulae

obtained with these approximations are in excellent
agreement with experiments (Aldridge and Toomre,

1969) and simulations (Hollerbach and Kerswell, 1995).
The situation is entirely different for a spherical

shell. The only smooth inviscid eigenmodes known

for this geometry are purely toroidal, that is, they

have zero radial velocity so that they are identical

with modes of a full sphere. A most important mode

of this class is the spin-over mode or tilt-over mode.

Imagine a rotating spherical container full of fluid
rotating about the same axis as the container. The

spin-over mode is excited by impulsively changing

the axis of rotation of the container. This operation

may be viewed as an elementary step of precession.

An ideal fluid is completely unaffected by the motion

of the spherical boundaries, so that the fluid (viewed

from an inertial frame of reference) continues

rotating about its initial axis after the axis of the
container has been tipped over. Viewed from a

frame of reference attached to the boundaries, how-

ever, the axis of rotation of the fluid rotates about

the axis of the container with a period equal to the

rotation period of the container. With the choice

of units leading to [23] this period is 2�. The

fluid motion viewed from the mantle frame can be

written as being proportional to !aðsin t x̂þ cos t ŷÞ
� r þ !z ? ẑ � r with arbitrary !a and !z.

The last term is time independent and an obvious

solution of the equation of motion. The bracket
can be transformed to ðsin t x̂ þ cos t ŷÞ ¼ eið’ þ tÞ

ðr=2Þ ? ðq̂þ icos � ĵÞ þ c:c: ¼ vso þ c:c: where c.c.
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denotes complex conjugate. vso is the velocity field of
the spin-over mode. The spin-over mode is an inertial
oscillation with angular frequency equal to 1. Indeed, it
is straightforward to verify that

q
qt

vso þ 2ẑ� vso ¼ rðeið’þtÞ i

2
r 2sin � cos �Þ

so that vso is a solution of [23] for the eigenfrequency
!¼ 1.

In the following two sections, we will see how
the difficulties of the inviscid problem transpire
into the solutions of the linearized Navier–Stokes
equation.

8.07.2.2 Ray Geometry

We have seen in Section 8.07.1.3 that shear layers
can exist in rotating fluids. We expect to find some of
those in geometries where no smooth eigenfunctions
exist. If we allow for no-slip boundary conditions,
we more precisely expect such layers to emanate
from critical latitudes. What happens at locations
where such a layer meets another part of the
boundary?

We have seen in Section 8.07.1.3 that inertial
waves of wave-vector k have the angular frequency
! ¼ � 2jk ? ẑj=jkj, independent of jkj. The group

velocity is perpendicular to the phase velocity and
directed along the characteristics of [22] for E¼ 0.
The characteristics form the angle #r with the z-axis
such that tan#r ¼ �ð4=!2 – 1Þ – 1=2. Waves excited
at the angular frequency ! can therefore superpose to
form rays inclined at angle #r and every shear layer
may be represented as a superposition of inertial
waves. These waves reflect at boundaries, so that
rays or shear layers must do the same. The reflection
is very peculiar. Because ! fixes the inclination with
respect to the rotation axis, and because an oscillation
frequency is not modified by a reflection, rays are
reflected such that the angle enclosed with the rota-
tion axis remains unchanged.

What happens after multiple reflections? Closed
cycles exist at some frequencies in spherical shells.
The most important example for us is the case !¼ 1
which is relevant for the spin-over mode. Figure 6
shows for a shell with 	 ¼ r i=ro ¼ 0:35 three inde-
pendent closed cycles. They all start from critical
latitudes. Two rays can emanate from the inner
core and one from the CMB. All three lead to closed
cycles.

Figure 7 shows numerical simulations of the spin-
over mode in a spherical shell with a very small inner
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Figure 6 Ray patterns in a spherical shell with ri=ro ¼ 0:35

for !¼1. The rotation axis is vertical in this and the

following pictures showing meridional cross-sections. All
rays shown start from critical latitude. The solid line

(DEFGHIJ) starts tangentially from the inner core, and the

dashed line (ABC) starts from the outer boundary. The
dotted line results from the previous two after reflection

about the equatorial plane. The dot dashed line runs along

the second characteristic going through the northern critical

latitude on the inner core. Its symmetric counterpart is not
included in the figure.

B

AC

Figure 7 Radial velocity of the spin-over mode for

E¼10�6 in the meridional plane ’ þ t ¼ 0 in the notation of

Section 8.07.1.4. In this and all following contour plots,
continuous and dashed contours lines indicate positive and

negative values of the plotted quantity, respectively. The

letters label the same points as in Figure 6.
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core ðri=ro ¼ 0:01Þ. The closed cycle connected

with the CMB at critical latitude is very prominent.

Additional features appear in a shell of Earth like

geometry (ri=ro ¼ 0:35, see Figure 8). The ray tan-

gential to the inner core gives rise to a pattern which

is clearly recognizable in both Figure 6 and the

simulations. On the other hand, the other ray which

could come from the critical latitude of the inner core

does not show in the numerical results. It is not

known at present why one is excited and the other

is not. Another view at the layers caused by the inner

core is offered by Figure 21.
More interestingly, the unusual reflection law

opens the possibility for rays to converge after multi-

ple reflection to caustics, limit cycles or attractors,

examples of which are shown in Figure 9. This

process is demonstrated in Figure 10. A ray has
been started in poleward direction from the inner
sphere at northern critical latitude and reflected
1500 times on the boundaries of a spherical shell
with r i=ro ¼ 0:35. For the next 500 reflections, a
dot is placed in Figure 10 at the colatitude � at
which a reflection off the outer boundary occurs.
This procedure is repeated for different ! with a
step size �!¼ 0.002. For some ! the ray path covers
more or less the entire shell, whereas for other !, the
ray reaches a periodic orbit.

Note that the shear layer pattern of the spin-over
mode in Figure 6 is a closed circuit but not an
attractor. Rays starting at nearby critical latitudes
are not focused after multiple reflection onto this
closed path.

Similar considerations apply to gravity waves in
stably stratified fluids. They have the same dispersion
relation as inertial waves and can thus also be found
on attractors (Maas and Lam, 1995; Maas et al., 1997).

8.07.2.3 Numerical Simulations

Apart from simulations of the spin-over mode,
there are also numerical solutions for axisymmetric
modes which are not toroidal. These modes offer a
vast terrain for exploration in as far as properties of
internal shear layers are concerned. These simula-
tions either directly solve an eigenvalue problem
or reproduce the excitation mechanism used in the
experiments by Aldridge and Toomre (1969): the
rotation rate of a spherical container is modulated
sinusoidally in time. The Ekman pumps at the
boundary then act at the frequency of the
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Figure 8 Radial velocity of the spin-over mode in a

spherical shell for the same Ekman number and in the same

meridional plane as in Figure 7. The letters label the same
points as in Figure 6.
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Figure 9 Ray attractors in a shell with ri/ro¼ 0.35 for
!¼ 0.532 (left), !¼ 0.81 (center, the dashed line indicates a

second attractor), and !¼ 1.322 (right). Adapted from

Tilgner A (1999a) Driven inertial oscillations in spherical

shells. Physical Review E 59: 1789–1794.
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Figure 10 Ray reflections on the outer sphere at

colatitude � as a function of !.

218 Rotational Dynamics of the Core



modulation and excite eigenmodes at that fre-

quency. In mathematical terms, consider a

spherical shell of gap d filled with fluid of viscosity

� which rotates about the z-axis with angular

velocity �0 þ �1 cos ~!t . Using for units of time

and length 1/�0 and d, respectively, one obtains

in the frame rotating at the rate �0 about the

z-axis eqn [22] as the nondimensional equation of

motion. The Ekman number is now defined

by E ¼ �=�0d 2. The no-slip boundary conditions

require for the fluid velocity u that u ¼ ð�1=�0Þ?
cos ð!tÞẑ � r at the inner and outer boundaries

of radii ri and ro with ro – r i ¼ 1 and ! ¼ ~!=�0 ?

�1=�0 can be arbitrarily set equal to 1. Only

axisymmetric flow is excited by the driving

mechanism considered here so that temporal

and spatial dependences are separated by the

ansatz u ¼ Re fvðr ; �Þei!tg, where Re denotes

the real part.
Figure 11 presents a study of the Ekman number

dependence at !¼ 1.32. The internal layers narrow

with decreasing E but retain a finite width so that

perfect agreement with the geometric ray construc-

tion is not expected. Indeed, the simple pattern of

internal layers at !¼ 1.32 (Figure 11) corresponds

well to the attractor at !¼ 1.322 (Figure 9) but not to

the one at exactly !¼ 1.32.
Many open questions remain concerning the

behavior in the limit E! 0. Ongoing research

attempts to establish a relation between the attractors

of inviscid fluids to the spectrum of eigenfrequencies

of flows with small but finite Ekman numbers

(Rieutord et al., 2001). Another task for future

research is to determine the stability properties of

the shear layers.
Finally, note another important point about the

role of critical latitudes. So far, we considered them

to be special because the Ekman layers break down

at these locations. This is the only mechanism

available to generate an internal shear layer in the

spin-over mode of a full sphere. But it turns out

that for general modes, or even for the spin-over

mode at the inner core of a spherical shell, internal

shear layers preferentially form at critical latitudes

even in inviscid fluids. Purely geometric reasons,

rather than viscous effects, already single out the

critical latitudes. This point has been studied in

detail by Stewartson and Rickard (1969) and

Rieutord et al. (2001) for discontinuities tangential

to the inner sphere in inviscid inertial modes of a

spherical shell.

8.07.3 Precession

In this section, we consider the precessional motion

of the mantle as given and ask for the response of the

liquid core. In situations where this matters, we will

assume that the CMB and the inner core rotate at

identical angular velocities about identical axes. The

relevant equations of motion are [3] and [4].
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Figure 11 Flow patterns in a shell with ri /ro¼0.35

driven at !¼1.32 for Ekman numbers 10�5 (top left), 10�6

(top right), 10�7 (bottom left), and 10�8 (bottom right). The

upper half of each panel shows meridional streamlines,

the lower half azimuthal velocity u’. The Ekman layers

have been removed from the plots of u’ for clarity.
Streamlines are shown at a time at which the instantaneous

poloidal energy is maximum, u’ is shown a quarter cycle

of the driving force earlier. The rotation axis is vertical.

A few points are labeled as in Figure 9. The remaining
points of the attractor nearly coincide with the labeled

ones. Adapted from Tilgner A (1999a) Driven inertial

oscillations in spherical shells. Physical Review E 59:
1789–1794.
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8.07.3.1 Solutions of the Inviscid Equation
of Motion

Without precession, the fluid settles to a motion of
uniform rotation in unison with the rotation of the
container. Such a flow has constant vorticity. When
the container starts to precess, the liquid tends to
maintain its initial motion due to inertia. Viscous and
pressure torques exerted by the boundaries on the fluid
act to align the vorticity of the flow with the rotation
axis of the mantle. As the mantle’s axis is continuously
moving in inertial space due to precession, this align-
ment is never quite reached. Let us assume that the
flow maintains a spatially uniform but time-dependent
vorticity throughout its evolution. Uniform vorticity
flows are indeed solutions of the inviscid equation of
motion and are commonly called Poincaré flows.
These solutions are derived using the Lagrangian
formalism in Poincaré (1910) (parts of which are trans-
lated into English in the final pages of the book by
Lamb (1932)). A more pedestrian approach is used here
(Sloudsky, 1895; Zharkov et al., 1996).

Consider flows which depend linearly on the
Cartesian coordinates x, y, z. To make such a flow fit
into an ellipsoid of revolution determined by

ðx=aÞ2 þ ð y=aÞ2 þ ðz=cÞ2 ¼ 1, stretch the coordinates

to transform the ellipsoid into a sphere, assume the flow
is a solid body rotation in that sphere, and transform the
coordinates back. In symbols, the stretched velocity
vector ðux=a; uy=a; uz=cÞ is given by the vector pro-
duct of any vector ð~!x ; ~!y; ~!zÞ with ðx=a; y=a; z=cÞ:

u¼ ~!y z
a

c
– ~!z y; ~!z x – ~!x z

a

c
; ~!x y

c

a
– ~!y x

c

a

� �
½24�

It is easy to verify that u is solenoidal and does not
penetrate the CMB (or an inner core if it has the
same ellipticity as the CMB), but it satisfies neither
no-slip nor stress-free boundary conditions and
can therefore only be used as a solution of the invis-
cid Euler equation. These flows have spatially
constant vorticity and the rotation of the fluid wF is
given by

wF ¼
1

2
r � u ¼ 1

2

a

c
þ c

a

� �
~!x ;

a

c
þ c

a

� �
~!y ; 2~!z

� �
½25�

Since the ellipsoid is assumed symmetric about the
z-axis we are free to choose a coordinate system such
that �y¼ 0. The curl of the nonlinear term in the
Navier–Stokes equation becomes

r � ½ðr � uÞ � u� ¼ – ½ðr � uÞ ?r�u

¼ – ~!z ~!y

a

c
–

c

a

� �
; ~!z ~!x

c

a
–

a

c

� �
; 0

� �
½26�

and the Coriolis term can also be expressed in
terms of ~!x ; ~!y , and ~!z. Inserting these expressions
into [4] with E set to zero and eliminating the
~!x ; ~!y , and ~!z in favor of wF yields the time evolu-

tion equation for wF:

q
qt
!Fx –

a2 – c2

a2 þ c2
!Fz!Fy –

2a2

a2þ c2
!Fy�z ¼ 0

q
qt
!Fy þ

a2 – c2

a2þ c2
!Fz!Fx –!Fz�x þ

2a2

a2þ c2
!Fx�z ¼ 0

q
qt
!Fz þ

2c2

a2 þ c2
!Fy�x ¼ 0

½27�

Assume that precession is started at t¼ 0 from a state
of uniform rotation. At early times !Fz � 1 and
therefore !Fx ; !Fy ¼ O ð�Þ, so that the z-compo-
nent of [27] yields more precisely !Fz ¼ 1 – O ð�2Þ.

Let us now consider on the contrary the steady
case reached for t!1. The z-component requires

for
q
qt

wF ¼ 0 that !Fy ¼ 0 (�x¼ 0 is a trivial case of

no precession at all). This means that ẑ; W, and wF all

lie in the same plane. The x-component of [27] is

thus automatically fulfilled and the y-component can

be rewritten as

!Fx

a2 – c2

a2 þ c2
!Fz þ

2a2

a2 þ c2
�z

� �
¼ !Fz �x ½28�

For any !Fz different from �z 2a2/(c2� a2), an !Fx

can be found such that the resulting flow satisfies the
Euler equation, nonlinear term included. Viscous
boundary layers are necessary in order to select a
solution. It is however plausible from physical intui-
tion (and it is confirmed below by solutions of the full
Navier–Stokes equation) that !Fz stays on the order
1� O (�2) during the evolution from the initial to the
final steady state because that state departs little from
the initial motion undisturbed by precession. As an
alternative argument, it is plausible that !Fz is max-
imum for �¼ 0 because both prograde and
retrograde precession tilt the rotation axis away
from its initial position. This again requires
!Fz¼ 1� O (�2). With that assumption, !Fx can be
computed to first order in � by setting !Fz¼ 1
in [28].

Equations [27] and [28] can be expressed in a
coordinate-independent form sometimes perceived

as more elegant (Malkus, 1971):

wF ¼ ðwFẑÞẑ –
ðwFẑÞð2 þ 	Þ

ðwFẑÞ	 þ 2ð1 þ 	ÞðWẑÞ ðW � ẑÞ � ẑ

½29�
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with 	 ¼ a2=c2 – 1. The full solution [24] is the solid
body rotation plus a potential flow which is necessary
to accommodate the boundary condition:

u ¼ wF � r þ r
 ½30�


 ¼ – ðwFẑÞ	
ðwFẑÞ	 þ 2ð1 þ 	ÞðWẑÞ ðW � ẑÞ ? rðẑ ? rÞ ½31�

Figure 12 summarizes the main geometrical
properties of the Poincaré solution: streamlines
lie on ellipsoidal surfaces defined by

ðx=aÞ2 þ ð y=aÞ2 þ ðz=cÞ2 ¼ const. In addition,

streamlines are confined to planes perpendicular to
ðc ~!x ; c ~!y ; a ~!zÞ, which is different from wF.

Streamlines are therefore ellipses with identical
ellipticities lying in these planes. The normal to
these planes is also different from the line running
through the centers of the ellipses.

Application to Earth’s parameters ð�z ¼ cos 23:5�=
ð26 000?365Þ; �x ¼ sin 23:5�=ð26 000?365Þ; c=a ¼
ð399=400ÞÞ of [28] with !Fz set to 1 leads to
!Fx¼ 1.7� 10�5. The angle between the rotation axes
of the mantle and the core is therefore 1.7� 10�5 rad
according to [28]. This simple differential rotation leads
to rather complicated particle paths of core fluid rela-
tive to the mantle (Vanyo, 2004).

8.07.3.2 Viscous Effects

We have seen in the previous section that the inviscid
equation of motion does not uniquely determine a
solution. If viscosity is taken into account, one needs
to find solutions which satisfy the no-slip boundary

conditions. The first analytical attempts to include
viscous effects represented the full solution as a
Poincaré solution modified near the boundaries by
a viscous boundary layer (Stewartson and Roberts,
1963; Roberts and Stewartson, 1965). In a linear the-
ory which assumes zero Rossby number and small
Ekman number, a particular orientation of the
Poincaré flow is selected. It also becomes apparent
within this approach that the boundary layers at
critical latitudes differ from the viscous layers found
elsewhere on the boundary, as was first noticed in
Bondi and Lyttleton (1953).

Busse (1968) extended the previous theory by
including nonlinear effects and determined the flow
from an expansion in Ekman and Rossby numbers.
The nonlinear effects introduce two novelties: first,
the critical latitudes at which the Ekman layers break
down now appear at angles of 60� with respect to the
rotation axis of the fluid, not the axis of the container.
Second, modifications of the Poincaré solution in the
interior of the fluid in the form of a differential
rotation appear. This correction is a second-order
effect in the sense that its amplitude is proportional
to the square of the precession rate. Crucially, how-
ever, the correction contains a singularity in the limit
of zero Ekman number: in a spherical container of
radius 1, it diverges at a distance cos 30� from the
rotation axis of the fluid. One therefore does not
recover the Poincaré solution from the full Navier–
Stokes equation for an Ekman number tending to
zero. This effect originates in a nonlinear interaction
within the boundary layer itself (Greenspan, 1969).

The divergence found in the theory has its
counterpart in the real system in the form of a
cylindrical shear layer coaxial with the rotation axis
of the fluid. Experiments have revealed a shear layer
at the location predicted by theory and also addi-
tional weaker layers (see Section 8.07.3.3).

A very simple model introduced by Vanyo and
Likins (1972) illustrates how viscous forces select a
particular solution. Assume for simplicity that the
boundaries are spherical with radii ri and ro for the
inner core and the outer surface, respectively, and
that the core and the mantle execute the same rota-
tional and precessional movement. The Poincaré
flow is then a solid body rotation wF� r with
an arbitrary wF. In the precession frame, [4]
needs to be solved subject to the boundary conditions
u ¼ ẑ � r at r¼ ri, ro. The simple idea used in
Vanyo and Likins (1972) consists in subsuming the
viscous effects in a frictional force per unit area
proportional to ðẑ – wFÞ � r acting at the

Figure 12 Sketch of the Poincaré flow. Three streamlines

are shown together with the normal to the planes to which

streamlines are confined.
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boundaries. In dimensional units, the prefactor is
given by ��=h, where h stands for the thickness of
the boundary layers which will have to be chosen
empirically. The phenomenological viscous force is
simply proportional to the differential rotation
between the bulk fluid and the boundaries. There is
no symmetry argument which requires the viscous
torque to be parallel to ðẑ� wFÞ since W introduces
another independent direction. The approximation is
nonetheless attractive if we view the boundary layers
as a lubricant between the interior fluid and the
boundaries. Operating with

R
dV r� on [4] yields

within the framework of this phenomenology

d

dt
wF ¼ wF �Wþ �ðẑ – wFÞ; � ¼ 5

�

!D dh

r 4
o þ r 4

i

r 5
o – r 5

i

½32�

In the stationary state, wF is given by

wF ¼
�2

�2 þ �2
ðŴ � ẑÞ � Ŵ –

��

�2 þ �2
Ŵ � ẑ

þ cos� Ŵ ½33�

Independently of the choice of h one finds for the
stationary state wFẑ ¼ !2

F and wF ? ð�Ŵ � ẑÞ < 0.
The latter inequality shows that viewed from an
inertial frame, the axis of the fluid lags behind the
axis of the shell in the precessional motion. At infi-
nitesimal �; wF is orthogonal to W and ẑ. As �j j is
increased, wF gradually aligns with Ŵ.

In order to get rid of any adjustable parameters
like h, one needs to actually compute the structure of
the boundary layers. Busse (1968) determines wF for
a spheroid with semi-axes a and c. This calculation is
fairly involved and only the result is quoted here:

wF

!2
F

¼ ẑ þ Aẑ � ðW � ẑÞ þ Bðẑ � WÞ
A2 þ B2

½34�

with A ¼ 0:259ðE=!FÞ1=2=a þ ð1 – c=aÞ!2
F þ Wẑ

and B ¼ 2:62ðE?!FÞ1=2=a; E ¼ �ð!D d 2Þ – 1. The
z-component of [34] reproduces the equation wFẑ ¼
!2

F already obtained above. Equation [34], strictly

speaking, obtains for a full spheroid with semi-axes a

and c without an inner core. However, eqn [32] shows
that the torque exerted by the inner core on the fluid
in a spherical shell with ri/ro¼ 0.35 is only 2% of the
total frictional torque, so that [34] can be reasonably
applied to the Earth’s core. Equation [34] for E < 10�7

reproduces the angle of 1.7� 10�5 already found at
the end of Section 8.07.3.1. According to [34] the locus
of wF approximately sweeps half of a circular cone as
� is varied; see Figure 13.

Noir et al. (2003) arrive at [34] by considering the
balance of torques acting on the fluid. They obtain
the frictional torque from the viscous decay rate of
the spin-over mode computed in Greenspan (1968)
which allows them to circumvent the most tedious
part of the algebra presented in Busse (1968).

Viscous effects ultimately determine how much
energy is dissipated by precession. This energy must
at least be on the order of 1011W if precession drives
the geodynamo. The dissipated energy must be
drawn from the rotational motion of the Moon and
the Earth. Néron de Surgy and Laskar (1997) have
computed the long-term evolution of the Earth
including a frictional term of the same form as in
[32]. It turns out that a precessional dissipation of
nearly 1012W is still compatible with geophysical
constraints on the rotation rate.

Precessional forcing certainly has changed during
Earth’s history. The obliquity was not constant, though
there is controversy about how much it varied
(Williams, 1993; Néron de Surgy and Laskar, 1997).
The more dramatic variation in precessional forcing
comes from the change in distance between the Earth

z

ω1

Ω

ro

ω2

ri

Figure 13 A spherical shell in prograde precession. For

infinitesimal precession rates �, the rotation of the interior

fluid w1 is nearly aligned with the z-axis. Viewed from
the mantle frame, the fluid rotates with the angular velocity

w1� ẑ which is perpendicular to the plane containing ẑ and

W. w2 shows a possible rotation vector of the fluid for large
�. As � is increased, the rotation vector varies along a curve

as shown and aligns with W in the limit of large precession

rates. For retrograde precession, the rotation vector of the

fluid varies along the dashed curve from ẑ to W.
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and the Moon. Precessional forcing was of course

stronger when the Moon was closer to the Earth.

8.07.3.3 Experiments

Laboratory experiments have historically been our

most important tool to gain insight into precession-

driven flow. Even with todays computational capabil-

ities, experiments are still superior in several aspects,

especially concerning the accessible range of Ekman

numbers.
Until recently, experimental diagnosis of preces-

sion-driven flow was restricted to torque

measurements and optical visualization. Figure 14

shows an experimental apparatus which sets an ellip-

soidal container into precessional motion. It consists

of basically two superposed turntables. Co-rotating

cameras allow visual observation of dye tracers or

flakes suspended in the fluid (normally water). The

torque exerted by the motors in order to maintain the

precessional motion of the container gives a direct

measure of the energy dissipated in the fluid.

Figure 15 summarizes visual observations. At low
precession rates, nested cylindrical shear layers appear

which are approximately coaxial with the rotation axis

of the fluid. Suspended flakes preferentially align with

the shear in these layers but are randomly oriented in

regions of low shear. The orientation of the particles is

revealed by how they scatter incident light: viewed

perpendicular to a plane of illumination, zones of high

shear appear bright. When the precession rate is

increased, these shear layers seem to develop wave-

like instabilities as indicated in Figure 15 and the flow

ultimately becomes turbulent at high-enough preces-

sion rates. The visualization method of course does not

allow us to tell whether the shear layers cause the

instability or whether their deformation is simply an

indicator of an instability of different origin. A sudden

increase in energy dissipation, and hence in the torque

applied by the motors, accompanies the onset of turbu-

lence (Malkus, 1968). A hysteresis loop is observed in

the torque when the precession rate is lowered from a

value above the onset of turbulence in an ellipsoid of

ellipticity 1/10, but none appears in an ellipsoid of

ellipticity 1/400 (Vanyo, 1991). The onset of the

Gauge

Cavity

Spin
table

Precession
table

Figure 14 Experimental setup. A transparent ellipsoidal

cavity rotates and precesses. A camera pointed along the

rotation axis and mounted on the precession table takes

pictures of the flow through a transparent gauge. Adapted
from Vanyo J (1991) A geodynamo powered by luni-solar

precession. Geophysical and Astrophysical Fluid Dynamics

59: 209–234.

Rotation
axis

Precession
axis

Fluid
axis

23.5°

Figure 15 Sketch of visual observations. Adapted

from Vanyo J, Lods D, and Wilde P (1994) Precessing
mantle, liquid core and solid core interactions. In: The

4th SEDI Symposium, Abstract Book, pp. 62–64. Whistler,

BC: SEDI.
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wave-like instability occurred in one experiment
(Malkus, 1968) at E¼ 3.6� 10�6 and �P/!D¼ 1/60 in
a container of ellipticity 1/25. There is no systematic
data available on how this onset depends on the control
parameters.

More detail of the structure of the axisymmetric
shear layers is given in Figure 16 where the temporal
evolution of an initially straight dye line in the equa-
torial plane is shown. The bulk of the fluid moves in
retrograde direction and the strongest deformation of
the dye streak occurs at a radius of about 0.866 (the
radius of the boundary being 1). A cylinder at this
radius connects the northern to the southern critical
latitude (cos 30� ¼ 0.866).

Vanyo et al. (1995) contains numerous photographs of
dye-tracer visualizations. It transpires that vortices
reminiscent of a Kelvin–Helmholtz instability appear
on the shear layers. There is also an axial velocity
component inside these vortices, so that the flow in the
vortices is helical. The gross structure of the helical
velocity is not unlike that of buoyancy-driven flow,
which adds to the suspicion that precession-driven
flow might act as a dynamo.

The orientation of the velocity in the most pro-
minent shear layer, and the location of that layer, in
Malkus’ experiment is compatible with the nonlinear
theory of Busse. It is not clear at present where the
other shear layers come from.

It is also surprising at first that there is no
indication in visualizations of the inclined time-depen-
dent shear layers which have been the topic of Section
8.07.2 (in particular Figures 6 and 7). It is likely that
the response time of the suspended flakes is too long to
show these layers. Indeed, every flake particle traverses
during one rotation period a layer of one sign and the
corresponding layer of opposite sign (because the spin-
over mode has an azimuthal wave number of 1) so that
averaged over one rotation period, there is no reorien-
tation of the particle. Acoustic Doppler anemometry
on the other hand confirmed the existence of oblique
shear layers. Noir et al. (2001) compared the experi-
mental velocity profiles with numerical simulations
and found agreement for both the shape of the profile
as well as the dependence of the velocities on the
control parameters. They concluded that in the
Earth’s core, the velocity in these layers originating
from the CMB is approximately 6 � 10 – 6 m s – 1.

A most basic characterization of precession-driven
flow is the orientation of the fluid axis. The first sys-
tematic data have been collected by Vanyo and Likins
(1971) who compared their results with eqn [33]. A
problem with [33] is that it predicts behavior which is
symmetric between prograde and retrograde preces-
sion, which is not supported by observation. Pais and
LeMouël (2001) re-examined Vanyo’s data by fitting
them to the theory of Busse, that is [34], and claimed
good agreement. Another study by Noir et al. (2003)
showed that discrepancies between experiment and
theory remain which are larger than the experimental
errors. Noir et al. (2003) started experimental determi-
nations of the fluid axis of their own using three
different methods: tracer particles, pressure measure-
ments, and acoustic Doppler anemometry. Equation
[34] is not expected to be universally applicable because
it is derived using series developments which are valid
in the limit of small Ekman numbers, small precession
rates, and small ellipticities. Accordingly, Noir et al.

(2003) observed deviations at some parameters but
found general agreement, even at parameters for
which it could not be expected. In particular, there is
no reason to doubt that [34] describes very well the
behavior of the Earth’s core. Numerical simulations in
the next section confirm this conclusion.

8.07.3.4 Numerical Solutions

Experimental progress primarily hinges on the
development of new measurement techniques.
Anemometry has never been an easy task, but it
becomes especially cumbersome in a rotating or
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Figure 16 Deformation of a dye streak in the equatorial

plane at successive moments in time. The view is from the

South Pole; west and east are equivalent to retrograde and

prograde, respectively. Reprinted from Malkus V (1968)
Precession of the Earth as the cause of geomagnetism.

Science 160: 259–264.
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even precessing flow. Numerical simulations are
attractive in the present context because all quanti-
ties of interest can easily be extracted from the data.
On the other hand, we cannot simulate the lowest
Ekman numbers achievable in experiments.

The most general geometry simulated to date is
that of a spheroidal shell in which the minor axes of
the inner and outer boundaries coincide with the
common rotation axis of the boundaries. Most of
the calculations presented here are for equal ellipti-
cities of the inner and outer boundaries so that we
state the mathematical problem for this case.

Consider incompressible fluid of kinematic visco-
sity � in an ellipsoidal shell rotating with angular
frequency !D about the z-axis. The shell furthermore
executes precessional motion characterized by the
precession vector �pŴp (hats denote unit vectors).
The boundaries of the shell are given by

x2

a2
þ y2

a2
þ z2

c2
¼ 1 ½35�

x2

ð	aÞ2
þ y2

ð	aÞ2
þ z2

ð	cÞ2
¼ 1 ½36�

	 < 1 and both boundaries have the same ellipticity
e ¼ 1 – c=a. Units of length and time are chosen as

ð1 – 	Þa and 1=!D, respectively. The equation of

motion for the velocity u(r, t) reads in a frame of
reference attached to the shell:

q
qt
r � u þ r � ð2ðẑ þ WÞ þ r � uÞ � uf g

¼ Er2r � u þ 2ẑ � W ½37�

r ? u ¼ 0 ½38�

The Ekman number E is defined by E ¼ �ð!Dð1 –

	Þ2a2Þ – 1 and W ¼ �p=!D Ŵp . The precession axis Ŵ
forms the angle �ð0 < � < �=2Þ with the z-axis and is
time dependent in the chosen system of reference:

Ŵ ¼ sin� cos t x̂ – sin� sin t ŷ þ cos� ẑ ½39�

The boundary conditions require that u¼ 0 at
r ¼ ri; ro. For spherical boundaries, c¼ a, e¼ 0, and

	 ¼ ri=ro, where ri and ro denote the radii of the

inner and outer boundary, respectively.

8.07.3.4.1 Laminar flows

The rotation axis of the fluid, wF, is predicted by [34] in
the limit of small precession rates, Ekman numbers, and
ellipticities. If we want to compare the prediction to
numerical simulations, we first need a precise definition
of the fluid axis. In the theory, the flow outside the

boundary layers is assumed to have constant vorticity.

In a sphere, such a flow corresponds to a solid body

rotation. We thus seek to extract from the simulated

flow a component which most closely resembles a solid
body rotation. This turns out to be quite straightforward

because of the numerical method that is usually

employed (Tilgner, 1999d). Indeed, it is convenient to

numerically solve the Navier–Stokes equation in sphe-

rical geometry after decomposing the velocity field u

into poloidal and toroidal scalars, 
 and  , by

u ¼ r � r � ð
r̂Þ þ r � ð r̂Þ ½40�

and to decompose each scalar into spherical
harmonics:


 ¼ r
P1
l¼1

Pl

m¼ – 1

m

l ðr ; tÞPm
l ðcos �Þeim’

 ¼ r 2
P1
l¼1

Pl

m¼ – 1
 m

l ðr ; tÞPm
l ðcos �Þeim’

½41�

A solid body rotation of the fluid at radius r is
entirely determined by the coefficients  1

1ðrÞ and

 0
1ðrÞ. The rotation of the fluid at radius r in the

mantle frame is given by

wðrÞ ¼ – 2Re  1
1ðrÞ

	 

x̂ þ 2Im  1

1ðrÞ
	 


ŷ þ  0
1ðrÞẑ ½42�

Re{} and Im{} denote the real and imaginary parts
of the quantity in curly brackets. An average rotation

is then defined by < w >¼ 1

V

R
wðrÞdV , where V is

the volume of the shell.
We are now in a position to compare numerical

and analytical results. wF determined from [34] with

a¼ c¼ ro is given in the precession frame so that we

need to compare it with < w >þ ẑ. Figure 17 shows

a polar diagram in which the directions of < w >þ ẑ
and wF are given. This plot is a two-dimensional (2-D)

projection of Figure 13. The locus of the directions

visited by < w >þ ẑ when varying � depends on �
but not on E according to [34]. This is well verified by

the numerical results. Predicted and computed direc-

tions differ by angles comparable with the variations of

direction of wðrÞ with r and are therefore on the order

of the deviations within which a fluid rotation vector
can be determined from the numerical data.

Figure 18 compares the kinetic energy of the
flow in the mantle frame with the predicted value

1=2
R
ðwF – ẑÞ2dV . The agreement is fair and the

fractional error would appear even smaller in the

precession frame because most of the rotational
energy is subtracted out in transforming to the

mantle frame, where deviations from solid body
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rotation are emphasized. The agreement also

improves with decreasing E. More comparisons are

in Tilgner and Busse (2001) for spherical shells, and

Lorenzani and Tilgner (2001) for spheroidal shells.
Experiments have revealed oblique conical and

cylindrical shear layers. The inclined shear layers

are those contained in the spin-over mode and

already seen in Figures 7 and 8. One of the cylind-

rical shear layers is predicted by the theory of Busse
(1968). These cylinders are coaxial with the rotation

axis of the fluid. In order to distill them from the

numerical data, we have to plot the zonal component

of the velocity axisymmetric about wF. This is done
in Figure 19. The shear layers in the zonal velocity

well known from experiments clearly appear in the

plots. The exact location of the shear layers depends

on both the boundary geometry and the Ekman
number. The most precise comparison is possible in

Figure 20 in which the profiles of the zonal velocity
in the equatorial plane perpendicular to !F are
plotted as a function of radius. The strongest shear
layer connects the critical latitudes, and the positions
of the strongest prograde and retrograde jets correspond
exactly to those given in figure 3 of Malkus (1968). The
position of the smaller extrema depends on E and a
perfect agreement with Malkus figure cannot be
expected for this part of the profile. As can be deduced
from Figure 20, the prograde jet becomes stronger with
decreasing E. According to Busse (1968), a singularity
should develop in the limit E! 0. The Ekman number
dependence of the maximum zonal velocity does not
follow any simple law valid for the entire interval
10�4 < E < 10�6 but is compatible with a scaling in
E�3/10 for 10�5 < E < 10�6. Using the scaling in
E�3/10 down to the Ekman number of the Earth, one
finds a velocity of 3� 10�5 m s�1 for the prograde jet
inside the core (Noir et al., 2001).

Figure 20 contains additional structure in the
zonal wind which compares favorably with Malkus’
experiment. While we do not understand the origin
of these other shear layers, the simulations show that
they are not experimental artefacts and that their
explanation is hidden in the equation of motion [37].

The simulations, as well as the experiments, had
no significant inner core. The effect of an Earth like
inner core has been investigated by Lorenzani and
Tilgner (2001). The main cylindrical shear layer is
too distant from the inner core to be noticeably

Figure 17 Polar plot showing the orientation of the

average rotation of the fluid in a reference frame in which the
axes of precession and rotation of the shell are stationary.

The thin circles are located at 10�, 20�, and 30� from the

North Pole. The thick lines show the locus of the directions

of the rotation axis of the fluid predicted by [34] for �¼90�

(left line) and �¼23.5� (right line), the latter ending at the top

right of the figure at the position of the precession axis.

Retrograde corresponds to clockwise in this figure. The

symbols indicate E¼ 10�4, �¼ 23.5� (circles); E¼10�5,
�¼23.5� (squares); and E¼10�4, �¼ 90� (diamonds). The

values of � can be deduced from Figure 18 where more

data for the same runs are shown; the points close to the
pole are for small j�j. Near to every data point obtained from

direct simulation is another symbol showing the direction

calculated with [34] for the same parameter set: crosses

belong to circles, x to squares, and stars to diamonds.
Reprinted from Tilgner A (1999b) Magnetohydrodynamic

flow in precessing spherical shells. Journal of Fluid

Mechanics 379: 303–318.
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Figure 18 Kinetic energy Ekin of the flow in the mantle frame

as a function of the (retrograde) precession rate �. The symbols

indicate E¼10�4, �¼ 23.5� (circles); E¼10�5, �¼ 23.5�

(squares); and E¼10�4, �¼ 90� (diamonds). The solid lines

show the kinetic energies deduced from [34]. Adapted from

Tilgner A (1999b) Magnetohydrodynamic flow in precessing
spherical shells. Journal of Fluid Mechanics 379: 303–318.
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modified by it, but a new cylindrical shear layer

emerges near the critical latitudes of the inner core.
In as far as the inclined shear layers are concerned,

we have reliable theory about the scaling of the

velocity with Ekman number and precession rate

for the layer connected with the CMB. This scaling

yields a velocity of 6� 10�6m s�1 when applied to

the Earth’s core (Noir et al., 2001).
We are less advanced for the layers associated

with the inner core and have to rely on numerics

for that case. Tilgner (1999c) reports simulations with

free-slip boundary conditions at the CMB and no-

slip conditions at the inner core. This isolates the

layer connected to the inner core, which is shown

in Figure 21. The intensity of these shear zones
decreases with decreasing E, but the extrapolation
to E¼ 10�15 is problematic. The numerical results
do not behave according to any simple power law.
The Ekman number of the simulation is presumably
not small enough yet for the asymptotic regime. One
is thus reduced to give an upper bound for the core
flow: the radial velocity in the main shear zone will
certainly be less than 6.9� 10�5 m s�1.

The Poincaré solution in a shell not only violates
no-slip boundary conditions, it even violates the no-
penetration boundary condition if inner and outer
boundaries have different ellipticities. Based on the
experience of Section 8.07.2, which has shown that
internal layers typically appear even in inviscid solu-
tions in all but the simplest geometries, we may
expect that a difference in ellipticities also brings
internal layers into existence.

Figure 19 Zonal flow component u’9 (where ’9 denotes the azimuthal angle with respect to the wF-axis) axisymmetric about
wF, after subtraction of the average rotation of the fluid. wF is pointing upwards in all panels. 	¼0.1, e¼0.04, �¼�10�5, and

�¼30� in all cases. From left to right, the Ekman number is 10�4, 10�5, and 10�6. Adapted from Lorenzani S and Tilgner A

(2001) Fluid instabilities in precessing spheroidal cavities. Journal of Fluid Mechanics 447: 111–128.
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Figure 20 u’9 from Figure 19 in the equatorial plane as a

function of r for �¼� 10�5, �¼30� and 	¼0.1. The line
styles indicate e¼0.04, E¼ 10�4 (solid); e¼0.04, E¼ 10�5

(dashed); e¼ 0.04, E¼10�6 (dotted); and e¼0, E¼10�5

(dot dashed). For this last case, u’9 has been divided by 100

in order to make the curve fit into the figure. Adapted from
Lorenzani S and Tilgner A (2001) Fluid instabilities in pre-

cessing spheroidal cavities. Journal of Fluid Mechanics 447:

111–128.

Figure 21 Velocity in meridional planes for ei ¼ eo ¼ 1=400;

E ¼ 3 � 10 –6 and stress-free outer and no-slip inner

boundaries. ẑ is pointing upwards, the axis pointing to the right

is Ŵ in the left panel and ẑ� Ŵ in the right panel. Velocities at

equal arrow length are larger in the right panel by a factor 1.24.
The mean solid body rotation has been subtracted and the

Ekman layer at the inner core has been removed from the plot.

Adapted from Tilgner A (1999c) Non-axisymmetric shear layers
in precessing fluid ellipsoidal shells. Geophysical Journal

International 136: 629–636.
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Simulations of the linearized equations of motion
confirm this expectation. This time, the velocities on
the characteristic surfaces tangent to the inner core
are increasing with decreasing E because one obtains
true discontinuities in the inviscid flow which are
smeared out at finite Ekman number. Simulations
yield directly a lower bound for the corresponding
layer in the Earth’s core of 3.4� 10�7 m s�1. We have
no theory for the Ekman number dependence.
The best power law fit to the numerical data suggests
a scaling as E�0.17. Assuming this is correct, one
obtains velocities of 1.2� 10�5 m s�1 for the Earth’s
core (Tilgner, 1999c). All the different mechanisms
therefore seem to generate velocities in the shear
zones in the range 10�7–10�5 m s�1, which is
well below flow velocities deduced from secular
variation.

The mechanism based on different ellipticities of
the inner core and the CMB is a rather general effect of
topography. In fact, the Poincaré flow over topography
at the CMB of a height of some 10 km may force larger
velocities than those found here, but this possibility
remains to be investigated.

8.07.3.4.2 Instability
Instabilities generally break symmetries of the under-
lying flow. The laminar precession-driven flow is
symmetric with respect to the origin in the sense that
uðrÞ ¼ – uð – rÞ. It is therefore useful to separate the

full velocity field into symmetric and antisymmetric
components, such that u ¼ ua þ us, with us ¼ ðuðrÞ –
uð – rÞÞ=2 and ua ¼ ðuðrÞ þ uð – rÞÞ=2. Adding

and subtracting the equations for
q
qt
r� uðrÞ

and
q
qt
ðr � uÞð – rÞ, and noting the fact that the

curl of a vector is a pseudovector so that r� ua ¼
1

2

½ðr � uÞðrÞ – ðr � uÞð – rÞ� andr� us ¼
1

2
½ðr �

uÞðrÞ þ ðr � uÞð – rÞ� one obtains

q
qt
r � us þ r � ½ðr � usÞ � us þ ðr � uaÞ � ua�

þ 2r � ððẑ þ WÞ � usÞ ¼ Er2r � us – 2W � ẑ

½43�

q
qt
r � ua þ r � ½ðr � usÞ � ua þ ðr � uaÞ � us�

þ 2r � ððẑ þ WÞ � uaÞ ¼ Er2r � ua ½44�

together withr ? ua ¼ r ? us ¼ 0 and ua ¼ us ¼ 0
on the boundaries. Only us is forced by precession
and ua ¼ 0 is always a possible solution. An

instability of that solution is necessary in order to
obtain ua 6¼ 0. The energy Ea contained in the velo-
city field ua is therefore a convenient indicator for
the onset of instability. In order to localize instabil-
ities spatially, it is helpful to also introduce the
density �a(r) of the energy contained in ua at radius r:

�aðrÞ ¼
1

4�

Z �

0

d� sin �

Z 2�

0

d’
1

2
u2

a ½45�

Three different situations are represented in
Figure 22. Either only the bulk has become unstable,
or only the boundary, or both. One instability does
not seem to affect the other.

8.07.3.4.2.(i) Boundary layer instability Let
us first consider the instability localized in the
boundary layer. Figure 23 gives an impression of
the unstable boundary layer flow. The comparatively
small lateral length scales of the motions excited by
the boundary layer instability become difficult to
resolve at more extreme parameters. The develop-
ment of this instability and ensuing numerical
instabilities turn out to be the most serious obstacle
on the way to high precession rates at low E.
The instabilities of time-independent Ekman layers
have already been studied in detail, both numerically
and experimentally (Tatro and Mollo-Christensen,
1967; Lilly, 1966). In these studies, the Reynolds and
Rossby numbers of the boundary layer emerged as
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Figure 22 The energy density �a of the antisymmetric

components (eqn [45]) as a function of r for E¼ 5� 10�4,

e¼ 0.1, �¼80�, �¼� 0.08 (solid); E¼10�4, e¼0.04,
�¼ 30�, �¼�0.05 (dashed); and E¼10�4, e¼0.1, �¼80�,
�¼�0.08 (dot dashed). The values for the last curve have

been divided by 10. 	¼0.1 for all cases. Adapted from

Lorenzani S and Tilgner A (2001) Fluid instabilities in precessing
spheroidal cavities. Journal of Fluid Mechanics 447: 111–128.
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the relevant parameter separating stable from

unstable flows. In the present simulation, let us use

as the boundary layer thickness the distance from the

boundary at which the absolute value of the radial

velocity averaged over spheroidal surfaces reaches a

maximum. The layer thickness is approximately

1.4� E1/2 in all cases. Based on this thickness and

the maximum tangential velocity, the Reynolds

numbers of the boundary layer have been computed.

The Rossby numbers of the simulated boundary

layers lie in between 0.1 and 0.5 and have been

estimated as vh½2ð1 þ � cos�Þ� – 1 where vh is the

maximum tangential velocity at the edge of the

boundary layer and 1 þ � cos� is the total rotation

rate about the z-axis. The critical Reynolds number

lies somewhere in between 50 and 100, which falls

into the range quoted by Tatro and Mollo-

Christensen (1967) for time-independent Ekman

layers.
Even though the Reynolds number of the

boundary layer surely exceeded its critical value

in some precession experiments, the Ekman layer

instability has never been noted in experiments

which indicates that it stays localized in thin

boundary layers also at the parameters typical of

experiments. The boundary layers are so thin that

an instability within those layers is not easily

detectable experimentally.

In the Earth’s core, the boundary layers are likely
to be unstable. The angle between the Earth’s axis of
figure and the rotation axis of the core is 1.7� 10�5

which leads to velocities at the CMB of up to
4.3 mm s�1. This is one order of magnitude larger
than the velocities deduced from the secular varia-
tion of the magnetic field. The precessional velocity
field varies with the period of 1 day and the mantle of
course screens variations of the magnetic field on that
timescale. Nonetheless, these large velocities have an
influence on the boundary layer dynamics. Based on
a critical Reynolds number for the boundary layer of
100 and using 1.4� E1/2 for the layer thickness, the
Earth’s Ekman layer must be unstable if the Ekman
number of the Earth’s core is less than 3.5� 10�14,
which is the case according to current estimates.

8.07.3.4.2.(ii) Instabilities of the bulk

flow Let us now turn to instabilities of the bulk
flow. It is numerically challenging to demonstrate
these instabilities. If the boundary layer becomes
unstable first, one has to resolve the small-scale
structures which then appear. This considerably
slows down the computation. It is therefore best to
find sets of parameters where the boundary layers
stay stable. The first examples which have been
reported were for comparatively large Ekman num-
bers, which then also implies a large Poincaré force to
drive the flow vigorously enough. A strong driving is
achieved by choosing a large precession rate and a
large angle between rotation and precession axes. A
large precession rate by itself is not useful because a
plateau is reached in the kinetic energy of the flow
with increasing j�j (see Figure 18) and at yet larger
j�j, other inertial modes may become excited
(Manasseh, 1992). An angle of about 60� between
rotation and precession axes must usually be chosen
for computations.

As an example, Figure 24 shows Ea as a function
of E at a fixed j�j. Ea equals zero for the basic flow,
Ea 6¼ 0 indicates the onset of a new flow.

The simulations of bulk instabilities in preces-
sional flow (Tilgner and Busse, 2001; Lorenzani and
Tilgner, 2001, 2003) lead to global instability which
invades the entire fluid volume. It is impossible to
connect the origin of instability by mere visual
inspection to some particular feature of the under-
lying laminar flow. We therefore need a more
incisive instrument than visualization.

It will prove very useful to spectrally decompose
the flow field into components of different azimuthal
wave numbers m9. The prime denotes a coordinate

Figure 23 uar on a surface separated by 0.015 from the

outer boundary for e¼ 0.04, 	¼0.1, E¼10�4, and

�¼�0.03. The North Pole is marked by a circle, the fluid
axis by an x, and the precession axis by aþ . Reprinted from

Lorenzani S and Tilgner A (2001) Fluid instabilities in

precessing spheroidal cavities. Journal of Fluid Mechanics

447: 111–128.
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system in which the azimuth ’9 is measured with
respect to the axis of the fluid, not the axis of the
container. In order to see why this makes sense,
consider the equation governing the linear stability
of an ideal fluid driven by precession in the mantle
frame:

q
qt
r � u9 þ 2r � ðẑ � u9Þ þ r � ½ðr � u9Þ � u0�

þ r � ½ðr � u0Þ � u9� ¼ 0 ½46�

The total velocity u is the sum of the velocity per-
turbation u9 and the basic flow field u0. If the third
and fourth terms are small compared with the
Cariolis term, they can be treated as a perturbation,
the solution of the unperturbed problem being the
inertial eigenmodes. Let us assume that some parti-
cular feature of the basic flow triggers the instability
and that this feature is characterized by a single wave
number m90. Cylindrical shear layers for example are
axisymmetric with respect to !F and thus have
m90 ¼ 0. In this case, the coefficients in [46] are
independent of ’9. In addition, [46] is linear in u9

so that u9 must have a dependence on ’9 in eim91’9.
Axisymmetric shear layers excite unstable flow char-
acterized by a single wave number m91.

However, the spin-over mode is a flow with
m90 ¼ 1. It cannot excite an instability with a single
wave number. In the lowest order of a perturbation
calculation (outlined in Section 8.07.5), it must excite
a pair of eigenmodes of the unperturbed problem.
One speaks of a triad resonance when this happens
because three entities compose the total flow: the
laminar flow u0, which is itself an inertial mode if

we identify u0 with the spin-over mode, and the two
modes excited by the instability. Let these modes
have wave numbers m9a and m9b and eigenfrequencies
!a and !b. These modes have time and azimuthal
dependences given by eiðm9a’9 –!a tÞ and eiðm9b’9 –!b tÞ.
They are coupled by the perturbation only if
m9a – m9bj j ¼ 1. The instability thus consists of at

least one pair of inertial modes with wave numbers
differing by one. Otherwise, the perturbation cou-
plings, that is, the third and fourth terms in [46],
would introduce new wave numbers. [46] can impos-
sibly be satisfied if u9 consists of a single mode and if
u0 is characterized by an m90 different from zero. For
arbitrary m90, the condition m9a – m9bj j ¼ m90 has to be
met. A look at a spectrum as a function of m9 thus
directly gives a hint as to what has caused an
instability.

Figure 25 shows an example. The velocity fields
corresponding to unstable states have been trans-
formed to the primed coordinate system in which
the z9-axis points along wF. The field has then been
decomposed into spherical harmonics in this new
system and the energy contained in the different
spectral components has been plotted against the
azimuthal wave number m9. In the example shown
in Figure 25, a dominant contribution to ua occurs at
m9¼ 7 and 8, whereas us differs little from its shape in
stable solutions. It is expected that there is a nonzero
contribution from all wave numbers because the
spectrum in Figure 25 is for a saturated state and
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Figure 24 The ratio of the energy contained in the
antisymmetric components and the total energy, Ea/Ekin, as

a function of the Ekman number E for �¼�0.2 and �¼60�

in a spherical shell with ri/ro¼0.01.
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Figure 25 Energy contained in the modes with wave
number m9 as a function of m9 for 	¼ 0.1, e¼ 0.04, �¼30�,
�¼�0.03, and E¼10�4. Antisymmetric (circles) and

symmetric (squares) contributions are shown separately.

Adapted from Lorenzani S and Tilgner A (2001) Fluid
instabilities in precessing spheroidal cavities. Journal of

Fluid Mechanics 447: 111–128.
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not for an exponentially growing unstable motion. In
addition, the prediction that only two wave numbers

are populated is only true if the terms involving u0

are infinitesimally small. Nonlinear interactions gen-

erate a small peak in the spectrum of us at twice the
wave number at which the spectrum of ua peaks.

The structure of the instability for the set of
parameters used in Figure 25 is clarified in Figures
26 and 27 and summarized in Figure 28. Figures 26

and 27 are snapshots. As time goes on, the m9¼ 7 and
m9¼ 8 patterns rotate independently of each other

about the z9-axis. Figure 26 shows uaz9 and uar in the
plane perpendicular to !F. m9¼ 7 appears in uar

whereas m9¼ 8 dominates uaz9. The two sets of rolls
overlap but are centered at different radii. Figure 27
shows cylindrical cuts at distances from the fluid axis

corresponding to these two radii. For m9¼ 7 one finds
columnar vortices symmetric about the equatorial

plane of the primed coordinate system, whereas the
m9¼ 8 vortices are antisymmetric about this plane.

Figure 28 reproduces these and additional obser-
vations in a sketch. Two sets of columnar vortices
centered at different distances from the fluid axis

exist, with wave numbers differing by one. The entire
pattern is antisymmetric with respect to reflection at

the origin. Individual rolls in the wave with odd wave
number therefore have equal vorticity in the

Northern and Southern Hemispheres. Rolls belong-
ing to the wave with even wave number on the

contrary have opposite vorticities in both hemi-
spheres. The designations North and South refer of

course to the primed coordinate system. The axial

and azimuthal components in the outer roll pattern
are of comparable magnitude, whereas uaz9 is small in
the component with odd m9. uaz9 reaches its extremal
values in between the outer vortices. The same

sketch is valid for other parameters, except that the
values of m9 change.

The axisymmetric shear layers which are so con-
spicuous in experiments have m90 ¼ 0. They cannot
be the origin of the instability in Figure 25. The
inviscid spin-over mode also has m90 ¼ 0 in a sphere,
but its viscous counterpart (with boundary layers,
internal shear layers, etc.) has m90 ¼ 1 and triggers

the instability in Figure 25. Two additional features
are important in ellipsoidal containers. The first is
the ellipticity of the streamlines of the Poincaré
solutions sketched in Figure 12. If one considers
the unperturbed problem to be the eigenvalue pro-

blem in a sphere, and if one restricts oneself to small
ellipticities of the container so that the elliptic defor-
mation of the streamlines can be treated
perturbatively, one will find instabilities involving

two modes with wave numbers differing by 2. The
second source of instability is introduced by the fact
that the elliptical streamlines of the Poincaré flow lie
in parallel planes and that there is shear between
these planes because the line joining the centers of

the ellipses is not perpendicular to the plane of the
streamlines. This shear couples modes with wave
numbers differing by 1. These last two instabilities
occur even if viscosity is strictly zero. For this reason,
they are classified as inertial instabilities and are

more accessible to analytical treatment. Stability

Figure 26 uar (left) and uaz9 (right) in the plane perpendicular to wF for the same parameters as in Figure 25. Adapted from

Lorenzani S and Tilgner A (2001) Fluid instabilities in precessing spheroidal cavities. Journal of Fluid Mechanics 447: 111–128.
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criteria are derived in Kerswell (1993) which show
that the instability in Figure 25 is not due to the
elliptical shape of the container, but must be due to
viscous corrections to the spin-over mode.

8.07.3.4.2.(iii) Saturation and turbulence In
order to isolate the two inertial instabilities just men-
tioned, one must get rid of the viscous boundary
layers. This has been done by Lorenzani and
Tilgner (2003) by applying free-slip boundary con-
ditions. In this case a new phenomenon occurs which
is commonly known as resonant collapse: the growing

instability does not reach a saturated state but starts
to oscillate instead (Figure 29). During collapse, a
laminar large-scale inertial mode suddenly decays
into small-scale turbulence. The small scales draw
energy from the large scales which they dissipate.
Once enough energy has been dissipated, the flow
becomes laminar and the same instability as before
grows once more only to decay into turbulence again.
This cycle repeats indefinitely. During the growth
phases, the two excited modes have the same quali-
tative features as those summarized in Figure 28.
Beyond a certain amplitude of these modes, collapse
can occur and Ea returns to small values. Figure 29
shows an example for parameters far enough beyond
the onset of instability so that the variations of the
energy are not periodic any more. Figure 30
demonstrates the appearance and disappearance of
small-scale structures in the course of the oscillations.

Laboratory experiments were mostly done with
full ellipsoids, but for geophysical applications, the
effect of an inner core is of interest. In a simulation
with the same parameters as above except for an
inner core with 	¼ 0.35, we expect the inner core
to cause little change to the resonance conditions
because the inertial modes observed without inner
core reach their largest amplitude outside the region
now occupied by the inner core. And indeed, the
numerical simulation reveals an initial instability
with the same pair as before (m9¼ 3 and 4) and the
final stage is dominated by the pair m9¼ 1 and 3.
However, no collapses occur in this particular case,
but small scales remain permanently excited in a
statistically stationary state at the end of the run
(Figure 31).

Lorenzani and Tilgner (2003) have also simulated
as closely as possible the experiments of Malkus
(1968). It appears from these simulations that the

Figure 27 uar on cylindrical surfaces at distances 0.638 (left) and 0.869 (right) from the wF-axis for the same case as in Figures
25 and 26. ’9 runs from –� to � in going from left to right, and �9 is given on the ordinate. Adapted from Lorenzani S and Tilgner A

(2001) Fluid instabilities in precessing spheroidal cavities. Journal of Fluid Mechanics 447: 111–128.

Figure 28 Sketch of the structure of the unstable mode in

Figures 26 and 27. Reprinted from Lorenzani S and Tilgner

A (2001) Fluid instabilities in precessing spheroidal cavities.
Journal of Fluid Mechanics 447: 111–128.
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vigorous motions observed in the experiments by

Malkus (1968) are likely to be inertial rather than

viscous instabilities. This does not exclude the pos-

sibility of a viscous instability appearing first at low

precession rates. In one case, Malkus has observed a

spectacular transition from a chaotic to a fully turbu-

lent flow accompanied by a hysteresis effect (see

Section 8.07.3.3). Simulations have shown that the

sudden increase in turbulence fluctuations and the

hysteresis have nothing to do with the onset of a new

instability but are rather a manifestation of a re-

orientation of the vorticity of the underlying

Poincaré flow. Turbulence appears at a precession

rate at which a reorientation of the fluid axis occurs,

too. Quite surprisingly, eqn [34] may have three

coexisting solutions, two of which are stable (see

Noir et al., 2003). The presence of several solution

branches readily explains the hysteresis effect. When

the orientation of the basic flow changes abruptly, the

strain in the basic flow changes equally abruptly and

causes the transition from a more to a less stable flow.

We will not consider these effects in any detail here
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Figure 29 Time evolution of the energy Ea contained in
the velocity components antisymmetric with respect to

reflection at the origin for e¼ 0.06, �¼ 30�, �¼�0.14, and

E¼5� 10�5. Adapted from Lorenzani S and Tilgner A (2003)

Inertial instabilities of fluid flow in precessing spheroidal
shells. Journal of Fluid Mechanics 492: 363–379.
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Figure 30 Pictures of the flow at the times of the first maximum (top) and the first minimum (bottom) in Figure 29. The

different panels show uar (left), uaz9 (middle) and ðr � uaÞz9
(right). Adapted from Lorenzani S and Tilgner A (2003) Inertial

instabilities of fluid flow in precessing spheroidal shells. Journal of Fluid Mechanics 492: 363–379.
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because a catastrophic reorientation as observed in
Malkus’ experiment is not relevant to the Earth. For
E¼ 10�15, �¼ 23.5�, and e¼ 1/400, a similar transi-
tion occurs only at ��� 10�3 whereas the actual
precession rate of the Earth is ��� 10�7.

8.07.3.4.2.(iv) Extrapolation to the Earth’s

core Two of the instabilities mentioned in this
section can be extrapolated to the Earth. First, we
expect the Ekman layers in the core to be unstable as
mentioned above. Then there are the inertial
instabilities. The theory of Kerswell (1993) has been
verified by simulations and can be applied to the
core. Unfortunately, according to that theory, the
state of precession-driven flow in the Earth’s core is
uncertain because commonly accepted values of the
viscosity of the core put the flow close to its stability
limit. Fluid viscosity is one of the least well-
constrained material properties of the core. Let us
assume that the core is unstable. The core could then
undergo resonant collapses. When collapse occurred
in numerical simulations, the growth rate after the
collapse was within a factor of 2–3 from the growth
rate the same modes have during a linear growth
phase starting from a Poincaré solution as described
by perturbation theory. Using the upper bound for
the growth rate of an inertial instability given by
Kerswell (1993) applied to Earth’s numbers gives a
growth rate of 20 000 yr�1. Viscosity acts to slow this
growth. If collapses play a role in the Earth’s core,
they could manifest themselves in variations of the
magnetic field with a time constant of 20 000 years or
longer. There are some indications from paleomag-
netic observations for variations which one naively

expects in the presence of collapses (Aldridge and
Baker, 2003).

On the other hand, we are not able, at present, to
make reasonable guesses concerning the fate of the
instabilities due to the axisymmetric shear layers or
viscous corrections to the spin-over mode. In all the
simulations made so far, the m9¼ 1 deviations from a
flow with uniform vorticity in the basic state out-
weigh the m9¼ 0 deviations. However, as the Ekman
number is decreased, the viscous corrections contri-
buting to the m9¼ 1 deviations diminish, whereas the
axisymmetric shear layer connecting the critical lati-
tudes becomes more and more singular. An instability
of that shear layer is thus plausible at low E. One can
determine the typical velocity difference in the
m9¼ 1 component from visualizations and construct
a Rossby number from it. It turns out that this Rossby
number increases with decreasing Ekman number, so
that the mechanism related to the m9¼ 1 components
should remain effective even at the lower Ekman
numbers at which the axisymmetric shear layer pos-
sibly becomes unstable, too. Since we do not know
what the stability criterion of these layers is, we are
not yet able to conclude about the stability of the core
flow of the Earth.

8.07.4 Tides

In addition to precession, tidal deformation of the
CMB disturbs the rotation of the core flow.
Comparatively little space of this chapter is devoted
to tidally excited flows despite their potential geo-
physical significance. This is due to the fact that
many ideas on precession-driven flows can be
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Figure 31 uar (left), uaz9 (middle), ðr � uaÞz9
(right) for e¼0.06, �¼30�, �¼� 0.14, E¼5�10�5, and 	¼0.35. Adapted

from Lorenzani S and Tilgner A (2003) Inertial instabilities of fluid flow in precessing spheroidal shells. Journal of Fluid
Mechanics 492: 363–379.
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transposed with little modification to tidal flows so
that there is not very much new material to present in
this section.

We will consider a simple model in which the
unperturbed CMB is spherical. Tidal forces deform
this boundary into an ellipsoid with the long axis
pointing toward the Moon. In this section, all exam-
ples will relate to the geometry in which the tidal
elongation is perpendicular to the rotation axis,
which corresponds to an equatorial tide. Precession
is neglected so that tidal effects can be studied in
isolation. The orientation of the axis of rotation of the
core is not modified by tides. But the streamlines of
the core flow, which are circular in the unperturbed
core viewed from inertial space, become elliptical
due to tidal deformation. Elliptical streamlines also
appeared in precession-driven flow (see Figure 12)
and gave rise to instability. The stability considera-
tions will therefore be very similar for tidal and
precessional flows.

The deformation of the boundary in an equatorial
tide is characterized by an azimuthal wave number
m¼ 2. Suppose the tidal companion is fixed in iner-
tial space. The flow then varies in the mantle frame
with a frequency twice the rotation frequency, that is,
!¼ 2 in our dimensionless units. !< 2 if the tidal
companion is in prograde rotation.

Let us first look at internal shear layers which may
modify the inviscid picture of Figure 12. For !¼ 2,
the group velocity of inertial waves is perpendicular
to the rotation axis and critical latitudes are exactly at
the poles. We therefore do not expect a pattern of
multiple reflected internal layers as in the preces-
sional case. But nonlinear interactions may start an
axisymmetric shear layer at critical latitudes, which
in the tidal case degenerates to a line joining the
poles. Suess (1971) built an experiment to confirm
the existence of such a shear zone. In this experiment,
a flexible water-filled sphere was set into rotation.
The sphere was deformed into an ellipsoid by a ring
surrounding the equator of the sphere. The ring was
fixed in the laboratory frame. The experiment con-
firmed the existence of a shear zone connecting the
poles and revealed a second, albeit much weaker,
axisymmetric shear layer at half the radius of the
sphere. The origin of this second layer is unknown.

We proceed further in the analogy with preces-
sion-driven flow and investigate the stability of the
flow, ignoring the shear zones just discussed. For
small ellipticities we can again apply the perturbation
expansion of Section 8.07.3.4.2 (see also Section
8.07.5). This analysis tells us that tidal distortion

couples in triad resonances two inertial modes

whose azimuthal wave numbers and frequencies

differ by 2. There is also a more intuitive explanation

for the instability of tidal flow. Imagine looking at the

flow along the rotation axis from inertial space. One

then sees elliptical streamlines. Let us represent the

elliptical streamlines in a plane z¼ const. with major

axes along x and y by the stream function

� ¼ ð1þ 
Þx2 þ ð1 – 
Þy2, where 
 measures the

deformation from the undeformed stream function

x2þ y2. The corresponding velocity field,

r � ð�ẑÞ, fits into any container whose boundaries

in every plane z¼ const. are ellipses (such as ellip-

soids or ellipsoidal cylinders) with a ratio of long and

short semi-axes of ½ð1 þ 
Þ=ð1 – 
Þ�1=2. � may be

rewritten in the more suggestive form

� ¼ ðx2 þ y2Þ þ 
ðx2 – y2Þ ½47�

The first bracket is the stream function in absence of
tidal deformation. The second term, proportional to

, describes hyperbolic streamlines with axes
oriented at 45� of the x and y axes.

Perturbing vorticity is amplified along the stret-
ching direction of the hyperbolic streamlines. The

effect of the stretching is most easily recognized in a

deformed cylindrical vortex (instead of a vortex

encased in an ellipsoid) infinitely extended along
the z-axis with the stream function given by [47]. It

is a simple exercise to verify that this vortex is

unstable with respect to a perturbation of the form

ð – x̂ þ ŷÞ � r which grows at rate 
/2. Indeed, the

equation governing the stability of the basic flow

u0 ¼ r � ð�ẑÞ, namely [46] in an inertial frame

of reference,

q
qt
r � u9 þ r � ½ðr � u9Þ � u0�

þ r � ½ðr � u0Þ � u9� ¼ 0 ½48�

is solved by the perturbation u9 ¼ ð – x̂ þ ŷÞ�
ret ? 
=2. This is a solid body rotation stationary in
inertial space. In other words, this is a flow of spa-
tially constant vorticity.

In ellipsoids, the simplest unstable mode is also a
constant vorticity flow. A potential flow added to the

solid body rotation accommodates the boundary

conditions. The growth rate of the constant vorticity

flow in the ellipsoid depends on the relative sizes of

the axes of the ellipsoid. When the vorticity is

constant in inertial space, its axis is rotating in the

mantle frame with !¼ 1. This unstable mode can be

represented in the mantle frame as a superposition of
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the spin-over mode, which varies as e�i(’�t), and its

complex conjugate, which varies in ei(’�t). These two

modes fulfill the selection rules on wave number and

frequency for a triad resonance stated in the next

section. Other pairs of modes satisfying the selection

rules can be excited as well, but their vorticity is

directed parallel to the ð – x̂ þ ŷÞ direction only in

the time average. Computations of stability limits and

many more fluid dynamic aspects of elliptical

instabilities are reviewed in detail in Kerswell (2002).
Several experiments have investigated the

instability of elliptically deformed rotating flows,

either in cylindrical or in spheroidal geometry

(Malkus, 1989; Gledzer and Ponomarev, 1992;

Aldridge et al., 1997; Seyed-Mahmoud et al., 2004;

Eloy et al., 2000; Lacaze et al., 2004, 2005). These

experiments use one of two methods to realize the

required deformation. Most use deformable contain-

ers in the same fashion as Suess (1971) (see

Figure 32). Gledzer and Ponomarev (1992) used an

interesting alternative. They spun up fluid in an

ellipsoid or a cylinder with ellipsoidal cross-section

and abruptly stopped the rotation of the container.

The fluid continues to rotate due to its inertia and

forms a vortex with elliptical stream lines. This vor-

tex is prone to elliptical instability, an example of

which is shown in Figure 33.

In all cases, excellent agreement with theory has
been obtained. After instability, the system settles in a
state of one of three possible types, again in analogy
with precession. Either a stationary state is reached,
or the flow ends in a turbulent and statistically sta-
tionary state, or the flow undergoes resonant
collapses. There is no understanding or systematic
data on which of these three possibilities is realized
under which circumstances.

The good agreement between theory and experi-
ment concerning the stability criterion of tidal flow
gives us confidence that we can apply this theory to
the Earth. From the rotation rate of the Earth and the
tidal deformation of the CMB, one computes a
growth-rate for instabilities in inviscid fluid of
approximately 1/7000 yr) (Aldridge et al., 1997).
This growth rate is lowered to 10�6 yr�1 by viscous
damping if the Ekman number of the core is
0.3� 10�15. If magnetic dissipation is also taken into
account, it is unclear whether the Earth’s core is
unstable to tidal deformation (Kerswell, 1994),
depending mostly on what the precise Ekman num-
ber of the core is.

8.07.5 Interaction with Buoyancy and
Magnetic Fields

Up to now we have only considered neutrally buoy-
ant fluid. This has greatly simplified the analysis and
has allowed us some direct comparison with

Figure 32 Experimental apparatus for the study of tidal

instabilities in use at the ‘Institut de Recherche sur les

Phénomènes hors Equilibre’ in Marseille, France. The fluid

under study is in the container of opaque and ellipsoidal
appearance in the center of the picture, which is mounted

on a rotating shaft, and compressed and deformed by two

gray cylindrical rollers with their axis parallel to the rotation
axis. The rollers are stationary in the laboratory frame. A pair

of Helmholtz coils allows the study of induction effects if

Gallium is used as fluid. Courtesy of L Lacaze and P Le Gal.

Figure 33 Elliptical instability in an ellipsoid. Streamlines

are made visible with suspended particles. A flow with two

eddies is excited by the instability. The eddies are time

dependent as evidenced by the two panels which show the
flow a short time interval apart. Reprinted from Gledzer E

and Ponomarev V (1992) Instability of bounded flows with

elliptical streamlines. Journal of Fluid Mechanics 240: 1–30.
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experiments. Eventually we will have to incorporate
thermal and magnetic effects for the geophysical
application. Relatively little work has been done in
this direction until today so that we are left with
many uncertainties. This section reviews the open
questions and a few plausible but unproven answers.

As far as thermal effects are concerned, we have to
distinguish between the assumptions that the core is
convecting, or that it is stably stratified. Let us con-
sider the latter possibility first. Stable stratification
generally suppresses fluid motion, at least along the
density gradient. But it also allows internal waves,
which combine with pure inertial waves to form
gravitoinertial waves. These waves have properties
similar to inertial waves. In particular, discontinuities
form on characteristic surfaces, which however are not
conical any more (Dintrans et al., 1999). The inviscid
spin-over mode has no radial component and is thus
unaffected by thermal stratification in a sphere.
Laminar precession-driven flow cannot differ in any
significant way in stable and neutral fluids, so that the
instability mechanism through triad resonances can
also operate in a stably stratified fluid by coupling
gravitoinertial waves. Radial stratification is no impe-
diment to instability (Kerswell, 1994), but in order to
reach equal radial velocity, much more energy must
be pumped into the flow compared with the neutral
case because of the potential energy stored in the
deformation of the background stratification.

If on the other hand the core is convecting, the
time-averaged temperature distribution equals the
adiabatic profile, so that the fluid is on average neu-
trally buoyant, but perturbations like precession now
act on a medium which is not at rest. This could
modify the precession-driven flow through the non-
linear term in the Navier–Stokes equation. The
Rossby number (already introduced in Section
8.07.1.2) estimates in order of magnitude the ratio of
the nonlinear and Coriolis terms and is U/(!DL) for a
motion of typical velocity U and size L in the core
which rotates at the rate !D. This number is about
10�5 for the whole core, using for U velocities
deduced from secular magnetic variation, and is
thus very small. In a first step, let us completely
neglect the nonlinear term. Within this approxima-
tion, flows driven by different agents superpose
linearly. Large-scale structures of inertial modes are
therefore unchanged by convection. In particular, the
orientation of the fluid axis is unaffected by convec-
tion. Dropping the nonlinear term from the Navier–
Stokes equation eliminates both the axisymmetric
shear layers and the instabilities. We therefore

reinstate that term and treat it as a small perturbation.
Within this framework, the nonlinear interaction of
the (non-axisymmetric) viscous spin-over mode with
itself yields an axisymmetric driving term
(a Reynolds stress in the language of fluid mechanics)
which drives the axisymmetric shear layers. The
presence of convective motion adds new contribu-
tions to the total axisymmetric driving force but does
not remove the one set up by precession. The cylind-
rical shear layers typical of precession-driven flow
thus cannot disappear because of a background of
convective motion. At the small scales of the shear
zones, L in the expression for the Rossby number
becomes small so that the Rossby number can be
larger than 1. Significant interaction between con-
vection and precession thus may occur at small
scales, in which for example convective motion acts
like an eddy diffusivity which broadens shear zones.

We will next show that inertial instabilities of
Poincaré flow also survive in the presence of convec-
tion. To see this, it is helpful to have a more formal
look at the perturbation calculation mentioned in
Section 8.07.3.4.2. Let us start from [46], the linearized
inviscid equation of motion valid in the mantle frame
for a velocity perturbation u9 on top of a basic flow
field u0, so that the total velocity is u0 þ u9. We
consider the third and fourth terms to be perturbations
compared with the Coriolis term and denote them
formally as �V u9, where V is a linear operator acting
on u9 and � is a book-keeping parameter which allows
us to keep track of the different orders of a perturba-
tion calculation. The uncurled eqn [46] becomes

q
qt

u9 þ 2ẑ � u9 þ rp9 þ �V u9 ¼ 0 ½49�

in which rp9 is a pressure gradient. Inertial modes
with frequency !j, which we compactly write as

ei!j t Fj ðrÞ, and their associated pressure pj, are solu-

tions of the unperturbed (�¼ 0) problem:

i!j Fj ðrÞ þ 2ẑ � Fj ðrÞ þ rpj ðrÞ ¼ 0 ½50�

The Fj are mutually orthogonal (Greenspan, 1968).
With the appropriate normalization of the Fj, the
integral over the fluid volume

R
F�k Fj dV ¼ 
j ;k .

We write the solution of [49] as a linear combination
of eigenmodes

u9 ¼
X

j

cj ðtÞei!j t Fj ðrÞ; p9 ¼
X

j

cj ðtÞei!j t
pj ðrÞ ½51�

and pose an expansion of the coefficients cj in � as

cj ¼ c
ð0Þ
j þ �c

ð1Þ
j þ �2c

ð2Þ
j þ � � � ½52�
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Order �0 yields
d

dt
c
ð0Þ
j ¼ 0. We obtain at order �1 by

projecting [49] on mode Fk and multiplying
by e – i!k t :

d

dt
c
ð1Þ
k ¼ –

X
j

c
ð0Þ
j eið!j –!kÞt

Z
F�k V Fj dV ½53�

If we remember that Fj depends on azimuth as e – imj’

we can derive the selection rule on azimuthal wave
number for a triad resonance used in Section
8.07.3.4.2 from the requirement that the integral in
[53] must be different from zero. Suppose that u0, and
hence V , depends on azimuth as cos m0’. The
integral on the right-hand side of [53] contains the
term eimk’cosðm0’Þe – imj’ whose integral over ’ is
different from zero only if jmk�mjj ¼m0. A similar
reasoning provides us with a condition on the
eigenfrequencies of the two coupled inertial modes.
Suppose that u0, and hence V , depends on time as cos
!0t. The right-hand side of [53] then contains two
terms, with time dependences eið!j –!kþ!0Þt and

eið!j –!k –!0Þt . There is resonance, that is, c
ð1Þ
k grows

to infinity, if j!j�!kj ¼!0. Equation [53] is linear in
V or u0. If u0 contains more than one frequency, only
one of them can couple any two inertial modes. It is
for this reason that we do not expect convective
motion to modify the onset of instabilities found in
Section 8.07.3.4.2: in the mantle frame, the
precession-driven basic flow has !0¼ 1, that is it
varies on a diurnal timescale. Convection on the
contrary is believed to vary on much longer time-
scales of decades or longer. For instance, the turnover
time is approximately 1 ky for an eddy spanning the
gap between the inner core and the CMB with a flow
velocity of 0.1 mm s�1. An instability involving a triad
resonance between precession-driven flow and two
inertial modes will thus be unaffected by convection
simply because convection is far off that resonance.
The same holds true for tidally driven motion. If the
tidal companion is fixed in space, the tidal distur-
bance is characterized by !0¼ 2 in the above
equations, which is again faster than convective
timescales.

As the amplitudes of the unstable modes grow
according to [53], the coupling term in [49] will
eventually become large and higher orders of pertur-
bation come into play. The unstable modes end in a
saturated state or in resonant collapse. At this stage,
noteworthy interaction between buoyancy and pre-
cession or tides is possible and will have to be
investigated in the future.

The influence of magnetic fields has been much
less studied. These studies involve some arbitrariness
since we do not know the magnetic field inside the
core. Oblique shear layers also exist in the magneto-
hydrodynamic case but they acquire a more
oscillatory structure than before. The inertial waves
forming the internal shear layers couple to the mag-
netic field and send off magnetic waves which occupy
a much larger fraction of the fluid volume than the
shear layers. At strong-enough magnetic fields, these
layers also change orientation. This has been
observed in numerical simulations in spherical shells
(Tilgner, 1999b) and more accurately in infinitely
extended fluids (Tilgner, 2000). Kerswell (1994)
investigated the damping effect of magnetic fields
on instability of tidal flow and concluded that, for
Earth’s parameters, the magnetic damping is of com-
parable magnitude as the viscous damping.

Finally, we may wonder whether precession-dri-
ven flow itself is capable of generating a magnetic
field. The inviscid constant vorticity flow has stream-
lines confined to parallel planes. Efficient dynamo
action requires additional flow components which
can be provided by Ekman pumps or instabilities. In
particular, the instability sketched in Figure 28 looks
promising because it is not unlike the helical colum-
nar structure familiar from rotating convection.
Simulations by Tilgner (2005) have shown that both
mechanisms indeed modify the constant vorticity
flow such that it can sustain magnetic fields at mag-
netic Reynolds numbers on the order of the magnetic
Reynolds number of the Earth’s core. Ekman pumps
by themselves are too weak for field generation in the
Earth. It has already been shown by Loper (1975) and
Rochester et al. (1975) that energy considerations
exclude a geodynamo if the core flow is laminar.
But unstable precessional flow remains a plausible
alternative to convection-driven flow to explain the
geodynamo.

However, precessional flow varies on a diurnal
timescale in the mantle frame so that one could
expect the magnetic field to do the same, in which
case it would be mostly screened because of the finite
conductivity of the mantle. Surprisingly, magnetic
field variation in one simulation available so far
occurs mostly on a timescale slower than diurnal. In
addition, the dipole moment, which lies near the
equatorial plane in that simulation, exhibits random
sudden reorientations reminiscent of reversals (see
Figure 34). Future research will have to tell whether
this behavior is typical, whether it persists in the
presence of convectively driven motion (in which
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case precession might act as a trigger for reversals in
dynamos driven by buoyancy), and whether
precession-driven dynamos can also produce axial
dipoles.

8.07.6 Summary and Outlook

This chapter has dealt with perturbations of uniform
rotation of the liquid core. Because of a lack of direct
observations, we have to use a combination of theory,
numerical simulations, and laboratory experiments to
guide our intuition about core flow. Section 8.07.2
allowed for arbitrary perturbations as long as the
response of the core can be described by linearized
equations of motion, that is the excited amplitude
must be small. The following two sections were con-
cerned with perturbations of arbitrary amplitude but
of specific type: precession of the axis of rotation of
the Earth and tidal deformation of the CMB. The
primary response of the core to precession is a rota-
tion of the core about an axis which forms an angle of
1.7� 10�5 with the axis of rotation of the mantle.
This leads to velocities of the core relative to the
mantle of up to 4.3 mm s�1, which is much larger than
velocities inferred from magnetic secular variation,
and large enough to cause instability of the boundary
layer at the CMB. A summary of numerical values
which appeared in Sections 8.07.3 and 8.07.4 is given
in Table 2.

A uniformly rotating core is an assumption routi-
nely used in the interpretation of geodetic
observations (Matthews et al., 1991a, 1991b). In this
context, it is enough to get the core’s angular
momentum right. Simulations presented in this chap-
ter show that while even the simplest analytical
models accurately predict the core’s rotation vector,
the detailed structure of the actual flow looks quite
different from a flow with constant vorticity because
the constant vorticity flow does not satisfy all bound-
ary conditions and is prone to instabilities in an
ellipsoidal container.

All the flows found in this chapter are marked by
internal shear zones. There are two origins for inter-
nal shear layers. One is the breakdown of Ekman
layers. Boundary layers in rotating fluids are gener-
ally characterized by a balance between Coriolis and
viscous forces. Exceptionally, a different equilibrium
is possible when the Coriolis force is balanced by
inertia. The scalings of the boundary layer thickness
and velocities are then different from the usual
Ekman layer. This occurs where shear zones tangen-
tial to the boundaries exist. The local accident in the
boundary layers starts internal shear layers. These
layers become weaker for decreasing Ekman number
at equal bulk rotational energy of the fluid. The
situation is different for those shear layers which
are due to the geometry of the boundaries (e.g.,
inner and outer boundaries of different ellipticities).
These layers become more pronounced with
decreasing Ekman number and must turn into singu-
larities in the limit of zero Ekman number.

Precession and tides provide non-axisymmetric
forcing which excites directly a non-axisymmetric
flow. Through nonlinear interaction, the flow
acquires an axisymmetric component which typically
contains cylindrically shear layers. These layers are
very prominent in experimental visualizations.

The velocities in these shear zones are, under all
reasonable assumptions, small compared with flow
velocities deduced from magnetic secular variation.
It is therefore possible that these layers are of little
geophysical relevance, unless they are hydrodynami-
cally unstable and excite stronger flow through
instabilities. Early experiments nourished the intui-
tion that axisymmetric shear layers are at the origin
of instabilities in precession-driven flow. This
impression may simply have arisen because of the
visualization method employed in the experiments.
The condition for stability of these layers is presently
unknown and we cannot conclude about their stabi-
lity in the core.
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Figure 34 Time series of the polar angles �d, the angle

between the dipole moment and the rotation axis (dashed
line), and ’d, the angle between the dipole moment and an

arbitrary meridian (densely dotted line, appearing continu-

ous for most of the time), for a simulation of a precession-

driven dynamo. Reprinted from Tilgner A (2005) Precession
driven dynamos. Physics of Fluids 17: 034104.
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Several instability mechanisms have been iden-
tified in numerical simulations. First, there is the
boundary layer instability alluded to above. This
instability is confined to the boundary layers and
does not modify the flow globally. The bulk of the
flow is affected by the second mechanism, which is
the triad resonance in which the basic flow excites
a pair of inertial modes. Several variants of this
mechanism have been found, depending on what
component of the flow triggers the instability. It
can be either internal flow caused by viscous inter-
actions at the boundaries, or it can be distortions of
the solid body rotation of the core introduced by
the shape of the boundaries. Our understanding of
the latter type of excitation is good enough so that
we can extrapolate numerical and analytical results
to Earth’s parameters. It turns out that both
precessional and tidal excitation are close to the
stability limit. Neither mechanism is clearly above
or below the threshold for instability. Any
prediction on the stability limit requires knowledge
of the viscosity of the core. However, viscosity
is one of the least constrained properties of the
core.

A phenomenon commonly observed in experi-
ments is the resonant collapse, in which cyclically
unstable modes grow and suddenly decay because
they draw energy from the basic flow which then
becomes too weak to sustain the unstable modes.
There is no theory yet telling us under which
conditions these collapses occur instead of the flow
simply reaching a stationary state. We therefore do
not know whether to expect such collapses in the
core.

The hydrodynamic stability of the core flow is
crucial in connection with the geodynamo. A simple
rotation cannot generate a magnetic field. The rota-
tion must be perturbed in a nontrivial way.
Convection flows notoriously are dynamos, but
unstable precession-driven flows too are.

Most models reviewed in this chapter have
neglected buoyancy. Viewed from a frame of refer-
ence attached to the mantle, convective flows occur
on a much slower timescale than precessional or tidal
flow. For this reason, the stability properties of pre-
cessional or tidal flows are basically unaltered by
coexisting convection.

It can be hoped that simulations coupled with
observations of the Earth will allow us to decide
which of the above mechanisms is relevant for the
core. For instance, measurements of tidal torques put
upper bounds on the energy dissipated in the core

due to tidal forcing. Current estimates yield approxi-
mately 100 GW for the dissipation in the solid Earth
(Ray et al., 1996, 2001), an unknown fraction of which
occurs in the mantle. If the full 100 GW were avail-
able in the core, it could be enough to drive the
geodynamo. At any rate, the dissipation is large
enough so that we cannot exclude that tidally driven
flow contributes significantly to the core dynamics.

Similarly, dissipation of precession-driven flow
must show in changes of orbital parameters of the
Earth and the Moon. Changes of the rotation rate of
the Earth do not provide us with stringent constraints
on precessional dissipation (see Section 8.07.3.2), and
there is no published work on the effect this dissipa-
tion has on the Moon, which leaves room for future
investigation.

Apart from geodetic and astronomical observa-
tions, the magnetic field may give interesting
indications. The internal shear zones introduced by
precession are too weak to be of direct relevance for
the geomagnetic field (Busse, 1968; Pais and
LeMouël, 2001). But if precession or tides are impor-
tant, variations of the magnetic field and orbital
parameters correlate. It has been claimed that corre-
lations indeed exist between orbital parameters and
paleomagnetic intensity and inclination (Channell
et al., 1998; Yamazaki and Hirokuni, 2002).
However, these claims have been disputed (Valet,

Table 2 A summary of best estimates obtained in Sections 8.07.3 and 8.07.4 for different characteristics of precessing

and tidal core flows

Angle between fluid axis and geographic axis 1.7� 10�5

Maximal velocity of core fluid relative to mantle 4.3 mm s�1

Velocity in inclined shear layers, connected to the CMB at critical latitudes 6� 10�6 m s�1

Velocity in inclined shear layers, connected to the inner core at critical latitudes 1.2� 10�5 m s�1

Axisymmetric prograde jet on the cylindrical surface joining the critical latitudes on the CMB 3� 10�5 m s�1

Growth rate of inertial instabilities excited by precession <20 ky�1

Growth rate of inertial instabilities excited by tides <7 ky�1

Note that we do not have any estimate for the axisymmetric shear layer attached to the inner core excited by precession.
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2003). A more robust piece of data is the sequence of
reversals. This sequence also seems to reveal a pre-
ferred interval between reversals of 100 ky (Consolini
and DeMichelis, 2003). The period of 100 ky equals a
period at which the eccentricity of the orbit of the
Earth changes so that a small modulation of the
precession rate with the same period is expected.
However, it is far from clear that the amplitude of
this modulation is large enough to have any direct
effect on the geodynamo. Finally, the magnetic field
may carry a signature of resonant collapses, such as
slow increases in field intensity followed by sudden
decreases. An analysis of the paleomagnetic record by
Aldridge and Baker (2003) suggests that events of this
type indeed occur.

The sheer magnitude of the flow velocity of the
core relative to the mantle induced by precession
shows that precession cannot be ignored in a descrip-
tion of core dynamics. Many open questions remain
concerning the consequences precession or tides may
have on the stability of the bulk of core flow and the
geodynamo. Future progress in theory, simulation,
and observations will have to tell us how rotational
dynamics of the core interact with the geodynamo.
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Bulletin Astronomique 27: 321–356.

Poirier J (1988) Transport properties of liquid metals and
viscosity of the Earths core. Geophysical Journal 92: 99–105.

Ray R, Eanes R, and Chao B (1996) Detection of tidal dissipation
in the solid Earth by satellite tracking and altimetry. Nature
381: 595–597.

Ray R, Eanes R, and Lemoine F (2001) Constraints on energy
dissipation in the Earths body tide from satellite tracking and
altimetry. Geophysical Journal International 144: 471–480.

Reynolds A (1962a) Forced oscillations in a rotating liquid (I).
Zeitschrift Fur Angewandte Mathematik Und Physik
13: 460–468.

Reynolds A (1962b) Forced oscillations in a rotating liquid (II).
Zeitschrift Fur Angewandte Mathematik Und Physik
13: 561–572.

Rieutord M, Georgeot B, and Valdettaro L (2001) Inertial waves
in a rotating spherical shell: Attractors and asymptotic
spectrum. Journal of Fluid Mechanics 435: 103–144.

Roberts P and Stewartson K (1963) On the stability of a
MacLaurin spheroid of small viscosity. Astrophysical Journal
137: 777–790.

Roberts P and Stewartson K (1965) On the motion of a liquid in a
spheroidal cavity of a precessing rigid body. II. Proceedings
of the Cambridge Philosophical Society 61: 279–288.

Rochester M, Jacobs J, Smylie D, and Chong K (1975)
Can precession power the geomagnetic dynamo?
Geophysical Journal of the Royal Astronomical Society
43: 661–678.

Seyed-Mahmoud B, Aldridge K, and Henderson G (2004)
Elliptical instability in rotating spherical fluid shells:
Application to earths fluid core. Physics of the Earth and
Planetary Interiors 142: 257–282.

Sloudsky T (1895) De la rotation de la terre supposée fluide á
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9: 285–318.

Souriau A and Poupinet G (2000) Inner core rotation: A test at
the worldwide scale. Physics of the Earth and Planetary
Interiors 118: 13–27.

Stewartson K and Rickard J (1969) Pathological oscillations of a
rotating fluid. Journal of Fluid Mechanics 35: 759–773.

Stewartson K and Roberts P (1963) On the motion of a liquid in a
spheroidal cavity of a precessing rigid body. Journal of Fluid
Mechanics 17: 1–20.

Suess S (1971) Viscous flow in a deformable rotating container.
Journal of Fluid Mechanics 45: 189–201.

Tatro P and Mollo-Christensen E (1967) Experiments on Ekman
layer instability. Journal of Fluid Mechanics 28: 531–543.

Tilgner A (1999a) Driven inertial oscillations in spherical shells.
Physical Review E 59: 1789–1794.

Tilgner A (1999b) Magnetohydrodynamic flow in precessing
spherical shells. Journal of Fluid Mechanics
379: 303–318.

Tilgner A (1999c) Non-axisymmetric shear layers in precessing
fluid ellipsoidal shells. Geophysical Journal International
136: 629–636.

Tilgner A (1999d) Spectral methods for the simulation of
incompressible flows in spherical shells. International
Journal for Numerical Methods in Fluids 30: 713–724.

Tilgner A (2000) Oscillatory shear layers in source driven flows in
an unbounded rotating fluid. Physics of Fluids
12: 1101–1111.

Tilgner A (2005) Precession driven dynamos. Physics of Fluids
17: 034104.

Tilgner A and Busse F (2001) Fluid flows in precessing spherical
shells. Journal of Fluid Mechanics 426: 387–396.

Valet J-P (2003) Time variations in geomagnetic intensity.
Reviews of Geophysics 41: 4.

Vanyo J (1991) A geodynamo powered by luni-solar precession.
Geophysical and Astrophysical Fluid Dynamics 59: 209–234.

Vanyo J (2004) Core–mantle relative motion and coupling.
Geophysical Journal International 158: 470–478.

Vanyo J and Likins P (1971) Measurement of energy
dissipation in a liquid-filled, precessing, spherical cavity.
Transactions of the ASME Journal of Applied Mechanics
38: 674–682.

Vanyo J and Likins P (1972) Rigid-body approximations to
turbulent motion in a liquid-filled, precessing, spherical
cavity. Transactions of the ASME Journal of Applied
Mechanics 39: 18–24.

Vanyo J, Lods D, and Wilde P (1994) Precessing mantle, liquid
core and solid core interactions. In: The 4th SEDI
Symposium, Abstract Book, pp. 62–64. Whistler, BC: SEDI.

Vanyo J, Wilde P, Cardin P, and Olson P (1995) Experiments on
precessing flows in the earths liquid core. Geophysical
Journal International 121: 136–142.

Williams G (1993) History of the Earths obliquity. Earth-Science
Reviews 34: 1–45.

Yamazaki T and Hirokuni O (2002) Orbital influence on earths
magnetic field: 100,000 year periodicity in inclination.
Science 295: 2435–2438.

242 Rotational Dynamics of the Core



Zhang K (1993) On coupling between the Poincaré equation and
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8.08.1 Introduction

It is believed that the Earth’s magnetic field is generated

by a self-sustained homogeneous dynamo operating in

the liquid part of the Earth’s iron core. Thermal and

compositional buoyancy forces drive a convective cir-

culation of the electrically conducting fluid. Assuming

that a magnetic field already exists, electrical currents

are induced in the moving fluid. When the magnetic

field associated with these currents has the strength and

245



geometry suitable for the induction process so that there
is no further need for a field of external origin, we speak
of a self-sustained dynamo. Technical dynamos in cars
or power plants are self-sustained, but rely for their
operation on the guiding of the electrical currents by
the complex arrangements of wires. In contrast, the
geodynamo operates in a sphere whose conductivity is
approximately uniform. In the decades from 1950 to
1990, dynamo theory has shown that homogeneous
dynamo action is possible in principle and has eluci-
dated the basic requirements (see Chapter 8.03).
However, models that reproduce the detailed properties
of the geomagnetic field had to wait until the numerical
simulation of magnetohydrodynamic (MHD) flow has
become mature enough.

While previous models had shown that three-
dimensional self-consistent geodynamo simulations
are possible in principle, the year 1995 brought a
final breakthrough. Glatzmaier and Roberts (1995a,
1995b) and Kageyama and Sato (1995) showed that
such models can indeed explain several properties of
the geomagnetic field, including reversals. In the fol-
lowing decade, a large number of dynamo models
have been published. In many of them, the magnetic
field properties closely match those of the geomag-
netic field in terms of spatial spectra and magnetic
field morphology, secular variation, and sometimes
the characteristics of dipole reversals. Scientists pro-
gressively use dynamo models as a tool to explain
specific properties of the geomagnetic field even
though some conditions in the models differ strongly
from those in the Earth’s core. All models assume a far
too large viscosity in order to suppress small-scale
turbulence which cannot be resolved with the avail-
able computational means. On the other hand, the
magnetic Reynolds number, Rm, which describes the
ratio of advection of magnetic field to magnetic
diffusion, is only of order 103 in the geodynamo.
This value is moderate in comparison to that for
dynamos in other astrophysical systems and is acces-
sible to direct numerical simulation. The ability to
run numerical models at the correct value of the
magnetic Reynolds number is probably the key for
the success of geodynamo modeling. Whether the
suppression of small flow scales seriously corrupts
the essential physics of the dynamo process remains
an open question.

In this chapter we review the progress in geo-
dynamo modeling since 1995. Earlier reviews that
(also) addressed numerical dynamo simulations have
been given by Fearn (1998), Dormy et al. (2000), Jones
(2000), Busse (2000), Zhang and Schubert (2000), Kono

and Roberts (2002), Glatzmaier (2002) and Rüdiger
and Hollerbach (2004, chapter 2). They usually con-
centrated on specific aspects of dynamo modeling, such
as the comparison with geomagnetic field properties,
the fundamental physical processes operating in dyna-
mos, or the approximations and limitations of present
models and the prospects to overcome them in the
future. Here we try to give a fairly complete account
on the results of dynamo modeling with regard to all
these issues. We will assume that the reader is familiar
with the basic concepts of MHDs, rotating fluids, and
dynamo theory, which are discussed in earlier chapters
(see Chapters 8.03 and 8.05) and in some of the above-
mentioned review papers.

We restrict the discussion to direct numerical
simulations of the full MHD dynamo problem. In
this case, the coupled equations of magnetic induction
and of flow of a conducting fluid influenced by the
electromagnetic Lorentz force are solved. Aside from
the MHD dynamo models, there are several simpler
approaches to the dynamo problem that have been
extensively studied in the past, but which received
less attention for geodynamo applications after reli-
able solutions to the full dynamo problem have
become available. We briefly mention the concepts
of kinematic dynamo models, mean-field theory, and
magnetoconvection without discussing the results in
detail. In the kinematic dynamo problem, the fluid
flow is analytically prescribed and unaffected by the
magnetic field. Kinematic dynamos (see Chapter 8.03,
section 3) have played an important role for establish-
ing that spherical homogeneous dynamos are
possible. More recently, they are only occasionally
studied in the context of the geodynamo (e.g.,
Gubbins and Sarson, 1994; Willis and Gubbins,
2004). The so-called mean-field dynamo models (see
Chapter 8.03, section 5) are based on a separation of
scales, both for the flow u and the magnetic field B.
The interaction of small unresolved scales of u and B
plays an important role for generating a large-scale
magnetic field. Since the details of the small-scale
turbulence are poorly known, simple parametriza-
tions are employed to describe this induction
process. Today, the main application of mean-field
dynamo modeling is in astrophysics, where the mag-
netic Reynolds number is very large, and we will
address it only in so far as it provides a context for
understanding magnetic field generation mechanisms
in MHD models. The term magnetoconvection
(see Chapter 8.05, section 5) describes a system that
is governed by the full set of MHD equations for a
convection-driven flow. However, the magnetic field
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is not self-sustained but is imposed by boundary con-
ditions, although it can be modified by the flow.
Magnetoconvection modeling is employed to under-
stand how electromagnetic forces affect the flow in
cases where the magnetic field cannot be expected to
be self-sustained or where a specific configuration of
the magnetic field is desired.

In Section 8.08.2 we present the fundamental
MHD equations in a simple but probably adequate
form for modeling the geodynamo. We proceed to
describe the various modifications of the basic equa-
tions and their boundary conditions that have been
employed by different authors. In Section 8.08.3 we
discuss numerical schemes for solving the MHD
equations in a sphere. Readers less interested in the
technical aspects of dynamo modeling can skip this
section. Most modelers have used some variant of a
spectral transform method, in which the variables are
expanded in spherical harmonic functions in the
angular variables. Nonlinear terms in the equations
are calculated on grid points, which requires repeated
transformations between the spectral and the grid
representation. Other numerical methods based on a
purely local description are slowly emerging. In the
main part of this chapter, we try to give a rather
complete review of the modeling results obtained
since 1995. Section 8.08.4 consists of two main parts.
First we discuss the more fundamental questions
addressed in geodynamo simulations, such as the
mechanism of magnetic field generation or the influ-
ence of the various nondimensional model
parameters. In the second part we discuss models
geared to explain different properties of the geomag-
netic field. In Section 8.08.5 we end the discussion by
trying to give a perspective of how dynamo modeling
may develop in the foreseeable future.

8.08.2 Basic Formulation of the MHD
Dynamo Problem

8.08.2.1 Fundamental Ingredients

There is a general consensus that a successful self-
consistent model of the geodynamo requires several
basic ingredients.

1. A plausible mechanism for driving the flow of an
electrically conducting fluid must be part of the
model. In almost all published models, this is
assumed to be thermal and/or compositional con-
vection (but see Tilgner (2005) and (see Chapter

8.07, section 5) for a dynamo model driven by

precession).
2. Cowling’s theorem (see Chapter 8.03, section 3.5)

prohibits simplified two-dimensional solutions to

the dynamo problem, hence the fluid flow and the

magnetic field must be modeled in three dimensions.

Spherical geometry is essential to reproduce the

global, dipole-dominated magnetic field of the Earth.
3. The model system must be rotating because

Coriolis forces are essential for structuring the

flow in a way that is conducive for dynamo action.

Other properties of the Earth’s core are usually assumed

not to play a primary role. In most models, the effects of

compressibility on the density and the radial thermal

structure of the core are ignored. Instead, the Boussinesq

approximation is applied, in which density changes

due to temperature or compositional variations enter

only through a buoyancy term in the Navier–Stokes

equation (see Chapter 8.05, section 2.5). In this

respect, models for the geodynamo differ strongly

from models of stellar dynamos. All material properties

are taken to be constant. Most models consider a rotating

fluid shell bounded at the inner radius ri and outer radius

ro (see Figure 1). The region outside the shell (the

mantle) is usually assumed to be insulating while the

solid inner core is modeled as an electrical conductor

with the same conductivity as the outer core. However,

in many simple models, the inner core is treated as an

insulator.
One of the simplest dynamo models that can be

constructed along these lines has been used to define

a benchmark for numerical codes (Christensen et al.,

2001). In the following section, we use the setup and

g
ro

ri

Ω

Figure 1 Basic geometry for a dynamo operating in a fluid
shell rotating with angular frequency �. Broken lines show

the inner-core tangent cylinder.
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the definitions of the benchmark dynamo as starting
point. We then proceed to discuss various modifica-
tions used in other dynamo models.

8.08.2.2 Basic Equations and
Nondimensional Parameters

Following the considerations from above, the stan-
dard set of equations consists of the Navier–Stokes
equation, including the Coriolis and Lorentz force
terms, the condition that the velocity field u is diver-
gence free, a transport equation for temperature T or
composition, and the induction equation for the mag-
netic field B. The latter results from Maxwell’s
equations, ignoring displacement currents, and
Ohm’s law. The physical background of these equa-
tions is discussed for example in Gubbins and
Roberts (1987), Braginsky and Roberts (1995) or (see
Chapter 8.05, section 2). The equations must be com-
plemented by appropriate boundary conditions. A
simple choice is that u vanishes on the boundaries
(impenetrable no-slip boundaries), T is fixed on the
outer and inner boundary to To and Toþ�T, respec-
tively, and B matches appropriate fields for r < ri and
r > ro. These external fields must have a form that
excludes sources outside the dynamo region (see
Chapter 8.03, section 3.1).

Most modelers treat the equations in nondimen-
sional form, with some notable exceptions where
physical variables are used (Glatzmaier and Roberts,
1995a, 1995b, 1997). However, there is no unique or
generally accepted way to scale the equations. As a
consequence, different sets of nondimensional control
parameters are employed. For convection-driven
dynamos, there are basically four independent control
parameters. In the definition of the dynamo bench-
mark study, the fundamental length scale is the
thickness D¼ ro� ri of the spherical shell, time t is
scaled by the viscous diffusion time D2=� (with � the
kinematic viscosity), temperature is scaled by �T,
and magnetic induction by ð����Þ1=2 (with � the
density, � the magnetic permeability, � the magnetic
diffusivity, and � the rotation rate). This leads to the
following set of nondimensional equations:

E
qu

qt
þ u :ru

� �
þ 2ẑ� u þ r�

¼ Er2u þ Ra
r

ro
T þ 1

Pm
ðr � BÞ � B ½1�

qB

qt
–r� ðu� BÞ ¼ 1

Pm
r2B ½2�

qT

qt
þ u ?rT ¼ 1

Pr
r2T þ � ½3�

r ? u ¼ 0; r ? B ¼ 0 ½4�

The unit vector ẑ indicates the direction of the
rotation axis. We assume that gravity is a linear func-

tion of radius, gðrÞ ¼ go r=ro where go is the value on
the outer boundary. � is the nonhydrostatic pressure

and � the volumetric heating rate. The four non-

dimensional control parameters are the Ekman number,

E ¼ �

�D2
½5�

a modified Rayleigh number,

Ra ¼ �go�TD

��
½6�

the Prandtl number,

Pr ¼ �

�
½7�

and the magnetic Prandtl number,

Pm ¼ �

�
½8�

Here, � is thermal diffusivity and � is thermal
expansivity.

Variants of the nondimensional equations and
control parameters result from different choices for

the fundamental scales. For the length scale, often ro

is chosen instead of D. Other natural scales for time

are the magnetic or the thermal diffusion time, or the
rotation period. For scaling magnetic field strength, a

choice of different options is available. The prefactor

of 2, which is retained in the Coriolis term in eqn [1],

is often incorporated into the definition of the Ekman

number. When the thermal boundary conditions do
not involve a fixed temperature contrast, tempera-

ture must be scaled in some other way, which leads to

different definitions of the Rayleigh number. The

conventional Rayleigh number for a fixed tempera-
ture contrast,

R ¼ �go�TD3

��
½9�

is related to the modified Rayleigh number used here
by Ra ¼ R E=Pr. Although the control parameters
and the place where they appear in the nondimen-
sional equations differ for the various ways of scaling,
they can usually be written as simple combinations of
the four parameters that have been introduced above.
However, in particular, the conversion between
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different forms of the Rayleigh number may involve
complicated numerical factors. Kono and Roberts
(2001, 2002) discuss in some detail different possible
definitions of the key control parameters and the
transformations between them.

Characteristic properties of the solution are often
expressed in terms of nondimensional numbers. In

the context of the geodynamo, the two most impor-

tant ones are the magnetic Reynolds number Rm
and the Elsasser number �. Usually the rms values

of the velocity urms and of the magnetic field Brms

inside the spherical shell are taken as characteristic
values. The magnetic Reynolds number,

Rm ¼ urmsD

�
½10�

can be considered as a measure for the flow velocity
and describes the ratio of advection of the magnetic
field to magnetic diffusion. Other characteristic non-
dimensional numbers related to the flow velocity are
the (hydrodynamic) Reynolds number,

Re ¼ urmsD

�
½11�

which measures the ratio of inertial forces to viscous
forces, and the Rossby number,

Ro ¼ urms

�D
½12�

a measure for the ratio of inertial to Coriolis forces.
The Elsasser number,

� ¼ B2
rms

�o���
½13�

measures the ratio of Lorentz to Coriolis forces and is
equivalent to the square of the nondimensional mag-
netic field strength in the scaling chosen here.

Typical values for the control parameters and the
nondimensional numbers characterizing the flow and

magnetic field in the Earth’s core and in dynamo
simulations are listed in Table 1. Here the Rayleigh

number is normalized by its critical value Rac for the

onset of convection without a magnetic field.

8.08.2.3 Boundary Conditions and
Treatment of Inner Core

8.08.2.3.1 Mechanical conditions

In the simplest model, the fluid shell is treated as a
container with rigid, impenetrable, and co-rotating
walls. This implies that within the rotating frame of
reference all velocity components vanish at ro and ri.
Kuang and Bloxham (1997) argued that, because the
Ekman number has a far larger value in the model
than it has in the core, the no-slip boundary leads to
excessively large Ekman-layer effects, and they sug-
gest that it is preferable to eliminate the viscous
Ekman layer entirely. Hence they replace the condi-
tion of zero horizontal velocity by one of vanishing
viscous shear stresses (free-slip condition). The influ-
ence of mechanical boundary condition is discussed
in Section 8.08.4.1.2.

There is no a priori reason why the inner core
should co-rotate with the mantle, and some models
allow for differential rotation of the inner core and
mantle with respect to the reference frame (e.g.
Glatzmaier and Roberts, 1995a, 1996b; Kuang and
Bloxham 1997). The change of rotation rate is deter-
mined from the net torque, to which viscous forces,
electromagnetic forces, and gravitational forces
between density heterogeneities in the mantle and
the inner core contribute (see Chapter 8.10, section 7).
Neglecting the gravitational torque, Glatzmaier and
Roberts (1995b, 1996b) found that the inner core
rotates a few degrees per year by coupling to a mean
prograde (eastward) flow near the inner core bound-
ary. Following this modeling result, seismic evidence
for differential rotation of similar order has been
claimed (Song and Richards, 1996; Su et al., 1996),
but later work showed that differential rotation
amounts to only a fraction of a degree per year (e.g.,
Laske and Masters, 1999; Zhang et al., 2005).
Subsequent dynamo simulations also showed much
smaller values of inner-core rotation, in particular
when gravitational coupling of the mantle and inner
core was taken into account (Buffett and Glatzmaier,
2000; Wicht, 2002).

Table 1 Order of magnitude of parameters in the core and in dynamo models

Control parameters Characteristic numbers

Ra/Rac E Pm Pr Rm Re Ro �

Core � 1 10�15–10�14 10�6–10�5 0.1–1 102–103 108–109 �10�7 0.1–10

Weakly driven models 1–10 >10�4 >1 1 40–100 <30 10�2–10�1 0.3–10
Strongly driven models 10–50 10�6–10�4 10�1–103 0.025–103 102–103 <2000 3�10�4–10�2 0.1–100
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8.08.2.3.2 Magnetic boundary conditions

and inner-core conductivity

In the simplest models, the magnetic field inside the
fluid shell matches continuously to a potential field
in both the exterior and the interior regions. When a
spectral numerical method based on spherical har-
monic functions is adopted, these conditions are easy
to satisfy (Section 8.08.3.1.7). This is not the case
when local numerical methods are used (Section
8.08.3.2). In several of these models a condition of
vanishing horizontal magnetic field components has
been used (Kageyama and Sato, 1995, 1997a; Li et al.,
2002; Harder and Hansen, 2005). Allowing only for a
finite radial field component at the boundary (some-
times called the ‘quasi-vacuum condition’) has no
physical foundation. However, the solution obtained
with this condition seems qualitatively similar to that
obtained with the appropriate condition for a truly
insulating exterior region (Harder and Hansen,
2005). The ‘quasi-vacuum condition’ may therefore
be acceptable as a numerical convenience in studies
where details of the external field structure are of no
interest.

Treating the inner core as an insulator is
obviously not realistic either, and in a number of
models it has the same electrical conductivity as the
fluid shell. In this case, an equation equivalent to
eqn [2] must be solved for the inner core, where the
velocity field simply describes the solid-body rota-
tion of the inner core with respect to the reference
frame. At the inner core boundary, a continuity
condition for the magnetic field and the horizontal
component of the electrical field apply. Results from
a simplified mean-field dynamo model (Hollerbach
and Jones, 1993) suggested that the finite conduc-
tivity of the inner core plays an essential role for
stabilizing the dipole polarity of the dynamo field,
which would reverse far more frequently in the
absence of a conducting inner core. However, in a
suite of MHD models including some in which the
dipole field reverses, Wicht (2002) found only
minor differences between cases with insulating
and with conducting inner core when everything
else was equal. Calculations by Stanley and
Bloxham (2006) suggest that the importance inner-
core conductivity for strengthening the axial dipole
component increases when the relative size of the
inner core is larger than in the present Earth.

In some models (Glatzmaier and Roberts, 1995a;
Kuang and Bloxham, 1999), the mantle is not treated
as an insulator, but a thin layer of moderate conduc-
tivity is assumed at its bottom. The main purpose is

to allow for mechanical coupling of the mantle and
the fluid core by electromagnetic torques. The effects
of the conducting layer on the dynamo process itself
has not been studied systematically, but is presum-
ably small.

8.08.2.3.3 Thermal boundary conditions

and distribution of buoyancy sources

In many geodynamo models, convection is driven
by an imposed fixed temperature contrast between
the inner and outer boundaries, setting �¼ 0 in eqn
[3]. This condition is used for simplicity and has
no physical basis. In the present Earth, convection is
thought to be driven by a combination of thermal
and compositional buoyancy, the latter arising from
the release of the light alloying element(s) upon
solidification of the inner core (Loper, 1978; Lister
and Buffett, 1995). The heat loss from the core
is controlled by the convecting mantle, which effec-
tively imposes a condition of fixed heat flux at the
core–mantle boundary (CMB) on the dynamo.
The heat flux is spatially and temporally variable.
The timescale is that of mantle convection, that is,
several tens to a hundred million years, hence much
longer than relevant timescales for the dynamo
process. Geodynamo models that employ a heat
flux condition on the outer boundary (e.g.,
Glatzmaier and Roberts, 1996a; Kuang and
Bloxham, 1999) therefore ignore the temporal var-
iation, but in some models the spatial variability is
accounted for (see Section 8.08.4.2.5). Sources of
heat are the release of latent heat of inner-core
solidification, possible radioactive elements in the
core (Gessmann and Wood, 2002; Rama Murthy
et al., 2003), and the secular cooling of the outer
and inner core, which can effectively be treated
like a heat source (see Chapter 8.02).

The rate of inner-core growth and the associated
compositional flux from the inner core boundary
depend directly on the heat loss to the mantle (Lister
and Buffett, 1995). The only model which explicitly
included both compositional and thermal driving of
convection is that by Glatzmaier and Roberts (1996a)
(used also in subsequent publications by these
authors). The distinction between compositional and
thermal buoyancy becomes dynamically important
when the respective diffusivities differ. While the
molecular diffusivities for heat and concentration in
the Earth’s core differ strongly, usually the effective
(turbulent) values are assumed to be similar. For equal
values of the diffusivities, the light element
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concentration and the temperature, weighted with
their contributions to the buoyancy force, can be
combined into a single variable which is sometimes
termed ‘co-density’. It satisfies an equation that is
formally equivalent to eqn [3] (Braginsky and
Roberts, 1995; Sarson et al., 1997; Kutzner and
Christensen, 2004). Hence, there is no fundamental
distinction between compositional and thermal con-
vection. The governing equations are usually written
in terms of temperature, but with the understanding
that compositional convection is also implied. The
main distinction lies in the distribution of sources
and sinks of the buoyant agent. For pure thermal
convection powered by secular cooling and radiogenic
heat, the sources are volumetrically distributed, and
the CMB represents the sink. In the case of pure
compositional convection, the inner core boundary is
the source, and the sink is distributed throughout the
outer core (negative � in eqn [3], representing the
homogeneous mixing of the excess concentration of
light element into the fluid body). The influence of the
mode of driving convection on the magnetic field is
discussed in Section 8.08.4.1.2.

8.08.2.4 Miscellaneous Modifications

8.08.2.4.1 Restricted spherical geometry
Some models do not treat the dynamo problem for the
full spherical shell, but assume some longitudinal sym-
metry, for example, twofold or fourfold symmetry, in
order to reduce the computational requirements. In
terms of a spherical harmonic expansion, this means
that only functions of even order m, or only those with
m¼ 0, 4, 8, . . . , respectively, are retained. A compar-
ison of dynamos with and without longitudinal
symmetry suggests that global properties of the
dynamo, such as the mean magnetic energy density,
are little affected by the symmetry assumption
(Christensen et al., 1999). Such models are less suitable
to study, for example, magnetic reversals, because they
do not allow for an equatorial dipole component.

More severe restrictions are used in the so-called
2½-dimensional models, which have been used as
a numerically cheap alternative to fully three-
dimensional dynamo models by some authors ( Jones
et al., 1995). These models are fully resolved in the
radial and latitudinal direction, but in azimuthal
direction they take only the axisymmetric compo-
nents and a single non-axisymmetric harmonic
mode into account. The mutual interaction of axi-
symmetric and non-axisymmetric terms is accounted
for, but in order to reduce the three-dimensional

problem to a quasi two-dimensional one the contribu-
tion of certain nonlinear interaction terms to the non-
axisymmetric parts must be neglected. Some aspects
of the solutions agree qualitatively to those found in
three-dimensional models at similar parameter values
(Sarson et al., 1998; Sarson and Jones, 1999).

8.08.2.4.2 Modified inertial terms

In some models, the inertial term in eqn [1] has been
neglected (Glatzmaier and Roberts, 1995a, 1995b) or
has been treated in a simplified way by retaining only
its axisymmetric component (Glatzmaier and Roberts,
1996a; Kuang and Bloxham, 1997, 1999). The reason
for ignoring inertial forces is, aside from the simplifi-
cation, that they are considered to be much smaller in
the Earth’s core than the dominant Coriolis and
Lorentz forces. The rationale for retaining axisym-
metric inertial terms is that for differential motion of
cylinders coaxial to the rotation axis, inertia is
believed to be the only way to balance in the Earth’s
core residual electromagnetic torques acting on these
cylinders, which gives rise to torsional oscillations (see
Section 8.08.4.1.4). However, while inertial forces may
perhaps play a small role under conditions of the
Earth’s core, it is not clear that this is also true for
the nominal parameter values of the dynamo models.
Unfortunately, no direct comparison of the same
model with and without (full) inertial terms is avail-
able. An open question is if current dynamo models
containing the (full) inertia terms give too much influ-
ence to inertia compared with the geodynamo.

8.08.2.4.3 Compressible models

While most geodynamo models assume the flow to
be incompressible and employ the Boussinesq
approximation, those by Glatzmaier and Roberts
(1996a) (and subsequent models of these authors)
take the density stratification and other non-
Boussinesq effects, such as the dissipative contribu-
tions to the heat equation, into account. In their
model, the anelastic approximation is used, which
differs from the fully compressible formulation
by suppressing sound waves (see Chapter 8.05,
section 2.1). Because these anelastic dynamo models
differ also in other conditions from published
Boussinesq models, it is not clear if fluid compressi-
bility has a significant influence on the dynamo
solutions. In stars, the expansion/contraction of a
rising/sinking parcel of fluid is, through the action
of the Coriolis force, the principal source of helicity,
which plays an essential role for the dynamo
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mechanism. It is not clear whether this effect can play
a significant role in the Earth’s fluid core, where the
density changes by only 23%, but this question
deserves further attention.

8.08.2.4.4 Dynamos in Cartesian geometry

Spherical geometry is essential for reproducing the
appropriate topology of the magnetic field and has a
strong influence on the shape of the flow. However, for
plane layer geometry, more efficient numerical meth-
ods are available, which allow simulations at more
realistic parameter values, for example, lower values
of the Ekman number. Although Cartesian models can-
not represent direct models of the geodynamo, they
allow to address fundamental questions concerning
the force balance and the dynamical regime. Plane-
layer dynamos have been studied by St. Pierre (1993),
Rotvig and Jones (2002), and Stellmach and Hansen
(2004) at Ekman numbers (defined by eqn [5]) as low as
10�6. Stellmach and Hansen (2004) find in their dyna-
mos that at an Ekman number of order 10�4 the
presence of a magnetic field has only a weak influence
on the scale of the flow. At E¼ 10�6, it promotes
significantly larger flow scales than occur for nonmag-
netic convection, as expected for the so-called strong-
field dynamo regime (see Chapter 8.03, section 6.3) and
(see Chapter 8.04, section 7). Furthermore, they find a
robust example for a subcritical dynamo, where the
self-sustained magnetic field is necessary for convection
to occur at all (see also St. Pierre, 1993). In spherical
shell dynamos, these effects have not been demon-
strated so far.

8.08.3 Numerical Approaches

We will focus on outlining the principles of spectral
methods that have been employed for most of the
dynamo simulations to date. The quest to compute at
more realistic parameter values makes massive par-
allel computing inevitable. Several researchers have
therefore developed codes based on local methods
that promise a better performance on multiprocessor
systems. Section 8.08.3.2 offers a brief overview of
these new developments.

8.08.3.1 Spectral Methods

Spectral approaches are well established for solving
differential equations and were first applied to the
dynamo problem by Bullard and Gellman (1954). The
originally employed Galerkin approaches (Bullard and

Gellman, 1954; Zhang and Busse, 1989, 1990) have been
superseded by the more efficient pseudospectral meth-
ods. For geodynamo simulations, these have been
introduced by Glatzmaier and Roberts (1995a) (based
on earlier developments for modeling stellar dynamos
(Glatzmaier, 1984)) and have been adopted subse-
quently by many other dynamo modelers.

In this approach, the unknowns are expanded into
complete sets of functions in radial and angular direc-
tions. Chebyshev polynomials and spherical harmonic
functions are the common choice. This allows to
express all partial derivatives analytically. Employing
orthogonality relations of spherical harmonic functions
and using collocation or finite differencing methods in
radius then lead to algebraic equations that are inte-
grated in time with a mixed implicit/explicit scheme.
The nonlinear terms and the Coriolis force are evalu-
ated in grid space rather than in spectral space.
Although this approach requires costly numerically
transformations between the two representations, the
resulting decoupling of all spherical harmonic modes
leads to a net gain in computational speed. Before
explaining these methods in more detail, we introduce
the poloidal/toroidal decomposition.

8.08.3.1.1 Poloidal/toroidal decomposition

Representing the magnetic field in spherical coordi-
nates (r, 	, 
) by a poloidal and a toroidal part,

Bðr ; 	; 
Þ ¼r �r� r̂ gðr ; 	; 
Þ½ �
þ r � r̂ hðr ; 	; 
Þ½ �

½14�

guarantees that its divergence vanishes (eqn [4]).
Three unknown field components are replaced by
two scalar fields, the poloidal potential g and the
toroidal potential h. This decomposition is unique,
aside from an arbitrary radial function f (r) that can be
added to g or h without affecting B. An analogous
decomposition represents the flow field u by poloidal
and toroidal potentials v and w in the Boussinesq
approximation assumed here.

The two scalar potentials of a divergence-free
vector field can be extracted from the radial compo-
nent and the radial component of its curl:

r̂ ? B ¼ –�Hg ½15�

r̂ ? ðr � BÞ ¼ –�Hh ½16�

The operator �H denotes the horizontal part of the
Laplacian:

�H ¼
1

r 2sin 	

q
q	

sin 	
q
q	
þ 1

r 2sin 	

q2

q2

½17�
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8.08.3.1.2 Spherical harmonic

representation
Spherical harmonic functions Ylm are a natural choice
for the horizontal expansion in colatitude 	 and long-
itude 
:

Ylmð	; 
Þ ¼ Plmðcos 	Þeim
 ½18�

l and m denote degree and order, respectively; Plm is an
associated Legendre function. Different normaliza-
tions are in use. Here we adopt a complete
normalization, so that the orthogonality relation readsZ 2�

0

d


Z �

0

sin 	 d	Ylm 	; 
ð ÞYl9m9 	; 
ð Þ ¼ �ll9�mm9 ½19�

As an example, we give the spherical harmonic
representation of the magnetic poloidal potential
g (r, 	, 
) truncated at degree and order L,

g r ; 	; 
ð Þ ¼
XL

l ¼ 0

Xl

m ¼ – l

glm rð ÞYlm 	; 
ð Þ ½20�

with

glm rð Þ ¼ 1

�

Z �

0

d	 sin 	 gm r ; 	ð Þ Plm cos 	ð Þ ½21�

gm r ; 	ð Þ ¼ 1

2�

Z 2�

0

d
 g r ; 	; 
ð Þ e – im
 ½22�

The potential g(r, 	, 
) is a real function, so that
g*lm (r)¼ gl,�m(r). The asterisk denotes the complex
conjugate. Thus, only coefficients with m � 0 have to
be considered. The same kind of expansion is made
for the toroidal magnetic potential, the velocity
potentials, pressure, and temperature.

Equations [21] and [22] define a two-step transform
from the longitude/latitude representation to spherical
harmonic representation (r, 	, 
)! (r, l, m). Equation
[20] formulates the inverse procedure (r, l, m)! (r, 	,

). Fast Fourier transforms (FFTs) can be employed in
longitudinal direction, requiring (at least) N
¼ 2Lþ 1
evenly spaced grid points 
i . Several authors have
developed fast Legendre transforms that could be
employed in latitudinal direction (Lesur and
Gubbins, 1999; Spotz and Swarztrauber, 2001; Healy,
et al., 2004). While not as efficient at FFTs, they could
nevertheless help to further speed up dynamo calcula-
tions, a potential that still needs to be exploited. All
spectral codes to date rely on Gauss–Legendre quad-
rature (Abramowitz and Stegun, 1984) for evaluating
integral [21]:

glm rð Þ ¼ 1

N	

XN	

j ¼ 1

wj gm r ; 	j

� �
Plm cos 	j

� �
½23�

where 	j are the N	 Gaussian quadrature points
defining the latitude grid, and wj are the respective
weights (Abramowitz and Stegun, 1984). Prestored
values of the associated Legendre functions at grid
points 	j provide the inverse transform [20] (Spotz
and Swarztrauber, 2001). Generally, N
 ¼ 2N	 is
taken, which provides isotropic resolution in the
equatorial region (Figure 2). Choosing L ¼
min 2N	; N
;

� �
– 1

� �
=3 prevents aliasing errors.

8.08.3.1.3 Radial representation

Different approaches have been employed for repre-
senting the radial variation of the unknowns. In some
codes, a spectral representation is used only for the

Classical longitude
and latitude grid Yin–yang grid

Figure 2 Comparison of the classical longitude/latitude grid and the yin–yang grid that has been used in conjunction with
finite difference methods by Kageyama and Yoshida (2005). The latter avoids the highly inhomogeneous coverage in the polar

region by reusing the low-latitude band to cover the whole spherical surface.
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dependence on the angular variables and a finite
difference scheme is employed in the radial direction
(e.g., Kuang and Bloxham, 1999). Here we concen-
trate on schemes that also expand radial
dependencies into complete sets of functions. Series
of trigonometric functions (Zhang and Busse, 1988;
Wicht and Busse, 1997) allow to automatically fulfill
the boundary condition, but Chebyshev polynomials
C(x) are a more common choice. The polynomial of
degree n is defined by

Cn xð Þ ¼ cos n arccos xð Þð Þ ; – 1 � x � 1 ½24�

Truncating the radial expansion of the poloidal mag-
netic potential at degree N reads

glm rð Þ ¼
XN

n ¼ 0

glmn Cn rð Þ ½25�

with

glmn ¼
2 – �n0

�

Z 1

– 1

dx glm r xð Þð ÞCn xð Þffiffiffiffiffiffiffiffiffiffiffi
1 – x2
p ½26�

The Chebyshev definition space (�1 � x � 1) is
usually mapped linearly onto radius (ri � r � ro) by

x rð Þ ¼ 2
r – r i

ro – r i
– 1 ½27�

Nonlinear mapping can be employed to modify the
radial dependence of the grid-point density (Tilgner,
1999).

When choosing the Nr extrema of CNr
�1 as radial

grid points,

xk ¼ cos �
k – 1ð Þ

Nr – 1

� �
; k ¼ 1; 2; :::; Nr ½28�

the values of the Chebyshev polynomials at these
points are simply given by cosine functions:

Cnk ¼ Cn xkð Þ ¼ cos �
n k – 1ð Þ
Nr – 1

� �
½29�

This particular choice of grid points has two
advantages. For one, the grid points become denser
toward the inner and outer radius and better resolve
boundary layers. In addition, FFTs can be employed
to switch between grid representation [26] and
Chebychev representations [25], rendering this
procedure a fast Chebyshev transform. Choosing
Nr > N provides radial dealiasing. Figure 2 shows
the distribution of grid points, which becomes denser
at the shell boundaries and toward the rotation axis.
While the former is a desired effect, the latter may
lead to numerical problems (see Section 8.08.3.2).

8.08.3.1.4 Spectral equations

We have now introduced the necessary tools for
deriving the spectral equations. Taking the radial
components of the Navier–Stokes equation [1] and
the induction equation [2] provides evolution equa-
tions for the poloidal potentials v(r, 	, 
) and g(r, 	,

). The radial component of the curl of these equa-
tions provides evolution equations for the toroidal
counterparts w(r, 	, 
) and h(r, 	, 
). Expanding all
potentials in spherical harmonics and Chebyshev
polynomials, multiplying with Y *lm, and integrating
over spherical surfaces (while making use of the
orthogonality relation [19]) results in equations for
the expansion coefficients vlmn, glmn, wlmn, hlmn, plmn,
and Tlmn, respectively.

The two evolution equations for the poloidal and
toroidal flow potentials are

E
l l þ 1ð Þ

r 2

q
qt
þ l l þ 1ð Þ

r 2

� �
Cn –C0n

	 

vlmn

þ C9n plmn – Ra
r

ro

CnTlmn

¼
Z

d� Y 	lm r̂ ? F ½30�

and

E
l l þ 1ð Þ

r 2

q
qt
þ l l þ 1ð Þ

r 2

� �
Cn –C0n

	 

wlmn

¼
Z

d� Y 	lm r̂ ?r � F ½31�

Here, d� is the spherical surface element. We use the
summation convention for the Chebyshev index n.
Radial derivatives of Chebyshev polynomials are
denoted by primes. The action of the horizontal
Laplacian [17] on spherical harmonics has been
expressed analytically by

�HYlm ¼ –
l l þ 1ð Þ

r 2
Ylm ½32�

We note that the terms on the left-hand side of eqns
[30] and [31], resulting from the viscous term, the
buoyancy term and the explicit time derivative, com-
pletely decouple in spherical harmonic degree and
order. Terms that do not decouple, namely Coriolis
force, Lorentz force, and advection of momentum,
are collected on the right-hand side of eqns [30] and
[31] into the forcing term F:

F ¼ – 2ẑ � u – E u ?ru þ 1

Pm
r � Bð Þ � B ½33�

Resolving F into potential functions is not required. Its
numerical evaluation is discussed in Section 8.08.3.1.6.
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The pressure remains an additional unknown in
the equation for the poloidal potential [30]. Hence,
one more equation involving vlmn and plmn is required.
It is obtained by taking the horizontal divergence of
the Navier–Stokes equation [1], providing

E
l l þ 1ð Þ

r 2

q
qt
þ l l þ 1ð Þ

r 2

� �
C9n –C9t 0n –

2l l þ 1ð Þ
r 3

Cn

	 

vlmn

þ l l þ 1ð Þ
r 2

Cnpl mn ¼ –

Z
d�Y 	lmrH ? F ½34�

As an alternative, eqn [30] can be replaced by an
equation obtained by applying the operator (r̂ ?r�
r� ) to the Navier–Stokes equation. This procedure
provides an equation for the poloidal flow potential
that eliminates the pressure. However, it also
increases the radial order of the differential equation,
which may lead to additional numerical complica-
tions (Hollerbach, 2000; Tilgner, 1999).

The equations for the poloidal and toroidal mag-
netic field coefficients read

l l þ 1ð Þ
r 2

q
qt
þ 1

Pm

l l þ 1ð Þ
r 2

� �
Cn –

1

Pm
C0n

	 

glmn

¼
Z

d�Y 	lm r̂ ? D ½35�

and

l l þ 1ð Þ
r 2

q
qt
þ 1

Pm

l l þ 1ð Þ
r 2

� �
Cn –

1

Pm
C0n

	 

hlmn

¼
Z

d�Y 	lm r̂ ?r�D ½36�

with the dynamo term

D ¼ r� u� Bð Þ ½37�

The last spectral equation concerns the temperature
field and is given by

1

Pr
Pr

q
qt
þ l l þ 1ð Þ

r 2

� �
Cn –

2

r
C9n –C0n

	 

Tlmn

¼ –

Z
d�Y 	lm u ?rT ½38�

We have now derived a full set of equations [30],
[31], [35], [36], [34], and [38], each describing the
evolution of a single spherical harmonic mode of
the six unknown fields (assuming that the terms on
the right-hand side are given). Each equation couples
Nþ 1 Chebyshev coefficients for a given spherical
harmonic mode (l, m). Typically, a collocation
method is employed to solve for the Chebyshev
coefficients. This means that the equations are
required to be exactly satisfied at N� 1 radial grid
points defined by eqns [27] and [28]. Excluded are

the points r¼ ri and r¼ ro, where the boundary con-
ditions provide additional constraints on the set of
Chebyshev coefficients (see Section 8.08.3.1.7).

8.08.3.1.5 Time integration

The strong nonlinearities in the equations generally
demand either higher-order time-stepping methods
(Kageyama and Yoshida, 2005), multistep algorithms
(Glatzmaier, 1984; Clune et al., 1999; Hollerbach,
2000), and/or iterative schemes (Harder and
Hansen, 2005; Hejda and Reshetnyak, 2003).
Implicit time-stepping schemes offer increased stabi-
lity and allow for larger time steps (Zhang and Busse,
1988; Wicht and Busse, 1997; Hejda and Reshetnyak,
2003). However, fully implicit approaches have the
disadvantage that the nonlinear terms couple all
spherical harmonic modes. The potential gain in
computational speed is therefore lost at higher reso-
lution, where one very large matrix has to be dealt
with rather than a set of much smaller ones. Similar
considerations hold for the Coriolis force, one of the
dominating forces in the system and therefore a
prime candidate for implicit treatment. However,
the Coriolis term couples modes (l, m, n) with (lþ 1,
m, n) and (l� 1, m, n) and also couples poloidal and
toroidal flow potentials. An implicit treatment of the
Coriolis term therefore also results in a much larger
(albeit sparse) inversion matrix. Most authors
(Glatzmaier, 1984; Clune et al., 1999; Matsui and
Okuda, 2004) consequently prefer a mixed implict/
explicit algorithm. Here, we describe the one
suggested by Glatzmaier (1984).

Nonlinear and Coriolis terms, collected on the
right-hand side of eqns [30], [31], [35], [36], [34],
and [38], are treated explicitly with a second-order
Adams–Bashforth scheme. Terms collected on the
left-hand side are time-stepped with an implicit
modified Crank–Nicolson algorithm. While the
equations are coupled radially, they decouple for all
spherical harmonic modes. But note that the poloidal
flow potential eqn [31] and the pressure eqn [34] are
coupled for a given spherical harmonic mode.

As an example, we derive the time-stepping equa-
tion for the poloidal magnetic potential of degree l

and order m, denoting the explicit nonlinear term at
radial grid point rk with

Dklm tð Þ ¼
Z

d�Y 	lm r̂ ? D t ; rk; 	; 
ð Þ ½39�

After discretization of the partial time derivative,
qglmn=qt ¼ glmn t þ dtð Þ – glmn tð Þð Þ=dt , where dt, is
the time step, we can formulate the left-hand side

Numerical Dynamo Simulations 255



of eqn [35] as matrix multiplication. The matrices A
and G are defined by

Akn ¼
l l þ 1ð Þ

r 2
k

1

�t
Cnk ½40�

Gkn ¼
l l þ 1ð Þ

r 2
k

1

Pm

l l þ 1ð Þ
r 2

k

Cnk –C0nk

� �
½41�

where Cnk¼Cn(rk). The matrices depend on l but not
on m. Advancing time from t to tþ dt is then a matter
of solving

Akn þ �Gknð Þ glmn t þ �tð Þ ¼ Akn – 1 –�ð ÞGknð Þ glmn tð Þ

þ 3

2
Dklm tð Þ – 1

2
Dklm t – �tð Þ

½42�

The classical Crank–Nicholson scheme is
obtained for �¼ 0.5, but Glatzmaier (1984) reports
that a slightly larger weight of �¼ 0.6 helps to stabi-
lize the time integration. Since the stability
requirements limiting dt will usually change during
a computational run, the time step should be adjusted
accordingly. The matrix G remains unchanged, but
A has to be updated whenever dt is changed. This, in
turn, requires a new triangulation of matrix
Aknþ�Gkn, which is then stored for subsequent time
steps until the next adjustment of dt is in order.
Courant’s condition (Press et al., 2003) offers a guide-
line concerning the size of dt demanding that dt

should be smaller than the advection time between
two grid points. Strong Lorentz forces require an
additional stability criterion that is obtained by repla-
cing the flow speed by Alfvén’s velocity in a modified
Courant criterion (Christensen et al., 1999). The
explicit treatment of the Coriolis force requires that
the time step is limited to a fraction of the rotation
period, which may be the relevant criterion at low
Ekman number when flow and magnetic field remain
weak. Nonhomogeneous grids and other numerical
effects generally require an additional safety factor in
the choice of dt.

8.08.3.1.6 Evaluation of nonlinear terms
Detailing the evaluation of the Coriolis force term and
the nonlinear terms is beyond the scope of the chapter,
but we outline a few key issues. The nonlinear terms
can in principle be calculated in spherical harmonic
space. Several early dynamo simulations followed this
approach and a few more recent ones still do (Bullard
and Gellman, 1954; Zhang and Busse, 1988, 1989,
1990; Wicht and Busse, 1997; Phillips and Ivers,
2003), but the respective representations are

cumbersome to formulate and numerically very
expensive to evaluate when the number of involved
modes becomes large. The vast majority of recent
codes therefore relies on pseudospectral (or spectral
transform) methods, where the nonlinear terms are
evaluated in grid space rather than in spectral space.
However, the spatial derivatives required in the non-
linear terms are best calculated in spectral space. This
is done by multiplication with im for the derivative
with respect to 
, by precomputing radial derivatives
of the Chebyshev polynomials at grid points, by
using the expression [32] for the action of the
horizontal Laplacian, and by employing recurrence
relations (Abramowitz and Stegun, 1984) for the lati-
tudinal derivatives of the Legendre polynomials. The
pseudospectral method requires back-and-forth trans-
formation between the spherical harmonic and the
grid representation at each time step. In particular,
the relatively slow Legendre transforms make this
the most time-consuming part of pseudospectral
codes.

8.08.3.1.7 Boundary conditions and inner
core

Since the system of equations is formulated on a radial
grid, boundary conditions can simply be satisfied by
replacing the collocation equation at grid points ri and
ro with appropriate expressions. The condition of zero
radial flow on the boundaries implies

CnðrÞvlmn ¼ 0 at r ¼ ri; ro ½43�

Note that the summation convection with respect to
radial modes n is used again. The no-slip condition
requires that the horizontal flow components also
have to vanish, provided the two boundaries are at
rest. This condition is fulfilled when

Cn9ðrÞvlmn ¼ 0 at r ¼ ri; ro ½44�

and

CnðrÞwlmn ¼ 0 at r ¼ ri; ro ½45�

for all harmonic modes (l, m). The two conditions
[43] and [44] replace the poloidal flow potential eqn
[30] and the pressure eqn [34], respectively, at the
collocation points ri and ro.

If the inner core and/or mantle are allowed to
react to torques, a condition based on conservation
of angular momentum replaces condition [45] for
mode (l¼ 1, m¼ 0) (Hollerbach, 2000):

I
q
qt

w ¼ � ½46�
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The tensor I denotes the moment of inertia of
inner core or mantle, ! is the mantle or inner-
core rotation rate relative to that of the reference
frame, and � is the respective torque. Viscous,
magnetic, and gravitational torques have been
considered (Xu and Szeto, 1994; Buffett, 1997;
Buffett and Glatzmaier, 2000; Aurnou et al., 1996;
Wicht, 2002). Generally, it is assumed that the
gravitational interaction between the oblateness of
the Earth’s mantle and the polar flattening of the
inner-core causes very large restoring forces that
minimize any deviations between the mantle and
inner core rotation axes (Xu and Szeto, 1998;
Buffett, 1996). All authors therefore consider only
inner-core rotation about the polar axis.

Free-slip boundary conditions require that the
viscous stress vanishes, which in turn implies that
the nondiagonal components er
 and er	 of the
strain-rate tensor vanish. Translated to the spectral
representation, this requires

C0n rð Þ–2
1

r
C9n rð Þ

	 

vlmn ¼ C9n rð Þ–2

1

r
Cn rð Þ

	 

wlmn ¼ 0 ½47�

Magnetic boundary conditions at the interface
with an insulating mantle or insulating inner core
are similarly implemented. The toroidal magnetic
field cannot enter any insulator and therefore has to
vanish at the boundary

Cn rð Þhlmn ¼ 0 at r ¼ ri and=or r ¼ ro ½48�

Matching conditions for the poloidal magnetic field
with a source-free external potential field require
that the following equations are satisfied at the
boundary grid points:

C9
n rð Þglmn –Cn rð Þ l þ 1

r
glmn ¼ 0 at r ¼ ri ½49�

C9
n rð Þglmn –Cn rð Þ l

r
glmn ¼ 0 at r ¼ ro ½50�

If the inner core is modeled as an electrical conduc-
tor, a simplified dynamo equation has to be solved in
which the fluid flow is replaced by the solid-body
rotation of the inner core. The latter is described by a
single toroidal flow mode (l¼ 1, m¼ 0). The resulting
nonlinear terms can be expressed by a simple sphe-
rical harmonic expansion, where the superscript I

denotes values in the inner core and !I its differential
rotation rate: Z

d�Y 	lm r̂ ?r� uI � BI
� �

¼ – i!Im
l l þ 1ð Þ

r 2
g I

lm rð Þ ½51�Z
d�Y 	lm r̂ ?r�r� uI � BI

� �
¼ – i!Im

l l þ 1ð Þ
r 2

hI
lm rð Þ ½52�

The expensive back-and-forth transformations
between spherical harmonic and grid representation
are therefore not required for advancing the inner
core magnetic field in time.

In the inner core, the magnetic potentials are
again conveniently expanded into Chebyshev poly-
nomials. The Chebyshev variable x spans the whole
diameter of the inner core, so that grid points are
dense near the inner-core boundary but sparse in the
center. The mapping is given by

x rð Þ ¼ r

r i
; – r i � r � r i ½53�

Each point in the inner core is thus represented
twice, by grid points (r, 	, 
) and (�r, �� 	, 
þ �).
Since both representations must be identical, this
imposes a symmetry constraint that can be fulfilled
when the radial expansion comprises only poly-
nomials of even order (Hollerbach, 2000):

g I
lmðrÞ ¼

r

r i

� �l þ 1XM – 1

i¼0

g I
lm 2iC2iðrÞ ½54�

An equivalent expression holds for the toroidal
potential in the inner core. FFTs can again by employed
efficiently for the radial transformations, using the M

extrema of C2M – 1ðrÞ with x > 0 as grid points.
The sets of spectral magnetic field equations for the

inner and the outer core are coupled via continuity
equations for the magnetic field and the horizontal
electric field. Continuity of the magnetic field is
assured by (1) continuity of the toroidal potential, (2)
continuity of the poloidal potential, and (3) continuity
of the radial derivative of the latter. Continuity of the
horizontal electric field demands (4) that the radial
derivative of the toroidal potential is continuous, pro-
vided that the horizontal flow and the electrical
conductivity are continuous at the interface. These
four conditions replace the spectral equations ([35]
and [36]) on the outer-core side and equations ([51]
and [52]) on the inner-core side. Employing free-slip
conditions or allowing for electrical conductivity
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differences between inner and outer core leads to
more complicated and even nonlinear matching con-
ditions (Schubert and Zhang, 2001).

8.08.3.1.8 Numerical truncation,

hyperdiffusion, and subgrid scale models

It is numerically unfeasible to resolve the whole
spectrum of different length scales and timescales
present in the geodynamo. For example, turbulent
eddies in the core can be expected to have a size
down to 10 m, whereas the grid spacing in the cur-
rently best resolved models is several tens of
kilometers. Dynamo models are therefore forced to
run with unrealistically high viscous and thermal
diffusivities. The magnetic diffusivity is the only
exception, where realistic values can be used. The
increased diffusivities damp smaller scales that can-
not be represented numerically. The important
question is whether the effects we strive to model
are still correctly represented in the resolved scales.

In a spectral code, the resolution is determined by
the truncation level (L, N) of the expansion. We can
give the truncation a physical interpretation by assum-
ing that the diffusion of the unresolved scales is
practically infinite. Spectra of magnetic and kinetic
energy are often taken to judge if the resolution is
sufficient. The energy should clearly decay from the
dominant mode toward the tail of the spectrum. A
decay over several orders a magnitude is regarded
desirable, but tests with different levels of truncation
have indicated that the general properties of the solu-
tion do not change significantly when the drop in the
energy spectra exceeds a factor of 50 (Christensen
et al., 1999; Kutzner and Christensen, 2002).

Several dynamo models have invoked hyperdiffu-
sivities to ensure numerical stability at values of the
Ekman number and the Rayleigh number that would
normally require much higher levels of truncation
than could be afforded (Glatzmaier and Roberts,
1995a, 1995b, 1996a; Kuang and Bloxham, 1997,
1999; Sakuraba and Kono, 1999; Stanley and
Bloxham, 2004; and some other papers of these
authors). This means that the Laplacians in some or
all of the diffusive terms in eqns [1]–[3] are replaced
by an operator which more strongly damps small
spatial scales in the flow, magnetic field, or tempera-
ture field, respectively. Hyperdiffusion is generally
implemented in the spherical harmonic representa-
tion by amplifying the diffusive term by a factor that
depends on the spherical harmonic degree l; for
example, in case of the equations for the magnetic

potentials ([35] and [36]), the prefactor Pm�1 to the
diffusive terms is replaced for l > l0 by

1 þ a ðl – l0Þb
� �

Pm – 1 ½55�

a and b are positive constants, and l0 is a threshold
value below which the regular diffusivity applies.

In some implementations, the increase of diffusiv-
ity with harmonic degree is quite severe. For
example, Glatzmaier and Roberts (1995a, 1995b)
employed b¼ 3, a¼ 0.075, and l0¼ 0, which means
that the diffusivity exceeds the regular value by a
factor of 100 at l¼ 11. Kuang and Bloxham (1997,
1999) use a milder form of hyperdiffusion with b¼ 2,
a¼ 0.05, and l0¼ 5, for which the diffusivity has
grown 10-fold at l¼ 20. The effect of the hyperdiffu-
sivity is to damp smaller scales more gradually
compared to the simple truncation of the spectrum
(e.g., Glatzmaier, 2002). The argument for using
scale-dependent hyperdiffusivities is that the smaller
resolved scales in the solution are expected to inter-
act more strongly with the unresolved scales than the
larger components. It is assumed that the main effect
of this interaction is to transfer energy to the unre-
solved scales, which is parametrized by enhancing
the diffusivities for the smaller resolved scales.

However, the use of hyperdiffusivity has been cri-
ticized on various grounds. First, there is no guideline
how to choose the values (a, b, l0) so that they properly
represent the effects which they are supposed to para-
metrize. Hence the use of hyperdiffusivity adds
complexity and an element of arbitrariness to the
model. Second, in its usual form, hyperdiffusivity is
anisotropic in the sense that the value of diffusivity is
sensitive to the horizontal scale but is independent of
the scale in the radial direction. While this effect is
partly desired to allow for the formation of thin vis-
cous boundary layers (Ekman layers) at the inner and
outer boundaries, there is no physical reason for this
anisotropy. While the use of hyperviscosity allows, for
example, simulations at lower values of the Ekman
number than would be possible with the use of regular
viscosity, one must keep in mind that the nominal
value of the Ekman number refers to the viscosity
experienced by the largest scale in the flow (some-
times this value has been termed the ‘headline’ Ekman
number). Intermediate scales in the flow may actually
be more relevant for the dynamo. The effective
Ekman number at these scales is larger than the nom-
inal value and is in fact of an order where simulations
are possible with regular viscosity.
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Zhang and Jones (1997) found for convection in
the presence of an imposed magnetic field in the

linear (marginal stability) regime strong differences

between cases with regular diffusivities and with

hyperdiffusivities. Grote et al. (2000a) compared

self-sustained dynamo models at moderately low

Ekman number with and without hyperdiffusion

and observed in some of their models large differ-

ences in the overall character of the generated

magnetic field, also at large scales. They found

that the toroidal magnetic field is generated by

the �-effect in their dynamos with regular diffu-

sivities, but by an !-effect in the corresponding

hyperdiffusive dynamos (see Section 8.08.4.1.3 for

these effects). Roberts and Glatzmaier (2000) have

run their original hyperdiffusive model (Glatzmaier

and Roberts, 1996a) with regular diffusivities, using

much higher spatial resolution. As expected, the

power in the magnetic energy spectrum drops

much more gently with increasing harmonic degree

without hyperdiffusivity, but the spectrum is also

changed at the low end. With regular diffusivity

the dipole component is less dominant compared

to other low-order multipole components (see also

Kono and Roberts, 2002). However, because the

model with regular diffusivity could only be run

for a small fraction of a magnetic diffusion time

and was branched off from the case with hyperdif-

fusion shortly after a reversal occurred, it remains

unclear if the relative weakness of the dipole is a

persistent difference between the models. In a sys-

tematic parameter study of dynamos with regular

diffusivities, Christensen et al. (1999) found that

some aspects of the solution, for example, the

relative strength of the toroidal magnetic field

inside and outside the inner-core tangent cylinder

(see also Section 8.08.4.1.1), become similar to

those observed in the hyperdiffusive dynamos by

Glatzmaier and Roberts when the Ekman number

and Rayleigh number approach the nominal values

of the latter dynamos. It remains an open question

to what extent hyperdiffusivities affect not only the

small-scale components of the solution but also

change the overall character of the dynamo. Most

modelers that use hyperdiffusivities consider them

as a ‘necessary evil’ (Glatzmaier, 2002), which

should be abandoned as more powerful computa-

tional resources allow for high spatial resolution, or

which should be replaced by a more sophisticated

parametrization of subgrid-scale processes that has

a better basis.

Nonlinear interactions in the dynamo are respon-
sible for the transfer of energy between different
length scales. Turbulence theory is mostly concerned
with a cascade that transfers the energy from the
large scale of the energy injection to the small scale
where energy is ultimately dissipated away. But the
cascade can also work in the opposite direction, par-
ticularly when strong rotational constraints play a
role, transferring energy into scales that are larger
than the scales where energy is fed into the system.
Reynolds stresses (nonlinear momentum advection
associated with small flow scales) that drive strong
zonal flows, such as those observed at the surface of
the gas planets, are a prominent example for this
inverse cascade (Christensen, 2001; Heimpel et al.,
2005). Subgrid methods try to parametrize the energy
transfer between numerically resolved scales and
scales smaller than the chosen grid (see Matsui and
Buffett (2005) and references therein and Chapter
8.06, section 7.2). The same general considerations
apply to the action of nonlinear terms in the dynamo
equation [2] and the temperature equation [3].
Information from the nonlinear interactions amongst
the resolved scales is extrapolated to estimate the
energy exchange between resolved and unresolved
scales. Matsui and Buffett (2005) apply and compare
several such methods of different complexity to a
convection-driven dynamo in a rotating plane layer
(see also Matsushima, 2006). The results are promis-
ing, but their applicability to more realistic dynamos
in spherical shells needs to be proven.

8.08.3.2 Local Methods

In recent years, several authors have invested in
developing new dynamo codes based on methods
that we summarize under the term ‘local’ here: finite
differences, finite elements, finite volume or control
volume, and spectral element methods. There are
several reasons for local approaches.

1. They permit a more flexible decomposition of the
spherical shell allowing for local grid refinements
that are adapted to a specific problem.

2. Some local methods are simpler to implement and
all are more straightforward to parallelize than
spectral schemes.

3. Local methods avoid the need for performing
Legendre transforms at every time step, which
are computationally expensive when the number
of modes becomes large.
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Spherical coordinates and longitude/latitude grids
are the obvious choice for solving problems in sphe-
rical domains. However, the grid is highly anisotropic
at higher latitudes where cell sizes decrease rapidly
toward the poles. This anisotropy can cause numer-
ical instabilities, and painfully small time steps may
be required in some schemes to fulfill Courant’s
criterion near the rotation axis (Hejda and
Reshetnyak, 2003). This is less of a problem when
convection close to the rotation axis stays weak but
can become an issue at higher Rayleigh numbers.

Local methods, on the other hand, allow for very
flexible domain decompositions, which is the very
reason for their success in complex industrial appli-
cations. However, complicated decompositions,
nonorthogonal subdomains, and locally varying coor-
dinate systems are penalized with higher code
complexity and additional numerical costs (Harder
and Hansen, 2005). Choosing a decomposition is a
question of finding the best compromise for the spe-
cific problem and the specific geometry.

Finite element methods decompose the spherical
shell into a number of subvolumes or cells (Matsui
and Okuda, 2004; Chan et al., 2001). Galerkin meth-
ods are applied to each individual cell, expanding the
unknowns in linear (Matsui and Okuda, 2004), quad-
ratic (Chan et al., 2001), or higher-order functions.
Hybrid solutions, using Fourier expansions in long-
itude and a spectral element decompositions in the
meridional plane (Fournier et al., 2005), have been
implemented for thermal convection in a rotating
sphere, and can be extended to the dynamo problem.
Using higher-order spectral representation within
the meridional cells defines the so-called spectral
element schemes (Fournier et al., 2004, 2005). All
finite element applications circumvent possible
instabilities in the polar region by providing a nearly
even coverage of the spherical surface.

Finite difference methods approximate deriva-
tives by differences of functional values on
neighboring grid points. Dynamo models by Kuang
and Bloxham (1999) and Dormy et al. (1998) apply
finite differences in radial direction only. Earlier
implementations of the finite difference method in
all three dimensions (Kageyama et al. 1993;
Kageyama and Sato, 1995, 1997a) retained the lati-
tude/longitude grid. FFT-based low pass filters were
employed to circumvent numerical instabilities in
the polar region due to the grid anisotropy.
A newer and more elegant approach manages to
combine advantages of the classical decomposition
with the flexibility of finite difference applications

in a so-called yin–yang grid shown in Figure 2. The
yin subgrid uses a longitude/latitude decomposition
at low to intermediate latitudes where the coverage is
nearly isotropic but omits a strip in longitude. The
same grid geometry is used again in the yang coun-
terpart to cover higher latitudes as well as the
remaining longitudes. Two simple rotations about
the z-axis and an equatorial axis convert yin to
yang. Both sections overlap, implying some compu-
tational overhead of about 6% at high resolution.

Another way to circumvent the pole-instability
problem are finite-volume schemes that are
employed in conjunction with finite element differ-
encing (Hejda and Reshetnyak, 2003; Harder and
Hansen, 2005). These methods combine a decom-
position into volume cells with staggered grids, and
rather than solving the differential equations
directly, they are expressed in conservative form
by integration over each volume cell. Gauss’ theo-
rem is then employed to convert the integrals into
fluxes over the cell boundaries. Temperature and
pressure are evaluated in cell centers while normal
flow and magnetic field components are computed
on cell surfaces. The volume of each cell controls its
relative importance in the solution, thus rendering
cells close to the pole almost negligible in a long-
itude/latitude grid.

Spectral methods offer two significant advantages:
derivatives are easily calculated with high accuracy,
and, most notably in the context of dynamo simula-
tions, the formulation of magnetic boundary
conditions at the interface with an external insulator
(eqns [48]–[50]) is straightforward. A larger number
of grid points (meaning a larger number of
unknowns) is required in local methods to gain
accuracies comparable with pseudospectral schemes
(Christensen et al., 2001). As far as the magnetic
boundary condition is concerned, local methods
either apply artificial boundary conditions (see
Section 8.08.2.3.2), or explicitly solve for the field in
the outer region. Since the insulating region is purely
diffusive, significantly less computational effort is
necessary than for solving the dynamo equation in
the shell. The additional numerical costs seem accep-
table (Matsui and Okuda, 2004; Kageyama and
Yoshida, 2005).

Most local codes do not employ the poloidal–
toroidal decomposition [14] of flow and magnetic
field. When primitive variables, that is, velocity and
magnetic field components, are used, continuity and
r ? B¼ 0 have to be enforced explicitly. The three
components of the Navier–Stokes equation and the
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continuity equation form a system of four equations
to determine four unknowns, three flow components
and the pressure. The latter can be ‘corrected’ to
enforce r ? u¼ 0 in Boussinesq codes or continuity
of mass flux in compressible schemes (Harder and
Hansen, 2005). Along this line, an auxiliary pseudo-
pressure gradient rq can be incorporated into the
dynamo equation. Solving r2q¼ 0 at each time step
in conjunction with a starting condition r ? B¼ 0
guarantees that B remains divergence free at all
times. Note that this numerical trick does not affect
the curl of the dynamo equation. It is thus compliant
with Maxwell’s equations (Chan et al., 2001; Harder
and Hansen, 2005), and simply takes advantage of the
inherent gauge freedom.

The expected parallelization efficiency is one of
the main incentives for using local rather than
spectral methods. Parallelization of a spectral code
comes at the cost of a significant communication
overhead since the whole solution has to be broad-
casted twice at every time step, each processor
communicating with all other processors (Clune
et al., 1999). An efficient parallelization of spectral
codes is more demanding than for local schemes,
but is nevertheless possible, at least on parallel com-
puters of medium size and high communication
bandwidth. Reported parallelization efficiencies are
84% on 64 processors of an IBM p575 shared-mem-
ory system, where memory access rather than
interprocessor communication is the limiting factor,
about 80% on 128 processors of a distributed
memory T3E with a highly optimized code (Clune
et al., 1999), and 66% on 512 processors of the Earth
Simulator, which has a mixed shared/distributed
architecture (Takahashi et al., 2005).

For codes based on local methods, parallelization
is a simple matter of assigning a separate subdomain
of the sphere to each processor. Differential operators
require information from neighboring cells only,
which amounts to much less overall communication
than for spectral methods. A peak performance of
46% has been reported on 4096 processors for the
yin–yang finite element code running on the Earth
Simulator (Kageyama and Yoshida, 2005). Could
such a performance be reached with a pseudospectral
code? Comparing performances of different codes on
different architectures is a daunting task, in particular
when absolute runtime or computer availability are
also considered. It seems fair to say that, while local
methods have the potential of running more effi-
ciently than spectral methods on very large parallel
systems with thousands of processors, spectral

methods can still perform well on systems more
typically available to most researchers, with tens to
a few hundreds of processors.

8.08.4 Model Results

Numerical dynamo models have been studied for
different purposes. In some cases, the main aim was
to understand the physical principles that shape the
fluid flow and lead to the generation of a magnetic
field. Other models aimed at reproducing some prop-
erties of the geomagnetic field and elucidating the
specific conditions for their occurrence. Often these
two aims have been combined. In this section, we first
treat the more fundamental aspects and then proceed
to a detailed comparison of model results with the
geomagnetic field.

8.08.4.1 Fundamental Aspects

8.08.4.1.1 General properties of standard

models: Weakly versus strongly driven

dynamos

We will first consider the ‘standard’ model setup and
choice of boundary conditions adopted by the major-
ity of modelers. It comprises no-slip boundaries, lack
of internal heating, and regular (scale-independent)
diffusivities. These dynamos often generate a mag-
netic field dominated by the axial dipole. By ‘weakly
driven dynamos’ we mean primarily that the
Rayleigh number does not far exceed the critical
value for the onset of (nonmagnetic) convection,
typically by a factor of less than 10. ‘Strongly driven
dynamos’ are more than 10 times supercritical. The
difference between these two groups goes beyond
that in Rayleigh number. Depending on the convec-
tive vigor, there are restrictions on the possible
choices of other control parameters (see Table 1)
when one aims at obtaining a dynamo with a dipolar
field. This point is discussed below and in Section
8.08.4.1.2. Of course, a gradual transition exists
between weakly and strongly driven dynamos and
there is no strict dichotomy.

A sufficiently large value of the magnetic
Reynolds number Rm� 50 is needed for self-sus-
tained dynamo action. In weakly driven models, this
can only be achieved when the magnetic Prandtl
number is significantly larger than 1. In many weakly
driven models, a fairly high value of the Ekman
number (E > 10� 4) has been assumed. The flow pat-
tern and the magnetic field are relatively large-scaled
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in such cases and high spatial resolution is not

required.
One of the simplest models had been selected for a

benchmark comparison study, and its properties have

been quantitatively verified by a number of indepen-

dent numerical codes (Christensen et al., 2001). It is

one of the few known dynamo solutions that is quasi-

stationary in the sense that the only time dependence

consists of a steady shift of the pattern in longitude.

The magnetic Reynolds number is only 39, one of the

lowest values for which a self-sustained dynamo has

been found. Figure 3 shows various aspects of the

solution. It exhibits a fourfold symmetry in longitude

and mirror symmetry with respect to the equator.

Even a slight change in the control parameters breaks

the symmetry of the solution and leads to a chaotic

time variation. However, aside from the larger com-

plexity and presence of smaller spatial scales, the

general pattern of the flow and the magnetic field

are broadly similar to those of the benchmark solu-

tion in many models with weak driving for a rather

broad range of control parameters (e.g., Kageyama

and Sato, 1997a; Christensen et al., 1999).
When characterizing the flow, the region inside

and outside the tangent cylinder must be distin-

guished. The tangent cylinder is an imaginary

cylinder parallel to the rotation axis that touches

the inner core at the equator (Figure 1). In the

weakly driven models, the flow is organized in nearly

geostrophic convection columns outside the tangent

cylinder (Figure 4). The term ‘geostrophic’ refers to

a flow that is controlled by the balance of Coriolis

and pressure gradient force, and whose velocity field

does not ideally change in the direction of the rota-

tion vector. The particle motion in these columns is

helical: superimposed on the vortex motion around

the column there is a (non-geostrophic) flow along

the column axis, which converges toward the equa-

torial plane in cyclonic vortices and diverges away

from the equatorial plane in anticyclonic vortices. In

the case of weakly driven convection, there is little

motion inside the tangent cylinder.
The magnetic field is strongly dominated by the

axial dipole in most models with weak driving. On

the outer boundary it is concentrated into flux bun-

dles centered near 60
 latitude, which coincide with

downwelling flow below the boundary (Figures 3(a)

and 3(b)). Weaker inverse flux spots, whose polarity

is opposite to the dominant polarity in their hemi-

sphere, occur in pairs north and south of the equator.

In the interior of the shell, the axisymmetric part of

the poloidal magnetic field has a typical bull-eye

pattern and the axisymmetric toroidal field consists

of two flux bundles of opposite polarity outside the

inner core tangent cylinder near the equatorial plane

(Figure 3(c)). The axisymmetric flow (Figure 3(d))

is weak.
In strongly driven models, the control parameters

are somewhat closer to Earth values, although still

different by orders of magnitude (see Table 1).

Christensen et al. (1999) and Christensen and

Aubert (2006) found that at sufficiently high

Rayleigh number standard dynamos no longer gen-

erate a dipole-dominated magnetic field. The value

of Ra/Rac at which dipolar dynamos break down

rises with the inverse Ekman number. Hence strongly

driven dynamos require a low Ekman number, typi-

cally less than 10�4, when the emphasis is on models

with a dipolar field that can be compared to the

geodynamo. The magnetic Prandtl number can be

around 1 or smaller in strongly driven models. The

magnetic Reynolds number, which in the weakly

(a) (b) (c) (d)

Figure 3 Benchmark dynamo model with insulating inner core, no-slip boundaries with fixed temperatures, Ra¼ 100
(1.8�critical), E¼10�3, Pr¼ 1, Pm¼5. (a) Radial magnetic field at the outer radius; (b) radial velocity at 0.83ro, where red stands

for upwelling; (c) axisymmetric magnetic field, eastward toroidal field in red, westward in blue, and field lines of the poloidal field;

(d) axisymmetric flow, reddish colors for eastward flow, bluish westward, and streamlines for meridional circulation.
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driven models is typically of order 100 or less,
reaches values up to 1000 and therefore matches the
likely Earth value (Christensen and Tilgner, 2004).
Such models require larger computational resources
and fewer of these cases have been published (e.g.,
Christensen and Tilgner, 2004; Takahashi et al., 2005;
Christensen and Aubert, 2006). A special case is
models employing hyperdiffusivities (see Section
8.08.3.1.8), which use strong convective driving and
a low value of the Ekman number, but suppress small
spatial scales.

With regular diffusivites the strongly driven solu-
tions contain much more small-scale structure than
the weakly driven models (Figure 5). This is also
reflected in the magnetic energy spectrum
(Figure 6), which in the strongly driven case has a
flat distribution from degree 4 to approximately
degree 20 before it starts to fall off. In the benchmark
case, the spectral power drops rapidly with harmonic

degree beyond l¼ 8. Nonetheless, the dipole contri-

bution to the magnetic energy stands out in both

cases. Also, some morphological aspects of the flow

and magnetic field pattern are not dissimilar in the

strongly driven models from those in cases with weak

driving. This comprises the organization of the flow

outside the tangent cylinder in nearly geostrophic

columns, the concentration of magnetic flux on the

outer boundary in high-latitude patches, and the

occurrence of inverse f lux spots at low latitude. An

important difference is that at higher Rayleigh num-

ber vigorous flow occurs also inside the tangent

cylinder. Upwelling flow is often found at or nearby

the polar axis (Glatzmaier and Roberts, 1995b; Olson

et al., 1999; Sreenivasan and Jones, 2005, 2006a). Due

to a thermal wind mechanism (which means a flow

governed by a balance of buoyancy and Coriolis

forces), the warm rising plume is associated with a

westward vortex f low near the outer shell boundary

and an eastward vortex near the inner core boundary.

Figure 5(d) shows this general pattern but also that

some complexity exists in the details. The magnetic

flux escaping from the fluid shell inside the tangent

cylinder region is relatively weak. In the strongly

driven cases, the axisymmetric toroidal magnetic

field is more pronounced inside than outside the

tangent cylinder. Outside the tangent cylinder, it is

dominated by a pair of azimuthal flux bundles near

the equatorial plane, as it is in the weakly driven

models.
In both weakly and strongly driven models, the

Elsasser number �, describing the strength of the

magnetic field, is found to be roughly of order 1.

The strength of Earth’s field at the CMB corresponds

to � � 0.1, and reasonable assumptions lead to the

conclusion that the mean field strength inside the

core is an order of magnitude larger. Hence, on an

Figure 4 Isosurfaces of positive (red) and negative (blue)

vorticity !z¼ ẑ ?r�u for the benchmark dynamo.

(a) (b) (c) (d)

Figure 5 Strongly driven dynamo model, Ra¼ 3600 (42� critical), E¼3� 10�5, Pr¼1, Pm¼ 2.5. Snapshot of (a) radial

magnetic field at the outer radius, (b) radial velocity at 0.93 ro, (c) axisymmetric magnetic field, (d) axisymmetric flow. Details

as in Figure 3.
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order of magnitude scale, the models reproduce the

geomagnetic field strength. However, the actual

values of � in different models, particularly the

strongly driven ones, cover a fairly large range

from �¼ 0.1 to �¼ 100 (Christensen and Aubert,

2006).
In strongly driven dynamos, the flow and the

magnetic field f luctuate chaotically with time

(Figure 7). The partitioning of kinetic or magnetic

energy into the toroidal and poloidal and the axisym-

metric and non-axisymmetric components is of

interest with a view on the field generation mechan-

ism. When the standard spectral method is employed,

it is easily calculated and has been reported by sev-

eral authors (e.g., Grote et al., 1999; Christensen et al.,

1999; Simitev and Busse, 2005). In the types of dyna-

mos discussed above, the magnetic energy is rather

evenly divided between the toroidal and poloidal

field. The axisymmetric contribution is large in the

weakly driven dynamos; in the benchmark case, it

contributes 88% to the poloidal field and 55% to the

toroidal field. These figures drop with increasing

magnetic Reynolds number and are 16% (poloidal)

and 7% (toroidal) for the case shown in Figures 5

and 7. The axisymmetric toroidal magnetic field is

usually weaker than the axisymmetric poloidal field.

Most of the kinetic energy is contributed by the

non-axisymmetric toroidal (�60%) and non-axisym-

metric poloidal (�30%) parts, which reflects the

dominance of columnar convection. The axisym-

metric toroidal flow (differential rotation)

contributes typically of the order 10% or less (but

see next section). The energy in the axisymmetric
poloidal flow (meridional circulation) is usually
miniscule.

8.08.4.1.2 Variations and non-dipolar

dynamos
Some published dynamos differ in their magnetic
field pattern or flow structure from the cases
described above. According to the symmetry proper-
ties of the magnetic field with respect to the
equatorial plane, a dipolar and a quadrupolar family
of dynamos are distinguished (Zhang and Gubbins,
1993). In the former case, the Br and the B
 compo-
nents are antisymmetric about the equator, and the B	
component is symmetric. These symmetries are
reversed for the quadrupolar family. Although the
field of an axial dipole and of an axial quadrupole
show the respective symmetries, the classification
does not necessarily imply the dominance of one or
the other harmonic contribution. When we speak of a
dipolar dynamo (in contrast to a dynamo belonging
to the dipole family), we mean that it has a dominant
axial dipole component. Weakly driven dynamos
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Figure 6 Spectrum of magnetic energy inside the
conducting shell as function of harmonic degree for the

benchmark model (triangles) and the strongly driven case

shown in Figure 5 (circles). In the latter case, a time-
averaged spectrum is shown. The spectra have been

normalized by the l¼1 component.
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Figure 7 Time series of the kinetic energy density Ekin

and magnetic energy density Emag for the case shown on
Figure 5. Full lines indicate total energies, broken lines the

toroidal part, and dash-dotted lines the axisymmetric

toroidal contribution.
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models often obey one or the other symmetry. The
benchmark dynamo, for example, belongs to the
dipolar symmetry family. Strongly driven models
are not perfectly symmetric.

Ishihara and Kida (2000) report dynamo solutions
dominated by the equatorial dipole, which have been
studied more extensively by Aubert and Wicht (2004).
They are found at Rayleigh numbers just beyond the
onset of dynamo action and are members of the quad-
rupolar dynamo family. When the Rayleigh number is
increased to slightly more supercritical values the
equatorial solution becomes unstable. The axial dipole
solution representing the complementary symmetry
family takes over. The increase in meridional circula-
tion associated with the larger Rayleigh number seems
to favor the axial dipole configuration (Aubert and
Wicht, 2004; Tilgner, 2004).

At a rather large Ekman number of 10�2, Wicht
and Olson (2004) found dynamos with a strong mer-
idional circulation and lack of geostrophic columns,
which exhibit quasi-periodic dipole reversals. But the
more standard type with columnar flow seems to
exist also at such large values of the Ekman number
(Katayama et al., 1999).

Grote et al. (2000b) and Simitev and Busse (2005)
performed an extensive survey of parameter space for
dynamos with stress-free boundaries, varying in par-
ticular the Prandtl number and the magnetic Prandtl
number in a wide range (see also Grote and Busse,
2001; Busse and Simitev, 2005a, 2005b). The flow in
these models is driven partly by internal heat sources
and has usually a columnar structure. While some of
their dynamos, particularly those at high Pr and high
Pm, have magnetic fields dominated by a stable axial
dipole component, they also find dynamos with a
different magnetic field geometry. At moderate to
low values of the magnetic Prandtl number, the
dynamos have predominantly quadrupolar magnetic
field symmetry or are of a hemispherical type, where
the magnetic field generation process operates only
in the Northern or Southern Hemisphere. The field
structure in these dynamos frequently oscillates in a
nearly periodic manner. This is also the case for some
of their dipolar dynamos, which may show periodic
reversals (Busse and Simitev, 2005b). Busse and
Simitev (2006) explain the periods found in their
oscillating models by a simple mean-field dynamo
wave theory.

In models of nonmagnetic rotating convection
with stress-free boundaries, a strong zonal flow is
excited, which carries most of the kinetic energy.
Grote and Busse (2001) describe so-called relaxation

oscillation, in which convective flow is virtually
absent most of the time. Nearly periodic bursts of
convection occur when the zonal flow is suffiently
diminished by viscous friction. The energy of the
zonal flow is replenished by the associated inertial
effects (Reynolds stresses), which in turn suppresses
the convection (see also Christensen, 2002). However,
in the presence of a self-sustained magnetic field, the
zonal flow is inhibited and usually no longer domi-
nates over other flow components. Relaxation
oscillations are suppressed and convection becomes
more efficient in terms of the net heat transport
(Grote and Busse, 2001). The dynamo model of
Kuang and Bloxham (1997, 1999), employing stress-
free boundaries, is exceptional in the sense that a very
strong zonal flow, which carries 80% of the kinetic
energy, coexists with a strong magnetic field whose
poloidal part is dominated by the axial dipole
component.

In models with no-slip boundaries and magnetic
Prandtl number of order 1, Kutzner and Christensen
(2000, 2002) find that driving convection by a signifi-
cant contribution of internal heating favors dynamos
creating a quadrupolar or more complex poloidal mag-
netic field dominated by smaller scales. However,
dipole-dominated solutions for internally heated dyna-
mos can also be found, in particular at high values of
the magnetic Prandtl number (Sakuraba and Kono,
1999; Grote et al., 2000b). For otherwise similar para-
meter values, dipolar dynamos are preferred when the
source of buoyancy is concentrated at the inner core
boundary, as in the case of compositional convection.
However, even in the latter case, the dipolar dynamos
give way to those with a small-scaled field when con-
vection is driven very strongly at a high supercritical
Rayleigh number (Kutzner and Christensen, 2002).
Figure 8 illustrates the magnetic field structure on
the outer boundary of such a dynamo.

Sreenivasan and Jones (2006b) study the influence
of inertial forces by co-varying in a set of dynamo
models the parameters in such a way that the relative
weight of the inertial term in the governing equations
changes, whereas the weight of all others forces
remains unaffected. Strengthening the inertial forces
leads to weaker and less dipolar magnetic fields.
Christensen and Aubert (2006) demonstrate that the
role of inertial forces is rather universal in controlling
the type of dynamo solution. Balancing the inertial
term against the Coriolis term in the Navier–Stokes
equation, they define as characteristic parameter
measuring their ratio a local (scale-dependent)
Rossby number Rol¼ urms/(�l ), where l is the
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characteristic length scale of the flow. They show that,
independent of the values of the various control para-
meters, dipolar dynamos are obtained when Rol is
below a critical value of about 0.12, and non-dipolar
ones above this value (for cases with no-slip boundaries
and no internal heat sources). Olson and Christensen
(2006) elaborate this point further for a larger class of
dynamos and propose a relation linking Rol to the
fundamental control parameters. Based on this scaling
law, they suggested that Rol in the geodynamo is close
to the transition point between the dipolar and the
non-dipolar regime, and that this may be the reason
why the Earth shows stochastic reversals.

Inertial forces become larger when convection is
driven more strongly. Their adverse influence on
dipole field generation can be balanced by enhancing
the rotational force. This explains why strongly
driven dipolar dynamos need a low value of the
Ekman number. It also explains why dipolar dynamos
at low magnetic Prandtl number, which obviously
need strong driving in order to reach a supercritical
value of the magnetic Reynolds number, are only
found when the Ekman number is also low.
Christensen et al. (1999) and Christensen and
Aubert (2006) determined that the minimum value
of the magnetic Prandtl number at which dipolar
dynamos exist varies with the Ekman number as

Pmmin ’ 450 E3=4 ½56�

8.08.4.1.3 Mechanism of magnetic field

generation

Several authors have analyzed numerical dynamo
solutions in order to clarify the fundamental mechan-
isms by which the magnetic field is maintained. The

term ‘mechanism’ can be understood in different
ways. Often it refers to the process that generates
axisymmetric poloidal field from axisymmetric tor-
oidal field and vice versa, with the mediation of non-
axisymmetric field components. Conceptually, this
analysis follows closely the mean-field dynamo the-
ory (see Chapter 8.03, section 5), taking the
axisymmetric components as the mean magnetic
field and the non-axisymmetric parts as the fluctuat-
ing or small-scale part.

The mechanism is more easily elucidated in
weakly driven dynamos, where the flow outside
the tangent cylinder is organized in well-defined
geostrophic columns with negative helicity in the
Northern Hemisphere and positive helicity in the
Southern Hemisphere. In columnar convection,
the helicity (defined as H¼ u ?r� u) is coherent
within each hemisphere, meaning a systematic
correlation of local velocity and local vorticity.
Kageyama and Sato (1997b) describe the mechanism
of how the columnar convection cells convert an
axisymmetric toroidal field, which is eastward in
the Northern Hemisphere and westward in the
Southern Hemisphere, into the poloidal field of
an axial dipole. The process is illustrated in
Figure 9(a), showing schematically three steps in
the evolution of an initially purely azimuthal field,
indicated by two field lines. The field lines are
advected by the flow, represented by two geostrophic
columns and the superimposed ageostrophic
circulation (indicated by half-circular arrows). They
are distorted and twisted into a poloidal field
geometry following the scheme of the classical
Parker loop (see Chapter 8.03, section 2.6). An
identical field geometry is generated in other pairs
of convection columns, and overall the field has a
significant mean meridional component with dipole
geometry. In the terminology of mean-field electro-
dynamics, the axisymmetric poloidal field is
generated by an �-effect, although the helical eddies
in the flow are rather large-scaled in contrast to the
usual assumption of scale separation in mean-field
theory. This mechanism for poloidal field generation
seems to operate in all published numerical dynamo
models with columnar convection.

The axisymmetric toroidal field can, in principle,
be produced by an �-effect acting on the dipole
field, or through shearing it by differential rotation
in the mean zonal flow (!-effect). Depending on
which mechanism dominates for the creation of the
toroidal mean field, dynamos are classified as
�2-dynamos or �!-dynamos (see Chapter 8.03,

Figure 8 Snapshot of the magnetic field at the outer

boundary of a dynamo model with Ra¼ 3600, E¼3�10�5,

Pm¼ 0.5, and Pr¼1. Only the large-scale part up to
harmonic degree and order 12 is shown. The dipole

contribution is weak. When either Pm is increased to 1 or Ra

decreased to 2400, the axial dipole contribution to the field

becomes dominant.
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section 5.2). The strong axisymmetric toroidal field
inside the tangent cylinder that is found in many
strongly driven dynamo models (e.g., Glatzmaier
and Roberts, 1995a) is clearly due to shearing of
poloidal field by the thermal wind circulation (com-
pare Figure 5), i.e., an !-effect. The origin of the
toroidal field outside the tangent cylinder is more
controversial and may indeed differ between
dynamo models. Olson et al. (1999) suggested that
it is created by the columnar flow through a
mechanism similar to the one that creates the poloi-
dal field. This is illustrated in Figure 9(b), showing
the evolution of an initially straight poloidal field
line that is advected in the flow. The two nearly
azimuthal segments of the field line in the final
configuration, which run in opposite direction
north and south of the equator, combine with the
identical field configuration in other pairs of con-
vection columns to form the global axisymmetric
toroidal field. Note that the final field configuration
in Figures 9(a) and 9(b) is similar when it is prop-
erly phase-shifted and represents conceptually the

actual field-line geometry found in the benchmark
dynamo model (Figure 9(c)).

Schrinner et al. (2005) investigated the induction
process in these simple dynamos in more detail in a
mean-field context. They confirm that basically an
�2-mechanism operates, but they also show that sim-
ple mean-field models based on an isotropic �-effect
are not adequate. Olson et al. (1999) studied the role
of the !-effect in their dynamo models by isolating
the contribution to the generation of the mean axi-
symmetric toroidal field by shearing of the poloidal
field in gradients of the azimuthal circulation.

Because outside the tangent cylinder this contribu-
tion was found to be largely anti-correlated with the
toroidal magnetic field, the !-effect was ruled out as
its main source.

However, for many other dynamo models, there is
evidence that the !-effect plays an essential role.
Kageyama and Sato (1997a) found that their dynamo
did not operate when the zonal flow was artificially
suppressed, even though its contribution to the total
kinetic energy is rather small. Simitev and Busse

(a) (b)

(c)

Figure 9 (a) Cartoon showing in a time sequence the conversion of azimuthal field into poloidal field by columnar
convection. The broken line indicates the equatorial plane. Superimposed on the columnar circulation is an ageostrophic flow

along the column axis and between the columns; this combination implies negative helicity in the Northern Hemisphere and

positive helicity in the Southern Hemisphere. (b) Illustration of the generation of axisymmetric toroidal field from poloidal field
by columnar convection. (c) Field line bundle in the benchmark dynamo model entering/emerging through one of the high-

latitude flux concentrations on the outer boundary (compare Figure 3). The gray sphere in the center is the inner core and

isosurfaces of anticyclonic vorticity !z < 0 are shown in blue. Parts (a) and (b) are taken from Olson P, Christensen U, and

Glatzmaier G A (1999) Numerical modeling of the geodynamo: Mechanisms of field generation and equilibration. Journal of
geophysical Research 104, 10383–10404 and reproduced with permission of AGU.

Numerical Dynamo Simulations 267



(2005) monitored in their dynamo models several
‘interaction integrals’ which quantify the source for
the various magnetic field components in terms of
the interaction of different components of the velocity
field and magnetic field. They find that the axisym-
metric toroidal magnetic field is mainly sustained by
the interaction of the axisymmetric toroidal flow with
the axisymmetric poloidal field, that is, an !-effect.

Ishihara and Kida (2000) studied the field genera-
tion mechanism from a different angle and identified
regions where stretching of magnetic field lines con-
verts kinetic energy into magnetic energy. They find
that field line stretching is closely associated with the
columnar helical flow illustrated in Figure 9 and that
the intense magnetic flux bundles generated in this
way contribute to the axisymmetric poloidal and the
axisymmetric toroidal field, which supports an �2-
mechanism. Buffett and Bloxham (2002) addressed
the conversion of energy in the model of Kuang and
Bloxham (1997, 1999) with stress-free boundaries, in
which the axisymmetric toroidal flow component is
dominant. They demonstrated that the source term
for the axisymmetric toroidal magnetic energy clo-
sely matches a particular sink term for the
axisymmetric toroidal kinetic energy, which repre-
sents the work done against Lorentz forces. This
shows clearly that the toroidal magnetic field is gen-
erated by the !-effect in this dynamo. The source
term for the axial dipole part of the poloidal field,
resulting from interactions of smaller-scaled velocity
components with the magnetic field, was found to
have its peak at flow scales for which the local mag-
netic Reynolds number is of order 1. This highlights
that magnetic diffusion plays an essential role for the
�-effect to convert magnetic field between the tor-
oidal and poloidal components.

In summary, an �-effect associated with the heli-
cal flow in convection columns generates the axial
dipole field in all models that do have a strong dipole.
The role of differential rotation for the generation of
the axisymmetric toroidal magnetic field seems to
differ in various dynamo models. Somewhat surpris-
ingly, this does not necessarily imply strong
differences in the structure of the poloidal magnetic
field that is observable outside the dynamo region.

8.08.4.1.4 Taylor state and torsional

oscillations

The answer to the question if the force balance in
dynamo models is essentially the same as in the geo-
dynamo is crucial for judging how realistic the models
are. The so-called Taylor state is a special consequence

of the magnetostrophic regime, in which Coriolis,

Lorentz, and pressure forces balance to first order.
The geodynamo is commonly assumed to be in such

a state, and the demonstration of proximity to a Taylor

state is sometimes considered as the essential indicator
for the correct force balance in a dynamo model.

Coriolis force and pressure gradient dominate the
geostrophic dynamics of low-viscosity flows in fast

rotating systems. The smallness of viscous forces and

inertia in the Earth’s core is expressed by the fact that
Ekman and Rossby numbers are much smaller than 1

(Table 1). However, the contribution of both forces

in the Navier–Stokes equation [1] is scale dependent
(in contrast to the Coriolis force), so that these terms

may be more important than the scale-independent

parameters suggest (Christensen and Aubert, 2006;

Olson and Christensen, 2006).
The Lorentz force enters the force balance as a

first-order contribution when the Elsasser number is

of order 1 like in the Earth’s core. Cylinders that are

concentric to the rotation axis play a particular role in
the magnetostrophic regime, since neither pressure

gradient nor Coriolis force contribute to the integrated

azimuthal force on these particular surfaces

(see Chapter 8.05, section 5.5). Thus, the integrated
azimuthal Lorentz force on the so-called geostrophic

cylinders can only be balanced by the small viscous

and inertial effects. The respective Lorentz force
integral has been named Taylor integral 
 , in recogni-

tion of the fact that Taylor (1963) was the first

to recognize the special significance of this force

balance:


 ¼ 1

Pm

Z
C sð Þ

dS 
̂ ? r � Bð Þ � B½ � ½57�

C(s) denotes the geostrophic cylinders that depend on
cylindrical radius s, and dS is a differential surface
element.

While Taylor (1963) considered the case 
 ¼ 0 in
accordance with a magnetostrophic case where inertia

and viscous forces are neglected all together, Braginsky
(1970) reinstated boundary layer friction into the force

balance. Assuming a linear velocity gradient over the

Ekman layer that matches the geostrophic flow u
(s)
with the condition u¼ 0 on the boundary, the modified

balance reads (Hollerbach, 1996)


 ¼ E1=2 4�s

1 – s2ð Þ1=4
u
 sð Þ ½58�

When one assumes that the azimuthal Lorentz force
does not cancel significantly over C(s), this equation
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constrains the nondimensional magnetic field
strength B¼�1/2 to be

B ¼ O Pm1=2E1=4
� �

½59�

This can be reconciled with the assumption that
B� 1 only for large enough values of Pm and
Ekman numbers E� O (10�4). While many dynamo
simulations are working in such a parameter regime,
the geodynamo is obviously not.

Two further possibilities to nearly satisfy eqn [58]
have been discussed in the literature. Model-Z dyna-
mos, introduced by Braginsky (1975) (see also
Braginsky and Roberts, 1987, 1994), minimize the

Taylor integral with a configuration where the poloi-
dal field lines are mostly aligned with the z-axis.

They bend only close to the outer boundary in
order to adjust to the outside potential field.

The option that has been examined more widely
is the Taylor state, where Lorentz forces can be
strong locally, but cancel over the geostrophic cylin-

der. A measure for the Taylorization, that is, for how
well the Lorentz forces cancel, is

Tay ¼

Z
C sð Þ

dS 
̂ ? r� Bð Þ � B½ �

Z
C sð Þ

dS 
̂ ? r� Bð Þ � B½ �
� �2

( )1=2
½60�

Taylor already realized that a perfect cancellation
Tay¼ 0 seems very unlikely for the time dependent
flows expected in the Earth’s core. Deviations from
Taylor state would accelerate the cylinder, thereby

producing azimuthal shear qu
=qs . The shear creates
azimuthal toroidal magnetic field by acting on poloi-

dal field Bs . The Lorentz force associated with this
newly created toroidal field opposes the acceleration

according to Lenz’ law, thereby trying to reinstate
Taylor’s condition [58]. The result are ‘torsional
oscillations’ of the geostrophic cylinders around

the Taylor state that are supposed to be the source
of the fastest magnetic field changes in the Earth’s

core with a timescale around 50 years. They may
also be the cause for geomagnetic jerks (Bloxham
et al., 2002) (see Chapter 8.04, section 5). Torsional

oscillations travel as a wave inward and outward
away from the cylindrical radius where they are

excited and are ultimately damped by diffusive
effects. Zatman and Bloxham (1997) suggest that
torsional oscillations in the Earth’s core can be

identified in secular variation data. They proceeded
to estimate the integrated field component Bs on

geostrophic cylinders by inverting the force balance

(Zatman and Bloxham, 1999), providing valuable

information on the magnetic field inside the Earth’s

core, which is very hard to access otherwise

(see Chapter 8.04, section 5.1).
Requirements for a numerical dynamo to work

close to the Taylor regime are (1) negligible viscos-

ity, preferably E� 10�4 to rule out the viscously

limited regime, and (2) negligible inertia except con-

tributions of the form qu
 sð Þ=qt that balance residual

Lorentz torques on the cylinder. The ultimate test for

the presence of a Taylor state is Tayj j � 1.
The dynamo model of Kuang and Bloxham (1999)

has been tailored with a magnetostrophic force bal-

ance and torsional oscillations in mind. Stress-free

boundary conditions are assumed to minimize vis-

cous damping. In addition, inertial terms are

neglected in the Navier–Stokes equation [1] with

the exception of axisymmetric contributions needed

to describe torsional oscillations. While Kuang and

Bloxham (1999) demonstrate that stress-free condi-

tions indeed seem to favor a more ‘magnetostrophic-

like’ force balance on cylinders, their dynamo models

are not in the Taylor state. A close examination of

their model at Ro¼ 10�2 and E¼ 10�4 (parameters

rescaled to the definitions used here) has revealed

that Reynolds stresses and viscous torques remain

large and effectively balance the Lorentz torque on

geostrophic cylinders (Dumberry and Bloxham,

2003). Busse and Simitev (2005a) present a model at

E¼ 2� 10�5 and low Prandtl number in which the

acceleration of geostrophic cylinders is predomi-

nantly balanced by the Lorentz torque, indicative of

torsional oscillations. Takahashi et al. (2005) claim

that their simulations at E¼ 2� 10�6 is in a quasi-

Taylor state, but unfortunately stop at showing that

the viscous torque on cylinders is much smaller than

the Lorentz torque.
Dynamo simulations in a Cartesian box allow to go

to small Ekman number at affordable numerical costs.

Therefore, some authors have chosen this setup to

explore fundamental questions like Taylorization

despite the non-geophysical geometry. Rotvig and

Jones (2002) report that their Cartesian simulations

approach Taylor states at E¼ 10�5, the (modified)

Taylorization parameter going down to jTayj ¼ 10�2.

Stellmach and Hansen (2004) report similar results

for a magnetoconvection simulation at the same

Ekman number, but find only incomplete

Taylorization in dynamo models with Ekman numbers

as low as 10�6.
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Wicht and Christensen (unpublished results) per-
form dynamo simulations at Ekman numbers down to
E¼ 3� 10�6 with a focus on potential torsional oscil-
lations and Taylor states. They find that Taylorization
with values as low as jTayj ¼ 10�2 is reached at their
lowest Ekman number. However, while magnetic
effects dominate the short-timescale force balance on
geostrophic cylinders, other effects remain important,
for example, Reynolds stress and time variability of Bs.
In low Ekman number simulations, the magnetic field
generally shows a lot of small-scale structure. In order
to exclude a simple statistical fluctuation with alter-
nating sign of Lorentz force on cyclindrical surface as
the cause for the cancellation of Lorentz torques,
Wicht and Christensen also calculated normalized
torque integrals on (non-geostrophic) spherical sur-
faces S(r), which replace C(s) in eqn [60]. The same
cancellation would be expected on both types of sur-
faces if it were a purely statistical effect. On spherical
surfaces, the residual torques are an order of magni-
tude larger than on geostrophic cylinders, confirming
that the dynamo works close to a Taylor state
(Figure 10).

8.08.4.1.5 Scaling laws for dynamos

A fundamental question is how the characteristic
properties of convection-driven dynamos in a rotat-
ing spherical shell (such as the f low velocity or the
magnetic field strength) depend on the control para-
meters. Some heuristic scaling laws have been
presented (e.g., Stevenson, 1979; Starchenko and
Jones, 2002), but a well-founded and generally
accepted theory is missing. Christensen and Tilgner

(2004), Aubert (2005), and Christensen and Aubert
(2006) took up the task to derive scaling laws, in a
partly empirical way, from numerical solutions.
Because the dynamo properties depend on four con-
trol parameters, this is a substantial enterprise which
requires the calculation of a large number of results
covering a sufficient region of the parameter space.

The essential step for obtaining simple scaling
laws is the introduction of parameters that are inde-
pendent of any of the three diffusivities that enter
into the dynamo problem. As fundamental control
parameter, Aubert (2005) and Christensen and
Aubert (2006) (see also Christensen, 2002) defined a
modified Rayleigh number that depends on the
advected heat flux Qadv.

Ra	Q ¼
1

4�rori

�goQadv

�c�3D2
½61�

The relation to the conventional Rayleigh R number
(eqn [9]) and the modified Rayleigh number Ra (eqn
[6]) is

Ra	Q ¼ Ra Nu – 1ð Þ E2

Pr
¼ R Nu – 1ð Þ E3

Pr2 ½62�

where Nu ¼ QD=ð4�rori�ck�T ) is the Nusselt
number, that is, the ratio of heat flow Q to the heat
flow in a conductive state. Ra*Q is proportional to the
(nondimensional) power generated by buoyancy
forces. The characteristic properties of the solution
also need to be scaled in a way that does not involve
diffusivities. For example, the mean flow velocity is
expressed by the Rossby number.

Aubert (2005) studied how the velocity of the mean
zonal flow (the axisymmetric component of u
)
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depends on Ra*Q . In the case of nonmagnetic rotating
convection, he finds that the zonal flow is mainly
driven by inertial effects (Reynolds stresses) and the
corresponding Rossby number Rozonal depends on
both Ra*Q and the Ekman number. In contrast, in his
dynamo cases, the zonal flow arises from a thermal
wind effect and its amplitude is found to be a simple
function of Ra*Q , independent of the parameters E, Pr,
and Pm, that describe the influence of diffusivities:

Rozonal ’ Ra
	1=2
Q ½63�

In a more extensive study, Christensen and Aubert
(2006) derived scaling laws for the global velocity,
described by the Rossby number Ro, the efficiency
of heat transport, described by a modified Nusselt
number Nu*¼ (Nu� 1)E Pr� 1, and the magnetic
field strength, expressed by the Lorentz number

Lo ¼ Brms=½ð�pÞ1=2�D�. They found the latter para-

meter more useful for describing the magnetic field
strength than the conventional Elsasser number [13].
Christensen and Aubert (2006) restricted their analysis
to dynamos with a dipole-dominated magnetic field
and found the following best-fitting scaling laws:

Nu	 ¼ 0:074Ra	0:53
Q ½64�

Ro ¼ 0:85Ra	0:41
Q ½65�

Lo=f
1=2

Ohm ¼ 0:91Ra	0:34
Q ½66�

Based on the idea that the magnetic field strength
is determined by the power available to balance
Ohmic dissipation, a correction factor f

1=2
Ohm has been

introduced in eqn [66], where fOhm is the relative
contribution of Ohmic dissipation to the total dissi-
pation. fOhm is thought to be close to 1 in the core.
The numerical results fit the scaling law for the
modified Nusselt number very well. The fit for
Rossby and Lorentz number is decent, the latter
being shown in Figure 11.

Further discussion on these scaling laws can be
found in Chapter 8.05, section 5.7. Olson and
Christensen (2006) examined a broader set of models,
also including non-dipolar dynamos, to find a scaling
relation for the dipole moment as the main observa-
ble for magnetic fields of planets other than Earth. As
long as the magnetic field is dipole dominated, they
find that a Lorentz number that characterizes the
mean dipole strength at the outer boundary of the
dynamo region scales like Lodip ¼ �Ra

	1=3
Q , with

�¼ 0.1–0.2. In the non-dipolar regime, the dipole

field is at least 10 times weaker, with an abrupt

transition in bottom-heated cases and a more gradual

one for internally heated dynamos.
The fit of the numerical results for the Rossby

number and the Lorentz number can be improved by

assuming a weak additional influence of the magnetic

Prandtl number (Christensen and Aubert, 2006). The

Ekman number and the hydrodynamic Prandtl num-

ber do not seem to have a significant effect. The

exponents for the dependence on the magnetic

Prandtl number are small, 0.11 in case of the best fit

to the Lorentz number. But the rather large extrapola-

tion from model values of Pm�O (1) to core

values�O (10�6) implies that a Prandtl number depen-

dence would nevertheless have a significant impact.
Using a somewhat more limited set of model

results, Christensen and Tilgner (2004) derived a

scaling law for the Ohmic dissipation time 
Ohm,

defined as magnetic energy divided by the rate of
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Figure 11 Lorentz number (nondimensional magnetic

field strength) corrected for the fraction of Ohmic dissipation
vs modified Rayleigh number for 72 dynamo models that

generate a dipole-dominated magnetic field. The Ekman

number is indicated by the shape of the symbol, the

magnetic Prandtl number is color-coded (Pm > 3, dark red;
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Ohmic dissipation. They find it to depend on the
magnetic Reynolds number according to


Ohm ¼ 1:74 
dipole Rm – 1 ½67�

where 
dipole ¼ r 2
0 ð�2�Þ is the dipole decay time.

Again, an additional dependence on the magnetic
Prandtl number could somewhat improve the fit to
the model data. Christensen and Tilgner (2004) also
determined the Ohmic dissipation time for the
Karlsruhe laboratory dynamo experiment, in which
the magnetic Prandtl number has the small value of a
liquid metal, and found it to agree much better with
the scaling law eqn [67] than with a more complex
one involving Pm. Therefore, they suggested that a
weak dependence of the dynamo properties on the
magnetic Prandtl number at values Pm� 1 may dis-
appear at Pm� 1, so that the simpler Pm-
independent scaling would represent conditions in
the Earth’s core reasonably well. Christensen and
Tilgner (2004) also found that the characteristic
timescale for the magnetic secular variation in
numerical dynamo models is inversely proportional
to the magnetic Reynolds number. They used this
dependence to estimate a core value of Rm� 1000
from the observed geomagnetic secular variation,
which is equivalent to a flow velocity of 0.5 mm s�1.

Christensen and Aubert (2006) applied eqn [65] to
estimate from the characteristic core flow velocity a
modified Rayleigh number Ra*Q of order 10�13. For
this value eqn [66] predicts a plausible magnetic field
strength in the core of order 1 mT. Using Jupiter’s
observed excess heat flow to obtain the Rayleigh
number, the magnetic field strength in Jupiter’s
dynamo region is calculated to be of order 10 mT,
which is also a plausible value. This agreement lends
support to the applicability of the simple scaling laws
to the geodynamo. The scaling laws that involve a
dependence on the magnetic Prandtl number severely
underpredict the field strength in the Earth’s core.
Clarifying the role of the magnetic Prandtl number
and providing a better theoretical foundation for the
scaling laws remains a task for the future.

8.08.4.2 Comparison with
the Geomagnetic Field

Many dynamo simulations reproduce the first-order
properties of the geomagnetic field: dipole domi-
nance and the correct order of magnitude of global
field strength. A more detailed comparison is thus
necessary to assess how realistically the different

simulations model the geodynamo process. We have
to content ourself with comparing the field above the
core surface, since there is little or no information
about the geomagnetic field inside the core. This task
is difficult for dynamo modelers and geomagnetists
alike, since the Earth’s magnetic field varies on a
large range of timescales, reaching from reversal-
rate variations over several tens of million years to
geomagnetic jerks representing annual changes. In
addition, details of the spatial structure of the field
are known to some degree for the recent field, but are
increasingly less resolved when going back in time.
Since Chapter 8.09 is devoted to reversals and excur-
sion, we concentrate on timescales from decadal to
millennium variations.

In order to compare dimensionless simulations to
geomagnetic properties, we have fixed the magnetic
diffusion time D2/� to 122 kyr by assuming an elec-
trical conductivity of � ¼ 6� 105Sm – 1. This
amounts to a dipole decay time of 29 kyr. The field
strength is calculated by adopting Earth’s rotation
rate and a core density of � ¼ 1:1� 104 kg m – 3.

8.08.4.2.1 CMB field morphology

How well do we know the geomagnetic field at the
top of the dynamo region? Even today, with several
satellites measuring the magnetic field with pre-
viously unknown precision, there are significant
inherent limitations. While the Gauss decomposition
(Merill et al., 1998, chapter 2.2) separates magnetic
fields of external and internal origin, it does not allow
to distinguish between Earth’s crustal field and the
field produced by the dynamo process. Some separa-
tion of the two is possible nevertheless, based on two
properties of the geomagnetic field. While the
dynamo field varies on geologically short timescales,
the crustal magnetization can be regarded stationary
in comparison. Furthermore, the crustal field is of
smaller scale, leaving the core field at scales below
degree 14 basically uncontaminated (Maus et al.,
2006). Additional precaution is needed with down-
ward continuing field measurements to the CMB,
making it necessary to damp contributions beyond
roughly l ¼ 12 (Bloxham and Gubbins, 1985). Within
these limitations, modern field models (Olsen, 2002;
Maus et al., 2006) provide a global representation of
the present geomagnetic field at the CMB up to
degree and order 14.

Figure 12 compares the radial magnetic field for
the year 1990 in the GUFM model ( Jackson et al.,
2000) with two dynamo simulations. While we
have selected snapshots that closely match the
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geomagnetic field, most features are typical for
dynamo models in the respective regimes. The long-
itude is arbitrary in the simulations. Continental
contours have been included as a measure for relative
size and orientation of magnetic structures. Figures
12(b) and 12(c) depict a model at a relatively low
Ekman number of E ¼ 3 � 10 – 5 Figure 12(c)
shows the full numerical resolution, while
Figure 12(b) shows the same solution subject to a
simulated ‘crustal’ filter that damps contributions

beyond degree 12 and excludes contributions beyond
degree 14. Figure 12(d) displays the filtered field for
a reversing dynamo at E¼ 3� 10�4 (Kutzner and
Christensen, 2002; Wicht, 2002). We have selected a
snapshot during a stable polarity interval.

There are many similarities between the geomag-
netic field and the simulations apart from the obvious
dipole dominance and the approximate agreement in
the field strength: weaker field inside the tangent
cylinder, strong normal polarity flux lobes close to
the tangent cylinder, and pairwise inverse field
patches around the equator. ‘Normal’ and ‘inverse’
refer to radial magnetic field directions that are inline
or opposite to the dominant dipole direction. The
reversing dynamo also possesses inverse field patches
inside the tangent cylinder and at mid-latitudes in
the Southern Hemisphere, very similar to today’s
field configuration. While these similarities are
truly remarkable, the comparison also reveals discre-
pancies typical for many dynamo simulations. For
example, in the reversing dynamo model, the dipole
is significantly less pronounced than in the geomag-
netic field (see also Figure 13). Another deviation
concerns the field in the equatorial region. North–
south aligned pairs of inverse magnetic field patches
dominate the equatorial region in the simulations, in
particular in the reversing numerical model, but we
find mainly normal polarity patches in this region in
today’s and probably also the historic magnetic
field (Finlay, 2005). Note that the simulation in
Figure 12(c) shows many small-scale field structures
described by spherical harmonic degrees beyond 14.
These structures become even smaller for lower
Ekman and larger Rayleigh numbers. Field patches
that nicely resemble geomagnetic features when sub-
jected to the crustal filter turn out to be blurred
images of much narrower and significantly more
complex small scale features.

In the dynamo simulations, flux maxima and
minima have been associated with downwellings
and upwellings in the convective flow (Christensen
et al., 1998; Olson et al., 1999; Kutzner and
Christensen, 2004). The convergent flow associated
with downwellings collects magnetic field lines and
thereby enhances the already present background
field. The divergent flow connected to upwellings
has the opposite effect. Intense flux lobes close to
the tangent cylinder that are created by downwel-
lings inside cyclonic convection columns and the low
field strength around the pole caused by polar upwel-
lings are prominent examples for these effects. In
addition, upwellings create ‘dipolar’ pairs, consisting

(b)

(c)

(d)

(a)

Figure 12 Comparison of the radial magnetic field at the

CMB for the 1990 GUFM model (Jackson et al., 2000) and

two different dynamo simulations. (b) and (c) present a
model at E¼ 3� 10�5, Ra¼ 42�Rac, Pm¼ 1, and Pr¼ 1.

Spectral filtering similar to the one employed in GUFM has

been used in (b); (c) shows Br at full numerical resolution up

to spherical harmonic degree and order 133. The dipole is
very stable in this model. (d) presents the filtered magnetic

field of a reversing dynamo at E¼3� 10�4, Ra¼26�Rac,

Pm¼ 3, and Pr¼ 1.
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of an inverse and a normal polarity patch, by pushing
out horizontal field lines toward the exterior.
Diffusion takes over close to the outer boundary to
finally bring the pair to the CMB (Bloxham, 1986;
Christensen et al., 1998). The latter effect could be
responsible for the inverse patches identified in the
recent geomagnetic field.

8.08.4.2.2 Magnetic power spectra

The spatial resolution of geomagnetic field models
decreases when we go back in time. Historic field
models mainly rely on data from geomagnetic obser-
vatories and on measurements taken by mariners.
They cover up to four centuries (Bloxham and
Jackson, 1992; Jackson et al., 2000) and provide
Gauss coefficients up to degree 14 in 2.5-year inter-
vals. However, the spatial resolution lies below
degree 14 in the earlier epochs of these models due
to decreasing data coverage, limited data quality, and

the lack of intensity measurements prior to the 1830s.
Archeomagnetic and paleomagnetic data allow to
construct field models spanning several thousand
years (Hongre et al., 1998; Korte and Constable,
2003). The latest models cover the past 7000 years
with a spatial resolution equivalent to degree l¼ 5
and and temporal resolution of 100 years (Korte et al.,
2005; Korte and Constable, 2005, 2006).

The time dependence of the resolution makes it
difficult to decide which of today’s smaller magnetic
field features are typical and should therefore be
replicated by a realistic dynamo model. Rather then
comparing more snapshots of geomagnetic and simu-
lated models for various epochs we proceed with
analyzing magnetic power spectra Wl that describe
the magnetic energy density carried by each spheri-
cal harmonic degree l (Wl ¼ ðl þ 1Þ

Pl
m¼0ðg2

lm þ h2
lmÞ

where glm, hlm are the Gauss coefficients). Figure 13
compares magnetic power spectra of the POMME
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Figure 13 Comparison of time averaged geomagnetic power spectra for different geomagnetic field models and dynamo
simulations. (a) Spectra at Earth surface. (b) Geomagnetic models at CMB. Colored bands in the width of the standard

deviation indicate time variability. (c) Comparison of the geomagnetic POMME spectrum (black line) with spectra from

dynamo simulations at the CMB. See text for more explanation.
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model for the year 2000 (Maus et al., 2006) (black),
time-averaged spectra of the historic GUFM model
( Jackson et al., 2000) (blue), the archeomagnetic
CALSK7 model (Korte and Constable, 2005)
(green), and geodynamo simulations. Figure 13(a)
shows the spectra at a radial level equivalent to
Earth’s surface. Here, differences are hard to discern
since all spectra decay similarly with the exception of
the time-averaged GUFM model where the higher
harmonics are obvious subject to stronger damping.
Figure 13(b) visualizes the difference of the three
geomagnetic field models at the CMB. Colored bands
show the width of the respective standard deviations
and illustrate time variability. We have added
GUFM spectra for the two bounding years of this
model, 1590 (lower dashed blue line) and 1990
(upper dashed blue line). The significantly stronger
decay of the 1590 model reflects the inferior resolu-
tion in earlier years. Differences between the higher
harmonic contributions in the 1990 GUFM and the
2000 POMME model indicate the stronger damping
of the former. The degree 15 POMME model may be
overly optimistic concerning the reliability of mag-
netic field coefficients beyond degree 12. The lower
energy of higher moments in the CALSK7 model is
possibly biased by low resolution and strong damp-
ing. The larger time variations, on the other hand, is a
likely consequence of the longer averaging interval,
7500 years, instead of 400 years for GUFM (Korte
and Constable, 2006).

Figure 13(c) compares time-averaged spectra
from dynamo simulations with the POMME spec-
trum at the CMB. We have again selected models at
parameters E¼ 3� 10�4, Pr¼ 1, and Pm¼ 3 for
two different Rayleigh numbers: Ra¼ 18�Rac

(red, averaged over 64 ky), representing the stable
dipole regime, and Ra ¼ 26� Rac, representing
the reversing case shown in Figure 12. Two spectra
for the latter cover a stable polarity interval (yellow,
averaged over 43 ky) and a period during which
the dipole is weak and reverses several times
(orange, averaged over 46 ky). The comparison
demonstrates that dynamo simulations in the
dipole-dominated regime (red and yellow) are well
capable of reproducing the dipole moment and the
power spectrum of the present geomagnetic field.

A specific feature reproduced by the dynamo
simulations is the relatively low geomagnetic quad-
rupole contribution which lies clearly below the
octupole contribution. Maxima at l¼ 3 and l¼ 5 in
the simulation reflect the latitudinal differentiation
into the regions inside and outside the tangent

cylinder described in Section 8.08.4.1.1 and into the
band of inverse field around the equator (Figure 12).
Olson and Christensen (2002) report that the time-
averaged octupole is significantly more pronounced
in their numerical simulations than in paleomagnetic
models (Section 8.08.4.2.4). However, the differentia-
tion becomes weaker when the Rayleigh number is
increased. The observable part of the model spec-
trum is essentially white during unstable periods
(orange curve in Figure 13) with the exception of
particularly low dipole and quadrupole contribu-
tions. The field seems to lose its large-scale
coherence.

8.08.4.2.3 Secular variation

A simple global measure for the typical timescales
associated with the field contribution of spherical
harmonic degree l can be derived from the magnetic
power spectrum Wl and the power spectrum of mag-
netic field variations _W l :


l ¼ Wl= _W l

� �1=2 ½68�

Hongre et al. (1998) report that 
 l is typically of the
order of a few hundred years in archeomagnetic data
and decreasing with increasing degree. Olsen et al.
(2006) find that the timescale varies like 
 l _ l�1.35 in
the present geomagnetic field. A similar behavior is
found in dynamo simulations. Christensen and Olson
(2003) find that 
 l roughly scales like l�1 for the non-
dipole components. Examining a suit of dynamo
models, Christensen and Tilgner (2004) derive a
scaling, which relates 
 l to the inverse magnetic
Reynolds number and is compatible with the values
derived by Hongre et al. (1998):


l ¼ 21:7 
dipole l – 1Rm – 1 ½69�

Equation [69] agrees with the idea that the magnetic
field is mainly changed by advection.

Korte and Constable (2006) perform a spectral
analysis in time for their CALSK7.2 model and find
that the variation of all spherical harmonic contribu-
tions also contains timescales significantly longer
than the advection time. Analyzing the dipole ampli-
tude variation in a reversing dynamo model, Wicht
(2002) also finds that the spectrum is dominated by
periods much longer than the advection time.

Two more specific aspects of secular variation are
the often-cited westward drift and possible eastward
rotating vortices inside the tangent cylinder. The
westward drift is a long-standing feature in the his-
toric magnetic field and describes the motion of
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magnetic structures along the equator in the Atlantic
hemisphere (see, e.g., Finlay and Jackson, 2003).
Since this feature is so simple and persistent, its
amplitude of about 0.2
 per year is sometimes con-
sidered as the typical convective flow speed in the
core. The faster eastward zonal flow inside the north
polar cap of the tangent cylinder and its somewhat
weaker southern counterpart have only been identi-
fied clearly in recent years (Olson and Aurnou, 1999;
Hulot et al., 2002; Amit and Olson, 2004). These
vortices were first described by Glatzmaier and
Roberts (1995b) and can be found in many dynamo
simulations (e.g., Aubert, 2005; Sreenivasan and
Jones, 2006a). Their origin is the thermal wind asso-
ciated with hot plumes rising from the inner core
boundary (see section 8.08.4.1.1).

While the fast eastward movement of magnetic
features inside the tangent cylinder thus seems to
be associated to a fluid flow, dynamo simulations
suggest that this is less clear for the westward drift
at lower latitudes as well as for some other secular
variation features (Finlay, 2005). Westward as well as
eastward drifts at low latitudes are present in several
dynamo simulations (Kuang and Bloxham, 1997;
Glatzmaier and Roberts, 1996a) and advection as
well as wave propagation can be the causes (Rau
et al., 2000; Kono et al., 2000; Christensen and Olson,
2003). Both mechanisms may contribute, one or the
other being dominant at different times. Aubert
(2005) analyzed time-averaged zonal flows for a suit
of dynamo simulations (see also Section 8.08.4.1.5)
and found it generally very similar to the flow
inferred from present-day secular variation (Hulot
et al., 2002).

The secular variation in high Rayleigh number
simulations (without strong hyperdiffusivity) offers a
very mixed and complicated picture (Kono et al.,
2000; Rau et al., 2000; Finlay, 2005). A recent analysis
of a numerical dynamo simulation at E¼ 3� 10�4 by
Finlay (2005) suggests that inverse patches are
formed by downwellings around the equator, ride
with these downwellings on MAC waves (balance
of magnetic, Archimedean, and Coriolis forces in
the Navier–Stokes equation), can decouple from the
wave, may be advected by westward or eastward jets,
and finally dissolve again.

8.08.4.2.4 Comparison with

the paleomagnetic field

Scarcity and uncertain dating of paleomagnetic data
permit only statistical field models spanning the past
5 My (Constable and Parker, 1988; Kono and

Tanaka, 1995; Johnson and Constable, 1995, 1997;
Kelly and Gubbins, 1997; Constable and Johnson,
1999; Hatakeyama and Kono, 2002). Constable and
Parker (1988) suggested that each Gauss coefficient
may be treated as an independent normally distrib-
uted random variable, assuming that the dynamo
works as a so-called gaint Gaussian process. The
statistical paleomodel is then defined by mean and
standard deviation of the Gauss coefficients, the
latter serving as a measure for the amplitude of
secular variation. This approach allows to disregard
dating uncertainties of paleomagnetic data. Most
statistical paleosecular models agree on that all
mean coefficients vanish except for the dominating
axial dipole contribution and a much weaker axial
quadrupole that amounts to a few percent of the
dipole strength. Constable and Parker (1988) pro-
posed a particularly simple statistical secular
variation model where the standard deviation
depends on degree l only. This model was extended
later to account for the observed higher dipole varia-
bility and the latitudinal dependence of directional
data, which can be accommodated by a larger
standard deviation of the degree l¼ 2 order m¼ 1
components (Kono and Tanaka, 1995; Johnson and
Constable, 1995, 1997; Kelly and Gubbins, 1997;
Hatakeyama and Kono, 2002).

Paleomagnetists commonly express directional
data obtained at a specific site by the position (long-
itude, latitude) that a virtual geomagnetic North Pole
(VGP) would assume if the field were purely dipolar.
The appropriately calculated angular standard
deviation (ASD) around the mean VGP position,
also called VGP dispersion, is a measure for the
amplitude of paleosecular variation at a given site.
The ASD shows a very distinct latitude dependence
(Figure 14), rising from about 12
 at the equator to
about 20
 at higher latitudes (Kono et al., 2000). This
dependence could not be reproduced by the models
of Glatzmaier et al. (1999), where no significant lati-
tudinal variation is found. The models of Sakuraba
and Kono (1999), Wicht (2005), and Christensen and
Olson (2003) shows the correct variation but not the
correct amplitude, the former two varying too
strongly and the latter one too weakly.

Figure 14 displays ASD values for the two
numerical dynamo models whose spectra are shown
in Figure 13. We have averaged over time spans of
120 ky and 500 ky, respectively, for sites on a one-by-
one degree grid. Paleomagnetic ASD values are
based on data sets spanning 5 My with a much scarcer
data coverage in time and space (Kono et al., 2000).
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The latitude dependence is nicely reproduced and
the amplitudes embrace the paleomagnetic values,
being too low for Ra¼ 18�Rac and too high for
Ra¼ 26�Rac.

Wicht (2005) speculates that the latitudinal ASD
variation is a consequence of the increased convec-
tional activity inside the tangent cylinder at higher
Rayleigh numbers. The same effect also seems to be
responsible for a larger number of excursions
detected at higher latitude sites in his model. Such a
behavior would be reflected in a pronounced fluctua-
tion of mostly the axisymmetric magnetic field
components. However, this is not compliant with
the preferred paleomagnetic interpretation. Kono
et al. (2000) perform a statistical analysis of the
dynamo simulation by Sakuraba and Kono (1999)
and find increased g21 and h21 standard deviations
that describe the latitudinal ASD dependence in
paleosecular variation models.

8.08.4.2.5 Mantle influence on

the dynamo
Persistent non-axisymmetric features in the 5 My
mean geomagnetic field are a matter of debate.
Kelly and Gubbins (1997) identify flux concentra-
tions under Canada and Siberia similar to those in the
present field configuration. These structures can also
be found in archeomagnetic models (Korte and
Constable, 2006). Johnson and Constable (1997)
argue that these features lie beyond the resolution
of current paleomagnetic data compilations and

suggest that the most convincing nonzonal structure
is an anomalous radial field under the Pacific, where
the magnetic equator bulges toward the north. These
features can clearly be identified as an inclination
anomaly, and this is supported by a large number of
lava flow data from Hawaii. Probably related is the
particularly low secular variation observed in the
Pacific hemisphere in historic ( Jackson et al., 2000),
archeomagnetic (Korte and Constable, 2006), and
possibly also the paleomagnetic field. Because we
expect that in the fluid core itself there is no way to
break longitudinal symmetry, any persistent devia-
tion from a purely latitudinal dependence in the
long-term magnetic field and its time-dependent
fluctuation should be due to an external influence
on the dynamo. The most plausible one is that a
heterogeneous lower mantle imprints an azimuthally
varying boundary condition on the dynamo
(see Chapter 8.12).

While the present and the historic magnetic spec-
trum show a particularly weak quadrupole
contribution, this is not true for archeomagnetic and
paleomagnetic time-averaged fields, where the axi-
symmetry quadrupole is perhaps the only significant
non-dipole component. Axial dipole and quadrupole
belong to the two different equatorial symmetry
families (see Section 8.08.4.1.1). The two families
are mixed by equatorially anti-symmetric flows. A
particularly simple mechanism is the coupling of
time-averaged axial dipole and quadrupole contribu-
tions by a time-averaged equatorially antisymmetric
flow. However, this flow component should average
to zero over time, unless the equatorial symmetry is
broken in the dynamo model by some external influ-
ence. Inhomogeneous thermal outer-boundary
conditions are one way to accomplish this (Zhang
and Gubbins, 1992; Olson and Christensen, 2002;
Bloxham, 2002; Christensen and Olson, 2003).

Olson and Christensen (2002) ran dynamo simu-
lations with different imposed heterogeneous heat
flux patterns, confirming that this is indeed a viable
mechanism. The only one of their dynamo models
that produced a significant time-averaged axial
quadrupole used a boundary heat flux of degree
l¼ 1 and order m¼ 0. They also performed simula-
tions with a heat flow pattern inferred from seismic
tomographic models of the lower mantle, translating
higher seismic velocities into lower temperatures and
hence higher-than-average heat flux. Such heat flux
variations include a slight equatorial asymmetry but
are generally dominated by the (l¼ 2, m¼ 2) pattern.
The equatorial asymmetry was not strong enough to
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Figure 14 Azimullay-averaged angular standard
deviation of the VGP position (ASD) after Kono and Roberts

(2002) (symbols with error bars) and for the stable (red) and

reversing (yellow) dynamos shown in Figure 13. Closed

symbols and solid lines (open symbols, dashed lines)
denote Northern Hemisphere (Southern Hemisphere)

results. In the reversing simulation, transitional VGPs further

away than 45
 from either pole have been disregarded in the
analysis.
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cause a significant axial quadrupole term in the time-
average field. McMillan et al. (2001) arrive at the
same conclusion based on similar simulations by
Glatzmaier et al. (1999).

The strong azimuthal heat flux variation sug-
gested by the lower-mantle seismic velocity
anomalies may cause persistent non-axisymmetric
magnetic field features. While McMillan et al.
(2001) and Hulot and Bouligand (2005) find no sta-
tistically significant trace in the ‘tomographic’
simulation by Glatzmaier et al. (1999), Bloxham
(2002) and Christensen and Olson (2003) identify
non-axisymmetric features in their ‘tomographic’
dynamo models. In particular, they find reduced
secular variation in an area of low heat flow under-
neath the Pacific that readily compares to the low
secular variation in the historic, archeomagnetic, and
paleomagnetic field. However, Christensen and
Olson (2003) point out that the zonal variation in
secular variation amplitude is quite weak in the mod-
els and significantly smaller than the latitudinal
variation that features prominently in paleomagnetic
directional ASD data.

We pointed out that downwelling in the center of
cyclonic columns is responsible for longitudinal field
variations in the form of flux concentration close to
the tangent cylinder. This effect can be very time
dependent at higher Rayleigh numbers, and not all
cyclonic vortices intensify the field to the same
degree. The number, intensity, and form of these
flux patches change with time, sometimes resembling
a configuration similar to the current or historic
magnetic field, but the time-averaged field is axisym-
metric as long as the CMB condition is
homogeneous. Using a tomographic heat flux bound-
ary condition helps to stabilize the field to a degree
where the time-averaged field features two flux
patches in the Northern Hemisphere at locations
very similar to that inferred for the geomagnetic
field (Olson and Christensen, 2002). However, these
simulations also show an intense flux patch in the
Southern Hemisphere that is not present in geomag-
netic data.

8.08.5 Perspectives

Numerical geodynamo models have had a remark-
able success in matching geomagnetic field
properties, to an extent that was not dreamed of 15
years ago. They produce dipole-dominated magnetic
fields of the right strength, show spatial power

spectra and a field morphology at the CMB that

resemble the observed ones and a reversal behavior

similar to that deduced from paleomagnetism.
However, not all models perform equally well.

Also, the values of fundamental control parameters

cannot match Earth values, and their model values

are usually chosen rather arbitrarily or according to

numerical feasibility. The understanding of which

parameter combinations lead to Earth-like dynamos

and for what reasons has not kept pace with the surge

in geodynamo modeling. First steps into this direc-

tion have been made by searching for scaling laws

that relate characteristic dynamo properties to the

control parameters. However, so far these laws are

largely empirical, and their range of validity remains

unclear. Simulations at more extreme parameter

values, such as Ekman numbers E < 10�6 and mag-

netic Prandtl numbers Pm� 1, are needed to

consolidate the scaling laws, requiring tremendous

computational resources. New (local) methods may

gain the advantage over standard spectral codes on

massive parallel systems, but the potential of spectral

methods seems not exhausted yet. We must develop

a better theoretical understanding of the force bal-

ance in the dynamo models and compare it to the

expected balance in the Earth’s core. How important

is viscous friction in the dynamo models and at which

Ekman number will its influence become negligible?

Do small unresolved scales act mainly as an energy

sink, or do they play an important role for the induc-

tion process? Are there essential differences between

dynamos operating at a magnetic Prandtl number of

order 1 and those working at a very low value of Pm?

To answer such questions and to put scaling laws on a

firm theoretical basis remains a major task for the

future.
In addition to better understand convection-

driven dynamos in the most basic setup, the conse-

quences of various ‘real Earth’ complications need to

be explored. How does the interplay of compositional

and thermal buoyancy (double-diffusive convection)

affect the dynamo? Are Boussinesq models basically

adequate, or do non-Boussinesq effects such as f luid

compressibility or the redistribution of thermal

energy by Ohmic heating have a large influence?

What are the most appropriate boundary and

coupling conditions at the CMB and the inner core

boundary (e.g., is the flux of light element at the inner

core boundary heterogeneous?), and how does this

affect the dynamo? This list of open questions is

certainly far from exhaustive.
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Earth is not the only magnetic planet in the solar
system. It would strengthen the confidence in the

geodynamo models tremendously if it could be

shown that the models can reproduce the field

strength and geometry of other planets, after adapta-

tion to the specific conditions in these objects. So far,

a comparative dynamo theory covering the diversity

of planetary magnetic fields is in its infancy

(see Chapter 10.08).
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8.09.1 Observations

The observational evidence for evaluating and
improving geodynamo simulations comes from direct
observations of the geomagnetic field over the past
few centuries and from the paleomagnetism of mag-
netic materials, such as rocks, fired artifacts, adobe,
and even pigments from paintings, over the rest of
geologic time (see Chapters 5.01, 5.02, 5.03, 5.04, 5.05,
5.06, 5.07, see also: Chapters 5.08, 5.09, 5.10, 5.11, 5.12,
5.13, and 5.14). Thus, for information about most
geomagnetic behaviors we rely upon the results of
paleomagnetic studies. These show us that the
Earth’s magnetic field has been dominantly dipolar
in the past, as it is today. Moreover, to a reasonable
approximation it averages to axial dipolar over a few
tens of thousands of years (e.g., Merrill, 1996). This is
demonstrated for the past 150 million years by the
agreement between plate reconstructions based on
marine magnetic anomalies and paleomagnetic
apparent polar wander paths (Besse and Courtillot,
2002). The preponderance of paleomagnetic evi-
dence suggests that dipolar dominance was typical
earlier as well (McElhinny, 2004), perhaps even dur-
ing much of the Pre-Cambrian, but Pre-Cambrian
evidence is sparse and equivocal (Dunlop and Yu,
2004). To second order, however, a small but signifi-
cant departure from dipolar of the time-averaged
field has long been noted (Wilson, 1971). Averaged
over the past 5 My, the departure can be represented
as an axial quadrupole contribution that is 3–5% of,
and the same sign as, the axial dipole ( Johnson and
Constable, 1997; McElhinny, 2004). Comparison of
paleomagnetic and plate-tectonic continental recon-
structions suggests that a 3% axial quadrupole
component may have been typical over the past
200 My (Besse and Courtillot, 2002).

The other salient feature of the field is that it
reverses polarity. Geologically speaking, reversals
occur very quickly. Even for the most recent reversal

(Matuyama–Brunhes), which occurred 0.78 Ma, the
dating error of the most favorable basalt flows is com-
parable to the transition duration (Singer et al., 2005).
For this reason transition duration must be obtained
from sedimentary records, using the stratigraphic
thicknesses of the transition zones and estimates of
the deposition rate. From 30 selected records of the
last four reversals, Clement (2004) found that the
average time for the field to change direction from
one polarity to the other was 7000 years (Figure 1).
These reversals, so defined, tended to occur more
quickly at low latitudes than at mid-to-high latitudes,
with individual durations ranging from 2000 to 12 000
years. This regionally varying behavior implies that
the nondipole field played a large role.

In detail, reversal records display a wide variety of
field behavior (Coe and Glen, 2004). Almost all exhi-
bit large intensity drops during transition, but their
directional behavior varies greatly. The most
detailed, high-deposition-rate lava-flow records and
sedimentary records show that at least some reversals
are complex, with episodes of oscillatory and rapid
field change (Figures 2 and 3). Often the field
reverses briefly, but relapses to intermediate direc-
tions one or more times before finally attaining stable
opposite polarity. This behavior complicates estima-
tion of duration. For instance, if one includes an early
unsuccessful swing to normal polarity in the most
recent reversal transition, its duration is about
18 000 years (Figure 4), three times longer than if
one considers that swing to be an unrelated precursor
(Singer et al., 2005). Inclusion of the precursory swing
in direction seems reasonable, in light of the complex
transition paths of Figures 2 and 3. Even excluding
the precursor, high-resolution sediment records show
that this transition is complex, with five or six large
swings of the field direction (Figure 5) (Channell
and Lehman, 1997). Some dynamo simulations have
also produced comparably complex and long reversal
transitions – for example, the second reversal during
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the tomographic simulation of Glatzmaier et al.

(1999) (see case ‘h’ of Figure 14 and Coe and Glen

(2004, figure 7 and plate 1)).
Nonetheless, various authors have discerned some

statistical regularity in the directional behavior of

reversals over the past 2–20 My: the tendency of

transitional virtual geomagnetic poles (VGPs) to

cluster in preferred longitudinal bands or patches

on Australasia and the Americas and to avoid the

Central Pacific Basin (Laj et al., 1991; Clement,

1991; Hoffman, 1992; Hoffman and Singer, 2004;

Love, 2000), though the statistical significance of

this tendency has been disputed (Valet et al., 1992;

McFadden et al., 1993; Prévot and Camps, 1993;
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Merrill and McFadden, 1999). The long timescale
suggests mantle influence, and the preferred areas
do correlate with large-scale seismic tomography,
overlying regions of higher than average P- and
S-wave velocity (Laj et al., 1991; Hoffman and
Singer, 2004). Assuming that higher seismic velocity
signifies regions with lower than average lower-
mantle temperature, convective downwelling in the
core could be localized there and concentrate poloi-
dal flux lines. Transitional VGP preference would
then be expected (Gubbins and Coe, 1993) and
has in fact been produced by dynamo simulations

employing appropriate heat-flux boundary condi-
tions at the core–mantle boundary (CMB) (Coe
et al., 2000; Olson and Christensen, 2002; Kutzner
and Christensen, 2004).

Earth’s reversals occur aperiodically, in fact
almost randomly, but the mean duration appears to
change progressively over long time intervals
(Figure 6). From 0 to 165 Ma the field reversed on
average about 2 times per million years, but over
10 My intervals the average reversal rate varied
from highs of at least 5 per million year to a low
of 0. During the interval from 124 to 83 Ma, the
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so-called Cretaceous Normal Superchron (CNS), no

true polarity reversals have been unequivocally

demonstrated. From analysis of the latitudinal varia-

tion of paleomagnetic secular variation recorded by

lava flows over the past 150 My, McFadden et al.

(1991) proposed that average reversal rate is related

to symmetry of the nonaxial dipole field: a higher

degree of symmetry of the field about the equator, as

expressed by its spherical harmonic gauss coeffi-

cients, correlates with more frequent reversals

(Figure 6). For example, the equatorial dipolar and

axial quadrupolar harmonics of the field are sym-

metric and the axial octupolar harmonic is

antisymmetric (Merrill, 1996). Recent analysis of

the Glatzmaier et al.’s (1999) dynamo simulations

supports this idea: Figure 7 shows that the most

stable, nonreversing simulation (case ‘e’ of

Figure 14) has far more energy associated with anti-

symmetric than with symmetric gauss coefficients

(Coe and Glatzmaier, 2006). Furthermore, a
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simulation with a solid inner core only one-quarter of

its size today (Roberts and Glatzmaier, 2001) pro-
duced an even more antisymmetric nonaxial dipole,

suggesting that reversals may have been much less

common in the distant geologic past when Earth’s
inner core was smaller (see Chapter 8.02). Limited

paleomagnetic evidence available from rocks older

than 1 Ga appears to support this suggestion (Coe

and Glatzmaier, 2006).
The CNS was clearly a time of exceptional field

stability, though a few instances of short-lived

reversed directions have been reported within

it (Tarduno, 1990; Gilder et al., 2003; Ogg et al.,
2004). These might represent aborted reversal

attempts. Much more recently, during the past

0.78 My of today’s normal polarity epoch when glo-

bal simultaneity is easier to establish, there have been
eight or more brief excursions of the field to low

intensity and reversed or nearly reversed directions

that have been detected around the globe (Figure 8)
(Champion et al., 1988; Guyodo and Valet, 1999;

Lund et al., 2006). They are generally distinguished

from complete polarity reversals by their short dura-

tion, a few thousand to at most a few tens of
thousands of years. In the paleomagnetic and sea-

floor magnetic anomaly records their classification

is somewhat arbitrary (Acton et al., 2006), but in
dynamo simulations aborted reversals are those for

which the field deep in the core maintains its original

polarity throughout the time of intermediate and
reversed directions at the surface of the Earth
(Figure 9) (Glatzmaier et al., 1999).

8.09.2 Models

Although the magnetic dipole reversal mechanism is
still poorly understood, mathematically it is easy to
see why there can be two oppositely directed mag-
netic basins of attraction. Given a solution to the set
of equations that govern the thermodynamics and
magnetohydrodynamics (MHD) for a convective
dynamo (i.e., fluid flow, magnetic field, and thermo-
dynamic variables), completely reversing the
magnetic field everywhere would also satisfy the
same set of equations; that is, reversing the sign of
the magnetic field vector everywhere will not change
the Lorentz force or Joule heating because the field is
quadratic in these terms. It will also not affect the
magnetic induction or conservation equations
because the field, although linear in these two equa-
tions, appears in every term.

Reversals of the dipolar part of the magnetic field
were originally studied using two-dimensional (2-D,
axisymmetric) models of the mean magnetic fields.
These models are kinematic, that is, the fluid flow is
prescribed or parametrized instead of being part of
the solution. Only the longitudinally averaged part of
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the magnetic field is calculated (see Chapter 8.03).
This method continues to be employed in the solar
community to study the periodic reversals associated
with the sunspot cycle (e.g., Bonanno et al., 2006) and
in the geophysics community to study the aperiodic
paleomagnetic reversals (e.g., Giesecke et al., 2005).
Such models prescribe the two main ingredients for a
self-sustaining dynamo: the ‘alpha effect’, which
twists toroidal (longitudinally directed) magnetic
field into poloidal (radially and latitudinally direc-
ted) field, and the ‘omega effect’, which shears
poloidal field into toroidal field. The alpha effect
can also act on poloidal field to generate (or destroy)
toroidal field. The alpha prescription in these models
parametrizes the effects of helical fluid flow and the
omega prescription represents the effects of differen-
tial rotation (i.e., the variation of angular velocity
with radius and latitude). Replacing these compli-
cated, nonlinear, 3-D, time and spatially dependent
processes with 2-D and usually time-independent
functions greatly simplifies the problem. These stu-
dies formed a basis for understanding convective
dynamos. The simplifications and assumptions built
into these models greatly reduce the complexity
and computational expense and therefore can pro-
vide good statistics because of the long times that can

be simulated. Unfortunately with this approach
one cannot reconstruct what the 3-D dynamics
must be that maintains the prescribed alpha and
omega effects. Discovering and understanding the
details of the dynamo mechanisms requires a self-
consistent solution of the full set of nonlinear 3-D
equations that represent conservation of mass,
momentum, energy, magnetic flux, and magnetic
induction (see Chapters 8.05 and 8.08).

Early, self-consistent MHD models of the solar
dynamo were developed by Gilman (1983) and
Glatzmaier (1985). Instead of prescribing the alpha
and omega effects parametrically, they solved a full
set of MHD equations for the 3D time-dependent
fluid flow, thermodynamics, and magnetic field in a
rotating spherical shell that served as an analog of
convection and magnetic field generation in the solar
interior. The resulting solutions maintained a differ-
ential rotation at the surface, very similar to that
observed on the Sun, and a magnetic field that con-
tinuously and periodically reversed as a ‘dynamo
wave’ propagating in latitude, somewhat similar to
the large-scale fields observed on the solar surface.
However, the coarse spatial resolution, which was
barely affordable at that time, forced the simulated
fluid flows to be unrealistically laminar. Later it was
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found that the differential rotation below the surface
predicted by these early models was not consistent
with the profile inferred from helioseismolgy.
Computers today provide much better spatial resolu-
tion, which allows the simulations to be at least
weakly turbulent. This changes the style of the
dynamics (from large convective cells to small con-
vective plumes), the transport of angular momentum,
and therefore the pattern of differential rotation, the
generation of vorticity, and helicity, and ultimately
the dynamo mechanism. However, the solar dynamo
is still far from being well understood.

The original 3-D MHD geodynamo models were
developed in the early 1990s. Surprisingly perhaps, the
challenge then was not to produce reversals, but to
stop them from occurring too frequently. These were
strongly convective and rotationally dominant (high
Rayleigh number, low Ekman number) dynamos that
were quite unstable. In addition, the solid inner core
(see Chapter 8.10) was originally approximated as an
insulator (for numerical simplicity) because most peo-
ple at that time felt the small inner core would have
little effect on the dynamo in the outer fluid core.
However, when Hollerbach and Jones (1993) showed
that a finite-conducting inner core in their 2-D ‘mean-
field dynamo model’ stabilizes their solution,
Glatzmaier and Roberts (1995) made the inner core
conducting in their 3-D MHD model and obtained a
relatively stable, dipole-dominated dynamo
(Figure 10) that, after a couple of magnetic diffusion
times, produced an isolated dipole reversal
(Figure 11). The large insulating inner core in their
original (frequently reversing) model obstructed the
flow; whereas their new conducting inner core pro-
vided an anchor for the field via magnetic torque,
which resulted in a solution still time dependent but
not continuously reversing. As mentioned above, tests
with a much smaller conducting inner core (less flow
obstruction) produced a stabler, much more antisym-
metric magnetic field (Roberts and Glatzmaier, 2001;
Coe and Glatzmaier, 2006), which suggests that the
reversal frequency may have been very low in the
distant past (see Chapter 8.02).

It has been more than a decade since that first
spontaneous magnetic dipole reversal was found in a
3-D MHD self-consistent computer simulation of the
geodynamo (Glatzmaier and Roberts, 1995). Since
then several groups around the world have developed
similar geodynamo models (see Chapter 8.08), some of
which also produce magnetic reversals (Kida et al.,
1997; Kageyama et al., 1999; Sarson and Jones, 1999;
Kutzner and Christensen, 2002; Busse, 2002; Wicht,

2002; Takahashi et al., 2005; Reshetnyak and Steffen,

2005). These simulations are less laminar than the

early solar dynamo simulations. However, since no

one yet can afford the computing resources to produce

a geodynamo simulation close to the Earth’s para-
meter regime, the simulations are still extremely

crude approximations of the geodynamo. The various

MHD geodynamo models employ different sets of

parameters, boundary conditions, numerical methods,

and spatial resolution (Glatzmaier, 2002); therefore, a
detailed comparison is difficult. Yet many of the

results have features quite similar to geomagnetic

and paleomagnetic observations. Reviews have been

written that qualitatively compare the results to the

paleomagnetic reversal record (e.g., Dormy et al., 2000;
Kono and Roberts, 2002).

Reversing MHD dynamo simulations fall loosely
into three categories: (1) periodic dynamo waves, for

which the field continuously reverses (Kida et al.,

1997; Busse, 2002), (2) reversals possibly triggered

by large-scale plume events, fluctuations in the axi-
symmetric meridional circulation, or changes in

kinetic and magnetic energies (Sarson and Jones,

Figure 10 A snapshot of the simulated geomagnetic field

produced by Glatzmaier and Roberts (1995). A set of

magnetic lines of force illustrated the 3D structure of the

field, which is intense and complicated inside the fluid core
and smooth and dipole-dominated outside the core. The

rotation axis of the model Earth is vertical in the illustration

and yellow lines represent outward directed field and blue

line represent inward directed field. The field is sheared
around the ‘tangent cylinder’ to the inner-core equator.
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1999; Kageyama et al., 1999; Wicht and Olson, 2004;
Reshetnyak and Steffen, 2005), and (3) those with
relatively long epochs of varying durations between
reversals of varying durations and with more fre-
quent aborted reversals (Glatzmaier et al., 1999;
Kutzner and Christensen, 2002; Takahashi et al.,
2005). For the simulations of category (3) the rever-
sals occur through the combined nonlinear action of
many small-scale fluctuations.

The early solar dynamo models (Gilman, 1983;
Glatzmaier, 1985) simulated the periodic and con-
tinuously occurring solar reversals as an alpha–
omega dynamo wave. The more recent simulated
reversals of Kida et al. (1997) and Busse (2002) also
appear to be global-scale dynamo waves driven by
laminar convection. However, as discussed above,
paleomagnetic reversals do not continuously occur,
that is, the epochs between reversals are long (�10
magnetic dipole diffusion times) compared with the
typical duration of a reversal (�0.1–0.5 magnetic
dipole diffusion time). (A geomagnetic dipole diffu-
sion time is 20 000 years.) They are also aperiodic,
that is, the lengths of these epochs are highly irregu-
lar (Figure 6). In addition, aborted reversals (or
excursions) are much more frequent than full rever-
sals (Figure 8). Single dipolar reversals among
several aborted reversals have been simulated by
Glatzmaier and Roberts (1995), Kageyama et al.
(1999), and Sarson and Jones (1999).

It appears that the progression through the three
categories of simulations is correlated with the vigor of
the convection (i.e., the Rayleigh and Reynolds num-
bers) and the relative effect of rotation (i.e., the Ekman

and Rossby numbers) (see Chapters 8.05, 8.03, 8.08, and
8.11). Assuming the rotation rate, electrical conductiv-
ity, heat flux, and dimensions of the Earth’s core, the
smaller the prescribed thermal and viscous diffusiv-
ities the more turbulent the flow and the closer these
nondimensional numbers approach Earth-like values
and the more Earth-like the reversals appear.
However, the character and frequency of the reversals
also likely depend on several other model specifica-
tions: the ratio of buoyancy and Coriolis forces, the
pattern of the heat flux over the CMB, and the relative
size of the solid inner core.

Wicht and Olson (2004), for example, studied a
weak-field, slowly rotating, large-scale convective
dynamo, which produced a series of quite regular
(periodic) reversals with periods long relative to the
duration of a reversal but short relative to a magnetic
diffusion time (Figure 12). These results are more
Earth-like than the continuously reversing dynamo-
wave solutions because of their relatively long, stable
epochs between the reversals; however, the process is
still periodic, that is, the durations of the epochs do not
vary randomly as the Earth’s do (Figure 6). Reversed-
polarity magnetic flux is generated when convective
plumes twist the field; this reversed flux is then
advected throughout the outer core by the dominant
meridional circulation. However, Lorentz forces have
very little effect on the flow in their simulations; that is,
the solutions are nearly kinematic. The main advan-
tage of this approach is the ease of analysis; that is, the
reversal mechanism is large scale and the reversal
frequency is high and constant. However, the reversal
mechanism may not be very Earth-like.

Computer-simulated magnetic dipole reversal

500 years before midpoint 500 years after midpointMidpoint

Figure 11 Three snapshots of a simulated magnetic field (as in Figure 10) at 500 years before the mid-point in the dipole

reversal, at the mid-point and at 500 years after the mid-point.
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Kutzner and Christensen (2002) studied more
strongly convective and more rotationally dominant
cases. They found that convective dynamos with small
Rayleigh numbers (i.e., small convective driving for a
given rotation rate) tend to be stable and have a
dominant axial dipole; large Rayleigh numbers pro-
duce frequently reversing dynamos and less dipolar
fields. The cases that fall within a narrow region of
parameter space between these two regimes have
longer and more irregular times between reversals
and therefore appear more Earth-like (Figure 13).

Glatzmaier et al. (1999) also chose strongly convec-
tive, rotationally dominant, cases to test the sensitivity
of convective dynamos to the pattern of the heat-flux
boundary condition on the CMB (Figure 14), pre-
sumably imposed by mantle convection. Their model

Equ.

0 1
Time (magnetic diffusion times)

Figure 12 The magnetic pole latitude (at the surface) vs

time (in magnetic diffusion times, here estimated as 80 000

years). Adapted from Wicht J and Olson P (2004) A detailed

study of the polarity reversal mechanism in a numerical
dynamo model. Geochemistry, Geophysics, and

Geosystems 5, doi:10.1029/2003GC000602.
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numerical dynamos. Physics of the Earth and Planetary Interiors 121: 29–45.
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Figure 14 Eight dynamo simulations with different imposed patterns of radial heat flux at the CMB. The top row shows the
patterns of CMB heat flux. Solid contours represent greater heat flux out of the core relative to the mean; broken contours

represent less. Case ‘g’ has a uniform CMB heat flux and case ‘h’ has a pattern based on seismic tomography, assuming

lower sound speed corresponds to warmer mantle and therefore smaller heat flux out of the core. The second row shows the
trajectory of the south magnetic pole of the dipole part of the field outside the core, spanning the times indicated in the plots

below; the marker dots are about 100 years apart. The plots in the third and fourth rows show the south magnetic pole latitude

and the magnitude of the dipole moment (in units of 1022 A m2) vs time (in units of 1000 years). Reproduced from Glatzmaier

GA, Coe RS, Hongre L, and Roberts PH (1999) The role of the Earth’s mantle in controlling the frequency of geomagnetic
reversals. Nature 401: 885–890 with permission from Nature.
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differs from all other geodynamo models by solving
the equations of motion within the anelastic approx-
imation instead of the Boussinesq approximation (see
Chapters 8.05, 8.03, and 8.08). That is, in their model
the variation of density with depth is taken into
account and both compositional and thermal buoy-
ancy are computed. In addition, more self-consistent
thermal and compositional boundary conditions are
applied at the inner-core boundary. They found that
forcing greater heat flux through the CMB in the polar
and equatorial regions, opposed to mid-latitude, pro-
duces a strong, stable, axial dipole, whereas the
opposite CMB heat flux pattern produces frequent
reversals (see Chapter 8.12). Of the eight cases they
tested, their Earth-like tomographic heat flux case (h)
and their homogeneous heat flux case (g) appear most
Earth-like in terms of the long and irregular times
between reversals and the relatively short and highly
variable reversal durations. In addition, like the Earth,
case ‘h’ has more frequent aborted reversals than suc-
cessful reversals. The system seems to be continually
trying to reverse via MHD instabilities but only after
many attempts are the conditions favorable for the
new polarity to continue to grow and the old polarity
to be fully destroyed (Figure 15). This continuing

process of trying to reverse occurs in these simulations
at roughly the frequency at which aborted reversals
occur in the Earth, which is similar to the frequency
that regular full reversals occur in the Wicht and
Olson (2004) simulations (Figure 12). However,
unlike the reversals seen by Wicht and Olson (2004),
many of these simulated reversals differ in terms of
morphology and duration.

As computational resources continue to improve,
simulations using much smaller (i.e., more realistic)
diffusivities become possible. Takahashi et al. (2005)
produced some of the most realistic geodynamo
simulations to date by using much larger Rayleigh
numbers and smaller Ekman numbers, that is, smal-
ler, more realistic viscous, thermal, and magnetic
diffusivities. Several dipole reversals occurred with
a highly variable reversal frequency (Figure 16).
They also show that the internal dynamics of the
fluid core changes significantly when the viscous
forces become much smaller than the Coriolis (rota-
tional) and Lorentz (magnetic) forces, which
underscores the importance of reaching the very
low-viscosity (turbulent) regime if one wishes to
simulate and understand the dynamo mechanism in
the Earth’s core.

Figure 15 A sequence of snapshots of the longitudinally averaged magnetic field through the interior of the core and of the
radial component of the field at the CMB and at what would be the surface of the Earth, displayed at roughly 3000-year

intervals, spanning the first dipole reversal of case ‘h’ in Figure 14. In the plots of the average field, the small circle represents

the inner-core boundary and the large circle is the CMB. The poloidal field is shown as magnetic field lines on the left-hand

sides of these plots (blue is clockwise and red is counter-clockwise). The toroidal field direction and intensity are represented
as contours (not magnetic field lines) on the right-hand sides (red is eastward and blue is westward). Hammer (equal area)

projections of the entire CMB and surface are used to display the radial field (with the two different surfaces displayed as the

same size). Reds represent outward-directed field and blues inward field. The surface field, which is typically an order of
magnitude weaker, was multiplied by 10 to enhance the color contrast. Adapted from Glatzmaier GA, Coe RS, Hongre L, and

Roberts PH (1999) The role of the Earth’s mantle in controlling the frequency of geomagnetic reversals. Nature 401: 885–890.

294 Magnetic Polarity Reversals in the Core



8.09.3 Conclusions

Our understanding of geomagnetic reversals has
improved considerably over the years with paleo-
magnetic studies and geodynamo simulations.
Paleomagnetic observations now provide consider-
able constraints on the time-averaged field and the
character of reversals, some of which have been
matched to first-order in some dynamo simulations.
Nonetheless, more ‘ground truthing’ observations
and more realistic simulations are needed to discover
the details of the reversal mechanism in the Earth’s
core and what influences its range of variation.

In terms of observations, longer, more reliable,
and more detailed records of paleomagnetic field
behavior are needed, especially early in Earth’s his-
tory. This of course will take considerable time and
effort.

In terms of models, geodynamo simulations
need to be more turbulent and rotationally domi-
nant. Laminar flows are certainly easier to produce
and analyze; but it is unlikely that the large-scale
convection cells seen in such studies produce a
reversal mechanism representative of that in the
Earth’s turbulent outer core. The same conclusion
has been reached in the solar dynamo community.
In addition, much longer simulations are needed to
gather better statistics on the types and frequencies
of reversals. Finally, the sensitivities to several
model specifications, like density stratification,
boundary conditions, compositional buoyancy,
inner-core conductivity, and diffusion coefficients,
need to be tested. These modeling goals all require
significant amounts of computing resources and, as
in the past, compromises will need to be made as
we wait for computer hardware to improve.
Support for this research was provided by NSF
CSEDI program.
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8.10.1 Introduction

With a radius of 1200 km the Earth’s inner core is

only 30% smaller than its moon. Being the solid,

central core of a planet, its dynamics are fascinating

and unique. The inner-core boundary is a solid–

liquid phase boundary, where the geotherm crosses

the liquidus temperature of the iron alloy that com-

prises the Earth’s core. The solidity of the inner core

is a consequence of the melting temperature gradient

being steeper than the geothermal gradient, as a

result of the effects of pressure on the liquidus tem-

perature. In smaller planets and satellites the entire

core may be solid. As the Earth cools and solidifica-

tion proceeds, the radius of the inner-core boundary

increases with time. There is considerable uncer-

tainty in the parameters required for thermal

history calculations, but it is likely that the inner

core is between 1 and 3 billion years old. Many of

the dynamical processes that take place in the inner

core are likely to be related to its growth, which in

turn is strongly controlled by the pattern of heat

transfer in the outer core, or in other words, the

‘climate’ of the outer core. Although the inner core,

outer core, and mantle are all dynamically coupled,

both thermally and mechanically, the effects of cou-

pling are particularly important for the inner core

because of its small volumetric size. This implies that

the inner core can act as a recorder of the geodyna-

mical processes occurring not only in the outer core,

but also in the mantle.
The study of inner-core dynamics has been moti-

vated by a wide range of observations and inferences,

many coming from seismology. Geodynamics has

attempted to explain the origin of these inner-core

properties and attributes, such as elastic anisotropy
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and anomalously high attenuation. Another set of
observations that has given us insight into the inner
core comes from geomagnetism. For example, inner-
core solidification has been proposed to be an impor-
tant candidate for the energy source to drive the
geodynamo, and it may affect long-term variations
of the strength of the geomagnetic dipole. In addition,
motion of the inner core is thought to affect geodetic
observations of polar motion.

In this chapter a review of current understanding
of the dynamical processes that operate in the inner
core is presented. First, a review of current know-
ledge of the composition of the inner core and its
phase relations is presented. These are important for
estimating the compositional buoyancy that helps
drive convection in the outer core (see Chapters
8.02 and 8.05), and for understanding the process
through which the inner core is solidifying. Next, a
discussion on the grain size and stress in the inner
core, which are important in controlling the mechan-
ism and timescale of deformation and hence the
strain rate and viscosity, is presented. This is fol-
lowed by a critical examination of models proposed
for the origin of inner core elastic anisotropy, one of
the most intriguing features of the inner core. These
models require knowledge of the stable phase of iron
under inner-core conditions and the single-crystal
elasticity of the hexagonal close-packed phase of
iron, which remain uncertain. Also reviewed here is
the orgin of other properties inferred of the inner
core, such as anomalously high attenuation and
lateral heterogeneity. Finally, the mechanisms of
inner-core superrotation, another consequence of
the dynamical coupling between the inner core and
the outer core, are discussed.

8.10.2 Core Composition, Phase
Diagram, and Crystal Structure of Iron

This section examines the composition and phase
diagram of the core, in particular, how they impact
the solidification and deformation of the Earth’s inner
core. We also examine briefly the crystal structure of
iron under inner-core conditions. See Jeanloz (1990)
and Poirier (1994) for detailed reviews on the com-
position of the core, and Boehler (1996a, 1996b) for a
review of the pressure–temperature phase diagram of
iron (evidence for the existence of the various solid
phases and the variation of the melting temperature
with pressure).

8.10.2.1 Composition of the Core

The composition of the core remains ‘‘an uncertain
mixture of all the elements’’ (Birch, 1952). The aver-
age density of the Earth, the solar abundance of the
elements, and the presence of iron meteorites,
thought to be remnants of planetoid cores, all point
to the core containing elemental iron (Birch, 1952).
Comparison with iron meteorites (Brown and
Patterson, 1948; Buchwald, 1975) suggests that the
core also contains about 8% nickel by mass. Because
nickel has a density similar to that of iron (Stacey,
1992), its presence in the core is difficult to detect
seismically, and furthermore, little theoretical or
experimental work on the partitioning of nickel has
been carried out.

More studies have been aimed at the composition
of the less-dense alloying components in the core,
and their partitioning upon solidification. Early static
compression experiments extrapolated to core con-
ditions (Bridgman, 1949; Birch, 1952) and shock
compression experiments (McQueen and Marsh,
1966) showed that iron–nickel alloys under core
pressures are about 6–10% more dense than the
outer core (Bullen, 1949), implying that less-dense
alloying components must be present. Recent calcu-
lations using first principles and molecular dynamics
(Laio et al., 2000) confirm that liquid iron at 330 GPa
and 5400 K is about 6% more dense than the seismic
Earth model PREM in the core (Dziewonski and
Anderson, 1981), and calculations based on lattice
potential theory lean toward a 10% deficit (Shanker
et al., 2004.

Iron meteorites contain FeS (troilite) inclusions,
suggesting that FeS may alloy with iron in the core
(Mason, 1966), and experiments show that sulfur has
an affinity for liquid iron–nickel alloys, at least in the
range 2–25 GPa and 2073–2623 K (Li and Agee,
2001). Iron–sulfur–silicon liquids have been found
to be miscible above 15 GPa at 2343 K (Sanloup and
Fei, 2004). Cosmochemical arguments have been
made that the mantle is depleted in sulfur relative
to its chondritic abundance by two orders to magni-
tude, and that the missing sulfur could reside in the
core (Murthy and Hall, 1970). However, since sul-
phur is volatile, this line of argument has been
questioned (Ringwood, 1977).

FeO is absent from iron meteorites because at
atmospheric pressure it is soluble by less than 0.1%
by mass in solid iron, and its solubility increases only
slightly above the liquidus (Ringwood, 1977).
However, its solubility increases with temperature
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and pressure as it becomes metallic, so that it could
be present in the core (Ringwood and Hibberson,
1990). Other possible alloying components include
iron silicate (FexSi1�x), Fe3C, and FeH (MacDonald
and Knopoff, 1958; Wood, 1993; Fukai, 1984; Okuchi,
1997; Lin et al., 2002), all likely to be metallic under
core pressures. Abundance and volatility during con-
densation from the nebula, the mode of core
formation, and solubility in iron during core forma-
tion presumably determined the composition of less-
dense elements in the core. See McDonough (2003)
for a comprehensive discussion of light elements in
the core.

The inner core is more dense than the outer core,
by about 600 kg m�3 according to the seismic Earth
model PREM (Dziewonski and Anderson, 1981), and
550� 50 kg m�3 according to a model by Masters and
Shearer (1990). Part of this difference, perhaps
200 kg�3, can be attributed to iron being more dense
in the solid phase (Stacey 1992; Laio, et al., 2000). The
rest is attributed to the less-dense alloying components
partitioning into the outer core during solidification of
the core. This partitioning has important consequences
for the thermodynamics (see Chapter 8.02), fluid
dynamics (see Chapter 8.05), and metallurgy of the
core (see Section 8.10.3).

The seismically inferred density increase at the
inner–outer core boundary, above that due to the
phase transition, can be explained if the core is an
iron-rich alloy. However, unless the solidus slope is
vertical in a phase diagram, some nonzero fraction of
the less-dense alloying components will fractionate
into the inner core as it solidifies. Jephcoat and Olson
(1987) extrapolated the density of pure iron to inner-
core conditions and found that it is too dense to
explain the inner-core seismic data, suggesting the
inner core also contains some light alloy, equivalent
to 3–7% sulfur by mass. Similarly, Laio et al. (2000)
has calculated that solid iron under the conditions at
the inner–outer core boundary is 2–3% more dense
than given by PREM (Dziewonski and Anderson,
1981), and Lin et al. (2005) confirmed this experimen-
tally by studying the sound velocities of pure iron at
high pressure and temperature. Stixrude et al. (1997)
calculated that the mass fraction of the less-dense
element depends on which less-dense element and
compound is present (for instance, FeS vs FeS2).
However, all estimates indicate the density jump at
the inner–outer core boundary exceeds the
200 kg m�3 expected for the phase transition alone,
implying that light elements are segregating into the
outer core.

Geochemists have examined the question of
radioactive isotopes in the core, particularly U238,
Th232, and K40. Although the presence of radioactive
heat had long been proposed as a source of energy for
the geodynamo (Bullard, 1950; Gubbins et al., 1979),
the presence of heat-producing isotopes has long
been questioned, as there is little experimental evi-
dence for their solubility in liquid iron under core
conditions (McDonough, 2003). Paleomagnetic evi-
dence suggests that the Earth’s magnetic field is at
least 3 billion years old (McElhinny and Senanayake,
1980). Since the compositional buoyancy provided
by inner-core solidification helps drive the dynamo
(see Chapter 8.02), the inner core may be as old as the
dynamo. However, thermal calculations (Labrosse
et al., 2001) suggest that such an old inner core is
incompatible with the rate at which the inner core is
currently growing. A resolution to this problem may
be the presence of K40 in the core (Gessmann
and Wood, 2002; Murthy et al., 2003), which, with a
half-life of 1.25 billion years, would have been
an important heat source earlier in the Earth’s his-
tory, allowing a slow rate of inner-core growth.
Another possibility is that the power requirements
of the dynamo are less than previously thought
(Christensen and Tilgner, 2004), mitigating the
need for an old inner core and hence radioactive
heat sources. In light of all these uncertain possibili-
ties the presence of radioactive elements in the core,
and the age of the inner core, remain open questions.

8.10.2.2 Phase Diagram of Iron Alloy

Considerable work has been done in determining the
alloy phase diagram of the core and the crystal struc-
ture of iron under inner-core pressure and
temperature conditions. In a binary system with end
members A and B, where each pure solid exists only
in a single solid phase (crystal structure), and where
A and B are miscible in the liquid phase, as is likely in
the outer core (Alfe et al., 1999; Helffrich and
Kaneshima, 2004), three types of phase diagrams are
possible. Which type of phase diagram exists for a
given system is determined by the minimum in Gibbs
free energy

G ¼ H – TS ½1�

where H is the enthalpy, T is the temperature, and S

is the entropy. If the crystal structures are the same,
and the atomic sizes are similar, then A and B may be
completely miscible in the solid state as well as the
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liquid state (�H ¼ 0 upon mixing). Liquid and solid
are then both ideal solutions, and only two phases,
liquid and solid, are possible in the temperature-
composition field (Figure 1).

If the change in enthalpy upon mixing in the solid
state is non-zero, then the solid is a real solution. If

�H > 0, atoms A and B are incommensurate, either

because of a differing crystal structure, atomic size, or

both. In this case it is energetically favorable for the

mixture to remain a liquid to a temperature below that

of the pure solid melting temperatures. Accompanying

the melting point depression is a miscibility gap in the

solid at low temperatures such that two solid phases

co-exist. If �H is large enough, the miscibility gap can

extend up to the liquid phase (Porter and Easterling,

1992). In this situation, the lower entropy associated

with two separate solid phases, an A-rich �-phase and

a B-rich �-phase (rather than randomly mixed atoms

in a single phase), is made up for by the lower enthalpy

that results from A and B existing primarily in separate

phases.
Such a system exhibits a eutectic phase diagram

(Figure 2), and there exists a eutectic composition

that has a minimum melting temperature. Due to the

entropic contribution, B will have nonzero solubility

in the A-rich �-phase, and vice versa, but such a solid

solution is not ideal. Examples of this type of phase

behavior are ubiquitous, including model laboratory

systems sodium chloride–water, ammonium chlor-

ide–water, lead–tin, and zinc–tin.

In a binary system with �H > 0 it is also possible
for stable solid phases other than those of pure A and

pure B to exist. When such intermediate phases are

present (as is common with iron alloys), a more

complex phase diagram results. Other solidification

reactions such as peritectic solidification can result.

However, the essential solidification structure of the

alloy is similar to that of a eutectic system (Porter and

Easterling, 1992).
If �H < 0, it is energetically favorable for a solid

phase to form, so that a maximum in the melting

temperature occurs for some intermediate composi-

tion. Such a solid is known as an ordered alloy

because the atoms arrange themselves in a particular

structure known as a superlattice. Ordered alloys

often occur only within a certain compositional

range. There is no experimental evidence that any

of the possible core alloy components form an

ordered alloy with iron under inner-core conditions.
At low pressures Fe–FeS forms a eutectic with a

melting point depression of 600 K from that of iron.

However, Boehler (1996a) has presented evidence

showing that the melting point depression decreases

with increasing pressure, based on experiments

reaching pressures up to 62 GPa, still much lower

than the 330 GPa at the inner–outer core boundary.
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complete solubility in the liquid phase, but where �H > 0 in
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This suggests that Fe–FeS may form an ideal solid
solution at inner-core pressures. This does not pre-
clude an iron-enriched inner core, provided the
liquidus and solidus are sufficiently separated in
composition (the phase loop in Figure 1 is wide),
and the melting temperature of iron is higher than
that of FeS, at core pressures. The latter may well be
the case (Boehler, 1992; Anderson and Ahrens, 1996).
However, Alfe et al. (2000) found from ab initio calcu-
lations that the concentration of sulfur in the solid
state is very nearly that of the liquid state. Such a
similarity in composition would seem to have diffi-
culty explaining the excess density jump at the
inner–outer core boundary. (The similarity indicates
that the liquidus and solidus are close in composition.
While this suggests an ideal solid solution, a eutectic
system could still be a possibility if a significant
fraction of the inner core has not yet cooled to the
eutectic temperature (Fearn et al., 1981).)

On the other hand, FeO alone may not be able to
explain the presence of a less-dense component in the
inner core. Sherman (1995), also using first-
principles calculations, showed that the concentration
of oxygen in the solid state is very low at inner-core
pressures. However, Alfe et al. (1999) suggested that
the concentration could be higher for other assumed
crystal structures, and Stixrude et al. (1997) were able
to explain the inner-core density with FeO present in
solid solution with pure iron rather than as a mixture
of separate phases.

Since the composition of the core remains uncer-
tain, the phase diagram is also uncertain, but in spite
of these uncertainties it is likely that a binary phase
diagram captures the salient features of core
solidification.

8.10.2.3 Crystal Structure of Iron

Understanding the solid phase(s) of pure and alloyed
iron under inner-core conditions is central to inter-
preting the seismic anisotropy of the inner core (see
Section 8.10.5). Figure 3 summarizes the phase
boundaries of iron. Under atmospheric pressure and
room temperature, pure iron takes on a body-cen-
tered cubic (b.c.c.) crystal structure (the �-phase). At
higher temperatures it undergoes a phase transforma-
tion to a face-centered cubic (f.c.c.) crystal structure
(the �-phase), and before melting it undergoes an
entropy-driven phase transformation to another
b.c.c. crystal structure (the �-phase). At high pressure,
pure iron transforms to a phase with a higher packing
density, the hcp "-phase. It has generally been

thought that this is the stable phase of iron under
inner-core conditions, though there have been some
reports of a double h.c.p. phase (the �-phase; Saxena
et al., 1993). However, this experimental inference has
been questioned (Vocadlo et al., 1999; Kubo et al.,
2003). It has also been suggested that at the high
temperatures of the inner-core, "-iron could trans-
form to a b.c.c. phase (Ross et al., 1990; Matsui and
Anderson, 1997; Belonoshko et al., 2003). The role of
impurities on the stable phases of iron under inner-
core conditions is also under scrutiny (Vocadlo et al.,
2003).

8.10.3 Solidification of the Inner Core

Although hottest at the center, the inner core is
solidifying directionally outwards due to the effect
of pressure on the liquidus slope. A flat solid–fluid
interface can become morphologically unstable
(Mullins and Sekerka, 1963, 1964) due to constitu-
tional supercooling (Rutter, 1958; Porter and
Easterling, 1992). This occurs when rejection of
solute during solidification of an alloy leads to a
solute boundary layer in the fluid with a scale thick-
ness D/V, where D is the solute diffusivity and V is
the inner-core growth velocity. If the gradient of the
local freezing temperature (the liquidus)

dTL=dz ¼ �T=ðD=V Þ ½2�

where �T is the temperature difference between the
liquidus and solidus, exceeds the actual temperature
gradient in the fluid, dT=dz, then freezing is pre-
dicted ahead of the flat solid–fluid interface (see
Figure 4). This results in the growth of a solid
perturbation into the fluid.
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Morphological instability due to constitutional
supercooling typically results in dendritic growth
of solute-poor solid, with interdendritic, solute-
rich pockets. Dendrites oriented close to the direc-
tion of heat flow grow most rapidly (dendrites also
grow in particular crystallographic directions, the
key to solidification texturing). Directionally solidi-
fied alloys exhibit columnar crystals, elongated in
the direction of dendritic growth (Porter and
Easterling, 1992). The mushy zone is the mixed
solid–fluid region during dendritic growth. Mushy
zones are ubiquitous features in directionally soli-
difying metallic alloys, organic systems, and
aqueous salt solutions on both sides of the eutectic,
though they are less common in silicates because of

the low entropy associated with faceted dendrites
(Jackson, 1958; Miller and Chadwick, 1969).

Loper and Roberts (1981) extended the condition
for morphological instability to include the effect of
pressure variations on the liquidus, estimating that
the inner-core growth rate is nearly 500 times super-
critical. In essence, the argument for morphological
instability of the inner-core boundary rests on the
small temperature gradient dT=dz near the inner-
core boundary, in spite of the inner-core growth
velocity V also being very small. Fearn et al. (1981)
suggested that the center of the Earth could exceed
the eutectic temperature, so that the entire inner core
would be in a mushy state.

Loper and Roberts (1978, 1980) also examined the
thermodynamics of a slurry, which is a general mixed
phase region. They considered an inner core formed
by precipitation of heavy, iron-rich particles down-
wards. Shimizu et al. (2005) later considered the
possibility that the inner core might in part grow by
precipitation rather than dendritic growth, so that the
region near the inner–outer core boundary might be
a slurry layer rather than a mushy layer. They found,
however, that morphological instability is likely for
all realsitic values of the liquidus concentration slope.

Morse (1986, 2002) has questioned the prediction
of a mushy inner core on other grounds – the
assumption that heat and solute near the inner–
outer core boundary are removed only by diffusion.
Loper and Roberts (1981) ignored the effect of con-
vection, arguing that it must become small near the
boundary, but Morse (1986, 2002) suggests that con-
vection at the base of the outer core reduces the
solute buildup, making the inner-core growth rate
nearly five orders of magnitude less than that needed
for morphological instability.

Section 8.10.5.4 summarizes the seismic evidence
for solidification structures in the inner core. There is
also meteoritic evidence, although this evidence is
ambiguous because of the relative lack of data and the
large extrapolation from a meteorite to a planetary
core. Iron meteorites such as those from the Cape
York shower exhibit compositional gradients that are
too large to result from the general fractionation of a
planetoid core, but instead are more likely due to
microsegregation between secondary and tertiary
dendrite arms (Esbensen and Buchwald, 1982;
Haack and Scott, 1992). Moreover, the FeS (troilite)
nodules in meteorites are elongated and oriented,
suggesting interdendritic pockets of melt during
directional solidification (Esbensen and Buchwald,
1982).
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Figure 4 Dendritic growth in directionally solidifying alloys

can occur when the liquid is constitutionally supercooled.
Adjacent to the solid is a solute boundary layer of scale

thickness D/V, where D is the solute diffusivity and V is the

growth rate of the solid. The solute concentration C in the

boundary layer is enriched relative to its value C0 far from the
solid. This enrichment depresses the equilibrium freezing

temperature TL by an amount �T from its value far from the

solid. If the temperature T in the liquid is less than TL, then
solid is predicted ahead of the solid/liquid interface, a

condition known as constitutional supercooling. The criterion

for constitutional supercooling is that the temperature

gradient in the liquid, dT/dz < �T/(D/V). Adapted from Porter
DA and Easterling KE (1992) Phase Transformations in Metals

and Alloys. London: Chapman and Hall.
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8.10.4 Grain Size and Rheology in
the Inner Core

The rheology of iron at core conditions governs the

style and rate of deformation in the inner core. For
timescales longer than the Maxwell relaxation time

� ¼ �=G ½3�

the inner core can be considered to behave as a viscous
fluid. Here � is the viscosity and G is the rigidity.
Current estimates of inner-core viscosity span a large
range, of the order 1013–1021 Pa s, but even if the upper
limit applies the inner core is less viscous than the
mantle, because it is closer to its melting temperature.
With a rigidity of the order of 1011 Pa (Dziewonski and
Anderson, 1981), � is between 102 and 1010s, which is
far shorter than mantle timescales. Constraints from
rheology come from theoretical and empirical laws of
mineral physics, and from elastic and anelastic proper-
ties of seismic waves at various frequencies. Here, we
review the viscous properties followed by the elastic
and anelastic properties.

Viscosity relates the stress � to the strain rate
d"=dt . The general form of the strain rate in a solid
can be expressed as

d"=dt ¼ AðDGbÞ=ðkTÞðb=dÞpð�=GÞn ½4�

where D is the diffusion coefficient, b is the Burgers
vector, k is Boltzmann’s constant, T is temperature, d

is the grain size, and p, n, and A are dimensionless
constants (Van Orman, 2004).

Deformation occurs under imposed stress either by
the diffusive movement of vacancies and atoms, or from
slipping of lattice by dislocations (Poirier, 1985). Both of

these mechanisms of deformation coexist, but the
mechanism that gives the larger strain rate under a
given stress becomes the predominant one. At high stress
conditions, power law creep (p¼ 0, n¼ 3–5) gives the

largest strain rate under a given stress. The nonlinear

dependence of strain rate on stress results because the

dislocation density increases with applied stress.
At low-stress conditions, both dislocation

(Harper–Dorn creep) and diffusion creeps are possi-
ble. For large grain size, a Newtonian-type

dislocation creep (Harper–Dorn creep, with p¼ 0,

n¼ 1) dominates over diffusion creep. A Newtonian

dependence is interpreted to arise from dislocation

density that is independent of stress. One interpreta-

tion for the stress-independent dislocation creep was

provided by Wang et al. (2002), who suggested that

dislocation density results from the sum of two stres-

ses: the applied stress and the Peierl’s stress required

to move the dislocations. For low-stress conditions

Peierl’s stress dominates, and the dislocation density

becomes independent of applied stress. For small

grain size, a Newtonian diffusion creep becomes fas-

ter. This is because the smaller grain size yields a

larger spatial gradient of density of vacancies or

atoms, which causes the deformation. There are two

types of diffusion creeps: one where diffusion occurs

within the lattice (Nabarro–Herring creep: p¼ 2,

n¼ 1) and the other where diffusion occurs along

the grain boundaries (Coble creep: p¼ 3, n¼ 1). The

activation energy for grain boundary diffusion is

smaller than that for lattice diffusion (Poirier, 1985),

so for the high-temperature conditions of the inner
core, Nabarro–Herring creep is more important.

These regimes of deformation are summarized in the
form of deformation mechanism maps for various mate-

rials of interest (Frost and Ashby, 1982; also see Table 1

for a general summary of the various high-temperature

deformation mechanisms). Deformation mechanism

maps are often constructed as a function of homologous

temperature, T=Tm, (where Tm is the melting tem-

perature) and normalized stress, �=G. Compilation of

data have shown that materials with the same crystal

Table 1 High temperature deformation mechanisms

p¼0
(grain size independent) p¼2 p¼3

n¼ 1(Newtonian) Harper–Dorn creep Nabarro–Herring creep Coble creep

(dislocation density independent of

stress)

(diffusion within

lattice)

(diffusion along grain

boundaries)

Low stress Low stress Low stress
Large grain size Small grain size

n¼ 3–5 Power law creep

(dislocation density increases

with stress)
High stress
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structure and similar bonding have similar deformation
mechanism maps (Frost and Ashby, 1982), so h.c.p.
metals can be used as an analog of h.c.p. iron to estimate
the constants in eqn [4]. Homologous temperature of
the inner core is high (>0.9), so we are left with estimat-
ing the magnitude of stress and grain size in order to
estimate the viscosity of the inner core.

Several studies have sought to identify and quantify
sources of stress in the inner core (see also Section
8.10.5). For instance, Jeanloz and Wenk (1988) consid-
ered a nonadiabatic large-scale degree-one flow in the
inner core. They assumed a temperature variation of
about 1 K with a length scale of 1000 km, and estimated
that a buoyancy stress of about 104 Pa would arise.
Together with the deformation mechanism of iron
(Frost and Ashby, 1982), they estimated a viscosity of
1010–1016 Pa s. This leads to a very large strain rate
of the order of 10�9 s�1, or an equivalent flow velocity
of about 10�3 m s�1, which is unrealistically fast.

Yoshida et al. (1996) considered an anisotropic
inner-core growth and obtained a strain rate of the
order of 10�18 s�1. Such a small strain rate is a result
of a very slow growth rate of the inner core. They
considered power law creep and Nabarro–Herring
(diffusion) creep as possible candidates. From evaluat-
ing the stress needed to cause this strain rate, they
showed that diffusion creep occurs for a grain size less
than 6 m, and a power law creep occurs if the grain size
is larger than 6 m, though there are uncertainties in the
parameter values used. As an additional condition, they
assumed that dynamic recrystallization governs the
grain size, which yields a smaller grain size for larger
stress. Using these constraints, they obtained a grain
size of 5 m, which is marginally in the diffusion creep
regime, and a viscosity of 3� 1021 Pa s. In another
model, they applied a Maxwell relaxation model to
seismic attenuation data, and estimated the viscosity
to be greater than 1016 Pa s.

Bergman (1998, 2003) examined the issue of grain
size in the inner core. One constraint on grain size
comes from assuming that the frequency-dependent
inner core attenuation (see Section 8.10.5.4 of this
chapter) arises from scattering (e.g., Cormier et al.,
1998; Cormier and Li, 2002). For this case, the grain
size becomes large, of the order of a seismic body
wavelength, that is, 100 m to 1 km (Bergman, 1998). It
is also possible to estimate the grain size from extra-
polation of dendrite size obtained from laboratory
experiments (although by six orders of magnitude!).
Due to the slow cooling rate in the inner core, the
grain size estimate is of the order of a few hundred
meters (Bergman, 2003).

Van Orman (2004) argued that Harper–Dorn creep
is the dominant deformation mechanism in the inner
core. This mechanism occurs at low stress and large
grain size conditions, a regime not considered by
Yoshida et al. (1996). For the low stress level in the
inner core, Van Orman (2004) showed that power law
creep is unlikely, and that Harper–Dorn creep would
occur for grain sizes exceeding 10–30mm. In this likely
case, the estimated viscosity becomes 1010–1012 Pa s,
which is quite small. The deformation mechanism in
the inner core thus remains unclear.

It is important to note that the above estimates are
for solid h.c.p. iron. The presence of melt within the
inner core would drastically reduce the viscosity, so
that the above estimates should be taken as an upper
limit. In addition, the presence of melt would promote
diffusion of atoms along grain boundaries, and cause
pressure solution-type creep (which is similar to Coble
creep), thus resulting in a grain-size dependence.

8.10.5 Origin of the Inner-Core
Elastic Anisotropy

8.10.5.1 An Overview

Inner-core elastic anisotropy, where P-waves travel
about 3% faster in the polar direction than parallel to
the equatorial plane, with a larger degree of anisotropy
in the deeper inner core, is well established from seis-
mic body waves and free oscillations. The most
plausible interpretation, based on the analogy with
mantle anisotropy, is that it results from the lattice-
preferred orientation of the h.c.p. iron that comprise the
inner core. Alternatively, it could be due to shape-
preferred orientation of melt pockets (Singh et al.,
2000). Seismology has also shown that there is an
attenuation anisotropy, where P-waves in the polar
direction are more attenuated (see Section 8.10.5.4;
Creager, 1992; Song and Helmberger, 1993; Souriau
and Romanowicz, 1996, 1997; Yu and Wen, 2006).

A variety of models have been proposed to explain
the origin of inner-core elastic anisotropy. We can
classify them into two categories. The first category
consists of dynamical models, which assume the crystals
align as a result of plastic deformation within the inner
core. The second set of models assume that the inner-
core texture forms during solidification from the liquid
outer core. Table 2 lists the advantages and drawbacks
of each of the models. In the next subsection we sum-
marize the anisotropic properties of h.c.p. iron and its
style of slip under dislocation creep, followed by a
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review of the two categories of models for understand-
ing inner-core elastic anisotropy.

8.10.5.2 Anisotropy of h.c.p. Iron

The anisotropy of h.c.p. iron at inner-core conditions
was first estimated from analog h.c.p. metals. Wenk et al.
(1988) considered Ti at room conditions to be a good
analog for the inner core because it has a similar c=a

ratio and ratio of linear compressibility as h.c.p. iron.
They concluded that P-waves should be faster in the c-
axis direction. Sayers (1989) analyzed several h.c.p.
metals and arrived at the same conclusion. These esti-
mates were based on room temperature values.
Bergman (1998) argued, based on the temperature
dependence of the elastic constants of h.c.p. metals,
that the magnitude of anisotropy of h.c.p. iron would
become even larger at core temperatures.

In recent years, first-principles calculations and
high-pressure experiments have made direct determi-
nation of elastic constants possible (Steinle-Neumann
et al., 2003). Stixrude and Cohen (1995) calculated elas-
tic constants of h.c.p. iron at core pressures (but 0 K),
again finding the c-axis fast, by about 4% for compres-
sional waves. These calculations were then extended to
high temperatures by Steinle-Neumann et al. (2001),
who found that the sense of P-wave anisotropy reversed
from that at 0 K, so that the a-axis of a single crystal is
10–12% faster than the c-axis at high temperature.

According to Steinle-Neumann et al. (2001), the seismic

inference of a 3% fast P-wave velocity in the polar

direction can thus be explained by 1/3 alignment of

a-axes (or basal planes) in the polar direction. However,

calculations by Gannarelli et al. (2003) did not find a

reversal of the sense of anisotropy. Experimental deter-

mination of the elastic constants by Mao et al. (1998,

1999) inferred a bulk modulus and rigidity similar to

previous values, but with the fast axis lying at an angle

intermediate between the c- and a-axes.
If the preferred orientation of h.c.p. iron occurs by

dislocation creep, a critical issue is whether the predo-

minant slip plane is basal or prismatic. Poirier and Price

(1999) applied the criterion derived by Legrand (1984)

to determine whether basal or prismatic slip dominates

in h.c.p. iron. To distinguish between the various slip

regimes, Legrand (1984) defined a parameter R as

R ¼ ðc66 ? �BÞ=ðc44 ? �PÞ ½5�

where c66 and c44 are elastic constants and �B and �P are
the stacking fault energies in the basal and prism planes,
respectively. Legrand (1984) showed that when R < 1
the primary slip system is basal and when R > 1 it is
prismatic. Using ab initio calculations, Poirier and Price
(1999) calculated the stacking fault energies for h.c.p.
iron, and using the published elastic constants for 0 K
h.c.p. iron, they found that R becomes 0.37–0.43, indi-
cating that h.c.p. iron slips predominantly on the basal

Table 2 Models for inner-core anisotropy

Mechanism Reference Advantages Drawbacks

Deformation models

Inner-core thermal

convection

Jeanloz and Wenk (1988) Analogy with mantle Inner core not likely to

be thermally
convecting

Preferential equatorial

solidification due to
outer core convection

Yoshida, et al. (1996) Explains relation of fast axis with spin

axis, preferential solidification
observed in lab experiments

Low stress levels so that

texture may take age
of IC to develop

Radial component of

Maxwell stress

Karato (1999) Anisotropy reflects magnetic field,

larger stress level

Stress likely to be

balanced by other

stresses
Azimuthal component of

Maxwell stress

Buffett and Wenk (2001) Can sustain flow Requires c-axis to be

slow, depth

dependence?

Solidification models
Paramagnetic

susceptibility

Karato (1993) Novel Iron under inner-core

conditions not likely

to be paramagnetic

Anisotropic heat flow
due

to outer core

convection

Bergman (1997) Observed in lab, simple depth
dependence,

may also explain attenuation

anisotropy

Requires c-axis to be
fast, effects of

deformation?

None of the models by themselves can easily explain latitudinal variations, or abrupt changes with depth.
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plane. This result is also obtained when the elastic
constants of Steinle-Neumann et al. (2001) are used.

Wenk et al. (2000b) conducted high-pressure defor-
mation experiments of h.c.p. iron in a diamond anvil, at
pressures of up to 220 GPa. By imposing a uniaxial
nonhydrostatic stress, they found that c-axes align par-
allel to the axis of the diamond cell. Comparing with the
results from plasticity theory, they found that basal slip
is dominant in determining the overall preferred orien-
tation even if prismatic slip is favored over basal slip.

8.10.5.3 Dynamical Models

The key issues for a dynamical origin of the preferred
orientation are the source and pattern of stress, and the
mechanism of alignment. The first of the dynamical
models was by Jeanloz and Wenk (1988), who proposed
that preferred orientation of h.c.p. iron is caused by
inner-core convection driven by internal heat sources.
By evaluating the radiogenic heat generation in the
inner core, they concluded that the Rayleigh number
in the inner core is supercritical. They showed that if a
spherical harmonic degree l¼ 1 convection exists in the
inner core, then the resulting simple shear flow in the
equatorial region yields a c-axis alignment of about 45�

from the polar direction. Averaging such a crystal align-
ment, and using the elastic constants of Ti, Jeanloz and

Wenk obtained a fast P-wave in the polar direction.
There are, however, several issues with this model.
First, the amount of radiogenic heat is highly uncertain
so that thermal convection in the inner core may not
occur. Thermal history calculations generally do not
yield thermal convection in the inner core because the
geothermal gradient in the inner core becomes smaller
than the adiabat (due to the slow growth rate of the
inner core), which allows sufficient time for the inner
core to cool (Sumita et al., 1995; Yoshida et al., 1996;
Yukutake, 1998). Also, this model does not explain why
a degree 1 convection pattern with a symmetry axis
corresponding to the rotation axis should be preferred.
Later, numerical studies of thermal convection in the
inner core were carried out by Weber and Machetel
(1992), and by Wenk et al. (2000a). In the latter study,
preferred orientation of h.c.p. iron under a polar down-
welling and an equatorial upwelling was calculated,
which resulted in a fast P-wave in the polar direction.

An explanation for an inner-core flow pattern with
an axis coinciding with the rotation axis was given by
Yoshida et al. (1996). They argued that the inner-core
growth should be of zonal degree 2 because of the
columnar convection in the outer core, which transports
heat more efficiently from low latitudes of the inner
core. This causes the inner core to grow faster near the
equator (see Figure 5). Experiments conducted by

N
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HEAT HEAT

Lorentz force
(Maxwell stress)

Inner core

Outer core

Magnetic field line

a

hcp crystal
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cc

Figure 5 Some dynamical models exhibiting a radial flow in the inner core. In these models such flow is considered to be

responsible for the preferred orientation of crystals. (a) An internally heated inner core can convect. A degree 1 mode is the

first unstable mode. Adapted from Jeanloz R (1990) The nature of the Earth’s core. Annual Review of Earth and Planetary
Sciences 18: 357–386. (b) Convection in a rapidly rotating, spherical fluid shell such as the outer core is more efficient at

transporting heat perpendicular to the rotation axis. This leads to an inner core that solidifies more oblately than the

gravitational equipotential. A solid-state flow results, and the stress may lead to a recrystallization texture. Adapted from
Yoshida S, Sumita I, and Kumazawa M (1996) Growth model of the inner core coupled with outer core dynamics and the

resulting elastic anisotropy. Journal of Geophysical Research 101: 28085–28103. (c) Maxwell stresses resulting from the

magnetic field in the outer core can squeeze the inner core, causing a flow. Here a toroidal magnetic field is shown to cause

such flow. In this model, the flow pattem depends on the magnetic field pattem of the outer core. Adapted from Karato S
(1999) Seismic anisotropy of the Earth’s inner core resulting from flow induced by Maxwell stresses. Nature 402: 871–873.
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Bergman et al. (2005) show this effect in a rotating
hemisphere of salt water solidifying from the center.
However, because of the density difference between
the inner and outer cores, the inner core must deform
isostatically to maintain its spherical shape, and an over-
all stress field with uniaxial tension in the polar
direction results. Using the elastic constants of
Stixrude and Cohen (1995) and Kamb’s theory of pre-
ferred orientation by recrystallization under stress
(Kamb, 1959), Yoshida et al. (1996) showed that this
model can explain the observed inner-core anisotropy.
Sumita and Yoshida (2003) used the same model with
the elastic constants of Steinle-Neumann et al. (2001)
and found that a-axes aligning in the polar direction can
explain the sense of anisotropy. One problem with
this model is that the stress resulting from anisotropic
growth is quite small due to the slow growth rate of the
inner core. As a result, preferred orientation would take
a geologically long time (on the order of 109 years) to
develop. The applicability of Kamb’s theory under the
presence of dislocations is also uncertain.

Karato (1999) argued that Maxwell stresses result-
ing from the geomagnetic field generated in the outer
core could also induce flow in the inner core, by
radially squeezing the inner core at the ICB. In this
model, a toroidal magnetic field of B¼ 10�2 – 10�1 T
results in Maxwell stresses �¼ 102 � 104 Pa. Since
the induced flow pattern in the inner core is con-
trolled by the magnetic field pattern in the outer
core, this model predicts that the inner-core aniso-
tropy reflects the magnetic field pattern. However,
Buffett and Bloxham (2000) questioned whether the
Maxwell stresses can actually drive a radial flow in
the inner core, or whether they are simply balanced
by other stresses. They considered the balance
between magnetic, pressure and buoyancy stresses,
and showed that these stresses would not equilibrate
because of the incompatibility between thermody-
namic and hydrostatic equilibrium conditions at the
ICB. As a result, they predict that viscous flow would
occur, but they also showed this flow to be weak and
confined near the ICB. As a result, they concluded
that the radial component of the Maxwell stress is
unsuitable for causing preferred orientation.

Buffett and Wenk (2001) used the elastic constants
by Steinle-Neumann et al. (2001), and considered the
Lorentz force tangential to the inner core. They
calculated the resulting anisotropy that forms under
an inner-core shear flow. The resulting stress in this
model becomes quite small, of the order of several Pa.
Assuming both basal and prismatic slips to occur for
h.c.p. iron, they showed that the c-axes become

parallel to the equatorial plane, which is consistent
with the seismic inferences, if the c-axis of h.c.p. iron
under inner-core conditions is indeed the slow direc-
tion. Since the Maxwell stress decreases with the
distance from the inner-core boundary, the align-
ment becomes weak with depth, so that an
explanation is needed to produce a stronger aniso-
tropy with depth. Another issue is that the stress field
depends strongly on the morphology of the magnetic
field, which is not known well.

To summarize, the condition of thermodynamic
equilibrium at the ICB is important in evaluating the
flow pattern in the inner core, as the analysis of Buffett
and Bloxham (2000) showed. Since the flow pattern in
the outer core, the solidification at the ICB, and the
pattern and magnitude of Maxwell stresses are all
coupled, a self-consistent model of inner-core aniso-
tropy needs to properly incorporate all of these effects.

8.10.5.4 Solidification Texturing Models

The second category of models to explain the origin of
inner-core anisotropy invoke solidification. Karato
(1993) proposed that h.c.p. iron may have a para-
magnetic susceptibility and would align during
solidification under a magnetic field, hence resulting
in a preferred orientation. However, this model
predicts larger anisotropy near the ICB, which is incon-
sistent with the observations. Furthermore, theoretical
studies show h.c.p. iron to be nonmagnetic at core
pressures (Söderlind et al., 1996; Steinle-Neumann
et al., 1999).

A solidification texturing during directional cool-
ing was shown by Bergman (1997) to be a possible
mechanism for understanding inner-core elastic
anisotropy. The directional cooling occurs perpendi-
cular to the rotation axis, as a result of the pattern of
convection in the outer core, as suggested by Yoshida
et al. (1996), later demonstrated in experiments by
Bergman et al. (2005). Solidification experiments on
tin-rich alloys exhibit dendrites that grow in a parti-
cular crystallographic direction controlled by the
direction of heat flow, resulting in elastic anisotropy.
This result was extended to h.c.p. zinc alloys by
Bergman et al. (2000). Hence, the direction of heat
flow becomes a preferred crystallographic direction
(Figure 6). The geometry of the crystal growth
results in an increase in anisotropy with depth. The
effect of fluid flow on solidification texturing of h.c.p.
zinc alloys was examined by Bergman et al. (2003). In
analogy with the solidification of h.c.p. sea ice, the
experiments showed that the fluid flow causes
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transverse texturing, indicating that alignment is sen-
sitive to the direction of fluid flow as well as that of
heat flow.

Brito et al. (2002) conducted directional solidifica-
tion experiments using liquid (pure) gallium, and
measured the resulting anisotropy of the polycrystal-
line gallium. They found that for all cases crystals
elongated parallel to the imposed thermal gradient

that determined the direction of crystal growth, and
that other factors such as turbulence and magnetic field
have little influence. They also found that the preferred
orientation of crystals is controlled primarily by the
presence of seed grains, and that this strongly affects
the amount of anisotropy. Seeding has been observed to

have more of an effect on the texture of solidifying
fresh water than salt water (Weeks and Wettlaufer,
1996). Unresolved issues with solidification texturing
include whether conduction will dominate over con-
vection as regards heat transport in the outer core, the
role of post-solidification deformation in modifying the

solidification texture, whether the observed depth
dependence can be explained by the simple depth
dependence predicted by geometry, and uncertainty
as to the sense of fastest wave propagation in h.c.p.
iron under inner-core conditions.

8.10.6 Origin of Other Inner-Core
Seismic Structures

In this section we review other seismic structures of the
inner core, and their geodynamical interpretations.

8.10.6.1 Properties and Structure of
the Inner-Core Boundary

The inner-core boundary has been found to be seis-
mically sharp, with a transition thickness of less than
5 km (Cummins and Johnson, 1988). Such a sharp
inner-core boundary may be explained by a rapid
increase in solid fraction of partial melt with depth,
which might result from convection within the
mushy layer (Loper, 1983) or from compaction
(Sumita et al., 1996). It has been proposed that the
inner-core radius may depend on frequency, if the
inner-core boundary is a diffuse boundary defined by
the relaxation time equivalent to the period of a
seismic wave (Anderson, 1983). However, this has
not been substantiated, which indicates that the
inner-core boundary is probably not a gradual transi-
tion from the outer core to the inner core.

We next consider structure near the inner-core
boundary. At the high pressures of the Earth’s core,
the difference between the bulk modulus of the solid
and liquid is small. As a result, the P-wave velocity
jump at the inner-core boundary arises primarily
from the finite rigidity of the inner core. The bottom
most part of the outer core has been found to have a
small to zero P-wave velocity gradient compared to
PREM (Souriau and Poupinet, 1991; Song and
Helmberger, 1992, 1995; Kaneshima et al., 1994).
One interpretation is that this is a layer with solid
crystals that are not interconnected, such that the
rigidity is zero. P-wave velocity in this layer is then
given approximately by the Wood’s formula (Mavko
et al., 1998)

V ¼ ðKR=	Þ1=2 ½6�

where KR is the Reuss average of the bulk modulus of
the solid–liquid composite, and 	 is the average
density.

If we use the values at the top of the inner core for
solid and bottom of the outer core for liquid, then we
find that the average density increases more with
solid fraction than does the average bulk modulus.
As a consequence, P-wave decreases with solid frac-
tion. For example, a 20% volumetric fraction of solid
particles yields a velocity decrease of approximately

Rotation axis

Heat flow

Longitudinal cross section Equatorial cross section

Figure 6 A solidification texturing model resulting in a

preferred orientation of crystals. Heat flow perpendicular to

the rotation axis leads to dendritic growth in the cylindrically

radial direction. The heavier lines represent columnar
crystals, the lighter lines primary dendrites. The left panel

represents a longitudinal cross section, the right panel an

equatorial cross section. North–south seismic rays (left
panel), represented by the dotted arrows, are always

perpendicular to the growth direction of dendrites. The

component of rays perpendicular to the rotation axis (right

panel) that is parallel to the growth direction of dendrites
increases with turning depth in the inner core. This is the

origin of the depth dependence associated with

solidification texturing of the inner core. (Such geometric

depth dependence becomes less strong for rays not turning
on the equatorial plane.) Adapted from Bergman MI (1997)

Measurements of elastic anisotropy due to solidification

texturing and the implications for the Earth’s inner core.
Nature 389: 60–63.
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0.2%. Highly porous dendrites such as those
observed in the solidification of ammonium chloride
crystals, which does not allow shear waves to propa-
gate, may be analogous to such a layer. Such a layer
also results in attenuation. A frequency-dependent
attenuation at the top of the outer core has been
reported (e.g., Tanaka and Hamaguchi, 1993). A simi-
lar analysis for the bottom of the outer core may be
used to constrain the solid fraction in this layer
(Stevenson, 1983). An apparent absence of scattering
in this layer, may also be used to constrain the length
scale of dendrites.

8.10.6.2 Inner-Core Attenuation and
Scattering

Knowledge of seismic attenuation in the inner core
could give earth scientists considerable insight into
the nature of the inner core, but at present the depth
and frequency dependence of the seismic quality
factor in compression Q� or in shear Q� remain
uncertain (Masters and Shearer, 1990). At body-
wave frequencies (1 Hz), Q� in the upper inner core
is quite low, about 200, increasing to 440–1000 dee-
per into the inner core (Cormier, 1981; Doombos,
1983; Souriau and Roudil, 1995). Using normal
modes, Widmer et al. (1991) found Q� to be even
lower, about 120. Little depth resolution is available
from normal-mode data.

Taken together these studies could indicate a
frequency dependence of attenuation, or high
attenuation in compression, but mineral physicists
are not in agreement. Mao et al. (1998) found that
the aggregate shear wave speed of h.c.p. iron extra-
polated from 220 GPa and room temperature to
inner-core conditions is about 15% greater than
that in the inner core (Dziewonski and Anderson,
1981), suggesting near-melting softening. However,
some studies (Jackson et al., 2000; Laio et al., 2000;
Steinle-Neumann et al., 2001) found a Poisson’s ratio
for h.c.p. iron under inner-core conditions compar-
able to that from PREM, suggesting that the high
Poisson’s ratio of the inner core is an intrinsic prop-
erty of h.c.p. iron at high temperature.

Attenuation in the inner core can result from intrin-
sic relaxation and diffusion mechanisms, and from
scattering. As seismic waves travel they cause an adia-
batic pressure perturbation, which causes a temperature
change and, potentially, freezing and melting. These
cause thermal and compositional diffusion, and result in
attenuation. Loper and Fearn (1983) derived an expres-
sion for frequency-dependent attenuation due to

diffusion. Under this mechanism, attenuation increases

with melt fraction, with peak attenuation at the time-

scale corresponding to thermal and compositional

diffusion.
Singh et al. (2000) evaluated the attenuation for

the case where liquid can flow in the interconnected

space of a solid matrix, as a result of the pressure

variations arising from the propagation of seismic

waves. In the seismic frequency range of interest,

their results showed an attenuation peak at a viscosity

of around 250 Pa s. Likely values for the molecular

viscosity of iron at core conditions (Section 8.10.4)

are five orders of magnitude smaller than this, so

that attenuation from this mechanism is negligibly

small.
Another interesting finding is the coda waves fol-

lowing the inner-core-reflected wave (PKiKP) (e.g.,

Vidale and Earle, 2000). One interpretation is that

these are caused by strong scatterers with a scale

length of about 2 km in the outermost 300 km of the

inner core (Vidale and Earle, 2000). They may alter-

natively be due to reverberation effects near the

inner-core boundary (Poupinet and Kennett, 2004).

Laboratory experiments indicate that there are at

least three length scales associated with solidification

that could be relevant to scattering: the grain size, the

spacing between dendrites, and the spacing between

the chimneys of the upwelling in the mushy layer

(e.g., Tait et al., 1992). Reverberation near the inner-

core boundary might be caused by waves trapped in a

low-Q mushy zone between the high-Q outer core

and the deeper inner core.
Scattering can give rise to an apparent Q that is

lower than the intrinsic material value. This has been

explored by Cormier (1981) and Cormier and Li

(2002) for 10–30 km wavelength body waves.

Bergman (1998) and Cormier et al. (1998) also exam-

ined whether anisotropic scattering as a result of

columnar crystal growth might also be responsible

for an attenuation anisotropy (Creager, 1992; Souriau

and Romanowicz, 1996, 1997; Oreshin and Vinnik,

2004; Yu and Wen, 2006), where waves traveling

parallel to the fast rotation axis exhibit smaller ampli-

tudes and more complex waveforms. Anisotropic

scattering has been observed in directionally solidi-

fied h.c.p. zinc alloys (Bergman et al., 2000). Like the

elastic anisotropy, the attenuation anisotropy may

also have a hemispherical variation. On the other

hand, some studies have shown that there are regions

without such attenuation anisotropy (Helffrich et al.,

2002).
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8.10.6.3 Hemispherical Variation of
Seismic Velocity, Anisotropy, and
Attenuation

Next we turn to laterally heterogeneous structures in
the inner core. Recent seismological studies have
revealed that there exists a large-scale longitudinal
variation in P-wave velocity and its anisotropy,
which appears to be depth dependent. Using
P-waves traveling in the east–west direction, it was
found that the eastern hemisphere has a larger Vp and
also a smaller Q compared to the western hemisphere
(Tanaka and Hamaguchi, 1997; Niu and Wen, 2001;
Wen and Niu, 2002; Cao and Romanowicz, 2004),
and using P-waves traveling in the polar direction, it
was found that the Western Hemisphere has a larger
anisotropy compared to the Eastern Hemisphere
(e.g., Tanaka and Hamaguchi, 1997; Creager, 1999).
Furthermore, Cao and Romanowicz (2004) found a
hemispherical variation of the depth dependence of
attenuation of P-waves. Their results indicate that Q

in the Eastern Hemisphere increases with depth,
whereas that in the Western Hemisphere decreases
with depth. Since the outer core and deep inner core
have a large Q, a minimum Q should exist somewhere
near the ICB. They proposed that this minimum
exists at a deeper depth in the Western Hemisphere
compared to the Eastern Hemisphere.

Such hemispherical structure may be produced by
lateral variation of the inner-core solidification rate,
caused by the outer-core flow controlled by the
thermally heterogeneous mantle (Sumita and Olson,
1999, 2002). More rapid solidification of the inner
core in the Western Hemisphere would lead to a
porous inner core because there is insufficient time
to expel liquid by compaction, leading to a low Vp
there. Similarly, if the inner-core anisotropy results
from preferential growth, the Western Hemisphere
would have a larger anisotropy. On the other hand,
long-term mantle control to explain hemispherical
variations requires that the inner core be locked to
the mantle (Buffett, 1996b), implying that seismolo-
gists are inferring an inner-core oscillation rather
than a rotation. Future observations should resolve
this issue. There may also be some positive feedback
mechanism, for example, involving an anisotropic
thermal conductivity, but this has not yet been stu-
died in detail.

We also need to consider the origin of the hemi-
spherical difference of the depth of minimum Q

proposed by Cao and Romanowicz (2004). There
are at least two candidates for the laterally variable

minimum Q that arise from the variation of melt
fraction. One results at a very low melt fraction at a
temperature just above the eutectic. This is inferred
from the acoustic measurements of a partially molten
binary eutectic system (e.g., Spetzler and Anderson,
1968; Stocker and Gordon, 1975; Watanabe and
Kurita, 1994). These experiments have shown that
as the temperature is raised, Q abruptly decreases at
the eutectic temperature, but recovers slightly at
higher temperatures, before decreasing at yet higher
temperatures. Another candidate for a minimum Q

exists at a much higher melt fraction, since the liquid
outer core has a high Q. However, these two candi-
dates have caveats. If the cause of the minimum is a
very low melt fraction, then there should be a step-
wise increase of Q at a certain depth corresponding to
the eutectic temperature. However, this has not yet
been observed. On the other hand, if the minimum
occurs at a higher melt fraction, then the melt frac-
tion cannot be too high so as to inhibit shear wave
propagation. It is uncertain whether such melt frac-
tion can be realized within the inner core.

8.10.6.4 The Deep Inner Core and
the Inner-Core Transition Zone

Finally, we consider the seismic structure of the
deeper section of the inner core. Deeper in the
inner core attenuation has been found to be smal-
ler, which may be explained by a smaller liquid
fraction or from a larger grain size. Seismic aniso-
tropy is found to be larger in the deeper inner core
(e.g., Creager, 2000), with a possible transition zone
at about 200 km depth between the isotropic and
anisotropic inner core (Song and Helmberger,
1998), and laterally variable. However, the sharp-
ness of this transition seem to differ for different
wavelengths and geographical locations (Leyton
et al., 2005).

Several possible explanations can be given for the
cause of larger anisotropy with depth. A smaller
anisotropy at shallow parts can arise from random
alignment in the horizontal plane or from alignment
such that the symmetry axis (c-axis for h.c.p.) is in
the radial direction. The former can result from the
slow kinetics of crystal alignment, the geometry of
solidification texturing, or fluid flow in the outer
core, and the latter from a principal stress axis in
the radial direction at shallow depths. Such a stress
field may arise from electromagnetic stresses or
from compaction. Some observations even suggest
that the deepest part of the inner core may be
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distinctly different from other parts of the inner core
(Ishii and Dziewonski, 2002, 2003; Beghein and
Trampert, 2003), perhaps suggesting a phase transi-
tion from h.c.p. to b.c.c. iron.

8.10.7 Inner-Core Rotation

8.10.7.1 An Overview

Inner-core rotation relative to the mantle was first
proposed on theoretical grounds by Gubbins (1981),
and then found to occur, on the order of degrees per
year, in numerical dynamo models by Glatzmaier
and Roberts (1995a, 1995b). Following the numerical
simulations, Song and Richards (1996) inferred that
the tilted symmetry axis of inner-core anisotropy is
rotating eastward about the spin axis, at a rate of
1.1 deg yr�1, and Su et al. (1996) found a rate as high
as 3 deg yr�1. However, using a lateral anisotropy
gradient rather than the tilted symmetry axis,
Creager (1997) limited the differential rotation to
0.2–0.3 deg yr�1. In these studies there is a tradeoff
between the rate of super-rotation and the level of
anisotropy and symmetry axis tilt, or the anisotropy
gradient. Vidale et al. (2000) examined the PKiKP
coda from nuclear tests, which eliminates tradeoffs
associated with event mislocations, to also infer a
differential rotation rate of 0.2 deg yr�1. However,
using the splitting of core-sensitive normal modes,
Laske and Masters (1999) preferred no rotation,
though the data allows a maximum inner-core
super-rotation of 0.2–0.3 degrees yr�1. Numerical
simulations with a better resolution and less hyper-
diffusion also predict a modest prograde inner-core
rotation of about 0.1 degrees yr�1, which further
decreases to 0.02 degree yr�1 when gravitational cou-
pling is included (Buffett and Glatzmaier, 2000).
Although there have been controversial seismologi-
cal issues (Souriau and Poupinet, 2003), recent
studies using earthquakes with similar waveforms
(Zhang et al., 2005) continue to support inner-core
super-rotation. Here we review mechanisms that can
cause as well as inhibit inner-core rotation.

8.10.7.2 Electromagnetic Coupling

Various torques can act on the inner core and these
can make the inner core rotate. Electromagnetic
torque was considered by Gubbins (1981) and was
also the driving mechanism in the numerical models
by Glatzmaier and Roberts (1995a, 1995b).
Electromagnetic torque originates from the restoring

force caused by the outer-core flow that stretches the
magnetic field lines. It is expressed as (Rochester, 1962)

� ¼ 1=
0

Z
ðBr B� r sin � dSÞ ½7�

where 
0 is the magnetic permeability, Br and B� are
the radial and azimuthal fields at the ICB.
Quantitative estimates of inner-core rotation from
electromagnetic torque were given by Gubbins
(1981). He showed that when an electromagnetic
torque of 1019 Nm is applied to the inner core, it
would rotate and approach a steady angular velocity
of about 0.13 deg yr�1, and induce a toroidal mag-
netic field of about 80 gauss. He also showed that an
oscillatory motion with a period of about 10 years is
possible.

The mechanism of inner-core rotation in the
numerical calculations by Glatzmaier and Roberts
(1995a, 1995b) was analyzed in Glatzmaier and
Roberts (1996). They showed that the electromag-
netic coupling caused by the thermal wind within the
inner-core tangent cylinder was the primary cause.
Within the tangent cylinder, upwellings form above
the polar region and downwellings near the equator.
This meridional circulation causes eastward flow
near the inner core and westward flow near the
core–mantle boundary, by conservation of angular
momentum. The eastward flow, coupled with the
magnetic field, results in an electromagnetic coupling
between the outer-core flow and the inner core, and
spins up the inner core.

An analytical model of inner-core rotation driven
by the thermal wind was also derived by Aurnou et al.
(1996). Assuming that the temperature inside the
tangential cylinder is higher than the temperature
outside, they showed that the resulting eastward
thermal wind, coupled with the magnetic field, can
quantitatively explain the inner-core superrotation.
This model was extended in Aurnou et al. (1998) by
numerically calculating the resulting inner-core
rotation from electromagnetic coupling for three dif-
ferent outer-core flow patterns. This work confirmed
that the thermal wind can efficiently couple inner-
core rotation to outer-core flow.

8.10.7.3 Gravitational Coupling

Mass anomalies in the mantle can deform the inner
core. When the inner core rotates relative to the
mantle, a misalignment of the inner core topography
relative to the mantle mass anomaly causes a
gravitational restoring force to the inner core.
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This torque was shown to become quite large, of the
order of 1021 N m by Buffett (1996b). Although there
are uncertainties in the mass anomaly within the
mantle, this estimate indicates that a gravitational
torque can exceed the electromagnetic torque by
orders of magnitude, and thus lock the inner core to
the mantle to inhibit rotation. Such gravitational
coupling between the mantle and the inner core can
cause an exchange of angular momentum between
them, and result in length-of-day variations (Buffett,
1996a, 1996b).

Gravitational torque can become small if the
inner-core topography cannot become as high as
that caused by the mass anomaly of the mantle. If
this torque becomes smaller than the electromagnetic
torque, the inner core may rotate. Buffett (1997)
showed that it is possible to constrain the viscosity of
the inner core if the inner core is rotating under the
gravitational torque. One case is when the viscosity of
the inner core is so small that the inner core can
deform rapidly, and thus misalignment of the mantle
mass anomaly and inner-core topography does not
occur. The other case is when the viscosity of the
inner core is so high that the inner core is slow to
deform and thus the inner-core topography becomes
small. For this case, however, because of high viscos-
ity, once it becomes locked to the mantle, it would
become unable to rotate again. From the above con-
straints, the inner-core viscosity was found to become
less than 1016 Pa s or greater than 1020 Pa s.

8.10.7.4 Combined Coupling

Estimates of electromagnetic torque have large
uncertainty because the strength of the toroidal
field inside the core cannot be observed. Aurnou
and Olson (2000) calculated the inner-core rotation
under the combined effects of electromagnetic, grav-
itational, and viscous torques. Among these torques,
the viscous torques was found to be very small. When
the electromagnetic and gravitational torques are
comparable, the inner-core rotation showed time-
dependent features. A more general case of inner-
core rotation, where the inner core was also allowed
to tilt, was studied by Xu et al. (2000).

Incorporation of the combined effects of gravita-
tional torque and viscous deformation of the inner
core into a numerical geodynamo calculation was
done by Buffett and Glatzmaier (2000), who demon-
strated that the gravitational torque can significantly
suppress inner-core rotation.

8.10.8 Summary

The inner core remains a difficult part of our planet

to study. In every way it presents challenges: for

mineral physicists, the extreme pressures and tem-

peratures are difficult to achieve; for seismologists,

the 5200 km of material above obfuscates inner-core

signals; for geodynamicists, the wide variety and

interaction of possible phenomena and the large

uncertainty of physical parameters complicates inter-

pretation. Nevertheless progress continues along

multiple fronts: observational scientists will become

yet better at extracting signals; experimentalists will

continue to make technical improvements to achieve

the extreme conditions of the inner core, and to

design appropriate analog experiments; computa-

tional scientists will go where experimentalists

cannot; and theoreticians will make progress in cou-

pling data from all disciplines. Further progress

towards understanding the inner core will require a

multi- and interdisciplinary effort. We also hope and

predict that geodynamicists will stimulate new obser-

vations, such as was the case with inner-core

superrotation. Perhaps it should have been possible

to have predicted inner-core elastic anisotropy prior

to its discovery! Proposition of testable models by

geodynamicists is one of the key directions to the

study of the inner core.
It is always dangerous to make specific predictions

about the directions a field of study will take, but we

will nevertheless try. The composition of the light

elements of the core is likely to remain uncertain–

there are too many ways to put the puzzle together.

This means that the phase diagram of the core will

also remain uncertain. It does not mean, however, that

there will be no progress toward understanding such

important issues as the partitioning of elements

between the inner and outer cores, and the light ele-

ments’ effects on the melting temperature. On the

other hand, it seems reasonable that we will make

progress towards understanding the stable phases(s)

of pure and alloyed iron under inner-core conditions.

Likewise, we expect that the current uncertainty

concerning the elastic constants of h.c.p. iron under

inner-core conditions will get sorted out. Similarly, if

there is another stable phase of iron in the inner core,

we will determine its elastic properties.
Inner-core seismology is difficult, but hopefully

not intractable. Over time we will come to some

agreement concerning the elastic and anelastic prop-

erties of the inner core. Of particular interest will
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be the geographic distributions of the elastic aniso-
tropy, the bulk attenuation, and the attenuation
anisotropy. One thing seems certain: as we get a
better picture of the inner core, it, like the rest of
the earth above, is not simple and featureless. In some
ways this makes it less interesting – there is no one
simple physical mechanism that can explain all the
data. Ultimately, though, it shows that the inner core
too exhibits the rich array of phenomena that
makes earth science challenging and interesting.
We predict that geodynamicists will take up the
challenge to cross disciplines, and come to under-
stand the origin of inner core anisotropy, in all of
its detail as well as other interesting seismic proper-
ties that we dig up. We also predict that the inner
core may hold some of the keys to understanding
long-standing problems in the earth sciences, such
as magnetic field generation and reversal, and core
thermodynamics.
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8.11.1 Introduction

Laboratory experiments on the dynamics of the

Earth’s core are usually designed to understand the

basic fluid and solid mechanical processes that affect

the geodynamo, the evolution of the core, and its

interaction with the mantle. As a rule, their intent is

not to reproduce the full complexity of the core,

because laboratory fluid experiments, like numerical

simulations, are subject to many limitations. First and

foremost, the volume of the working fluids is limited.

The linear dimensions in fluid experiments range

from centimeters to a few meters at most, a full six

orders of magnitude smaller than the linear dimen-

sions of the core. Second, only a restricted range of

physical properties of the working fluids is available.

Water is generally the preferred fluid for nonmag-

netic experiments, whereas gallium or sodium is used

in situations where magnetic fields and electric cur-

rents are required. Both of these liquids have viscous,

thermal, and magnetic diffusivities that are reason-

ably close to the core values. However, in spite of the
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overall match of their transport properties, there is
still a mismatch between experiments using these
fluids and the core.

Two important physical attributes that distinguish
experiments on the core from experiments on the
Earth’s mantle, for example, are the background
solid-body rotation and the magnetic field, which
are critical in the core but are unimportant in the
solid, poorly conducting silicate portions of the
Earth. In laboratory experiments, the rotation and
the magnetic field are generally imposed on the
fluid and are limited to upper values around
�1000 rpm and �1 T, respectively. These physical
parameters, along with the diffusivities, enter into the
definitions of two of the critical dimensionless num-
bers that characterize the dynamics of the core, the
Ekman number E, and the Hartmann number Ha.
Because of the dependence on length scale, rotation,
and magnetic field strength, both of these numbers
assume unrealistic values in experiments, even
though they are sometimes closer to the core in
experiments than in numerical simulations.

One major advantage that laboratory experiments
offer is their ability to naturally include the nonlinear
effects and the associated instabilities that accompany
large-amplitude forcing in fluids. One major
disadvantage is the difficulty of obtaining full global
measurements of highly variable quantities. As a rule,
experimental flows have to be understood using a
finite number of locally based measurements. Under
these circumstances it is often difficult to get a gen-
eral understanding of the system without the help of
theory or an accompanying numerical simulation.
Lastly, it often is difficult to demonstrate asymptotic
behavior using a single experimental apparatus, as it
is generally impractical to vary the dimensionless
parameters widely enough in a given apparatus.
Because of this limitation, it is usually necessary to
repeat even very successful experiments using
different fluids and different setups, and then make
careful intercomparisons of their results. The next
section in this chapter will describe how the plane-
tary rotation influences the flow in the core. The
following section describes experiments on thermal
convection in rapidly rotating spheres. The next
sections treat the magnetic influence on the dynamics
of electrically conducting fluids, including fluids with
convection and rotation. As we shall see, too little is
known from experiments of the dynamics in situa-
tions where all of these effects are present
simultaneously. Finally, we review some of the
recent results of experimental dynamos.

8.11.2 Rotational Dynamics

The Coriolis acceleration derived from the basic
solid-body rotation of the Earth plays a major role
in the dynamics of the liquid core. In this section, we
examine several simple experiments that feature the
Coriolis acceleration and give physical insight into
how it influences fluid motion in the core, in situa-
tions where magnetic fields are not as important.
Later we examine magnetic effects on fluid motion,
and then we examine situations where the effects of
rotation and magnetic fields are present
simultaneously.

8.11.2.1 Formation of Taylor Columns

Consider the motion in a cylindrical vessel of water on
a table rotating at angular velocity � (i.e., period of
rotation T ). The top of the water is a free surface and
the bottom is a flat rigid boundary. Centered in the
bottom boundary is a circular disk made of a porous
material (cf. Figure 1). When solid-body rotation is
established in the fluid, a uniform suction is suddenly
started at the disk. As a result of the suction, water is
removed from the tank, and the resulting inward,
converging flow is deflected into a cyclonic vortex
by the Coriolis effect. The growing vortex is seen in
the pictures (Figure 2) by the azimuthal shear that
mark its edges. This shear tends to align flakes sus-
pended in the fluid in the azimuthal direction; these
produce the black regions seen in the images. The
progressive growth of the vortex along the direction
of the axis of rotation gives birth to an elongated flow
structure called a Taylor column (Taylor, 1923). In
this case, the formation of the Taylor column lasts
only a few periods of rotation. The mechanism for its
growth is the propagation of inertial waves originating
near the porous disk. The group velocity at which
energy propagates by inertial waves is given by (see
Chapter 8.07)

vg ¼
2

k3
k � ðW � kÞ

Assuming the wave number k � �=d and propaga-
tion perpendicular to the rotation axis, we find that
the rise time is Th=4d � 33 s, in good agreement
with the observations (Figure 2). We verified experi-
mentally that the growth rate of the Taylor column is
independent of both the height of the fluid and the
diameter of the tank. However, we find that it is
proportional to the diameter of the suction area.
Although the formation of the column is the result
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of the propagation of inertial waves in the fluid, the
final state of the flow is columnar and almost two-
dimensional (2D) and is called ‘geostrophic’.

The formation process can also be seen in the
spatiotemporal diagram of the z-component of the
velocity at the center of the Taylor column measured
by ultrasonic Doppler velocimetry and shown in
Figure 1 (the velocimetry technique is described in
Brito et al., 2001). These measurements reveal many
propagating structures which consist of super-
imposed inertial waves with different wave
numbers. After the formation of the Taylor column,
Doppler measurements show a linear dependence of
the axial component and an invariance of the tangen-
tial component of the velocity with the height, as
predicted for a geostrophic column. Applying these
results to the outer core, the time needed to reach the
final 2D columnar state is inversely proportional to
the transverse length scale of the flow (i.e., the col-
umn diameter). Small-scale columns may therefore
not be geostrophic. A typical column diameter that
corresponds to this condition may be estimated by
equating the turnover time of convective structure d/
V to the time of formation of the column Th=4d .
With V¼ 10�3 m s�1, h¼ 106 m, we find that scales
lower than 5 km are not geostrophic in the Earth’s
core.

8.11.2.2 Viscous Layers

Following the formation of the Taylor column, the
flow continues to evolve in time, although at a slower

rate. The rate of evolution and the amplitude of the
flow are no longer controlled by inertial waves, but
instead become controlled by viscous effects concen-
trated in two types of shear layers: viscous boundary
layers called Ekman layers and internal shear layers
called Stewartson layers. Both layers may play an
important role in the core.

8.11.2.2.1 Ekman boundary layers

Ekman layers are boundary layers in which there is a
balance between the viscous force and the Coriolis
acceleration. They are typically quite thin. For
example, in the Taylor column experiment just
described the thickness of a laminar Ekman layer is
of order

ffiffiffiffiffiffiffiffiffi
�=�

p
, that is,�1 mm. Accordingly, it is

generally very difficult to study them experimen-
tally. In the Earth’s core, the predicted thickness of
the laminar Ekman layer is of the order of 1 m.
Nevertheless, they have a finite range of stability,
and in some situations they play an important role
in the larger-scale dynamics.

Early experiments by Faller (1963) have identified
two types of instabilities in laminar Ekman layers,
which occur at local Reynolds numbers (defined in
terms of the thickness of the Ekman layer and the
velocity at the top of the layer) of 125 and 55 (called
types II, respectively). Lingwood (1997) has
explained these instabilities in term of convective
instabilities, and the predictions of a linear stability
theory based on this interpretation agree with the
experimental results. According to these results,
purely laminar Ekman layers in the core could be
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Figure 1 (a) Sketch of a cylindrical tank of water on a rotating platform. The diameter and the height of water are both

h¼ 20 cm. The diameter of the porous disk at the base of the tank is d¼3 cm. The period of rotation of the turning table is
T¼ 9 s. The water in the tank is allowed to spin up to a state of solid-body rotation and then a small amount of water is

removed or injected through the porous disk. (b) Space-time evolution of the resulting axial component of the velocity,

obtained using ultrasonic Doppler velocimetry from a probe located at the surface of the fluid and pointing towards the porous

disk located at 220 mm. The color scale gives the axial velocity in mm s�1.
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marginally unstable, because their local Reynolds

numbers ðV=
ffiffiffiffiffiffi
��
p

Þ are around 100. Assuming a

molecular viscosity of �¼ 10�6 m2 s�1 for the fluid

in the outer core gives a typical velocity of

10�3 m s�1 to trigger boundary-layer instabilities,

slightly larger than velocities at the top of the core

inferred from the geomagnetic field secular variation

(see Eymin and Hulot, 2005; and Volume 5 of this

Treatise).
Ekman boundary layers produce a pumping effect

on the fluid outer core that acts perpendicular to the

core–mantle and inner–outer core boundaries.

Ekman pumping has its origin in the requirement

for mass conservation in the Ekman boundary layer
(Greenpan, 1968). Although the velocity induced by

the Ekman pumping is quite small, a factor E1/2

smaller than the free stream velocities parallel to

the boundary, it nevertheless can have a large influ-
ence on geostrophic flows. Ekman pumping tends to
suppress the jump of vorticity between the fluid and

the boundary, for example. In rotating spin-up,
where a fluid adjusts to changes in the rotation rate
of its container, Ekman pumping is the mechanism

that accelerates the core of the fluid to the new
rotation rate. Using an ultrasonic Doppler veloci-
metry, we have measured azimuthal velocity in the

Figure 2 Visualization of the formation of a Taylor column in kalliroscope fluid. The injection rate is 7�10�7 m3 s�1 and the

period of rotation of the platform is T¼ 20 s.
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bulk of a rotating sphere during a spin-up experiment
and checked the linear theory of Greenspan
(Greenspan, 1968) up to Rossby number (��/�) of
0.3 (Brito et al., 2004). The Greenspan theory is valid
for nonmagnetic planetary cores (Ro� 1) if one
considers only geostrophic motions with longer
periods than 1 day.

Ekman layers may include singularities, particu-
larly on curved surfaces (Stewartson and Roberts,
1963). For stationary Ekman layers in spherical
shells, the singularity occurs at the critical latitude
of 0� in the equatorial region where the rotation
vector is parallel to the layer. For oscillating flows
with pulsations between 0 and 2�, where � is angular
velocity of the rotating system, the critical latitude
moves from the equator to the pole in both hemi-
spheres, the amount depending on the pulsation
frequency. Ekman layer singularities have been
observed experimentally in precessing experiments
(Noir et al., 2001a) where they lead to the formation
of internal shear layers in the fluid that are aligned
along characteristic surfaces (Kerswell, 1995). Noir
et al. (2001a) have measured these time-oscillating
detached shear layers in a precessing experiment
using Doppler velocimetry. They are generally
invisible with flakes or dye because they oscillate at
frequencies close to the container frequency
(exactly at the container frequency in the Noir et al.

(2001a) experiment). This internal shear layer
consists of a main jet connected to the Ekman layer
singularity and alternating jets parallel to the main
one (Noir et al., 2001b). Its spatiotemporal structure
may be understood in terms of inertial waves
propagating inside the fluid (see Chapter 8.07).
Application to the liquid outer core, if we ignore
the action of the magnetic field and other nonlinear
effects, suggests that this mechanism will generate
inertial waves of wavelength 20 km with typical velo-
city of v¼ 6� 10�6 m s�1.

8.11.2.2.2 Stewartson layers

Stewartson layers (Stewartson, 1957) are internal
shear layers located along the edges of Taylor col-
umns, as in Figure 1. Compared to Ekman boundary
layers, Stewartson layers have a much larger thick-
ness, proportional to E1/4L, where E ¼ �=�L2 is the
Ekman number, � the kinematic viscosity, � the
rotation rate, and L a typical length scale. Their
dynamics is complicated by the presence of a nested
asymptotic sublayer of thickness E1/3L. The classical
experimental method for producing Stewartson shear
layers is to apply a differential rotation to a disk in a
cylinder of fluid in solid-body rotation. Hide and
Titman (1967) studied the stability of these layers,
and found that at a critical value of the Rossby
number ��/� geostrophic vortices develop inside
the Stewartson layer. They obtained very different
results for positive versus negative Rossby numbers, a
result that has been confirmed by new experiments
(Früh and Read, 1999) but is still not well under-
stood. Nevertheless, Früh and Read (1999)
demonstrated that the onset of this instability is dic-
tated by the local Reynolds number, which is a
measure of the shear across the layer, and scales
like E1/4L relative to the molecular dissipation �/L2.
The critical value of this local Reynolds number is
around 19.

We have studied the stability of Stewartson layers
in a spherical Couette experiment (Schaeffer and
Cardin, 2005) consisting of a rotating spherical shell
with a differentially rotating inner core. Figure 3
shows photographs of the Stewartson layer below
and above the threshold of instability, respectively.
Because of the spherical geometry, the unstable
Stewartson layer generates Rossby waves.
Generation of these Rossby waves (Hide, 1966) relies
on the variation of the height of a column as the
column moves radially away or toward the rotation
axis. When a fluid column moves outward, its height

Ro > 0

InstableStable

Ro > 0Ek = 2 ×10–5Ek = 2 ×10–5

Figure 3 Instability of a Stewartson layer in a Couette shear flow between differentially rotating spheres (Schaeffer, 2004).
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is reduced by the spherical outer boundary, and

conservation of mass requires the cross-sectional

area of the column to increase. By conservation of

angular momentum, this causes a decrease in its

vorticity, a consequence of the Kelvin Circulation

Theorem. Symmetry considerations dictate that an

inward motion generates a cyclonic vortex and out-

ward motion generates an anticyclonic vortex. With a

spherical outer boundary, these waves propagate in

the prograde azimuthal direction. Columnar Rossby

waves have been measured experimentally using an

ultrasonic Doppler techniques. Figure 4 shows spatio-

temporal diagrams of the radial velocity in the

equatorial plane. The Rossby wave fills the whole

shell with spiral arms. It is propagating in time in the

prograde direction. The onset of these waves is con-

trolled by the critical Rossby number (��/�), which

in this geometry is of the order of �E1/2 where

� ¼ ð1=hÞðdh=dsÞ, and where h is the height of the

column and s the cylindrical radius. In terms of local

Reynold number, this relationship can be written

�E�1/4 which explicitly contains a dependence on

the global rotation rate, in contrast with the situation

in the experiment by Früh and Read (1999) made in a

flat geometry. In absence of a magnetic field, any

variation of the period of the inner core larger than
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324 Experiments on Core Dynamics



10�2 s will generate Rossby waves at the tangent
cylinder, but the presence of magnetic fields strongly
affects the Stewartson layer at the tangent cylinder
and also affects wave generation there (Dormy et al.,
1998).

8.11.2.3 Nonlinear Effects

Many nonlinear effects have been observed in rotat-
ing fluid experiments. One important source of the
kinetic energy for nonlinear motions is precession. As
described in detail in Chapter 8.07 the axis of rotation
of the solid Earth precesses with a period of about
26 000 years, and the response of the fluid core to the
precession consists of a solid-body rotation about an
axis which lags the rotation of the solid by a small
angle, the so-called Poincaré response, plus other,
more complex flows.

8.11.2.3.1 Nonlinear resonance of

the Poincaré mode

The pioneering work of Malkus (1968) was the first
to verify experimentally that the linear response of
the fluid to precession is component of solid-body
rotation about an equatorial axis, as predicted by
Poincaré (1910). The overall solid-body rotation of
the fluid is slightly tilted away from the minor axis of
the spheroid and the two axis form an angle � which
can be measured in laboratory (Vanyo et al., 1995)
and compared to the theoretical viscous correction to
the Poincaré mode direction predicted by Busse
(1968). In our experiments (Noir et al., 2001b, 2003),
we have observed jumps of the angle � by varying
continuously the retrograde precession forcing as
shown in Figure 5. This effect can be understood as
a nonlinear resonance between the gravest (lowest
frequency) fundamental inertial mode in the spher-
oidal cavity and the precession.

In the course of its evolution, the physical para-
meters of the Earth’s rotation have changed with
time. Periodic resonances between the tilt-over
mode and different nutations (annual, semiannual,
etc.) should have produced large-amplitude excur-
sions of the axis of rotation of the liquid core and
affected global geodynamics (Greff-Lefftz and
Legros, 1999). For these resonances, nonlinear theory
reduces to the linear analysis used in Greff-Lefftz
and Legros (1999), but for larger forcings (as, e.g.,
for the Bradley nutation) the nonlinear resonance
condition applies.

8.11.2.3.2 Geostrophic zonal motions

in precession experiments

Precession experiments exhibit very nicely the
characteristic cylindrical flow structures of rotation-
dominated fluids (Figure 6). The flake images in
Figure 7 show some of these structures. The shear
zones in these images correspond to stationary geo-
strophic azimuthal motions superimposed on the
Poincaré mode. These motions were measured
quantitatively the first time by Malkus (1968)
and his measurements have subsequently been
confirmed. In our experiments, dye has been
injected in the fluid and using a camera attached to
spheroid, we followed the deformation of the
dye patch. Typical photographs are shown in
Figure 8 and the results confirm Malkus’ findings
(Figure 9). Apart from small variations, the primary
motion consists of a cylinder of fluid rotating
faster than the Poincaré mode and located at a
dimensionless radius of 0.9. Noir et al. (2001b) pro-
pose to explain these geostrophic motions as
nonlinear effects in the Ekman layer singularity
while Hollerbach and Kerswell (1995) proposed
that this results from nonlinear interactions of
inertial waves in the fluid. Spherical numerical
simulation reproduces the cylindrical shear layers
with the correct wavelength (see Figure 9) but
the amplitude is incorrect by a factor 3. This
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Figure 5 Rapid variations of the position of the axis of
the Poincaré mode in a precessing experiment. The

obliquity of the experimental spheroid is �¼ 20� and the

rotation of the spheroid is 300 rpm. The angle between
the minor axis of the spheroid and the Poincaré axis is

plotted against the rotation rate �p of the precession.

Around the value �p¼�6.2 rpm, a jump is observed. From

Noir J, Jault D, Cardin P (2001a) Numerical study of the
motions within a slowly precessing sphere at low Ekman

number. Journal of Fluid Mechanics 437: 283–299.
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discrepancy is still unsolved. Even with this discre-

pancy, these results allow us to estimate the amplitude

(�10�5 ms�1) and the size (�20 km) of the stationary

geostrophic cylinders in the outer core, which are

predicted to be located at 30� in absence of magnetic

field (Noir et al., 2001a). Geostrophic cylinders should

also exist at the critical latitude of the inner core but

they have not been described yet.
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Figure 6 Torque variations along the rotating axis of the spheroid versus precession rate. Two jumps and an hysteresis are

observed (Malkus, 1968). The viscous torque deduced from a torque balance is also plotted and may explain the occurrence

of the jumps, although its amplitude is too small by a factor of 3.

Figure 7 Side view of a meridional plane (illuminated by

flakes reflection) of a precessing flow. The obliquity of the

spheroid is �¼ 20�, the rotation of spheroid is 300 rpm. The

precessing table spins progradely with an angular velocity
of 10 rpm. Cylindrical shear zones denote the presence of

concentric geostrophic zonal flows (description of the

experimental set-up in Noir et al. (2003)).

Figure 8 Top view of precessing spheroid with three

patches of dye injected at latitudes 30�, 55�, and 70�. Four

different snapshots are presented. The dye is transported
by the geostrophic zonal motions and shows a double

vortex in the center (description of the experimental set-up

in Noir et al., 2003).
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8.11.2.3.3 Parametric instabilities

Elliptic and shear instabilities may be present in
precession experiments, and also may be present in
the core (Kerswell, 2002). These instabilities develop
from a resonance between two inertial wave modes
and a background shear flow. All these ingredients
are present in tidally driven flows and precessing
flows (see Chapter 8.07). As shown by Malkus
(1989), in a cylindrical experiment the parameters
can be tuned so as to get sudden, catastrophic events
called elliptical instabilities. The elliptical instability
first grows linearly (Kerswell, 2002) and then non-
linearly, destabilizing the background flow to small-
scale turbulence, which grows until it reaches viscous
saturation (Eloy et al., 2000). Lacaze et al. (2004) have
observed elliptical instabilities in spheroidal geome-
try. Their experimental findings agree with the
theoretical prediction. But intermittent turbulent
regimes similar to those observed in cylindrical sym-
metry have not yet been observed in precessing
experiments. Peharps the two central vortices in the
last photograph in Figure 8 and the vertical oscilla-
tion of the axis of rotation of the fluid in Figure 7 are
the spherical equivalents of the structures observed
in cylindrical geometry, but more experimental work
is needed to confirm this. Without a better under-
standing of the turbulent breakdown of the spherical
elliptic instabilities in precessing or tidally driven

experiments, any application to planetary cores
would be highly speculative (Aldridge and Baker,
2003). This subject deserves further investigation.

8.11.2.3.4 Quasi-geostrophic turbulence

As the forcing increases, rotating flows become tur-
bulent, through instabilities originating in the fluid
volume and by boundary-layer instabilities.
Ultimately this turbulence becomes 3-D, but for
moderate forcings, the turbulence remains nearly
geostrophic. According to the Taylor–Proudman
constraint, it is possible for columnar flow to become
turbulent in planes perpendicular to the axis of rota-
tion long before it becomes turbulent in the axial
direction. Ekman pumping and topographic effects
(or �-effect) both strongly influence this quasi-
geostrophic turbulence, which differs from 2D turbu-
lence as generally studied by physicists (Tabeling,
2002). For �-plane geometry flows, Rhines (1975)
predicted a dominant turbulent scale

ffiffiffiffiffiffiffiffiffi
U=�

p
and

scaling dependence for the spectra of kinetic energy.
Zonal jets in giant planets are thought to be the result
of the inverse cascade of kinetic energy from small
scales to the so-called Rhines scale (k�5 law, where k

is the wave number). Many experiments have tried to
check Rhines’ theory, using turbulence in �-plane
flows. Here we present two of these. A group in
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Texas led by H. Swinney (see for example Aubert
et al., 2002) studied the inverse cascade and the
formation of zonal jets in a cylindrical �-tank with
fluid injected at the bottom by small tubes. Using the
large Coriolis Table at Grenoble, Read et al. (2004)
studied the same process by injecting a spray of salty
water onto the top of their 10 m rotating tank. Both
experiments showed evidence of azimuthal axisym-
metric flows, but neither was able to precisely
measure the power-law variation of the spectra,
which is often very difficult to retrieve experimen-
tally. In a spherical shell, the �-effect varies with
cylindrical radius and there is also a discontinuity at
the tangent cylinder of the inner core. These varia-
tions cannot be neglected in deriving the expected
Rhine’s scale and may cause spherical shell turbu-
lence to differ considerably from the character of
�-plane turbulent flows. This is another topic that
would benefit from additional experimental
investigation.

8.11.3 Thermal Convection in
a Rapidly Rotating Spherical Shell

8.11.3.1 Experimental Conditions

Apart from space experiments made in the micro-
gravity environment of Earth’s orbit (Hart et al., 1986;
Egbers et al., 1999), all laboratory investigations of
rotating spherical convection in planetary cores rely
on the centrifugal force as a substitute for the radial
gravity force. It is not difficult for centrifugal accel-
eration to dominate over laboratory gravity in a
rotating apparatus. For a typical experimental size
of 10 cm, a spin rate in excess of 100 rpm is required
to fulfill this condition. It is perhaps surprising that
the centrifugal acceleration can adequately model
the spherical gravity of a planet for rotating fluid
mechanics, but experiments have shown it can
(Busse, 1970). The centrifugal acceleration varies
linearly with the cylindrical radius, like the compo-
nent of the central gravity perpendicular to the axis
of rotation of a planet with a uniform density. The
difference in direction (outward vs inward) between
the two accelerations is taken into account by a
reverse temperature gradient (cooler at the center)
in the experiments, which leads to buoyancy
(Archimedean) forces having their proper orientation
in the experiment. The analogy is further strength-
ened because in a rotating planet the axial
component of the central gravity is mainly balanced

by pressure forces, a consequence of the Taylor–
Proudman constraint. Thermal convection is pro-
duced experimentally in spherical shells by
imposing thermal boundary conditions at the inner
and outer boundary, the higher temperature on the
outer boundary for the reasons given above (Carrigan
and Busse, 1983). If the boundary temperatures are
uniform, then the temperature varies on surfaces of
constant centrifugal potential in the direction of the
axis of rotation. This results in an ageostrophic buoy-
ancy force perpendicular to the surface of the
cylinder. A thermal wind (an ageostrophic azimuthal
flow) is therefore produced to balance this buoyancy
force in the experiment, an effect which is practically
zero in the Earth’s core. The amplitude of spurious
flow is given by the thermal wind balance, which can
be written as

qu�

qz
¼ 1

2
��s

qT

qz

where z is the coordinate along the axis of rotation, s

the cylindrical radius, � the thermal expansion, and
� the rotation rate of the sphere. The maximum
velocity of this thermal wind is located close to the
inner-core equator and is given by Carrigan and
Busse (1983):

u� ¼
�� �T

2

where �T is the imposed temperature difference
between the inner and outer boundary. It represents
a azimuthal flow of 2 mm s�1 for a rotation of 100 rpm
with 1 K of temperature difference (�¼ 2� 10�4 K�1

for water).

8.11.3.2 Onset of Convection

Pioneering experiments by Busse and Carrigan (1976)
have shown that the onset of thermal convection in a
rapidly rotating sphere may be described by propagat-
ing thermal Rossby waves (Busse, 1970), which consist
of columns of alternating positive and negative vorti-
city aligned with the axis of rotation and propagating
in the prograde direction just outside the tangent
cylinder of the inner core. Busse and his colleagues
performed the first quantitative determination of the
onset of convection in rotating annulus with a constant
slope for bottom and top boundary (Busse and
Carrigan, 1974) and a spherical shell, using water as
the working fluid, and flake visualization (Carrigan
and Busse, 1983). Their results agree relatively well
with the theoretically predicted E�1/3 asymptotic law
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for the critical Rayleigh number for convective onset

at low Ekman number. Cordero and Busse (1992)
determined the critical parameters for convective

onset in a rotating hemispherical shell using tempera-

ture measurements. Laboratory gravity was used with

the centrifugal acceleration in these experiments to
generate paraboloidal surfaces of potential of gravity

as close as possible to spherical surfaces in a ‘Southern’

Hemisphere geometry. They also took into account

the thermal wind effect in determining the critical
frequency of the thermal Rossby waves. In addition

they observed the spiral structure of the convection

columns and transitions to quasi-periodic states and

chaos (Cordero, 1993). Following these initial studies,
many discrepancies between theoretical, numerical,

and experimental determinations of the onset of

convection in rotating spherical shells were subse-

quently discovered. Using an approximate method to
solve the linear stability problem, Jones et al. (2000)

showed how to resolve some of the discrepancies

between theoretical and numerical results. Dormy

et al. (2004) completed the comparative study between
numerical and analytical approaches, especially for the

differential heating case. A close comparison with

experimental data is often not easy but E. Dormy has

computed the critical parameters for the Cordero and
Busse (1992) experiment and found a critical fre-

quency of !c/� of 2.2� 10�3 instead of 2.6� 10�3

found experimentally (E. Dormy, personal
communication).

8.11.3.3 Developed Convective States

The convective flow remains columnar in a rotating
sphere above the threshold for convective onset pro-
vided the amplitude of the buoyancy forces remains
smaller than the Coriolis forces. Cardin and Olson
(1994) have performed experiments up to 50 times
the critical Rayleigh number in water. We observed
that the critical Rossby waves disappear above the
onset. Numerous columnar vortices fill the spherical
shell with a quasi-geostrophic form of turbulent con-
vection (Figure 10). In this regime, strong thermal
plumes generate retrograde vortices at the inner-core
boundary prolongated outward by a prograde spiraled
ribbon-shaped street of retrograde vortices. The struc-
tures that characterize fully developed rotating
convection have been clearly observed by Sumita
and Olson (2000) in a hemispherical experiment with
water. Just beyond the onset of convection, Rossby
waves tend to fill the sphere, and the azimuthal num-
ber of convective features increases along a radius.
Consequently, radial bifurcations or trees are observed
in the field of flow (cf. Figure 11). This bifurcation is
understood as an effect of the increase of the boundary
slope (�-effect) with the cylindrical radius, which
controls the azimuthal wave number of the convec-
tion. As the thermal forcing becomes stronger (more
than 8 times critical), the Rossby waves are expelled
toward the outer portion of the spherical shell, where
the large slope strongly inhibits radial motion
(Figure 11) as the innermost part of the convection

Figure 10 Experimental results on the structure of thermal convection at 50 times critical. Left: Side view of chaotic

convection using a light beam and flakes inside the fluid. Right: Top view showing equatorial section of the columns and their

organization using fluorescein dye released at the North Pole of the inner core. Rotation is anticlockwise. Reproduced from
Cardin P and Olson P (1994) Chaotic thermal convection in a rapidly rotating spherical shell: Consequences for flow in the

outer core. Physics of the Earth and Planetary Interiors 82: 235–259, with permission from Elsevier.
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becomes more turbulent. This regime has been called
‘dual convection’. Aubert et al. (2003) argued that this

transition between inertial regimes and Rossby wave

regimes is controlled by a local Reynolds number, the

ratio of turnover time, and the Rossby wave period.
Quantitative measurements of the radial velocity

in rapidly rotating convection have been made using

the ultrasonic Doppler velocimetry (Brito et al.,
2001; Aubert et al., 2001, 2003; Gillet et al., 2007a). A
typical space-time diagram is shown in Figure 12.
Thermal convection tends to be stronger in the vici-
nity of the inner cylinder, for the reasons discussed
above. The time average of the root mean square
(rms) radial velocity shows a maximum close to the
inner cylinder (Figure 13). Following Cardin and
Olson (1994), Aubert et al. (2001) proposed that the
maximum of measured radial velocity can be
matched to a scaling law ð�gQ =�Cp�

3D4Þ2=5 where
Q is the heat flux, � the thermal expansion, g the
acceleration of gravity, � the density, Cp the heat
capacity, � the rotation rate, and D the gap. This
scaling results from a balance between Archimedean
(buoyancy), inertial, and Coriolis forces, and some
other assumptions. The quality and the range of the
experimental data may allow for other scalings. The
typical radial size of the columns in Figure 12 is
between 10 and 20 mm, not far from the critical size
at the onset (15 mm) for these experimental para-
meters. It has proven to be difficult to measure any
change in vortex size over the range of accessible
experimental control parameters, although there is
some expectation on theoretical grounds to observe
larger vortices fed by the inverse cascade of energy in
2D turbulence as the Rayleigh number increases.
Rhines (1975) also suggested that the inverse cascade
stops at the scale _

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Uconv=�

p
which corresponds to

the balance between the Reynolds stresses and the
vortex stretching in the vorticity equation. Higher-
rotation-rate experiments are needed to study the
evolution of the size of the vortices and other turbu-
lent effects.

Figure 11 Experimental results on the structure of
thermal convection at 6 times critical in a rapidly rotating

hemispherical shell. Top view showing equatorial section of

the columns seen by flakes reflection. Rotation is
anticlockwise. Reproduced from Sumita I and Olson P

(2000) Laboratory experiments on high Rayleigh number

thermal convection in a rapidly rotating hemispherical shell.

Physics of the Earth and Planetary Interiors 117: 153–170,
with permission from Elsevier.
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Figure 12 Experimental results on the structure of thermal convection for 40 times the critical Rayleigh number, with

E¼6.5�10�6 and P¼7. Abcissa is time in s, ordinate is the depth in the spherical shell, outer sphere is at 110 mm, and the
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8.11.3.4 Liquid Metal Experiments

Using a liquid metal as the working fluid allows

experimental study of thermal convection at low

Prandtl number (P¼ �/	, where � is the kinematic

viscosity and 	 the thermal diffusivity) which is

the regime of interest for core dynamics in terms

of this parameter. Even if liquid metals (gallium

and sodium) have a somewhat lower Prandtl

number (P� 0.025) than expected for the liquid

iron at core conditions (P� 0.1), they are a better

model than water (P� 7), and they have the

critical property that their thermal diffusivity is

much larger than their viscosity. Liquid metal are

not easy to use because they are opaque, and

because of their very high thermal conductivity,

high heat flux are needed to initiate the thermal

convection. At Rayleigh numbers only 4 times

critical, convective velocities are much larger than

corresponding ones in water (Aubert et al., 2001,

2003;Gillet et al., 2007a), and Reynolds numbers as

large as 2000 have been obtained (cf. Figure 13).

Measured radial velocities seems to follow the

scaling law described above for water (Aubert et al.,

2001), but the size of the vortices is larger in the

gallium experiment and the inertial convection

region (the vortices) occupy about two-thirds of

the gap. The Rossby wave convection is pushed out-

ward and may be responsible for large variations of

the rms velocity in the profile (at large radius) shown

in Figure 13.

8.11.3.5 Zonal Flows

Azimuthal mean flows are almost always observed in

rotating spherical experiments, and they were

detected in the early rotating annulus experiments

in Busse and Hood (1982). Cardin and Olson (1994)

and Sumita and Olson (2000) reported a slow retro-

grade azimuthal transport of dye injected around the

inner core (cf. Figure 10) at Rayleigh numbers above

a few times critical. Using ultrasonic measurements,

Aubert et al. (2001) reported the first quantitative

measurements of zonal flows for water and gallium.

This study has been augmented by Gillet et al.

(2007a) using more precise measurements (typical

examples in Figure 14). A larger zonal flow is present

in the gallium experiment compared to the water

experiments. This difference is the result of much

stronger convective velocities in ‘low Prandtl num-

ber’ liquid-metal experiment, which is combined

with the nonlinear effect associated with the axisym-

metric geostrophic flow. Just above the onset of

convection we expect the zonal flow to increase

quadratically with the convective velocity (as in

the water experiment in Aubert et al. (2001). For

larger forcings, Gillet et al. (2007a) proposed a 4/3-

power-law scaling, based on the Rhines scales for the

size of the zonal and non-axisymmetric flows. In case

of gallium experiment, the presence of the large

zonal flow strongly affects the organization of ther-

mal convection, even just above the onset (Plaut and

Busse, 2002).
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Additional effects arise when the forcing is not
uniform. Sumita and Olson (2002) studied the effect
of a heterogeneous boundary heat flux on the
dynamics. For some conditions, they observed the
formation of large-scale spiraling front with a jet.
The jet traverses the entire fluid shell, all the way
from the outer to the inner boundary in some cases.
The front is stationary with respect to the thermal
boundary heterogeneity, and it separates two distinct
types of large-scale flow which is superposed on a
small-scale flow consisting of thermal convective
vortices.

8.11.3.6 Heat Flux Measurements

Temperatures are generally easy to measure in
experiments and can give much information on the
dynamics (amplitude, fluctuations, transport, etc.). In
this section we will focus on heat transfer measure-
ments. Sumita and Olson (2000, 2003) performed a
series of experiments with water and silicon oil to
measure the ratio between the Nusselt number and
the Rayleigh number in the hemispherical shell set-
up. The Nusselt number is measured by the differ-
ence of temperature of the cooling liquid at the
entrance and exit of the inner sphere and the
Rayleigh number is measured by the jump of tem-
perature across the gap. J. Aurnou has compared
these results with numerical results in Figure 15.
He found a power law with a 0.4 exponent while
numerical results fit a 0.55 power law. The

dependence of the Prandtl number is not trivial to
evaluate, and even if the numerical results seem to
show little or no dependence on it, we know from
many experiments that the dynamical regimes are
very different in liquid metal versus water experi-
ments, suggesting that Prandtl number differences
may persist into the asymptotic regime.

8.11.3.7 Compositional Convection

Cardin and Olson (1992) modeled compositional
convection in the outer core by the release of denser
fluid (a mixture of water and sugar) at the inner
spherical surface of a rotating spherical shell filled
with pure water. They observed very thin, tenuous
plumes, which moved radially from the inner bound-
ary to the outer boundary. An analysis in terms of
buoyancy fluxes (compositional vs thermal) led to
the proposal that the dynamics are mainly dominated
by thermal convective structures, in spite of the fact
that the compositional buoyancy is larger.

8.11.4 Magnetohydrodynamics

We now consider the action of the Lorentz force
on the dynamic of a nonrotating, electrically con-
ducting fluid. The experiments of this type are
substantially more difficult, as they entail the pro-
blems of handling liquid metals and the problems of
producing and controlling strong magnetic fields.

40 50 60
–5 –15

–10

–5

0

5

–4

–3

–2

–1

0

(a) (b)

70
s (mm)

80 90 100 110 40 50 60 70
s (mm)

80 90 100

E = 9.74 × 10–7

R = 4.2 RcE = 6.50 × 10–6

R = 56.4 Rc

Uzon (mm s–1) Uzon (mm s–1)

Figure 14 Experimental measurement of the zonal velocity vs the radius in rotating convection. (a) In water for

Ra¼ 102 Rac, E¼4.5�10�6, P¼7. (b) In Gallium for Ra¼3.5 Rac, E¼ 7.9� 10�7, P¼ 0.025. For more details see Gillet et al.

(2007a).

332 Experiments on Core Dynamics



The role of the magnetic forces in these experiments
is somewhat analogous to the rotational constraint in
the previous experiments, and the analogy extends to
the formation of boundary layers and magnetic col-
umns. Ultimately, however, we are interested in
systems where both rotation and magnetic field are
present.

8.11.4.1 Hartmann Layers

In presence of a magnetic field, diffusive magnetic
layers called Hartmann layers form at the interfaces
between materials with different electrical properties
(Hartmann and Lazarus, 1937; Moreau, 1990). In a
Hartmann layer of thickness Ha – 1L ¼ ffiffiffiffiffiffiffiffiffiffiffi


���
p

=B
the Lorentz forces are in balance with the viscous
forces. Murgatroyd (1953) found that the friction
factor in those Hartmann layers is a function of the
ratio of the Reynolds number (Re) to the Hartmann
number (Ha), which is equivalent to a local Reynolds
number defined in terms of the thickness of the
Hartmann layer. The stability of the viscomagnetic
Hartmann layer has been studied experimentally by
Moresco and Alboussière (2004) and the transition to
turbulence (and vice versa, the transition to laminar
flow) has been found to occur at a local Reynolds
number of 380 (�10%) (see Figure 16). The experi-
mentally determined critical value of the local

Reynolds number is two orders of magnitude smaller
than the one deduced from linear stability analysis,
which implies that nonlinear effect plays an impor-
tant role in the stability of Hartmann layers. It is also
possible that the roughness of the boundary itself
plays an important role to destabilize the Hartmann
layers, which are very thin in many experimental
situations (sometimes as thin as 3 mm).

The stability of the secondary type of Hartmann
layer, the type that are oriented parallel to the mag-
netic field (with characteristic thickness Ha�1/2 L),
has been examined by Burr et al. (2000). Above the
critical Reynolds number (2000 < Re < 5000), elon-
gated vortices with their axes aligned with the
imposed magnetic field appear above the boundary
layer. In the absence of strong rotational effects,
magnetic Hartmann boundary layers at the core–
mantle boundary are expected to be stable, given
the typical speeds of flow in the core inferred from
geomagnetic secular variation.

8.11.4.2 Internal Magnetic Layers

Free-standing, detached diffusive magnetic layers
may exist in the interior of an electrically conducting
fluid. As with Stewartson shear layers, they occur in
specific geometries such as a spherical shell, which
makes them of interest for core dynamics. Dormy
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et al. (1998) found them numerically in a linear sphe-

rical Couette flow with an imposed dipolar magnetic

field. As in Hartmann layers, the viscous and mag-

netic forces are in balance in the shear layer and this

equilibrium generates a super-rotating toroidal jet

embedded by the imposed magnetic field lines. The

thickness of the jet is Ha�1/2L (Dormy et al., 2002) and

the amplitude of the super-rotation is limited. The

electric boundary conditions can change the shape

and the amplitude of this internal shear layers

(Hollerbach, 2000). A super-rotating jet has been

observed in the Deruiche Tourneur sodium (DTS)

experiment in Grenoble (Nataf et al., 2006).

Figure 17 shows Doppler measurements of the angu-

lar velocity in the spherical shell along an ultrasound

ray crossing the outer sphere at (10�N latitude, 0�

longitude) and (25� S latitude, 47� E longitude). The

maximum in the measured angular velocity is larger

than the imposed angular velocity of the inner core,

which demonstrates the presence of super-rotation.

A comparison with nonlinear numerical results

(computed at lower forcing) confirms that the max-

imum of super-rotation is located close to the

equator of the inner sphere in the experiments,
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whereas it occurs close to magnetic field line
attached to equator of the outer boundary in the
calculations. Strong nonlinear effects are evidently
responsible for shifting the super-rotation crescent
inward where the magnetic field is the strongest.

8.11.4.3 Magnetic Columns

Through the Lorentz force, the presence of a mag-
netic field tends to make the flow field anisotropic,
elongating the dynamic structures along the field
lines. This elongation occurs by two different process
– Joule dissipation and Alfvén wave propagation
(Moreau, 1990; Loper and Moffatt, 1993; Shimizu
and Loper, 1997). The effect of these two is to deform
an initially isotropic perturbation (such as spherical
blob) into a columnar structure, elongated parallel to
the local magnetic field direction. The theory behind
effect is fully described in Chapter 8.06. Any motion
of a conducting fluid across the magnetic field lines
induces eddy (Foucault) electric currents and also
causes Joule dissipation, which tend to suppress
such a transverse flow. Sreenivasan and Alboussière
(2002) have performed experiments to study the for-
mation of a magnetic column (a 2D vortex) from a 3D
flow structure. They observed anisotropic decay of a
vortex created by an impulse of electrical current.
The vortex velocity is small enough to be in the
regime where the induced magnetic field is negligi-
ble compared to the imposed magnetic field (i.e., the
magnetic Reynolds number is less than unity). For
strong magnetic fields (i.e., the interaction parameter
N, measuring the ratio between Lorentz and non-
linear forces, is greater than one), they observed an
exponential decay of the kinetic energy until the
column reaches the other boundary. This is inter-
preted as the formation of a magnetic column by the
pseudodiffusive process of Joule currents flowing in
the direction of the magnetic field. At larger magnetic
fields (large Lindquist number), we expect the for-
mation of the columns to be driven by Alfvén waves;
however, to our knowledge the experimental forma-
tion of magnetic columns by this particular
mechanism has never been reported. In the core,
elongated fluid columns can be formed by either of
the two propagating wave processes we have
described – fluid disturbances propagating as inertial
waves along the direction of the rotation axis and by
Alfvén waves propagating along the magnetic field
lines. To compare the relative strength of these two
processes in the core, we estimate the Lehnert

number � (Cardin et al., 2002) which is the ratio of
their respective group velocities:

� ¼ Bffiffiffiffiffiffiffiffi

0�
p

�L

For small � (as in the core), a rapid disturbance will
generate quasi-geostrophic columns in a few days by
inertial wave propagation. At longer periods of time,
the motion will correspond to a balance between the
Coriolis and the Lorentz forces (the magnetostrophic
balance). It is possible that short-period events in the
geomagnetic secular variation could be interpreted as
motions of this type. Experiments are needed to
confirm how this process might work in the core.

8.11.4.4 Turbulence Under the Influence
of a Magnetic Field

Experiments on magnetohydrodynamic (MHD) tur-
bulence have been made to study fundamental
properties of the turbulence under the action of a
strong magnetic field. Although there are many well-
known applications of MHD turbulence in metal-
lurgy and related subjects, the number of such
experiments that have been applied to the core is
relatively small. The statistical properties of MHD
turbulence are often characterized by their magnetic
and kinetic spectra. Kinetic energy spectra are
deduced from time measurements of pressure while
magnetic energy spectra are inferred from the varia-
tions of one component of the magnetic field. Often
both measurements are made in the same location.
Time spectra are sometimes converted into spatial
spectra under the hypothesis of ergodicity (which is
true only for homogeneous turbulence and could be
wrong in the core), or the so-called Taylor assump-
tion, which applies to turbulence transported in a
mean flow. In experiments at small Rm and in the
presence of a weak external magnetic field

ðð
B2R=�UÞ � 1Þ, the magnetic field can be consid-
ered as a passive vector in the flow, and magnetic
energy spectra typically exhibit a –11/3 power expo-
nent in the inertial regime in this situation (Bourgoin
et al., 2002), which is related to the classical
Kolmogorov exponent (� 5/3) of the kinetic energy
spectra. For stronger magnetic fields (i.e.,

ð
B2R=�U > 1Þ) Alemany et al. (1979) found a�5
power exponent for the magnetic energy spectra
and a�3 power exponent for the kinetic energy
spectra in an experiment of free decay of grid-
generated turbulence in mercury. The two distinct
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results at different strengths of the applied magnetic
field were subsequently confirmed by Messadek and
Moreau (2002).

8.11.4.5 Magnetoconvection in Rotating
Fluids

When acting separately, both rotation and magnetic
field tend to stabilize an electrically conducting fluid
layer against thermal convection. However, in a classic
paper Chandrasekar (1968) used marginal stability
analysis to show that the stability to thermal convec-
tion can be reduced when both effects are present
together. A local minimum in the critical Rayleigh
number is possible when the Coriolis and the
Lorentz forces are both large and are of comparable
magnitude (i.e., when the ratio of these two forces, the
Elsasser number, are of order 1). Nagakawa (1957)
observed this local stability minimum in his study of
an horizontal plane of liquid mercury heated from
below and put in a strong vertical magnetic field.
More recently, Aurnou and Olson (2001) have made
a comprehensive set of thermal convective
experiments in horizontal layer of liquid gallium sub-
ject to uniform rotation and a uniform vertical
magnetic field. Aurnou and Olson (2001) focused on
the relationship between Nusselt and Rayleigh num-
bers at various Ekman and Elsasser numbers. As
expected, they found that the convection is inhibited
by rotation and magnetic field acting separately, but
they did not find regimes of enhanced convection
under the dual action of rotation and magnetic field.
This is possibly due to the limited parameter regime
sampled in these experiments, in which the minimum
instability was missing. Gillet et al. (2007b) performed
magnetoconvection experiments in a rotating spheri-
cal shell with liquid gallium. Strong electrical currents
on the axis of rotation were used to induce a toroidal
magnetic field with a quasi-cylindrical geometry.
Again, the magnetic field was evidently too weak in
this experiment to observe the decrease of the critical
Rayleigh number with the Elsasser number. The
results of Gillet et al. (2007b) agree with the variations
of the critical parameters deduced from a quasi-
geostrophic numerical approach at low Elsasser
number. The concept introduced by Chandrasekar
(1968), that magnetic fields and rotation may simulta-
neously destabilize a fluid is potentially very
important for the geodynamo and other planetary
dynamos, as it opens the possibility of subcritical
dynamo action in liquid cores. Experimental studies
with larger magnetic fields would be valuable in this

context, to investigate thermal convection at low
Prandtl and magnetic Prandtl numbers in regimes
where Coriolis and Lorentz forces are comparable
and dominant in the system.

8.11.5 Experimental Dynamos

According to the magnetic induction equation (see
Chapter 8.03), the magnetic Reynolds number
(Rm¼UL/�, where U and L are typical velocity
and length, and � the magnetic diffusivity) is the
critical parameter to initiate dynamo action in an
electrically conducting fluid. For velocity fields
with suitable symmetry properties (i.e., fluid motions
with helicity), kinematic dynamo studies have shown
that critical magnetic Reynolds numbers between 10
and 100 are necessary to reach dynamo conditions
(Dudley and James, 1989); see Chapter 8.03. Such
magnetic Reynolds numbers are not easy to produce
in a laboratory experiment. The best electrical con-
ductor among the common fluids is molten sodium,
with a magnetic diffusivity �¼ 0.09 m2 s�1 at 120�C
(see Nataf (2003) for physical properties). Even
though its use requires special safety (and adminis-
trative!) procedures and also requires control at
relatively high operating temperatures (the melting
temperature of sodium is 98�C), it remains the only
practical fluid to use in experimental dynamo mod-
eling. To reach high magnetic Reynolds numbers in
the relatively small volume of an experiment, very
high fluid velocities are needed (more precisely, very
high gradients of velocity are needed, since solid-
body rotation does not count here). Numerically,
velocities of order 10 m s�1 are needed even in rela-
tively large-sized containers, 1 m or larger. As we
have seen before, thermal convection velocities in
laboratory experiment are too small for this, by two
orders of magnitude or more, so a thermally convec-
tive dynamo experiment remains an impractical goal.
Instead, the approach has been to achieve very high
velocities in liquid sodium containers in which the
fluid is driven mechanically by powerful motors. A
large amount power (>100 kW) is needed to produce
such high velocities, even allowing for the fact that
the density of liquid sodium is relatively low. The
main advantages that experiments offer for modeling
dynamo action in planetary cores stem from their
transport properties, which are closer to the Earth’s
core than most numerical dynamos. The magnetic
Prandtl number of liquid sodium (Pm¼ �/�� 10�5)
is comparable to the magnetic Prandtl number of
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liquid iron. Compare these with present numerical
dynamo models, which encounter difficulties with
magnetic Prandtl numbers smaller than about 0.1
(see Chapter 8.08). It is easy to understand that
small-scale feature and rapid time variations of the
flow depend strongly on the values of the diffusion
coefficients in the fluid. In addition, liquid metals
tend to easily produce highly turbulent dynamos,
since the Reynolds number is Pm�1 times greater
than the magnetic Reynolds number. Presumably,
this is one of the reasons why numerical modeling
is limited to magnetic Prandtl numbers close to 1. At
this stage, experimental dynamo modeling remains
far removed from the conditions of the core, in terms
of geometry, the source of motions, and the strength
of planetary rotation. However, the today’s dynamo
experiments are just the beginning. The priority up
until now has been to obtain self-generation; the next
goal is to increase their geophysical realism.

8.11.5.1 The Riga Dynamo

In the year 2000, the Riga group headed by Prof.
Agris Gailitis culminated a 30 year effort when they
achieved self-excitation of a magnetic field in a liquid
sodium experiment (Gailitis et al., 2003). Their
experimental apparatus was specially designed to
produce the flows of the kinematic dynamo theory
of Ponomarenko (1973) at relatively low critical mag-
netic Reynolds number (Gailitis et al., 2003). As
shown in Figure 18, the apparatus consists of three
coaxial stainless steel cylinders, each 3 m long. Liquid
sodium is accelerated downward by a helicoidal pro-
peller located at the top of the inner cylinder and
returns to the top by a vertical flow in the larger-
diameter cylindrical shell. The liquid sodium in the
outermost cylinder is at rest, and acts to increase the
magnetic diffusion time of the system. At fast rotation
rates of the propeller (>1900 rpm, corresponding to a
magnetic Reynolds number of about 20 based on the
radius of the inner cylinder), an oscillating self-
sustained magnetic field was observed. Below and
above the onset, the frequency of this magnetic field
is very close to the kinematic dynamo model predic-
tions (cf. Figure 19). The experimental growth rate
below the onset of dynamo action (determined by the
study of an imposed external magnetic field) is also
very close to the appropriate prediction of 2D kine-
matic dynamo calculations (cf. Figure 19). Following
a step increase in the velocity, the dynamo-
induced magnetic field increases exponentially with
time, with a growth rate in agreement with the

numerical kinematic dynamo model predictions.

The field grows until it reaches a saturation level

of a few militeslas. Saturated states have been main-

tained for several minutes (compared to the magnetic

diffusion time of order 1 s), leaving no doubt about

the presence of a self-sustained magnetic field

(Gailitis et al., 2003).
The power dissipated in the dynamo regime is

shown in Figure 19. There is a clear deviation from

the �3 law expected from simple hydraulic argu-

ments and observed below the onset (Gailitis et al.,

2001). An increase of 10 kW is needed to sustain the

dynamo and compensate the Joule dissipation of the

electrical currents supporting the magnetic field.

This level of power consumption matches the dissi-

pation predicted for a magnetic field with the
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Figure 18 The Riga dynamo facility. Main parts of the

apparatus include (1) two motors (55 kW each); (2) propeller;
(3) helical flowregion; (4) back flow region; (5) sodium at

rest; (6) sodium storagetanks; (�) position of the flux-gate
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(figure) with permission from Gailitis A, Lielausis O,
Dement’ev S et al. (2000) Detection of a flow induced

magnetic field eigenmode in the Riga dynamo facility.

Physical Review Letters 84: 4365–4368. Copyright (2000)
by the American Physical Society.
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geometry of the least-stable magnetic eigenmode and
with the experimentally observed amplitude. In the
saturated state, the azimuthal fluid flow is expected
to be weaker away from the propeller, and this effect
would dictate the level of saturation (Gailitis et al.,
2003). Velocity measurements are required to quan-
tify the action of the Lorentz forces on the flow.
Using ultrasound Doppler velocimetry, first tests
have shown that the sodium that was expected to be
at rest in outer cylinder is in fact in motion during
dynamo action (F. Stefani, personal communication).

8.11.5.2 The Karlsruhe Dynamo

A second successful dynamo experiment was made in
the year 2000, this time in Karlsruhe. Featuring a
design inspired by the early kinematic dynamo mod-
els of Roberts (1972) and Busse (1992), the apparatus
consists of an array of 52 stainless steel spin genera-
tors, as shown in Figure 20. Each spin generator
consists of two parts: a central tube of 10 cm of dia-
meter where the motion approximates a Poiseuille
flow, and a surrounding outer cylinder where the
liquid sodium follows a helical flow path constrained
by a series of blades. Liquid sodium is circulated
through these pipes by three remote MHD pumps
with power 210 kW. This experiment has two differ-
ent scales: the spin-generator scale and the modulus
scale, which is 10 times larger. This scale separation
makes it suitable for applications of dynamo mean-
field theories (Rädler and Brandenburg, 2003). For

volume rates larger than� 100 m�3 h�1, Stieglitz and
Müller (2001) observed a self-sustained stationary
magnetic field of a few militeslas for long periods of
time (more than 1 h) (Müller et al., 2006). The experi-
mental onset agrees quite well with kinematic
dynamo results of Tilgner (1997) and with mean-
field theory results of Rädler et al. (1998) as shown
in Figure 21 even if the experimental threshold is
10% lower than the predicted values.
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Outside the modulus, the large-scale magnetic field
is mainly a dipole with its axis perpendicular to the

direction of the channels (Müller et al., 2004), in agree-

ment with numerical and theoretical models. As

predicted, the magnetic field has a staircase structure

in the direction of the channels, but two preferred

directions of the equatorial dipole were found (instead

of arbitrary many directions, as predicted theoreti-

cally). Müller et al. (2004) showed that these two

preferred directions are controlled by an external

magnetic field and permanent magnetic fields. The

magnetic field along the central axis of the modulus

has been measured. The geometry agrees quite well

with the numerically predicted eigenmode, but some

loss of symmetry has been observed (Müller et al.,

2006). In the center region, field intensities up to

40 mT have been measured, 10 times greater than

the values of the magnetic field outside the device.

Saturation of the magnetic field can be understood in

this experiment as a back reaction of the Lorentz

forces on the fluid flow. Müller et al. (2006) measured

up to a 13% decrease on the amplitude of the velocity

in the central pipe above the dynamo onset. More

interestingly, they also reported an increase of the

fluctuations of the velocity field around its mean

(rms) value as the experiment reaches dynamo condi-
tions. Generally in MHD the presence of the magnetic
field reduces the turbulent fluctuations of the velocity
field. The authors associate the fluctuations of velocity
field with the fluctuations of the magnetic field, which
become more and more energetic as the dynamo
becomes more supercritical (Müller et al., 2006). This
effect can be seen in magnetic field spectra, which
exhibit a maximum at moderate frequency (1 Hz).
The frequency of this maximum shifts to higher values
as the flow rate increases above the value for dynamo
onset. These spectra show two trends around the peak,
one with an f �1-variation at lower frequency, another
with an f �3-variation at larger frequencies, and yet
another f �5 dependency at very large frequencies.

8.11.5.3 Turbulence and Dynamo Onset

The magnetic Prandtl number is the ratio of the visc-
osity to the magnetic diffusivity of the fluid. The
magnetic Prandtl number of liquid metals is usually
very low, and its value in the outer core is not too
different from liquid sodium, 5� 10�6. A magnetic
Reynolds numbers of a few tens as required for
dynamo action implies an ordinary Reynolds numbers
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larger than 107 in dynamo experiments, and also in the
core. Consequently, dynamo experiments are necessa-
rily turbulent, and for the same reason the geodynamo
is also turbulent, although the turbulence in the outer
core has special characteristics (see Chapter 8.06). The
two successful dynamo experiments have overcome
the turbulence problem by very precise control of
the flow (constrained by guiding pipes, for
example), reducing the effects of turbulence, which
are usually undesirable. For instance, in the
Riga dynamo, Gailitis et al. (2000) estimate the
level of turbulence to be less than 10% and the corre-
sponding increase of the critical magnetic Reynolds
number only 1%. Similar levels of turbulence have
been observed in Karlsruhe experiment (Müller et al.,
2006). On the other hand, dynamo experiments in
Maryland (Peffley et al., 2000; Sisan et al., 2003),
Cadarache (Bourgoin et al., 2002) and Wisconsin
(Spence et al., 2006) are based on less constrained,
more turbulent flows, and have not reached the critical
value of the magnetic Reynolds number. The presence
of turbulence in these less-constrained experiments has
raised their effective critical magnetic Reynolds num-
bers above the predictions of numerical kinematic
dynamos based on purely laminar flow (Marié et al.,
2003; Ravelet et al., 2005; Nornberg et al., 2006). All
these experiments detected hydrodynamic turbulence
using a weak magnetic field as a passive vector tracer of
the flow. Nevertheless, their observation of an upward
shift of the dynamo onset because of the turbulence
needs to be understood better (Ponty et al., 2005; Laval
et al., 2006). All of these experiments reveal how the
flow induces magnetic fields from the interaction of the
turbulence with the imposed magnetic field. For
instance, the exponential decay rate of the magnetic
field after shutdown provides information on the
growth rate of the induced magnetic field (Peffley
et al., 2000) and gives some information on how far
the experiment is from dynamo onset. Time-averaged
large-scale flows also have been observed to induce
magnetic fields in a different direction than the applied
field, an example of the � (Lehnert, 1958; Brito et al.,
1995; Spence et al., 2006) or Parker effect (Volk et al.,
2005). The induction effects due to small-scale turbu-
lent fluctuations and their contribution to the mean
induction, the so-called �-effect, has also studied
experimentally. In PERM, Stepanov et al. (2006) inves-
tigated induction mechanisms in a screw-flow of
gallium in a toroidal channel during a spin-down
process. Their measurements yielded a low upper
bound on the �-effect compared to the predictions
from dimensional analysis. These low values were

confirmed in the Gallium Van Karmán experiment in
Lyon (R. Volk, personal communication). Still, the
experimental result of the Wisconsin experiment
seems to contradict these two other experiments, as
Spence et al. (2006) advocate the presence of a turbulent
electromotive force to generate an induced magnetic
field parallel to the imposed dipolar field aligned with
the axis of symmetry of their experiment. According to
Cowling’s theorem, this component cannot result from
the interaction of the axisymmetric laminar part of the
flow with the axisymmetric imposed magnetic field. In
Oct 2006, as this chapter was being written, the
Cadarache experiment has produced a self-sustained
magnetic field. The Cadarache dynamo is made of a
cylindrical vessel of 100 l of liquid sodium, with two
counter-rotating propellers (a Van Karmán geometry).
After many failed attempts like in the Maryland and
Wisconsin experiments, a dynamo regime has been
found for a particular set of conditions. The conditions
include propellers made of ferromagnetic material
(iron), a copper cylindrical inner boundary introduced
to isolate the sodium in the outer part of the vessel, and
an inner copper annulus placed between the two pro-
pellers in order to reduce large-scale turbulence.
Presumably, the two US teams will be able to repro-
duce these results in their apparatuses.

8.11.5.4 Toward a Magnetostrophic
Dynamo?

The first author’s group in Grenoble has designed a
liquid sodium experiment to study the properties of
flow in the regime where both rotation and magnetic
field play an important role in the dynamics (Cardin
et al., 2002). The experiment consists of a rotating
spherical shell (with a core-like radius ratio of 0.35)
with a differentially rotating inner core. The Couette
flow in the spherical shell is subject to a strong dipolar
magnetic field imposed by a permanent magnet
located inside the inner core. We have found experi-
mental evidence of super-rotation (Nataf et al., 2006)
that features an equatorial inner region rotating faster
than the inner core. The induced magnetic field has
been measured outside the spherical shell. Strong
amplification of magnetic field has been observed
when the inner-core rotation is opposite to the outer
sphere. We have also detected propagating distur-
bances that travel along latitude lines in the sphere.
A range of azimuthal wave numbers (from 2 to 6) and
their corresponding propagation velocities have also
been measured. More work is needed to determine if
these disturbances correspond to the hydromagnetic
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waves described by Hide (1966), or if they have
another source. The ultimate goal of this project is to
reach the dynamo regime in a realistic geometry, by
repeating these experiments in a sequence of larger
spherical shells.

References

Aldridge K and Baker R (2003) Paleomagnetic intensity data: A
window on the dynamics of Earth’s fluid core? Physics of the
Earth and Planetary Interiors 140: 91–100.

Alemany A, Moreau R, Sulem PL, and Frisch U (1979) Influence
of an external magnetic field on homogeneous MHD
turbulence. Journal de Mécanique 18: 277–313.
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Kármán type flows. European Physical Journal B
33: 469–485.

Messadek K and Moreau R (2002) An experimental investigation
of MHD quasi-two-dimensional turbulent shear flows.
Journal of Fluid Mechanics 456: 137–159.

Moreau R (1990) Magnetohydrodynamics. Dordrecht, NL:
Kluwer Academic Publishers.

Moresco P and Alboussière T (2004) Experimental study of the
instability of the Hartmann layer. Journal of Fluid Mechanics
504: 167–181.

Müller U, Stieglitz R, and Horanyi S (2004) A two-scale
hydromagnetic dynamo experiment. Journal of Fluid
Mechanics 498: 31–71.

Müller U, Stieglitz R, and Horanyi S (2006) Experiments at a two-
scale dynamo test facility. Journal of Fluid Mechanics
552: 419–440.

Murgatroyd W (1953) Experiments on magneto-hydrodynamic
channel flow. Philosophical Magazine A 44: 1348–1354.

Nagakawa Y (1957) Experiments on the instability of a layer of
mercury heated from below and subject to the simultaneous
action of a magnetic field and rotation. Proceedings of the
Royal Society of London A 242: 81–88.

Nataf H-C (2003) Dynamo and convection experiments. In:
Jones CA, Soward AM, and Zhang K (eds.) Earth’s Core and
Lower Mantle, pp. 153–179. London: Taylor and Francis.

Nataf H-C, Alboussière T, Brito D, et al. (2006) Experimental
study of super-rotation in a magnetostrophic spherical
Couette flow. Geophysical and Astrophysical Fluid Dynamics
100: 281–298 (doi:10.1080/03091920600718426).

Noir J, Brito D, Aldridge K, and Cardin P (2001b) Experimental
evidence of inertial waves in a precessing spheroidal cavity.
Geophysical Research Letters 28: 3785–3788.

Noir J, Cardin P, Jault D, and Masson J-P (2003) Experimental
evidence of nonlinear resonance effects between retrograde
precession and the tilt-over mode within a spheroid.
Geophysical Journal International 154: 407–416.

Noir J, Jault D, and Cardin P (2001a) Numerical study of the
motions within a slowly precessing sphere at low Ekman
number. Journal of Fluid Mechanics 437: 283–299.

Nornberg MD, Spence EJ, Kendrick RD, Jacobson CM, and
Forest CB (2006) Intermittent magnetic field excitation by a
turbulent flow of liquid sodium. Physical Review Letters
97(4): 044503.

Peffley NL, Cawthorne AB, and Lathrop DP (2000) Toward a
self-generating magnetic dynamo: The role of turbulence.
Physical Review E 61: 5287–5294.

Plaut E and Busse F (2002) Low prandtl number convection in a
rotating cylindrical annulus. Journal of Fluid Mechanics
464: 345–363.
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Bulletin Astronomique 27: 321–356.

Ponomarenko Y (1973) On the theory of hydromagnetic dynamos.
Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki 6: 47–51.

Ponty Y, Mininni PD, Montgomery DC, Pinton J-F, Politano H,
and Pouquet A (2005) Numerical study of dynamo action at
low magnetic Prandtl numbers. Physical Review Letters
94(16): 164502.
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8.12.1 Introduction

Two giant heat engines operate inside the Earth. One
powers plate tectonics and accounts for most of the
geological phenomena we observe at the surface. The
other operates in the core, where it continually sus-
tains the Earth’s magnetic field against persistent
ohmic losses. These two heat engines are coupled,
primarily through interactions at the boundary
between the core and mantle. Transfer of heat,
mass, momentum, and electric current across the
boundary profoundly affects the dynamics and evo-
lution of both regions on timescales ranging from
days to hundreds of millions of years. On short
timescales, we observe diurnal wobbles in the
Earth’s rotation which are strongly affected by rela-
tive motion between the core and the mantle (e.g.,
Mathews and Shapiro, 1992). This and other types of
mechanical interaction influence the flow in the core
(e.g., Moffatt and Dillon, 1976) and contribute to
variations in the length of day on decadal timescales
(see Chapter 8.04). On longer timescales, we expect
variations in both the magnitude and spatial distribu-
tion of heat flow across the boundary. The resulting
thermal interactions influence the vigor and pattern
of convection in the core, and may alter the
frequency of reversals (Glatzmaier et al., 1999).
Electromagnetic interactions are also possible, parti-
cularly if the lowermost mantle has a large electrical
conductivity. Electric currents near the base of the
mantle can generate both large- and small-scale
magnetic fields, while the associated Lorentz force
contributes to the mechanical interaction. More
recent suggestions of chemical reactions between
the core and mantle (Brandon and Walker, 2005)
raise the intriguing but contentious suggestion that
mass has been transferred between the two regions

over geological time. In this chapter, we focus on the
consequences of core–mantle interactions for pro-
cesses in the core. We address a number of recent
advances in our understanding of thermal, mechan-
ical, electromagnetic, and chemical interactions, as
they relate to the dynamics and evolution of the
core. We also deal with the role of core–mantle
interactions as a means of detecting deep-Earth pro-
cesses at the surface.

8.12.2 Thermal Interactions

Heat flow across the core–mantle boundary (CMB) is a
fundamental parameter for the evolution of the core. It
controls the rate of cooling and solidification of the
core, and determines the vigor of convection in the
fluid outer core (see Chapter 8.02). Convection is driven
by buoyancy from the boundaries of the outer core in
response to cooling and inner-core growth. Chemical
buoyancy arises through the exclusion of the light
elements from the inner core (Braginsky, 1963),
whereas thermal buoyancy is generated by latent heat
release on solidification (Verhoogen, 1961) and by
forming cold, dense fluid in the thermal boundary
layer at the top of the core. Each of these buoyancy
sources is paced by the CMB heat flow.

The magnitude of the CMB heat flow is dictated by
the mantle. The large and relatively sluggish mantle
imposes control over the loss of heat from the core.
Estimates of the CMB heat flow are often obtained
from inferences of the temperature jump across the
thermal boundary layer on the mantle side of the inter-
face (e.g., Buffett, 2002). Typical values of the heat flow
are 6–12 TW, although our present state of knowledge
is not sufficient to rule out higher or lower values. Such
a broad range of values permits two distinct styles of
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convection in the core (see Figure 1). One style occurs

when the CMB heat flow exceeds the conduction of

heat along the adiabatic gradient at the top of the core

(denoted by Qad). Convection transports the superadia-

batic part of heat flow through the core, creating a

thermal boundary layer on the core side of the bound-

ary. This provides a source of cold, dense fluid that

drives convection from the top down into the core. The

other regime occurs when the CMB heat flow is less
than Qad. In this case, the mantle is unable to remove the
heat carried by conduction down the adiabat. Excess
heat accumulates at the top of the core (Gubbins et al.,
1982) or is convectively mixed into the interior by
chemical buoyancy (Loper, 1978). Either of these pos-
sibilities eliminates thermal buoyancy production at the
top of the core, restricting the buoyancy production to
the inner-core boundary region.

Representative values for Qad¼ 5–6 TW lie within
a plausible range of values for the CMB heat flow.
This implies that either style of convection in the core
is possible. It is also possible that the style of con-
vection has changed over time. High CMB heat flow
is likely in the early Earth, and it may be essential to
power the dynamo prior to the formation of the
inner core. A switch to bottom-driven convection
becomes possible as the Earth cools and the inner
core grows. We might even expect the style of
convection to switch intermittently between the
two regimes if the current heat flow is sufficiently
close to Qad. Fluctuations in mantle convection can
transiently shift the CMB heat flow above or below
Qad, altering the convective regime.

Evidence for fluctuations in mantle convection
are found in geological observations of changes in
the rate of plate motions. Bunge et al. (2003) have
recently incorporated geological estimates of plate
motions into three-dimensional models of mantle
convection in order to assess the consequences of
changes in plate-spreading rates. Interpretation of
observations from the last 120 million years suggests
that spreading rates have generally decreased over
this time, perhaps by more than 20% (Xu et al., 2006;
Lithgow-Bertelloni and Richards, 1998). While the
magnitude of this is debated (Rowley, 2002), it is
clear that changes in plate motion can cause thermal
interactions with the core. Figure 2 shows the pre-
dicted change in heat flow at the surface and CMB
when plate motions are varied in the calculation by
Bunge et al. (2003). (The plate motions over the past
120 My are cyclically repeated to extend the record
back in time. The primary goal is to repeat the
calculation with different initial conditions.) High
heat flow at the surface coincides with times of
rapid plate spreading. Changes at the CMB are felt
about 50–60 My later, once the subducted material
begins to arrive at the base of the mantle. The ampli-
tude of the variation in CMB heat flow is 1 TW, or
about 20% of the time-averaged value.

Changes in the CMB heat flow alter the supply of
thermal and chemical buoyancy at the boundaries of

Inner
core

Inner
core

(b)

Cold
fluid

Qcmb

Qcmb

CMB

CMB

(a)

Latent
heat

Latent
heat

Light
elements

Light
elements

Qad

Qad

Figure 1 Two distinct styles of convection operate in the

core, depending on the relative magnitude of the CMB heat

flow, Qcmb, and the heat flow conducted down the adiabat
at the CMB, Qad. (a) A thermal boundary layer forms at the

top of the core when Qcmb > Qad. Cold and dense fluid at the

CMB drives convection from the top. Latent heat and

compositional buoyancy from the inner-core boundary drive
convection from the bottom. (b) The thermal source of

buoyancy at the top of the core disappears when

Qcmb < Qad. The excess heat that is carried to the CMB by

conduction either accumulates at the top or is mixed back
into the interior by compositional buoyancy.
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the outer core. A stratified layer at the top of the core
can develop when the heat flow drops below Qad

because the mantle can no longer keep pace with
the heat supplied by conduction along the adiabat.
Excess heat accumulates at the top of the core unless
convection in the core can entrain warm fluid back
into the interior. In the absence of entrainment, we
expect a warm, stratified layer to grow in response to
changes in densities inside and below the stratified
layer (Lister and Buffett, 1998). Heat accumulates in
the stratified layer, causing the warm fluid to
encroach down into the underlying convective
region. However, light elements from the inner-
core boundary accumulate in the convective region,
so the stratified layer gradually becomes heavier in
term of composition. This interplay between the
thermal and chemical buoyancy ultimately limits
the growth of the stratified layer.

Figure 3 shows two predictions for the thickness
of the stratified layer using the model of Lister and
Buffett (1998). The CMB heat flow Qcmb(t) is taken
from Figure 2 and two representative values for Qad

are considered. The value Qad¼ 5 TW causes an
intermittent stratified layer to develop whenever
Qcmb(t) drops below Qad. A permanent stratified
layer develops when Qad¼ 6 TW, although the
thickness of the layer fluctuates in time. In both
cases, there is a lag between the time when Qcmb is
low and the time when the stratified layer reaches its

maximum thickness. This time lag is set primarily by
the thermal diffusion time for the stratified layer. We
find a relatively thick stratified layer at 100–110 Ma,
following a low CMB heat flow at 130 Ma. The low
CMB heat flow (in this model) is a consequence of
slow plate motions at the surface, 50–60 My earlier.
The thickest layers are predicted to coincide with the
time of maximum surface heat flow, although this
result depends on the timescale for variations in
the surface heat flow. The existence of a stratified
layer in the core might be inferred from paleomag-
netic observations of changes in the secular variation
of the magnetic field, because a stable layer would
filter magnetic fluctuations from the underlying
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Figure 2 Heat flow at the surface, Q(t), and the CMB,

Qcmb(t), from a numerical convection model with imposed
plate motions (Bunge et al., 2003). Plate motion histories

over the past 120 My are cyclically repeated at earlier times

to assess the response with different initial conditions. High

heat flow at the surface coincides with times of faster than
average plate spreading rates. Increases in heat flow at the

CMB occur 50–60 My later.
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Figure 3 Changes in the radius of a stratified layer in the
core in response to variations in CMB heat flow. (a) The

stratified layer vanishes when the CMB heat flow exceeds

the adiabatic heat flow Qad. Under these conditions, the

radius of the stratified layer equals the radius of the core
(e.g., 3480 km). The stratified layer reappears whenever the

CMB heat flow drops below Qad. (b) A persistent stratified

layer is present when Qad¼ 6 TW, although the thickness of
the layer varies with time. The arrows indicate the times

when the heat flow at the surface is maximum.
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convective region. Distinctive features in the field
may also develop in the stratified layer through
interactions with convective motion in the underly-
ing region (Zhang and Schubert, 2000). More
dramatic changes in the structure and dynamics of
the core occur if the change in CMB heat flow is
more substantial. For example, Nimmo and
Stevenson (2000) suggest that a transition from
plate tectonics to stagnant lid convection on Mars is
sufficient to suppress convection throughout the
Martian core, causing the termination of the mag-
netic field.

Lateral variations in heat flow at the CMB also
affect the dynamics of the core. Cold slabs at the base
of the mantle are expected to increase the local heat
flow by increasing the local temperature gradient at
the boundary. This effect seems unavoidable because
the low viscosity of the core liquid maintains a nearly
constant temperature over the boundary. Small adia-
batic variations in temperature over kilometer-scale
topography produce temperature variations of
roughly 1 K, but these variations are small compared
with temperature anomalies of several hundred
Kelvins or more in the mantle. Consequently, varia-
tions in heat flow over the CMB can be inferred from
the thermal structure on the mantle side of the
boundary. Numerical simulations (Zhang and
Gubbins, 1993, 1996; Sarson et al., 1997) and experi-
ments (Sumita and Olson, 1999, 2002) show that
lateral variations in heat flow drive fluid motion in
the core. In fact, several studies have sought to inter-
pret core flows obtained from secular variation of the
magnetic fields in terms of regional variations in heat
flow (Bloxham and Gubbins, 1987; Kohler and
Stevenson, 1990). Numerical simulations of convec-
tion with lateral variations in heat flow reveal a
tendency to lock the pattern of convection to the
pattern of heat flow at the boundary, although this
typically occurs for a narrow range of parameter
values. More commonly, the flow is highly time
dependent. The source of the time dependence
appears to be a consequence of switching the flow
between the horizontal scale of the imposed bound-
ary conditions and the natural scale of convection
(Zhang and Gubbins, 1996; Sumita and Olson, 2002).

Similar conclusions are drawn from numerical
geodynamo models (Sarson et al., 1997; Olson and
Christensen, 2002; Bloxham, 2002). Nonhomogeneous
boundary conditions in geodynamo models yield per-
sistent structure in the time-averaged flow (Olson and
Christensen, 2002; Bloxham, 2002), although there can
be substantial variation about the average (Christensen

and Olson, 2003; Bloxham, 2002). The spatial pattern

of the flow is expressed in the structure of the mag-

netic field. Models that use seismic heterogeneity at

the base of the mantle to infer the local heat flow

have been successful in producing a magnetic field

with persistent nondipole structure (see Figure 4),

similar to that deduced from paleomagnetic observa-

tions over the past few million years (Gubbins and

Kelly, 1993; Johnson and Constable, 1997, 1998).

However, the persistent nondipole structure is not

prominent in individual snapshots of the solution; it

emerges only after averaging the time-dependent

part of the field. So far, it has not been possible to

use thermal interactions to explain stationary fea-

tures in the historical field over the past 300 years

(Bloxham, 2002).

(a)

(b)

(c)

Figure 4 Lateral variations in Qcmb induce flow near the
top of the core and alter the time-averaged magnetic field

from calculations of Olson and Christensen (2002).

(a) Lateral variations in boundary heat flow are based on

seismic models of velocity heterogeneity near the CMB.
(b) Toroidal streamlines of steady flow below the CMB are

due to imposed heat flow conditions. (c) Time-averaged

radial magnetic field at CMB reveals nonzonal structure.
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Spatial variations in heat flow may also have an
important influence on magnetic reversals. The study
of Glatzmaier et al. (1999) showed that different pat-
terns of heat flow at the CMB dramatically alter the
frequency of magnetic reversals. When the pattern of
CMB heat flow is compatible with the natural pattern
of convection in the outer core, there is a tendency to
produce a stronger dipole field with less time depen-
dence and fewer magnetic reversals. The opposite
behavior is observed when the pattern of heat flow
and the natural scale of convection are incompatible;
in this case, much larger variations are observed in
the field and reversals appear more frequently.
Somewhat surprisingly, the most realistic behavior,
in terms of time variations in the virtual geomagnetic
pole (VGP), was obtained with uniform boundary
conditions. Such a model cannot explain the persis-
tent nondipole structure of the field, so it appears
there are inconsistencies in our current understand-
ing of thermal interactions. A related concern is
the fact that dynamo models typically fail when
the lateral variations in heat flow are comparable to
the average (convective) heat flow (Olson and
Christensen, 2002). Because a large part of the heat
flow at the CMB is carried by conduction along the
adiabat, the convective part of the average heat flow
could be quite small (or even negative). Lateral var-
iations in heat flow could easily exceed the average
convective heat flow, which appears to doom the
magnetic field in thermally driven dynamo models.
It is not presently known if the dynamo models
would still fail if convection was driven primarily
by compositional buoyancy. Reconciling the beha-
vior of the field with plausible thermal interactions
remains an outstanding challenge.

Another consequence of thermal interactions
involves the behavior of the field during a reversal.
Compilations of VGPs from transition fields suggest
that the VGPs are clustered into one of two preferred
longitudes during a reversal (Laj et al., 1991; Clement,
1991). In fact, it is possible for different sites to record
different paths for the same reversal because the
VGP location is based on the assumption of a dipole
field. Non-dipole (multipole) components of the field
also contribute to the direction of the field at a given
site, shifting the VGP location from the position of
the actual dipole axis. Different reversal paths
emerge from different sites when the multipole com-
ponents become prominent relative to the dipole.
Kutzner and Christensen (2004) investigate the ques-
tion of preferred reversal paths using a geodynamo
model with lateral variations in CMB heat flow. Part

of the time-averaged magnetic field in this study
included an equatorial dipole, which defines a pre-
ferred orientation in longitude. VGP paths from a
large number of sites on the surface sense this orien-
tation, causing a preferred path during reversals.
However, the scatter in VGP directions due to multi-
pole components means that the preferred direction
emerges only when a large number of sites are aver-
aged. The question of whether preferred reversal
paths can be inferred from a small number of sites
at the surface remains a contentious issue, both for
the models and the paleomagnetic observations.
Additional questions arise because the models are
still very far from Earth-like conditions. On the
other hand, the signatures of thermal core–mantle
interactions should be embedded in the flow and
field at the top of the core. Identifying these signa-
tures in both observations and models should be an
important part of future progress.

8.12.3 Electromagnetic Interactions

Electric currents are induced in the lower part of the
mantle as a consequence of dynamo action in the
liquid core. Several types of interactions between
the core and mantle are possible. One involves the
force on current-carrying material, which can trans-
fer momentum between the core and the mantle.
This mechanism is commonly proposed to explain
variations in the length of day over periods of several
decades. A second type of interaction causes a distor-
tion of the magnetic field as it diffuses through the
mantle toward the surface. The importance of both
effects depends on the electrical conductivity of the
lower mantle. Laboratory-based estimates for mantle
silicates and oxides, extrapolated to lower-
mantle conditions, typically yield conductivities of
10 S m�1 or less (Xu et al., 2000). Such low values are
expected to yield relatively weak currents in the
lower mantle and small electromagnetic core–mantle
interactions. However, more substantial electromag-
netic interactions are possible if the lowermost
mantle is not composed entirely of silicates and oxi-
des. Chemical reactions between the core and mantle
have been proposed as a mechanism to incorporate
iron alloys into the base of the mantle (Knittle and
Jeanloz, 1989). The iron alloy may be a reaction
product ( Jeanloz, 1990) or a result of incorporating
core material directly into the mantle (Poirier and
LeMouel, 1992; Buffett et al., 2000; Petford et al., 2005;
Kanda and Stevenson, 2006). More recent evidence
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of a new high-pressure phase of MgSiO3 (Murakami
et al., 2004; Oganov and Ono, 2004) opens new pos-
sibilities for high conductivities in the lower mantle
(Ono et al., 2006). Regions of low conductivity may
also arise from changes in the partition of iron
between the dominant mineral components due to a
transition in the spin state of iron in ferropericlase
(Mg0.83, Fe0.17)O (Badro et al., 2003).

One of the earliest suggestions of electromagnetic
core–mantle interaction was motivated by the obser-
vation of small fluctuations in the length of day over
periods of several decades (Bullard et al., 1950;
Rochester, 1962; Roden, 1963). Motion of the core
relative to the mantle sweeps lines of magnetic field
through the lower mantle, inducing a horizontal elec-
tric current. The resulting forces on the core and
mantle act to oppose any relative motion. The axial
component of the associated torque transfers angular
momentum between the core and mantle. Stix and
Roberts (1984) were the first to use detailed estimates
of flow at the top of the core to determine the
electromagnetic torque on the mantle. They pre-
dicted variations in the torque which were sufficient
to explain the fluctuations in the length of day.
However, these variations were superimposed on a
steady torque, which had the undesirable effect of
causing a steady change in the angular velocity of the
core and the mantle. To avoid this effect, they pro-
posed an additional (balancing) torque that arises
when radial electric currents leak across the CMB.
The existence of such a current is reasonable,
although it cannot be constrained by surface observa-
tions. As a result, electromagnetic interactions
provide a viable but unproven mechanism for
explaining decadal variations in the length of day.

Holme (1998) revisited the question of electro-
magnetic core–mantle interactions by showing that
the part of the core flow which contributes to the
torque is not constrained by measurements of secular
variation (also see Wicht and Jault, 1999). This means
that the torque is a product of the assumptions used
to resolve the nonuniqueness of the flow rather than
by the data constraints. The strategy proposed by
Holme (1998) was to determine the flow at the top
of the core by fitting the observed secular variation
subject to the condition that rearrangement of mag-
netic flux explains the length-of-day variations. (This
calculation did not require any radial current across
the CMB.) Plausible core flows were found to explain
the variations in the length of day, provided the
conductance of the lower mantle was roughly 108 S.
The necessary conductance could be obtained with a

100 km layer at the base of the mantle and an average

conductivity of 103 S m�1, although other combina-

tions of thickness and conductivity are possible.
A similar value for the conductance of the lower

mantle was obtained from the study of the Earth’s

nutation (Buffett, 1992). Periodic variations in the

direction of the Earth’s rotation (nutations) are

caused by the lunar and solar tides. The Earth’s

response to tidal torques includes a differential rota-

tion of the core relative to the mantle, which alters

the observed motion at the surface. Electromagnetic

interactions alter this response by introducing a

restoring force that opposes the differential rotation.

The associated dissipation due to Ohmic loss is

detected as a phase lag in the response relative to

that predicted for an elastic Earth model (e.g.,

Mathews and Shapiro, 1992). Comparison of theore-

tical predictions (Wahr, 1981; Mathews et al., 1991)

and observations (Herring et al., 1991) reveals a large

discrepancy in the annual nutation, which is particu-

larly sensitive to relative motion between the core

and the mantle. This discrepancy could be elimi-

nated by including electromagnetic interactions, as

long as the conductance of the lower mantle is 108 S,

comparable to the value required to explain length-

of-day variations. However, there is one important

distinction. Nutations involve nearly diurnal motion

of the core relative to the mantle. (An annual nuta-

tion is defined by the period of the beat frequency

between the nearly diurnal motion and exactly one

cycle per day.) The associated skin depth for mag-

netic diffusion over diurnal periods limits electric

currents to the immediate vicinity of the boundary,

so the discrepancies in the nutations are most easily

explained by high (105–106 S m�1) conductivities in a

relatively thin (102–103) layer. A variety of mechan-

isms have been examined to explain (or dispute) such

a conducting layer at the base of the mantle ( Knittle

and Jeanloz, 1991; Poirier and LeMouel, 1992, Buffett

et al., 2000, Petford et al., 2005, Kanda and Stevenson,

2006). While improvements in nutation theory

(Mathews et al., 2002) and observations (Herring

et al., 2002) continue to support the existence of a

conducting layer, other sources of dissipation have

also been proposed. The most likely alternative is

viscous dissipation in the liquid core (Buffett, 1992;

Mathews and Guo, 2005; Deleplace and Cardin,

2006), although this explanation requires a viscosity

which is roughly 4 orders of magnitude larger than

recent estimates (de Wijs et al., 1998; Zhang and Guo,

2000).
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Another type of electromagnetic interaction arises
when the electrical conductivity in the lower mantle
varies laterally. Steady flow in the core sweeps the
radial (poloidal) component of the magnetic field
through the mantle, inducing local electric currents.
In a uniform conductor, these currents produce a
tangential (toroidal) component of the magnetic
field. However, a heterogeneous distribution of con-
ductivity channels current through the conducting
regions. The added complexity in the current
induces a poloidal field which can re-enforce the
initial poloidal field. Busse and Wicht (1992) showed
that self-sustaining dynamo action is possible in this
case, even when the flow in the core is spatially
uniform. In effect, the complexity of the conductivity
structure replaces the need for complicated fluid
motion in a uniform conductor. While the conditions
required for self-sustaining dynamo action are unli-
kely to be realized in the Earth’s core, it is possible to
induce a small-scale radial field with an amplitude as
large as 0.1 mT (Buffett, 1996c). This mechanism can
also contribute to the large-scale field at the surface
by distorting the unseen toroidal field to produce an
observable poloidal component (Koyama et al., 2001).

Electromagnetic interactions also accompany time
variations in the amplitude of the magnetic field. The
largest change in amplitude probably occurs during
magnetic reversals. While the general structure of the
field during a reversal is not well known, we do know
that the axial part of the dipole field vanishes and
reappears with the opposite polarity in as little as
several thousand years (Clement, 2004). Rapid time
variations in the axial dipole create large-scale electric
fields in the lower mantle. When the distribution of
electrical conductivity of the mantle is heterogeneous,
the resulting currents generate a poloidal field (see
Figure 5). The structure of the induced field depends
on the spatial distribution of electrical conductivity. A
large-scale pattern of electrical conductivity with a
local conductance of 108 should produce an observable
field during a magnetic reversal. Such a mechanism
provides an attractive explanation for preferred rever-
sal paths because the geographic location and
structure of the induced field is fixed by the distribu-
tion of electrical conductivity in the lower mantle.
Costin and Buffett (2004) explored this mechanism
using a distribution of electrical conductivity that
was based on estimates of topography on the CMB
(dominantly a degree-2 pattern in spherical harmo-
nics). The main part of the induced field had a
nonzonal degree-3 pattern, which was superimposed
on a decreasing axial dipole field to predict VGP

paths. Preferred paths were caused by the nonzonal

part of the field, although the actual location of the

preferred paths depended on the location of the obser-

ving sites. Costin and Buffett (2004) used the location

of sites in the sediment database of Clement (1991) to

predict a clustering of reversal paths through the

Americas and Asia (see Figure 6). This prediction

was consistent with inferences drawn directly from

the observations (Clement, 1991).
An interesting test of this prediction is afforded by

the current rate of decrease in the dipole field, which

is not too different from the average rate of decrease

during a reversal (perhaps within a factor of 2 or 3).

The induced field is both observable and consistent

with historical observations of the field, although it is

not currently possible to separate contributions from

electromagnetic core–mantle interactions and the

underlying variations that originate within the core.

This ambiguity is a source of concern because the

contribution of electromagnetic core–mantle interac-

tions to the field at the surface can potentially

complicate the way we interpret observations of

secular variation in the magnetic field.

J

Bs

Bmain

Reversal

Patch of
conductivity

CMB

Figure 5 Time variations in the main magnetic field, Bmain,
during reversals induce electric currents J in the conductive

regions at the CMB. The electric currents generate a

secondary field, Bs, which is superimposed on Bmain. The
resulting distortion of Bmain can give rise to preferred

reversal paths because the location of the secondary field is

fixed by the spatial distribution of electrical conductivity

near the base of the mantle.
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8.12.4 Mechanical Interactions

Mechanical interactions are commonly invoked in
the transfer of momentum between the core and the
mantle. Most attention has focused on mechanisms
that account for the observed variation in the length
of day over timescales of several decades. Lorentz
forces due to electromagnetic interactions offer one
possible mechanism, although several other types of
mechanical interactions have also been proposed.
One such mechanism is due to flow of the core over
topography on the CMB (Hide, 1969). Pressure dif-
ferences on the leading and trailing sides of bumps on
the boundary result in a torque that transfers angular
momentum. When seismic estimates of the CMB
topography first appeared in the literature (Morelli
and Dziewonski, 1987; Forte and Peltier, 1991), it
became possible to estimate the pressure (or topo-
graphic) torque using models of flow in the core
(Hide, 1989; Jault and LeMouel, 1989). Most models
of core flow are constrained by assuming a geos-
trophic force balance in the tangential direction (see
Chapter 8.04). Under this assumption, the flow field

recovered from observations of secular variation can
be converted to a pressure field. When that pressure
field was integrated over the boundary with known
topography, the resulting torque was too large by
several orders of magnitude to explain the observed
variation in length of day ( Jault and LeMouel, 1990).
A small shift in the position of the topography could
greatly reduce the torque, leading to speculations
that the pattern of flow was locked by the topography
to keep the torque small. Alternatively, it was
possible to make small changes to the flow which
eliminated the pressure torque entirely, but did not
substantially alter the fit to the secular variation
observations (Kuang and Bloxham, 1993). These
results demonstrate the sensitivity of the calculation
to small errors in either the topography or the flow
models.

More problematic is the consistency of calculating
a pressure torque using flow models that assume a
geostrophic force balance at the top of the core.
Geostrophic flow represents a balance between the
Coriolis force and pressure gradient. Such a flow can
have no time variation because the presence of

ODP database (Clement, 1991)
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the large-scale topography on the CMB. The secondary field induced by this heterogeneous distribution of conductivity

causes reversal paths to preferentially pass though the Americas and Asia.
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accelerations implies a departure from geostrophic
conditions. There can also be no net torque on the
core (or the mantle) because a net torque also implies
a change in momentum. Kuang and Bloxham (1997)
used this result to show that the pressure torque due
to a geostrophic flow must vanish. They did this by
demonstrating that the torque associated with the
Coriolis force is identically zero. The sum of the
pressure and Coriolis torques must vanish if there is
no change in momentum in a geostrophic flow, so it
follows that the pressure torque is zero. Of course, it
is possible that the flow at the top of the core is not
geostrophic, so the pressure torque need not vanish.
Jault and LeMouel (1999) argue that the geostrophic
approximation would still provide a good approxi-
mation for the actual pressure field (and hence the
pressure torque). However, it is doubtful that a reli-
able pressure field for mechanical coupling
calculations can be recovered from the flow, given
the sensitivity of the calculation to small errors.

Other estimates of the pressure torque have been
obtained using models of idealized flow over bound-
ary topography (e.g., Anufriev and Braginsky, 1975,
1977; Moffatt and Dillon, 1976). Pressure in the fluid
is perturbed by the flow around the topography. The
influence of this perturbation on the boundary topo-
graphy produces the pressure torque. The amplitude
of the pressure torque in these calculations varies as
h2, where h is the height of the topography. One
factor of h arises because the perturbation depends
on the height of the topography; the second factor of
h arises because the integral over the surface for the
pressure torque depends on the presence of topogra-
phy. For boundary topography of a few kilometers at
large spatial scales, the resulting pressure torque is
probably too small to explain the observed variations
in the length of day (e.g., Mound and Buffett, 2005).
Similar conclusions have been obtained using numer-
ical geodynamo models that include the influence of
boundary topography (Kuang and Chao, 2001). An
important aspect of the study by Kuang and Chao
(2001) is that they avoid the use of idealized flow
and make no assumptions about the structure of the
magnetic field. The pressure at the boundary evolves
in response to both the underlying convection and
the presence of boundary topography. The fact that
the pressure torque in these calculations is small
would seem to resolve the question of pressure
coupling.

Other consequences of fluid pressure on the CMB
can be detected at the surface. For example, fluctua-
tions in pressure produce observable changes in both

gravity and surface topography (Fang et al., 1996;
Dumberry and Bloxham, 2004; Greff-Lefftz et al.,
2004). A typical pressure of 103 Pa changes on time-
scales of several decades as the flow evolves at the
CMB. When the mantle responses elastically to the
pressure change, the surface displacement can be a
few millimeters and the change in the gravity field is
within current limits of detection (Dumberry and
Bloxham, 2004; Greff-Lefftz et al., 2004). Recent
interest in this process is motivated by observations
of decadal changes in the elliptical part of the gravity
field (Cox and Chao, 2002). While it appears that
pressure changes in the core are too small to explain
the observations of Cox and Chao (2002), current
advances in space geodetic observations hold the
promise of making the somewhat smaller core pro-
cesses observable at the Earth’s surface.

Gravitational interactions between the core and
the mantle cause a different type of mechanical cou-
pling. Convection in both regions creates and evolves
density anomalies inside the Earth. Gravitational
attraction of these density anomalies can result in a
transfer of momentum ( Jault and LeMouel, 1989;
Rubincam, 2003). The distribution of density anoma-
lies in the mantle can be inferred from seismic
tomography models by assuming that variations in
wave speed are due mainly to temperature
(Dziewonski et al., 1977; Hager et al., 1985; Ricard
and Vigny 1989). Unfortunately, a similar procedure
is not feasible in the outer core, because the density
anomalies are far too small to be detected seismically
(Stevenson, 1987). An order of magnitude estimate
for the density anomalies in the outer core suggests
that gravitational interactions could be important
( Jault and LeMouel, 1989). However, it is not pre-
sently possible to evaluate the torque without
knowing the distribution of density anomalies in the
outer core.

An alternative source of gravitational interaction
occurs between density anomalies in the mantle and
the inner core (Buffett, 1996a). The principle source
of density heterogeneity in the inner core is caused
by topography on the inner-core boundary, which
can be estimated by assuming that the boundary
tends to adjust over time toward an equipotential
surface (see Chapter 8.10). (Density anomalies may
also occur inside the inner core, but these are prob-
ably small because the inner core solidifies from the
well-mixed outer core.) Density anomalies in the
outer core are expected to be very small (e.g.,
��=� � 10 – 8), so the primary disturbance to equi-
potential surfaces in the core is probably caused by
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density anomalies in the mantle. This means that the

distribution of density anomalies in the mantle deter-

mines the shape of the inner core (see Figure 7).

Estimates of the gravity perturbations from dynamic

geoid studies (Forte et al., 1994; Defraigne et al., 1996)

suggest that the peak-to-peak topography on the

inner-core boundary is about 100 m or less. When

the inner core rotates through the gravitational field

of the mantle, a strong gravitational force acts to

restore the inner core to its equilibrium position. An

equal and opposite force on the mantle is about 2

orders of magnitude larger than the gravitational

attraction due density anomalies in the outer core

(Buffett, 1996a), primarily because the density

anomalies associated with inner-core topography

are much larger (e.g., ��=� � 10 – 4). These large

gravitational forces provide a plausible explanation

for the decadal variations in length of day. The

mechanism relies on a combination of electromag-

netic and gravitational torques (Buffett, 1996b).

Motions in the fluid outer core are tightly coupled

to the inner core by electromagnetic forces on

account of the high electrical conductivity on either

side of the inner-core boundary. The inner core
rotates in response to the strong electromagnetic
torque, which transfers momentum to the mantle
through the action of gravitational torques on the
inner core. Tests of this mechanism in numerical
geodynamo models yield torques on the mantle
with a typical amplitude of 2� 1018 N m (Buffett
and Glatzmaier, 2000), which is sufficient to explain
the variations in length of day. It is also possible to
explain the length-of-day variations when the fluid
motions in the outer core are restricted to the form of
torsional oscillations (Mound and Buffett, 2005).
These oscillations are of interest because the typical
period is compatible with the timescale for variations
in length of day (Braginsky, 1970, 1984). An indepen-
dent test for gravitational interactions would involve
the search for a free mode of oscillation due to the
gravitational restoring force between the inner core
and the mantle. Mound and Buffett (2006) present
evidence for a 6 year oscillation in the length of day,
which they attribute to gravitational interactions.
Corroborating evidence could potentially be sought
in time variations of the gravity field (Buffett and
Glatzmaier, 2000).

8.12.5 Chemical Interactions

It is generally assumed that the core has been chemi-
cally isolated from the mantle since the time of core
formation. The initial composition of the core is
established by a series of processes that separate
liquid iron into large enough volumes to inhibit
chemical equilibration with the rest of the Earth
(e.g., Stevenson, 1990; Rubie et al., 2003).
Subsequent transport of mass between liquid iron
and silicates is assumed to be insignificant after the
core forms. This conventional view is challenged by
the studies of Knittle and Jeanloz (1989, 1991), which
used diamond-anvil cell experiments to show that
liquid iron reacts with silicates and oxides at high
pressure and temperature. The reaction products are
thought to include iron alloys, such as FeO and FeSi,
and iron-depleted silicate minerals (Knittle and
Jeanloz, 1989; Goarant et al., 1992). Mantle minerals
in direct contact with the core liquid should quickly
establish chemical equilibrium, because reactions at
high temperature are expected to be fast and con-
vective mixing in the core is relatively efficient (the
convective overturn time is probably of the order of
103 years). On the other hand, convection in the
mantle exposes fresh surfaces of unreacted material

Mantle

Inner
core

Equipotential
surfaces

Figure 7 Schematic illustration of the heterogeneous

Earth viewed on an equatorial cross section. Density
anomalies in the mantle drive flow and perturb the CMB.

Surfaces of constant potential inside the core are disturbed

from axial symmetry by the combined effect of mantle
density anomalies and boundary displacements. The inner

core adjusts to a hydrostatic state by aligning the boundary

with an equipotential surface. This state also minimizes the

gravitational potential energy. Rotation of the inner core
relative to its equilibrium position produces a mutual

gravitational torque on the mantle and inner core.
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more slowly. Jeanloz (1990) suggests that chemical
reactions and transport of light elements into the core
could have occurred over most of the Earth’s history.
Subduction of oxidized ocean crust may also drive
reactions by continually altering chemical conditions
at the base of the mantle (Walker, 2005). In either
case, chemical reactions could alter the composition
of the core by permitting a flux of mass between the
mantle and the core.

Evidence for the core leaking back into the mantle
is based on measurements of Os isotope ratios in
some lavas associated with hot spots (Walker et al.,
1995; Brandon et al., 1998). Enrichment in
186Os/188Os and 187Os/186Os relative to upper-
mantle materials has been attributed to small addi-
tions of core material to the lower mantle. This core
material is subsequently entrained in mantle plumes,
where it contributes to lavas that are sampled at the
surface (see Brandon et al. (2003) for a recent review).
Only small amounts of core material are required to
perturb the isotopic composition of the mantle
because the concentration of Os in the core vastly
exceeds that in the mantle, based on partitioning of
Os between silicates and liquid metal. However, the
observed enrichment in isotopic ratios require a
source region with elevated ratios of Pt/Os and Re/
Os in order to produce excess 186Os and 187Os
through radioactive decay of 190Pt and 187Re. Given
the long half-lives involved (e.g., 489 and 42 Ga), the
elevated ratios of Pt/Os and Re/Os must be main-
tained for a very long time to produce the required
isotopic enrichment.

Brandon et al. (1998) attribute the elevated ratios
of Pt/Os and Re/Os in the liquid core to the growth
of the inner core. The initial abundances of Pt, Re,
and Os in the core should be close to the chondritic
abundances because all of these elements are highly
siderophile; most of the initial inventory enters the
core with little fractionation. Solidification of the
core removes more Os from the liquid core than
either Re or Pt (Walker, 2000). This process increases
Pt/Os and Re/Os ratios in the outer core above the
chondritic ratios. Unfortunately, the current experi-
mental estimates for the partitioning of Pt, Re, and
Os between liquid and solid iron appear to require an
old age for the inner core (Brandon et al., 2003), which
is incompatible with models for the thermal history
of the core (Labrosse et al., 2001; Buffett, 2002). A
further complication has arisen with the recent mea-
surement of tungsten isotopes in lavas that exhibit
186Os/188Os and 187Os/188Os enrichment (Schersten
et al., 2004). So far, no evidence for a core signature

has been found in the tungsten isotopes, although the
debate continues (Brandon and Walker, 2005).

Despite the controversy over isotopic signals from
the core, it is difficult to escape the conclusion that
some form of chemical interaction is inevitable.
Differences in redox state imply that the core and
the mantle cannot be in bulk equilibrium (Walker,
2005). Even a local equilibrium between the core and
mantle minerals adjacent to the boundary is liable to
be perturbed as the core cools. Changes in tempera-
ture alter the solubility of dissolved components,
while growth of the inner core continually fraction-
ates light elements into the outer core. Eventually,
the liquid core may become supersaturated in light
elements, causing an immisicible liquid phase to form
(Ito et al., 1995). Alternatively, the excess concentra-
tion of light elements may drive back reactions at the
CMB, removing the excess light elements and pre-
cipitating mantle-like silicates (Buffett et al., 2000).
Walker (2005) has also discussed the possibility of
electrochemical reactions at the CMB (Kavner and
Walker, 2006) and the consequences of chemical
shifts on the mantle side of the boundary. There is
no shortage of mechanisms that can cause chemical
interactions between the core and the mantle, and
there are good reasons for suspecting that many of
these operate within the Earth. The challenge lies in
quantifying their importance for the evolution and
dynamics of the planet.

8.12.6 Conclusions

Interactions between the core and the mantle take
many forms. Thermal interaction involves changes in
the rate and spatial distribution of heat flow across
the CMB. The resulting changes in the vigor and
pattern of convection in the core can dramatically
affect the geodynamo and produce observable signals
in the magnetic field at the Earth’s surface.
Electromagnetic interactions are the result of electric
currents near the boundary. The consequences are
entirely dependent on the electrical conductivity of
the lower mantle. A conductance of 108 S for the
lower mantle is sufficient to explain variations in
the length of day and to contribute significantly to
the induction of magnetic field inside the Earth.
Mechanical interactions are most commonly attribu-
ted to the effects of fluid pressure acting on the CMB.
While pressure torques are not thought to be the
primary mechanism for transferring angular momen-
tum between the core and the mantle, deformations
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due to fluid pressure on the CMB can cause obser-
vable changes in gravity and surface displacement. A
more viable explanation for the variations in length
of day at decadal periods involves gravitational inter-
actions, primarily between the inner core and the
mantle. Better observations of these gravitational
interactions may provide new insights into the
nonhydrostatic distribution of mass in the mantle.
Chemical interactions of some form appear to be
likely, although the details are presently unknown.
Advances in high-pressure and high-temperature
experiments may soon begin to fill in these details
and provide unexpected surprises in the chemical
evolution of the core.
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